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INTRODUCTION

1.An ptIs *I rmaote miig s"emu 4amadon the light detecting awd ranging (Ildar) principlie can

be utiuisd for the meovery of vares properties (e~g., mana "A sasar.m ooncentration, particle sise

distribution, and opticail constants) of aerosol clouds f~rom the bcacksartwrd return of a controlled laser

pulse. Msinc present Bida sysems.., muc as the Lasw Cloud Mapper, (LCM) Ill, are csapal of generating

very short lows pulaes as rapi repetitlo. rates, these syItM etectlv* possess the capabilit for rapid

and detaleod probing and r. voallance of aerosol tcld with esalnced seaskiviy and resolutlo. Indeed,

the compactness, mobility and speed of operation alorded by che LM waesw it a valuabe tool for the

rapi meonuoring, characterlsatlo and messasmst of thrmeatarosol. which as a consequeace, can provide

the uss with a muchl eaills warning at poientially hasardees skasloes than can be provided by local

monaitoring precedwe basedoam vros- direc in skit samapling mesthods. However, it is important to note

that sadiruct (local) smusing ichaique provide a maare compreeusive chwsctrisatlos of the physical

propeiesm of the aerosols damc it in based an the actual captaro and essaminatlon of the particulates,

whereas an optical resnete mosing teckniqu as infer thus properties fim the bachacattered peaterns

of the electromagnetic wavs

2. Indeed, since atmospheric partki'xakes inkersick with optical radiation in a coplicated manner,

the problem of iWfrring physical prwmerle of atmospherc samesh tram bachicattered radiation is not

straightforward and is fraught with aaumero difficulties. C4"esquatly, there Still doee not exist a

totally satiufactory solution to tspr e.,despite the aonsiderable research start expended on it

our the past thirty years. The diffiulty In formulating an appropriae solution to tbe lidar inverse

problem stemu fioe I he fact that the reconstruction of the optical properties of an aerosol cloud from a

limited set of noisy lidar return data i an 5nthersntly &Dposed problem Is the muss tha the solution is
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soia-unique (yis., ther wre ininitely many extictie functions tha we comleteat with the slVen data)

and numt"h (via., the ealaton aoe na" deaeepend nuemly a mihe dat). Conuequuently, the formal

mathm atcal ealnuti for the lidar iniverse Pele 121 wa feund be'**e plagued by instabilities. and

inaccuraeei which efectively rendered inch a soaelmutn eel. Sow practical applicatioes. Is fact, the

failure of th" cuss (UL., formal) solution; was not well undersiood and wse originally attributed to the

physical 09lecIO Wising frem the n6glect Of the MltiPlM ecitering OfenkibetheNI in the treatment rather

than from tboo inhberntly Wspoeed nature of the problm.

S.The Ndw I ivese problem can be uniquely whve provde One is give an ideal and complete

at at lida bectbacattering returns, hast prActia limiatinss imposeed by the measurement system as

wel a senme me$*$n "Wipitatons wisng frm the neglect of multiple "Swateing contributions, serve

to thwart the attainment of the eand mathematical soluton It eoUd be empkasised. that under

realistic circumstances, the ectd esolution cannot be uend to completel characturize the true properties

of the eawsl clouds keom the obeeved nesy and discrete lidar d"ta Indeed, the exact, eolution does

not even nabe any allowances for the noaie in the data in say optimal manner. Neverthelees, all the

eolutions proposed for the inversion of the lidar equation to date hae been based upon some appropriate

modikiatiom of the mexat matkemastical solution. Klett 131 showed that the ocact Wiar inverse eolution

can be stabilised if em chooses the boundary value (Le., the value of the extinction function as eome

specified range) at the far end of the amersol cloud rather than at the new ead. However, this required

the detarminatio of thie boundary value which cannot be obtained fromt the data directly. Evans 141
demonstrated how the later problem can be oercome by utfislising ani appropriate calibration of the

lidar eyetems in conjunction with a spipe modikation of Xletts imnerion procedure. Finally it should

be mentione that two popular Wiar invuvuien procedure, namely the, elo"e and ratio methods 151, can

be considered to be simply flee-order approzimatiuns of the exect solutiosa.

4. In light of the numecons di&%clti encouwntrd in the formulation of an appropriate solution for

the lidar inverse problem, it is important to reexamsine the problem from the point of view of evaluating

the physical validity and meastnaingfem of the recovee solution in relation to the nature and quality

of the data As stated previously, alhbough formal analytical solutione exist for the inversion of the lidar'

equation, the difficulties that arime in the implementaton of these eolutions reside in the fact that the

backecattered radiation is not knows precisely owv-- the entire range interval. Indeed, the fInite and noisy

character inherent in all realistic lidr data ultimaely contributee to the &~.posed natture of the lidar

inverse problem. In this paper, an information-theoretic metho is developed for the inversion of the

lids, equation. This method permit* the objective incorporation of prior information obtained from the

physical character of the extinction function and of aditional information encoded in the lids, data

The intsrwafion between these two coamponente of informetion is simple:- prior knowledge relatint to

various physical characteristics tA& the eolution mtust posese is utilized to elminate a vast majority

of members from the infinit set of eolutions conei~sten wit the finte uncertain data and from the
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resnalaing candidate in thssolution ask the principle of parsimiony is %Winisd t. select the simplest

solution, Le. the solution which pomes the leadn amsount of datai or information that wes not already

known or expected. The basi philosophy behind seeking the simplest amodul (solution) resides in the

fact "hatmn does not want to be misle by mny extraneus, features in the solution that awe not essential

in matching the data. Alteruatively~, it is expected that the features which appea in the parsimonous

solut$io am signilicast in that they wre specifially requaired by the data In this Pawe, the application

of these ideas to the solution of the lidar inverse problem is quantilied in the fosuat dofh principle of

-iisn cros~toy

THEORY

5. The sigeecteing ar e"uation which relates the volume extiaction coefficient to the

backscattered radiation for a mwoatai, single-wavelength lida system is given by

P~r) l(,)Atexn-2 f *.(r') ir4

where r is the range, P(r) is the bachecattered powev, Ab is the initial lase pulse power, A is the receiver

area, c is the velocity of light, r is the laser pulse time duration, P(r) is the backscattaring. coefficient

function, and *.(r) is the volumte extinction coefficient function. By narmalising the lidar return power

by the rang*. and the system constacts to form. the derived signal S(r) a ln[2r2 P(v)/(cvPoA)J, it is

poesiblit to rewrite the lidar equation in a form which removes the effects od geometric attenuation and

pure sysem factar

S(,j ln[fl(r)J - 2Toai.(r) de. i)

6. In actual meniinreaent, the observed backacattered intensity is corrupted by noise and, conse-

quently, the measuroemen model is taken as

Here it is ilhe measured logarithmic range-normalised backacattered power cmespondinC too the range

ri. The Wej awe measurement and process rrors associated with the W's whose standard deviations

are denote as oj. The vd 's, which characterise the uncertainty in the experimental measurement of

the Vs's, are memaied to be known . It is important to remark that these ermor may include process

contributions arisng fr-om multi-scattering effects as well as measurement contributions arising from

system sensitivities, non-ideal detector response, &and numerical and digitisatiom errors. Note that eq.

(Ua) contains two unknown functions, anamely S(r) and a.(r). In order to mabs further progrss on &he

recovery of thaw functions from the observed data, it is necessary to make an assumption concerning

tbe functional relationship beween the backscattering and extinction coefficients. There is experimental

UNCLASSIFIED



and theoretical evidenice [3,61 thtudrawd mpo top conditions, these two coetficient

PAr) - asWr1a.(r, (

where s(r) is a specifid funiction of rasp r "ad the PC" h frmos aerosolme clouds at interest is

constrained in the interval 0.07 < k:5 1.0. Withk this assumed functional dependence between P(r) and

at.(r), the lidar invers problem involves thes remo --, athew extinction coellicient, from a given set of

noisy, discrete lidar returas.

7. Now, suppose one is given or has available by an alternative means, soma initial (prior) estimate

p(r) of the actual, but unknown extinction fisiction *a(v) (r e D where D is the support of the extinction

function. lis. the set ofall points of rnng rv~ wherecv) is nons-vaishizig). Naturally, this initial es,.imate

is selected to reflect the user's prior information on the extinction function. This prior information may

come firom initial modelling studies of generic regional aerosols for various atmospheric conditions or

from the result of a previous inversion obtained wing a dilferent data set. Now, if new information is

subsequently obtained about a. (r) in, tbe form of backhacatred return data from some lidar experiment,

then, in light of the lidar and measurement models (cf. e~s. (Ua), (1b) and (1c)) which relate the

extinction coefficient to the measured data, it is possible to specify that thes unkneown ..ctinction function

mast be some element of an admissible set 11 determined as follows:

IT- {(r) : S(r) - In [x(r)1 + kIn fq(r)J - 2 fq(11ld7' E N- (74)/u M .(2)

where e~ is some prescribed constant that reflects tihe levul of noise corrupting the data. Recall that a,

is the error in the measurement of the "kh datum. Observe that in the specification of the admissible set,

the effect of tke noisy observations has been explicitly accounted for by the usual weighted least-squares

misfit criter~oe

X2 E i - r,) fi2

which is atilised to assesi the goodness-of-fit of tkA theoretical to measured backacattered signals. In view

of uncertainties in the wAesurementa, the misfit is specified to be less than or equal to some predetermined

"cnsan . Naturally, if the observation rore constitute an uncorrelated, sero-metan, Gaussian

process, then X2 V a nos a chi-equare distribution and this constant can be chosen as X2O M, the

expected v-.Ju* of X2* Actually, this constraint can be relaxed somewhat if one elects to choose instead

x",< + 2vr2W (i.e., the 95 percent confidence ~it frx). However, it is important to emphasise

that a statistical model for the observation errors is not required for the ensuing analysis. Indeed,

in the absence of an, a priori information on the probabilistic structure of the meaqurement errors,

it is convenient to interpret X2 Simply ws a goodness-of-fit criterion that. measures the fidelity of the
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model dao to the observed data. Then, the selection of x2 - M would be interpreted simply as a

70ot-mean-square (RUS) error oI in the fit of the model to the observed data.

S. Having specied the precise farm at the admissible st 11, suppose now that the initial (prior)

estimate p(r) for the extinction function is no longer consistent with the information provided by the

observed data, via. p(r) 0 nI. Since n still contains infinitely many extinction functions that are

compatible with the observed lidar data, the problem now centers om the choice of the 'bed? estimate

$(r) of oe.(r) "o 11. This choice should "ot only be based on the give data as embodied in the form of

the admissible set I, but should also incorporate the properties and characteristics of the prior estimate

p(r) in some optimal manner. It is proposed that this choice should be based on an information-theoretic

concept usually referred to as the principle of minimum cross-entropy. When applied to the present

problem, this prisciple dictates that the final (posterior) estimate q(r) for the extinction coefficient

should be chosen as that member of the admissible set n that posseses the leais cro-entropy with

respect to the initial (prior) estimate p(r). In otrJ& words, tke final estimate q(r) is chosen to mininise

the cross-entropy between q(r) and p(r) defined as

H(q,p) -f q(r)ln[q(r)/p(r)]dr,

subject to the constraint that q e n (vis., the final estimate should be consistent with all the available

information contained in the observed data). It is interesting to note that the principle of mininmra

cross-entropy is referred to in the literature by a plethora of names depending on the particular field

of study and on the context in which it is ued, including such terms as discriminatio, information,

I-divergence, directed divergence, relative entropy, Kuliback-Leibler information measure and expected

weight of evidence 17-121. Furthermaore, it should be noted that this principle can be considered to be the

natural generalikton of the maximum entropy (MAXENT) principle which was originally developed by

Maxwell, Boltsmam and Gibbs in the context of statistical mechanics and later extended by Jaynes to

the status of a general inference procedure of which the statistial mechanics application was merely a

special cue 113-151. 1n particular, the principle of mnuimum cross-entropy reduces to Jaynes' MAXENT

procedure if the prior estimate p(r) is selected to be a constant or uniform function over the domain D.

9. The rationale for the minmnim cro-entropy principle as an appropriate criterion of choice is

elegantly embodied in the axiomatic formulation of Shore a j 14b who demonstrated that the

principle of minimum cross-entropy is the only inferen'-e procedure that is consistent with four basic

criteria (axioms) that any rational method of. inference must possess. Thes consistency conditions

specify, among other things, that the solution provided by any rational inference procedure must be

unique and invariant under coordinate trandormations. From another viewpoint, the cros-entropy can

be interpreted as a measure of the information *distance between the initial (prior) and final (posterior)

estimates p(r) and q(r), respectively. Along this vein, a geometrical interpretatioa of the minimum cross-

entropy principle can be depicted as in Fig. 1. This figure shows the final estimate q for the extinction
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funaction as the information- or 1Lprojvcilon of the initial odewtmt p auto ate admissible sean.M horthss

Perspective, tON eoesentropy H(q, p) can be interpreWe sa the Idistae between the t.. P estimates

p and 9. Since q obtained m, the I-projectiou of p soew,IIti distance correspoads to the shortest

distance betweest p uad any posnt of II, v's.

H(qp)A - 'Ma W./,A)

10. Hence, H(q, p) can be coesidered to be ameasureoatthe amovunofinformation encoded inthe

data that is not already embedded in th. initial esitimate p. Indeed, tke 3gurs indicates that the crow-

estromy when viewed as an informationt distance between two extinction functions, satisfies a triangle

equality of the form

H(cl.,p) -H(a.,q) + H(q~p),

a fact that can be readily verified by some simple manipulations. When looked at &rom this perspective,

it is readily apparent that the itial estimate q is closer to the true but unknown function a. than is the

initial estimate p sinc H(a., q)-:5 H(a., p). Indeed, the final estimatet 9 is the estimate ýclosest to, the

initial estimate p that at the same time verillem the data constraint. Finally, it should be noted, that

if the data constraints contain no sew inform~tion on the extinction function other than that already

embedded in the initial estimate p, the final estimate q in this case (an selected by the MCE principle)

is simply the initial estimate p. This would correspond to the situation where p is a member of the

admissible set IT and the I-projetion of p on nI would simply be p.

11. In summary then, when provided with an initial (prior) estimate p(r) of the true extinction

coefficient a.(r), the "ia (posterior) estimate q(r) is chosen, in adherence to the principle of Minimum

croweentropy, as that estimate which solves the following functional minimisation problem:

mialf q(r) ln[q(r)/p(r)]dr} (3a)

subject to the constraint

where nI is the admissible set defined in eq. (2). It is important to note that since 11 Possn e the

geometrical structure of a cloeed and convex set in the muki-dimensional model space, thxen exists a

unique q(r) E 17 (i.e., unique up to a set of measure seo) which solves the minim'isation! problem posed in

eqs. (3a) and (3b) ~1,0. Additionally, it should also be remarked that the cross-eutropy functional H(q, p)

is positive and convex in both q and 9. Observe at~ ihis point that the reconstruction of the extinction

coefficient based on the NICE principle requires the solution of a nonlinear fuit.tional (i.e., infinite-.

dimensional) mninimisation problem. Unfortunately, there does not exist a closed-form solution for this

problem and, consequently, some numerical method must be si. cufed for computing an approximation
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.. hi solution. The developement of a numerical Algarithsa to SOW*ve appropriate aedlnuol

approxiisation to this problem is 4he subject of the me, section.

NUMERICAL ALGORITHM FOR TRE MCE RECONSTRUCTION 0f THE EXTINC-

TION COEIIICIZLNT

12. Although the MLC recoestractuont of a.(r) has been conceptually formulated as a continuous

nonlinea programming problem, it sioald be emphasised that from a purely computational point of

view, it is necessary to discretise the problem sand reduce it to the soliatioa of a nonlinear programming

problem define over a f:iaifis'"'a space. raw&, this requires a £init..dimensional approximation

for th extinction fanctirm (which is an'Imlnite~dimeasional parameter). To t~s end, the final estimate

q(v) is approximated by a piscewiseecoustant functiou od the form

where jus D -. (0, 1) demots the characteristic (indicator) function of the met S in the domain D

(support of extinction fwwduon). N'ote that jig(r) ha value 1 if seS and value 0 otherwise. it should

be emphasised that ej 4u A3 preceding expressin can be interpreted as an estimate for the average

of the extinction function aer the i-th range cell which is centerd At (Vr...I + rj4/2. Similarib; a

piecewise-coe'atAst appraxmU.riton is adopted fer the initial estimate p~r), La.

In writing sk preceding expremsioaw, is istacitly assamed.that r4 > ri fafir i 1, 2,..., N aadthat the

sequescc of r~dial ksfte (rj)N, constitutes a complete partition of the domain -D (Le., of the support

of the extinction function).

13. With thess approximations, the discrete analog uf the croes-entropy functional can be written

As
N

wheren (aq .,q)'r and IF (pi, p2,...,pjw)r are vectors in the Euclidean spae of dimension

N wkoee components define the piecewise-constant approximations for q(r) and p(r), respectively. In

rddition, 4rj a ri - rj..1 ( M' 1, 2,..., N) denotes, the i-th incremental interval of the range r. In view

of ta*s the discretised form of the lidar equation (d. Aqs. (I a) and (1c)) reads as

[4 S(rj) In k(vdl + khIn[9j] - 2 qj A r. (4)
Pii

Fuarthermore, the function 4~) ase well ask is implicitly assumed to be Limw from the functional

relationship b,*w~en the bachscattering and extinction coefficients. Now, combining all this, leads to
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am ,dormulatlss of th functisaj soalizear nminimisation problem dof qs (3a) and (3b) as she followieg

£ni~e-dime. osanolinear minimisatlos problem for Ikse diaermhzasion of the Components of tde vector

sabject to the codnint

where 1 is she j-th obeeryed lidar datum (cf. eq. (ib)) and 911is the jth mce" (theoretical) lidar

datum cce-ipated as per eq. (4).

14. It is convenient at this point to make a few, emaiks co-acerning the, choice of the number

of discrete intervals (N4) to use in the piecewue-constant appiroxmmaion of q(r). Since the optimum

range resolutioa in the direction of the Wiar beams path is determined by the pulse duration r of the

laser source, it is sensible to associate the discrntisation of q(r) with this quantity. Consequently, since

the resolutioz cell (or scatter cell) has length cr/2, it is desirable to choose the discretisation so that

Ari - cv/2 for i - 1, 2,..., N. With thIs scheme, there now exists a one-to-one correepondence between

the estimate qj of the extinction function fee. the s-th range cell and the measurcd lidar return datum yj

from this cell. Hence, for this discretisatioa procedure, the number of discrete intervals (N) chosen for

the piecewise-constant representation at q(r) is equal to the &amber of lidar data (M) employed in the

inversion.

15. Although no a priori constraints or bounds have been explicitly imposed on the values of the

components of the fInal estimate vectoit (r, it in important to remark that, -physically. thaw components

must necessarily be non-negative Strictly speaking, the non-negativity constraint On the solution should

be imposed in addition to the data constraint contained in eq. (5b). However, the non-negativity con-

straint does not need to be explicitly' incorporated into the formulation, since it is necessarily taken

care of automatically by virtue of the presence of the P gwithmi in the cross-entropy functional. Now, it

should Loe noted that eq. '(5a) and (5b) poses a convex nonlinear programming problem which can be

solved using the ellipsoid algorithm. The ellipsoid algorithm, which gained prominence when Khachian

[161 utilised it to demonstrate the existence of a polynomial-time algorithm for the solution of linear

programming problesu constitutes a simple and extremely robust procedure for solving convex program-

ming problenw, such as that presented by est. (5a) and (5b). fli wrocedure has the advantage of not

requiring the introduction of slack variables and Lagrangian multipliers that has, to date, characterised

the numerical solovnon of all MCE problems [12).

16. Thie theoretical basis for the ellipsoid algorithm as well as an analysis of its convergence prop.

nrties c an be found in thes papers by Sbor [171 and by Shor and Gerslonich [181 as well as in the strvey

by Bland, Coldfarb and Todd [191. A brief description of the algorithm, with particular emphasis on
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the datails concerning its applicatlm to the solution of the kCE meousnstmctka problem ase embodied

in eqp. (5a) and (5b) follows. As the same implies, the ellipsoid ulgoriihzn begins with the specification

of an initial ellipsoid A. theati knham to contamn the optimal solution t* the nons-linear' Programminq

problem and then proceeds to the prescription o( a rule for the jeneration of a sequence of sueccusivelik

smaller ellipsoids (Le., ellipsoids that pIn. 3smssaller volumes) each of which is guaranteed to contaiun

the optimal solution. The Implemeuntat~o2 of the Ohlisod algorithm for the solution of the problem of

eqs. (5a) and (Sb) consists of the following thm seupes:

17. Step 0: Given, the initial (prior) estimate, f for the extinction fitacto and a targot value x~m
for the misit, supply initial gueswe for the final (posterior) es.imats 40 of the extinction and for the

initial ellipsoid matrix RG. With these inputs, it should perhaps be noted tAts the form of the initial

ellipsoid F* is determined as

whemre is the center of the ellipsoid &.nd RO it the ellipsoid matrix which is necessarily r~eal, symmetric

and positive definite. In the absence of any prior information other than that embodied in the initial

estimate f, it us convenient to choose 10 -fIf lower sand apper bounds can be set on the extinc6&)n

functioni, then R. can be chosen so that the associated ellipsoid Bo is the smallest ellipsoid which euclos-2

tOese bovnds. Set the iteration index k - 0. Steps 1 sad 2 that follow generate a sequence of points f'

and matrices PK that determine a sequence of ellpsoids E5 C 0- for h - 1, 2...

18. Step 1: .Compute the misfit X2 at the point ~.If X2 Violates the constraint Of eq. (Sb) (i.e.,

X 2> XM2), set i-Vr,( 2(15), Vie. the gradient of the misfit With respect to 1ke parameter vector

evaluate ats~ Otherwise, set VI S ,(fk, p, the gradient vector ot the cross< c'tropy with respect

to (evalvated at (. If each component of f is lees than some prescribed tolerance, then terminat, the

procedure with 4* as the optimal point; otherwise, proceed to Step 2.

19. Step 0 : C-ampute

provided the quantity in the denominator is positive. Otheryiise, tenninote the procedure with a
the best point i~and by the algorithm. The updates for the ellipsoid center 4j5 and the ellipsoid matrix

R*an given by

and
N2. [R

respectivrely. Replace k by k + I and return to Step 1.

20. The flowchart for the ellipsoid algorithm as it applies to the MCE reconstruction of an extinction

function is shown in Fig. 2. The algorithm is very simple, and can be readily implemented on a computer.
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An implemmetation, which radeasl~ sa Microsof C pro~rsx, is provWed is Appendix B. As a finl note,

it is haportant go point oua "ha athough Ahe constralat of eq. (5b) restricts &he esolution to lIe oS or

within some clsed hypeu-Tolnme is X,, the optimtal POWn which mainimises the croesentiropy in ibis

region =*sA necessauily li.then Asenueac of the hyper-volains (vis., on X2tL The detaib for the

derivation of this rushl arn given is Ajopendix A. Tbb fadt bas net been explicitly incorporsate is the

impletmeatatlo of the ellpead algorithmand &4 nequestly, can he uee as an independent cheek of the

optimal solsuto provided by the Algorithm.

SOMI MCM DVMWION4 W LMPLRS

21. The results ofoosoe teow of the MCI Miar inverson procedure by mweas of computer simulations

of noisy Miar data we presented is this setotn. The extinctios proIes need in the simulatioss are

composites beilt up from generi whben, rural end marktime models of aerosol clouds comipiled by the

Air Fore Gleophysics Laboratory (AFOL) 120$. Tbe modelsowd is the present study are the samu as

thse" %SWe by DlmORSnet 1211 is his Osesenwsem of Klett' analytical inverelos of the 81ag61eatterist

War eqution". All of the aeool couds utillsed in thin study boil a thickness of I km &and* for each

preepeciAed extiactioiL profile, noimtre War data P(P) were t- Arate for twenty value of range r

"sanims the extent of the cloud. Beorseasck of thees data sess were inverted by the NICE pmc~4jure,

they wase "rtemrrpted with Casmisa rundot melee as a presaribd leel in order to simulate process

and experimental swore. This corrupted data were then logarithmically transormed to foam the S(a')

data which were used as the input For the ismeuo procedure.

22. The Birst simulation medal Considere a generi marIM P eo l cloud at 99 percent relative he..

midity with a triangular extinctiom pro~lo e.(r) as illustrated by the x4li line in ft S. The backecatter

coallcisut O(r) in this example is summed to he relate to .4,) according to 0(r) to 0,0S..(P). As the

Irtexample, twenty simulate Mar data P(r) were generated fi th4Ws od~el sand themse ouso.4r" data

were logarithinkafl transformed to sere as the ispet For the Klett end the MCE inversion procedure.

Klest's exaco. inverelos procedure, with the foe-end bouasery crnditlos chosen to be the true ., value

of 1.0 km-1, yieldo~ a result that coincided exactfl- with the tree extinction function (cf. rig. 3), The

MCSIinversion 001ti0a with the prior estimate p(r) of he extinction fusetion chosen to be a constant

(uniform) function ou the support set D (i.e., p(r) W 3.6juD(r)) also gave a result that exactly matched

the true extinction prodle. hr thhios saiwreedata cam, iisnecessary to wt Of - 1.0for I - ,2..M

and to choose, the target mls~t value X1, se 0.001. Although both the KWet and the MC12 inversion pro.

curesm retured the true extinction function under soise-free conditions, it should be emphasised that

the MCI solutio0. unlike the KIet nolution, did not requek the epecilcatiou of the corret boundary

oroadition at the faread of the aerosol cluA. In practical application,, this far.--d boundary condition

ceannot he determined from the gives data and would require aome add~tiomal isfomatios concerninsg the

ntature of th. arosol cloid. Howrever, it in known 13,211 that the accuraiy of eatinction profile rot
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wed by the exant far-gad lld atIweo procedure depends critically as fie peuper prescriptiRonfC this

beundary condCLts As anxemp*e the dotted-dashe line is 716.3 shws a PnstrAted extinction,

haitian (for the nesolrs06 data et) "sIng 11gW.s procedure with the fined beuduy conidition eperi-

iled as m4 2.0 hm' . Observe "he although the solution conever"e to the tMi extiniction coellicietat S

the meet-end of the cloud, then is~, nevertheless, a moderate arror Is the determination dE the wiextioaL

at the fahend of the cloud. As a fueal point, it should be noted that althaoug tdo NC pruoedure does

not requwe the specikaton of as appropriate fa-end boundary value, it has tdo diadvaoitago of being

compuatloually amor e=peSole than the Kle"t procedure.

23. Thes "eAt example considers the moet realistic cane at noisy Wiar diaF%. 4 compares the

rosul of the MCC solution with Kietti analytic solution for the cos of Wiar die contaminiated with 1 .5

percn 4 RIS Gaussian noise. yFor this example, the MCC solutioin wasecmputedwit the PriW estomat

p(r) choase to be a constant fauntion and the m!Aft target value 4 .W as to WIG. N6te tha the MCE

sOlutio is smooth and approximtates the true extinction prodie very wel Os doe oth" hand, the We"t

solution which was obtained with the coevec specificatiion CE the far-md boadary value, displayed a

moderate amount oE oecillation at the far-end CE(the cloud. Obeserwe tat tiseecillation is n" preset

at the neat-end CE the doud hand, In this region. the Approximation CE the Kket solution to the true

extinction profile is se good se. that provided by the MCC eakdton. Fler eva a emall level at noise,

04, MCC inversion procedure provides an ietrine~cally swoother solution than that give by the Kiett

inversion procedure. Although both laesion procedures we stable with respect to perturbations in the

data, the MCC Inveio is noot as greatly alfoczed by the noise as is the Ksim ivrenlona.

24. Nedt ,somes examples which illustrate certain properties CE the liCZ inverlo. procedure with

respect to the chokse CE the prior estimate, the choice of the nish tapet VOWe, and the level CE nOise

compting the lidar data en presented. The result ofan MCC invoelan for a I percen level CE RMS

Gaussian noise is shown in N1.5S. The dottd lwin n N~. I corresponds to es MCR Inversion with the

prior estimate p(r) chosesn to be a cownsat or uniform function. Algain the misfittarget vale XI~n was

"Ae to 20. SInce the prior estimate is uniform, the MCC Inversion resul is sim*l the maxinsam entropy

retoration CE the extinction profile and as such, provitlae the mosit toosarvatiso (uaniForm) getimate C

the extinction conaiseuat with the given data Observe that the Inversion was *uto euccoestal sinceth

result 9(rl (i.e., the Ainal or posterior estimae CE the extiaction function) clo*l approxiaes the true
oxtinction profile *.(r), even in thes presence CE "Omuaed noise. Next, the tareatmiefit value was set

to 32 with so changes In the other po-asamees The MCC lnvers "n result far this cas is dispLayed by

the dashed line in Fig. S. Sikce the noise level was slightly overestimuated in thi example, observ that

the resulting invesione Is oversmoothed (via., the peak CE theextinctio tunctifteaisndeetsicuate)and,

indeed, the Anal estimat, in this cuse more closely resembles the initial saifosm estimate then does the

final estimate in the, previous example. This skould not be too surprising simc in the case 4? -0 00,

the data does not ontrain the solution at anf and the mininum Crom-sutrop Solutionk Is ahievd when

UNCLASSIPEZD
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g(r) -p(r), vis. when the fIna estmate in idew"tomlS the initial e~stiate Thin is perfectly anatr

sice mne would a"4 Auke 5ý SM estimat to digu Arem Ane Initial ovemsae when the observed data

consst of pan asia. R should be remarked thaito I.chieve a goo" inrer~lom, is is necessary to exarcise

Judgement in the choice of the msislit twrpt value, vs, thi velue should be chosen ae that the solution

Ams the gIves data within -am expected or prescried talereace "ha adequately rdslcle the sawity of

the Nows conuptung the data

25. The seood simulation modal considured here is constcuctd howu a composite configuration

of the generi when rural end Maritime anerools al 70 relaitive humidity with a reauiking extinction

profIle displayed by the solid line in FigS.& For this esample, the functional dependence between the

backscattering end extinction coeffiient. m~wr the reoal a-ai us ned in the construction af the

camposite Model. Hence, the funactlonal dependence is described by a plece.coastans relationship of the

form

Twenty simulated fidar data were generated far this esample and corrpted with Gausian noise as the 11

percent RMdS noise level. With the choice at p(r) ws a constant ar uiform function (i.e., p(r) = .#-()

Ond with the Midi target, value stat &AXI,1 - 20, & fthealting MCI KrcosmUVCton a(tb th XtinctioU

profile is illustrated by the dotted hla at Flu. 6. The revaltiug inversion is reasonable for the stated

noise level The 4duhd line at g. GsA" %e herssltof MCClinversioe, but thi Sim* with aninitial

estimate p(r) given by

p~)-(1.0 + 10.0v)Ajlos.6)(r) + (11.0 -1O.0r),Po'e, 1.cg(P). (6)

Observe that this inversion resul is quite similar to the preceding one with the exceptio tast the peak

in the extinct~on profile at r = 0.5 km is "fghly better daelsd. I'his should mat be too surpising since
the primr estImate p*) for thi case explicitly encoded the presence of this peak sad the MCI inversion

attempts to choose the Ainal estimate to be am similar to the initial estimateaso possible while satisfying

the constraint. imposed by the data.

26. To provide an idea on the biss and variability in the MCI reconstruction of the extinction

f*action, the MCI inversion procedure was applied fifty time to the same simulated (soiseless) data Net

(-4n~' for the composite aerosol nmode described above) to which lifty *it. of Gaussian noise hae"

been added at the 5 percent RMdS level. For this Monte Cwib simulation, the bias D(r) mad variability

V (r) in the MCI invursion result is estimated -follows

and
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whor -~ (r) demoeak she uCZ i uto fteetntmfntmtrk dat ed and

-as

isthe meas of the 50 MCI inversions. The biasis simply the usas df the -ifty differences between

the reco nstructed and the tru extinction fuactioss. Tiie mess $() of the so inasions is shown by

tAs dotte cumveim Fig.?T. The amwr bare show onet etaslard deviations Lamb (ILa, the variability

* V(r)) computed from the 50 russ These remsuls indicate that the invssweh procedure performs quits

adequately especially whom mne recall that the data set consists of omly twenty noisy fidar msaguroeanets.

* ~The bia is the ?eciered extinctios prohls is as the order of 0.25 km' whereas the variability isoa the

order of'0.30 to 0.50 km'1. Observs that the variability is the MCI reconstruction of the extinction

coeffcient in larger at the fwar nd of the cloudl then at the near ead. Thes is due to the fact that the

lidar Wrstr signal P(r) decrease. with range due to attenuation; hoem, the coreuspondling logarithmic

rasige-adjust~ed signal 5(v) exhibite s aascreasiag noise level with lacreaslag rasge.

27. ls act**) pmwtlc, ones never haow the precise relationship between the bachecattering and

extinction coefficients. *To simulate thus circumstances, the MCI inverion. for the example considered'

in Fig. 6.5s recomputed, but this time with a rsi.eapecillcatioa is the functiosAl relationslilp between the

bacliscattering mad extinction coefficients, via.

10)-0100.0l ,36os)(P) + 0.026Mos.3@ego(r))a.(r).

The initial estimate p(r) was chcsee as pir eq. (6). In order to partially account for the fact that the

backscatterisg-to-extisctios ratio is poorly known, the misit wed valu x]. was set to 27. The

inveasion result Lq shown by the dotted curve is Fig. B. Them simsilarity between the MCI recovered and

the true, extinction proil. is as good as cas be expected especially In ligh t %I*th incorrct specification

of the backacatter-o-extiaction ratio and the level of noise in the data. Obeerve that the meais peak in

the extinctios foactiom at the midpoWn of the cloud is weildetersalnd. The inverted result shows the

two smnaller peaks asho, but their Yaaalus underestimated.

CONCLUSIONS

28. As isfarmatkw4heoretic approach bavd an the principle of minmimum croes-etropy (MCE)

that allowrs for the rational Pombination of prior informve.A as the extinction profile with additional

information contained is the noisy flider return data, has been utiiised to formulate man inversion procedure

for tho siagleeatterial flider equation. Since nos-uaiqusi'ue In the inversion of the flier equation is

weilkhown, the MCI inverelou procedure enables the objective recoastructm of a preferre model of

the aerosol ;loud that not only minumnlae extraneous features is the solution not .. 'ini order to

interpret the data', but also optimally accounts for e.mn is the data. Ludeadthe nature of the model

UNCLASSITIRD
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recovered depeads as much emt the dafta mans as doth data theaneejvee. A good inversion result, which

does net mislead the we, can only be obtained J anl available information as the problem is effectively

%Wiised and ths of comese, laduades the hnfrmation em the level of noise corrpting the data.

3.L A simaple uan robust numerical procedure base on the ellipsoid algorithm has been developed

for the selatiem of the highl monlinear, coemtralne minimization problem required to perform the MCE

recastuctse.Numerical results obtained sang isiulated noisy lidar data show tkat the algorithm for

MCI recenstructiom provides sa"l mad weUSbehgred estimates for tae extinction function. In addition,

thsnushurical procedure seema to be qriUt insensitive to the ý,4vsu initial guess for the final estimate

q(r). lucept for the initial phass, the ellipsoid algorithm generally exhibited convergence to the optimal

NICE solut"s at a linear rate, a result that has been predicted by theory 1171. Consequently, while the

algorithm displays quits a rapi convergence to the new-optimal solution after the first twenty to forty

iterations, it ieverthdee exhibits a slow convergence rate near the optimat solution. Since it, takes from

about 30to 60sscoads to compete an MCZinversion solution an anIBM PC.XT, the algorithm in its

present form is not suitable for a real-time recovery a( extinct"o profiles, unless either an algorithm with

a better convergence rate near the optimal solution is developed or a computer with a faster Processor

is Used.
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Figure I

Schematic illustration of the geometric interpretation of the principle of minimum

cross-entropy. Here, the final estimate q Is the information- or I-projection, of the

initial estimate p onto the admissible set fl. Consequently, q is as close to p as

possible in the irytarmatiofl measure sense while at the same time satisfying the

new information encoded in the data.
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Figure 2

Flowchart of the ellipsoid algorithm used to eolve the convex optimization
problem required to obtain the minimum cross-entrepy recovery of the

extinction function.
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Figure 3

A comparison of the aerosol extinction functions recovered by the M CE and Klett
inversion procedures for the case of noise-free lidar data. The true extinction
function (solid line) is representative of a generic maritime aerosol cloud at 99%
relative humidity. The MCE solution and the Klett solution, with a correctly
specified far-end boundary condition, returned extinction profiles that coincided
with the true extinction coefficient. The dashed line shows the Klett solution

with an incorrectly specified 'far-end boundary value on the aerosol cloud.

UNCLASSIFIED

$3



UNCLASSIFIED SM 1225

0 na

6I0- OMCE
A Klet (B.V. - 1.0)

ILO.46.0-

w/

04.- A

'U

o2 //F-. 3.0- A

x
us

1.0

1.0

0.5 1 - - - 1
0.0 0.2 0.4 0e 0.8 1.0

RANGE THROUGH CLOUD (kmi)

Figure 4

A comparison of the aerosol extinction functions recovered by the MCE and Klett
inversion procedures for the case of lidar data contaminated with 1.5% R MS
Gaussian noise. The Klett solution was obtained with the correctly specified
far-end boundary value for the aerosol cloud. Note that the MCE solution is

much smoother than the Klett solution.
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Figure 5

An example of minimum cross-entropy recovered aerosol extinction functions.

The dotted and dashed lines indicate MCE inversions with target misfit values of

20 and 32. respectively. The Input for these Inversions consisted of 20 Widar data
degraded with 3% RIMS Gaussian noise.
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Figure 6
Another example of minimum cross-enuropy recovered aerosol extinction functions.
The true extinction function (solid line) is a composite constructed by piecing
together generic aerosol cloud chý-zacteristlcs from urban, rural and maritime
environments. The dotted line indicates the inverted extinction function for a
target misfit value of 20 and a uniform initial estimate. The dashed line shows
the inverted extinction function using a target misfit value of 20 and the initial
estimate as the triangular extinction profile shown by the solid line in Figure 5.
These inversiens were obtained from twenty lidar data which have been corrupted

with 5% RMS Gaussian noise.
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Figure 7

Same example as in Figure 6 but the dotted line shows the means of 50 MCE
inversions. The error bars indicate the stanidard devlorns -. he inversions
computed from the fifty noise-corrupted lidar drita sets. Each data set consisted

of 20 data that has been corrupted with 5% RMS Gaussian noise.
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Figure I

Same example as in Figure S but the dotted line showv tha recovered extinction

profile for a mlsspecified backscattering-to-extinction ratio. The target misfit
value was set to 27 for the inversion.
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80. Tie UCI receestructica of the extinction coefficisat of a- o alm&d fasm imopie" and

uncertain lidar reurn data is formulated as the problem of Waing the particulsir solution thtpossesses

the assallast caos-entropy relative to somee initia (prior) model and that at 6shme- tinm. provides a

satisfectosy match between the mAde (theoretical) and a&tual date, with this amatc being quasitified

by a dmatsaimst of the form

r3 .2. (Al1)

It will be shown that the solution of misinman cras-ntp lies on the boundary of the allwabl misfit

*region defined above (vis., on the surface X- =X,2) rather than in its iserior. IIn othe words, the

solution of minimum cross..naropy is necessarily the one that correpoods to doe largest permissible

*misfit.

381. This result Is easl demonstrate by contr*PPJomc. Suppoe th" Ath miamamu avros-entropy

solution e(r) vesults in the data misit' cX*2<L~, Lc. the solution u~s in the interior of the aisat

region. Now consier a solution given by 1(r) - v((r) (jo e (0, 1)) with the corresponding data misfit

g". Nexd, express 22in terms of x"I by substituting q(r) lnte eq. (A.l) and performing some spimpe

algebraic maitiulatioins to obtain

-s JOI + (a-v)cl(q*(r)) + ( O) el ac(e ()) + Pla V)tc(e (r)) + 'ln(aV), (A.2)

Whatc 1 CIO,, and es eConstants that depend on# q(P). Now,obesrefr"osseq. (A-2)that if v s

selected tobe ufitudycloe tiyossone,it isposs ibleffr2 orbe Akly lessth& X~j, sinceV* S 'X3

by *opposition (via., the poin f(r) 1We strictl In the interior of the acceptable mWs~ region). However.

o0te that the value of the crowes..Mrp functional at q(r) is less than the sosmed minimum value o(

the functional at e(r) sinc

NOq,pA - V fo (r) lnqr/~) r+ tvdavfo e~)

- VMHqWp +Plna. e (r~dr.

Consequently, in contradiction with the original hypothesis, the MCS soluton modt lie on the boundary

of the allowable misit rvg"o.
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APPII4DIX

82. The progra givs in this Appendix is as implmentation of the ellipsoid algorithm for tm MCE

Mos ctO of extiactiou fctions for wwe cloud. It is writte i Mirosoft C wkhh Conforms

to Oth rthcomiag Amekan National Standa•ads Jatitaut (ANSI) standard for the C language. It

should be emphauisam that the progam ha been written largely for larity rth than speed and, as

uh, should 'ot be regarded as a production sotware implemmetica of the algorithm. It is primarily

intended for research purpoese.
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#include <stdio.h>
#include <math.h>

I* *1
.1" . . . . . . . . . . . *1I---*1

/* Title : An Information-Theoretic Mothod for the Inversion of */
the Lidar Equation */

I* Date: October, 1987

/* Author: Eugene Yee *I
/* Defence Research Establishment Suffield */
/* Ralston, Alberta TOJ 2N0 ./I*/ *I

/* *----------------------------------------------------------/* *--------------------------------------------- ----------------

/I* Name - ellipsoid(N,N DATA,epschis qru,max iter,data, *I
/* .varlance,Rjpos,vec r,doltar,x,y,rmatrix) ,/
1 * *1
/5 Purpose - To apply the ellipsoid algorithm to solve the *I
/* nonlinear programming problem required to compUte */
/* the minimum cross-entropy reconstruction of the */
/0 extinction coefficient functions. */

/* --------------------------------------------------------- /
/* Description of parameters in the argument list: */

/" N number of variables 5/

/* N_DATA number of data points ,/
/5 eps accuracy required in each element of gr&dient */
/0 vector
/5 chi sqrs target value for the misfit 5/
/0 maxiter maximum allowable number of iterations of 0/

/0 ellipsoid algorithm */
/0 data array that stores the lidar return data 0/

/5 variance variance in the values in the data(] array 0/

/* R_pos array storing radial values r at which lidar 0/

/* data artored in data(] are measured */
/0 vec.r array storing radial values r at which */

extinction function will be estimated 5/
delta r array that stores incremental radial values */

/* between elements specified in array vec r(] */
/* x stores current approximation of extinction */

function. An initial approximation should be 5/

* /* provided on entry, which will be replaced by
/* the MCE estimate on exit. 5,

/* y stores the initial (prior) estimate of the 5,

/* extinction function 51

/* rmatrix used to store the current ellipsoid matrix 0i
,/0 generated. An initial ellipsoid matrix should 0/
r:/' " be provided on entry. *,
/,:'I* -- - - - - - - - - - -- - - - - - - - - - -- - - - - - - - - -
/5........................................................................................0
•/0 * Remarks: 5#

%'/, 1) The user must provide two functions : 0,



/* (1) double model data(N,Rj,vec r,delta r,x) */
/* which, given the range Rj and the parameter vector x[] */
/* calculates the corresponding model or theoretical */
/* lldar datum. *1
/* (ii) grad dj(N,Rj,vec r,deltar,x,gnd di) */
/* which, given the range Rj and x, calculates the gradient */
/* of the associated model datum with respect to the para- */
/* meter vector x (current estimate for extinction function) */
/* and places the result in the array gnd-dj[]. *//,**

/* 2) The ellipsoid matrix rmatrix[][] is assumed to be */
1*, dimensioned in the calling program with column */
/* dimension 50. *//* */
I* 'I
1* ------------------------------------------------------------ *

ellipsoid(N,N_DATA,eps,chisqrm,L.xiter,data,variance,R_pos,vec_r,
delta_r,xy,rmatrix)

unsigned int N,N DATA,max.iteri
double eps,chi sqrm;
double data[],variance(],Rpos[],vec r[],delta r[],x[],y[];
double rmatrix(](50];

register int anIntanIntl;
unsigned int iter count;
double chi sqr,tmp,tmpl,gl,RJ,FACTOR,NPONE;
double gnd dj[50],grad[50],tmparr[50];
double model datao;
double euclidanormo;

iter count - 0;
FACTOR - N*N/(N*N - 1.0);
NPONE - N + 1.0;

* ---------------------------------------------------------- *1

stepone•

/* ---------------------------------------------------------- *I* » . ... . .... .... .... ... .... .... .....**
I*>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>,I

/* Begin by computing value of constraint function */
/* (i.e., the misfit) at the currant value of the */
/* parameter vector x. */
/* But first, test to see that maximum number of */
/* specified iterations of the algorithm has not */
/* been exceeded.

* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *

iter count +- 1; /* Count no. iterations. */
if(itercount > maxiter)

printf(" Maximum no. iterations exceeded.\n");
return;



)

S>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *
/* Now begin the computational work of STEP 1. */

S>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *

chisqr - 0.0;
for(anInt - 0; anInt < NDATA; anlnt++)
(

RJ-R pos(anInt];
tmp-data [nlnt] -model_data (N,RJ ,vec-r,delta-r,x);
tmpl=tmp*tmp;
chisqr +- tmpl/variance[anInt];

g1 - chi sqr- chisqrm;
if(gl > eps) /* Is constraint violated? */(

1*/, >>>>>»>» >>>>>>>>>>>>>>>>>>>~ ~> */
/* Calculate tht gradient of the constraint */
/* function.
/* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *

for(anlnt - 0; anInt < N; anInt++)
gradfanlnt]-O.0; /* Zero gradient array. */

for(anInt * 0; anInt < N DATA; anInt++)(
RJ-Rpos(anInt];
grad dj(N,Rj,vecr,delta rx,gnd dj);
tap - data anInt]-model data(N,RJ,vec-r,delta r,x);
tmpl - tmp/variance(anInt];
for(anlntl - 0; anIntl < N; anIntl++)

grad[anIntl] -- 2.0*tmpl*gnd dj[anlnti];
)

)
else(

* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *
/* Calculate the gradient of the objective */

function (i.e., the cross-entropy function)
* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *

for(anInt - 0; anlnt < N; anInt++)
grad(anInt] - (1.0+log(x[anlnt]/y[anlnt]));

/* Test for convergence *//* >>>>>>>>>>>>>>»>>>>>>>>>>>>>~ > */

for(anInt - 0; anInt < N; anlnt++)
if(grad(anIrt] > eps) goto steptwo;

return; /* Convervence of algorithm: exit 0/

/* *
1* ------------------------------------------------------------

step_two:



l* */,
/* .. . .. . . . .... . .. ........ ..- */

* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>» >>> */
I* Normalize the gradient array grad[] by its *I
/* length. The Euclidean length of grad[] is */
/* computed using the function euclidnorm 0. */

tmp - euclid norm(Ngrad);
for(anInt - 0; anInt < N; anlnt++)

grad[anInt] /- tap;

/ >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> /
/* In this first portion of STEP 2, we make all */
S/5 the needed calculations for the update of the 5/
!/ parameter vector (which determines the center */
/* of the ellipsoid) and the ellipsoid matrix ,1
/* rmatrix[][]. ,/
/ >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> /

for(anlnt - 0; anjnt < N; anlnt++)
(

tmparr[anInt]-o.0;
for(anIntl - 0; anIntl < N; anIntl++)

tmparr[anlntl +- rmatrix[anInt][anIntl]*grad(anlntl];
)
tmp-0.0;
for(anI.1t - 0; anInt < N; anlnt++)

tmp +-grad[anlnt]*tmparr[anlnt];
if(tap <- eps)(

printf(" Ellipsoid no longer positive defiaite.\n");
return; /* exit 5/)

tap1 - sqrt(tmp);

for(anInt - 0; anInt < N; anlnt++)
tmparr[anInt] - -tmparr(anlnt]/tmpl;

/ >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> /
/* After these preliminary computations, we are */
/* now ready to update the paramter vector x[] */
/* and the ellipsoid matrix rmatrix[][]. ,/
/ >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> /

tmp - 2.0/NP ONE;
for(anInt - 0; anInt < N; anlnt++)
( /* First update parameter vector. */

x[anInt] +- tmparr[anInt]/NP ONE;
for(anIntl - 0; atiIntl < N; anlntl++)
( /* Next update the ellipsoid matrix. 5/

rmatrix[anInt][anintl] --
tmp*tmparr(anInt]*tmparr[anlntl];
rmatrixtanlnt][anlntl] ,- FACTOR;

)

)*>>>>>>>>>>>>>•>>>>>>>>>>*



/* After these updates, go back to STEP 1 and
/* start all over again.
/* >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> *

goto stepone;

I* *1
/* Name - grad_dj(N,Rj,vec r,delta_r,x,gnd_dJ *//* */

/* Purpose - To compute the gradient of the J-th model data
/* point d[J] with respect to the parameter vector */
/* x - (q[1],...,q[N]) with the result placed in the */
/* gnd dj[]. RJ is the range corresponding to the
/* model datum. */I * *I

grad_dJ(N,Rj,vec r,deltar,x,gnd dj)

unsigned int N;
double Rj,vec r[],delta-r[],x[],gnd-dj[];(

register int anInt;
double K;

K - 1.0;
for(anInt - 0; anInt < N; anlnt++)
(

if((anInt -- 0) && (vec_r[anInt] >Rj))
gnd dj[anlnt] -- 2.0*delta_r[anlnt] + K/x[anInt];

else if(vec_r(anlnt] < Rj)
gnd dj anlnt]--2.0*delta r(anInt];

else if(vec r(anInt-1] <- RJ && RJ < vec-rtanInt])
gnd dJianlnt]--2.0*delta r[anInt] + K/x[anInt];

else gnd dj[anlnt]-O.0;

/* */

/* Name - model_data(N,Rj,vec-r,delta_r,x) *//* *
/* Purpose - To compute the J-th component of the model data */
/* vector corresponding to range RJ./* *

double model data(N,Rj,vec r,deltar,x)

unsigned int N;
double Rj,vec_r[],d*lta r[],x[];

register int anInt;
double tmp,CKSTI,CKST2,CKST3,K;

tmp-0.0;
CKST1 - 0.01;



CKST2 - 0.025;
CKST3 - 0.025;
K - 1.0;

for vinInt - 0; anlnt < N; anlnt+4.)

if((anlnt - 0) && (vec-r(anln ] > Rj))
tap +- x~anlnt]*delta r[4Int];_

else if(vec r~anlnt] <- Rj)
eletup +,- x~anInt]*delta r~azInt];
eleif((vec r(anlnt-1) < Rj) 4& (Rj < vec-r~anlnt]))

tmp, +- x(anlnt]*delta-r[&,Int];
else

continue;

for~anlnt - 0; anlnt < N; anlnt++)

if(vec -r~anlntj >- Rj && Rj <= 0.35)
return(log(CKST1)+K*log(x anInt])-2.0*tnmp);

else if(vec r~anlnt] >= Rj && Rj > 0.35 && Rj <= 0.65)
returni(log(CKST2)+K*log(x (anlntJ)-2.0*tmp,);

else if(vac r~anlnt] >- Rj && Itj > 0.65 && Rj <- 1.0)
returni(log(CKST3)+K*log(x anlnt])-2.0*tmp);

Name :euclid-norm(num-elem~array) *

1* Purpose: Compute the euclidean nor of vector array[] of '
1* ~num-elea. *

double euclid-norm(num-elem,array)

int num elem;-
double array[);

register int anlnt;
double norm;

norm - 0.0;

for(anlnt - 0; anlnt < num -elsa; anInt++)
norm +- array~an~nt]*array~anInt];

return(sqrt(norm));
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