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This paper has been prepared in the form of two papers for publication. Pages 12 through

37 have been prepared for possible publication in the Journal of Ileat Transfer, and pages 38

through 99 have been prepared for possible publication in the International Journal of I leat and

Mass Transfer. The balance of the thesis follows the standard thesis format.
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ABSTRACT

thesis presents an analytical sR of laminar convective heat transtcr along verlical
slender cylinders. Chapter 2 covers the case of variable surf'ce heating conditions of the forin

~lende cylndrs Ch r a .. Ioi

,(x) =*)'for natural convection. Results arc presented for Pr = 0.1, 0.7, 7, and 1(0(0 and for n S"

convectionPare

- -0.5, -0.25, 0, 0.25, and 0.5. It is found that as the curvature parameter ) increases the local

heat transfer coefficient increases for the range of n investigated. The local wall shear stress

decreases for a Oven locatp'n. with increasing curvature. It increases with increasing x for a

constant radius cylinder with t'40, but may decrease for ri < 0. It is also found that a higher

value of n or Prandtl number resulted in a lower wall velocity gradient, and a higher value for

NuG(r*, '. '" lowever, as the curvature is increased, the effect of n and Pr on these values

diminishes.

(hapter 3 covers the entire range of buoyancy-assisted, mixed convection along a vcrtical

slender cylinder for the case of variable wall temperature distribution, of the form

.(x) - T-, = aXn. "Fhe buoyancy parameter (:Z is varied from zero for pure free convection to

one for pure forced convection.. Results are presented for Pr = 0.1, 0.7, 7, and 100 and for n -

-0.4, -0.2, 0, 0.2 and 0.5. 't is found that for given values of Pr, n adj,, as the curvature

parametei.N increases both the local wall shear stress and the local heat transfer coefficient

increase. - higher values of n and Pr are found to lower the local wall shear stress and to

raise the local Nusselt number, and the effect of n and Pr is found to lessen as the curvature

parameter is increased. Average Nusselt numbers were calculated and correlation equations for

the local ard average Nusselt numbers are presented for for both problems investigated.,5N.
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Gr, local Grashof number, gi?['l',(x) -"I'_]x/v %
,%* 

. 'a

(ir% modified local Grashof number, gflq,,(x)x/kV2

k thermal conductivity of the fluid

m exponent used in the mixed convection correlation

n exponent in the power law variation of the surface temperature
or surface heat flux

Pr i'randtl number, v/bx

r radial coordinate

r, radius of the cylinder

Re, Reynolds number based on x, u.,x/v

T fluid temperature -

u axial velocity component

x axial coordinate

thermal diffusivity ' ' ,

[t volumetric coeflicient of thermal expansion

A, curvature parameter for natural convection with variable surface temperature,
(2x/r,)G;r,%

A* modified curvature parameter for natural convection with .-
variable surface heat flux, (2x/r.)Gr*, ,s

A,. curvature parameter for pure forced convection. (2v/r,) Re' ;2 ,.

A curvature parameter for mixed convection with variable surface temperature, -

(2x/r,)(Rel,2 + (;r{;' )  '

A* curvature parameter for mixed convection with variable surface heat flux,
(2x/r,,)(Re: ,2 

f Gr' 5 )'

kinematic viscosity 0
% 

'S'S,

mixed convection paranetcr for variable sur-facc tcmpcrature, (I x' P
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INTRO)UC'ION

This thesis studies convective heat transfer along slender vertical cylinders. Chapter 2 0

presents an analysis of natural convection with a power law vaniation in surface heat flux of the

form q,(x)= axn. In Chapter 3 mixed convection covering the full range from pure free

convection to pure forced convection for a power law variation in surface temperature of the

form T.(x) -IT_ = axn is studied.

In formulating the problem of free convection along slender vertical cylinders, the

governing equations are written in their cylindrical coordinate form and then transformed into a 0

dimensionless form. The boundary layers are nonsimilar due to the transverse surface curvature.

As the radius r. approaches infinity, the equations reduce to those for a vertical plate, and the

boundary layers become similar. The vertical plate problem has been studied extensively. The

isothermal vertical flat plate was first analyzed by Ostrach [I]. Sparrow and Gregg [2] later

studied the case of uniform surface heat flux. Subsequently many analytical studies using

various solution methods were used to solve variations of the problem (see, e.g. Ref's. [3 - 7]).

These studies included cases of variable surface temperature distributions. The case of the %

power law temperature variation or a power law variation in surface heat flux lends itself to , .

similarity solutions for the vertical flat plate. Results for these can be found in Sparrow and

Grcgg [5] for the power law variation in surface temperature and in Clien et al. [7] for both _.-G

%
cases that include the local nonsimilarity solution for inclined plates.

The case of pure forced convection past a flat plate is the well known Blasius solution for

the momentum equation and the Pohlhausen solution for the case of uniform wall temperature

(UWT). The case of uniform surface heat flux (111F) was solved numerically for the entire

range of Prandtl numbers (Pr) by Churchill and Ozoe [8]. The solutions for both pure free

convection and pure forced convection have been accurately correlated ard should provide a 0

basis for compari.on for the limit of the vertical cylinder problem as r(, -. .

The case of pure forced convection past a vertical cylinder has been studied by various

authors [9 - 14]. Seban and Bond [9] conducted an early study considering the I IV case for

Pr 0.715 and curatures (A,= 2 X-Re up to 3.0 using a power series method of solution.

I
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Chen and Mucoglu [13] first presented results for the case of UWT as part of the solution for

mixed convection and then followed that with the case of U1IF [14]. Their results covered

curvatures up to AF = 8 for Pr = 0.7 and 7, and they used thc local nonsimilanty solution. Bui-

and Cebeci [12] analyzed the UWT case as part of their mixed convection study for Pr = 0. 1,

1.0, and 10 for curvatures up to AF = 10 using a central difference finite-difference method of

solution. Le:e et al. [10, II] studied both the L'WT and III: cases as part of' their inixed

convection analysis for Pr = 0.1, 0.7, 7, and 100 for curvature parameter A,. up to 50 using a

weighted finite-difference scheme. Lee et al. qualified the accuracy of their results for A,. > 10

due to the use of an insufficiently small step size in the radial direction. 0

More extensively researched has been the case of natural convection along a cylinder

[10, 11, 15 - 22]. FElenbaas [15] used Langrnuir's stagnant film model to evaluate the heat

transfer coefficients for vertical cylinders under the t WT condition. Sparrow and Gregg [16]

refined this method and reworked this problem using a power series solution and obtained

results for Pr = 0.72 and I covering curvature parameter, A, = 2r (ir, ", up to about 1.5.

Kuiken [18) also used a power series expansion and investigaled power law variation in wall

temperature and the Ll11: condition for 0.7 < Pr < 10. Fujii and lchara [20] also applied a

power series solution to cylinders with variable wall temperature for A, up to 2.73 and for

0.7 < Pr < 100. 'To reduce the truncation errors of the power series solution and the local

similarity solution, Minkowycz and Sparrow [21] employed the local nonsimilahtv solution

method and obtained results for Pr = 0.733 and 0 A, _ 10. lee et al. [10, 11] solved the

UW'!' and the UIIF cases of natural convection along a vertical cylinder for Pr = 0.1, 0.7, 7,

and 100 as part of their mixed convection study employing a finite-difference method designed

to overcome the difficulties associated with increasing curvature. As a result, lee et al. carried

their results to A, = 50. More recently, Lee et al. [17] used a modified method [23] to solve

the variable wall temperature problem for natural convection along a vertical cylinder. They

found that the results of [10] were incorrect for A, > I) due to an improper step size used in r% %

the radial direction . %

I 0"O
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The significant finding for pure forced or pure free convection along a vertical cylinder is

that the nonsimilarity due to the surface curvature increases the heat transfer coefficient. The

velocity gradient at the wall increases with increasing surface curvature for pure free convection

under a power law variation in surface temperature or for pure forced convection, but decreases '

for the UIIF case for free convection. Minkowycz and Sparrow [21] showed that the error

caused by the power series solution increases with increasing curvature. I.ee et al. [17] showed

that the results provided by Fujii and Uehara [20] are valid only up to A, of about 1.5. Lee et

al. [10] demonstrated that the central difference scheme used by Bui and Cebeci [12] produces

large errors as the curvature increases, but the results in [10, 11] are not accurate for A > 10 6

because they used too large a step size in the radial direction.

There have been relatively few studies on mixed convection along a vertical cylinder. The

studies by Bui and Cebeci [12] and Chen and Mucoglu [13] are for the UWT case. They

V. investigated the forced convection dominated regime in terms of the buoyancy force parameter

0 = Gr,/Re'. Mucoglu and Chen also presented the U IIF case with the modified buoyancy

parameter % = Gr*x/Re1/. Lee et al. [10] treated the UWT case for the entire regime using a

new mixed convection parameter, x = ( P + /4)-
1, which varies from zero for pure free

convection to one for pure forced convection. In Lee et al. [11], the UIIF case is presented for

the entire regime using '* = (1 + Q*1/IS)-. The main difficulty addressed in these two studies has

been the effect of curvature on the numerical solution. The results of Chen and Mucoglu

[13, 14] for the forced-convection dominated solutions agree well with those of [10, II] for

curvature parameters [A = 2r-L(Re./2 + Gr,,/4) or A* = 2XL(Rel/V + (r*1 1S) -'] from 0 to 8 for f k
r, -o

Pr = 0.7 and 7. The results of Bui and Cebeci for large curvature parameters were found to be

inaccurate by Lee et al. [10] due to their use of a central difference finite-difference method of

solution. Lee et al. [10, 1i] used a weighted finite-difference scheme to correct this but failed to

use the proper step size for large curvatures. 0

For comparison purposes the mixed convection solution for the vertical flat plate I'SN%

needed. There are numerous studies of this flow geometry (see, e.g. Refs. [24 - 29]). These

numerical results have been correlated by Chen et al. [24] and Churchill [30] using the simple

m mn mform Nu = Nu, + NuN with m = 3, in which Nu, is the Nusselt number for pure forced

%',%
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convection and NuN is the Nusselt number for pure free convection. The correlation was also

verified experimentally for the case of air [24]. d

To date no study has been done for the case of variable surface heat flux along a slender

vertical cylinder for natural convection. This will be undertaken in Chapter 2. Similarly, the

combined effects of buoyancy force and curvature in mixed convection with variable surface

temperature along a slender vertical cylinder has not been solved. Furthermore, the results of

Lee et al. [10] and Bui and Cebeci [12] for the UWT case are questionable for high values of

the curvature parameter and need to be reassessed. This is the topic of Chapter 3.

. •.
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NATURAL CONVECTION ALONG A VERTICAL CYLINDER

WITH VARIABLE SURFACE HEAT FLUX

by

J. J. Heckel, 'I'. S. Chen, and B. F. Arrnaly

Department of Mechanical and Aerospace Engineering

University of Missouri-Rolla, Rolla, MO 65401

ABSTRACI

Natural convection in laminar boundary layer flow along slender vertical cylinders is

analyzed for the situation in which the surface heat flux q,(x) varies arbitrarily with the axial

coordinate x. The governing boundary layer equations along with the boundary conditions are

first cast into a dimensionless form by a nonsimilar transformation and the resulting system of

equations is then solved by a weighted finite-difference method of solution in conjunction with

the cubic spline interpolation. Sample calculations were performed for the case of power law

variation in surface heat flux, q,(x) = axn, for fluids with Prandtl numbers of 0.1, 0.7, 7, and 100

over a wide range of values for the curvature parameter 0 < N 50 or 0 5. Results for

the local and average Nusselt numbers as well as the local wall shear stress were obtained. It is

found that the value of the radial coordinate , must be increased, as the curvature parameter is

increased, to obtain valid results. Also the local Nusslt number is found to increase with

increasing curvature, Prandtl number, and the exponent n. For any given location of x, the

local wall shear stress was found to decrease with increasing curvature, increasing Prandtl

number, and increasing n. Correlation equations for the local and average Nusselt numbers are

presented.
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NO MI, NC:IATURE

f reduced stream function, (0/5vr,,)(Gr,*/5) I/s

g of/i3t or gravitational acceleration

Gr. local Grashof number, gfl['i'.(x) - ',,o]x/v 2

Gr% modified local Grashof number, gf3q,(x)x 4/kv2

Gr 1 , (;r* modified Grashof numbers defined, respectively, as
gflq,(I .)lP,/kv2 and gflq,(ro)r4/kv ,"

h local heat transfer coefficient, q,/('', -

average heat transfer coefficient

k thermal conductivity of the fluid

I. an arbitrary length of cylinder

n exponent in the power law variation of heat flux

Nu local Nusselt number, hx/k

,u1  average Nusselt number, h I/k

Pr Prandtl number, v/a

r radial coordinate

r, radius of the cylinder

T fluid temperature

u axial velocity component

v radial velocity component

x axial coordinate

a thermal diffusivity

(J volumetric coetticient of thermal expansion

y variable heat flux parameter, (x/q,)(dq,/dx)

pseudo-similarity variable, [(r - r,2)/2rox](Gr,*/5)1/s

0 dimensionless temperature, ("-" l')((r,*/5)1/S/[q,(x)x/k]

curvature parameter, (2x/r,,)((r,/5) 1/s

A, curvature parameter for variable surface temperature, (2x/r,,)(;r, ''4

A*N modified curvature parameter, (2x/r)(;r**, '

' %W:c
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JA dynamic viscosity

V kinematic viscosity

dimensionless axial coordinate, (A*/2)1/1

p fluid density

TW ,local wall shear stress

normalized temperature profile, 0(t, ?) = 0(t, n)/O(t, 0)

stream function

CO relaxation factor

Subscripts

N for the case of pure natural convection

o quantities at t - At

p for a flat plate

w conditions at the wall

00 condition at the free stream ,

Io

0
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INTRODUCTION

Heat transfer by natural convection along a vertical cylinder has been analyzed rather

extensively. Elenbaas (1948) used Langmuir's stagnant film model to evaluate the heat transfer

coefficients for vertical cylinders with uniform wall temperature (UWT). Sparrow and Gregg

(1956) reworked this same problem using a power series expansion method for Prandtl numbers,

Pr, of 0.72 and I for curvature parameter, AN = 2 x Gr;4, up to about 1.5. Kuiken (1968) also

used a power series solution and investigated a power law variation in the wall temperature and

the case of uniform surface heat flux (.l1F) for 0.7 ! Pr < 100. The power series solution was

also applied by Fujii and Uehara (1970) to cylinders with variable wall temperatures for AN up

to 2.73 and for 0.72 < Pr < 100. To reduce truncation errors of the power series and the local

similarity solutions, Minkowycz and Sparrow (1974) employed the local nonsimilarity method

and obtained results for Pr = 0.733 and 0 < AN 10.

Recently, Lee et al. (1986a, 1987) analyzed natural convection along slender vertical

cylinders under UWT and UHF conditions as part of their mixed convection study by

employing a weighted fiite-difference method designed to overcome the numerical difficulties

associated with increasing surface curvature. They presented results for 0.1 < Pr < 100 that

cover AN, up to 50 for the UWT case and A*N = 2xGr*.1s up to 50 for the UHF case. More -

recently, Lee et al. (1988) analyzed natural convection along a vertical cylinder for the case of ,,,

power law variation of wall temperature, "',(x) = T + axn, and found that the results of Lee et

al. (1986a) were not accurate for AN > 10 because of the improper step sizes used in the radial

direction. They presented results for 0.1 < Pr < 100, covering AN up to 50 and n = -0.4, -0.2, 0, 0

0.2, and 0.5. Lee et al. (1987) attached a qualifying statement to their study of the UHF case

as to the accuracy of their results for curvature parameters A* > 10 and attributed this also to

the use of improper step sizes in t. It appears that no experimental results for natural

convection along vertical cylinders under nonuniform heating have been reported in the

literature.

0
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To date no analytical study seems to have been presented for the case of variable surface "

heat flux along a vertical slender cylinder and this has prompted the present study. .-
O

Furthermore, since the results of Lee et al. (1987) are not correct for large values of A*,, they %

need to be reassessed.

ANAlYSIS

Consider a semi-infinite, vertical cylinder with radius r. that is aligned in a quiescent

ambient fluid at temperature T, The axial coordinate x is measured upward for q. > 0 and

downward for q. < 0, while the radial coordinate r is measured from the axis of the cylinder.

The surface of the cylinder is subjected to an arbitrary heat flux q.(x), and the gravitational

acceleration g is acting downward. The fluid properties are assumed to be constant except for

variations in density which induce the buoyancy force. By employing the laminar boundary '-',

layer assumptions and making use of the Boussinesq approximation the governing conservation

equations for the problem under study can be written as:

Continuity:

- (ru) +0 (rv) =0 (I)
IOx Or I

Momentum:

On + ! a r + gf#(T - T.) (2) ,,.-
x Or r -Or

Energy: S

u1 -IT T +a "r (3)
Ox ( ) r r,.

In these equations u and v are the velocity components in the x and r directions

respectively; T is the fluid temperature; and v, f# and a are, respectively, the kinematic viscosity,

the volumetric coefficient of thermal expansion, and the thermal diffusivity of the fluid.

% . .
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'he boundary conditions are 
S

u=v=d OT -q(x) atr=r, (4a)or k ,'

u--0 T T-T,, as r-- (4b)

u=O , T=T.o atx=O, r-r o  (4c)

In wrting the last boundary condition (4c) it is assumed that the flow and thermal boundary

layer thicknesses are zero at the leading edge of the surface.

To proceed with the analysis, the conservation equations, along with the boundary

conditions, are transformed into a dimensionless form by introducing the following

dimensionless variables:

2 2
(r r,) (Gr /5)1 /5, A (5) 

2r- 2rrx

f(), ,) = t(x,r)/[vro(Grx*/5) 15], 00, ,/) = -1) '=(x/[) (6)qw(x) x/k ("'.- ""

where Gr= glq. (x)x/k is the modified Grashof number, I is the pseudo-similtrity variable,

f(A, ?I) is the reduced stream function, 0(A, PI) is the dimensionless temperature, ) is the curvature

parameter, and O'(x, r) is the stream function that satisfies the continuity equation, with

u = ( ? ,/Or)/r and v = - (o/i/Ox)/r.

The transformation yields

(I+ ,1 ,.)f"' + Af" + (y + 4)fl" - (2y + 3)fP2 + 0 A(y - 1) (f'? V Or ) (7)

N N

(I PlAYijA ).0' A' Pr(y + 41f0(' - I'r(4y +f I)fO '()-r(y I)01 : , ()A, .- -, oI,,

f(A, O ) , 0()A, ) = -1
%)



SqS
• ~where .

x dqw-
Y- qw dx (10)

and the primes denote partial differentiation with respect to ?.

The system of equations (7)-(9) along with (10) represents the general form of the

transformed boundary layer equations under arbitrary surface heat flux, q,(x). For the case of

ss.''power law variation q,(x) ax", one has from equation (10) that .,

y~n (11)

For long slender cylinders, the curvature parameter ). = 2(x/ro)(Gr,*/5/-" can be large. To

lower the maximum value of calculations in the x or A coordinate, one introduces a new (x)

variable defined by

= [(x/ro)Grx*-/ 5 1 12  (12)

0

such that . = C 2 with C = 2 5115 .

%r,

Substituting equations (11) and (12) into equations (7)-(9) results in: .....

Momentum: _

2 P1" Of f f Z.

(I + ajj)f" + alf" + a2fl"' + af 2 + a40O= sf - ) (13) ,

Energy:

(I + aP7)O" + aO' + Pr a2fO' + Pr a6fpO = Pr as(, t, C- .".) (14) .4.

Boundary Conditions:

Uf 
, 0) ( , 0 , '( , 1.

(15) ,-.,
fP( , )= ( , 0:

where

F S
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a,= C , a2 =n+4, a3 =-(2n + 3)
(16)

a 4 l I a5 = (n - 1)12 , a 6 =-(4n + 1)

The proposed method of solution, developed by Lee et al.(1986b), requires boundary

conditions in terms of f, f* and 0 at n = 0. In equation (15) one has 0'(), 0) = - 1. This

necessitates an additional transformation. Let -

( , '7) = 06., ,)/0 , 0) (17)

Applying equation (17) and the boundary condition 0'( , 0)= -1 to equations (13)-(15) results

in:

(I + aln)f'" + af" + a2ff' + a3f' + a 7 = a 5  Pf +f'- (18)

(! + a,1)#/ + a Ib' + a 2Pr fik' + a 6 Pr fP4
- ra{V "- f( 0 o  k( 4 -  0)'-)1)} (19) Y

= r a5 I, - V 0(, )

f(g, 0) =g f 0 ,) 0 0 ( , 0) =1 2 "
(20)

f( , oo) = 4,,oo) = oV

where a, through a6 are as before and

7 a4 (21)

The details of this derivation arc given in Appendix A. The boundary conditions are now in the .

proper form to be used in the finite difference solution method described in Appendix B.

The physical quantities of interest are the local Nusselt number Nu, the average Nusselt . -.

number Nut, the local wall shear stress T,, the axial velocity distribution u, and the temperature

profile 0(, tj). The local Nusselt number is defined by

'-. S,
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XNu qw x (22) 4,., k Tw -To. k

which can be expressed in the form

Nu,(G= _ ,(/ 5 ,0) (23)

The average Nusselt number is defined by N-UL -- L/k where the average heat transfer

coefficient, h, is obtained from

IN= hdx (24)

This leads to
0

N-/5L(GrL5) - O Lo tO)dt (25)

where t=¢ at x=L, M=(7+3n)/(1-n),andN=(8+2n)/(n- 1)

Next, from the definition of local wall shear stress r,, =M(8ugar)rro one obtains

rw = 5-(,Gr,*I5) 1 fT0) (26)
x

" nc axial velocity distribution can be written as

u = 5(Gr.I/5)/5 f'(, ') (27)
w0

and the temperature profile is given by equation (17).

METHOD OF SOLUTION 0

Equations (18)-(20) constitute a system of nonlinear partial differential equations in the

( , n) coordinates with parameters Pr and n. The method described in Lee et al. (1986b) is

SSX
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employed to solve this system of equations. Ilie first step is to convert the terms involving O/o

in the following manner. S-

aH _ P (= ll)-( P- (- (28)

where H is a function of (t, ) to = H + (q/p)A (OH/O ), and the subscript "o denotes

quantities at -A. The values for p and q are p = I and q 0 at =0 and A, and p = 2

and q = I thereafter for > 2A .

The f and 4) cquation are then lincarized by using the simple technique for the product of S

two arbitrarv functions F and G , defined as

FG = G +G6F.-FG (29)
I.-.

where f and G indicate values to be guessed. The quasi-linearized function FG expressed by

equation (29) will provide quadratic and monotone convergence. By employing equation (28)

Of of ~ o__for the terms a , and ,0)__ 0) and applying (29) to the terms if",

P
2, f)', and fP4, one obtains

'4 Aof" + (a, + A)f" + A2f' +A 3f+ A4 4 = A5  (30) N 6.

1B00" + (a, + B,),' + 1324h + 1331P + 134f B (31)

where

Ao= I + ai A, =af + do A 2 = 2bf'- d o

A3 = a*f", A 4 = a7 , A5 = a*f" + b* 2  (32)

Bo = A0 , B, Pr A,, B2 = Pr e'f', B3 =Pr (e4*) - do),
(33) 6

B4 = Pr a*', B5 = Pr(a*f4' + e*f')

a* =a 2 - d*, b* =a 3 + d*, d* =a5 p/A , e* =a 6 + a8 d' (34)

,aazz , ,-

9-'
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a8 - (35)
a '( , 0)

and the other variables are as previously defined.

The system of equations has now been reduced to a system of quasi-linear ordinary

differential equations. By defining g = P and applying the weighting factors (see Lee et al.,

1986b), one can write equations (30) and (31) in the finite-difference form as:

fi - fi-I - (A,1/2)(g, + gi_ 1) = 0 (36)

A0 /(A7 )2(a_jg_ + -og, + ,+Igi+l) + A2g + A3 fA + A440i = A5  (37)

Bo/(AI) 2(fi- + flo0 i + fl+104+j) + B24i + B3g, + B4fA = B5  (38)

where Ail is the step size in the qj direction and the subscript "i" refers to values at the nodal

point n,.

In equations (37) and (38) the weighting factors are defined as:

a-1 = W - Zi- 1 /2 ), '+1 = Wf(Zi+u/ 2 ), 20 a-1 - a+1

fl- 1 W ( - z*i- 1/ 2), fl+1 = W#1 z*i+1 /2 ) ' = - fl-I - fl+ 1  (39)

Wg{z) = z/(l - exp( - z)), z = An(al + Al)/A o , z* = A (a, + B1)/B0

Equations (36)-(38) are applied to the interior points. On the boundaries, equation (20) is

written as

f1 =g,=0, = 1=l
(40)f. fn-1 - (gn +  gn- I) gn =Ofn =0 .

where the subscript n is the number of nodes in the P7 direction. ,

',0
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Equations (36)-(40) constitute a system of algebraic equations that can be written in the
matrix form as

[A][X] = [B] (41)

where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains

the solution in the form (f,, g,, Ol, f2, g2, 2 ... , s, gI , 4)T is a column matrix of order 3n.

The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations

(36)-(38) and (40). The matrix [A] is approximately diagonally dominant and equation (41) can

be solved by the Gaussian elimination technique with high accuracy. 0

To obtain values for f" and 0', the results for P and 0p along with the boundary

conditions

f"( , 0) = - alf'( , 0) - a4 , 4,"( , 0) = - a, '( , 0), f"( , oo) = .. "( , co) = 0 (42)

are used in a cubic spline interpolation routine (see, for example, Burden and Fakes (1985)). As

the solution converges, the boundary conditions become exact and the values for f" and 4'can S

be obtained with high accuracy.

Although equation (29) should provide quadratic monotone convergence, difficulties arose

as the surface curvature was increased. This is due to the transformation to the 0) variable with

the resulting term in equation (35). Here the guess of (p'( , 0) is needed and for high values of .,.

surface curvature simply updating 4'(, 0) as the next guess may not be sufficient to obtain -

convergence of solutions. To improve convergence, attempts were made to improve the initial

guesses of f, C, fC, 4), and ' at each t value.

The present method of solution employs a quasi-linearization of the original nonlinear

system of equations and requires initial guesses for f, P, C', 40, and 4'. The flat plate solution ]

(i.e., = 0) for the uniform surface heat flux case (UilF) was obtained for Pr = 0.7 and these .,

results were used as the initial guesses for all other combinations of Pr and n at = 0. For

= Al, initial guesses were taken to be the results at € = 0. At = 2A , a linear extrapolation

of the results at 0 and =A was used. For 2 ! 3A a three point inverse polynomial

_21'%I,%
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extrapolation was used (see, for example, Traub (1964)). This approach was found to improve

convergence of solutions up to 40% faster than simply using the previous node's values as the

first guess.

To improve convergence of solutions, it was found that the n_ value needed to be taken

larger as the value of the surface curvature parameter t was increased. The value of P,,was

initially set to 10 for Pr > 0.7 and 15 for Pr = 0.1. It was increased by 5 when the value of

P or 4k, at n = 0.98q, was greater than 0.001. Since f'(t, oo) = 4)(', oo) = 0, the fP and (k values

greater than 0.001 at n = 0.98n.indicate that the corresponding boundary layer thickness extends

past n_. To make this adjustment, all values of f and 4k and their derivatives were set to zero for

7 > P,. except the values for f were taken to be the value at the old n_ extended out to the new

. This adjustment introduced less than 1% difference in the values of the local Nusselt

number when compared to a constant run at ,o = 30. This error was due primarily to :.,

n_ initially being less than 30 rather than to the adjustment itself.

The solution method is an iterative scheme and a solution was considered to be

convergent when the calculated values for f, fP, and 4) differed from the last guess of the

respective values by less than 10-4 at all nodes (i.e., at all q values for a given t). When these

criteria failed, new guesses for f, F, and 4) were found using a weighted average of the last guess

and the resulting calculation. That is

fnew= f + ( - )fold, f'new = I- f' + (1 - o.)f'oid, Onew = c0 4) + (1 - -) ) old (43)

in which (v is a relaxation factor. Generally co = 1 resulted in quick convergence. I lowever, if S

* was too small or for some small values of Pr and n it was sometimes necessary to use N-

under-relaxation and set wv = 0.5 to facilitate convergence.

It was found that as was increased, errors resulted due to an increase in the boundary -

layer thicknesses. By using a step size of An= 0.01 errors were reduced for P'(t, 0) and

4)'( , 0) at high values of the curvature parameter t. It was also found that the solution was not

sensitive to the step size in and At = 0.1 was used. S

,%
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RESULTS AND DISCUSSION

Typical numerical results for the case of power law variation of surface heat flux q,(x) S

were obtained for values of the exponent n of -0.5, -0.25, 0, 0.25, and 0.5 for Prandtl numbers of

0.1, G.7, 7, and 100 over the range of 0_ !5 5 (i.e., 0 < A*, 50). Representative values of n

fall within the physical limits of realism, - I < n < I, for power law variation of the surface heat

flux [see, for example, Gebhart (1971)].

Lee et al. (1987) qualified their results at high values of the surface curvature as a result of

using an improper step size Al, so it is worth noting how step size affects the local Nusselt •

number. For the UltF case with AN = SO and Pr = 0.7, the present calculation yields

NuGr*;" = 16.6 using Atn = 0.036 and "_ = 7.24. This compares to NuGr*-'/ = 6.43 for

An = 0.01 and , = 45. This trend is similar to what Lee et al.(1988) found for the UWT case.

It was found that decreasing the step size or increasing n_ lowered the local Nusselt number.

"/ This finding explains why valid results were obtained at small values of the surface curvature

where the range of q is small and errors appeared for large values of curvature where the range

of q7 has increased. When that happens and the boundary conditions are imposed at a point %

4. that is actually within the boundary layer, the flow and thermal profiles are lowered thereby

decreasing P'( , 0) and 0'( , 0). As 4'( , 0) becomes more negative the local Nusselt number

increases.

With increasing q_ for increasing surface curvature it becomes necessary to determine the

degree to which the boundary layer assumptions remain valid. For boundary layer theory to be

valid (r& -ro)/x is of the order of magnitude of the term (Gr,*/5)-1/5 where (r, - r.) = 6 is the

thickness of the boundary layer. The equations for A and I can be combined to give

Y--(GrX'/5)'/ 2[(1 + A,7 ') 1] (44)

where Y is a measure of the boundary layer thickness. .,,

Typically 1 is defined as the value of nj at r = r( = ro + 6) where f' and 4, are within 0.1 %/0

of their maximum value within the boundary layer. For A = I this is typically about n, = 20

and the right-hand side of equation (44) is about 7. If [(r, - ro)/x](Gr,*/5)1 remains constant at

1"£0
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7 and A increases to 50, P1, will increase to about 620. This shows that the range of q- can "

extend very large as the surface curvature increases and the boundary layer assumptions will S

remain valid. It also verifies the analysis presented in Lee et al. (1988) and Minkowvcz and

Sparrow (1974) for free convection under UWT, that the term that is a measure of the boundary

layer thickness may actually decrease despite an increase in P1. This would happen in the

example if ,/ is less than 620 but greater than 20.

An interesting finding is that a decrease in the step size Al (i.e., an increase in the number

of nodes) has a large influence on reducing errors in the local Nusselt number at large valtics of"

the surface curvature. This is due to the effect of spreading the error imposed at the edge of the

boundary layer among a greater number of nodes, thereby lessening its effect on the values of 4'

at the wall. In actuality then, the error of Lee et al. (1987) arose from the use of n_ that was

not sufficiently large. Since a decrease in the step size has an effect on the accuracy of the local

Nusselt number at high surface curvatures, a small Ail was used in conjunction with an increase

in j7_ as was explained in the method of solution.

Numerical results from the present, analysis will now be- presented. Attention is first . Z

turned to the local Nusselt number. For given values of Pr and n, as the surface curvature is %P

increased the value of Nu Gr*; /s is found to increase. "[his can be seen in Fig. I which is a plot

of (Nut/Nua,)UHF vs. AN for the U11F case, where Nu., is the local Nusselt number for a

vertical flat plate. This plot demonstrates that the slope of such a normalized plot is greater for

lower Prandtl numbers; that is, the relative effect of surface curvature on the Nusselt number is

stronger for fluids with a smaller Prandtl number. It also shows a nearly linear relationship

which is useful for correlations presented later. Table I presents the values used in plotting Fig.

1 prior to normalization. It should be noted from the table that as the curvature increases the ,

effect of Prandtl number on the Nusselt number diminishes. This can be explained by noting

that as the curvature increases the first two terms of the energy equation becorr dominant and

the problem becomes essentially independent of Pr.

% % N V %,
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Figure 2 is a plot of (Nu./Nuu,11 .) vs. n. demonstrating the effect of n on the local Nussclt

number for the vertical flat plate. It shows that a lower value of n results in a lower value of "

NuGr;*1 /s . It also shows that for an increase in the Prandtl number there is a decrease in the

deviation of the Nusselt number from the UIHF case.

Table 2 shows the ratio of Nut/Nu, ,U for various values of A*,. It can be seen from the

table that as the curvature increases the effect of n on Nu, decreases and the Nusselt number

ratio approaches 1.0. This can be explained again by the dominance of the first two terms in

the governing equations for large values of the curvature, which essentially makes the system of •

equations independent of n. Table 3 lists the average Nusselt number results NuL(ir*L, /'. For

given values of Pr and n, the average Nusselt number is seen to increase as the surface curvature

increases.

The f"( , 0) results are shown in Table 4. It can be seen that the value of f"(¢, 0)-

decreases as the surface curvature parameter increases. However, a decrease in f"( , 0) does not 'V

necessarily mean that the local wall shear stress T5, decreases as x increases along a constant

radius cylinder. Equation [26] can be rewritten as

T w ,c [(4+6n)/(I-n)]f,,( , 0), --!<n<1(45)

Forn 2- 0, the power to which is raised will cause T. to increase despite a decrease in

f"( , 0). As n decreases, the exponent of in equation (45) decreases until at n - 2/3 it will

be 0 and the term will have no effect on T.. Since f"( , 0) decreases with an increase in the

surface curvature, there will be some value of n in the range -2/3 _ n < 0 where r, will decrease - "

with increasing x for a constant radius cylinder. 'Ilierefore, when n is negative it is possible for

T. to decrease with increasing x. 'his is particularly true for low Prandtl numbers for which %

f"(4, 0) decreases at a greater rate.

The observation that f"( , 0) decreases with increasing agrees with results reported by

Kuiken (1968). It is interesting to note that this trend is opposite to that for pure forced

convection or for pure natural convection under the power law variation of temperature. To ]

understand why this occurs physically, one should consider an increase in the surface curvature

,'., % ,
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parameter to imply a decrease in the radius of the cylinder at a given x location. For constant x, -R

T,(x) is constant, and the driving force for pure free convection under the variable wall "A

temperature condition is constant. For constant x and u_. the eAving force for pure forced . .

convection is constant. In these cases, as ro decreases the velocity near the wall increases and

t'( , 0) increases. However for the variable heat flux case, at a constant x location, q,(x) is

constant. When q. is constant, as r, decreases, T, - T_ must decrease which will in turn

decrease the magnitude of the velocity profile and f"(, 0). This explains why f 0(, 0) increases

for the cases of pure forced convection and for natural convection under the power law variation

of surface temperature, but decreases for natural convection under the power law variation of 0

surface heat flux.

It is recognized that there are some irregularities in the values of f"(4, 0) in Table 4 that

occur for higher Prandtl numbers. This is due to a failure to increase P7_ appropriately in the -

numerical computations. Although this caused little effect in the local Nusselt number results

due to the small step size used, it was found that the velocity profile, and hence the value of

f"(t, 0), were more sensitive to the choice of n. This is only logical since f' starts at zero at the

wall, increases, and then returns to zero in the free stream. If n_ is chosen to be too small, the

maximum velocity within the boundary layer will be lower than it should be. Because the

momentum boundary layer is thicker than the thermal boundary layer for high Pr, errors in

P'( , 0) will result if n_ is large enough for the latter, but too small for the former. This does

point out the need to revise the criterion for increasing ,7_ to properly account for the boundary

layer thickness in numerical calculations.

For practical applications, the local and average Nusselt number results from the present

calculations in the ranges of 0<AN< 50, -0.5<n<0.5, and 0.1<Pr< 100 can be

correlated in the following form

NuxGr' /5 = a(Pr)[A(A) + fl(Pr)A](l + VW) (46)

where

a(Pr) pr2/5(4 + 9Pr1/2 + 10Pr)- 5  (47)

to

A" %-LV
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A(A) = 1 + 0.09AI' (48)

fj(Pr) = (0.032 + 0.176Pr -0 '384 ) (49)

V {[0.328 + 0.343exp( -2.12Pr" 5 )] - 0.195n}n (50)

W =exp[ - (0.0265 + 0.0907Pr- )A ° ] (51)

and

NuLGrL ' / = 5.(I'r)[B(A) + f2(Pr)A](l I V) (52)

where

B(A) = 1 + 0.08A"'1  (53)

f2(Pr) =(0.26 + 0.14Pr -0 ° ) (54)

V = (4vw - nw)/(4+ nw-) (55)

W = exp( - 0.5A0 6) (56)

For notational convenience, A in the above equations stands for A= A*N 2 -X(ir% s. In 4-4-

equations (52) - (56) A is calculated at x = L.

It is interesting to note that for the UHF case the terms V and V in equations (46) and

(52) become zero and drop out of the equations. It is also interesting to note that for the flat

plate solution, i.e., A = 0, the terms [A(A) + f, (Pr)A] and [B(A) + f, (Pr)A] both become one.

Therefore, for the flat plate solution under UIIF, NuGr*;U = a(Pr), where a(Pr) is taken from

Fujii and Fujii (1976). The maximum error in the correlations for the local and average Nusselt . ,

numbers is less than 5% for the UIIF case and less than 8.3% for the variable heat flux

solution.

.1'%
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CONCLUSION

In this paper, the problem of natural convection in laminar boundary layer flow along

slender vertical cylinders has been investigated. A finite difference method in conjunction with a

cubic spline interpolation scheme is used in the numerical calculations to remove the difficulties

associated with the "stiffness" of the governing equations for high values of the curvature

parameter. Additionally, a smaller radial step size and a larger value of q_ were used to correct

reported errors in the Nusselt number at high values of the curvature parameter. The major

findings from these results can be summarized as follows: •

(1) Errors in the thermal and velocity profiles result if the magnitude of ? is insufficient.

The calculated values of the local Nusselt number will be too large and those of f"( , 0) will be %

too small. These errors can be reduced by decreasing the radial step size At or by increasing

j7_. A decrease in the radial step size is more effective at reducing errors for the local Nusselt

number but it does not correct the entire velocity and thermal profiles.

(2) For the power law variation in surface heat flux, the local surface heat transfer rate

increases with increasing value of the exponent n. It also increases with increasing curvature and

increasing value of Pr. However, as the curvature increases the effects of n and Prandtl number

on the Nusselt number diminish. •

(3) The behavior of the average Nusselt number is similar to that for the local Nusselt

number for UHF. The effect of n and Pr on the average Nusselt number decreases as the ",*.

curvature increases.

(4) The value of f"( , 0) decreases with increa., ng curvature, decreases with increasing n,
4- 4. ,

and decreases with increasing Prandtl number. The local wall shear stress r,. , however, increases

as x increases for a constant radius cylinder with n > 0. It may decrease with increasing

curvature for n < 0.

'-'..
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MIXED CONVECTION ALONG A VERTICAL CYLINDER

WITH VARIABLE SURFACE TEMPERATURE

by

J. J. Ileckel, T. S. Chen, and 13. F. Armaly

Department of Mechanical and Aerospace Elngineering

University of Missouri-Rolla, Rofla, MO 65401

ABSTRACT

Mixed convection in laminar boundary layer flow along slender vertical cylinders is

anlyzed for the situation in which the surface temperature T.(x) varies arbitrarily with the axial

coordinate x. It covers the entire mixed convection regime from pure free convection (x = 0) to

pure forced convection (X = 1), where X = [I + (Gr Re2) 4] I is the mixed convection --

parameter. The governing boundary layer equations along with the boundary conditions are

first cast into a dimensionless form by a nonsimilar transformation and the resulting system of

equations is then solved by a weighted finite-difference method of solution in conjunction with S

cubic spline interpolation. Sample calculations were performed for the case of power law

variation in surface temperature, T.(x) - T_ = ax", for fluids with Prandtl numbers of 0.1, 0.7,

7, and 100 over a wide range of values for the surface curvature parameter 0 < A < 50 (or

0 : 5). Local and average Nusselt numbers as well as the local wall shear stress are %

presented. It is found that the local Nusselt number in the form Nu.,j(Rel'2 + Gr1/4) increases

with increasing surface curvature, Prandtl number, and the exponent n. For low values of

constant curvature A, the local Nusselt number initially decreases and then increases as X goes

from 0 to 1. As curvature increases a linear relationship is found to exist between the Nusselt '-

number and the mixed convection parameter, particularly for low lPrandtl numbers. The -

velocity gradient at the wall is found to increase with increasing curvature, decreasing Prandtl

number, and decreasing n. Correlation equations for the local and average Nusselt numbers are

also presented.

'-
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NOMl NCLATURF 
"

CfX local skin friction coefficient, 2r/pu2 10

CfL average skin friction coefficient, (2/pul L)f wdx or

f reduced stream function, (0b/vr.)(Re 2/2 + Gr.i/)-1

g af/i9ij or gravitational acceleration

Gr. local Grashof number, gfl[T.(x) - T_]X3 /v2

Gr*X modified local Grashof number, gflq,(x)x4/kv 2

GrL, Gro Grashof numbers defined, respectively, as
gI[Tl(L) - T-]Lt,/v2 and gfl[T.(ro) -'oojrlo/v

,

h local heat transfer coefficient , qjf(T - Too)

Aaverage heat transfer coefficient

k thermal conductivity of the fluid

L an arbitrary length of cylinder ". -

m exponent used in the mixed convection correlation

n exponent in the power law variation of the surface temperature
or surface heat flux S

Nu, local Nusselt number, hx/k ,-K

Nu-L average Nusselt number, hL/k

Pr Prandtl number, v/a

r radial coordinate

r. radius of the cylinder

Re. Reynolds number based on x, u.x/v

Re, Reo Reynolds number based on L and ro , respectively, as uJ.I/v and ur,,/v

T fluid temperature ,, '

u axial velocity component

v radial velocity component ,v0

x axial coordinate
y transverse coordinate

z dimensionless axial coordinate, x/ro.

thermal diffusivity

*~A* *U. ~ ~ *~ ~N* U~ ~*C~ .'~ '~Y,?~~4~' u.**
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fi volumetric coefficient of thermal expansion

v variable temperature parameter, [x/(T. - T_)][d(T, -r-)/dx] U

17 pseudo-similarity variable, [(r - r,)/2rx](Rel/' + Cr1/ 4)

0 dimensionless temperature, (T - T)/['F,(x) - I'jd%

AN curvature parameter for natural convection with variable surface temperature,
(2x/r)Gr; 'w/4

A*N modified curvature parameter for natural convection with variable surface
heat flux, (2x/ro)Gr 'x5

AF curvature parameter for pure forced convection, (2x/r.)Re. 1/2

A curvature parameter for mixed convection with variable surface temperature, 0
(2x/r 0)(Re/' + Gr'/ 4)-l

A* curvature parameter for mixed convection with variable surface heat flux,
(2x/ro)(Rel/' + Gr*I'5 )-'

JA dynamic viscosity

V kinematic viscosity %

dimensionless axial coordinate, [A/(2X)]" 2 or [x/(rRe)] /4

p fluid density

local wall shear stress

stream function
mixed convection parameter for variable surface temperature, (1 + L'

x* mixed convection parameter for variable surface heat flux, (I + L141/1) I

.m

LIX buoyancy parameter for variable surface temperature, (ir,/Re"-

(P., buoyancy parameter for variable surface heat flux, (Gr*/Re/"2

modified buoyancy parameter, [Gro/Re( -0]114

w relaxation factor
.~%

Subscripts

F for the case of pure forced convection

N for the case of pure natural convection

o quantities at -A

p for a flat plate

%
. %?:,
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w conditions at the wall

Co condition at the free stream
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INTRODUCTION V

There have been relatively few studies on mixed convection along a vertical cylinder.

Chen and Mucoglu [ I, 2] were the first to analyze the effects of bouyancy forces on forced

convection along vertical cylinders for the case of uniform wall temperature (UWT) and uniform

surface heat flux (UHF). They used the local nonsimilarity method of solution to obtain heat

transfer results that cover the surface curvature parameter, A, = 2-- Re;-/0, from 0 to 8 for

Prandtl numbers of 0.7 and 7. Bui and Cebeci [3] analyzed the UWT case for Pr = 0.1, 1.0,

and 10 for curvatures up to A, = 10 using a central difference finite-difference method of

solution. The studies by Chen and Mucoglu [1] and by Bui and Cebeci for the UWT case used

a mixed convection parameter U. = Gr /Re' which varies from zero for pure forced convection

to infinity for pure free convection. Mucoglu and Chen [2] presented the UIIF case with a

mixed convection parameter f1% = Gr%/Re1/'. Lee et al. [4] treated the 1JWT case for slender

.cylinders using a new mixed convection parameter X = (I + Q,1j4 ) which varies from zero for

pure free convection to one for pure forced convection. In Lee et al. [5] the UtlI' case is

presented using X* = (1 + DJ*iIS)-I which also varies from zero for pure free convection to one

for pure forced convection. The main difficulty encountered in these studies has been the bp',

numerical solutions for large surface curvatures. The results of Chen and Mucoglu [1, 2] agree

well with those of Lee et al. [4, 5] up to surface curvatures A = 2 x (Re, '/ + Gr /
4 ) -

l for UWT or
170  X

A- xr(Re . 2 + Gr*./s)- l for UHlF of 8 for Pr = 0.7 and 7.0. The results of Bui and Cebeci

are about 36 percent higher for large values of the surface curvature and Lee et al. [4] attributed

this to the latter's use of a central difference finite-difference method of solution which has

, difficulty handling the boundary layer equations as they become "stiff" with increasing curvature.

Lee et al. [4, 5] advocates the use of a weighted difference finite-difference method [6] along

with a cubic spline interpolation method [7] to overcome these difficulties associated with high

values of curvature or Prandtl number.

Another advantage of the method used by Lee et al. [4, 5] was that it was applied to the

full range of mixed convection to include pure free convection. The case of natural convection

along a vertical cylinder has been extensively studied [8 - 13]. Elenbaas [8] used langmuir's

stagnant film model to evaluate the heat transfer coefficients for vertical cylinders under UWr

C-%
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conditons. Sparrow and Gregg [9] reworked this same problem using a power series solution
for Pr = 0.72 and I covering surface curvatures (AN = 2- Gr;T'1 4 ) of about 1.5. Kuiken [10]

also applied the power series expansion method to investigate some nonuniform wall

temperature conditions and obtained results for 0.7 _5 Pr _< 10. Similarly, Fujii and Uehara [11]

treated the case of variable wall temperature and obtained results, again by the power series

solution, for 0.72 < Pr < 100 covering AN from 0 to 2.73. To overcome truncation errors of the

power series and the local similarity solution, Minkowycz and Sparrow [12] employed the local .

nonsimilarity method of solution and obtained results for Pr = 0.733 covering 0 <AN < 10. '3

Lee et al. [4, 5] examined both the UWT and U IF cases of natural convection along a vertical

cylinder as part of their mixed convection study and employed a modified finite-difference

method designed to overcome the difficulties associated with increasing curvature. As a result,

they were able to obtain results up to AN = 50 for 0.1 < Pr < 100. Very recently, Lee et al. •

[13] treated the variable wall temperature problem for natural convection along a vertical

cylinder. They found that the results of [4] were inaccurate for AN > 10 because an improper

step size was used in the radial direction.

The significant finding for pure forced or pure free convection under a variation in surface

temperature along a vertical cylinder is that as the surface curvature increases at a given x

location both the heat transfer coefficient and the skin friction increase. For the UHF case of "

natural convection, as the surface curvature at a given x location increases, the heat transfer

coefficient also increases, but the local wall shear stress decreases. Minkowycz and Sparrow %

[12] showed that the error caused by the power series solution increases with increasing

curvature. Results by Lee et al. [13] showed that the results of Fujii and Uehara [i1] are valid

only for AN up to about 1.5. Lee et al. [4] demonstrated that the central difference scheme used

by Bui and Cebeci [3] produces large errors as the curvature increases, but the results of [4, 5]

for A > 10 are not accurate because they used too large a step size in the radial direction. S

For comparison purposes, results for mixed convection along a vertical flat plate are

needed. There are numerous studies on mixed convection along a vertical flat plate (see, for

example, [14] - [19] ). The Nusselt number results for this flow geometry have been correlated.
m m m l

- by Churchill [20] using the simple form Nu = Nu, + NUN with m = 3, where Nu, is the %

-
, I -. %

,,
,

.- ,
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Nusselt number for pure forced convection and NUN is the Nusselt number for pure free

convection. Chen et al. [14] have caiel out extensive correlations for mixed convection along %

vertical, inclined, and horizontal flat plates and verified them with experimental data for air.

From the past studies, it is clear that results for mixed convection under UWT conditions

at high values of curvature need to be reassessed. In addition, the combined effects of variable

surface temperature and curvature on the flow and heat transfer for mixed convection along

slender vertical cylinders have not been studied for the entire mixed convection regime. This has r

motivated the present study. It is noted that free convection along slender vertical cylinder, has

been analyzed for the case of power law variation in the wall temperature. Details of this

analysis can be found in [13] and for completeness its highlights are also given in Appendix C.

Some results for this problem were obtained and will be discussed later. An analysis of the

mixed convection problem under a power law variation in the wall temperature follows.

ANALYSIS

Consider a semi-infinite, vertical cylinder with radius r. that is aligned parallel to a

uniform, laminar free stream with velocity uo and temperature T,. The axial coordinate x is

measured in the direction of the forced flow and the radial coordinate r is measured from the

axis of the cylinder. The surface of the cylinder is subjected to an arbitrary variation in

temperature T.(x), and the gravitational acceleration g j acting downward. Fluid properties are

assumed to be constant except for variations in density which induce the buoyancy force. By

employing the laminar boundary layer assumptions and making use of the Boussinesq

approximation, the governing conservation equations can be written as:

Continuity:

gx(ru) + a(rv) = 0 (1) 0
Ox Or

Momentum:

au Ou O Ou U--4 v- =--i r- j gNl l)(2)
o x Or r Or Or On (,,T"

I



46

Energy:

Ox Or rr a r I

The positive sign in equation (2) applies to upward forced flow and the negative sign to

downward forced flow. In these equations, u and v are the velocity components in the x and r

directions, respectively; T is the fluid temperature; and v, fo and a are, respectively, the kinematic

viscosity, the volumetric coefficient of thermal expansion, and the thermal diffusivity of the fluid.

The boundary conditions are .

Au=v=0 , T=Tw(x) atr=r o  (4) .,

u-*0, T-,To Asr-oo (5) .-..

u=O , T=T. Atx=0, r ro  (6) ,. M.

In writing equation (6) it is assumed that the flow and thermal boundary layer thicknesses are

zero at the leading edge of the cylinder surface. %

The conservation equations and the boundary conditions, are then transformed into a

dimensionless form by introducing the following dimensionless variables:

2 _ 2[r -ro] 1/4/2 x""
rt -Re'/' + Gr'X/ z=r-- (7) " ;.'

2rx - ro
W, 112 1/

f(z, ,/) = O,(xr)/[vro(Re,' 2 + Grx/], o(z, q) = (r -ToJ/[Tr(x) -rl'j (8)

Re 2e
_ %r- - Grex ' x =(l + f41 ) ' (9) .

where Gr,, =gfl[T,(x) - Tj] x/v 2 is the local Glashof number, Re; = uox/v is the local %

Reynolds number, q is the pseudo-similarity variable, z is the dimensionless axial coordinate, 6

f(z, P7) is the reduced stream function, O(z, ij) is the dimensionless temperature, '(x, r) is the

ft
0 ,%i , N
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stream function that satisfies the continuity equation, with u =(do/3r)/r and v =-(at~b/x)/r, fl

is the buoyancy parameter which varies from zero for pure forced convection to infinity for pure

free convection, and X is the mixed convection parameter which varies from zero for pure free

convection to one for pure forced convection.

The transformation yields:

(I1+ )jA)P" + AP' + 1 (2 + (1 - X)(y +1)f"()
4~

2 0l - MY( + l)f 2 + (I - X)4 O - zQ"zL ofi

(1 + P1A)O" + AW + Pr (2 + (I - x)(y + l))fO' - lPryf'O

~r zOA f ao
0Z Oz

f(z, 0)rf'(z, 0) O, O(z, 0)=
2 (12)

f'(z,oo= X O(z,ooVO 4-

where *5 =5

A - R '/ r14 1(13)

is the mixed convection curvature parameter and

x -d % d
________ -T '1I (14)

The primes in equations (10)-(12) denote partial differentiation with respect to n, and the plus%

and minus signs in front of the term (I - X)40 In equation (10) now represent buoyancy assisting ~

flow and buoyancy opposing flow, respectively.

The system of equations (10)-(12) represents the general form of the transformend

boundary layer equations for variable wall temperature 'Fjx) along vertical cylinder,, in ixed

convection. For the case of power law wall temperature distribution, Tjx) =T + ax", one has

from equation (14) that
%j
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y=n (15)

Equations (10)-(12) contain three x-dependent parameters, z(x), A(x), and X(x). These

parameters can be related to a single x-dependent parameter (x) defined by

, z =x/r (16)

Thus,

A=2 2;X, X (I + no4( +n))- 1 (17) S

where %

LI = [Gro/Re.o-]/ 4  
(18)

with Gr= Gr, and Re,= Re, for x = r. Also, the right-hand sides of equations (10) and (11)

become, respectively

Iuf'_ f Pafl'L (19)
4 4 D -V

Rewriting equations (10)-(12) one has

Momentum:

(1+ a, )f"' + a, "' + a2ff' + a3fp
2 + a40 =a P- Po (20)

Energy: .. .

(I + al j)0" + al0 ' + Pr a+ P O' Pr as 04 ] "- 00 -..~ -...,,
(la~1 )"a 1 '+r 2 fo' +PrPr ra a6 ~Lf (21)Z-

Boundary Conditions:

f( , 0) =f(, O) =O, 0(,)= 1 (2)

oo) a7  , Co)

V, V?, ,
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where

a, A, a2 =1(2 + (I- x)n + 1)), a3 = (x- l)(n+) 
4 2 (23)

a4 =±(I -X) , a5 = - /4 , a6 = -n , a7 = X

With A and X related to , the functions f and 0 in equation (20)-(22) are functions of

(, ) and depend on three constant parameters n, Pr, and £. These equations are now in the

fortr that can be solved by the method proposed by Lee et al. r~i. See Appendix 1: For thle

solution method as applied to equations (20)-(22). For the purpose of comparisons, the

problem of mixed convection along a vertical flat plate with a power law variation in the wall

temperature is also solved. The governing equations and boundary conditions have exactly the

same form as equations (20)-(23) with the exceptions that for this case

)(1 1 'I/ + Cr''1 -T (Rx +  (24) .,-

X e A = O0, a5 := (I + n)(l - X)Xl4 %'L,'. Z,

It should be noted that this problem must be solved numerically from = I to =0. 9

The physical quantities of interest include the local and average Nusselt numbers, the local

and average friction factors, the axial velocity distribution, and the temperature profile. The

local Nusselt number and the local friction factor can be expressed as

Nux/(Re 2 + (r'r 4 ) = - 0'(O, 0) (25)

2rw - 2X- t'( , 0)Re-' /2  (26)

Pu 0 0

The average Nusselt number and the average friction factor can be expressed as

1/ 2ti O'( , 0) (7
Nul,/(Re/ 2 + 1r/) -4Xl 2 r X (27)"-

%~ A 'A

Rf1 2  8 '2 -3C - L 0) d (28)
f0 e J 0'_

. .- ,:...-:.,,.. ,-%- -:..:,..,- .. ; ; : - 2 % : N : 3 ; % . - v .% ¢
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where t = L at x L, and XL X at x =L. The axial velocity distribution can be written as

U(2 2
U00 2

and the temperature profile is given by 0( , ,i) (T - T_)/(T. - T_,).

METH 10) OF SOLUTION

Equations (20)-(22) constitute a system of coupled nonlinear partial differential equations

in the ( , ,j) coordinates with parameters Pr, n, fl.. The solution method described in [6] was

employed to solve this system of equations.

The first step is to convert the terms involving D/Oa in the following manner.

OH I - H.) OH P (tI-H.) (30)

where H is a function of (€, ) Ho = H. + (q/p)A (H/O )o, and the subscript "o" denotes -

quantities at -A. The values for p and q are p = l and q = 0 at =0 and =A ,. and p = 2

and q = 1 thereafter for > 2A . The f and 0 equations are then linearized by using the simple lop%.1m

technique for the product of two arbitrary functions F and G , defined as

FG = FG + GF - FG (31)

where F and G indicate the values to be guessed. The quasi-linearized function FG expressed

by equation (31) will provide quadratic and monotone convergence. By employing equation

Of Of' 0
(30) for the terms , and --" and applying equation (31) to the terms

WT,, f, fO' and f'0 one obtains

A0f"' + (a1 + AI)f" + A2f' + Af+ A40 = A5  (32) 0

B0" + (a, + 13)0' + 1320 + B3f' + B4f= B5  (33) .-

where

r Or,
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A0 = 1 +ai,, A, =a*f+d*, A2 =2b-' - df'o  4.d
2 (34)

A 3 = a*f", A4 = a4 , A 5 = a*ff" + b f'2  (3

B0 = A0 , B 1  Pr A,, B2 = Pr e~f', B 3 =Pr (e*O - d*0o)

B4  Pr a*0', B5 = Pr(a*fO' + e*f'0)

a* =a 2 - d*, b* =a 3 + d*, d* a5 p/A , e* =a 6 + d* (36) ".' "

The coefficients a, through a6 and the functions f., f0o, and 0o are as previously defined.

The f and 0 equations have now been reduced to a system of quasi-linear ordinary

differential equations. By defining g = f' and applying the weighting factors (see Lee et a]. [6]),

one can write equations (32) and (33) in the finite difference form as:

fi - fj- - (Ail/2)(g&+g-)=0(3)e.'._.

A 2 - + a0g, + ctlgi+)) + A2g + A3fi + A 40i = A5  (38)

Bo/(A,,)2(#_,Ot_ I+ fl00 + fl+,Oi+,) - B20i + B3g + Bfi = BS  (39)

where AP is the step size in the P direction and the subscript "i" rcfcrs to values at the nodal

point n,. K
In equations (38) and (39) the weighting factors are defined as:

a- I  Wf( - Zi1 /2), a+I = Wf(Zi+/ 2), a 0  - 1 -01+

flI = WK - z*i 1 /2), fl+I = W(z*i+1/ 2), (.o = - fl-I - fl+ 1  (40)

Wg(z) = z/[I - exp( - z)], z = Aj(a, + A1)/A0 , z*= API(al + B1)/B0

Equations (37)-(40) are applied to the interior points. On the boundaries, equation (22)

applies such that Wa..

9
'.-.'

*,~~~~~~*..~~~~ .. N%% *. ~ ~ ' w I ~ p , ' '% .~a
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f1=g1=O, 01=1

An= g,=a 7  (41)
fn -fn-I 2 (g" + gn-I)=O ,g ?I

where the subscript n is the number of nodes in the Yj direction and a7 = X2 for mixed

convection.

Equations (37)-(41) constitute a system of algebraic equations that can be written in the

matrix form

[A][X] = [B] (42)

where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains

the solution in the form (fl, g1, 01, f2, g2, 02, ...' f", gn, 0.)T is a column matrix of order 3n.

The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations

(37)-(39) and (41). The matrix [A] is approximately diagonally dominant and equation (42) can

be solved by the Gaussian elimination technique with high accuracy.

To obtain values for f" and 0', the results for fP and 0 along with the boundary conditions -

fP"( , 0) = - ai f'(, 0) - a 4 , 0"( , 0) = - a1 0'( , 0), f'"(Z, oo) = 0"(, co) = 0 (43)

are used in a cubic spline interpolation routine (see, for example, Burden and Faires [7] ). As .

the solution converges, the boundary conditions become exact and the values for f' and 0' can %,.

be obtained with high accuracy.

The present method of solution employs a quasi-linearization of the oripnal nonlinear

system of equations and requires initial guesses for f, f', f", 0, and 0'. The flat plate solution .'0

(i.e., = 0) for the uniform wall temperature case (UWT) for Pr = 0.7 was obtained and these

results were used as the initial guesses for all other combinations of Pr, n, and Q. at 0. For 0

€ > A , good convergence was obtained by simply letting the solution at the previous node be

the guesses for the next node.

L S



The solution method is an iterative scheme. A solution was considered to be convergent

when the calculated values for f, fP, and 0 differed from the last guess of the respective values by
less than 10-4 at all nodes. When these criteria failed to be met, new guesses for f, ', and 0

were found using a weighted average of the last guess and the resulting calculation. That is

fnew =o f + (I - o)fold, f'new CO f' + (I - co)f 'old, 0 new = c1 0 + (I - w1)0old (44)

I• . .

Generally o = I resulted in quick convergence. I lowever, for fO = 2 it was often necessary to

use under-relaxation with w = 0.5 to facilitate convergence.

It was found that numerical results depended upon the choice of .As wasincreased,

it was necessary to increase n. The value of n_ was initially set to 15 and was increased by 5

It~ ~ ~ ~f was foun tha nueialrsl s eedduog h hie f,.A a nreased,
when the value of If- a1 or 0 was greater than 0.001 at q = 0.98n. Since

f'(, o) - a, = 0( , co) = 0, the If' - a,1 and 0 values greater than 0.001 at n = 0.98F indicate -'-

that the corresponding boundary layer thickness extends past n_. To make this adjustment for

free convection, all values of f and 0 and their derivatives were set to zero for ? > n_ except the

values for f were taken to be the value at the old , extended out to the new P,,.

The adjustment for mixed convection is slightly more complicated. Again all values were

set to zero except the values for f, f o,' , f and T'o- [hey were adjusted as

follows. %

I-. -'2 -,1f"(
-1= _ + Antf'/_, f''fil .i= i - foi)/A , .r

( ) q A~, ' '1 , (-- ~,+q " ' f '

(45)
0o' oi:o-2X 3 o(n + 1),n,  foAoi-p oA p- - ]i- .-

This adjustment introduced less than 1.0 % difference in the local Nusselt number for Pr 0.7

as compared to a constant run at 1 = 30. This error was due primarily to n_ being less than 30

initially rather than to the adjustment itself. .'6

It was found that as was increased, errors resulted owing to the growing boundary layer . ,,

thicknesses. By using An = 0.01 numerical errors were reduced for calculations at high values of •

% % %
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the curvature parameter . It was found that the step size A did not affect the solution

appreciably and A = 0.1 was used.

RESULTS AND DISCUSSION

Numerical results were obtained for the case of buoyancy assisting flow. They cover

Prandtl numbers of 0.1, 0.7, 7, and 100; values of 12, of 0, 0.02, 0.1, 0.5, 1, 2 as well as the pure

free convection case; for a power law temperature distribution of the form T, - T_ = axn, with ,., ,

the exponent n varying in the range from -0.4 n < 0.5 for mixed convection and

-0.5 < n < 0.5 for pure free convection. These ranges are within the physical limits of n as

determined in a manner outlined by Gebhart [21]. For pure forced convection the limits are

-0.5 < n and for pure free convection the physical limits are -0.6!< n < 1.0. The case of Q. = 0

corresponds to pure forced convection and 0,o = co corresponds to either u_ = 0 (pure free

convection) or r. = oo (the flat plate solution in mixed convection). The solution method

involves a system of simultaneous equations and the results depend heavily upon the choice of %,*,

q/. References [4] and [13] incompletely attributed the errors at high curvatures to a large step

size in the radial direction. It was found that decreasing the step size does cause a corresponding

decrease and a better accuracy in the local Nusselt number at high curvatures, but that the % F %-le

velocity profile, for pure free convection in particular, was more dependent on the choice of n_.

First, the results for pure free convection will be presented. The results of Lee et al. [13] v 0

for the UWT case were recalculated using a smaller step size of Aq* = 0.01 and a variable o

which was allowed to increase to 45. The radial coordinate n * used in [13] is related to q by

n= //2-. As an example, for Pr=0.7, present calculations for AN = 50 using An1  0.035 .uj,,,-

and o = 7.071 as was done in [4] yield the result Nu Gr;,14 = 16.1, whereas calculations using

A = 0.0125 and j = 30, as was done in [13], gives Nu,,Gr; /4 = 6.93. For An* = 0.01 and
0

= 45, the presert calculation gives NuGr /14  6.46. This is only 7.3 % lower than the

result of [13], and further reductions in An* or increases in q*_ did not appreciably change the %

local Nusselt number. This led to the choice of An* = 0.01 an(' a variable )1*_ up to 45.

"V

% . .,%
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The Nur,(;r 1 results are listed in Table 1. It demonstrates that the local Nusselt number

increases with increasing curvature and increasing Prandtl number for all n values investigated. L

It also shows that as the curvature increases the effect of Pr decreases and the value of the local

Nusselt number converges to an asymptotic value. Table 2 shows the Nu/Nu.,.,T, values as a

function of the curvature. These values approach one as the curvature increases, independent 6f

n for all Prandtl numbers. This is anticipated because as the curvature increases the first two

terms in the energy equation become dominant and the equation becomes independent of both

Pr and n. The average Nusselt number results, NutGrt' 4, are shown in Table 3. They show

trends similar to that for the local Nussclt number.

The effect of surface curvature on the local Nusselt number is illustrated in Fig. I for the

UWT case. It is seen that as the curvature increases, the local Nusselt number increases at a

faster relative rate for lower Prandtl numbers. Figure 2 illustrates the effect of the exponent n .

on the local Nusselt number for the flat plate. It is seen that the local Nusselt number increases

with increasing n. It also shows a slight dependence on the Prandtl number such that the higher

the Prandtl number the less is the deviation from the UWT case. 0

Results for f"( , 0) are given in Table 4. It is noted that the general trend is that P'( , 0)

increases with increasing curvature, as noted by Minkowycz and Sparrow [12]. Exceptions to

this may be found at high curvatures and may be due to numerical errors. It decreases with

increasing n and increasing Prandtl number as noted by Chen et al. [22] for the vertical plate. 6"

The relationshop between f'( , 0) and n is opposite to that for the local Nusselt number. This _.

can be explained by realizing that lower Prandtl numbers will result in larger velocity gradients 0

at the wall whereas larger Prandtl numbers will yield a larger wall temperature gradient and

therefore a larger Nusselt number.

Next, the results for pure forced convection will be presented. Results of Lee et al. [4] for

the UWT case were found to be in error at high curvatures for the same reasons as mentioned

in the case of pure free convection. As an example, results in [4] were obtained using

An = 0.05 and ,. = 10. At A, = 50 for Pr = 0.7 and n = 0, this gives NuRe,,11 = 16.2, which

compares with Nu, Re- 2 = 6.72 for An = 0.01 and , 45. Further decreases in An and n_ did , N

0

.':. 5,,

~5,- - - - - - - --S 5, 5,



56 •

not appreciably lower the value of NuRe - 1,2, so the problem was run using An = 0.01 and Iq ,_.A

was varied up to 45.

With ,* increasing for increasing curvature, it is of interest to determine the degree to

which the boundary layer assumptions remain valid. For the boundary layer theory to be valid,

(r6 -r)/x must be of the order of magnitude of the term (Re'/ 2 + Gr1,4) -
1 where (r, - ro) is the

thickness of the boundary layer. The equations for A and t can be combined to give

r6-r (Re"2 - 2- + A"t) 1'2 - 1] (46)

X X X' A 0
S

Typically, q, is defined as the value of PI where f and (k are within 0. 1% of their maximum

value inside the boundary layer. For A = 1, il is about 20 and the right-hand side of equation

(46) is about 7. If [(r6 - r)Ix](ReV/ 2 + Gr/ 4) remains constant and A increases to 50, P, will 0

increase to about 620. These values show that the range of q_ can extend very large as the 41 %

curvature increases and the boundary layer assumptions will remain valid. It also verifies the

analysis presented in [13] and [12] that for free convection under the UWT condition, the term ]

that is a measure of the boundary layer thickness may actually decrease despite an increase in 'r

. This would happen in the example if , was less than 620 but greater than 20.

The Nu Re, '/ results for pure forced convection are listed in Table 5. The table shows

that as the curvature increases the local Nusselt number increases for all Pr and n that were

investigated. It also shows that as the curvature increases, the effect of Pr diminishes and the .' , '.

Nusselt number converges to an asymptotic value. Included in Table 5 are the f"'(, 0) results.

It should be noted that for pure forced convection the momentum equation is not coupled to

the energy equation and thus f"(, 0) is independent of n and Pr. It is seen that as the curvature

increases P'( , 0) increases, as has been noted in other studies (for example, Seban and Bond

[23]). In Table 6 are listed the Nu./Nuw results as a function of n. The effect of n is seen to -.-

diminish as the curvature increases. Results for the average Nusselt number follow the same

trends as the local Nusselt number, as can be seen in Table 7.

% I -"
v'wP.%-t

Pr

%
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Figure 3 is a plot of Nu,/Nu., vs. A, and shows that the local Nusselt number ratio

increases faster with increasing curvature for lower Prandtl numbers and becomes nearly linear

at higher curvatures. This trend is similar to that for natural convection. The effect of the

exponent n on the flat plate is illustrated in Fig. 4. It shows that as n increases the local Nussclt

number increases and that as Pr increases the deviation from the UWT becomes less.

Calculations for mixed convection were done using Art = 0.01 and i?_ was varied up to 45.

The independent variable was varied from 0 (corresponding to pure forced convection for the '

vertical flat plate, X = I and A = 0) to the point where either A > 50 or X < 0.1. Tables 8

through 13 present the results for NuJ/(Re,'2 + GrI 4 ) and Tables 14 through 19 present the

results for f"( , 0). Tables 8 and 14 present the special case of mixed convection for vertical

plates (A = 0, o = oo). For mixed convection along vertical cylinders, although calculations

were done using the parameter f2o to combine the curvature and buoyancy parameters in one

independent variable , results are more meaningful when presented in terms of the curvature

parameter A and the mixed convection parameter X. This is shown for the UWT case in Figs. 5

through 8 for the local Nusselt number. In these figures the solid lines represent the actual runs .

for given values of Qo while the dashed lines are found by interpolation of the computer output

for the values of A presented. In all cases the curve for the flat plate (A = 0) is concave upward

and as X decreases from 1 to 0 along the constant curvature curve of A = 0, the value of

Nuj(Re,,' + Gr'/4 ) decreases to a minimum in the vicinity of X = 0.6 then increases to its pure

free convection value at X = 0. This is seen more clearly in Fig. 9 for the flat plate,which also

demonstrates that for n 9: 0, the curves run essentially parallel to the UWT curve. Figures 5

through 8 clearly show that as the curvature increases for constant values of X the local Nusselt ' ,%

number increases. The results shown in Tables 8 through 13 thus reflect the combined effects of

A and X on the Nusselt number. That is, if the Nu, value initially decreases with increasing €,

as it does for the higher values of K2., then the effects of mixed convection are dominant. If it 0

initially increases with increasing , then the effects of curvature are dominant.

To observe the effect of Q. on the Nusselt number results, one refers to Figs. 5 through 8 a.

and notices that when f, - o either the flat plate solution is approached or the pure frcc

%



convection case is approached. If the curves cut off at X <-0.1 were extended they would rise

sharply to run between the curves for Q,, = 0.5 and Q. = co, the pure free convection case.

The local Nusselt number results obtained at high curvatures in this study were much

lower than those obtained by Lee et al. [4], as has already been pointed out. It was found that

results for higher Prandtl numbers were affected less by a decrease in the step size and an

increase n_. This perhaps may be due to an insufficient value of ?I_, but it is most likely due to "-

the fact that for lower Prandtl numbers, the first two terms of the energy equation esseentially

dominate thc equation, whereas for higher Prandtl numbers other terms in the energy ctuation

remain significant. lee et al. [4] made the statement that for A > 4 the solution for mixed

convection was independent of X, Pr and n. Although this is true as A -- c.-, and appears nearly

true for the results of [4] it is not the case for the present results. For A < 50. the effect of

varying Pr from 0.1 to 100 remains significant and the pure free convection result Nu,(ir, .4 does -

not equal the pure forced convection result NuRe," 2 which Lee's statement seems to imply.

For low Prandtl numbers this is nearly the case but for higher Prandtl numbers this is not the

case. S

The average Nusselt number results were also obtained. Those for the UWT case are

presented in Figs. 10 through 13 and those for the flat plate with nonuniform T(x) are

illustrated in Fig. 14 ['he trends of the curves are similar to those for the local Nussclt number.

The value of f"( , 0), listed in Tables 14 through 1I), in general decreases initially and then

increases as increases. This is similar to the results of the Nusselt number but the magnitude

of the increase with increasing curvature is less pronounced for f"'(, 0).
:,,,:,, -:

For practical purposes, correlation equations were developed for the local and average

Nusselt numbers. For pure free convection, for 0.1 5 Pr < 100, -0.5 n E 0.5, and "

0 _ A < 50 (A = AN), the correlation equation for the local Nusselt number is given by

NuGr-  = -x.(Pr)[AN(A) + fj,N(Pr)A](l f- VNWN) (47)

where
-

S..*%

.• .-

• " ,-b ,
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aN(Pr) = 0.75Pr'/ 2[2.5(1 + 21'r' / + 2Pr)] - l /  (48) *4,W

d

A,(A) = 1.4( ' - o (49)6N
fl.N (Pr) = 0 045 4 0.27 Pr 6 (50)

)v= f[0.88 4- 0.5 exp( -- 21)r'') (1)77 ' (51)

W = exp( - [0.07 + 7.Scxp( --3.61'r'/ 0 )]A' 7 } (52)

The average Nusselt numbers are corrmlated by

NULGrL / 4  4 3a\(Pr)[BN(A) + f2 N.(Pr)A](l + V.) (53)

where

B.(A) = 1.4(1 0.75) (54)

f2,N(Pr) = 0.03 + 0.21Pr -°  (55)

V = (3 VNWN -nW)/(3 + nW) (56)

W - ~exp( -0. 1 1A' 2  (57) ,'

-. •

In equations (53) - (57), A now stands for A, with x= L.

For the case of pure forced convection, for 0.1 <Pr < 100, -0.4 n 0.5, and

0 < A < 50 (A = AF), the correlation equations are S.-2-4.4-

'1/2

NuxRe -" 2 = a(Pr)[AF(A) + flF(Pr)A](I + VFWF) (58)

where

.,,"
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aF(Pr) 0.339Pr113[ I + (0.0468/Pr) 2/3 - /4  (59)

A,.(A) = (I + 0.4A 1 2) (60)

f, 1 (Pr) (0 04 4 0.31r ) (61)

VF = {[l.17 + 1 lexp( -5.6Pri/ 10)J - 0.92n'n (62)

W F exp - (007 4- 0.3Pr- (63) -

and

Nu .ReL 1/ 2 = 2,r.(Pr)[A,:(A) + f2,1.(Pr)A](] + V1 .) (64)

where

B,.(A) = (I + 0.25A' /2) (65)

f2,1(Pr) = (0.025 + 0.15Pr 0 .45) (66)

VF = VFexp[ - (0.06 + 0.17Pr- 1 3)A0 65] (67)
*/ * ,

In equations (64) - (67), A stands fEr A, with x = L.

It should be noted that the form of these correlation equations is such that for the UW'

case V, V, V,, V, are zero and the last terms in equations (47), (53), (58), and (64) can be

omitted. Also the form of A,, A , B, and B. are such that foi A = 0 they become one and for

the flat plate UWT case only aN and a, are needed. The expression for 2
N is taken from He

[24] and the expression for i is taken from Churchill and ()zoe [25]. The error in equations

(47) and (53) is less than 8.5 % for the UWT case and less than 13.5 % for -0.5 < n < (.5. 0,,%

The maximum error in equations (58) and (64) is about 9.2 % for the UWl case and about -

14.5 % for -0.4 < n < 0.5.

°.. .,
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Following Churchill [20], the correlation equation for Nusselt numbers in mixed

convection is expressed by the form

( Nu )m I+ NU
NUF) NuF %

(68) ,

Nu~. M' + €..
(NUNm=+(~J~

This form of correlation has been found to give an accuracy of about 5% for 0.1 Pr < 100 for %

flat plates with m =3 and was also verified experimentally for air in the UWT case [14, 15]. ,

For the present study with a single mixed convection parameter X, the corresponding correlation

equation can be represented by

Nrux [ Nu muX( / + ) u + (2 )]xM (69)

/2 G4'4  
- X e' JL X J4 ]( R e +e 4 XI

This equation was found to be valid for the case of flow along a vertical cylinder with a power

law variation in the surface temperature in the following manner. It was found that as A

increases the corresponding value for m decreases to 1. This can be seen by observing the
*. V. €.

decrease in the concavity of the dashed lines in the Nusselt number figures as A increases. It is

also seen that the concavity disappears more quickly for lower Prandtl numbers. The graphical

technique of Churchill [20] was used to determine the relationship among m, A, and Pr for the

UWT case. Figure 15 shows a sample graph for Pr= 0.7. In this graph Nu, is the Nussclt % .% %
number as a function of A, = A, Pr, and n for the pure forced convection case and NUN is the,

Nusselt number as a function of A, = A, Pr, and n for the pure free convection case. That is,

they are calculated from the endpoints of the curves in the Nusselt number figures at

X = 0 and I for lines of constant A for given Pr and n. Reference lines for various values of m

are plotted and points corresponding to various curvatures are marked with different symbols.

For Pr = 0.7 it is seen that as the curvature increases from A = 0 to 50 the value of in decreases ,.-

from about 3 to about 1. This was done for the other Prandtl numbers for the (WI case for

both the local and average Nusselt numbers and the relationship

,' d '" y,," 'V:• , , ._ . ,, .- .,. , -', . ,' ..... ,'. '..- ., -, ., , .- , . , , .... . . .:; • , .. , . ,5,•.. -
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m = + 2exp[ - (0.8 + 0.55Pr -3)A0 3 ] (70)

was developed. It was found that equation (69) was also valid for the flat plate for ' -

-0.4 ! n 0.5 with m = 3 and the values of Nu ReX" /2 and NuGr;" 4 were those obtained for

the given values of Pr and n, with A = 0. For A > 0, it was found that equation (70) could be

used for n > 0 but was inconsistent for n < 0. 1 lowever, a better relation for n < 0 could not be

found. For the ranges of Pr, A, and n 0 studied, equation (69) along with the m expression -

from equation (70) produce results valid to within about 9% when using computer output for

Nu, and NuN and to within about 14% when using equations (47) and (58). The S

corresponding correlation equation for the average Nusselt number, where Nu., Re , C and

are replaced, respectively, by NUL, R L GTL and XL, was also found to be valid with the same

accuracy for n > 0. A reliable relationship for n < 0 was not obtained, but equations (69) and

(70) usually will provide a satisfactory result for both the local and average Nusselt numbers.

These correlations presented are in a different form than those proposed by Lee et al. [4] Vol.

and Lee et al. [13]. Their forms were derived based on the asymptotic solution as A - O. As

a result, they proposed a logarithmic correlation form for the cases of pure forced and pure free

convection, which may be difficult for use in practice. The correlations in the present study are

based on the flat plate solution and take advantage of the nearly linear relation between the .

Nusselt number and curvature as shown in Fig. 1 and 3

The correlation proposed in [4] for mixed convection is also based on the asymptotic .

solution as A - oo. The correlation presented here is based on the correlation for the vertical " "

flat plate proposed by Churchill [20], which has been verified experimentally for air [ 15]. It also

is based on the curvature parameter A, whereas in Ref. [4] A, and A, were used in the

calculations of the normalized Nusselt number for mixed convection. As X approaches 0 or 1, ,

these calculations become unwieldy. Therefore, it is suggested that the Nusselt number b,

calculations for the pure free or pure forced convection, which are used in the mixed convcction

calculations, be based on A.

A
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CONCLUSIONS 7'

Mixed convection along a vertical cylinder with a power law variation in the wall

temperature is investigated for the entire regime ranging from pure free convection to pure

forced convection. Results were presented for the local and average Nusselt numbers and values

of f"( , 0) were tabulated. Correlation equations for the local and average Nusselt numbers are

also presented. It is found that the local Nusselt number Nut.j(Re"/' + Gr/ 4
) increases with

increasing Prandtl number, increasing value of the exponent n, and increasing curvature for the

entire mixed convection regime ranging from pure free convection (X = 0) to pure forced

convection (X = 1). For the vertical flat plate, this quantity initially decreases as X is decreased

from I and then increases to the pure free convection value as X approaches 0. H Iowever, this

trend tends to become a linear relationship as the curvature increases; that is, the value of /

Nuj(Re,/' + Gr /4 ) for constant curvature A will lie on a line with end points at X = 0 and X = I

for that curvature. This trend is approached more rapidly for lower Prandtl numbers. The :, %

quantity NuL/(Re[/ + Gr/ 4 ) follows a similar pattern as that for the local Nusselt number. The k

effects of both the Prandtl number and n on the Nusselt number diminish as the curvature 0

increases, but remain significant for curvatures A < 50 when Prandtl numbers are large.

N-t

k0A P,

., P _e%% a,

z -A-Ai-N
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IV. RECOMMENDATIONS FOR FUR'IIER STrUl)Y

From the present study it was found that there exists a need to develop an accurate way of

extending n. in the numerical computations. Large values of n_ are required at high curvatures, %,. I

but starting out at a large value is both numerically inefficient and can result in calculations

beyond the precision capabilities of the computer. Therefore ?I_ must be increased gradually

from its initial value of, say, 10. Secondly, the decision must be made as to when ?I_ is ,

sufficient. This could be done by comparing both the boundary conditions and some select

points on the velocity and temperature profiles for the solution at one value of ?I_ with the

solution for an increased value of rt_ while keeping the step size An1 fixed. When there is no

longer a change in these values, then the solution at that node is accepted and the problem

advances to the next node in the direction. Limitations to this might be the memory

capabiltiy of the computer or precision difficulties if the thermal boundary layer is vastly

different from the flow boundary layer. This can occur for both low and high Prandtl numbers. r' %I

The memory problem can be helped by trying a step size initially of 0.05. With the increased

value of n_ this may provide sufficient accuracy and should reduce the number of nodes in the

radial direction.

Experimental results are needed for flow along vertical cylinders for the full ran6e of mixed

convection, ranging from pure forced convection to pure free convection, under various surface

heating conditions. Experimental results are essential to determine the extent to which the

imposed surface temperature variation in the analysis can be realized in the physical world. The )'- -

singularity at x = 0 for the case of n < 0 in the power law variation of the surface temperature, 0

T(x) - T_ = ax", for example, must be accounted for and an experiment is the only real way

this can be checked.

Variations of the problem to include transition to turbulence, or unsteady variations in

wall temperature could be addressed. These should be done in conjunction with experiments

when possible to prove their applicability or to provide information such as when and what type
.- &,. ,'*,

of transitions to turbulence occurs.

%
O
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APPII NI)IX A

TRANSFORMATION OF THE GOVERNING SYSTEM OF EQUATIONS IN

C!IAPTUR 2

In Chapter 2 the solution for the case of natural convection along a slender, vertical

cylinder with variable surface heat flux is presented. Consider a semi-infinite, vertical cylinder

with radius r, that is aligned in a quiescent ambient fluid at temperature T,. Tlhe axial

coordinate x is measured upward when q.,> 0 and downward when q. < 0. The radial 0

coordinate r is measured from the axis of the cylinder. The surface of the cylinder is subjected

to an arbitrary heat flux q,(x) and the gravitational acceleration g is acting downward. The fluid

properties are assumed to be constant except for variations in density which induce the •

buoyancy force. By employing the laminar boundary layer assumptions and t. aking use of the

Boussinesq approximation the governing conservation equations can be written as:

Continuity:

-(ru) + I-(rv) 0 (4A-I1)

Momentum:

u-O~x v-dUMr - Y! 230r-]u + gf0(T -- "'I) (A - 2)
Ox Or ror \Or/

Energy:

OT T ~ / .1)(A -3)
Ox Or r o O

In these equations u and v are the velocity components in the x and r directions 0

respectively; T is the fluid temperature; and v, fl and are, respectively, the kinematic viscosity,

the volumetric coefficient of thermal expansion and the thermal diffusivity of the fluid.

S
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The boundary conditions are ,

u=v=O T _ -q(x) at r =r o  (A - 4)Or k,. .4 pN-
u-*0, -*t Asr---,oo (A -5)

u=o , T=T. Atx=O, r>tr o  (A -6)

In writing the last boundary condition it is assumed that the flow and thermal boundary

layer thicknesses are zero at the leading edge of the surface.

The conservation equations, along with the boundary conditions, are transformed into a

dimensionless form by introducing the following dimensionless variables:

[r2  r] 1/[r (Gr*/5)'5, , 2- (,r/) (A - 7)

215
f(A, ,) = O(x,r)[5vr(GrI*/5) /s], (A 8) = (T S

qw(x) x/k

Grx= gflqw (x)x 4 kv 2  (A - 9)

where q is the pseudo-similartiy variable, f(A, P) is the reduced stream function, O(A, nt) is the

dimensionless temperature, A is the curvature parameter, and O(x, r) is the stream function that S

satisfies the continuity equation, with u = (04/Or)/r and v - (0b/Ox)/r. The transfonnation "

yields .,' A.

u= 5-y- (Gr*/5) 2 /5f'( ,AI) (A - 10)

OS

.
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- to1 0-+ + ff { o all , (A-Il)

+ f[ / 5q45 0x + 4/5" 5  /5

O-U-,,- /5 1 t a- -x N 2/5, 3

__= axa / (A - 12)

+ r,2/5q3S o xx15 + 3/5x-2/5q2/s]}
WI W

ou = 5v(Grx,/5)3/5x -2 ( ) (A - 13) -

a I r-2u "- 10v(Gr,*/5)3/5 x-2 ! f, + 5v(Grx-/5)4/Ix-3 r f" (A - 14)

ar O r 2 o:

SqWX (G ./5)-'1(A, )4

T-T - (-I)
k

ax 9# g \ )-1/fa a x +,)4/5 /5'

+ 4 - _ q, 1/5 1 -4/5 451 (A 16)

-x 5+-X qW
+ 5 - w ax - + 5 -,,

a'l" qw r 01A (A (4 .17)m .

a-r k r. (A,7

3 3

-2 - 0'+ --- x (Grx*/5) -O" (A -IS) ,
rar k ,k 2

in which the primes denote partial differentiation with respect to ?I.

Substitution of equations (A-10) through (A-18) into equations (A-I) through (A-6) -.

results in

S1
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(1+ ,A)" + f" + ( + 4)f"' - (2y + 3)V 2 + 0 A(y - 1) Pf A -) (A- 19)
lS

(1 + PjA)O" + AO' + Pr(y + 4)fO' - Pr(4y + l)f'O = Pr2(y - 1)(O' P ) (A - 20)

f(;, 0) = r('(, 0) = 0, 0'(A!, 0) = -1 -II

(A - 21)
f(, oo) =o, (A, oo) =0

where 6

x dqx (A - 22)Y'=qw dx

The system of equations (A-19) through (A-22) represents the general form of the

transformed boundary layer equations for variable heat flux, q,(x), along vertical cylinders in

natural convection. For the case of power law heat flux distribution q,(x) = ax" , one has from

equation (A-22) that

y =n (A - 23)

For long slender cylinders, the curvature parameter A 2--(Gr7T,*15) -/5 can be large. To

lower the maximum value of calculations in the x or A coordinate, one introduces a new (x)

variable defined by

A C 2 (A - 24) 0

with C = 2 . 51/.

Substituting equations (A-23) and (A-24) into equations (A- 19) through (A-22) results in: "

Momentum:

(1 + a1i )f' + alf" + a 2 f + a 3f'2 + a O asf""-ffr (A - 25)

N

-, iNN% Nlll'" rli "i rl I*'-W N E ''-t' Ii / I I' i
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(I ± alpl)O" + a1 0' +~ Pr a2fOl' + Pr a6PO Pr a5(o',-Lf -L (26)

Boundary Conditions:

f(R, 0) =f(,0) 0, O'( .0)= I
(27)

where

a, U ~ a2 =n +4 a, = -(2n ±3)
(28)

a4  1 as = (n-l1)12  a 6 =-(4n+l1)

T'he proposed method of solution , deve-loped by Le~e et al. (1986b) requires boundary,

conditions in terms of f, f' and 0 at jj = 0. In equation (27) one has 0'()., 0) = 1. 'I'llis

necessitates an additional transformation. Let

4(' n~) W (, 0~/0( , 0) (29)

Then:

W, 0 00( 0)(30)

0'(V ,I) = 4'(0, , 0) (31)

0"(V, q) = "'ol)0(, 0) (32)

Substituting 0'( , 0) =-1 from equation (27) into equation (3 1) for i~=0 results in

-l 0 (33)

Substituting equation (33) into equations (30) through (32) leads to

OR~, I) OR 4, 0~/oV(, 0) (34)

Pr v F -WS

J . -s
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0'(, n) = - c/( , ,)/f'(, 0) (A 35) .,

'. ,, ..4e

0"(V, ,7) = ,(,,)'( , 0) (A - 3).:

80 ) (A 37)

Substituting equations (A-29) through (A-37) into equations (A-25) through (A-28) results in

(1 + ajij)f"' + alf" + a2ff' + a3
f 2 + a70 = a5 Pf" + ---) (A - 38)

(I + a PI)o " + a (A' + a2 "r fo' + a6 Pr f'k

Pr a0)5 P_0) 
(A -39)

0) MV 0

Boundary Conditions:

f(¢, 0) =fV(, 0) =0 1W(, 0) =1 l

(A -40).%
0.

where a, through a, are as before and

a4a7 = - _(_, O
a7 ~(A -41) .V

The boundary conditions are now in the proper form to be used in the finite diflrence solution

method described in Appendix B.

The physical quantities of interest are the local Nussclt number Nu., the average Nussclt

number NuL, the local wall shear stress T., the axial velocity distribution u, and the temperature •

profile 4,(, q). The local Nusselt number is defined by

lixNu) - (A -42) ,
kS

....... . ... . ... . . -..,
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0

where h = q /(T. - T_). Substituting q. from equation (A-4) into equation (A-42), followed

by the transformation, results in
Nux(Gx,]5-1/5 1

Nu( or(5) = (A - 43)

Substituting equation (A-33) into equation (A-43) one obtains

Nu,(Grx,/5 )- / = '(,0) (A - 44)

The average Nusselt number is defined by Nu L /__ where the average heat transfer
k

coefficient,/A, is obtained from

oL
= hdx (A-45)

Substituting h into the definition of h and carrying out the integration one obtains:

NUL(GL/5 5 
- -

(4 + n ) 5  (4+n)/5 0)x-dx (A - 46)=o L

From equations (A-7) and (A-24) one can write

(x °- n 1/10 (A -47)

x= ro[Gro* I°]II 0 - n ) (A 48)

xdx 10 -d (A 49)
In

where Gro*= Gr.* at x = r0; that is, Gr* = gfl(a r.) r,,'/kv2. Substituting equations (A-48) and

(A-49) into equation (A-46), one gets

Nu('rrt*/5"-1/5 10 .NI! M ,( ' 0)d (A - 50)

where ,p
.I.'"
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at x =l
N -8 ~J)I~I& I)(,, 51)

M M=(7+ 3n)f(I - n), N = (8 2n)/(n )

As -. 0, equation (A-50) approaches

Nu,'(GrI,. /o)), (,, 52)

4+ n

Next, from the definition of local wall shear stress

o%

TW = 11"T(" 5 k)
o~r Ir= (

one obtains, by substituting equation (A- 1.) into equation (A-53),

T, * / -((r ,lS) f ( , 0) (A,1 54)

From equation (A- 10), the axial velocity distribution can be written as

S
- 5(G(.r/5) t., , , (1 55) %

and the temperature profile n q) is given by equation (A-29).

KS

r.

... 9.,
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APPE'NI)IX B

MEi'rilOD OF SOIUION FOR TillE SYSTEM (F IEQUATIONS IN CiIAIiR 2

Equations (A-38) through (A-40) in Appendix A constitute a system of nonlinear partial

differential equations in the ( , I) coordinates with parameters Pr and n. The method of Lee et

al. (1986b) is employed to solve this system of equations for natural convection along a vertical

cylinder with q. = ax".

The first step is to convert the terms involving O/o in the following manner.

c(11 - q( Al P I - ) ( B)o =)

where 11 is a function of ( , I10 11. + (q/p)A(Dll) ), and the subscript "o" denotes

quantities at- A4. The values for p and q are p= l and q = 0 at 4 0and t At,

and p 2 and q I thereafter for c > 2A. Thus we have

- Pi4(f- Wo (B -2) ' '

af p

-w4 14 (f' ) (B-3) •

;G 0)0

at(* O) OV, O) =At (t,-) At (B 4)

where " .", +

f. . + 'Iat- 5)

op (%-6

o = o +H-! -f, -o(B- 6) ,,

p_

%

or.5 
'

5 -V v,.r.,-.,,, .,
4 P,,W
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The f and €equations are then linearized by using the simple technique fo~r the product of'- ",

two arbitrary functions IF and G defined as - . ,

where IF and G indicate the values to be guessed. Applying equation (11-9) to the totals {

IT,,, f,1, fV,. and PO¢ one obtains 2e.-

, =T ,, + i f'- 0f .

f o = o', + j'f f ' f(8- 12)

ro =,- + f+, - (B-) ... :

Substituting equiations (B-2) through (-13) into equations (A-3) through (A-40) results P

in: , , ;

Momentum equation: G"d-find as PY

(+ airf" + [a, + (a 2 - a s p/A )if + a s p/A o ". .))q.,,,

G[2(a3 + a5 p/A() - as p/A i o] P + (a2 - a5 p/A,)f"] f + a4 14) %

,= [(a?. - as p/A ) 'F' -+ (a: i as p/A¢" :' 2 1  r : .-. ,.,.

EnergyF equation:ba 0

, '.":
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(1 + a,)4" + [a, + Pr(a2 - asp/A )f + lPr(asp/A )iIj o '

+ [Pr(a6 + a8(a5p/A))f']o + [Pr{(a 6 + ag(a 5p/A ))O - a5p/Apo0}]f (B - 15)

+ [Pr(a2 - asp/A )']f- [Prf(a2 - a5p/A )ff ' + (a6 + a8 (a5p/A ))f'4k}] A

Boundary conditions:

f( ,0) =P( ,0)z) 4,)I
(B - 16)

15R , o 'k ( , o 0 %.. ,

where all terms have been defined except for

OV(, 0)0
a8 (B - 17) ..

Equations (B-14) and (B-15) can be rewritten in the following form,

Aot" + (a, + A1)f' + Agf + A3f+ A 4 0 = A5  (B - IS)

BOOk" + (a, + BI)O' + 124 + 113f + B4f = 135 (B - l) 1I

where 1,

N.A0 = I1+ a A1 = af + dt 0o. .

A 2 = 2b*f' - d*f, A 3  aif" (Bi 20)

1%4 = a7 , A5  a*ff"' 4 b*f ' 2

Bo = Ao , 13, = Pr A, B2 = Pr OF'

B3 = Pr (e*O - d ), 134= Pr a*O' (B? -21)
- - *JW , %

B3 = Pr(a*fb' + efb)

a# = a2 - d*, b* = a3 + d,
(H? - 22)

d=a p/A, e = a + as d

and the other variables are as previously defined.

lb % %

. ".5,.,%
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'11e system of equations has now been reduced to a system of quasi-linear ordinary

differential equations. By defining g = P and applying the weighting factors - -

[see Lee et al. (1986b)] one can write equations (18) and (19) in the finite-difference form as:

fi - f,-I- (Ai1/2)(g,. + gi-,)= 0 (23)

A0/(Anl)2(a(-lgil + ,0gj + x+lgi+,) + A2gi + A3f + A 4 ,i = A5  (24)

2B0/(At1 ) (/f- - + f4, + fl+I0j+ I) + B2d,, + l13 + 13Af = 135 25

where A is the step size in the n direction and the subscript "I" refers to values at the nodal

point ,L.

In equations (24) and (25) the weighting factors are defined as:

01 = Wf - 1i-1/2) ' +1 = WZi+i2) '10  l - -a+l

VI W= - Zi-1 , 1 , = Wf(0 2 ), = - fl_, - fl+
(26)

%Vz) = z/(l - exp( - z))

z= Ai,(al 4 A,)/A 0 , z* An(a, + Bj)/B 0

Equations (23) through (25) are applied to the interior points. On the boundaries.

equation (16) is written as _

f 1 =g=0 4 =I, -%

A,/ (27)
fn -f,- -- (g + g"-,) =g On

2S
o, ,(€

where the subscript n is the number of nodes in the q direction.

Equations (23) through (27) constitute a system of algebraic equations that can be written .',

in the matrix form -

[A][X] =[1] (28) %" .

where [A] is a band matrix of order 3n and bandwidth seen. The array [X] which contains 0
% N

the solution in the form (f,, g,, 0 1, f2. 2, , .. f. g , 4.) is a column matrix of order 3n.

%-4 *
' .%-

.4. .
- - -- -.- -- -- - -. - - --.-- --. - ~ ~ ' ~ . -U ---- '4 . ". ,*
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where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains

the solution in the form (f, g 1, f2 2, 2, ,..., f, g,, , )O)T is a column matrix of order 3n. -

The matrix [B] is a column matrix of order 3n which contains the right hand sides of cquations , ,

(B-23) through (B-25) and (13-27). The matrix [A] is approximately diagonally dominant ard ..%-

equation (13-28) can be solved by the Gaussian elimination technique with high accuracy.

To obtain values for f" and 0', the results for f' and 4) along with the boundary

conditions

r"(, 0) a -1 , 0) - a4 (B 29)

4'"( , 0) = - a14,'( , 0) (B - 31)

P"(,.) 00= 4"(, ,) = 0 (B- 31)

are used in a cubic spline interpolation routine [see, for example, Burden and Faires (1985)].

As the solution converges, the boundary conditions become exact and the vlues tor -

f" and 4'can be obtained with high accuracy.

The present method of solution employs a quasi-linearization of the original nonlinear q4-

system of equations and requires initial guesses for f, F', f", 4, and 4)'. The flat plate solution

(i.e., € = 0) for the uniform surface heat flux case (UIlIF) for Pr = 0.7 was obtained and these

results were used as the initial guesses for all other combinations of Pr and n at 0 0. For

= A , initial guesses were taken to be the results at d = 0. At 2A , a linear extrapolation 0

of the results at € = 0 and = was used. For > 3A a three point inverse polynomial

extrapolation was used [see, for example, Traub (1964)]. This approach was found to improve

the convergence of solutions up to 40% faster than simply using the previous node's values as

the first guess. -

To improve convergence of solutions it was found that the valte for _,. needed to be

taken larger as the value of the curvature paruncter increase. The value of t _was initially set •

to 10 for Pr > 0.7 and to 15 for Pr 0.1. It was increased by 5 when the value of f' or ,) at

O P. 0%
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= 0.98n, was greater than 0.001. Since f)( , co)= 4(c, co) = 0, the f' and 4, values greater

than 0.001 at n1 = 0.98n_ indicate that the corresponding boundary layer thickness extends past

_. To make this adjustment, all values past P,+were set to zero except for f which was taken to

be the value at the old il_ extended out to the new n,. This adjustment introduced less than 0.5

% difference in the values of the local Nusselt number when compared to a constant run at

= 30. This error was due primarily to n_ initially being less than 30 rather than to the

adjustment itself.

The solution method is an iterative scheme and a solution was considered to be

convergent when the calculated values for f, f', and 4) differed from the last guess of the

respective values by less than 10 --
4 at all nodes (i.e., at all ?I values for a given ). When these

criteria failed, new guesses for f, f', and 4) were found using a weighted average of the last guess

and the resulting calculation. That is,

fnew = w f + (1- W)fold (B - 32)

new (B + (1 - w)fold (B - 33)

4 ) new 04 +I 0-w000.1d (B -34)

where co is a relaxation factor. Generally co = I resulted in quick convergence. I lowever, if

was too small or for some small values of Pr and n it was sometimes necessary to use

under-relaxation and set o = 0.5 to facilitate convergence. 0

It was found that as t was increased, errors resulted due to increasing boundary layer

thicknesses. By using a step size of AP1 = 0.01 errors were reduced for calculations at n = 0 at

high values of the curvature parameter . It was also found that the solution was not sensitive 0

to the step size in and A 0. 1 was used.

0

:Z

A 'r% N
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APPENDIX C

S

TRANSFORMATION O" 'TE GOVERNING SYSTEM 01F -QUATIONS [ORTI If:

SPECIAL CASE OF NATURAL CONVECTION IN CIIAiI'ER 3

In Chapter 3 the solution for the case of natural convection along a slender vertical

cylinder with variable surface temperature is presented as a special case. Consider a

semi-infinite, vertical cylinder with radius r0 that is aligned in a quiescent ambient fluid at

temperature 'F,. The axial coordinate x is measured upward when "1", > T'I and downward 0

when T. < T_. The radial coordinate r is measured from the axis of the cylinder. The surface

of the cylinder is subjected to an arbitrary variation in temperature T(x), and the gravitational

acceleration g is acting downward. Fluid properties are assumed to be constant except for

variations in density which induce the buoyancy force. By employing the laminar boundary

layer assumptions and making use of the Boussinesq approximation the governing conservation

equations can be written as:

0

Continuity: ,

~-(

Momentum:

uu + vau- T+= (C- 2) -ox Or r \Or 2

Energy: , ,

U )T +vT 0 t, "l" (C _. 3,) ... ,

ax Or r VOr r)

In these equations u and v are the velocity components in the x and r directions

respectively; T is the fluid temperature; and v, fl and a are, respectively, the kinematic viscosity, %-%

the volumetric coefficient of thermal expansion and the thermal diflusivity of the tluid.

expanion itluivit ' a .
~.. ~ * ~. j. ~ '~ ,, a~\~.% 4 ~V'~p ~~fijjW''b-
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The boundary conditions are

u=v=O , T='T(x) atr=r. (C- 4) 0

u 0 , T-To Asrcx (C-5)

u=O , T=To. At x=0, r r. (( 6)

In writing equation (C-6) it is assumed that the flow and thermal boundary layer /

thicknesses are zero at the leading edge of the cylinder surface.

The conservation equations and the boundary conditions are then transft)rmcd into a

V dimensionless form by introducing the following dimensionless variables:

2 2
f ~ ~~~[r2 - r~o](Gr 14/4, -X( r /4/  .,-- 2rox C- o7)

ft(i, ,) = (x,r)[4iro(GrI4) l4], 0(2, J) = (T -"i'o)/['l',(x) -T j (C- 8)

Gr x = g#['l'w(x) - 1] x3fv2  (c- 9)

where n is the pseudo-similartiy variable, f(2, ) is the reduced stream function, 0(2, ql) is the

dimensionless temperature, 2 is the curvature parameter, and i(x, r) is the stream function that

satisfies the continuity equation, with u = (aO,/ar)/r and v =- (ab/ax)/r. The transformation 0

yields %

,u =4-j-(Gr /4)' 2f'A, ) (C-- 1) %

r _4 1_12 4) /4 f 14 .4 %,,v = - (glx) +  I

+ T.- ",).34(0% -T"'c) x 3/4 + 3/4x-' /4 ('l-w - Ij /
-4 ax 0/ ,.,

(Tw ,i~o)_34 0(i wW•



Ou 4(gfl]4) I 1/2{ (-L(T-r " 1 ) - /2 a(r i ,,,x x 2  o

C} (I- 12) i.t__ _

+-Ix-2(Tw-2 )/2] x/ 2 (T )_ +f'0 0Px ", + V
2 + l' "ox 0). ox

au 4v(Grx/4)3
/

4X-2rrf,(2, p) (C 13)
Or ro

-O ru - 8v(Grx4) 3 x -f" + 4v(Grx/4)x- f,' (C- 14)O _r ro r! 0

- T oo(2 o 'i) (C- 15)

- 0 + ('11W-10)+O (C - 16)

Ox Ox ). ax ax

OT ((r/41/4 (C 17)
Or.r, •

a0 ro- r (T\ -&T-o (Gro /4)' 1 
r 0"2 ( r (Gr ,l4)'/4 + 2r0' (C-- I)

Or Or U rox (i~l r~yx h rj

in which the primes denote partial differentiation with respect to q.

Substitution of equations (C-1O) through (C-19) into equations (C-I) through (C-6) A

results in S

(I + , 1 )f' + f" + (y + 3)fV' - 2 (y + l)f' 2 + 0 = 2(y - 1) f 0 ",","

/_Of 00\
(I + niA)0" + ).0' + Pr(y + 3)fO' - llr(4y)P0 = Pr(y - 1) _ ' (C- 20)

N N .. r.
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f(A, 0)= f'(A, 0) 0, 0()., 0)= 1 (C- 21)
P(A, oo) = 0, O(A,oo) =0(C,1

where

x d _[T '.(x)- "lJ (C - 22)

T. ,

The system of equations (C-19) through (C-22) represents the general form of the

transformed boundary layer equations for variable wall temperature I'(x) along vertical

cylinders in natural convection. For the case of power law variation in surface temperature,

Tj(x) = T_ + axn , one obtains from equation (C-22) that

y = n (C - 23)

For long slender cylinders, the curvature parameter A 2 -x(Gr,/4) 14 can be large. To %

lower the maximum value of calculations in the x or A coordinate, one introduces a new (x)

variable defined by

,,!= €2 .(C'- 24)

with C =2 41/4
.

Substituting equations (C-23) and (C-24) into equations (C- 19) through (C-22) results in: N

Momentum:

62 Pf af ff' (-25

(1 + al)f"' + al"'+ a 2 f' + a 3f 2 + aO a (5t2 (C - 25)
"% 45 /

Energy:

(I + a )7)O" + a O' + Pr a2fO' + Pr afO = Pr a5 '- - -' ] (C - 26) %

Boundary Conditions:

%. %
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, 0 ) = 0(,o) = 0,go , 0 ) 1.

(C - 27)P( , 00) 0( ' 00) = 0

where

a,= C 2 a2 =n+3 a3 =-2(n+ 1)
(C-28)

a4 = I as = (n - 1)/2 a6 = -4n

The physical quantities of interest are the local Nusselt number Nu., the average Nusselt

number Nu, the local wall shear stress r., the axial velocity distribution u, and the tcmperature

profile 0( , tj). From the definition of the local Nusselt number

Nu__ hx - qw x (C -29)
k 1"w -1" k

along with q = - k(aT/ar),- , oe finds % ',

Nu,(Gr,/4 )-  
- O'(g, 0) (C - 30)

The average Nusselt number is obtained from the expression

k- =  - -x (C - 31)

Substituting h into equation (C-3 1) and carrying out the integration, one finds:

NuL(GrL4 - 4 =- ,-(3+n)) L x (3+n)14 0'( 0)x- 'dx (C - 32)
Jo

From equations (C-7) and (C-24) one can write

= L (x/r)' ] / C 3

x= rf,[Gro(8] ' / ' n) (C 34)

%

r'.- 4
4-.-.*-:
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8 &-'d (C - 35)
1n

where Gr (=(r at x = ro; that is, Gr° = gfl( a ro ) r[ V2 . Substituting equations ((-34) and

(C-35) into equation (C-32), one gets

NUL(GrL4)8 nf '(, O)d (C' - 36)
1 %

where

at x=,,
(C - 37)

M (5 + 3n)/(l - n), N = (6 + 2n)/(n - 1)

As - 0, equation (C-36) approaches

4 3 +0'(0, 0) (C- 38)UULGrL[)-l/ -'0 3 + n ,,, ,*

Next, the local wall shear stress is found from 0

aU rr° (C - 39)

Substituting equation (C- 13) into equation (C-39) one obtains 5

. 4- --(Gr/4)/ 4 1t(¢, 0) (C - 40)
x

From equation (C- 10 ), the axial velocity distribution can be written as -. , -'

V = 4(Grx/4) fv( , I) (C- 41)

and the temperature profile is given by 0( , n) = (''"/(i', - '1"). S

0

I'%'0
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APPENI)IX I)

TRANSFORMATION OF TiLE GOVERNING SYSTEM OF EQUATIONS FOR MIXI!)

CONVECTION IN CIIAPTER 3

In Chapter 3 the solution for the case of mixed convection along a slender vertical cylinder

with variable surface temperature is presented. Consider a semi-infinite, vertical cylinder with ,

radius r, that is aligned parallel to a uniform, laminar free stream with velocity u and

temperature T_. The axial coordinate x is measured in the direction of the forced flow and the

radial coordinate r is measured from the axis of the cylinder. The surface of the cylinder is

subjected to an arbitrary variation in temperature ''(x), and the gravitational acceleration g is

acting downward. Fluid properties are assumed to be constant except for variations in density 0

which induce the buoyancy force. By employing the laminar boundary layer assumptions and , .-",.

making use of the Boussinesq approximation the governing conservation equations can be

written as: ., a

Continuity: . -

-(ru) + (rv)=0 (1)-I)
ax or

Momentum:

u u+v Ou V a u ' l
Ox Or r O\ r Or!g.( 2 S

Energy:

uT- +v 0-T- a r T(1) - 3)
ax Or ror Or

The positive sign in equation ()-2) applies to upward forced flow and the negative sign to 0 ",.0

downward forced flow. In these equations u and v are the velocity components in the x and r

directions respectively; T is the fluid temperature; and v, ft and a are, respecti\Jy, the kinematic

viscosity, the volumetric coefficient of thermal expansion and the thermal difTusivity of the fuid.
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The boundary conditions are

u=v=O T '=Tw(x) atr=r o  ()-4) 4

k.

u ,0 T* Asro (1) (- 5)

u=0 T IT At x=0 r>r () -6)

In writing equation (D-6) it is assumed that the flow and thermal boundary layer thickncsscs are

zero at the leading edge of the cylinder surface.

The conservation equations and the boundary conditions are then transformcd irto '

dimensionless form by introducing the following dimensionless variables:
O

2 - 2~
- (Rel+/2 + GrCx/4 ) z 7) - *%

2rox x ro (.) 7)

f(z, '7) = O(x,r)/[ro(Re 1/2 + (ir 1)/, O(z, ,/) = ('I -"l')/[Tw(x) - "'1'] () - 8)

_x GrX --.il/, "

Re x '.

Gr' =g[1T'(x) - Twj x /v Re x = u,.x/v (I - 10)

where n is the pseudo-similarity variable, z is the dimensionless axial coordinate, f(z, 1) is the

reduced stream function, O(z, r7) is the dimensionless temperature, Ot(x, r) is the stream function

that satisfies the continuity equation, with u = (aOfar)/r and v= (d,/x)/r, Q. is the ,

buoyancy parameter which varies from zero for pure forced convection to infinity for pure free

convection, and X is the mixed convection parameter which varies from zero for pure free %

convection to one for pure forced convection.

The transformation yields

u =u -f(z,ro) I) II)
@

% %

kN'%.*
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r 0  Vol x! (I - 12)

-U 1_ 1o -2 OX, YI

u t -- 1/2X ,.
2 -4

_4(_1_() + p,

u_ = Oi)- r r f (1)- 13)

r+ OL

a~r a ' = r. 170 .,a-3,au- u 3/2 X-3 r -1/2 (0- 1 w-

T -T_ = [l-(x) -T ,](z, ,i) (1) - 14)

ar T

U2 -4 r3

-"rOr au 2 _EuIj 2(,vX7 112 X-3 p, + u0  r 2I 5

1-T.-TI° ) ( ,) ,I -T) SP)

(r 0 + (T,- T.)-23.,.)L + a (1)-- 17)
ax x az r0  ox

a~ o -(-E ( r - 0", 2,ro -r-x(L ig

or r oX vx -r "

in which the primes denote partial differentiation with respect to I.

Substitution of equations (D)-11) through (1)- 19) into cquatiorts ()-I) through ()-6)

results in

M .

F¢,.. c- t~¢,Z,,Z -K.,dg.  ,..,.-.:v-,.:. .,;.,qq.ga%_,- ,,-.,,,.-,~a :o >£ X,> >2 Y~)22x.2 '.e ? :: b i

S"%
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(I + kA)f" + 1 (2 + (I - x)( ) + ))f'
4

I A (V1- (1) - 20)

-0~~~~ ~ ~ ~ X*+If I-X,

2 a z az/

0' + 2 + ( - YS.,

(I + PA)0" + A0' + + (I - y + I))fO' - I'Or"f'

=- Ir z(0' f - 0 () 21)
\ oz f -.

f(z, 0) P(, 0) 0, 0(z, 0) =

2 ()22)
f'(Z X (z, 0=f

where ??

x /(Re'2  Gr 1/4)- (1) 23)

'-* --4<

is the surface curvature parameter and ,.

x d- 1T. dx [Tw,(x)_T] (1) - 24)
>'-T(x) - To dx W( -I) *4

The plus and minus signs in front of the term (I k)'O in :Ljja:,,,i j , ow reprc.scnt

buoyancy assisting flow and buoyancy opposing flow, respectively. For pure forced confclCni(*,

X= I and for pure free convection X = 0. N

The system of equations (D-20) through (I)-24) represents the general form of the

transformed boundary layer equations for variable wall temperature Il(x) along vertical •

cylinders in mixed convection. For the case of power law variation in the suface temperature,

T.(x) = T_ + ax", one has from equation (I)-24) that %.%

y n (1) -25)

I ;quations (I)-20) through ()-22) contain three x-dpclndcnlt parainectcr,, /(x), ,

A(x), and X(x). These parameters can be related to a single x-dependcnt parameter ,(x) definCd

by

%.- .,%WN a
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z x/r. 20')

Thus, one has

A 2 2 7 % 2

[ l 1 I +n]1- 1 (1) - 28)

where

CIO (1)- 29) e

with Gr. = Gr, and Re. = Re. for x r. Also, the right-hand sides of equations (i)-20) and

(D-21) become, respectively

I f f

r f _ () -31)

Rewriting equations (D-20) and (D-21) one has:

Momentum:

p+POf f,(tf'-I) 32)
2 /, f

1+ a)f + af+ a2 f'+ a3 f a4 0a 5  0 f, (1) 32)

Energ',

(l1+ a, i)O" + ajO' - Pr a2fO' + Pr a6f'O = Pr a_( j - (I) 33)

Boundary Conditions:

, )'C

... .. ..-'.;'",..-.--,.: - .. ,'-"-:.i.- ..,, " -" -0 '
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f(, 0) =P (0)=, 0) 0(,) I ,, 34) . %'. .
c. -))= a 7  , 0 o

%

where 1-Z
a, =A, a2=l(2+ (l- X)(n+l,)) a. a -=(X-1)(n +, 1)

42

4 2 (I), '
a4 =(1X) 4 a5 = 04  a, n a?"X2

With A and x related to {, the functions f and 0 in equation ()-32) to ()-34) arc

functions of ( , P/) and depend on three constant parameters n, Pr, and Q.. These equations are ,

now in the form that can be solved by the method proposed by Lee et al. [6]. See Appendix 1i

for the solution method as applied to equations ()-32) through ()-34).

The physical quantities of interest include the local and average Nusselt numbers, the local

and average friction factors, the axial velocity distribution, and the temperature profile. 1 he

local Nusselt number is defined by

Nu x  hx
k36

where h = q/(l' '_) and q. = - k(Or),,,. Thus, it can be shown that

1/2 1/4. , S ,
Nu,/(Rc.t 2 + (irx ) - 0'(', 0) (1) .37)

The average Nusselt number is obtained from the expression

Al,(I
Nu 1 . = (1)- 38)

where

N
A L x (f- h x

This results in

%, * *' '

• ,: .S
"'p
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NUL f Rex O)xdx (/) -40)
0 -

or

1 4 -1/2 1/2 D'( , 0) -1N uL/(ReL2 +rL, YL - o x x dx (1)-41)

where XL = X at x L. From equation (D-26)

x = r,,el 4  (1)-42)-

x-'dx = 4C-dQ (0)-43)

Substituting equations (D-42) and (D-43) into equation (D-41), one arrives at

Nu. '(Re /L + 'r2 L -4XL d' ( (1) -44) .

0

where L = at x = L. As -* 0, equation (D-44) approaches

NUL/(ReL + Grj_ ) -,.= -20'(0, 0) (/)--45) %

The friction factor is obtained from the definition

2rw 2 o ru r.
-; P U 0o P 'C-04

Substituting equation (D-14) into equation (D-46) results in

f.,ReL - 2X- 3f'(, 0) (1 - 47)

The expression for the average friction factor is derived from

2 f T,," 2v ol¢U dx () 48)" "'

Cft - 2 twdx = .,-2 -Jo ,2ir= fr(
pu u ., 0..,. .

'J**s*~ ~"N
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Substituting equation (D-14) into equation (D-48), one obtains

CcLReL 2 
- 21 -X/ fx/2x- f"( O)x-'dx (/)- 49)

Next, substituting equations (D-42) and (D-43) into equation (D-49), one obtains

C -Ref = 8 2f~ 0) d (I) - 50)
1e/2  -2i 3~

0

As 0 - 0, equation (D-50) approaches

Cr, ReUY _.o 4f"(0, 0) () - 51)

From equation (D-I 1), the axial velocity distribution can be written as

uS
U - ~,,'1)(D - 52) ,..,

and the temperature profile is given by 0( , q) = (T - T_)/(T -

%'5
.

,% ..- ,.

-' . , '

,.g *,.

:V
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APPENI)IX E

SOLUTIONS OF TIIF SYSTEM OF EQUATIONS (('-25)-(C-27) AND (I)-32)-(!)-34) %

Equations (C-25) through (C-27) are identical in form to equations (I)-32) through

(D-34), with the coefficients a, through a, given by (C-28) for pure free convection and by -

equation (D-35) for mixed convection. The solution method of Lee et al. [6] was employed to -

solve the two systems of equations.

The first step is to convert the terms involving alDa in the following manner.

aH p'

-p p (l o (E - 1)
9_ A[

where 11 is a function of ( 1. 11.= I0 o + (q/p)A (oll/O ), and the subscript "o" dcxitcs

quantities at A . The values for p and q are pr , and q=0 at =0 oand =A,

and p = 2 and q 1 thereafter for € > 2A . Thus we have -

f P( o (E -2) -. 2.

P o) (E 3) Z,

o P fo % -o\

7 qC (0 0. Of' ( - 4) "J. ,% ...
where

p

-o = 0 o+ 3 ( o (,%,'.(,

00

p• - * *-, .q .

1. Ad..
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0 + )(F - 7)

The f and 0 equations are then linearized by using the simple technique for the product of'

two arbitrary functions F and G defined as

FG =G + GF - (:- X)

where F and G indicate the values to be guessed. Applying equation (l) to the tvrin,

if", PI , fO', and f 0, one obtains S

Wf ff" + PT- PT (/-- 9)

C2 =2Cf 2  (-1

fO= fO' + O'f- fO' (I- 11)

o0 + - (PO,- + PO...12)

Substituting equations ([-2) through (F[-12) into equations ((-25) and (C-26) (or )-32

and D-33) results in:

Momentum equation:

(I + ajj)f" + [at + (a2 - as p/Ac) f + as p/Ai¢ ijo] "

+ [2(a3 + as p/At) f - a, p/Ac fo] F + [(a 2 - a5 p/Af)W"] f + a40 (F - 13)

= [(a 2 - as p/A¢)ff" + (a3 + as p/A)f
'

Energy equation:

(I + al/)0" + [a, + lPr(a 2 - asp/A )f + Pr(a5p/A )tJ]O' ,*,V-

+ [Pr(a6 + a p/A )f']O + [IPr{(a 6 + a5 p/A)O a5p/A 0o}]f (: - 14)

+ [Pr(a2 - a5p/A )0']f= [lPr{(a 2 - asp/A )f0' + (a6 + asp/Ac)f'0 }]

V%.
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Equations (E-13) and (E-14) can be rewritten in the following form.

A0 f" + (a, + A1)f" + A2f' + A3 f+ A40 = As  (E:'- 15) S

%

BOO" + (a, + B)O' + B20 + B.P + Bff:= B5 1.)
%

where 

NN .

A0  I + aj, A, a~f +dJF,

A2 - 2bf' - d*fWo , A 3 = a-f" (E - 17)

A4 = a4 , A5 = aff" + bff'2

Bo = A0 , B, =Pr A, = Pr ef'

B3 = Pr (e*O - d*0o), B4 = Pr a*O' ( - IX)

B 5 = IPr(a~f0' + e*f'0)

a* = a2 - d*, b* = a3 + d*

d* = a p/A&., e* = a6 + d* 
19)

The coefficients a, through a6 and the functions f0, ft,., and 0. are as previously defined.

The f and 0 equations have now been reduced to a system of quasi-linear ordinary 7

differential equations. By defining g = f and applying the weighting factors (see Lce et al. [6]), %

one can write equations ('- 15) and (E- 16) in the finite-difference form as: .-. .*

fi - fi_ - (A,1/2)(gi + gi_) = 0 (1 20) S

Ao,/(A,7)2(.-lgi- + i 0 gi + a+lgj+l) + A2g9 + A 3f1 + A40i = A5  (E - 21)

Bo/(A,1),(f#-Oi- + floOi + fl+Ii+1) + B20 i + B3gi + B4f1 - 5 (I< - 22)

5 ,. ,,*

where AP7 is the step size in the rj direction and the subscript "i" refers to values at the nodal.

point P,. SN

~ '.' 6"! 'V ' m''~ '• ".''..';.* "..">
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In equations (E-21) and (E-22) the weighting factors are defined as: %

O- = W - zi-1/2), 0'+ 1 Wt(zi+ 11 2 ) 0 = - -+1

#-I = W- ( - zLi-112), fl+1 = Wtzi+1/2) l fl- I -+( - 23)

W1{Z) =Z/( I - exp( - Z))

z = A,1(a1 + A1)/A0 , z* = A1 (aj + Bl)/I 03i

Equations (E-20) through (E-23) are applied to the interior points. On the boundaries,

equation (C-27) or (D-34) applies such that

f1=g=O, 0 = 1

A~1  1: -24)

fn - fn-1 -- (gn +  g-]) = Or=, gn =a 7

where the subscript n is the number of nodes in the il direction, and a, = f or natural

convection and a, = x1 for mixed convection.

Equations (E-20) through (E-24) constitute a system of algebraic equations that can be

written in the matrix form

[A][X] [B] (F - 25) ....

where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains

the solution in the form (f,, g1, 01, f2l, g92, 02, ., fn, gn, 0 )T is a column matrix of order 3n.

The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations

(E-20) through (E-22) and (E-24). The matrix [A] is approximately diagonally dominant and

equation (E-25) can be solved by the Gaussian elimination technique with high accuracy.

To obtain values for f" and 0', the results for fP and 0 along with the boundary conditions

"'( , 0) -a, ,( , 0) - a4 (E - 2(6)

0"( , 0) - a 0'( , 0) (1- 27) .

P"(, oo) = o"( , oo) ff (E" - 2s)

_
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are used in a cubic spline interpolation routine (see, for example, Burden and Faires [7] ). As

the solution converges, the boundary conditions hecomc exart "4nd the values for F" and 0' .,i

be obtained with high accuracy. 1$,.

The present method of solution employs a quasi-linearization of the original nonlinear

system of equations and requires initial guesses for f, f', f", 0, and 0'. The flat plate solution

(i.e., = 0) for the uniform wall temperature case (UWT) for Pr = 0.7 was obtained and these

results were used as the initial guesses for all other combinations of Pr, n, and L1 at 0 -. [or

2! A , good convergence was obtained by simply letting the solution at the previous node be

the guesses for the next node.

The solution method is an iterative scheme. A solution was considered to be convergent

when the calculated values for f, f', and 0 differed from the last guess of the respective values by

less than 10-4 at all nodes. When these criteria failed to be met, new guesses for f, f', and 0

were found using a weighted average of the last guess and the resulting calculation. That is %

~new = f ( )fold (I&,-29)
a,. ,,_0

new W f' + (I - )f'old (I" - 30)

0ncw =a)0 + (I - a) 0Oold ( 1

I"i
Generally co I resulted in quick convergence. ltowever, for Q. 2 it was often necessary to

0
use under-relaxation with ) = 0.5 to facilitate convergence.

It was found that numerical results depended upon the choice of tl_. As was increased,

it was necessary to increase ilo. The value of n_ was initially set to 15 and was increased by 5

when the value of If'-a,I or0 was greater than 0.001 at 1= 0.98,1 -. Since

f'(¢, c) - a, = 0(€, o)= 0, the I - a, I and 0 values greater than 0.001 at 0.98 Pj_ indicate that

the corresponding boundary layer thickness extends past n_. To make this adjustment for

natural convection, all values of f and 0 and their derivatives past ?I_ were set to zero except for

f which was taken to be the value at the old P7_ extended out to the new n_.
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The adjustment for mixed convection is slightly more complicated. Again all values were

set to zero except the values for f, f', (0f), (cf'fch. , and . "!'hes were :tdjwated as

follows.

= _+ + (L' 32)

f' =f'i_ (E - 33)

(Af)1 Cf fo,)/A (/1"-34)•

( = -2X'o,(n + l),n (1-35)

'9 0 0(1E - 35~)fi f. -A f • E 6

+a q(E -37)

fo

This adjustment introduced less than 1.0 % difference in the local Nusselt number for P'r =0.7

as compared to a constant run at =30. '[his error was due primarily to n_ being less than 301

initially rather than to the adjustment itself.

It was found that as was increased, errors resulted due to the growing boundary lay)er

thicknesses. By using Al~ = 0.01 numerical errors were reduced for calculations at high values of

the curvature parameter . It was found that the step siZe A did not affect thle solution

appreciably and o 0.1 was used.

S. -S +

*',,5,

qA Of' E 37) ','

intal ahe hnt heajsmn itself. ~' V


