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ABSTRACT

\
SR \ L T ‘u‘»lﬁ,.
~. N AR .
‘"‘”‘)‘his thesis presents an an;dﬁicum of laminar convective heat transfer along vertical

slender cylinders.  Chapter 2 covers the case of variable surface heating conditions of the form

(%) =@f)g)for natural convection. Results are presented for Pro= (0.1, 0.7, 7, and 100 and for n
= -0.5, -0.25, 0, 0.25, and 0.5. It is found that as the curvature puamatl?‘ﬁ increases the local
heat transfer cocflicient increases for the range of n investigated. The local wall shear stress
decreases for a given locaéQPn,x_ with increasing curvature. It increases with increasing x for a
constant radius cylinder with\rr?ogro, Iaut» may decrease for n<(. It is also found that a higher
value of n or Prandtl number rcsu_ltpd in a lower wall vck_)cny%r% and a higher value for

Nu, Gr*, ', "”‘{lowevcr, as the curvature is increased, the effect of n and Pr on these values

diminishes.

Chapter 3 covers the cutire range of buoyancy-assisted, mixed convection along a vertical
slender  cylinder for the case of varable wall temperature dislribuli()n.} of the form
Tux) =T, = ax" Mhe buoyancy parameter g%gvaricd from zero for pure free convection to
one for pure forced convcclio&, Results are presented for Pro= 0.1, 0.7, 7, An}i 100 and for n =
0.4, -0.2, 0, 0.2 and 0.5. S()t is found that for given values of Pr, n dﬁt\yds the curvature

Ldaplila
paramctcr‘% increases both the local wall shear stress and the local heat transfer coefficient
increase. Y&gdin higher values of n and Pr are found to lower the local wall shear stress and to
raise the local Nusselt number, and the cffect of n and Pr is found to lessen as the curvature
parameter is increased., Average Nusselt numbers were calculated and correlation equations for

)

—
the local a{xd average Nusselt numbers are presented for for both problems investigated.
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K INTRODUCTION
This thesis studies convective heat transfer along slender vertical cylinders.  Chapter 2
presents an analysis of natural convection with 2 power law variation in surface heat flux of the
form q,(x) = ax". In Chapter 3 mixed convection covering the full range from pure free
convection to pure forced convection for a power law vanation in surface temperature of the ]
form T,(x) — T_ = ax is studied. ;’S&b.
i
z In formulating the problem of free convection along slender vertical cylinders, the i::.
governing equations are written in their cylindrical coordinate form and then transformed into a
dimensionless form. The boundary layers are nonsimilar due to the transverse surface curvature.
As the radius r, approaches infinity, the equations reduce to those for a vertical plate, and the
’ boundary layers become similar. The vertical plate problem has been studied extensively. The
. sothermal vertical flat plate was first analyzed by Ostrach [1]. Sparrow and Gregg [2] later
2
studied the case of uniform surface heat flux.  Subsequently many analytical studies using
vanous solution methods were used to solve vaniations of the problem (see, e.g. Refs. [3- 7).
These studies included cases of varable surface temperature distabutions.  The case of the :q._.,'
PN
Py power law temperature variation or a power law varation in surface heat flux lends itself to E%f v
SR
similanty solutions for the vertical flat plate. Results for these can be found in Sparrow and ;:_‘:; ¢
Gregg [5] for the power law vanation in surface temperature and in Chen et al. {7} for both &:m. 1
. cases that include the local nonsimilarnity solution for inclined plates. E:_E’:;:: )
: SO
[ The case of pure forced convection past a flat plate is the well known Blasius solution for "'::.:
the momentum equation and the Pohlhausen soiution for the case of uniform wall temperature '; ]
(UWT). The case of uniform surface heat flux (UHE) was solved numencally for the entire x..(-:'\:
. range of Prandtl numbers (Pr) by Churchill and Ozoe [8]. The solutions for both pure free ::',:z.-j:_:
Wt
convection and pure forced convection have been accurately correlated and should provide a - d
WOREYY,
: basis for comparison for the mit of the vertical cylinder problem as r, -» co. NS

_g-, -

-;i

Pof

P
A
P

The case of pure forced convection past a vertical cylinder has been studied by various

authors {9 — 14]. Seban and Bond [9] conducted an early study considering the UW'T case for

Pr = 0.715 and curvatures (Ag = 2 rLchuz) up to 3.0 using a power senies method of solution.
o

..

- ‘.]-“A',)-'u‘.a‘ Ay

s 'J' Py f -I' -f C .I' '-',;:“' o "d"\
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Chen and Mucoglu [13] first presented results for the case of UWT as part of the solution for Ej_:"‘}'\: )
mixed convection and then followed that with the case of UHF [14]. Their results covered A Py -
curvatures up 10 A; = 8 for Pr = (.7 and 7, and they used the local nonsimilanty solution. Bui :&E;'is:'
and Cebeci [12] analyzed the UWT case as part of their mixed convection study for Pr = (1.1, ﬂ::"\: :
1.0, and 10 for curvatures up to Ay = 10 using a central difference finite-difference method of '.'l!:;u:

. solution.  Tee et al. [10, 117 studied both the UWT and UHE cases as part of their mixed "

I convection analysis for Pr = 0.1, 0.7, 7, and 100 for curvature parameter A, up to 50 using a :-s.: h
weighted finite-difference scheme. lLee et al. qualified the accuracy of their results for A, > 10 ::E;
due to the use of an insufficiently small step size in the radial direction. "..'.:[

b pann

? More extensively researched has been the case of natural convection along a cylinder 'o.:.::‘:.::.:
[10, 11,15 22]. Elenbaas [15] used Langmuir’s stagnant film model to evaluate the heat Y, .‘::'{
transfer coefficients for vertical cylinders under the UW'T condition. Sparrow and Gregg [16] ':.:
refined this method and reworked this problem using a power series solution and obtained ".::'\:_';
results for Pr = 0.72 and | covering curvature parameter, A = 27’:(;'@"“, up to about .S, }}i‘i}}:

’ Kuiken [18} also used a power scries expansion and investigated power Jaw varation in wall 1::2
temperature and the UHE condition for 0.7 < Pr< 10, Fujit and Uchara [20] also applied a :::\.‘;'\. A
power series solution to cylinders with varable wall temperature for Ay up to 2.73 and for EE:\'%
0.7<Pr<100. Fo reduce the truncation errors of the power series solution and the local - ® '
similarity solution, Minkowycz and Sparrow [21] employed the local nonsimilarity solution .* ,;; oo

! method and obtained results for Pr = 0.733 and 0 < Ay < 10. Lee et al. [10, 11] solved the : .'.'::

! UWT and the UHF cases of natural convection along a vertical cylinder for Pr = (.1, 0.7, 7, ?T |'
and 100 as part of their mixed convection study employing a finite-difference method designed '.F%-;

j to overcome the difficulties associated with increasing curvature.  As a result, Lee et al. carried ::_;:
their results to Ay = 50. More recently, Lee et al. [17] used a modified method [23] to solve E}E":_E:
the vanable wall temperature problem for natural convection along a vertical cylinder.  They _(.t::%ﬁ
found that the results of [10] were incorrect for Ay > 10 due to an improper step size used in ,Ei?ﬁ
the radial direction . :;:3:2 -

RN
R
20y
SN
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The significant finding for pure forced or pure free convection along a vertical cylinder is
that the nonsimilarity due to the surface curvature increases the heat transfer coefficient. The
velocity gradient at the wall increases with increasing surface curvature for pure free convection
under a power law varation in surface temperature or for pure forced convection, but decreases
for the UHF case for free convection. Minkowycz and Sparrow [21] showed that the error
caused by the power series solution increases with increasing curvature. [ee et al. [17] showed
that the results provided by Fujii and Uehara [20] are valid only up to A, of about 1.5. l.ee et
al. [10] demonstrated that the central difference scheme used by Bui and Cebeci [12] produces
large errors as the curvature increases, but the results in [10, 11} are not accurate for A > 10

because they used too large a step size in the radial direction.

There have been relatively few studies on mixed convection along a vertical cylinder. ‘The
studies by Bui and Cebeci [12] and Chen and Mucoglu [13] are for the UWT case. They
investigated the forced convection dominated regime in terms of the buoyancy force parameter
Q, = Gr,/Re2. Mucoglu and Chen also presented the UHF case with the modified buoyancy
paramecter Q*, = Gr* /Re¥2. Lee et al. [10] treated the UW'T case for the entire regime using a
new mixed convection parameter, y =(l+ QUV%-!, which varies from zero for pure free
convection to one for pure forced convection. In Lee et al. [11], the UHF case is presented for
the entire regime using y* = (1 + Q*1%)-1. The main difficulty addressed in these two studies has
been the effect of curvature on the numerical solution. The results of Chen and Mucoglu
[13, 14] for the forced-convection dominated solutions agree well with those of [10, 1] for
curvature parameters [A = Z—fo—(Re,‘/2 + Gri) P or At = 2%([16,‘(/2 + Gr*l%)-'] from 0 to § for
Pr = 0.7 and 7. The results of Bui and Cebeci for large curvature parameters were found to be
inaccurate by Lee et al. [10] due to their use of a central difference finite-difference method of
solution. Lee et al. [10, 11] used a weighted finite-difference scheme to correct this but failed to

use the proper step size for large curvatures.

For companson purposes the mixed convection solution for the vertical flat plate is
needed.  There are numerous studies of this flow geometry (sce, e.g. Refs. [24 — 29]).  These
numerical results have been correlated by Chen et al. {24] and Churchill [30] using the simple

.m ., m m . . . o . .
form Nu = Nuz + Nuy with m = 3, in which Nu; is the Nusselt number for pure forced
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convection and Nuy, is the Nusselt number for pure free convection. The cormrelation was also

venified experimentally for the case of air [24].

To date no study has been done for the case of variable surface heat flux along a slender
vertical cylinder for natural convection. This will be undertaken in Chapter 2. Similarly, the
combined effects of buoyancy force and curvature in mixed convection with variable surface
temperature along a slender vertical cylinder has not been solved. Furthermore, the results of
Lee et al. {10] and Bui and Cebeci [12] for the UW'T case are questionable for high values of

the curvature parameter and need to be reassessed. This is the topic of Chapter 3.
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NATURAL CONVECTION ALONG A VERTICAL CYLINDER
WITH VARIABLE SURFACE HEAT FLUX
by
J. J. Heckel, T. S. Chen, and B. F. Armaly
Department of Mechanical and Aerospace Engineering

University of Missouri-Rolla, Rolla, MO 65401

ABSTRACT

Natural convection in laminar boundary layer flow along slender vertical cylinders is
analyzed for the situation in which the surface heat flux q,(x) vares arbitranly with the axial
coordinate x. The governing boundary layer equations along with the boundary conditions are
first cast into a dimensionless form by a nonsimilar transformation and the resulting system of
equations is then solved by a weighted finite-difference method of solution in conjunction with
the cubic spline interpolation. Sample calculations were performed for the case of power law
vanation in surface heat flux, q,(x) = ax®, for fluids with Prandtl numbers of 0.1, 0.7, 7, and 100
over a wide range of values for the curvature parameter 0 < A*, < 50 or 0 < ¢ < 5. Results for
the local and average Nusselt numbers as well as the local wall shear stress were obtained. It is
found that the value of the radial coordinate ., must be increased, as the curvature parameter is
increased, to obtain valid results.  Also the local Nusselt number is found to increase with
increasing curvature, Prandtl number, and the exponent n. For any given location of x, the
local wall shear stress was found to decrease with increasing curvature, increasing Prandtl
number, and increasing n. Correlation equations for the local and average Nusselt numbers are

presented.
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! ﬁ NOMENCLATURE ::.E.E
| f reduced stream function, (g /Svr ) (Gr,*/5) 13 "‘
! 2 Of[dn or gravitational acceleration .:::
?ﬁ' Gr, local Grashof number, gB[T(x) — T _]x3/v? ‘ ':‘:'
Gr*, modified local Grashof number, gfq,(x)x*/kv? , _.:
g Gr*, Gr*, modified Grashof numbers defined, respectively, as :-':.\
b gBqu(1 )14 [kv? and gfq.(r)rg/kv? i
: h local heat transfer coefficient, q,/(1, — T.) ::'N
7’3 h average heat transfer coefficient 5:‘ !
k thermal conductivity of the fluid DN

s
ArS

an arbitrary length of cylinder N-‘
S
‘ . . NG
.;.é n exponent in the power law variation of heat flux )
' ) o
Nu, local Nusselt number, Ax/k ~n
o
; - . - o
'E Ny, average Nusselt number, AL [k A
4
Pr Prandtl number, v/a )
W

r radial coordinate

T, radius of the cylinder

RO

. \
fluid temperature K

2
A
&2

u axial velocity component

S P
‘@

v radial velocity component

e

2 _A_*
P, 7L
oo

X axial coordinate

2%

PR
L s
. . . .
a thermal diffusivity :
c )
N p volumetnce cocethicient of thermal expansion :
L]
g y variable heat flux parameter, (x/q,)(dq,/dx) :
n pseudo-similarity vanable, [(r2 — r2)/2r,x]J(Gr, */5)'3 \‘
- o o v v
‘-:: 0 dimensionless temperature, (I = T_)}(Gr, */5)'3/[q.(x)x/k] o
N Ry
pl curvature parameter, (2x/r )(Gr */5) /3 ;._::.,
¢ b
Y Ax curvature parameter for vanable surface temperature, (2x/r,)Gr, '™ ®
». ) 'ﬂ ;
Aty modified curvature parameter, (2x/r,)Grt, /S g
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dynamic viscosity

kinematic viscosity

dimensionless axial coordinate, (A*y/2)!/2

fluid density

local wall shear stress

normalized temperature profile, ¢(&, n) = 0(¢, n)/0(¢, 0)
stream function

relaxation factor

for the case of pure natural convection
quantities at & — A¢

for a flat plate

conditions at the wall

conditicn at the free stream
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0 INTRODUCTION “Q}'}_.»
ety
o Heat transfer by natural convection along a vertical cylinder has been analyzed rather w s
‘ )
‘v ¥
. extensively. Elenbaas (1948) used Langmuir's stagnant film model to evaluate the heat transfer N X
LY, : iy
D coeflicients for vertical cylinders with uniform wall temperature (UWT). Sparrow and Gregg "'-
DA
(1956) reworked this same problem using a power series expansion method for Prandtl numbers, .
W ’ ‘?:l
W Pr, of 0.72 and 1 for curvature parameter, Ay = 2—-Gr; !4, up to about 1.5. Kuiken (1968) also ;‘-. b
Lo N ‘:..(
X used a power series solution and investigated a power law variation in the wall temperature and '.’ "':'
i e,
N
: the case of uniform surface heat flux (UHE) for 0.7 < Pr< 100.  The power serics solution was . ;\ﬁ.
‘:a also applied by Fujii and Uchara (1970) to cylinders with vanable wall temperatures for Ay up .
: X
to 2.73 and for 0.72< Pr< 100. To reduce truncation errors of the power series and the local ..g:',
Wyt
) o . . . e e :
s similarity solutions, Minkowycz and Sparrow (1974) employed the local nonsimilarity method :". Wi
L ®
and obtained results for Pr=0.733 and 0 < A, < 10. t 3
;s R
v Recently, Lee et al. (1986a, 1987) analyzed natural convection along slender vertical S.'i‘
! d
cylinders under UWT and UHF conditions as part of their mixed convection study by ™
) employing a weighted finite-difference method designed to overcome the numerical difficulties ;T_E:f"‘
~ " A
associated with increasing surface curvature. They presented results for 0.1 < Pr < 100 that ‘:“._:M.
oY
cover Ay up to 50 for the UWT case and Aty = Z—rx—Gr‘;‘/’ up to 50 for the UHF case. More - N
A .
recently, Lee et al. (1988) analyzed natural convection along a vertical cylinder for the case of SR
\I‘\
power law variation of wall temperature, 'I'(x) =T + ax", and found that the results of Lee et \';:": )
LY
[~ al. (1986a) were not accurate for Ay > 10 because of the improper step sizes used in the radial ::;A: W
RNy,
direction. They presented results for 0.1 < Pr < 100, covering A up to 50 and n=-0.4, -0.2, 0, ' ]
)
K, 0.2, and 0.5. Lee et al. (1987) attached a qualifying statement to their study of the UHF case E{’ \
as to the accuracy of their results for curvature parameters A*, > 10 and attributed this also to ‘; >
: . o . VN
2 the use of improper step sizes in n. It appears that no experimental results for natural o
" convection along vertical cylinders under nonuniform heating have been reported in the :f{g_
N .
" Lty g
¥ literature. "3 :.r
A
;'.V\-"
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To date no analytical study seems to have been presented for the case of vanable surface ar

~

heat flux along a vertical slender cylinder and this has pronipted the present study.
Furthermore, since the results of Lee et al. (1987) are not correct for large values of A*,, they v NN

need to be reassessed. :%:' .
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ANALYSIS 'y

Consider a semi-infinite, vertical cylinder with radius r, that is aligned in a quiescent
ambient fluid at temperature T_. The axial coordinate x 1s measured upward for q, > 0 and v
downward for q, < 0, while the radial coordinate r is measured from the axis of the cylinder. W ""5:;
The surface of the cylinder is subjected to an arbitrary heat flux q,(x), and the gravitational - ‘::::.:l::";
acceleration g is acting downward. The fluid propertics are assumed to be constant except for <
variations in density which induce the buoyancy force. By employing the laminar boundary o
layer assumptions and making use of the Boussinesq approximation the governing conservation ol
equations for the problem under study can be wntten as: {:

Continuity: ®

a a _
Br(m)+$(“’)—0 (1

Momentum:

(e T v |
b ]

7'
L

' ;{'

(e} + gpT-T,) @

|2

N Py
L)
: ,‘-;x
Jx T )‘

Energy:

v et &

In these equations u and v are the velocity components in the x and r directions
respectively; T is the fluid temperature; and v, § and a are, respectively, the kinematic viscosity,

the volumetric coefficient of thermal expansion, and the thermal diffusivity of the fluid.
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Iy The boundary conditions are ~
2
, ar _ —aw¥
! u=v=49J , E—z—:— atr=r, (4a) E
- u—-0, T->T,_ asr—-cwo (4b)
u=0, T=T_, atx=0r>r, (4¢)
E v
In wnting the last boundary condition (4¢) it 1s assumed that the flow and thermal boundary 2
layer thicknesses are zero at the leading edge of the surface. o~

To proceed with the analysis, the conservation equations, along with the boundary

(=7 A A

conditions, are transformed into a dimensionless form by introducing the following ‘o

9,
. . . L)
dimensionless vanables: N

g o

"

o,
P2

Lo g

[ 4

'Y

2 2
r — -
= Gy B d = B Gryy (

='0

N
=

&4

P AL O

-
%} {

T—T WGr.*5)
f(2, n) = Y(x)/[Svro(Gr 5P, 02, m) = (1= To MG */5) (6)
qu(x) x/k

J\.‘\}; ‘

P4

where Gr,* = gfiq, (x)x%/kv? 1s the modified Grashof number, » is the pscudo-similrity vanable,

f(A, n) 1s the reduced stream function, 0(4, n) is the dimensicnless temperature, 2 is the curvature

s
!

parameter, and y(x,r) 15 the stream function that satisfics the continuity equation, with

u = (¢/dr)/rand v = — (3 [Ix)[r.

(4 g 4 A 4 (p+ O — Qp + P2+ 0 = Ay — 1)(?’% - t%) 7 o
{

L4

(1 + qA)0” + 20" + Pr(y + H{0" - Pr(dy + DO - Pri(y - |)(n' ‘:f e ;3) (8)
(A {

2

® 5%

f(4,0) = F(4,0) =0, 0'(1,0) = - |

(9)
(4, o) =0, 0(4, 00) = 0
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where

x dqyu
9w dx

(10)

and the primes denote partial differentiation with respect to #.

The system of equations (7)-(9) along with (10) represents the general form of the
transformed boundary layer equations under arbitrary surface heat flux, q,(x). For the case of

power law varation q,(x) = ax", one has from equation (10) that

y=n (n

For long slender cylinders, the curvature parameter 4 = 2(x/r,)(Gr,*/5) "' can be large. To
lower the maximum value of calculations in the x or 4 coordinate, onc introduces a new &(x)

variable defined by
¢ = [(xfr)Gr,*~1°)'/? (12)
such that 4 = C £ with C = 2. 5'/5.

Substituting equations (11) and (12) into equations (7)-(9) results in:

Momentum:
(1 +amf’” +a)f’ + aft” + a3 + a0 = a5<1”7(77~§— - f’—gf—;—) (13)
Encrgy:
(1 +a,m)0” +a,0" + Pr a,f0’ + Pragf’0 = Pr a5<0’~§2— - {Hgg-) (14)

Boundary Conditions :

f(&,0)=f(0)=0 01(0)=-1
(15)
P(£,00) = 0(¢, 00) = 0
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a,:C{z, a,=n+4, a3=-(2n+3)

=1, a=&n-1)2, a=-(4n+1)

The proposed method of solution, developed by Lec et al.(1986b), requires boundary
conditions in terms of f, f and @ at y = 0. In equation (15) one has 0'(4,0) =~ 1. This

necessitates an additional transformation. Let

¥

<

> ¥

A

¢(&,m) =0(5, m/0(£, 0) (17)

A
-

> P9
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5

o
oi

Applying equation (17) and the boundary condition 8'(¢, 0) = —1 to equations (13)-(15) results

]
-
-

ey

in:

(L+am)f” +a,f" + a P’ + a0 + a,¢ = ag (‘"—ggf- + f'%)

Iy

‘\:é,'{i
Z }; “."h

(1 +am)¢” +a,¢’ +a,Pr ¢’ + agPr '

= Pr ag 4,'% _ r<¢'(¢, 0)[%{( s (‘; O))D

f(2,0) =, 0=0 ¢(0)=1
(¢, 00) = $(£, 00) = 0

where a, through a, are as before and
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The details of this derivation arc given in Appendix A. ‘The boundary conditions ar¢ now in the
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proper form to be used in the finite difference solution method described in Appendix B.

The physical quantities of interest are the local Nusselt number Nu,, the average Nusselt
number Nug, the local wall shear stress z,, the axial velocity distribution u, and the temperature

profile ¢(¢, n). The local Nusselt number is defined by
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Ny, =% W X
bR s s S (22
which can be expressed in the form
Nu(Gre*19)™'° = - ¢(6.0) (23)

The average Nusselt number is defined by Nu, = hljk where the average heat transfer
coefficient, A, is obtained from
gt
h=—] hdx (29)
LJ,
This leads to
g -1/ 10 ,N[*t,m
Nay(Gr 197 = - 20 [ ez, opae 29)
0

where ¢, =¢ at x=L, M=(7+3n)/(1 —n),and N=(8+ 2n)/(n— 1)
Next, from the definition of local wall shear stress t,, = p(du/dr),-,, one obtains
rw = 5G9, 0) (26)
X
"1 ne axial velocity distribution can be wntten as
BX - 5(Gr*5)* 27
v (G */5) (S, m) (27

and the temperature profile is given by equation (17).

METHOD OF SOLUTION

LEquations (18)-(20) constitute a system of nonlinear partial diffcrential cquations in the

(&, n) coordinates with parameters Pr and n. The method described in Lee et al. (1986b) is
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employed to solve this system of equations. The first step is to convert the terms involving 3/0¢

in the following manner.

oH P oH P I

— = —(H- —g(=—) = — (I - 28
where H is a function of (&,y), H, = H, + (q/p)A&(dH/d¢),, and the subscript "o denotes
quantities at § — A¢. The values forpand qare p=1land q:0 at ¢ =0and ¢ = A, and p=2

and q =1 thereafter for & > 2A¢&.

The f and ¢ equations are then lincarized by using the simple technique for the product of

two arbitrarv functions F and G, defined as
FG = I'G + GF - FG (29)

where F and G indicate values to be guessed. The quasi-linearized function I'G cxpressed by

equation (29) will provide quadratic and monotone convergence. By employing equation (28)

o of d ¢ . .
for the terms ——, =—, and ¢’(¢, 0)] = and applying (29) to the terms ff”,
2 o8 (¢ )|:6£<¢’(é,0)>] pplying (29)
f2,f¢’, and f ¢, one obtains
Aofn' + (a, + Al)f” + Azf' +A3f+ A4¢ = A5 (30)
Byo” + (a; + B)¢’ + By + Byf" + Byf = By (3

wherc

Ag=1l+apm, A =a*f+d, A,=2b"—d*F,

g o~ (32)
A3 = a"f", A4 =ay, AS =a*ff"’ + b’
By=Ag. B,=PrA,, By=Pre'f’, By="Pr(c*¢—d*d,)
N _— - (33)
B, =Pra*¢’, Bs=Pr@a*fe¢’ +e*f’'ep)
a*=a,—d*, Db*=a;+d*, d*=a5p/Af, c*=a4+ adt (39)
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and the other vanables are as previously defined.
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The system of equations has now been reduced to a system of quasi-linear ordinary ol
differential equations. By defining g = and applying the weighting factors (see Lee et al., "r".'

.f‘l L

) 1986b), one can write equations (30) and (31) in the finite-difference form as: JC ".
g ._}:}
: fi_ fi._| — (An/2) (g + g_1)=0 (36) :‘:‘ A
o

g 2 ] "‘0:"
Ao/(An)(a_ 18y + a08 + ay 8y ) + Mgl + Asfi + Agdy = As (37) ".:(
ool

@ S

2 ®
Bo/(An) (B_ ¢y + Bodi + B11:41) + Bad; + Bag; + Byl = Bs (38) v

» Sy
where Ay is the step size in the »direction and the subscript “i” refers to values at the nodal ,:1
't

5

i point n,. e g
. ‘;:;
X In equations (37) and (38) the weighting factors arc defined as: ‘ ‘:l
T ‘ ‘
b =W - W, - A
a1 =Wl -2y, oy =Wlziqp), 2p=—a—ay i

B =Wd—-2*%_12), Bu=Wz*1p2)» Bo=—-B_,— B4 (39)
W) =2(1 - exp(~2)), 2=Ana, + AD/Ag, 2% = An(a, + BBy

24

=35

Equations (36)-(38) are applied to the interior points. On the boundarices, cquation (20) is

written as

L= |

fl=g|=0’ ¢|=1

An (40)
B fn"fn—-] ”"Z—(gn*_gn-l):gn:d’n:o

I where the subscript n is the number of nodes in the 5 direction.
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Equations (36)-(40) constitute a system of algebraic equations that can be written in the

matrix form as
[AI[X]=[B] ) (41)

where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains
the solution in the form (f}, g, ¢, £, & ¥ - % £ ¢.)7 is @ column matrix of order 3n.
The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations
(36)-(38) and (40). The matrix [A] is approximately diagonally dominant and equation (41) can
be solved by the Gaussian elimination technique with high accuracy.

To obtain values for f’and ¢’, the results for f and ¢ along with the boundary

conditions
fr¢,0)=— a,f;(é, 0)—a;, @"E0N=- ala'(é, 0), (&, 00)=¢"(£00)=0 (42

are used in a cubic spline interpolation routine (see, for example, Burden and Faires (1985)). As
the solution converges, the boundary conditions become exact and the values for f* and ¢’ can

be obtained with high accuracy.

Although equation (29) should provide quadratic monotone convergence, difficulties arose
as the surface curvature was increased. This is due to the transformation to the ¢ variable with
the resuiting term in equation (35). Here the guess of ¢’(¢, 0) is needed and for high values of
surface curvature simply updating ¢’(£, 0) as the next guess may not be sufficient to obtain
convergence of solutions. To improve convergence, attempts were made to improve the initial

guesses of f, f', f*, ¢, and ¢’ at each ¢ value.

The present method of solution employs a quasi-linearization of the original nonlinear
system of equations and requires initial guesses for f, ', ', ¢, and ¢’. The flat plate solution
(i.c., ¢ = 0) for the uniform surface heat flux case (UHF) was obtained for Pr = 0.7 and these
results were used as the initial guesses for all other combinations of Pr and n at ¢ =0. For
¢ = A{, initial guesses were taken to be the results at § = 0. At ¢ = 2A¢, a linear extrapolation

of the results at ¢ =0 and ¢ = A¢ was used. For ¢ > 3A¢a three point inverse polynomial
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E: extrapolation was used (see, for example, Traub (1964)). This approach was found to improve
_ convergence of solutions up to 40% faster than simply using the previous node’s values as the
N first guess.
:!.. To improve convergence of solutions, it was found that the »_ value nceded to be taken
larger as the value of the surface curvature parameter ¢ was increased. The value of n_was
‘:0 initially set to 10 for Pr > 0.7 and 15 for Pr = 0.1. It was increased by 5 when the value of
- f or ¢, at y = 0.98y_was greater than 0.001. Since (£, oo) = ¢(&, 00) = 0, the f and ¢ values
'i'.'l'n greater than 0.001 at n = 0.98»n_indicate that the corresponding boundary layer thickness extends

past n,,. To make this adjustment, all values of f and ¢ and their derivatives were set to zero for
n > 1, except the values for f were taken to be the value at the old n__ extended out to the new
N.- This adjustment introduced less than 1% difference in the values of the local Nusselt
number when compared to a constant run at y_ = 30. This error was due prmarily to

-

.. initially being less than 30 rather than to the adjustment itself.

oA s S5

The solution method is an iterative scheme and a solution was considered to be

e

convergent when the calculated values for f, f’, and ¢ differed from the last guess of the

respective values by less than 10~ at all nodes (i.e., at all 5 values for a given &). When these

e

critenia failed, new guesses for f, f', and ¢ were found using a weighted average of the last guess

and the resulting calculation. That is

~

fnew =wf+(l- )4 f'new =wf + (1- “’)f'oldv Pnew=w ¢ +(1—w)pyy (43)

in which wis a relaxation factor. Generally w = | resulted in quick convergence. However, if

ﬁ N, Was too small or for some small values of Pr and n it was somctimes nccessary to usc
. under-relaxation and set w = 0.5 to facilitate convergence.
3
& . : ,

It was found that as ¢ was increased, errors resulted due to an incrcase in the boundary
g: layer thicknesses. By using a step size of Ay =0.01 errors were reduced for f’(¢,0) and
‘ ¢’(£,0) at high values of the curvature parameter £. It was also found that the solution was not
'f sensitive to the step size in & and A¢ = 0.1 was used.
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RESULTS AND DISCUSSION

Typical numerical results for the case of power law variation of surface heat flux q.(x)
were obtained for values of the exponent n of -0.5, -0.25, 0, 0.25, and 0.5 for Prandtl numbers of
0.1, 6.7, 7, and 100 over the range of 0 < § < 5 (ie., 0 < A*y < 50). Representative values of n
fall within the physical limits of realism, —I < n < I, for power law vanation of the surface heat

flux [see, for example, Gebhart (1971)].

Lee et al. (1987) qualified their results at high values of the surface curvature as a result of
using an improper step size An, so it is worth noting how step size affects the local Nusselt
number. For the UHF case with A*;=50and Pr=0.7, the present calculation yields
Nu,Gr*;15 = 16.6 using An = 0.036 and n_ = 7.24. This compares to NuGr*;!*¥ =643 for
An =0.01 and 5, = 45. This trend is similar to what Lee et al.(1988) found for the UWT case.
It was found that decreasing the step size or increasing n_ lowered the local Nusselt number.
This finding explains why valid results were obtained at small values of the surface curvature
where the range of 5 is small and errors appeared for large values of curvature where the range
of n has increased. When that happens and the boundary conditions are imposed at a point
that is actually within the boundary layer, the flow and thermal profiles are lowered thereby
decreasing f’(¢,0) and ¢'(£,0). As ¢’(¢, 0) becomes more negative the local Nusselt number

Increases.

With increasing »,, for increasing surface curvature it becomes necessary to determine the
degree to which the boundary layer assumptions remain valid. For boundary layer theory to be
valid (r, —r,)/x is of the order of magnitude of the term (Gr,*/5)-V where (1, — 1) =4 is the

thickness of the boundary layer. The equations for 1 and # can be combined to give

Y=2Grer5) = 21+ dny)'? - 1] (44

where Y is a measure of the boundary layer thickness.

Typically #, is defined as the value of n at r =r,( =r, + 8) where ' and ¢ are within 0.1%

of their maximum value within the boundary layer. For 4 =1 this is typically about y, = 20

and the right-hand side of equation (44) is about 7. If [{r, — r,)/x]}(Gr,*/5)"s remains constant at
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7 and 1 increases to 50, n, will increase to about 620. This shows that the range of n_ can
extend very large as the surface curvature increases and the boundary layer assumptions will
remain valid. It also verifies the analysis presented in Lee et al. (1988) and Minkowycz and
Sparrow (1974) for free convection under UWT, that the term that is a measure of the boundary
layer thickness may actually decrease despite an increasc in n;. This would happen in the

example if , is less than 620 but greater than 20.

An interesting finding is that a decrease in the step size An (ie., an increase in the number
of nodes) has a large influence on reducing crrors in the local Nusselt number at large values of
the surface curvature. This is due to the effect of spreading the error imposed at the edge of the
boundary layer among a greater number of nodes, thereby lessening its effect on the values of ¢’
at the wall. In actuality then, the error of lee et al. (1987) arose from the use of n_ that was
not sufficiently large. Since a decrease in the step size has an effect on the accuracy of the local
Nusselt number at high surface curvatures, a small Ay was used in conjunction with an increase

in n_ as was explained in the method of solution.

Numerical results from the present- analysis will now be. presented. Attention is first
turned to the local Nusselt number. For given values of Pr and n, as the surface curvature is
increased the value of Nu Gr*;!/5 is found to increase. This can be seen in Fig. | which is a plot
of (Nu,/Nu,)yne vs. Ay for the UHF case, where Nu,, is the local Nusscelt number for a
vertical flat plate. ‘This plot demonstrates that the slope of such a normalized plot is greater for
lower Prandtl numbers; that is, the relative effect of surface curvature on the Nusselt number is
stronger for fluids with a smaller Prandtl number. It also shows a nearly linear relationship
which is useful for correlations presented later. Table 1 presents the values used in plotting Fig.
1 prior to normalization. It should be noted from the table that as the curvature increases the
effect of Prandtl number on the Nusselt number diminishes. This can be explained by noting
that as the curvature increases the first two terms of the energy equation becorr  dominant and

the problem becomes essentially independent of Pr.
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Figure 2 is a plot of (Nu,/Nuy,,), vs. n, demonstrating the effect of n on the local Nussclt
number for the vertical flat plate. It shows that a lower value of n results in a lower value of
Nu,Gr* !5, It also shows that for an increase in the Prandtl number there is a decrease in the

deviation of the Nusselt number from the UHF case.

Table 2 shows the ratio of Nu,/Nu, gy for various values of A*y. It can be seen from the
table that as the curvature increases the effect of n on Nu, decreases and the Nusselt number
ratio approaches 1.0. This can be explained again by the dominance of the first two terms in
the governing equations for large values of the curvature, which essentially makes the system of
equations independent of n. Table 3 lists the average Nusselt number results Nu, Gr*; . For
given values of Pr and n, the average Nusselt number is scen to increase as the surface curvature

increases.

The f’(£,0) results are shown in Table 4. It can be seen that the value of (&, 0)
decreases as the surface curvature parameter increases. However, a decrease in (£, 0) does not
necessarily mean that the local wall shear stress 7, decreases as x increases along a constant

radius cylinder. Equation [26] can be rewritten as

.rw oc {[(4"’6")/(]—")]?'({' O), _l <n< l (45)

For n >0, the power to which ¢ is raised will cause 7, to increase despite a decrease in
£'(£,0). As n decreases, the exponent of ¢ in equation (45) decreases until at n = — 2/3 it will
be (0 and the ¢ term will have no cffect on 7, Since (£, 0) decreases with an increase in the
surface curvature, there will be some value of nin the range - 2/3 < n < 0 where 1, will decrease
with increasing x for a constant radius cylinder. Therefore, when n is negative it is possible for
7, to decrease with increasing x. This is particularly true for low Prandtl numbers for which

(¢, 0) decreases at a greater rate.

The observation that f’(¢, 0) decreases with increasing ¢ agrees with results reported by
Kuiken (1968). It is interesting to note that this trend is opposite to that for pure forced
convection or for pure natural convection under the power law variation of temperature. ‘l'o

understand why this occurs physically, one should consider an increase in the surface curvature
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parameter to imply a decrease in the radius of the cylinder at a given x location. For constant x,
Tu(x) is constant, and the driving force for pure free convection under the variable wall
temperature condition is constant. For constant x and u_ the ¢.iving force for pure forced
convection is constant. In these cases, as r, decreases the velocity near the wall increases and
f*({, 0) increases. However for the variable heat flux case, at a constant x location, gu(x) is
constant. When q, is constant, as r, decreases, T, — T must decrease which will in turn
decrease the magnitude of the velocity profile and (¢, 0). This explains why (£, 0) increases
for the cascs of pure forced convection and for natural convection under the power law varnation
of surface temperature, but decreases for natural convection under the power law variation of

surface heat flux.

It is recognized that there are some irregularities in the values of f'(£, 0) in Table 4 that
occur for higher Prandtl numbers. This is due to a failure to increase n_ approprately in the
numerical computations. Although this caused little effect in the local Nusselt number results
due to the small step size used, it was found that the velocity profile, and hence the value of
f’(&, 0), were more sensitive to the choice of n. This is only logical since f starts at zero at the
wall, increases, and then retumns to zero in the free stream. If y_ is chosen to be too small, the
maximum velocity within the boundary layer will be lower than it should be. Because the
momentum boundary layer is thicker than the thermal boundary layer for high Pr, errors in
£(&, 0) will result if y_ is large enough for the latter, but too small for the former. ‘This docs
point out the need to revise the criterion for increasing n__ to properly account for the boundary

layer thickness in numerical calculations.

For practical applications, the local and average Nusselt number results from the present
calculations in the ranges of 0<A* <50, —0.5<n<0.5 and 0.1 <Pr<100 can be

correlated in the following form

Nu,Gr#; ' = o(Pr)[A(A) + £,(PDAY(] + VW) (46)
where

a(Pr) = P34 + 9pe'2 4 10PR) /3 (47
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A(A)=1+0.09A'?
f,(Pr) = (0.032 + 0.176Pr %334
V = {[0.328 + 0.343exp( —2.12Pr'*)] — 0.195n}n

W = exp[ — (0.0265 + 0.0907Pr 444708}
and

Nu, Gr['f = —i—a(l’r)[B(A) +£,(PHAYI + V)

where

B(A) =1 + 0.08A'/2
f,(Pr) = (0.026 + 0.14Pr °*%)
V = (dvw — nw)/(4+ nW)

W = exp( - 0.5A0‘6)

(48)

(49)

(50)

(51)

(52)

(53)

(54

(55

(56)

For notational convenicnce, A in the above cquations stands for A = A¥ = ZrL(}r‘,‘”‘. In
a

equations (52) - (56) A is calculated at x=1L.

It is interesting to note that for the UHF case the terms V and V in equations (46) and

(52) become zero and drop out of the equations. It is also interesting to note that for the flat

plate solution, i.e., A =0, the terms [A(A) + f,(Pr)A] and [B(A) + f;(Pr)A] both become one.

Therefore, for the flat plate solution under UHF, Nu,Gr*;!” = a(Pr), where a(Pr) is taken from

Fujit and Fujii (1976). The maximum error in the correlations for the local and average Nusselt

numbers is less than 5% for the UHF case and less than 8.3% for the vanable heat flux

solution.
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CONCLUSION _;'EE/V;
bRy
[
M . . « - ‘" Y i
In this paper, the problem of natural convection in laminar boundary layer flow along .1:'.
5 .
slender vertical cylinders has been investigated. A finite difference method in conjunction with a .U::
. '
C : . . . i . : el
cubic spline interpolation scheme is used in the numerical calculations to remove the difficulties ﬂ:}sfd‘
associated with the “stiffness” of the governing equations for high values of the curvature t"'c‘.j
st
parameter. Additionally, a smaller radial step size and a larger value of y_ were used to correct " "fﬁ‘,-
kA
reported errors in the Nusselt number at high values of the curvature parameter. The major -.f: N
2> %k
findings from these results can be summarized as follows: e
1 :r,} ':* \
v >
(1) Errors in the thermal and velocity profiles result if the magnitude of »_ is insufficient. ?' NV:N y
mEATLA
. . ROy
The calculated values of the local Nusselt number will be too large and those of £(¢, 0) will be :'_.r:f:-;. '
. . . . . L J
too small. These errors can be reduced by decreasing the radial step size Ay or by increasing 3830
'J.\,'{‘ﬁ.'
. . . . . . i NS
M. A decrease in the radial step size is more effective at reducing errors for the local Nussclt x:,::"' ¥
l- - ‘ "
T
- . . l‘ P .
number but it does not correct the entire velocity and thermal profiles. . o .'.:.:
e
..
(2) For the power law varation in surface heat flux, the local surface heat transfer rate ‘E‘:‘_?“
AN
. . . . . . . . o LV
increases with increasing value of the exponent n. It also increases with increasing curvature and e
g po _ g o _&_’
.i y .l -
increasing value of Pr. However, as the curvature increases the effects of n and Prandtl number s SN

o
L R
..'

on the Nusselt number diminish.

(3) The behavior of the average Nusselt number is similar to that for the local Nusselt -:'_:-W':n"
number for UHF. The effect of n and Pr on the average Nusselt number decreases as the Ragniy

curvature increases. o
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(4) The value of (¢, 0) decreases with incres.. ng curvature, decreases with increasing n,
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and decreases with increasing Prandtl number. The local wall shear stress 7,, however, increases
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as x increases for a constant radius cylinder with n>0. It may decrease with increasing

curvature for n < 0.
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MIXED CONVECTION ALONG A VERTICAL CYLINDER 5" o,

"

-'N') U

WITH VARIABLE SURFACE TEMPERATURE ‘

by by

X

J. J. Heekel, T. S. Chen, and B. F. Armaly

Department of Mechanical and Aerospace Engincering ". .'::

University of Missouri-Rolla, Rolla, MO 65401 :

S

ABSTRACT E

.

Mixed convection in laminar boundary layer flow along slender vertical cylinders is :"‘:.:'s?::r:

analyzed for the situation in which the surface temperature T,(x) varies arbitranly with the axial X .::::::‘

) coordinate x. It covers the entire mixed convection regime from pure free convection (x = 0) to -::;-"‘ :

pure forced convection (x =1), where x=[1+ (Gr/Re)'#]! is the mixed convection fi‘:‘ .::

parameter. The governing boundary layer equations along with the boundary conditions are N ) 4:':::.:

first cast into a dimensionless form by a nonsimilar transformation and the resulting system of o 'OE o

equations is then solved by a weighted finite-difference method of solution in conjunction with ;::

cubic spline interpolation. Sample calculations were performed for the case of power law :‘:::;' .f’
variation in surface temperature, T,(x) — T = ax", for fluids with Prandtl numbers of 0.1, 0.7, ':"E".:::::‘:
7, and 100 over a wide range of values for the surface curvature parameter 0 < A < 50 (or ’ : |

0<¢<5). Local and average Nusselt numbers as well as the local wall shear stress are :-::'5.’\ )

presented. It is found that the local Nusselt number in the form Nu/(Rel? + Grl4) increases ;E:ﬁt A
with increasing surface curvature, Prandtl number, and the exponent n. For low values of "::-:

constant curvature A, the local Nusselt number initially decreases and then increases as y goes
from 0 to 1. As curvature increases a linear relationship is found to exist between the Nusselt

number and the mixed convection parameter, particularly for low Prandtl numbers.  The

velocity gradient at the wall ts found to increase with increasing curvature, decreasing Prandtl

'_’:\'?' Y

number, and decreasing n. Correlation equations for the local and average Nusselt numbers are

cTrvw

also presented.
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_ NOMENCLATURE ) “".'.'
el
G, local skin friction coefficient, 27, /pu?, .
! Co average skin friction coefficient, (2/pulL) f oLrwdx .::::
" J. » J
f reduced streamn function, (¢ /vr,)(Rel/? + Grl/)~! ' '.,o
E o
g 9f)dn or gravitational acceleration Nt
b
Gr, local Grashof number, gB[T.(x) — T _]x%/+? 3;,‘; N
o
: Gr*, modified local Grashof number, gfq,(X)x*/kv? M& ]
") S
‘ Gr,, Gr, Grashof numbers defined, respectively, as "'}:
g8[Tu(L) — T JL¥jv? and g8 T(r) — T3/ 2
Y h local heat transfer coefficient , q,/(T, — T..) s‘ai"?,:‘.
§ _ Ve "0 \
h average heat transfer coefficient ‘:'.'i":o:'.“.c:
.
\ k thermal conductivity of the fluid !:.I'fs;{:f
. L an arbitrary length of cylinder
m exponent used in the mixed convection correlation
)
n exponent in the power law variation of the surface temperature
or surface heat flux
Nu, local Nusselt number, Ax/k
X Nu, average Nusselt number, hLJk
1
3 Pr Prandtl number, v/a
r radial coordinate
I, radius of the cylinder
/] Re, Reynolds number based on x, u_x/v
)
' Re,, Re, Reynolds number based on L and r, , respectively, as u l/vand u_r/v
T fluid temperature
u axial velocity component
g v radial velocity coinponent
X axial coordinate
)
‘ y transverse coordinate
z dimensionless axial coordinate, x/r,
a thermal diffusivity
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4]

volumetric coefficient of thermal expansion

variable temperature parameter, (x/(T, — T_)][d(T, — T_)/dx]
pseudo-similarity vanable, [(r? — r2)/2r,x}(Rel? + Grl/4)
dimensionless temperature, (T — T_)/[T.(x) — T,]

curvature parameter for natural convection with variable surface temperature,
(2x[15)Gr, 14

modified curvature parameter for natural convection with vanable surface
heat flux, (2x/r,)Gr* '8

curvature parameter for pure forced convection, (2x/r,)Re, '/

curvature parameter for mixed convection with vanable surface temperature,
(2K/ro)(Rel + Grty

curvature parameter for mixed convection with variable surface heat flux,
@x/r)(Rel + Greys)

dynamic viscosity

kinematic viscosity

dimensionless axial coordinate, [A/(2x)]"/? or [x/(r,Re,)]'

fluid density

local wall shear stress

stream function

mixed convection parameter for varniable surface temperature, (1 + €}/4) !
mixed convection parameter for vanable surface heat flux, (1 + €Q*}53) !
buoyancy parameter for varable surface temperature, Gr,/Re?
buoyancy parameter for variable surface heat flux, Gr* /Rel?

modified buoyancy parameter, [Gr,/Relt M4

relaxation factor

for the case of pure forced convection
for the case of pure natural convection
quantities at § — A¢

for a flat plate
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INTRODUCTION

55

‘There have been relatively few studies on mixed convection along a vertical cylinder.

-

Chen and Mucoglu [1, 2] were the first to analyze the effects of bouyancy forces on forced

convection along vertical cylinders for the case of uniform wall temperature (UWT) and uniform

w3

surface heat flux (UHF). They used the local nonsimilarity method of solution to obtain heat

A |

transfer results that cover the surface curvature parameter, Ap = ZrLRe;‘/z, from 0 to 8 for
o

Prandtl numbers of 0.7 and 7. Bui and Cebeci [3] analyzed the UWT case for Pr = 0.1, 1.0,

:\: and 10 for curvatures up to A =10 using a central difference finite-difference method of
> solution. The studies by Chen and Mucoglu [1] and by Bui and Cebeci for the UWT case used
:::’ a mixed convection parameter Q, = Gr,/Re? which varies from zero for pure forced convection
-‘& to infinity for pure free convection. Mucoglu and Chen [2] presented the UHF case with a
’ mixed convection parameter Q*, = Gr*,/Re2. Lee et al. [4] treated the UWT casce for slender
}.: cylinders using a new mixed convection parameter y = (1 4+ €24) ! which vares from zero for

K,

pure free convection to one for pure forced convection. In Lee et al. [5] the UHF case is

presented using x* = (I + Q*)/%)-' which also varies from zero for pure free convection to one

for pure forced convection. The main difficulty encountered in these studies has been the

»

numerical solutions for large surface curvatures. The results of Chen and Mucoglu [1, 2] agree

T

well with those of Lee et al. [4, 5] up to surface curvatures A = 2ri(Re,‘/2 + Gri9-! for UWT or

i

At = ZrL(Rc,‘/2 + Gr*!%)-! for UHF of 8 for Pr = 0.7 and 7.0. The results of Bui and Cebeci

. are about 36 percent higher for large values of the surface curvature and Lee et al. [4] attributed _::.
;’?\- this to the latter’s use of a central difference finite-difference method of solution which has E::
= difficulty handling the boundary layer equations as they become “stiff” with increasing curvature. }’!_
':' Lee et al. [4, 5] advocates the use of a weighted difference finite-difference method [6] along 2:?
t:‘ with a cubic spline interpolation method [7] to overcome these difficultics associated with high ?:‘;_
o values of curvature or Prandtl number. @
g Another advantage of the method used by l.ce et al. [4, 5] was that it was applied to the '
- full range of mixed convection to include pure free convection. The case of natural convection !
along a vertical cylinder has been extensively studied [8 — 13]. Elenbaas [8] used Langmuir’s ?

&‘? stagnant film model to evaluate the heat transfer cocfficients for vertical cylinders under UWT o
A
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i conditons. Sparrow and Gregg [9] reworked this same problem using a power series solution N

’

.‘:‘.‘-'v

for Pr = 0.72 and 1 covering surface curvatures (Ay = ZTx-Gr;‘/‘) of about 1.5. Kuiken [10] by

' .l
. @,

s

also applied the power series expansion method to investigate some nonuniform wall

o

)

N,

>

>

'
[
'r“'x '45('

7

temperature conditions and obtained results for 0.7 < Pr < 10. Similarly, Fujii and Uehara {11]

2,

A

treated the case of variable wall temperature and obtained results, again by the power series

2 solution, for 0.72 < Pr < 100 covering Ay from 0 to 2.73. To overcome truncation errors of the

\

d power series and the local similarity solution, Minkowycz and Sparrow [12] employed the local
! p

s: nonsimilarity method of solution and obtained results for Pr = 0.733 covering 0 < Ay < 10.

4,

W

Lee et al. [4, 5] examined both the UWT and UYF cases of natural convection along a vertical

cylinder as part of their mixed convection study and employed a modified finite-difference

»,
B
metnod designed to overcome the difficulties associated with increasing curvature. As a result,
' .
p! they were able to obtain results up to Ay =50 for 0.1 < Pr<100. Very recently, Lee et al.
(131 treated the variable wall temperature problem for natural convection along a vertical -.:r .
Al . h
h
cylinder. They found that the results of [4] were inaccurate for Ay > 10 because an improper :‘H\
<)
n step size was used in the radial direction .
) The significant finding for pure forced or pure free convection under a varation in surface
T temperature along a vertical cylinder is that as the surface curvature increases at a given x
location both the heat transfer coefficient and the skin friction increase. For the UHF case of
o natural convection, as the surface curvature at a given x location increases, the heat transfer
. coefficient also increases, but the local wall shear stress decreases. Minkowycz and Sparrow
o
[12] showed that the error caused by the power series solution increases with increasing
" curvature. Results by Lee et al. [13] showed that the results of Fujii and Uehara [11] are valid
0 only for Ay up to about 1.5. Lee et al. [4] demonstrated that the central difference scheme used
“'. by Bui and Cebeci [3] produces large errors as the curvature increases, but the results of [4, 5] Nt
for A > 10 are not accurate because they used too large a step size in the radial direction. e
JE
A
2 o
W For comparison purposes, results for mixed convection along a vertical flat plate are “-j-:-:.
. . . . AN
v needed. There are numerous studies on mixed convection along a vertical flat plate (see, for -'_‘.-:.-
example, [14] — [19]). The Nusselt number results for this flow geometry have been correlated - . 3
A
i . . m m m . .
) by Churchill [20] using the simple form Nu = Nug + Nuy , withm = 3, where Nu; is the ) i)
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Nusselt number for pure forced convection and Nuy is the Nusselt number for pure free

convection. Chen et al. [14] have carried out extensive correlations for mixed convection along

vertical, inclined, and horizontal flat plates and verified them with experimental data for air.

From the past studies, it is clear that results for mixed convection under UWT conditions
at high values of curvature need to be reassessed. In addition, the combined effects of vanable
surface temperature and curvature on the flow and heat transfer for mixed convection along
slender vertical cylinders have not been studied for the entire mixed convection regime. “This has
motivated the present study. It is noted that free convection along slender vertical cylinders has
been analyzed for the case of power law variation in the wall temperature. Details of this
analysis can be found in [13] and for completeness its highlights are also given in Appendix C.
Some results for this problem were obtained and will be discussed later.

An analysis of the

mixed convection problem under a power law variation in the wall temperature follows.

ANALYSIS

Consider a semi-infinite, vertical cylinder with radius r, that is aligned parallel to a
uniform, laminar free stream with velocity u_ and temperature T_. The axial coordinate x is
measured in the direction of the forced flow and the radial coordinate r is measured from the
axis of the cylinder. The surface of the cylinder is subjected to an arbitrary variation in
temperature T,(x), and the gravitational acceleration g s acting downward. Fluid properties are
assumed to be constant except for vanations in density which induce the buoyancy force. By
employing the laminar boundary layer assumptions and making use of the Boussinesq

approximation, the governing conservation equations can be written as:

Continuity:

d a _
K(m) + 5;‘(”) =0

Momentum:
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Energy:

oT T _a O ( BT)
— r_
or

The positive sign in equation (2) applies to upward forced flow and the negative sign to
downward forced flow. In these equations, u and v are the velocity components in the x and r
directions, respectively; T is the fluid temperature; and v,  and a are, respectively, the kinematic

viscosity, the volumetric coefficient of thermal expansion, and the thermal diffusivity of the fluid.

The boundary conditions are
u=v=0, T=Tyx) atr=r, 4
u-0, T->T_ Asr—oo (5)
u=0, T=T_, Atx=0rxr, (6)

In writing equation (6) it is assumed that the flow and thermal boundary layer thicknesses are

zero at the leading edge of the cylinder surface.

The conservation equations and the boundary conditions, are then transformed into a

dimensionless form by introducirg the following dimensionless variables:

22
ﬂ=———[r2r ;°] (Re,l(/2+Gr,l(/4). z=ri (7
o o}
f(z, n) = Y(x0)/[vro(Rey + Gril )], 0(z,n) = (T = T /[ Tu(x) = T, (8)
Q=% -ar el ©
ex

where Gr, = gf[T(x) — T} x*/v? is the local Giashof number, Re,=u_x/v is the local
Reynolds number, » is the pseudo-similarity variable, z is the dimensionless axial coordinate,

f(z, n) is the reduced stream function, 6(z,#) is the dimensionless temperature, y(x,r) is the
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stream function that satisfies the continuity equation, with u = (dy//dr)/r and v = — (3y/[0x)/r, 2,
is the buoyancy parameter which varies from zero for pure forced convection to infimity for pure
free convection, and y is the mixed convection parameter which vares from zero for pure free

convection to one for pure forced convection.
The transformation yields:

(1 + A" + Af” + %(2 + (1= 0 + )’

(10)

, , 4 o _ g of

~Lta- -x) 0=~z =~ ——
2(1 O+ D (- ,( oz f()z)

(1 + nA)8” + AO’ + %(2 +(1 = )+ )Y’ ~ Pryf0

(1n
v g of 80
B PrL(O az P@z)

f(z,0)=1f(2,0)=0, 0(z,0)=1

(12)
P(z, 00) = 1°, 0(z, 00) = 0
where
A= :z-r’-‘(-)-(Re,'/2 + G9! (13)
is the mixed convection curvature paramecter and
=T e LT~ Tec] (14)

The primes in equations (10)-(12) denote partial differentiation with respect to n, and the plus
and minus signs in front of the term (1 — x)#0 in equation (10) now represent buoyancy assisting

flow and buoyancy opposing flow, respectively.

The system of equations (10)-(12) represents the general form of the transformed
boundary layer equations for vanable wall temperature T,(x) along vertical cylinders in mixed

convection. For the case of power law wall tempcerature distribution, T,(x) = T_ 4 ax", onc has

from equation (14) that
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(15)

Equations (10)-(12) contain three x-dependent parameters, z(x), A(x), and x(x). These

parameters can be related to a single x-dependent parameter £(x) defined by

o= (i)™ e
o]

A=2€2x’ x=(l+Q°é(l+n))—l

Q, = [Gr/Re, "' (18)

with Gr, = Gr, and Re, = Re, for x = r, Also, the right-hand sides of cquations (10} and (11)

become, respectively

_L '_i___af_, ___P_r_ ;a_f__a_o_
4§(P6£ PO{)' 45(005 Pag)

Rewnting equations (10)-(12) one has

Momentum:

" ' ’ 2 . of of
(l+am)f' +a1f' +32ff' +33f, +a40=as(f'((7—é——f’%§—)

Energy:

(1+a,m0"” +a,0" + Pr a,f0" + Pr a,f0 = Pr a5<0"7’—§ - r%
(¢

Boundary Conditions :

fi&,00=1(,0=0 0 0)=1
f(¢,00)=2a;, O 00)=0
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A=A, u=LQ+(1-00+1) u=1G-ha+)

i 23)
a=t(-p', as=-¢4, 2=-n., a=y

.

2

o
XIS @

With A and y related to ¢, the functions f and € in equation (20)-(22) are functions of
(¢, n) and depend on three constant parameters n, Pr, and Q. These equations arec now in the 'i:',ﬁ:"
form that can be solved by the method proposed by Tee et al. [6]. Sce Appendix B for the S
solution method as applied to cquations (20)-(22). lor the purpose of comparisons, the
problem of mixed convection along a vertical flat plate with a power law variation in the wall ;".t":;"'
temperature is also solved. The governing cquations and boundary conditions have exactly the o

same form as equations (20)-(23) with the exceptions that for this case .ﬁ‘\
y 1/2 1/4 PR
= (= }Re,/* + Gr,”) )
1o (s on @4 oRno
E=x, A=0, ag=(+n)l-xx/4 ‘;-__c:.-g

[t should be noted that this problem must be solved numerically from & =110 £ = 0.

R
b

The physical quantities of intercst include the local and average Nusselt numbers, the local

£Y (o
%

o
e

“-
A

and average friction factors, the axial velocity distribution, and the temperature profile.  The

local Nussclt number and the local friction factor can be expressed as

-

Py

1”‘r
e,

’

x
4‘

Pl

Pl

Nu/(Rel? + Grll%y = — 67, 0) (25)

o

-
¢l
.

.'1"
i

2ry,

Cp, =2 =27 (2, O)Re; 2 (26)
PUL

h §

‘-11,
T

: DA%
The average Nusselt number and the average friction factor can be expressed as :f\';,."&

—_ . _ 43 0'(&,0 uq,ﬁi‘ .
Nu J(Rey? + Gr/*) = *411,51.2‘,. ' (x ) ¢dg (27) ';?-f-::r(
0 »

:
Cr,Rel? = 8¢72 L L3, O)ede 28) v
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where £, = ¢ at x = L, and x = y at x=L. The axial velocity distribution can be written as
f(& )
u__
VT @)

and the temperature profile is given by (¢, n) = (T — T_)/(T,, — T,.).

METHOD OF SOLUTION

Equations (20)-(22) constitute a system of coupled nonlinear partial differential equations
in the (£, ) coordinates with parameters Pr, n, ,. The solution method described in [6] was

employed to solve this system of equations.

The first step is to convert the terms involving /3¢ in the following manner.

oH _ P

H) _ P 1
af A—é- (H - Ho) - q(——)o - Af (H Ho) (30)

9¢

where H is a function of (£, ), H,=H, + (a/p)A¢(6H/0¢),, and the subscript “0” denotes
quantities at £ — A¢. The values for p and q are p=1and q=0at { =0 and ¢ = A¢;and p=2
and q = thereafter for { > 2A¢. The f and 6 cquations are then lincarized by using the simple

technique for the product of two arbitrary functions F and G , defined as
FG = FG + GF — G 31

where F and G indicate the values to be guessed. The quasi-linearized function FG expressed
by equation (31) will provide quadratic and monotone convergence. By employing cquation
%, ng and —g—g— and applying equation (31) to the terms
ff*, f2, f6’ and '8 one obtains

(30) for the terms

Aof™ + (a; + AP + Ayf + A+ A0 = Ag 32)

Boo', + (al + B,)O' + Bz() + ij' + Bdfz BS (1;)

where
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Ag=1l+am, Aj=a*f+d*, A,=2b""—d*P,
~ _— o~ (34)
Ay=a*’, Ag=a,, Ag=a*ff’ +b"

By=Ay, B,=PrA,, B,=Pre*’, B,=Pr(e*0—d*d,)

~ ~ ~~ (39)
B, =Pra*d’, Bs=Pr(a*f0’'+e*f'0)

at=a;—-d*, b*=a;+d* d*=a5p/Al, e*=ag+d* (36)
The cocfficients a, through a, and the functions f,, f,, and 0, are as previously defined.

The fand @ equations have now been reduced to a system of quasi-linear ordinary
differential equations. By defining g =" and applying the weighting factors (see Lee et al. [6]),

one can write equations (32) and (33) in the finite difference form as:

fi - fi-l - (A'l/2)(g,- + g[-l) =0 37
A/ (A a2y + agls + apy8p)) + Aoy + Asfy + Ayl = As (38)

Bo/(An)2(B_ 18, + BoBi + B10:1)) + Byf; + Byg; + Byf; = B (39)
where Anis the step size in the ndirection and the subscript “i” refers to values at the nodal
point '11'

In equations (38) and (39) the weighting factors are defined as:

o =W=z1p), o =Wz p), o= —a;—ay
Bo=We—-2%_1p), Bu=Wztip), Bo=—F_1—Fy (40)
W(z) =z[[l —exp(—2)], z=An(a; + A)/Ay, z*=A4n(a, +B)/Bg

Equations {37)-(40) are applied to the interior points. On the boundarics, equation (22)

applies such that
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s N,
b’ f|=g|=0’ 01=] ;:)"’f
A’] (41) 'c
! ot =5t B =00 =0, Bn=2 .
¥
Vs
where the subscript n is the number of nodes in the » direction and a,=y? for mixed o::::"(
ﬁ 'l:'..i
convection. ot
- | | - . 5
) Equations (37)-(41) constitute a system of algebraic equations that can be written in the ,»1.":: \
A
. Noh
trix form W
E matrix fo :‘
A
. [AI[X]=[B] (42)

AN
v‘ . ) '|':¢
where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains “:t| 3
.0‘|.|?
the solution in the form (f,, g, 0,. f5 &, 03 - fo 84 0,)7 is a column matrix of order 3n. ""::

g The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations . 3}

>

. . . . . . . ]

E" (37)-(39) and (41). The matrix [A] is approximately diagonally dominant and equation (42) can :,p:",r\
At

be solved by the Gaussian elimination technique with high accuracy.

k&
gt
N

To obtain values for f’ and 8*, the results for f and 0 along with the boundary conditions

o
?\' )
N ~ ~ ) ’
E\ &, 0)=—af'(£,0)—a,, 0"(&,0=-2a0'¢,0), "¢ 00)=0"& 00)=0 (43) -*:.* y
\ 2
-
are used in a cubic spline interpolation routine (see, for example, Burden and Faires [7] ). As "0
2% 3,
K the solution converges, the boundary conditions become exact and the values for f' and 0’ can ::d: \
K be obtained with high accuracy. I:;"-
s iy
o The present method of solution employs a quasi-linearization of the onginal noalinear ;r_!,r
% Pel
) system of equations and requires initial guesses for f, f’, £, 0, and 0’. The flat plate solution i’_‘_:‘
'.r_:.-.
£-. (ie., & = 0) for the uniform wall temperature case (UWT) for Pr = 0.7 was obtained and these ;—“:
‘\: --,". )
3 results were used as the initial guesses for all other combinations of Pr, n, and , at £ = 0. F'or e
P’B & > A¢, good convergence was obtained by simply letting the solution at the previous node be ,'!

the guesses for the next node. ‘
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The solution method is an iterative scheme. A solution was considered to be convergent .!1":.'.!‘
when the calculated values for f, f', and ¢ differed from the last guess of the respective values by - P -
W

! less than 104 at all nodes. When these criteria failed to be met, new guesses for f, ', and 0 _'Q'_ ::f',
Ry ety

t were found using a weighted average of the last guess and the resulting calculation. ‘That is :,\ \ X
g
i ¢

| fnew =w f+ (l - w)foldv f'new =w f' + (l - w)f’old, Onew =w 0 + (l - w)OOId (44) - ,

l NN
DNy
NN

; Generally w = | resulted in quick convergence. However, for , = 2 it was often necessary to _:'_‘}

1 TR

use under-relaxation with w = 0.5 to facilitate convergence. P
)
T RS
It was found that numerical results depended upon the choice of . As & was increased, gl 2
P
ol t
oy
it was necessary to incrcase . The valuc of n_ was initially sct to 15 and was increased by § »}‘}%
A
when the value of |f —a,/ or@ was greater than 0001 at 5 =098y, Since A
o
(¢, c0) — a, = 0(&, 00) =0, the |f — a,| and 0 values greater than 0.001 at 4 = 0.98y_, indicate it?"
5%,
that the corresponding boundary layer thickness extends past . To make this adjustment for :ﬁg’: '
» o) 3
free convection, all values of f and 8 and their derivatives were sct to zero for n >y, cxcept the @d’{; A
S
values for f were taken to be the value at the old »_ extended out to the new 4. ; "' v
~nh
'
The adjustment for mixed convection is slightly more complicated. Again all values were ; l:::::
ity
- - _ _ . !
sct to zero except the values for f, {7, (—%)0, (g—g—)o f,and ;. They were adjusted as 0':'|
L4
follows. :::;i~‘: 9
NN
S . N 5o
fi=f +anf’;,, =1, (5?)0[ = (f; — £.)/A¢ '.‘\-r'_-:_'{
(45) e
of 3 7 q of R q ofr
(‘a_é')oi = =2 Q0+ e foi=fo t T Aé<a_£‘>oiv Foi+ 5 A< (33)01' > ,ﬁ: -
S
[Vl
R ULy
o
This adjustment introduced less than 1.0 % difference tn the local Nussclt number for Pr=0.7 R )
ol
as compared to a constant run at n = 30. This error was duc pnimanly to n_ being less than 30 i "'."
Ny 3
initially rather than to the adjustment itself. :':}'&
W 'MU.
Y,
NN

It was found that as { was increased, errors resulted owing to the growing boundary layer \ "-"

thicknesses. By using An = 0.01 numenical errors were reduced for caleulations at high values of




the curvature parameter ¢. [t was found that the step size A¢did not affect the solution "7:‘f§:“ )
RN
. A
appreciably and A¢ = 0.1 was used. e
R
nd
RESULTS AND DISCUSSION SRR
ah :
S
Numerical results were obtained for the case of buoyancy assisting flow. They cover .
B "'Q“
O,
Prandt]l numbers of 0.1, 0.7, 7, and 100; values of Q, of 0, 0.02, 0.1, 0.5, 1, 2 as well as the pure ":""::N-!"
-‘.‘f':“",
free convection case; for a power law temperature distribution of the form T, — T = ax®, with ,::’,::;
NN
the exponent n varying in the range from —04<n<0.5 for mixed convection and S "‘:"
—0.5<n<0.5 for pure free convection. These ranges are within the physical limits of n as ‘:'n ‘:.::‘l;
il
. . . . .. SRR
determined in a manner outlined by Gebhart [21]. For pure forced convection the limits are ,f'.‘,::
A
—0.5 < n and for pure free convection the physical limits are —0.6 <n < 1.0. The case of Q,=0 w_' X
L4
corresponds to pure forced convection and €, = co corresponds to either u_ =0 (pure free a o
a4 ) 3
N
convection) or r, =oco (the flat plate solution in mixed convection). The solution method ,Qj:j:n.
gty d
involves a system of simultaneous equations and the results depend heavily upon the choice of F'\ 2 {}E
W Y

n..- References [4] and [13] incompletely attributed the errors at high curvatures to a large step
size in the radial direction. It was found that decreasing the step size does cause a corresponding
decrease and a better accuracy in the local Nusselt number at high curvatures, but that the

velocity profile, for pure free convection in particular, was more dependent on the choice of .

First, the results for pure free convection will be presented. The results of Lee et al. [13]

J for the UWT case were recalculated using a smaller step size of An* = 0.01 and a variable »*_

which was allowed to increase to 45. The radial coordinate »* used in [13] 1s related to » by
nt= n/\/_Z-. As an example, for Pr=0.7, present calculations for Ay = 50 using An*_ = 0.035
and n*_ = 7.071 as was done in [4] yield the result Nu,Gr,; !4 = 16.1, whereas calculations using
An* = 0.0125 and »*_ = 30, as was done in [13], gives Nu,Gr;"*=6.93. For An* = 0.0l and
n*_ =45, the presert calculation gives Nu,Gr;/4=6.46. This is only 7.3 % lower than the
result of [13], and further reductions in Ay* or increases in n*_, did not appreciably change the

local Nusselt number. This led to the choice of Ay* = 0.01 anc' a variable n*_ up to 45.
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The Nu,Gr, '/ results are listed in Table 1. It demonstrates that the local Nusselt number
increases with increasing curvature and increasing Prandtl number for all n values investigated.
It also shows that as the curvature increases the effect of Pr decreases and the value of the local
Nusselt number converges to an asymptotic value. Table 2 shows the Nu,/Nu, ..y values as a
function of the curvature. These values approach one as the curvature increases, independent of
n for all Prandtl numbers. This is anticipated because as the curvature increases the first two
terms in the energy equation become dominant and the equation becomes independent of both
Pr and n. The average Nusselt number results, Nu, Gr, ''4) are shown in Table 3. They show

trends similar to that for the local Nusselt number.

The effect of surface curvature on the local Nusselt number is illustrated in Fig. | for the
UWT case. It is scen that as the curvature increases, the local Nusselt number increases at a
faster relative rate for lower Prandtl numbers. Figure 2 illustrates the effect of the exponent n
on the local Nusselt number for the flat plate. It is seen that the local Nusselt number increases
with increasing n. It also shows a slight dependence on the Prandtl number such that the higher

the Prandtl number the less is the deviation from the UWT case.

Results for (£, 0) are given in Table 4. It i1s noted that the general trend is that f'(£, 0)
increases with increasing curvature, as noted by Minkowycz and Sparrow [12]. Exceptions to
this may be found at high curvatures and may be due to numerical errors. It decreases with
increasing n and increasing Prandtl number as noted by Chen et al. [22] for the vertical plate.
The relationshop between (£, 0) and n is opposite to that for the local Nusselt number. This
can be explained by realizing that lower Prandtl numbers will result in larger velocity gradients
at the wall whereas larger Prandt]l numbers will yield a larger wall temperature gradient and

therefore a larger Nusselt number.

Next, the results for pure forced convection will be presented. Results of Lee et al. [4] for
the UWT case were found to be in error at high curvatures for the same reasons as mentioned
in the case of pure free convection. As an example, results in [4] were obtained using
Ay =0.05and n_ = 10. At Az =50 for Pr = 0.7 and n=0, this gives Nu,Re,'/? = 16.2, which

compares with Nu Re;"? = 6.72 for An = 0.01 and n_ = 45. Further decreases in Ay and »_ did
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not appreciably lower the value of Nu,Re; "2, so the problem was run using Ay = 0.01 and »_,

was varied up to 45.

With »_ increasing for increasing curvature, it is of interest to determine the degree to
which the boundary layer assumptions remain valid. For the boundary layer theory to be valid,
(r; —1,)/x must be of the order of magnitude of the term (Rel? + Grl4)~! where (r, — r,) is the

thickness of the boundary layer. The equations for A and » can be combined to give

rs—r "
2L 2(Rey? + Gy = -/i_(u + At -1 (46)

Typically, n, is defined as the value of n where " and ¢ are within 0.1% of their maximum
value inside the boundary layer. For A =1, n,is about 20 and the nght-hand side of equation
(46) is about 7. 1If [(r, — r,)/x]J(Re}? + Gr}) remains constant and A increases to 50, »n, will
increase to about 620. These values show that the range of n_ can extend very large as the
curvature increases and the boundary layer assumptions will remain valid. It also verifies the
analysis presented in [13] and [12] that for free convection under the UWT condition, the term
that is a measure of the boundary layer thickness may actually decrease despite an increase in

ns. This would happen in the example if n; was less than 620 but greater than 20.

The Nu,Re, "2 results for pure forced convection are listed in Table 5. The table shows
that as the curvature increases the local Nusscelt number increases for all Pr and n that were
investigated. It also shows that as the curvature increases, the effect of Pr diminishes and the
Nusselt number converges to an asymptotic value. Included in Table $ are the (¢, 0) results.
It should be noted that for pure forced convection the momentum equation is not coupled to
the energy equation and thus (¢, 0) is independent of n and Pr. It is seen that as the curvature
increases f'(£, 0) increases, as has been noted in other studies (for example, Seban and Bond
[23]). In Table 6 are listed the Nu,/Nugyy; results as a function of n. The effect of n is seen to
diminish as the curvature increases. Results for the average Nusselt number follow the same

trends as the local Nusselt number, as can be seen in Table 7.
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Figure 3 is a plot of Nu,/Nu,, vs. A; and shows that the local Nusselt number ratio
increases faster with increasing curvature for lower Prandtl numbers and becomes nearly lincar
at higher curvatures. This trend is similar to that for natural convection. The effect of the
exponent n on the flat plate is illustrated in Fig. 4. It shows that as n increases the local Nussclt

number increases and that as Pr increases the deviation from the UW'I’ becomes less.

Calculations for mixed convection were done using Ay = 0.01 and »_ was varicd up to 45.
The independent variable ¢ was varied from 0 (corresponding to pure forced convection for the
vertical flat plate, y =1 and A =0) to the point where either A > 50 or y <0.1. Tables 8
through 13 present the results for Nu,/(Rel/? + Grl/¥) and Tables 14 through 19 present the
results for £/(¢,0). Tables 8 and 14 present the special case of mixed convection for vertical
plates (A =0, Q,=o00). For mixed convection along vertical cylinders, although calculations
were done using the parameter €, to combine the curvature and buoyancy parameters in one
independent vanable &, results are more meaningful when presented in terms of the curvature
parameter A and the mixed convection parameter y. This is shown for the UWT case in Figs. 5
through 8 for the local Nusselt number. In these figures the sohid lines represent the actual runs
for given values of , while the dashed lines are found by interpolation of the computer output
for the values of A presented. In all cases the curve for the flat plate (A = 0) is concave upward
and as y decreases from | to 0 along the constant curvature curve of A =0, the value of
Nu,/(Rel/? + GrY/4) decreases to a minimum in the vicinity of y = 0.6 then increases to its pure
free convection value at y = 0. This is seen more clearly in Fig. 9 for the flat plate,which also
demonstrates that for n # 0, the curves run essentially parallel to the UWT curve. Figures §
through 8 clearly show that as the curvature increases for constant values of y the local Nusselt
number increases. The results shown in Tables 8 through 13 thus reflect the combined effects of
A and y on the Nusselt number. That is, if the Nu, valuc initially decreases with increasing ¢,
as it does for the higher values of €, then the effects of mixed convection are dominant. If it

mnitially increases with increasing £, then the effects of curvature are dominant.

To observe the effect of 2, on the Nusselt number results, one refers to Figs. 5 through 8

and notices that when €0, — oo cither the flat plate solution is approached or the pure free

- -.,‘- "¢ l.\.-r-‘.'-'_ o -"‘ ,_

hE LI

;Lo e N

‘,'-1.

o
5 Bl

L4

L.
L3

’

‘’ 8 o
FAO S
LA,
x
S

o

45
)

L 3

v,

P
Ve
&)\

s

14
p
o

.7

E" -
h¥a 3
“‘!

.:‘::'-
[y

."r
l‘ )

Calny
P
'l"‘

PC B X A o

=
. 4

’(
-

PLln T
. R 8
OIS
o e 1 P
&\"'"i‘] "
w

£ &




convection case is approached. If the curves cut off at y <().]1 were extended they would nse

sharply to run between the curves for Q, = 0.5 and Q, = oo, the pure free convection case.

The local Nusselt number results obtained at high curvatures in this study were much

h
,
lower than those obtained by Lee et al. [4], as has already been pointed out. It was found that
results for higher Prandtl numbers were affected less by a decrease in the step size and an
)
- increase n_. This perhaps may be due to an insufficient value of n_, but it is most hkely due to
! the fact that for lower Prandt! numbers, the first two terms of the energy equation essentially
dominate the cquation, whereas for higher Prandtl numbers other terms in the cnergy cquation :
! remain significant. lee et al. [4] made the statement that for A >4 the solution for mixed
)
)
convection was independent of y, Pr and n. Although this ts true as A — oo, and appears ncarly
:: true for the results of [4] it 1s not the case for the present results. For A < 50, the effect of
varying Pr from 0.1 to 100 remains significant and the pure free convection result Nu, Gr;'* does
not equal the pure forced convection result Nu,Re;'"? which lee’s statement seems to imply.
R For low Prandtl numbers this is nearly the case but for higher Prandtl numbers this is not the
case.
: The average Nusselt number results were also obtained. Those for the UWT case are
presented in Figs. 10 through 13 and those for the flat plate with nonuniform T, (x) are
illustrated in Fig. 14 The trends of the curves are similar to those for the local Nusselt number.
The value of (¢, 0), listed in Tables 14 through 19, in general decreases initially and then
o ) . B : :
p increases as ¢ increases. This is similar to the results of the Nusselt number but the magnmitude
of the increase with increasing curvature is less pronounced for (¢, 0).
PRI
Py
. ._'_.\‘:_\
For practical purposes, correlation equations were developed for the local and average '.-".-::
. .'"_'\":'\.
L Nusselt numbers.  For pure free convection, for 0.1 <Pr<100, -0.5<n<0.5 and OGRS
0 < A < 50(A = Ay), the correlation equation for the local Nusselt number is given by 5
" .\
9 b
. Nu,Gry ' = a (PO[AG(A) + £ ((POAXT + VW) (47) s
¢
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an(Pr) = 0.75Pe 202,51 4 20112 4 2ppy)
A
AN(A) = 1.q1-077
fl,?\'(l,f) = (0045 4 ‘)-27I’r“” 16
\4’\' = {{OBR +0.5 CXP( - Zl’r,'u)] ~ 0.77n}n

W =exp{ — [0.07 + 7.5exp( --3.6Pr/1%))A%T)

The average Nusselt numbers are correlated by

Nu, Gry /4 = %ax(l’r)[llx(A) + 6 n(POAXT + V)

A
By(A) = 14017070
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o
3,108

5

gy
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f, «(Pr) = 0.03 + 0.21Pr 0%
V = (3VyWy ~nW)/(3 + nW)

W = exp( ~0.11A'%)

In equations (53) - (57), A now stands for A with x=1L.

For the case of pure forced convection, for 0.1 <Pr< 100, ~04<n<0.5,

0 < A <50 (A = Aj), the correlation equations are

Nu,Rey /2 = ap(POLARA) + f, ((PHAT(1 + VEW)
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In equations (64) - (67), A stands for Ap with x= L.
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It should be noted that the form of these correlation cquations is such that for the UWT

Ve

casc Vy, Vg, Vi, V, are zero and the last terms in equations (47), (53), (58), and (64) can be
omitted. Also the form of Ay, A, B, and B, are such that for A =0 they become one and for
the flat plate UWT case only ay and a; are needed. 'The cxpression for ay is taken from Lde
[24] and the expression for x, is taken from Churchill and Ozoe [25]). The error in ¢quations
(47) and (53) is less than 8.5 % for the UW'T case and less than 13.5 % for —0.5<n <05,
The maximum error in equations (58) and (64) is about 9.2 % for the UW'T case and about

14.5 % for —04<n <0.5.
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Following Churchill [20], the correlation equation for Nusselt numbers in mixed

convection is expressed by the form
Nu \m_ 1+ Nuy \m
Nug Nug
Nu ym_y, (NUp \m
NUN NUN

This form of correlation has been found to give an accuracy of about 5% for 0.1 < Pr < 100 for

(68)

flat plates with m=3 and was also venfied experimentally for air in the UW'T case [14, 15].
For the present study with a single mixed convection parameter y, the corresponding correlation

equation can be represented by

1
Nu, Nu la-y» i R
(Re,'(/2 + Gr,l(/d) Re,l‘/2 Gr)l®

(69)

This equation was found to be valid for the case of flow along a vertical cylinder with a power
law variation in the surface temperature in the following manner. It was found that as A
incrcases the corresponding valuc for m decreases to 1. This can be secen by observing the
decrease in the concavity of the dashed lines in the Nusselt number figures as A increases. It is
also seen that the concavity disappears more quickly for lower Prandtl numbers. The graphical
technique of Churchill [20] was used to determine the relationship among m, A, and Pr for the
UWT case. Figure 15 shows a sample graph for Pr=0.7. In this graph Nu; 1s the Nussclt
number as a function of A = A, Pr, and n for the pure forced convection case and Nuy is the
Nusselt number as a function of Ay = A, Pr, and n for the pure free convection case. That 1s,
they are calculated from the endpoints of the curves in the Nusse!t number figures at
¥ =0 and 1 for lines of constant A for given Pr and n. Reference lines for various values of m
are plotted and points corresponding to vanous curvatures are marked with different symbols.
For Pr = 0.7 it is scen that as the curvature increases from A = 0 to 50 the value of m decreases
from about 3 to about 1. This was done for the other Prandtl numbers for the UWT case for

both the local and average Nusselt numbers and the relationship
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m = | + 2exp[ — (0.8 + 0.55Pr %A% (70) ]
o ',')\
[}
was developed. It was found that equation (69) was also valid for the flat plate for % '...:
'’
*
~0.4<n<0.5 with m=3 and the valucs of Nu,Re;!2 and Nu Gr;!/* were those obtained for ::g'
iy
the given values of Pr and n, with A =0. For A >0, it was found that equation (70) could be "::::',:::

used for n>0 but was inconsistent for n <0. However, a better relation for n <0 could not be
found. For the ranges of Pr, A, and n > 0 studied, equation (69) along with the m expression
from equation (70) produce results valid to within about 9% when using computer output for

Nu; and Nuy and to within about 14% when using cquations (47) and (58). The

corresponding correlation equation for the average Nusselt number, where Nu,, Re,, Gr,, and y
are replaced, respectively, by Nu,, Re, Gr, and y,, was also found to be valid with the same
accuracy for n > 0. A reliable relationship for n < 0 was not obtained, but equations (69) and

(70) usually will provide a satisfactory result for both the local and average Nusselt numbers.

These correlations presented are in a different form than those proposed by Lee et al. [4]
and Lee et al. [13]. Their forms were derived based on the asymptotic solution as A - oo. As
a resuli, they proposed a logarithmic correlation form for the cases of pure forced and pure free
convection, which may be difficult for usc in practice. The correlations in the present study are
based on the flat plate solution and take advantage of the ncarly lincar relation between the

Nusselt number and curvature as shown in Fig. 1 and 3

The correlation proposed in [4] for mixed convection is also based on the asymptotic
solution as A — co. The correlation presented here is based on the correlation for the vertical
flat plate proposed by Churchill [20], which has been verified experimentally for air [ 15]. It also
is based on the curvature parameter A, whereas in Ref. [4] Ay and Ap were used in the
calculations of the normalized Nussclt number for mixed convection. As y approaches 0 or 1,
these calculations become unwieldy. Therefore, it is suggested that the Nussclt number
calculations for the pure free or pure forced convection, which arc used in the mixed convection

calculations, be based on A.
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CONCILUSIONS

Mixed convection along a vertical cylinder with a power law variation in the wall
temperature is investigated for the entire regime ranging from pure free convection to pure
forced convection. Results were presented for the local and average Nusselt numbers and values
of f'(£, 0) were tabulated. Correlation equations for the local and average Nusselt numbers are
also presented. It is found that the local Nusselt number Nu,/(Rel? + Grl/%) increases with
increasing Prandtl number, increasing value of the exponent n, and increasing curvature for the
entire mixed convection regime ranging from pure free convection (y =0) to pure forced
convection (x = 1). For the vertical flat plate, this quantity initially decreases as y is decreased
from | and then increases to the pure free convection value as y approaches 0. However, this
trend tends to become a linear relationship as the curvature increases; that is, the value of
Nu,/(Rel? + Grl/) for constant curvature A will lie on a line with end points at y =0 and y = 1
for that curvature. This trend is approached more rapidly for lower Prandtl numbers. The
quantity Nu, /(Re!’2 + Gr}/%) follows a similar pattern as that for the local Nusselt number. The
effects of both the Prandt! number and n on the Nusselt number diminish as the curvature

increases, but remain significant for curvatures A < 50 when Prandtl numbers are large.
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Figure 5. Nu,/(Rei/* + Gri/4) vs. x for Mixed Convection, Pr=0.1, UWT
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IV. RECOMMENDATIONS IFOR FURTHER STUDY ::f.',ft’_-‘ﬁ ]

A

From the present study it was found that there exists a need to develop an accurate way of o ‘\'
extending n._ in the numencal computations. Large values of #_, arc required at high curvatures, EEE
but starting out at a large value is both numerically inefficient and can result in calculations ‘::::(
beyond the precision capabilities of the computer. Thereforc n, must be increased gradually By
from 1ts initial value of, say, 10. Secondly, the decision must be made as to when 5 is ::'_',.‘:’.:’
sufficient. This could be done by comparing both the boundary conditions and some sclect -::::PZZ":
points on the velocity and temperature profiles for the solution at onc value of n_ with the o ;‘
solution for an increased value of 5, while keeping the step size An fixed. When there is no ":.:;:.'.E
longer a change in these values, then the solution at that node is accepted and the problem ::::
advances to the next node in the ¢ direction. Limitations to this might be the memory POV .f
capabiltiy of the computer or precision difficulties if the thermal boundary layer is vastly '-“}:_;
different from the flow boundary layer. This can occur for both low and high Prandtl numbers. Eié%‘i'
The memory problem can be helped by trying a step size initially of 0.05. With the increased ?:"E‘& l

value of n_ this may provide sufficient accuracy and should reduce the number of nodes in the

v &

LS

v- l. -lJ ’.

.
&

radial direction.

)
LAY

Experimental results are needed for flow along vertical cylinders for the full rangz of mixed

Vs
?

-~
al
§

\}&%&: \
.v"t“ ok

b Y

convection, ranging from pure forced convection to pure free convection, under various surface

a

heating conditions. Experimental results are essential to dctermine the extent to which the

L

Pd
\l'r
Pd

5
)

imposed surface temperature vanation in the analysis can be realized in the physical world. The

&

singularity at x=0 for the case of n <0 in the power law vanation of the surface temperature,

-

ol
5

..~‘

Tux) — T, = ax", for example, must be accounted for and an experiment 1s the only real way

e

7z

this can be checked.

L4

s
e

Vanations of the problem to include transition to turbulence, or unsteady vanations in

e
X

2
?l
[g
’

<y ®

-
r Y

wall temperature could be addressed. ‘These should be done in conjunction with experiments

#
X
Ao
s
f o

1‘,

[N
P

y

when possible to prove their applicability or to provide information such as when and what type

‘\-ﬁ
| ‘g
2'4"'

L

;‘J L

of transitions to turbulence occurs.
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3 APPENDIX A
! TRANSFORMATION OF THE GOVERNING SYSTEM OIF EQUATIONS IN
4 CHAPTER 2
X
/ In Chapter 2 the solution for the case of natural convection along a slender, vertical PN,
i o
cylinder with variable surface heat flux is presented. Consider a semi-infinite, vertical cylinder :'."‘::
S
‘ with radius r, that is aligned in a quicscent ambicent fluid at temperature 1. ‘The axial _;—g
coordinate x is measured upward when q, >0 and downward when q, <0. The radial .
3 coordinate r is measured from the axis of the cylinder. The surface of the cylinder is subjected
to an arbitrary heat flux q,(x) and the gravitational acceleration g is acting downward. The fluid
)
’ properties are assumed to be constant except for varations in density which induce the
X]
\ buoyancy force. By employing the laminar boundary layer assumptions and 1. aking use of the ;.:::
§ o 0
! . . . . . . -, ¥
3 Boussinesq approximation the governing conservation equations can be written as: :-_F"' '&:ﬁ
nn
c Continuity: Ol
s
9 a a .
o_ 2 _(rv)=0 A-1
| T—(ru) + &) (4-1)
'
Momentum:
y ou a_uzié_(ﬂ) T A-2
“ox TVar T Tar \ar ) HERU ) “A=2
K
Energy:
. ar , T _ a3 _a'r>
! L2 IRV L I " LN A-3
! Yox YV T ar (l r ( )
¥
\
In these equations u and v are the velocity components in the x and r directions T
) Ao
; respectively; T is the fluid temperature; and v, f and « are, respectively, ithe kinematic viscosity, ‘:\ "
- , . , e : e
the volumetric coefficient of thermal expansion and the thermal diffusivity of the fluid. \:l‘ h
WY
’
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The boundary conditions are

Y aT_—qw(x) ; _ _

u=v=_0, 7P atr=r, (4~ 4)
u—-0, T-", Asr—oo (A-95)

u=0, T=T, Atx=0r>r, (4 ~6)

In writing the last boundary condition it is assumed that the flow and thermal boundary

layer thicknesses are zero at the leading cdge of the surface.

The conservation equations, along with the boundary conditions, are transformed into a

dimensionless form by introducing the following dimensionless variables:

2 2
-l N ;°] (Gr 455, a= f—:((ir;/sr‘/s (A4 -7)
o

(T = T )G, *5)'

qu(x) x/k (4-8)

f(2, n) = Y(x0)/[Svrg(Gr*15)'*), 04, n) =

Gr,* = gBq,, (\)x*[kv? (4 -9)

where n is the pseudo-similartty vanable, f(4, ) is the reduced stream function, 6(4, ) is the
dimensionless temperature, 1 is the curvature parameter, and y(x, r) is the stream function that
satisfies the continuity equation, with u = (dy/dr)fr and v = — (dy/dx)/r. The transformation

yields

U= 5GP ) (4 - 10)

f Wi MW ™ ;
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of &8 \uys){( of aa M \ /. 1/5.4/5
—_sJof 2B A, o0
v "r<5kv2) {(az ax”ax>(q‘"x )

d
+ l‘[l /sq;“/ﬁ—:xw x4 4/5x“/5qlv/5]}

du 8B Noss)f of 81 | o, O \/ 2535
au L fr'—
ax ”( 5,“2) {(a; ax ax)(q‘" )

d _
+ f’[Z/Sq;3/5——-——;xw B4 35k 5q3v/5]}

du _ 35S 2T ¢
*E = SV(GTX’/S) X Ef (}., é)

o ( ou\_ 35, =2 € o a5 31 o
. (r ar)‘ 10v(Gr */5)"'°x rol’ + 5v(Gr, */5)"" " 'x r—zf

i

[}

el Sl A

B Gry19) o)

g8 \-is (ggﬂ ,_a_,l_) a5 1/5
Skvz) { o o H 050 )@ x?)

4 159y 1y5 . 1 a5 4/5

T-T,=

-

5

227,

- _m.

I_ 9w
k

J r
- —0'(4,
2 oW e

a aT — qw r ’ qW -1 l/S r3 "
(G =2 oo 2!

o

in which the primes denote partial differentiation with respect to .

Substitution of cquations (A-10) through (A-18) into equations (A-1) through (A-6)

results in

T T % e ™ ™ R Y, S A

" W W W WU e Y e RS, . S A Y BT R e
:.'\...-.!.u.!‘:‘.'l‘- \0-'31'. A AR AN O N ‘. 0. ﬂ\ l.. Do e L™ UM l‘. UM L a M # -"-Otlllc n e o‘n- v..‘v
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(L+g)f" + M+ + P =y + D2+ 0= Ay ~ I)(f"% - %) (4 - 19)

(1 + n)8" + 28" + Pr(y + OO’ — Pr(dy + DfO = Pra(y — 1)(0’%~ - r%‘;—) (A - 20)

(4,00 =F(,0=0 0(40)=~1

(A -21)
f(1,00) =0, " 0(h,00) =0
where
dq
=_X w A—-22
Qw dx ( )

The system of equations (A-19) through (A-22) represents the gencral form of the
transformed boundary layer equations for variable heat flux, q.(x), along vertical cylinders in
natural convection. For the case of power law heat flux distribution q,(x) = ax* , onc has from

equation (A-22) that

y=n (A4 —-23)

For long slender cylinders, the curvature parameter 1 = Zrl(Gr,*/ 5) 'S can be large. To
]
lower the maximum value of calculations in the x or 4 coordinate, onc introduces a new £(x)

vanable defined by
2
A=C¢ (4 -24)
with C = 2. 5",

Substituting equations (A-23) and (A-24) into equations (A-19) through (A-22) results in:

Momentum:

YT

(l+aq)f"’+af"+aﬁ"+af'2+aO=a f"—‘Z ot (4 -29)
i 1 2 3 4 5

-'I’n vv‘.“
"u'.':;

$ d‘:!:
:
A

4

"7
5‘1?5’:’"
ELTLES,

“fr‘!}‘{ h g
=%

:__,',-

by

-.',.1,; e S
et L Laps
) * =»-:ff€=-f'-?:f'."‘a
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(1 +aym)0” +,0" + Pr a0’ + Pragl0 = Pr as(ol—gfL - g%)

Boundary Conditions :

(6,0 =P, 0=0, 0¢EN=—1
(£, 00) = 0(¢, 00) = 0

where
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(26)

(27)

(28)

The proposed method of solution , developed by Lee et al.  (1986b) requires boundary

conditions in terms of f, f and 8 at n= 0. In cquation (27) one has (4, 0)=— 1.

necessitates an additional transformation. Let

$(&. n) = 0(&, [0, 0)

Then:

0(%. n) = $(5, mO(, 0)
0°(¢,n) = ¢'(£, )¢, 0)

0" m) =¢" (&, Mo 0)

Substituting 8’(¢, 0) = ~ | from equation (27) into equation (31) for n = 0 results in

0=

Substituting cquation (33) into equations (30) through (32) lcads to

0% m) =~ ¢S, n)I4'(, 0)

BTN T M al o o' M O O Wty o e B ot SO 8 T T, e N St

This

(29)

(30)

(3D

(32)

(33)

(34)
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0'(Cm) =— 'S, )¢S, 0) (439
0”& m)=—¢"({,m[¢'(£,0) (4 ~ 36)
00 __a [ s¢n .

Substituting equations (A-29) through (A-37) into equations (A-25) through (A-28) results in :

(L4 am)” +a,f" + a)ff” + ay02 + a,¢ = ag( 2L 4 20 (A ~ 38)
1 1 2 3 5 aé 55

(1+am¢" +a,¢’ + a,Pr ¢’ + aPr '

A -39
— Pras ¢'ai§ - r<¢>'(<:, 0)[%( ¢,(‘§ 5 )D ( )

Boundary Conditions :

fGO=E0)=C0 ¢¢0=1

(A - 40)
f(¢, 00) = ¢(¢,00) =0
where a, through a, are as before and
34
= _ A-41
TR e

The boundary conditions are now in the proper form to be used in the finite difference solution

method described in Appendix B.

The physical quantities of intercst are the local Nussclt number Nu,, the average Nussclt
number Nu,, the local wall shear stress 7, the axial vclocity distribution u, and the temperature

profile ¢(¢, ). The local Nusselt numbser is defined by

hx
Nux=—k— (/1—42)
N S D N N T P I I M P P SR S R e T L AL S RIS RO
AR T T I I N A N N o AP Y O A Y PP P P T PN PP NN P AP MR PN P IR
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E where h=q,/(T,— T_). Substituting q, from cquation (A-4) into equation (A-42), followed
}
by the transformation, results in
Nu(Gr.* -us_ 1 A-43
| n(Grgt19) ™ = g (4~ 43)
)
Substituting equation (A-33) into equation (A-43) onc obtains
Nuy(Gr*/s)”™'° = ~ ¢(2.0) (A - 44
!
The average Nussclt number is defined by Ny, = h% where the average heat transfer
; coefficient, A, is obtained from
_ ] L
! h= _l—." hdx (4 — 45)
- 40
- Substituting A into the definition of A and carrying out the integration one obtains:
R L
NuL«hLvﬂ“”5=.-L‘“+””f B g 0)xdx (A ~ 46)
0
: From equations (A-7) and (A-24) one can write
1-n
(x/t5) 1/10
= ———— A-~47
¢ [ Geg* ( )
N x = ro[ Gr*¢'?]' (=" (A ~ 48)
)
x—ldx= 1 ! f_ld:f (A~ 49)
= where Gr,* = Gr,* at x=r1,; that is, Gr,* = gf(ar? ) rf/kv2. Substituting cquations (A-48) and
(A-49) into equation (A-46), one gets

LA A

e {1,
Nug (Gr 457 1° = - 0] f “eMare, 0)de
0

where

R

- P T - NI PN L P R
R T T e iy o T 1 g 3 e T N T AV L O

Mo ¥ e al
Dot h - 8 s

(A ~ 50)

(‘-\"" {\J".-' » \_'

LN



(i =¢ at x=1,

M=(7+3n)j(1-n), N=@+2)/(n- 1)

As & — 0, equation (A-50) approaches
B _
Nu (Gry 4973, — 3 0,0
Nuy ( my, 5 E-s0) T+ n p'( )
My
. Next, from the definition of local wall shear stress
N
o = M
w f ar r=r,

=

one obtains, by substituting cquation (A-13) into cquation {A-53),

S S_f_l'_;__((;rx0/5)?/511:(:' ())

From cquation (A-10), the axial velocity distribution can be wntten as

X S(Gr*15)2 P, n)

v
i . .
v and the temperature profile ¢(&, ) s given by equation (A-29).
.
4
it

DO OO SO

(A

51)

52)

-583)

- 54)

55)

N
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APPENDIX B
METHOD OF SOLUTION FOR THE SYSTEM OF EQUATIONS IN CHAPTER 2

Equations (A-38) through (A-40) in Appendix A constitute a system of noniinear partial
differential equations in the (¢, ) coordinates with parameters Pr and n. The method of lee et
al. (1986b) is employed to solve this system of equations for natural convection along a vertical

cylinder with q, = ax".

The first step is to convert the terms involving d/d¢ in the following manner.

M P m-ny)-qdh =B -1

Py FANY: #-D

where 1 is a function of (& n), H, = H, + (q/p)AE(@H/d¢E),, and the subscript “0” denotes
quantitics at ¢ — A¢. The values forpand qare p=1and q=0at { =0 and ¢ = A¢,

and p=2 and q = | thereafter for { > 2A¢. Thus we have

o P . = _
s (B~2)
o _ P p_j _
v (B-3)
d ¢ p [ ¢ 0), p -
HEQDY Sof ——— = 1 2227¢ ——(¢ - -4
where
f = a o _
fo=1f,+ P M(a: )o (B-5)
Fo= 9 Aef O _
fo=Ff,+ D A"(ag )0 (B—6)

'.' hledy) ke I,

.4

4
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g o q 9¢'(£, 0)

- q 0¢
¢o—¢o+i;Af<3?)o

The f and ¢ equations arc then linearized by using the simple techmque for the product of

two arbitrary functions F and G, defined as

FG = FG + GF - FG (B —9)

where Fand G indicate the values to be guessed.  Applying equation (B-9) to the terms

fr*, 2, f¢’, and ', one obtains

=" + 06— 0f

2= 2ff — 2 B - 11)

(B-12)

P =P +d -1 (B—13)

Substituting equations (B-2) through (B-13) into cquations (A-38) through (A-40) results

Momentum equation:

(1 +am)P" + [a, + (ay — a5 p/AL) T +ag p/AZ £,] "

+ [2(33 + ag p/Aé) F — dg P/Af Fo] ff + [(32 — dg p/At,r)f:l] f+ 2!74) (” - ]4)

2

r L

= [(ay — a4 pIAE)TfT' + (ay 4 ag p/Aﬁ)T’Z]

Y N e
I,l
'.':"‘n's

[
o o L

T,
X
)

Energy equation:

P4
2 Y

L3
* )

LA N
l.

2
‘e

"y
5% 5]

» »

AMAIAN X
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P
@ :J" o
(1+an)¢” + [a + Pr(ay - asp/ASf + Pr(asp/A¢)f, 14’ E"'&'
~ ~ _ )
i + [Pr(ag + ag(asp/A&N "1 + [Pr{(ag + ag(asp/AL)) — asp/Ag ) (B-15) L.
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I Boundary conditions:

6, 0=PEO=0 ¢ 0)=1
f(§, 00) = (£, 00) =0
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where all terms have been defined except for
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Equations (B-14) and (B-15) can be rewnitten in the following form.
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Aof'” + (a‘ + A])f” + Azf' + /\3f+ 1}\44) = /\5 (IJ - 18)
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Bod"” +(a; + By’ + Byo + Byl + Byf = By (B-19)
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where

Ao=1l+apm, A =a*f +d*f,
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Ay=2b*f" —d*F_, Ay =af (B 20)
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By =Pr(e*d —d*$,), B, =Praty’ (B - 21)
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and the other vanables are as previously defined.
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The system of cquations has now been reduced to a system of quasi-lincar ordinary
differential  equations. By defining g=f and applying the weighting factors

(see Lee et al. (1986b)] one can write equations (18) and (19} in the finite-difference form as:

fi'_fi~| —(An/2)g; +g_)=0 (23
AO/(Ar,)z(a_lgi_] + apg; + “+1gi+|) + A + Al + Ay = Ag (24)
Bo/(AmAB_,bi_, + Bobi + By 6i4y) + Byd, + Byg, + Buf, = By (23)

where Anis the step size in the ndirection and the subscript “i” refers to values at the nodal

point n,.
In equations (24) and (25) the weighting tactors are defined as:

a =Wl =79 ayy =Wdz,,5). ag=-a_;~ay,
Boa=Wd—2% ) Ba=Wde*i10) Bo=-8_1-B4
W(z) = 2/(1 - exp( — 2)
z=An(a; + A)/Ag,  2*=Ana; + B))/By

(26)

Equations (23) through (25) are applied to the interior points. On the boundanes.

cquation (16) is wntten as

fi=g =0, ¢,=1
an )
b=ty - —T(gn t8-) =8 =¢p=0

where the subscnpt n is the number of nodes in the » direction.

Equations (23) through (27) constitute a system of algebraic cquations that can be wntten

in the matrix form

(AJX] = [B] (28)

where [A] ts a band matrix of order 3n and bandwidth seven. The array [X] which contains

the solution in the form (f,, g, é,. f,. g, ¢2 ..., fi. &. ¢.)7 is a column matrix of order 3n.
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where [A] is a band matnix of order 3n and bandwidth seven. ‘The array [X] which contains
the solution in the form (£, g, ¢, 5, & ¢35 - fur gar $)7 is @ column matnix of order 3n. ™
The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations
(B-23) through (B-25) and (B-27). ‘The matrix [A] is approximately diagonally dominant and Aty

equation (B-28) can be solved by the Gaussian elimination technique with high accuracy.

j To obtain values for f’ and ¢’, the results for f and ¢ along with the boundury “4

conditions

P8, 0) = — a, (£, 0) — ag @B - 29)

~ ¥
$(8,0) = — a,8"(2, 0) (B 30) .'!

£°(&, co) = ¢"'(&, 00) = 0 B -3 <.

. . . . . . \ 1
are used in a cubic spline interpolation routine [sce, for cxample, Burden and Faires (1985)]. \':..1
As the solution converges, the boundary conditions become cxact and the values for 5L

£’ and ¢’ can be obtained with high accuracy. o

The present method of solution cinploys a quasi-hneanization of the onginal nonlincar AN
system of equations and requires initial guesses for f, f, £/, ¢, and ¢’. The flat plate solution -:‘r\‘
s

(1e., ¢ = 0) for the uniform surface heat flux case (UHE) for Pr = 0.7 was obtained and these Sl

; results were used as the initial guesses for all other combinations of Pr and n at & = 0. For :.?-'C'\
¢ = A&, imtial guesses were taken to be the results at ¢ = 0. At & = 2A¢, a lincar cxtrapolation - ﬁ.

of the results at ¢ =0 and ¢ = A¢ was used. l'or ¢ > 3A¢ a three point inverse polynomial .\"'\‘\.E_

extrapolation was used [see, for example, Traub (1964)]. This approach was found to improve :-_u"'\;\.

the convergence of solutions up to 40% faster than simply using the previous node’s values as

.
the first guess. ’

To mmprove convergence of solutions it was found that the value for 5 needed to be e

taken larger as the value of the curvature parameter ¢ increase. The value of »was mitially sct

to 10 for Pr 2 0.7 and to 15 for Pr = 0.1. It was increased by S when the value of 17 or ¢ at
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n =098y, was greater than 0.001. Since f'(¢, 00) = ¢(&, 00) =0, the {" and ¢ values greater
than 0.001 at n = 0.98y,, indicate that the corresponding boundary layer thickness extends past
n.. To make this adjustment, all values past n_were set to zero except for f which was taken to
be the value at the old n_, extended out to the new 5. This adjustment introduced less than 0.5
% difference in the values of the local Nusselt number when compared to a constant run at
N = 30. This error was due primarily to »n_ initially being less than 30 rather than to the

adjustment itself.

The solution mecthod is an iterative scheme and a solution was considered to be
convergent when the calculated values for f, ', and ¢ differed from the last guess of the
respective values by less than 104 at all nodes (i.e., at all 5 valucs for a given ¢). When these
criteria failed, new guesses for f, f, and ¢ were found using a weighted average of the last guess

and the resulting calculation. That s,

e = o f + (1 — @)y (B - 32)
?'ncw =wf +(1 - “’)F'old (B - 33)
Fnew =@ ¢ + (1 —~ w)byyq (B - 34)

where wis a relaxation factor. Generally w = I resulted in quick convergence. THowever, if
1, was too small or for some small values of Pr and n it was somctimes necessary to use

under-relaxation and set @ = 0.5 to facilitate convergence.

It was found that as ¢ was increased, crrors resulted due to increasing boundary layer
thicknesses. By using a step size of Ay = 0.01 crrors were reduced for calculations at n = 0 at
high values of the curvature parameter £. It was also found that the solution was not sensitive

to the step size in ¢ and A¢ = 0. was uscd.
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APPENDIX C

TRANSFORMATION OF THE GOVERNING SYSTEM OF EQUATIONS FFOR THL
SPECIAL CASE OF NATURAL CONVECTION IN CHAPTER 3

In Chapter 3 the solution for the case of natural convection along a slender vertical
cylinder with vanable surface temperature is presented as a special case.  Consider a
semni-infinite, vertical cylinder with radius r, that is aligned in a quiescent ambient fluid at
temperature T_. The axial coordinate x is measured upward when T, > T and downward
when T, < T_. The radial coordinate r is measured from the axis of the cylinder. "The surface
of the cylinder is subjected to an arbitrary variation in temperature I',(x), and the gravitational
acceleration g is acting downward. Fluid properties are assumed to be constant except for
variations in density which induce the buoyancy force. By employing the laminar boundary
layer assumptions and making use of the Boussinesq approximation the governing conservation
equations can be wntten as:

Continuity:

d d
I—(rw) + S—(r) =0

Momentum:

In these equations u and v are the velocity components in the x and r directions
respectively; T is the fluid temperature; and v, f and « are, respectively, the kinematie viscosity,

the volumetric coefficient of thermal expansion and the thermal diftusivity of the flnd.

b y}-‘_l'- LN P Y .4-.('_-"‘_‘.:\ O
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o
'
The boundary conditions are ?* 3

u=v=0, T=T,x) atr=r, (C-4)

-
t

i3

g
]
u—=0, T->T_ Asr—co (C-95) :f
h

-
3

u=0, T=T Atx=0,r>r, (€~ 6)

AP

e
oy 'Q,_ N

In wnting equation (C-6) it is assumed that the flow and thermal boundary layer

-~

R |
P.

thicknesses are zero at the leading edge of the cylinder surface.

}.

2R

The conservation cquations and the boundary conditions are then transformed into a

»
@ dimensionless form by introducing the following dimensionless variables: t‘:ﬁ"‘ X
# _ [r2 - rg] C 4 1/4 - 2X (* 4 —]/4 (" 7 :\.:(‘9::.
»\'; - _2!;;_( }rxll ) ) A= 'r_o—( ’rx/ ) ( - 7) '\:J:“
ot N
;’:" .\'C\
v
\{-
- e e . e . %
i (2, ) = WD/[4vro(Grgd) ) 0 ) = (P =T MTW(0 - T,) (€ -¥)
: T{ )
ey
Py . - 73,2 . :‘g‘. ‘
& Gr = £BIT(0) — T, ] v (©=9) '
M ,*
WY
o ol
where # is the pscudo-similartiy vanable, f(4, n) is the reduced stream function, 0(4, %) is the E{.‘;
' o
-~ dimensionless temperature, 4 is the curvature parameter, and y(x, r) is the strecam function that E;ﬁ
LY i,
satisfies the continuity equation, with u = (3y/dr)/r and v = — (dy/dx)/r. The transformation °
V.'-f-:.
N\ yields N
3 Sl A
LA
TS
N u=42(Gry4)' (1, n) (C - 10) ,::\
‘;' » Ll
o r o 34, of w3 |
" —_afo 24 (O 0A g O N g g 1834 e,
] v=— a2y gy (20 S, - 1,) 3
o (© -1 o
- 1 o =3a MV =T ) 3 A e 1[4 N
[3 +f{Z(TW—1oo) /_w,_ax_"‘;x/ + 3/4x /(lw__lm)/}jl \.-.
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ou _ u2) el 2f Ler _op -.,26(Tw—'l‘oo)>
% _ 4(gp/4) Hx (Lo -m e te)

0x
(€ - 12)
1 -2 1/2] W2 o 12) 0 O OF 02
+5x (Ty =T | +x"(Ty=Ty) [f 3o ]}
G = (G 2L, ) (€ 13)
ar To
Q—(r—"i) — 8v(Gr 4 2L 4 4u(Gr AL (€~ 14)
o \ or x o * (2,
T =Ty, = (Ty(x) = T,)0(4, n) (C = 13)
ar _ 0T =Ty) . .. (00 94 _ 5 0On .
Ol g w el - 90 04 | o1 c-16
x 0 Ix = To) 9 0x+0 ax ( )
% =(T, ~ '1‘00)0'(?:—,(((15/4)”") (C-17)
0 aT \ _ (Tw—T,) 1/8) 200 f 1 1/4 , 5
E_—(r——é;—) = = (Grg4)' 0 (TZ)T(G'*/‘” ) + 210 (C - 18)

in which the primes denote partial differentiation with respect to 7.

Substitution of equations (C-10) through (C-i8) into equations (C-1) through (C-6)

results in

(4P + A0 + (y + T =2y + D2 +0 = Ay — 1)(1*’% _ %t,l ) (C = 19)

(1 + n1)0" + 40" + Pr(y + 30" — Pr(4y)f0 = Pri(y — 1)(0'% oy ﬂ) (C - 20)
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f(2,0)=1(4,0)=0, 0(,0)=1
(C-21)
(4, 00) = 0, 0(4,00) =10
where
_ X i e o _
y= —-_——Tw(x) T dx {Twx)-"T_] (Cc-=22

The system of equations (C-19) through (C-22) represents the general form of the
transformed boundary layer equations for varable wall temperature T (x) along vertical

cylinders in natural convection. For the case of power law vanation in surface temperature,

o

o

2
Yo lx
%)

-
E\:;
. v

3

=X

%y
o

-
e

Tu(x)=T_ + ax" , one obtains from equation (C-22) that ..:' ;
| 0
Y= n ((,‘ e 23)
RN
A
e
X RVt
For long slender cylinders, the curvature paramcter 4 = 2-HGr,f4) ' can be large. To -.-"_:.‘,’_‘\; J
4] i ' '
D Vi il
lower the maximum value of calculations in the x or 4 coordinate, onc introduccs a new £(x) ANy
@
variable defined by :":;‘ -';:
]
N i '
~ g2 . byl .
A=C¢ - (C - 24) i,y
' 4
with C = 2. 4", .
gy
faty
Substituting equations (C-23) and (C-24) into equations (C-19) through (C-22) results in: %‘4
. %!
Momentum: .‘ﬁ:‘i o'
(1 + a]'])f”' + alf” + a2ff” + a3f’2 + 3.40 = as(f”% - P%) ((“ - 25) :.’
[§
Encrgy:
” ’ . ’ ) T JUN § ’ (}' ()0 ’ 4
(I+am)0"” +a,0' + Prayf0’ + Pra,f0="Prag{0 5 (”—3? (C - 26)
¢ a&
Boundary Conditions :
D R D e e A B
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(2,0 =1 0=0, 0¢0)=1
(&, 00) = 0(¢,00) =0
where

a1=C62, a,=n+3, a;=-2n+1

=1, a;=¢m-1)2, ag=-4n

The physical quantities of interest arc the local Nusselt number Nu, the average Nusselt

number Nu,, the local wall shear stress T, the axial velocity distribution u, and the temperature

profile 8(¢, n). From the definition of the local Nusselt number

along with q, = — k(0T/dr),. ., one finds

Nuy(Gr/4)"* = — 0'(£, 0)

The average Nusselt number is obtained from the expression

Substituting A into equation (C-31) and carrying out the integration, one finds:

—_— L
Nm(GqJM_”4=-—LfO+MMJ AL T PR Y
0

From equations (C-7) and (C-24) onc can wnte
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(C - 27)
(C — 28)

(C - 29)
(€ ~ 30)
(€ =31
(C - 32
(C = 33)
(C 34
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x dx =

> Aatafa™ .‘TJ.\‘{‘J\TX‘U‘
¢

where Gr,=Gr, at x=r, that is, Gr, = gf(ary)r}/v?. Substituting cquations (C-34) und

(C-35) into equation {C-32), one gets

— _ (é
Nay@Gr ! = - A [ Mo o
0

where

gl‘:é at x=1.,
M=(5+3n)/(1—-n), N=(6+2n)/n-1)
As ¢ = 0, equation (C-36) approaches
—1/4

Nug(Gryd)™ "% g =~ ﬁO'(O, 0)

Next, the local wall shear stress is found from

1, = u o
4 (3!' = |'0

Substituting equation (C-13) into equation (C-39) onc obtains
7, = 4 (G0, 0)
X
From equation ( C-10 ), the axial velocity distribution can be wrtten as
L2 =4(Grya)' (e )

and the temperature profile is given by 0(¢, n) = (I'="T )/(1. - T.).
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APPENDIX D

TRANSFORMATION OF THE GOVERNING SYSTEM OF EQUATIONS FOR MIXED
CONVECTION IN CHAPTER 3

In Chapter 3 the solution for the case of mixed convection along a slender vertical cylinder . “
with vanable surface temperature is presented. Consider a semi-infinite, vertical cylinder with :g\'
radius r, that is aligned parallel to a uniform, laminar free stream with velocity u_ and E$ .’
temperature T_. The axial coordinate x is measured in the direction of the forced flow and the ,.,..’ '.‘:.'
radial coordinate r is measured from the axis of the cylinder. The surface of the cylinder 1s :’:::a::i
subjected to an arbitrary varnation in temperature T,(x), and the gravitational acccleration g is ,P-

o A

acting downward. Fluid properties are assumed to be constant except for variations in density

)

Yy S "2

A
P
5 B

P

which induce the buoyancy force. By employing the laminar boundary layer assumptions and

‘2
- Ay -

._(,.‘\-

making use of the Boussinesq approximation the governing conservation equations can be et
SRR
written as: * 2 AN
@
Continuity: f:f-."-. X
r:»?",:-l‘:
2 d o
¢ g_ =0 N ;
() + T(rv) (=1 B
n".H’&h
Momentum:
du du_ v ( 6u> o
— 4 V= — =) + gB(T ~ 1 D=2
bk TV T T o T ) HEFT ) (-2
Energy:
or or _ E_a_< ﬂ) D=3
Yo TV T \ar (D=9

The positive sign in equation (I)-2) applies to upward forced flow and the negative sign to
downward forced flow. In these equations u and v are the velocity components in the x and ¢
directions respectively; T is the fluid temperature; and v, B and a are, respectivily, the kinematic

viscosity, the volumetric coefficient of thermal expansion and the thermal diffusivity of the fluid.
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The boundary conditions are
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u=v=0, T=Tyx) atr=r, (D -4

r l'l
- J",'J
LR I
f{,';;
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u—0, T-T_  Asr-oo (D -5)

fore]
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u=0, T=T_  Atx=0,r>r, (D - 6)
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In wnting equation (D-6) it 1s assumed that the flow and thermal boundary layer thicknesses are

2

o

zero at the leading edge of the cylinder surface.

X,
b
T

LA
AN

The conservation equations and the boundary conditions are then transformed into
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dimensionless form by introducing the following dimensionless vanables:
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2
(r — r(z,)
2rx

)
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2 ..
(Rc,"/ +(:r,'(/4), z:% (D=7 NG
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R
isial
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o

fz n) = p(xD[vro(Rey? + Gri™), 0@ ) = (V=T YMTW(x) =T 1 (D —8)
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Q, = =1+ QH! (M- 9

1 4

5,5
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Gry=gB[Ty(® — T, 1V, Reg=u_x/v (D - 10)
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where »n is the pseudo-similanty variable, z is the dimensionless axial coordinate, f(z, y)1s the

reduced stream function, 8(z, ) is the dimensionless temperature, ¥ (x, r) is the stream function
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that satisfies the continuity equation, with u=(d¢/dr)/r and v = — (dy/dx)/r, €, is the
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buoyancy parameter which varies from zero for pure forced convection to infinity for pure free

s
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convection, and y is the mixed convection paramcter which varies from zero for pure free
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convection to one for pure forced convection.
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in which the primes denote partial differentiation with respect to y.

Substitution of equations (D-11) through (D-19) into equations (D-1) through (1)-6)

results in
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is the surface curvature parameter and Ay

X d -

= [T, (x) =1 D- 24
The plus and minus signs in front of the term (1 - ) in cqaation (520 now represent AN
buoyancy assisting flow and buoyancy opposing flow, respectively.  Tor pure forced convection LY

x = 1 and for pure free convection y = 0.

The system of equations (D-20) through (I>-24) represents the general form of the r/‘\'::\f-.

transformed boundary layer equations for varable wall temperature T,(x) along vertical
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cylinders in mixed convection. For the case of power law vanation in the surfuce temperature,
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LEquations  (DD-20) through (1)-22) contain  three  x-dependent  paramcters,  #(x), MO
A(x), and x(x). These parameters can be related to a single x-dependent parameter E(x) defined e,
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with Gr, = Gr, and Re, = Re, for x = 1, Also, the right-hand sides of cquations (13-20) and
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With A and y related to &, the functions f and 0in cquation (1-32) to (D-34) arc
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functions of (&, n) and depend on three constant parameters n, Pr, and Q.. These equations are

" now in the form that can be solved by the method proposed by Lee et al. (6] Sce Appendix |

. s
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"

for the solution method as applied to equations (13-32) through (D-34).
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The physical quantities of interest include the local and average Nusselt numbers, the local

T
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and average friction factors, the axial velocity distribution, and the temperature profile. The
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local Nussclt number is defined by
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where A= q,/(T, —T,) and q, = — k(dT/dr), , . Thus, it can be shown that
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The average Nusselt number i1s obtained from the expression
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where x, =y at x = L. From equation (D-26) r"\-’ﬂ';

X = r()Rco¢4 (/) - 42} ':': Lo

x'dx = 4¢7de (D - 43) )

= Substituting equations (D-42) and (D-43) into equation (D-41), one armives at
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0RO, P 3

Nu- /(Re}? + Gri*y = —4x, & f ; -
0 D

where ¢, = € at x = L. As & — , equation (D-44) approaches ® ’

—————— " +
r Nu, /(Rel? + Gr{!*); Lo = —20°(0,0) T - 45) S

The friction factor is obtained from the definition AN

A
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Substituting cquation (D-14) into equation (ID-46) results in
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The expression for the average friction factor is derived from
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i Substituting equation (1J-14) into equation (1)-48), one obtains
1/2 o 2.-3 1
. Cp Rey/* = 217" J x 27, 0xNdx
0

D
Next, substituting equations (D-42) and (D-43) into equation (DD-49), one obtains

112 —2 % 3

Cr Rep!" =8¢ x 17(&,0)8d¢
0

)
. As ¢ — 0, equation (D-50) approaches

. 12 ,
:.‘ (’fl_RCL/ £0 = 4f (0, 0)
X IFrom equation (D-11), the axial vclocity distribution can be wrtten as
bol u - {’(é) ’1)
) U, x2

and the temperature profile is given by 8(&, ) = (T

. ) N o n o -
D O T o L T O TR T4 O o it o I Db

=TT, —T,).

UMUK M U L o U ™

’
»

td

129
(D~ 49)
(D = 50)
(D - 51)
(D - 52)

IR LI

5 Y-
"l,lt.l.
. 'r

" Pl s

Wl

Ay
&

L‘
TR

£
739

".'>

.'l
b -

e
Q‘f:.. 7

_‘.{ <

:{1
LY
Pt

Ey
S

}' 1

>

e
S
vy @ L

i )

v

LA
Tat :{“:"t‘ e
'k 't"n' .;' Lok

=

Ot
Pl
i d

X

f"
b 3

AR
N
fe
LA

zl'
o
X5

II u]-:.?;',.l-“ .
R '% <
EEEE A

a

Id
)
-



LR DT VARG TR TR TN LR JORCRR PR YO P Pk RO ¥k ™ e ™

APPENDIX E

SOLUTIONS OF THE SYSTEM OF EQUATIONS (C-25)-(C-27) AND (1)-32)-(D-34)

Equations (C-25) through (C-27) are identical in form to equations (I>-32) through
(D-34), with the coefficients a, through a, given by (C-28) for pure free convection and by
equation (D-35) for mixed convection. The solution method of [ et al. [6] was employed to

solve the two systems of equations.

2,

The first step is to convert the terms involving J/3¢ in the following manner.

‘:a 2!
e

I"

“x_®
2
‘;;.4"
AL S

&

oH _ P g _pny—qddy =P -1 c
_a‘g‘ - Aé (“ "o) Q( 6{ )o Af (” ”o) ([‘ l)

2y
2y |
X
AR
}1. .

o
,I
L3

<
s‘
b 3 1
>
~e
b R 1

where H is a function of (&, 1), H, =, + (q/p)A&(011/3¢),, and the subscript “o” denotes
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quantities at £ — A¢. The values forpand qarc p=landq=0at { =0 and ¢ = AL,
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0 = 49 Ap 00 .
00~0°+pAé(a€)o (-7

The f and 8 equations are then linearized by using the simple technique for the product of

two arbitrary functions F and G, defined as
FG =G + GF - [G (I — §)

where T and G indicate the values to be guessed.  Applying cquation (1-8) to the terms

ff'*, f2, f0’, and f0, onc obtains

" = " 4+ ff — £F (F - 9)

£ = o — f2 (F = 10)
9" = 0" + 0'f — £0" (E—11)
PO =0 + £0 — {0 (F~12)

Substituting equations (E-2) through (Ii-12) into cquations (C-25) and (C-26) (or 1>-32
and D-33) results in:

Momentum cquation:
(1 +am)f” + [a, + (3, — as p/AE) [ + a5 p/AL {1
+ [2(ay + a5 pIAE) F — a5 p/AE T o] + [(a; — a5 pIAS'] £ + agh (F - 13)

= [(a, — a5 p/ADIL" + (a; + a5 p/AL)]"2]

Encrgy cquation:

(1 +am)e” + [a, + Pr(a, — agp/AS + Pr(agp/A&), 10"
+ [Pr(a(, + asp/Aé)?']O + [l’r{(a6 + asp/Aé)E - asp/Aéﬁo}]f’ r- 14
+ [Pr(ay ~ agp/AZ)0" ] = [Pr{(a; — asplAN0’ + (ag + asp/AL'0}]
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2
Equations (E-13) and (E-14) can be rewritten in the following form. :'_

Aof” + (a) + AP + Ayl + Al + A0 = Ag (=19

By0" + (2; + B0’ + B,0 + Byl + Byf = By (5 - 16) !
.

where RAx)
Ag=1l+aym, A, =a*f +d*, atisiel
Ay = 2b"?'—d"‘f’o, A3:a‘-(7' (- 17 > ).".-’h*
Ag=a4, As=a*f" +b4"? o

By=Ay, B,=PrA,, B,=Pre*’
B, = Pr (c*0 — d*0,), B, =Pra*’ (F — 18) o
-l ~I~ - -h

Bs = Pr(a*f0’ + ¢*f'0) 4

N ;

a*=0a, —d*, b*=a;+d* t.h\'

(L -19)
d* =asp/Af, e*=a,+d* EAE

The coefficients a, through a, and the functions f,, f,, and 0, are as previously defined. Al

or fotr

The fand @ equations have now been reduced to a system of quasi-linear ordinary
differential equations. By defining g = f* and applying the weighting factors (see Lee et al. {6]), e

one can wrte cquations (E-15) and (E-16) in the finite-difference form as: pSNTAS

fi—f_ . —(An/2)(g+g_))=0 (F - 20)

:\5"'. o

2 . !
Ag/(Bn) (a_ 8y + 28 + 0 184) + Aoy + Asfi + A40; = Ag (£ -21) NN

A
Bo/(An)(B_ 0,y + B0+ B410:41) + Bof; + Bag; + Byf, = Bs (=22 DN

where Anis the step size in the ndirection and the subscript 1" refers to values at the nodal CeaNg

pOint n.-
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In equations (I:-21) and (E-22) the weighting factors are defined as:

a_ =W~z oy =Wz, ap=—oa —ay
B =W —2*_1pp), By =Wty Bo=—6_ - B4
W(z) = z/(1 — exp( — 2))
z=Anla; + A)/Ag,  z*=An(a, + B))/B,

Equations (E-20) through (E-23) are applicd to the interior points. On the boundaries,
equation (C-27) or (D-34) applies such that
fi=gi =0, 0,=1

f,—f

n—

An
1_—2‘(gn+gn—l):0n=0' En = 4y

n

where the subscript n is the number of nodes in the » direction, and a. = 0 for natural

convection and a, = ¥? for mixed convection.

Equations (E-20) through (E-24) constitute a system of algebraic equations that can be
written in the matrix form

[AJ[X]=[B] (f; - 25)

where [A] is a band matrix of order 3n and bandwidth seven. The array [X] which contains
the solution in the form (f,, g, 0,, f,, g, 0, ..., f,, 8. 07 is a column matnx of order 3n.
The matrix [B] is a column matrix of order 3n which contains the right hand sides of equations
(E-20) through (£-22) and (E-24). 'The matrix [A] is approximately diagonally dominant and

equation (E-25) can be solved by the Gaussian elimination techmque with high accuracy.
To obtain values for ' and 0°, the results for {7 and 0 along with the boundary conditions
£, 0) = — a,0(, 0) — ag (F — 26)
0"(2,0) = — a,0"(2. 0)

£*'(¢, 00) = 0"(£, 00) = 0
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are used in a cubic spline interpolation routine (see, for example, Burden and Faires [7] ). As Y
. . \ e
the solution converges, the boundarv conditions hecome exact and the values for £ and 0 Lan -
. ey e > on e
be obtained with high accuracy. ,":‘:E"‘:-P
-
o
* 22
. e . . LA
The present method of solution employs a quasi-lincarization of the original nonlincar :: j-u:
Ve % )
pr BB
system of equations and requires initial guesses for f, £, {*, 0, and #’. The flat plate solution .
Ly *
. . e . e,
(ie., ¢ = 0) for the uniform wall temperature case (UWT) for Pr = 0.7 was obtained and these :: AT
.. - . . ¢
results were used as the initial guesses for all other combinations of I’r, n, and €, at £ 0. J-or :’: <
Wyt
¢ > A¢, good convergence was obtained by simply letting the solution at the previous node be ::\. :
R
the guesses for the next node. v

The solution method is an iterative scheme. A solution was considered to be convergent
when the calculated values for f, 7, and 0 differed from the last guess of the respective values by
less than 10-4 at all nodes. When these cnteria failed to be met, new guesses for f, £, and ¢

were found using a weighted average of the last guess and the resulting calculation. That is
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few =@+ (I — w)fyq (- 29)
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Generally w = ] resulted in quick convergence. However, for = 2it was often necessary to

o
t

use under-relaxation with @ = 0.5 to facilitate convergence.
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It was found that numerical results depended upon the choice of n,.  As ¢ was increased,

it was nccessary to increase n_. The value of 5., was initially sct to 15 and was increased by 5

when the value of |[f —a,l or8 was greater than 0.0061 at »=098y. Since .
(&, 00) —a, = 0(¢, 00) = 0, the | — a,;| and 0 values greater than 0.001 at 0.98 »_ indicate that S’\\:\\:
the corresponding boundary layer thickncss extends past n.. To make this adjustment for hh ‘

natural convection, all values of f and & and their derivatives past ., were set to zero except for

f which was taken to be the value at the old n, extended out to the new ».
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The adjustment for mixed convection is slightly more complicated. Again all values were
set to zero except the values for f, £/, (0f13%),, (A1AE), T and ¥ They were adjusted as

follows.

Fi=~i~1 + A"?'i—l (r 32
fo=f (E - 33)

(;%) o= (0 — £,)1A¢ - 39
(%)oi = —215Q%(n + &) (£ — 39)
for = for + % Aé(%)oi (2 - 36)
Fo+ % Aé(%g—>oi (E = 37)

This adjustment introduced less than 1.0 % difference in the local Nusselt number for Pr=0.7
as compared to a constant run at y = 30. This error was due primarily to »_ being less than 30

initially rather than to the adjustment itself.

It was found that as ¢ was increased, errors resulted due to the growing boundary layer
thicknesses. By using Ay = 0.01 numerical errors were reduced for calculations at high values of
the curvature parameter ¢. It was found that the step size A¢did not affect the solution

appreciably and A¢ = 0.1 was used.
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