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INTRODUCTION

This report documents the mathematical details of a soluticn to the
following problem: given a general surface of revolution, produce precision
information off-line that a rotating-traversing (2-axis) filament winding
machine needs in order to wrap (cover) the surface uniformly.

Ofr-1ine programming refers to the use of analytical and computational
methods instead of manual methods for teaching the machine ths motions it needs
fo perform in order to uniformly cover a surface with wrapped filamen<. Off-
line programming is important because winding data can be produced almost imme-
diately upon specification of the surface profile function. Also, the filament
winding angle can be tailored to some extent and various different paths may be
tested on varioué different surfaces without requiring the production of the
physical surface.

On-line programming, on the other hand, almost cumpletely avoids any need
for mathematical analysis, but it does so at a price. Manual teaching is time
consuming, tedious, error prone, less flexihle, and it removes a machine from
production while it is being manually put through its paces. Also, the very
first requirement of manuval tcaching is the production of the physical surface
or mandrel,

vVarious important mathematical areas ihvolved in this report are differen-
tial geometry, variational calculus, asymptotic expansions, numerical quadra-
ture, error analysis, finite differences, numerical approximation, number

theory, and of course, computer programming.

GEODESIC WINDING PATHS
The curve on the surface along which we wish tn wind a composite filament

will be referred to as a winding path. The ideal wirding path is a geodesic



because the filament will have absoluteiy no tendency to slip subsequent to its
meeting with the surface. If there is no friction between filament and surface,
a purely geodesic winding path is mandatory. If there is considerable friction
between filament and surface, one may be able to deviate considerably from a
’geodesic windiag path with no 111 e%fects. In any case, the geodesic is the
logical starting point.
A good opefationa1 definition of a geodesic path is simply the path of
least length between two (nearby) points on the surface.‘ A geodesic in the
plane is a straight line. A geodesic on a cylinder is a helix. A geodesic on a
sphere is a great circle, |
A surfﬁce of revolution is defined by its profile or radius function r(x),
where x measures the distance along the axis of the surface.
Using a right-handed (x,y,z) coordinate system, the equation of the axisym-
metric surface of revolution is given by
yt + 2zt = r(x)?

For any path on the surface (not necessarily geodesic),
y = r(x) sin @
Z = r(x) cos 6

where 0 is the angular Sﬁount of wrap of the path around the axis of the sur-

I . ,
face, beginning at the point (0,0,r{0)) (6 =.0).

The differential of arc length for any point on the path is given by

(ds)® = (dx)2 + (dy)? + (dz)?

- but

dy = dr sin 0 + r cos 0 d6




and

dz = dr cos 6 - r sin 0 d@
Therefore
{ds)? = (Jx)2 + (dr sin @ + r cos 0 d8)? + (dr co> 8 - r sin 6 do)?
Squaring and simplifying, we have
(ds)? = (dx)? + (dr)z + rt(do)?
or

(ds) = (a)* + (55) " (@0)r + r () (ax)2 = (1ert2eraert) (ax)?

or
ds = (1+r'!+r'9")k dx
Therefore, in terms of the behavior of r and 6 as functions cf x, we may calcu-

late the length of any path on the x interval (a,t) by
b X
s = [ (1+r'24r2g'2)? dx
a

We will not actually have occasion to calculate s, but this integral for s is
impqrtant in obtaining the 6 behavior of a geodesic path on the surface.

The fundamental problem of the calculus of variations 1s to find 8(x) which
minimizes the integral

[: F(x,0,8')dx

This minimization problem is equivalent to solving th2 Euler differential

equation
aF d oF

30 " dx a6’

put in our case,

F(x,0,0') = (1+r'8+r19'a)’!



and this expression is not deperdent on 8. Therefore

3F - 9. 9F
36 " % 7 gx 367
and
gg: = ¢ = constant
Now
- 'e -
gg; = r20'(1+4r'24r20'2) % . r'(lg;;~ + r?) %=

Geodesic curves which pass through the axis exactly twice (at the poles) will be
called meridians. Nongeodesic curves having a constant x cobrdinate will be
referred %o és bara11e15 or hoops.

Assume thg geodesic is tangent to a parallel at some point xqo (the usual
starting point will be xo = 0). Such a point represents a stationary point of x .

as a function of 0. Therefore

dx
aaantx-xo

or
' = o at x = X,
We may therefore conclude f~ om

that

Therefore




The point xqo will be called a turning point of the geodesic and the
corresponding radius ro will be called the polar radius. The turning points of
the geodesic repreasent the boundaries between the wrapped region of the surface
and the unwrapped regions of the surface., Given a surface of revolution, we are
thesoretically at liberty to specify any pouint we wish as a turning point of a
geodesic; having done this, we have determined the entire geodesic and the other
turning point as well, These facts imply that in oraer to wrap or wind alorg a
pure gecdesic path, we must wind between two precisely equal polar radii and
r(x) may not drop below the polar radius r, in the wrapbed region. This

situatior is rather restrictive, and we will discuss how to ove~come it later.

Solving
r!(lsg.‘.: -+ :-8)-3 = "o
for 8'. we have
Fo ler'2
00 = 2 @5

Thereforz, 6 for a geodesic with polar radius r, is given by

A TS S S R
o(x) !o FTET (r(t),_rs) dt

This integral is improper, of course, because the iv.egrand becomes infinite at
the turning points. Intuition assures us, however, that the integral does
incdeed exist and we will subsequently develop an asymptotic approximation for it

for small x. 6(x) is, in fact, proportional to Yx for small x.

PATH-ANGLE RELATIONS
Let the hoop angle h be defined as the angle between a hoop and the path.

The angle between the path and a meridian will be called the winding angle w.



More precisely, the hoob angle h is the angle between a vector tangent to the
path and a vector tangent to the hoop.
Letting i, j, and k vbe the usual coordinate basis vectors, the unit tangent
vector to any curve oﬁ the surface is given by
Tg = (idx + jdy + kdz)/ds
= (idx + j{dr sin @ + r cos 6 d0) + k(dr cos @ - r sin 6 df))/ds
for the particular case of a hoop or parallel, dx = 0 = dr, theréfore
Th = (jr cos 6 d6 - kr sin 0 d8)/ds
For a hoop we also have ds = rd@, therefore,
| Th-jcose-ksine‘

Taking the dot or inner product of these two unit tangent vectors, we have

coshszoTh

= {(dr sin 0 + r cos 6 d8)cos 6 - (dr cos 6 - r sin @ dB)sin 8}/ds

v dx
= ro ds

= r9' (140 2er2gr2) "X

- rt(l%?;_ + f") K/,.
Therefore
r
cos h = -2

Aside from its simplicity, the interesting thing about this relation is
that it not only holds when r is not differentiable, but it also holds even when

r is not continuous. This means that if x = a is a discontinuity of r, and r is




set equa) to any value between r(a-o) and r(a+o), the cosine of the
correspc * h will still be given by ro/r. Since meridians and parallels
inter: ~gonally, the winding angle w is given by
. To
sin w = o=
These formulas for hoop and winding angles will hold (in slightly modified form)

for subsequently defined nongeodesic paths as well,

QUASI-GEODESIC PATHS

The following surface is guaranteed to be wrappable on a purely geodesic
path. We are considering just one c¢ircuit here, beginning at the‘1eft—hand
turning point {x=0), winding to the right-hand turning point (x=L), and

returning to the left-':and turning point.

wrapped

unwrapped r(x)
unwrapred

A 1 ,

7

x=L

Figure 1. Equal polar radii for pure geodesic.
The reasons why this surface is guaranteed.to be geodesically wrappable
are
1. r(x) = ro at exactly two points (x=0 and x=L)
2. r(x) >rg for 0 < x <L

3. r"(x) €0 for 0 < x <L



We will address the problem presented ty violating condition #1 in this
section, leaving the problem of violating condition #3 for the next section.
Suppose we wished to wrap a surface similar to the previous one, but we

wanted two unequal polar radii rgy and rg2 (rg2 > ro1).

wrapped
wrapped but
cut off

r(x) / |

unwrapped | 1 unwrappred

o1 ‘ o2 o1

X=L

Figure 2. Overwrap for unequal polar radii.

If we want rog and‘roz to correspond to turning points, the task is mathemati-
cally impossible if we insist on a purely geodesic path. One alternative we
have in this case, however, is to wind a pure geodesic varther out on the
right-hand end of the surface than we want to and subsequently cut off the
unwanted surface to get our larger right-hand polar radius. This alternative is
not generally vizble, however, because if the resulting composite surface is to
be used as a pressure vessel, the cutting of the fibers or filaments may not be
desirable for reasons of structural integrity.

There is yet another alternative, however, which gives us considerable
flexibility in design and fabrication of the composite surface. We use the
simple but elegant expedient of thinking of ry not as merely a number, but as a

function rg(x). our quasi-geodesic path is therefore defined by




where r{0) = rgo(0), r(L) = ro(l), and r{x) > rg{(x) for 0 < x < L. The invented
function rgy{x) will be referred to as the polar radius function.

The schematic for the previons surface could therefore look like Figure 3.

wrapped

1 (x)

unwrapped

unvrapped }
i

To2

o ow—

!
x=L

Figure 3. Quasi-geodesic with unequal polar radii.
Here, we have our turning points exactly where we want them and our polar diame-
ters are exactly what we Qant them to be. By using the linearly varying polar
radius function /o(x), we have given up one small thing - a pure geodesic path.
Our path is now geodesic powhere, but very nearly geodesic everywhere! By “
inventing the polar radiu§ function, we have in one fell swuop generated an
infinite number of simi?af geodesics and selected a single point from each!

We might also have defined ro(x) as shown in Figure 4.

near geodesic wrap

‘["“‘_——‘—-hﬁhﬁih“‘“ geodesic wrap
geodesic wrap : _
TS I

— unwranpec

unwrapped
%01 To(x) F02

Lx x=L

Figure 4. Partially pure geodesic with unequal polar radii.



Here, we have allowed ro(x) to be constant near the ends of the surface; when-
ever rqo(x) is constant. a pure geodesic wrap results.
If we wanted greater hoop strength in the resulting composite surrace, we

could define ry(x) as shown in Figure 5.

wrapped

unwrapred
\ A

unwrapped

o1 r(x) ro(x) Ty

Figure 5. Polar radius function for higher hoop strength.
If we wanted greater axial stiffness, we might define ro(x) as shown in

' Figure 6.

wrapped

unwrapped A{

. unwrapped

Figure 6. Polar radius function for higher longitudinal stiffness.
Needless to say, the further r, deviates from a constant function, the
further the path will deviate from a pure geodesic. Too abrupt a deviation from

a geodesic path can produce slipping and catching of the filament, producing a

10




nonuniform suEface. For a convex surface, askpictured in the previous drawings,
slippage is the only problem we can have with a quasi-geodesic. For a nonconvex
surface, another problem can arise - lift-off or bridging, where the filament,
in some region, lifts off the surface and forms a bridge between two points on
the surface.

The following surface could suffer from bridging in the region indicated:

wrapped

bridging possible

r(x)

unwrap pe \

o1

Figure 7. Nonconvex surface, possible bridging.

The avoidance of bridging will be the subject of the next section.

WRAPPABLE PATHS AND SURFACES

As mentioned in the previous section, all convex surfaces are wrappable,
provided we select r, properly and no slippage problems occur. When r"(x) > 0
in any region, however, we may get bridging - wheire the filament wants to lift
of f the surface and form a bridge between two points on the surface. If
bridging can occur, the path, geodesic though it may be, it said %o be unwrap-
pable. In order to avoid bridging, it is first necessary to develop a mathemat-

ical condition for the occurrence of bridging.

11



The gradient vector to the surface
S(x,y,z) =y + 2¢ - r(x)2 =0

will always point perpendicularly outward from the surface. The path curvature
vector may point either inward or outward, however. As the curvature vector K
approaches the tangent plane from below, we are appr&aching a bridging
situation. If the curvature vector subsequently points'outward from the tangent
plane at any point, we have a definite bridging situation. The condition which
must therefore hold in ordér to avoid bridging is that the inner or dot product
of the gradient vector and the curvature vector must remain negative.

A vector propobtional to the gradient of surface S is given bty

G =~ irr' + jy + kz

If P = ix + jy'+ kz is a point on the winding path, the curvature vector of the
path is given by |

. dix . d3y d2z
K =1 dst * J gsz*? k ds?

Therefore
GeK = - prr! g;g +y g§¥ + 2 g;%
and we must have
GeK €0

in order to av?id bridging.
|
For any function u(x), we have, by “he chain rule:

d‘ 1 ] " [] " L
a§¥ =2 (s'y"-u's")/s'?

Therefore
s' GeK = - l‘l"("S") + y(slylo_ylsu) + Z(S'Z"-Z'S") =

(rrl-wl_zzl )s" + (W"*ZZ")S'

12




Usingy = r sin @ and 2 = r cos 6, doing the differentiations and simplifying,
we find that
rr! - yy' - 22' = 0
yy" ¢+ 22" = rr" - ptg'2
Therefore
GeK = r(r"-re;')/s"
Since only the sign of this function matters, we define the bridging‘function to
be
B(x) = r" - ro's
where bridging takes place if B(x) > 0 and not if B(x) € 0.
while it is already intuitively obvious that a convex surface cannot
experience bridging, it is now also mathematicallyiobvious because B cannot be
positive if r" is negative. On the other hand, if the surface is concave (r" >
0) in any region, B can be positive if 8' is not sufficiently large. In order
to avoid bridging, we simply make sure that 8' will always be sufficiently large
by making ro sufficiently large,
Writing the condition for no bridgirg:
r" -~ re't <0

and inserting the expression for ', we have

Isolating ry on one side, we have |

fo » (3z=tzoc-==z

13



We define the right-haini side of this inequality to be the polai radius

lower bound function A(x)
D ifr" <0
A(x) =
We see therefore, that bridging can te avoided if we make certain that rgy(x) 2

A(X) everywhere. Note that if r" = » (a sharp valley), then A = r.

PATH BEHAVIOR NEAR TURNING POINTS

In this section we obtain ona-term asymptotic expressions for 6'(x) in the

bvicinity of turning points (9' = =), The general expression for 6'(x) is given

by
o' = 2 (L bripar ¥

For x near zero we have

r(x) ~ r(o) + xr'(o)

and
ro(x) ~ rg(o) + xré (o)
Now
r(x)? = rg(x)? = (r(x)-rqo(x))(r(x)+rg(x))
but

ro{e) = r(o)
Therefore, we have
r(x) - ro(x) ~ x(r'(o)-ri(o))

and
r(x)2 - ro(x)? ~ x(r'(o)-ré(o ‘(2r(o))

14




Uitimately,
. r'y(o) 1+ r'(c)? %
R B P T T RSN IR
S S WL S YL
Yx 2r(o)(v'(0)-rg(o))
and
0(x) ~ f;(---gilffllglfl--_)‘i

r(O)(r'(O)-ré(O))

For x near L we have

r{x; ~ r(L) + (x=L)r'(L)

and
Foix) ~ ro(L) + (x-L)ry(L)
but
ro(Ll) = r(L)
Therafore
r(x) -~ ro(x) ~ (x-L)(r'(L)-rg(L))
and

r(x)? - ro(x)® ~ (x=L)(r"(L)=-ro(L))(2r (L))

= 2(L-X)r(L)(r6(L)-r'(L))

and ultimately,

Foll) 1+ r'(L)? )%

- -k = e -

0" (x) ~ Zi75" (2(L-x)r(L)(P6(L)'r'(L))

S URRE SUSL.A (B LIS

Vi-x 2riL)(ri(L)-r'(L))

.

15
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We see, therefore, that 0'Ix) has square root singularities at the left and
right turning points. Integration of square root singular functions will be

discussed in the next section.

A SQUARE ROOT SINGULARITY QUADRATURE FORMULA

In this section we will develop a one-point Gaussian quadrature formula

with error term for integrating square root singularity functions in the vicin-

ity of the singularity. We have the follewing integral to evaluate:

a+h
1=/ f& 4¢ forazo
a Yt

We rewrite this integral as two senarate integrals:

1= fx £(t) dt - [x £(t) d
a V¢ ath /¢

We will use the following formula for integration-by-parts on numerous occa-
sions:

b . =] b X
] f(x)gix)x = £(b)[ g(x)dx - [~ £'(x)[ g(t)dtdx
a a a a

Using integration-by-barts on I, we have

t
I = £(x) ]x t-Y%dt - jx £'(t)/ u~Xdudt
: a a a

X X t
- - - ' -
(f(x)fa+h t-Ydt fa+h f (t)fa+h u~%duat}

= 2f(x)(x¥%-a¥%) - !: 2f' (t) (t%-a¥)dt

-2f(x)(x’$-(a+h)’i) + I:*h Zf'(t)(t]"(a*h)’;)dt




= 2f(x)((a+h)%-a¥%)
X

- [ 28 (t)(th-ak%)dt
a

+ ]x N 2F' (t) (t¥-(a+h)¥)dt

a+
Let
E = I - 2fF(x}((ar)¥%-a%)
.1 - -2hE(X)
(a+h)¥ + a¥%
Therefore

- - 1? Frt)(thi-a%)dt

foirmn

X
s [0 fr(t)(th-(ash)¥)dt
a+h
Using integration-by-parts again on the last two integrals gives us
t
g s - (£ 00 8 - akdt - ]x £ ()] u% - a¥dudt)
a a a
b4 X t N
+ £ (1)) - (ash)Mat - [ f(t)] ¥ - (a+h)¥dudt
a+h a+h a+h
X x t
= - f'(x)(:/at’/'-a“t)la + la S () (a/su3/2-LNu)|  dt
2

. t
+ f'(x)(a/,ta/z-(a+n)¥t)lx - fx £'(t)(a/:u3/2-(ash)%u)]  dt
a+h a+h

a+h
e -f'(x)(2/3x3/2-a%x-2/2a23/2+433/2)
+ f: £U(t)(2/at3/2-a%t-a/3a3/2+33/2)d¢

+ f'(x)(z/ax°/‘—(a#h)¥x-a/a(a+h)=/! + (a+h)3/2)

a+h '
#1720/ 2 (ant Phtea/s (avh) 3/ e (ash) /1)t

14



-\

Therefore

Nim

= £'(x)(x(a%-(a+h)¥%) + 1/s((a+h)3/2-a3/2))

. fx £'(t)(2/st3/2-a%t+1/3a2/2)dt
a

h
+ fa+ £ (t)(2/st3/2-(a+h)%t+1/3(a+h)3/2)dt
X

If we now pick x to zero the f'(x} term, we will get a quadrature formUia which
is exact for linear f. Therefore, let
x(a¥%-(a+h)%} « 1/a((a+h)3/2-a3/2) = 0

Solving for x gives

« = Llath)3/2-a3/2) _ ((ash)3/2-a3/2)((a+h)%+a¥)

3((a+h)%-a¥) 3(a+h-a)

wmmmm o Ve w o ow - - -

h

= (2a+h+(a?+ah)%)/3

We therefore have

S G {5 QPP . {¢. I

a Yt (a+h)X+aX
wher¢ :
X = 1/s(2a+h+(az+ah)¥)
anu
g = f: £ (t) (2/3t3/2-a%t+1/3a3/2)dt

a+h
+ [x £ (t) (2/2t3/2-(ash)%t+./s(ath)3/2)dt
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We note here that if as= 0, the x = g , and for large a (relative to h),
(a+h)% = a¥%(1 + b)k ~ a¥(1 + b-)
] 22

H2nce

X ~ 1/3(2a+h+a(l + 25))

h
= 1/3(2a+h+a+ 5)

3h h
= 1/3(38#5") =a¢§

We see, therefore, that for large a, this quadrature formula becomes the mia-
point rule.
We now devote the remainder of this section to developing an upper bound on
the absolute error | E| . From the expression for E, define:
d(t) = 2/5t3/2 - ak%t + 1/sad/2
and
¥(t) = 2/at3/2 - (ash)¥t + 1/3(ash)3/2
We first prove that ¢ and ¢ are non-negative in their respective ranges of
integration. This is important when we apply the absolute value triangle ine-
qualities to the expression for E.
‘p(a) = :/:aJ/"- a’/2 + y/5a3/2 2z 0
¢'(t) =t - a% , ¢'(a) =0

o (t) = -1- > 0
t

Hence, ¢ and ¢' are zero at a and ¢ is concave upward to the right of a. Tiis

shows that ¢ is positive to the right of a.
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Now
W(a+h) = 2/s(a+h)3/2 - (a+h)3/2 + 1/slash)3/2 = 0
Y'(t) = th - (ath)¥ , ¢'(a+h) = 0

¥(t) = 50
vt

Hence, ¥ is positive to the left of a+h.

Using the absolute value triangle inequalities for sums and integrals o:

the expression for g gives us:
a+h
1E1= 107 eroctiae + 127 (opecerae |
a X ,

X a+h :

£ |[a £ (t)d(t)dt | + lfx U (t)ylt)dt |
X : a+h

< ]a | £7(¢) | #(t)dt + jx P £7(t) | wit)dt

X a+h
< 1"y (fa d(t)dt + [ Y(t)dt)
X
‘where
N0 = supf| £"(x)] : a € t € a+h}

Caiculating the integrals of ¢ and y:
b3 b | '
J #(t)dt = [ /at3/2 - a¥%t + /3a3/2 dt
a . 'a

= o/1u(x8/2-a8/2) - xa¥(x2-a2) + 1/sa3/2(x-a)

a+ a+

h h
fx y(t)dt = fx 2/3t3/2 - (a+h)%t + 1/a(a+h)2/2 dt

=’./,;((a+h)’/=-x-/=) - %(a+h)¥%((a+h)2-x2) + 1/s(a+h)3/2(a+h-x)
We therefore have:
Ig | € #F"0{a/1s((ash)s/2-a8/2) - xx2(a%-(a+h)¥)
+ 1/3x(a3/2-(a+h)3/2) & xas/2 - ,/538/2

- %(a+h)%/2 + /s(avh)s/2}

20
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Therefore
15 | € | < Uf"B{8((a+h)s/2-a%/2)
-15x2{a¥-(a+h)¥%) + 10x(a>/2-(a+h)>/2)
+15a%/2 - 10a%/2 - 15(a+h)*%/2 + 10(a+h)s/2}
= RF"0{15x2((a+h)¥%-a¥)
- 10x((a+h)3/2-a3/2) + 3(a+h)s/2-3a%/2}

Recall now that

X = 1/3(2a+h+a¥i{a+h)¥)
Now let k = a/h, b = k%, and q = (k+1)%. Therefore, a¥% = ph% and (a+h)%¥ = ghX.
Hence
X = 1/3(2kh+h+ph¥gh¥)
= § (2k+1+pa)
and

Xt = g: {4k2+1+p2q2+4k+4kpq+2pq)
m =~ (4k2+1+k(k+1)+dk+pq(dk+2))

2
= g- (5k2+5k+1+pq(4k+2))
Our error bound therefore becomes

15 | E| ¢ ¥fE {15 g: (5k2+5k+1+pq(4k+2)) (gh¥-ph¥)
- 10 « § (2ke14pq) (°h3/ 2-poho/2)

+ 3q*hs/2 - 3pshs/z}
Therefore
45 | E | € hs/2 1f"1{5(q-p) (5k2+5k+1+pq(dk+2))

- 10((k+1)g-kp) (2k+1+pq) + 9(k+1)2q - 9k?p}
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Simplifying further, we have
45 | €| € he/z2uf"n{q(5(5k2+5k+1)~5k(4k+2)
= 10(k+1)(2k+1) + 10k2+9(k+1)2)
+ p(-5(5k2+5k+1) + 5(k+1)(4k+2)
+ 10k(2k+1) - 10(k+1)2 - 9k2)}
= h$/29¢"1{q(25k2+25k+5-20k2-10k
~ 20k®-30k-10+10k2+9k2+18k+9)
+ p(-25k2-25k-3+20k2+30K

+10+20k2+10k-10k 2-20K-10-9k?2) }

Therefore
45 | E | € hs/2uf"u{aq - Bp}
where !
A= 4k? + 3k + 4
and |
B = 4k? + 5k + §
But
Aq - Bp = iés:%gléég%éel
= éfgg-i-gsei
= itt%éé;-éBEEE
Now
A% = (4k2+3k+4)2 = 16k* + 24k> + 41k? + 24k + 16
and
B2 =

= (4k2+5k+5)2 = 16k* + 40k® + 65kz + 50k + 25

22
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Therefore

(k+1)A2 = 16k® + 40k* + 65k3 + 65k* + 40k + 16
ahd
kB? = 16k®* + 40k* + 65k® + 50k2? + 25k

We therefore have

(k+1)A? - kB* = 15k? + 15k + 16

We can now summarize the results of this section:

a+h
PN g L 2RI L (o, 0
a Yt P+q
where .
k-a/h, p:&' q:yk*l
X = g‘(2k+1+pq)
and ’ :
E| € 1/es no/2nemy(==6 .y |
Aq+Bp
where
A = 4k2 + 3k + 4
B = 4k2 4+ 5k + §
and

C = 15k? + 15k + 16
An approximate bound on the local relative error is given by
R < -Bra_ .. hs/zp¢my -G
s ro0] (Aq+ap’
, [ | C{p+q)
= 2 wwmmm (et L
t/ooh® PR (Agesp )

Letting
= Cpt9)
Q(k) Aq + Bp
we see that

Q(o) = 4 and Q(«) = 3.75.
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Hence, R is relatively independent of k and we have approximately

i
R £ 1/23h? FEoar

INTEGRAL INVERSION

In this section, we will compute the inverse of the integral of a positive,

continuous, piecewise linear function. In subsequent sections, we will have two

distinct applications for this process. We begin with the points

(xi,fi) 1¢i¢<n
where f; > 0. Define the continuous, piecewise linear function f on the :th
subinterval such that |

X . .
Filx) = £5 + --pe== (Fiag-fi) xi € x € x4y

where h; = xj41 - Xj. Therefore
fi(xi) = f4
and
fil(xie1) = Fia
The integral of this function is giver by
X
F(x) = [ f(t)dt
X1
Our goal is to compute the inverse of F (F~1'), i.e., if F(a) = b, then a =
F=1(b). Now, if
Xi € X € Xj41
X X )
F(x) = [  f(t)dt + [ f(t)dt
X1 x5

x t - x4
= Flx;) + fx_ fi+ --5;-1 (fise1-fi)dt
b

24
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(x-x5)2
*Fie Oexi)fi + =ogpss (Fian-fy)

Therefore, if we are given F such that F; ¢ F ¢ F;,1, we need only solve

the following quadratic equation for x in order to invert the integral:

(fFie1-f3)
S-1LDI0 (xexi)® e fi(x-xq) - (F-F§) = 0
2h3
Therefore .
’ -f; ¢ (fi+2/hi(fi,1-fi)(F-F,'))"
X = X{ 8 wmeececccrrecee e e e e e —n -
fing - fi
hy

If fi41 > T, we need the plus sign in order to get the positive root. If f;.g

< f;, we still need the plus sign in order vo get the smallest root. Therefore

(VD-£,)h;

x'x.iI? --------

where

2
D = £5 + i (Fis1-Fi)(F-Fy)

Noting that

hj
Fieg = Fi = 5= (fi+fisq)

D can be written

: 2 - . hi/2(fi+fie1) a2, F-Fj
0= f;« ﬁ; (Fis1-fi)(F-F4) » --F;#l _-Fi-- = fi + (f”.l-f-,)(?;:I:E;)
Letting
LA N
Fie1 - F5
clearly
0¢<p <1

25



and
0= f} + (Flag-fio = (1-p)f§ + ofiyg
therefore
| D>0

Now it can easily hapoen that f; = f;,1, therefore

(YO-f;)h;

needs further simplification. .
(YD-f;)h; VD + f;

X - xi = ‘T ------- ® memcomwome

B cocceccsccscomees

(Fie1-F§) (VD+£5)

4 2 2
((1-p)Fi+pfis1-fi)hy

(Fio1-Fi) (VD+F5)

2 2
phi(fis1-Fi)
(Fia1-F5) (VD+£;)

Therefore

h. f.+f.
x - x; = Coilfitfie1)
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We therefore have the result: if f is positive, continuous, and piecewise

1inear, and

X
F(x) = [ f(t)dt X; € x € xp
X1

and F* is given such that
0=F € F* € Fy
then

2(F*-F;)
F'!(F*) =z X* = "'i 4 memmmanea

where

F* - F4
B mecmmmomw-
Fisg = Fy
i-1
Fi = } 51 (fj+fje1) 2€<¢i€n
j=1

and i is defined by
Fi € F* € Fj4q

Note that since h; > 0 and f; > 0, we always have Fj,1 > Fj.

AUTOMATIC PIECEWISE LINEAR APPROXIMATION

| In the process of generating the data which the filament winder
understands, occasions arise when we must take a known {computable) function and
generate points on the function which yield a good piecewise linear approxima-
tion to the furction. The simplest way of doing this is to generate a set of
equally-spaced values for the independent variable and evaluate the function on

this uniform mesh. This is a poor method to use hefe, however, because the
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functions we are dealing with can have regions of smooth, regular behavior
followed by regions of abfupt. irregular behavior. A uniform mesh will evaluate
the function too often in regions of low curvature and not often enough in
regions c¢f high curvature. The resulting piecewise linear approximations will
therefore be excessively accurate i) regions of low curvature and not accurate
enough in regions of high curvature., The problem of generating good piecewise
linear approximations becomes even more significant when there are microproc-
essor hardhare or software limitations on how many data points you may use in
your digitally controlled filament winder. |

The technique used here to generate gocd piecewise linear functional
approximations is the method of approkimate error equidistribution discussed in
general in Reference 1.

The idea'is to create a mesh for the independent variable (x here) which
approximately equidistributes the error in piecewise linear interpolation. T

error bound for linear interpolation on the ith subinterval is

1 ”
& L §4 l(i)
where
hij = Xj41 = %4
and
"8y = max | F(x) |
X{EXEX 541

We would like to select the mesh such that

hiIf "1 (i) = constant

1. c. deBoor, A Practical Guide to Splines, Springer-Vér]ag, New York, 1978.
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or such that

hilf"l(i)x = constant

This is equivalent to
Xiel
J " wftajy¥dx = constant
X

Now, asymptotically as h; - 0,
llf"l(i)k - If"(x) :k |~ 0
for any x in the ith subinterval.

We therefore determine the mesh by selecting the x's for which

Xi+g
/
x

| £7(x) | ¥dx = constant
]

Let
| £70x) | % = g(x)
and
!xi’1 a(x)dx = ¢
X3

Therefore, if

X
G(x) = [ g(t)dt
X1
then

G(xj) = (i-1)c
and

G(xpn) = (n-1)c
We therefore have
or

Xi = 671 (337 60xn))

n

where G".is the inverse of G.
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. A simple exampi2 is perhaps in order here, Suppose we wished to approxi-
mate xP {p > 0) by a piecewise linear function over the interval (0,xq).
f(x) = xP
' (x) « xP71
£ (x) « xP2
| £7(x) | % = g(x) « xP/21

-, )
G{x) « | tP/271g¢ « xP/?
o

Therefore

9&512 L 121, (fi)p/z
G(xp) n-1 X
and hence
_y 2/
x5 (%Z%) Xn

It is easy to see that if p < 2, the resulting mesh wiil tend to cluster mbre
ﬁoints near the left-hand side of the interval, while if p > 2, more points will
cluster on the right. If p = 2, the mesh is uniform because f"(x) is constant.

Usually, we do not know f"(x), because f may only be computable and not
given as a simple expficit function of x. We can, however, easily estimate
f"(x) over a uniform mesh using finite differences. We may, therefore, estimate '
g on a uniform mesh and define our g (estimate) to be piecewise linear. G will
then be piecewise quadratic and invertible by the technique discussed in the |
previous section on integral inversion.

If we let x; be the ith old, uniform mesh point and xk* be the kth new,

error equidistributing mesh point, we may use the re,ults on integral inversion

to define the new mesh:




X% = xq
Xp* = Xp
2(Gy*-G4
T T S . s PR

where

0 = (1-p)g} + pgisq
and i is defined by
Gi € Gk* € Gj4q
The g's are defined by
gi =] fm | %

where f." is defined by

and h is the uniform mesh spacing.

The only minor problem that can arise in this process is when some con-
secutive values of g are zero (and some consecutive values of G are equal) in a
perfectly linear section of f. When there;is at least one nonzero g;, however,
the probiem of G; = G* = Gj4q OCcurs with probahility zero. We can therefore
avoid twnis problem by simply setting x* = x; if Gg* = G; and not compute p.

If we have some idea of how accurate we would like our piecewise linear
approximation over the new mesh to be, we may estimate the needed number of
points in the new mesh in the following manner. Suppose we desire an absolute

error tolerance E. We would like
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E = % hig? = constant
where
gix) = | f(x) | %
as before.
In particular, we would like
E = % hmingmax
Now there will be an i.in the new mesh for which x?,l - x: = hpin Will hold.

But we already know that

*x * ’
G(x441) - G(xj) = G(xp)/(n-1)

and that ‘ *
* * Xi+l
G(xj41) = G(x4) = [ 4 g(x)dx ~ hpinGmax
Xj
Hence, we have approximately that
h G(xp)
;% emmecoe—-
min (n-l)gmax
ad
1 G(xp)? 2
€= 8 (n-iy7gr,, ° 9max
Solving for n gives us
G{x
nail+ S{Xn)
v8E

PATH COMPUTATION
In this section, we compute the actual geodesic (or quasi-geodesic) path on
the surface of revolution. That is, we obtain the relation between x and 8.

Given the radius or profile function r(x) and the polar radius functidn ro(x),

we cbtain @ by integrating:




FolX)  __lael(x)?_ %

070 = 20 Rl iTrg (%) 7

We have already shown that 6'(x) has square root sihgularities at the left and
right turning boints, and we iiave derived a quadrature formula with error term
.to do the integrations and check accuracy. We apply the iuadrature formula in
the following manner:

For x nearer to the left turning point (x=0),

x+h x+h
8(x+h) - 8(x) = [ 6'(t)dt = [ rre_it
x

x vt a It
where a = x and f(t) = Vt6't).

For x nearer to the right turning point (x=L),

x+k x+h
8(x+h) - 8(x) = [ 8'(t)dt = [ = =23 t
X x

. PN et g,

x-L V=t

-x~h e
® - IL X ﬁgl.‘E-SJ d+

L-x Yt

where a = L-x-h and f(t) = ¥t0'(L-t).

Up to this point, we have Qeen using x as the independent variable in this
analysis. This is the obvious choice, since the radius function r and the polar
radius function r, must be described as functions of x. At this point, however,

we will switch to using 0 as ocur independent variable because x as a function of
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6 has no singularities, can therefore be subjected to higher order inter- .
polation, and is a single-valued function for an entire circuit {left turning
point to right and back to left again). In order to define x as a functién of 6
accurately, we proéeed with the following steps:

1. Generate a first x mesh which is uniforn.

2. Integrate 8' over this x mesh to give the first 6 mesh.

3. Use this 9,x data to generate a second 6 mesh.which equidistributes

the error in piecewise linear interpolation of x.

4. Use piecewise cubic interpolation of the first set of 6,x data and the

second 0 mesh to generate a second x mesh.

5. 1Integr te 8' again with respect to the second x mesh and pfoduce the .

third and final 6 mesh.

6. Define x as a function of @ using piecewise cubic interpolation of the

second x mesh with respect to the third 6 mesh.

In what follows, let dot (+) denote d/do® and let n be the.number of points
in each mesh. Ordinarily, higher order interpolation would require a higher
order derivative than the second for the process of error equidistribution, but
if we define the nodal derivatives for the interpolating piecewise cubics in the
following manner:

x(69=0) = x(6p) = 0

* b & - N
X(O' S ermmmcemcecc—— 1 <i<n
LI PPe R P ( )

then the cubics will be only 0(h2) accurate (same as linear) for a nonuniform

mesh, and hence, a good mesh for piecewise linear approximation will also be a

good mesh for this particular piecewise cubic approximation. Another reason for
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defining the nodal derivatives this way is to produce a more stable (in the
sense of preserving monotonicity) cubic interpolant over nonuniform meshes.
The use of a piecewise cubic to define x(0) turns out to be numerically critical
around the turning points; if we do not have i(o) = i(en) = 0, we get a
noticeable kink in our winding data. The piecewise cubic interpolant is given
by
x(0) = x;(1-3p2+2p3) + x;.1(3p2-2p3)
+ (8441-0) (X§(p=2p2+p%) + Xj41(-p?+p3))

where

and

PATH WINDER RELATIONS

The (2—axis)!fi1ament winding machine or winder consists basically of the
surface, which isjrotated on its axis by the winder and a carriage which pays
out a taut fi1ameﬁt from delivery point 0, which moves parallel to and at a suf-
ficient distance }rom the axis of the surface. The task at hand is to coor-
dinate the rotational movement of the surface and translational carriage
movement in such a way as to lay down the filament on a predetermined path on
the surface. This is accomplished ultimately by computing carriage position as
a function of surface rotation., This is the only data that the Qinder

"understards."” For purposes of visualization, it is bezt to think of the
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surface and the desired path on it as being stationary and the carriage as both
translating parailel to the surface axis and rotating about the surface.
Given a point P on the surface path, the tangent plane is formed by the

vector tangent to the path and the vector tangent to the meridian.

a

Figure 8. Tangent plane relations.
The taut filament emanating from the deliver:, point D just meets the path

at point P, The winding ang'e w is given by

r ro
SIN W === OFr taN W = ~—e=cee-
r! - r!
We therefore have
a!rl
r
9 = ----9--- or bt = -;____;
a Vrl-rt re -
0

The meridian plane is formed by the tangent to the meridian and the axis of the
surface. 1t is the x distance by which the delivery point D leads {on the first

half circuit) the path point P. In this picture, r' is assumed to be positive.
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edge of tangent plane

a c

‘r(x)
axis

£ -

Figure 9. Meridian plane relations.

We immediately have the relations

% =r' and a? = 2 + ¢?

Therefore
at = g2 4 pl2g2
= 23{]+p'2)
and
a‘r; r;!'(1+r'=)
b* = ~3--pi- = ~T-pitItpim = (rge)
o

The hoop plane is formed by the hoogr or parallel through P. The lead angle

A is given by

where f is the filament delivery height or distance from the surface axis to the

delivery point D.
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end of x axis
e’

Figure 10. Hoop plane relations.

Since ¢ = tr', we have

We also have the relation
f2 = b2 &+ (c+r)?
= (r10')2 + (Ir'+r)?
= (rle'zﬂ-'z“z + 2rr'g + r?
The lead distaﬁce ? is therefore given implicitly by the following quadratic
equation:
(re@'2+r'2)g2 + 2rr'g + r2 - f2 20

Solving for f, we have

1
\

§ T cCmem—Ceccmrncrscd s e s St s
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Note that if r' = 0, 2 and 8' have the same sign. Therefore,

-rrt o+ rg}( Y(Fr)T + (Fir?)(ro')?

- oo -- -

r2+(r'/0')2
where
D = re(fi-r) + (fr'/e')e

This formula for ? is most accurate when r'/6' < 0. 1If r'/8' > 0, we rational-

ize:
g » (D%-rrizety/er 0¥ s rri/e!
rt + (r'/e')? 0% + rr'/6"
RN {3 {420 3 V4 S
(r2+(r'/0')2)(D%err'/0)
but
D - (Fr'/0')2 = r2(f2-rz) + (fr'/@')2 - (rr'/6')?
x (F-rt)(rae(r'/0')7)
Therefore
B e

We have used the reciprocal of 8' in these ffrmu1as because it is always finite.
Having established f in terms of the filament delivery height and the path, we

may compute A from
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Finally, the carriage rotation R (relative to the délivery point) is given by
R=6+A
and the traversing carriage position is given by

T=x+ 2

- Subsequently, it will be necessary to express T as an explicit function of R -

the only data the winder "understands” directly.

WINDER DATA GENERATION
The process of geherating the data fhat the winder understands {carriage
traverse position T as a function of carriage rotation R) is complicated by the

fact that T is not directly expressible or computable as a function of R.

Instead, R and T are both parametric functions of 0, since given 8, x can be

" computed and given x, 1 and A may be computed. The solution to this problem is

to find a 6 mesh which will yield an R mesh which will ultimately equidistribute
the error in T as a funztion of R. We will let dot (¢) denote differentiation
with respect to 6 in what follows. Since our goal is to equidistribute the
error in T as a function of R, we first write down the approximate condition
embodying this requirement
a7
{dR)? |a§; Is constant = 8E
but
dR = Rd6

We therefore want

hd 2
(RdO )2 |g§} | = constant




and

d.T d * o d e o gg _ "o_o" .
-HER (T/R) = dé (T/R) aRr = (TR-TR}/R?

Hence
(Rd8)2 | (TR-TR)/R3 | = (d6)? | T-TR/R | = constant
Therefore, our g function for the 6 mesh is
g(8) =|T - TR/R | %
Using this g function in our usial error equidistributing process will yield a 6
mesh which will produce an R mesh which will equidistribute the error in T as a
function of R. The major difficulty first seems to be computing the derivatives
in g, and although this would indeed be a cumbersome task to do analytically, it
is a simple task to do numerically. For instance, using central differences, we
can obtain the following after some simplification: |
Ti - Tiai/Ri = (2/b0) {(Ti41-T3)(Ri=Pi-1) = (T4=Ti-1)(Rj41-Ri) }/(Ris1-Rj-1)
We proceed algorithmically as follows:

1. Compute R and T over a dense, uniform 6 mesh. For each 6 value, com-

pute x, 2, and A and store @+A and x+2 in R and T, respectively.

2. Using finite differences, compute a piecewise linear approximation to

g.

3. Invert the integral of g to obtain a new 6 mesh.

4. Evaluate R and T again over this new 6 mesh.

To be usable, the R/T data generated by this process must represent a
single-valued function. This will be the case if the polar radius function has
been properly defined to lie between the radius function and the polar radius
lower bound function. If the lower bound function exceeds the polar radius
function anywhere however, it is likely that the k data will not be monotoni-

cally increasing, causing unacceptable loops or cusps in the R/T curve.
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TIME BASE COMPUTATION
Geometrically speaking, the function T(R) is all. that is needed to wrap the
surface; but practically speaking, we must also decide how R is to behave as a
furiction of time (or vice versa). Let us compute the velocity of the delivery
point relative to the‘surface. The components of the position vector of the
delivery hoint are |
x = T(R)
y = f sin R
z2=fcosR
‘where f is the filament delivery height.
The components of velocity are therefore
x = T'(R)R
y = f cos RR
z = -f sin Rﬁ
where (+) denotés g; . The square of»the speed ‘s
vi = x? 4yt 4 22
= T'(R)?R% + fR? cos? R + fiR? sin? R
| = (T'(R)2+f2)R2
and the speed is
v = (T'(R)2+£2)%R e
If R is a linear function of t, R is constant and ] x | will follow | T'(R) ] . 1In
order to make Ii | sufficiently small everywhere, we may need to make ﬁ so unac-/
ceptably small that we will slow down the winding process far too much when
| T'(R) | is small. Clearly, we need R small when | T'{R) | is large and vice

versa. We obtain a variable R by rewriting the previous equation as

dt = é (T* (R) 2+£2 ) %R
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Integrating, we get
Ris1
1
Tiel - i = In,- o (T'(R)2+f2)%aR
Approximating this integral by the midpoint rule and using differences gives us
the following time base recursion formula, where the positive speed function v
is anything we wish:
2

Biel T N3 GIITI ((Tie1-Ti)? + £2(Riyq-Rj))¥

SURFACE COVERAGE RELATIONS

The mathematical machinery we have developed thus far enables us to define
a good quasi-geodesic path on a surface of revolution and to successfully wind
filament alung this path by computing carriage traverse position as a single-
valued function of surface rotation. It is very unlikely, however, that
actually winding filament along such a path will result in a uniformly covered
surface. Our task in.this section is therefore to modify our nominal quasi-
geodesic path slightly by multiplying 8' by some factor a, near unity, which
will guarantee that repeated application of the winding data subsequently pro-
duced from the modified path will serve to cover the surface uniformly.

We begin by noting the =ffect on the polar radius function of multiplying
8' by a. The effective polar radius function will be denoted by Py Using the

general definition of 8, we can write the following equivalence:

%o (arityx  Po deriiy

r ri-r2 r 'ri-pz
o fo

Po (rie(a®-1)ri)%
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Note that if a = 1, Py = o and if a = o, Po =T It is easy to prove that if
a 1, then rg ¢ Py € T If @ < 1, we may risk violating the polar radius lower
bound function. Remember that this lower bound function is established bnce and
for all by the radius funétion r.

We now define a couple of disconfinuous functions for reference.

FL(x) = Floor of x = the greatest integer £ x |
CE{x) = Ceiling of x = the least integer 3 x = ~FL(-x)
Note that if f1(x) is the same as FL({x), but def{ﬁed only for positive x, then
the following defines FL(x; for all x:
FL{x) = f1(x+n) - n
where |
n= £l x| +1)

We must now investigate the closure properties of our paths. For iﬁstance,
if one circuit of our nominal path wraps through a rational multiple of 2n
radians, the path is guaranteed to ultimately close (i.e., return to exactly the
same point on the polar parallel it started at). If the total wrap (26(L)) of a
nominal ¢ircuit is given by

WNe = 21 (i 4"%)

where j/k is in lowest terms, it becomas oovious that the path will repeat
itself for the first time after exactly k circuits. If j/k were not in Towest
terms, jAand k wohId have a greatest common factor (GCF) greater than unity.
Repetition would therefore begin after only k/GCF{j,k) circuits. For the nomi-
nal path, k could naturally be quite large. We will establish uniformly
wrabping paths with relatively small values of k. In ;hat follows, we will give

special names and designations to i, j, and k.
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We will call 1 the number of complete revolutions per circuit and denote it
by Npc. We will call j the return index, separation index, or number of separa-
tions per circuit and will denote it by Ngc. We will call k the circuit index
or number of circuits per repetition and will denote it by Ncr: In what
follows, we will also allow a somewhat looser interpretation of the term
“repetition.” For a uniformly wrapping path, we will say that the first repeti-
tion has occurred when the band of filam2nts begins winding just alongside and
slightly overlapping the first circuit. Hence, a repetition may or may not be
closed. We will always use the term "closed" to mean exact return to the ini-
tial point.

The wrap of a circuit in a closed repetition is given by
Nsc
W = 2n (N + ===)
CCR RC NcR

The wrap for the entire closed repetition is, of course,
WCR = NcreWwccr = 2m(NcreNre*Nsc)

If we actually wind a filament along this path, the windings will naturally
close after Ncgp circuits. The pattern of filament bands on the surface will be
such that neighboring left to right travelling bands will be separated from each
other by a wrap angle of exactly 2n/Ncgp. Neighboring points of tangency of the
bands to the polar parallels will also be separated by the same angle. We
therefore refer to 2m/Ncp as the separation angle. The angle 2m Ngg/Ncp will be
called the return angle - the angle between the band's point of tangency to the
Jleft polar hoop at the beginning of a circuit and the band's point of tangency
to the left polar hoop at the end of a circuit. The return anale is obviously

the product of the separation angle and the separation index. We naturally
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always select va‘ues ot Ncg and Ngg which are relatively prime, i.e., values for
which GCF (Nsc,Ncr) = 1. Another quantity which we must introduce is the

number of circuits per separa*ion, denoted by Ngs. This quantity is the number‘
ot circuits which must be_wound in order to thain a net wrap advance of exactly
one separation angle beyond the starting point. Consider the following diagram,
where A is the starting point on the polar hoop, B is the return point on the
polar hoop (reached after one circuit), and c‘is a point on thevp01ar hoop which

is advanced exactly one separaticn angle beyond point A.

Figure 11. Return and separation angles for a closed repetition.
S is the separation angle and R is the refurﬁ angle. Now, after Ngg circuits,
the path will be tangent to the polar hoop at C. We therefore have
Ncs*R = 2nk + S

but

Therefore

NeseNgee2n/Ner = 2k + 2m/Neop
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and
Nes*Nsc = 1 + keNcr
or
Ncs*Nsc ® 1 mod Neg
Hence, Ncg and Nge are "recipronals" in the modulo (or congruence) arithmetic
restricted to integers zerc through Nog-1, where multiples of Ncp are equivalent
(congruent) to zero. We compute Npg as the first positive integer for which
| (NcseNsc-11/Ncr
has a zero remainder. This value of Ncg is guaranteed to exist, provided
'GCF{Ngg,Ncr) =1 (ref 2).
We will aow show whax the number Ncg is used for. Assuming the value of

Ncr is relatively sﬁa11, a single closed repetition will not have covered much
of the surface and we obviously won't cover any more of the surface by con-
tinuing to wind along a closed path. We now imagine the band of filaments to be
cut at some point and one cut end to b2 displaced from the other through a small
wrap angle which we will call the band advance per repetition or Bg. To get
uniform coverage of the surface, we would 1ike Bp to be such that an extension
of the displaced cut end will continuously overlap the previously woind band
ever o slightiy. Suppcse we were o wind a couple more repetitions, using the
same Bp. What would the configuration of bands on the surface look like? There
would still be Ncp separated right travelling bands on the survace, but they
would be nearly three times as wide as the first band. Also, there would still
be two cut ends, separated by a wrap angle of 3Bg. Now, it should be clear that
as the angular separaticn between the two cut ends approaches the separation

angle, the surface will be almost completely covered by a layer of filament. We

“W. E. Deskins, Abstract Algebra, MacMillan Company, New York, 1964,
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surface has been covered by one layer of filament. Consider the following

diagram: -

\

i

| ,

‘ will now address the problem of obtaining exact closure of the path after the

Figure 12. Starting points for uncjosed repetitions.
i

The points labeled one through Ngy (number of rebetitions per layer) are the

starcing points of the first through the Ng, th r%petitions, respectively. Each

|
" point is separated from its neighbors by the band advance per repetition, Br.

|
Now, for the sake of uniformity, we would like to select By so that the angle

would like our pafh to already be winding directly on top of itself when it
reaches point C for the second time. Here, for unclosed repetitions, the

separation angle S is slightly greater than it is for a closed repetition.

2n
S = ﬁE; + NcsoBc

48

between point C and the point indexed by NpL is exactly equal to Bp; i.e., we
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where Bec is the band advance per circuit. We therefore want

an
S~- ¢+ NeceBe = Npt *B
NeR Cs*ScC RL°PR

but
Br = Ncr*Bc
Therefore
2n
Sc- + NpgeBe = Npy *Nep*B
Ner cs*Bc RL*Ncr*Bc
Hence
B R wwoecowew g! -------
C ™ Ncp(Ncr*Ng ~Ngs)
and

Bp B svecmmacrecece-
R " Ner*NpL - Ncs

We have thus computed thebband advances necessary for our path to reach point C
for the second time and already be winding directly on top of itself. Where andl
when did our path close? It closed at point A, Ngg circuits, before it reached
point C. But it reached point C (for the second time) after NppeNgpL circuits.
We see then that the exact, integral number of circuits per (closed) layer is
given by |

NcL = NcreNpL - Ncs ;

Ncs
= Ncr(NpL - “Ei)

by
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where, of course, Ng_ is the integral number of repetitions needed to close the
layer and add Ngg additional circuits. Therefore, given Ngcr, Ngc, and Ngi, we
may compute Necg, Nor. and Bg.
We now show how to compute good values for Nog and Ngo. Denoting the nomi-

nal return angle by R and the separation angle by S .

20(L) = 2neNpc + R
Thus

Moo

and

Rty <oy

Hence, R is given by
R = 2(6(L)-n+Ngc) = 2(8(L)-nFL{B(L)/R))
If we want a > 1 (to avoid the polar radius lower bound function), we will need

R € SeNgo

where

S = 2n/Nc§

Hence

Ngc 3 R/S = NcpreR/2m
and we define Ngo by

Ngc = CE(Ngre*R/2m)
(provided GCF (Ncp,Nsc) = 1). We also want S«Ngc ~ R to be as small as
possible (in order that only minimal pefturﬁation of our nominal quasi-geodesic
will be required). - We therefore use the following procedure to select nearly
optimal values of Nocp and Ngc. For values of Ncr Between some minimum and maxi-

mum value, compute:
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Ngc = CE(NcpeR/2n)
* GCF(Ngc,Ncr) = 1, compute
& = Ngc+2m/Ncg - R
If this is the smallest value of § yet encountered, save §, Ncp, and Ngc.
Continue on to the next value of Ncg.

The values of Nocg and Ngc obtained by this procedure will insure that the
return angle for a circuit of a closed repetition will be as close as possible
tu the nominal return angle while still maintaining the condition a > 1. |

We now qonsider the specification of a. OQur effective wrap angle function
(1) derivative is given by

T'(x) = ad'({x)
T(x) = /x T'(t)dt = fx ad'(t)dt
o [+

If a.is a constant, we have

T(x) = ad(x)
and

T(L) = ad(L)

but we want

20(L) = 2n(Ngc + 255) + 8c
NeR

N
= 2n(Npc + nﬁﬁ’ * iégiéi
Therefore
208(L) = 2m(Npc + ;gg’ * ﬁéigiéi
and
iy e B i
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Up to this point, one may have been thinking of a as a'éonstant, but it turns
out that if a is a constant and r' is large somewhere, then pé will tend to
follow r' and be large also. The path will thus aeviate considerably from the
nominal quasi-geodesic path. We may find the extent of this deviation intol-
erable, so we define a as a function:

a(x) = 1 + fp(x)
where 8 is a constant. We call p(x) the perturbation function and we make pi{x)

zero when we want p, to be exactly equal to ro. We can still make p constant if

we wish, but we now have more flexibility at a small computational price. For

the new definition of a,

T'(x) = a(x)6'(x) = (1+8p(x))6'(x)
X : b 4
T(x) = Io T'(t)dt = !o (1+8p(t))0’ (t)dt

‘ b
= 0(x) + 8/ plt)e’(t)dt
o
Letting _
B
P(x) = [ p(t)e'(t)dt
o
(which can be computed with our square root singularity quadrature formula), we
have

T(x) = 8(x) + BP(x)

and

T(L) = o(L) + gP(L) \
so we can calculate B easily as socn as we know T(L). Also,
Ti = Tj-1 + 0§ - 051 + B(P;j-Pj.q)
defines the path data for our perfectly closed path in terms of our nominal path

data, the perturbation function p and p.
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Even though a is now a function, we still have the relation:

T(L) = R(NRC +* §§9 4 mmmtemn )
NcR  Ncr*NcL

= R(NRC + §§E ¢ cmerecwcccman——— )
NcR  Ncr(Ncr*NRL-Ncs)

Since Npc, Ncr. Nsc. and Ngg are computed on the basis of the nominal path, we
need only specify Ngi in order to compute T(L) and 8. We establish NgL from the
requirement that a layer of filament must completely cover the surface for any

X. We assume that our band of filarents has bandwidth b.

band of < hoop
filaments

.//}I)—’ x
meridian

Figure 13. Effect of finite bandwidth.

From the figure, we have the approximation

b=c¢ sinh
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(exact for r and rgo constant; not valid at all at turning points) and
b2 = c? sin2 h = ¢?(1-cos? h)

but

h Polx)
cos | moee-
r(x)
Hence
Po 2
b* = c¥(1 - (7))
but
arrg
po S ermmcccreccccene '
(ri+(as-1)rl)%
Hence
1 - eg)’ 3 ———t::t; .....
(r r: + (a‘-l)r;

We therefore have
c*(r'-r;)

® 23 i 2
ris(a l)r°

Now, in order for one layer to completely cover the surface at this point, we

clearly must have

CeNeL 3 2nr

from uhich_ue conclude that we need

. o2nr e, MR
b* 3 (5o-) (asiaiziyre)
Ney' ‘rivfa 1)rs

but a sufficient condition for the satisfaction of the previous inequality is

the following one:

2nr 2 T27To
bt 3 (20) (=)

2n_ .2
= (RE[) (rt=r?)
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Hence

N 3 (2T i(rrer2)

but we want this inequality to hold for all x. Therefore, if we define

M= Max (r(x)2-rg(x)?*)
0€<x<L

" then we need

2m/m
NeL 2 =5~

- and

2m/M
Ncr*MrL - Ncs 3 ==5-

We therefore conclude that a value of Ng; sufficient to guarantee complete

coverage of the surface everywhere is given by
2r/M
NgpL = CE((-S-- + Ncs)/NeRr)

From this value of Ng, , we compute T(L) and 8. If B8 is not particularly small,
however, we may be able to get away with an even smaller value of Ng; . If a
smaller value of N gives complete coverage, we must have

at<0

where

2nr 2 o
me Max (500) T (eeeo-o-O - bt
" oexe Mo (FRTaEnRE)

The global maxima M and m are easily computed with a couple of applications

(global and local) of adaptive (error equidistributing) sampling.
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SURFACE BUILDUP RELATIONS

In the previous section, we discussed how finite bandwidth affects the sur-
face coverage problem. In this section, we will discuss how finite band
thickness and finite bandwidth affect the surface buildup problem.

" After a layer of filament has been wound onto the surface, one will.obsevve
that the layer varies in thickness from point to point. This fs due to the fact
thaf~fhe hoop angle cannot remain constant everywhere. One notices in péro
ticular that there is considerable buildup at and near the tdrning points. The
objective of this section is to compute a uniform approximation to the layer
thickness at all points of interest. The central problem of this section is
determiﬁing the length of a cut, transverse to the axis of the surface, in the
pand of filaments. For a ¢ylinder and at a point where the hoop angle is

constant, the length of such a cut is given exactly by

c(x) = =<2-2

where b is the bandwidth and h is the hoop angle. At the turning points, h is
zero and the previous formula predicts infinite bui]duo.' The buildup at fhe
turning points may be considerable, but it is certainly not infinite. We iil]
leave the determination of ¢ for later and ascsume for the present fhat we will
be able éorobtain it. | '

We will first determine the physical surface length and the physical hub

diameters for a given bandwidth b.
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and

Hence

and

a meridian

r{x)

hub radius

Figure 14. Left turning point.
Tan ¢ = r'(o0) = or

oL

ore + DLt & (D)*

(F'(0)DL)? + DL® a (g)‘

1+r'(0)?2
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The physical length of the surface is therefore given by

b ...l ' 1
Yi+r'(0)2  Vier'(i)?

L+

and ‘the left and right physical hub diameters are given by

Zr(o) - -9:1‘91--

Y1er'(0)?
and
’ [
Zr(L) + --9!_151-
Yier'(L)2
respectively.

In‘what follows, we will let the &6 quantities refer to a single band of
filaments and the A gquantities refer to the aggregation of these bands which
form the layer,

From the same diagram we also have

| t = 6r cos a
so that
Gra_:tm
for any point x and any orientation of the band.

We make the fo]?owing assumption or idealization in our modeling of the
behavior of the band of filaments. We assume that the band behaves as a
flexible” membrane of constant thickness t and width b which clings uniformly to
the surface, The area of a transverse cut through the band is therefore giveﬁ

by
(R(r+dr)2-nr) g; = 6A

where Sy is the angular length of the cut. Since ¢ = réy, we have

g; (2rér+dr2) = SA
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or

BA = cor(1 + g,'—:)

We will now have two 6A area contributions from each circuit, hence, the
total area contribution for our layers of wrap is given by
4A = 2Nc| SA
Now, if we think of Ar as the average thickness of aggregate filament material
buildup at any point, we have
AA = n{r+Ar)?* - nr2
s X(2rAr+Ar?)

Solving this quadratic equation for Ar and rationalizing, we have

Technically, the previous value of AA is due to filaments alone, while we should
also consider the matrix material component. If we let v be the filament/volume
ratio, then AA for matrix and filamen% together is given by

AA = 2Ng| 8A/v

In summary, we have

AA = 2Ng SA/V
SA = cor(1+6r/(2r))
50 = tf1er'e
The only quantity in these equations whose computation has not yet been
addressed is the length of the transverse filamentary ¢ut, ¢. We will now

proceed to compute ¢. In order to complete our model of the band, we need to
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define the family of paths orthogonal to our qUasi-geodesic. These orthogonal

paths will enable us to define precisely the finite width of our band and com-

path
pute c.

h ] rdé
dm

orthogonal path

rdn

Figure 15. Path/orthogonal path relations.
We let s denote the length nf our quasi-geodesic path, o be the length of the
corresponding orthogonal path, and m be the length of the meridian. The hoop

angle H of the orthogonal path is deiined by

cos h = sin H
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The contribution to the meridian is

r
dm = do sin H = do cos h = ;9 do

but

dm2 = dx? » dr? a (14r'2)dx?
Therefore

do = E; dm = E; rIer ® dx
hence

(" = c- 'l§r'!
To

we caIﬂ'the orthogonal path wrap angle n and we have
| -rdn = do cos H = do sin h

= do(1-cos? h)%

= do(1-(rgo/r)2)%

he J T

da(r*-r;)’!
Hence

dn = - }; (r'-ré)* . ;; (1+r'2)% ax

and

| n' o= - ;}; {(re-rt)(1erte) )y

Note that n is a decreasing function of x.



\

point on axis

orthogonal
caths

Figure 16. Determination of cut length.
Going from A to E indirectly by the route ABCDE, we pass through the wrap angle
8y, which is decomposed in terms of ¢ and s wrap angles:

8y = 6n1 + 801 + 502 + On2

X=6x ‘ X X+86X2 : X
= n'(t)dt + [ o' (t)dt + [ o' (t)dt + [ n'(t)dt
X X=-6xq X X+5x2
xX+6%
=] 8'(t) - n'(t)dt
x—6x1

where x is the axial location of the cut and 6x; and &x; are the axial distances

therefrom to points B and D, respectively. Now

T , ro (r2-r2)%
R M TR
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=1 vayk Qo0
= (1#r'2) roriors)k

r_ o ler! )

* v lrazp)t ey

{note that the only difference between y' and 8' is that 6' contains the factor
ro/r and y' contains the factor r/rgy). The length of the transverse cut in the

band is therefore given by

X+6%9
c(x) = r(x)6y = r(x) [ y'(t)dt
X‘le

= r{x)(y(x+dx2)-y(x-6x1))
where

Plx) (Bl

7' (x) = rolx] FIX)ETrg(x)F

r{x)2-ro(x)?
and &xq and 6xp are determined by

[ ety =2a o' (t)dt
X’5X1 2 X

where

o' () = ETLs (1err 0000

In the special case when r and r, are constant, we have as a check

r b r
6x4 F; =3 6x2 F;
br
6X1 = &xp = 5;9
R S S
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x+8x2
c(x) =r [ s y'(t)dt = re2éxqey’
xX- .

X1
bro 1
=25t Rsinh
-
sin h

Since ¢' is always greater than unity, o is strictly monotone increasing end
hence has an inverse o~'. We can therefore compute 6xq and 6xz in the fcllowing

manner:

NI

g(x) - o(x-6xq) =

[ 1] g

- o(x-6x1) = a(x) -

) - b
x - 6xq1 = 07 (o(x) - 5)
6x1 = x - 0" (0(x) - g)

Also

NIo

o(x+ox3) - o(x) =

a(x+6xé) = g(x) +

o

X + 6xg = 07V (0(x) + g)

6xo = 07 '(0(x) + g) - X
If we épproximate o' by a piecewise linear function, we have another application ‘
for our\proéess of inverting the integral of a positive, continuous, piecewise
linear ¥unction. We only need to decide what mesh to use for ¢'.
Let\ hatted items denote piecewise linear estimates and unhatted items

denote exact values. The error in computing &x; is therefore:
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e(x) = 5)(1 - 3)(1

= X - 0 ' (o(x) - g)
- (=371 (3(x) - 2))

=5 G) - D) - 0T (ox) - D)
Letting
o' =S and o' =$§
we have
e(x) = $(3(x) - 2) - S(a(x) - )
Assuming b to be 5ma11, we have
e(x) = §(3(x)) - 2 §'(3(x))

- S(a(x)) + 2 §"(0(x))

but
§(a(x)) = x = S(a(x))
hence
e(x) = 2 (S'(0(x))-8" (5(x)))
Now, since
| o7V (x) = S(x) ,
x = o(S(x))
*herefcre
1 -\a'(S(x))S'(x)
" |
S'(x) = 1/0'(S(x))
Also \

S'(a(x)) = 1/a'(S(o(x))) = 1/0'(x)
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Similarly

§'(a(x)) = 1/0'(x)

hence
b, 1 1
e =3 G T Y
= % (0'(x) - o' (x))/(a' (x)a'(x))

A rough bound for e on the ith subinteévaI is therefore
e | < 557: . % hite' 14
In order to make e roughly constant, we choose our g function as
o) =o' x) | %0t (x)
Let us now obtain an asymptotic expression for the length of the cut at the
left turning point (for one-half c%rcuit). From geometric considerations we

know tnat 6xq = 0. We approximate &xp using a two-term Taylor series:

8xp = S(o(x) + g) - X
. b
= S{o(x)) + S'(a(x)) 3 - X

- - -

We use the previously derived quadrature rule to integrate y':
[
[0 ) gx s o5 £(3
° Vx 3

X

5% 5x ,
c{o) = r(o) Io y'(x)dx = r(o) [ 2 Vxy!(x) dx

°  vx

& r(o) « 2¥éxy Véxa/3 7' (6x9/3)
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but

rx)_ ety
ro(x) "r(x)2~rg(x)?

Y'(x) =

Using a two-term Taylor series on r and ro. we have
r(x) ~ r(o) + xr'(o)
ro(X) ~ r(o} + xrg(o)
FIx)® = Fo(x)® 3 x(r'(0)-rg(0))(2r(0)+x(r' (0)+rs(0)))

~ 2xr(0) (r'(0)-rqa(c))

for small x. Therefore

Y'HX) ~ (5r=reSimioIoaTIoTT

for small x. Hence

5x .
c(o) = r(o) f 2 Y'(x)dx = g:iglffg ‘----_---l:[-lgl: .......
o dxo

r'(o)-ré(o)
but
b
2 = 35718
and
g'(o) = (1 + r'(0)2)%
Therefore
b
S W mmmrmcmc—aa-
2 o))
and

br(o) (1+r' (0)2)% %
(o) = UG
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If r'(o) is large. we have
c(o) = (br(o))¥%
If we use virtuilly the same analysis to approximate the cut at a distance of
b/2 from the left turning point meridionally, we get
c(x) ~ V2 c(o)
. The length of the cut iL therefore about 40 percent greater here than at the

turning point.

FUNCTION DEFINITION

The off-1ine filament winding process begins with the explicit sbecifica—
tion of the prdfi1e or radius function of the surface of revo1utiqn to be wound.
We have been calling this function r(x). Although one can, by exercising proper
caution, wind across discontinuities in r' and r, we require here for the.sake
of simblicity that r' exist everywhere in (0,L). This is not to say, however,
that we cannot allow r’' and r" to be fairly large in some spots; we can.

The next step.is to define the desired nominal path we wish the filament to
~follow on the surface. This is done by explicitly specifying the polar radius
function rg(x). .For any acceptable pure geodesic path, rg(x) isAof course just
a constant. For a quasi-geodesic path, however, we nay need as mucﬁ fiexibi]ity
defining ro as we need defining r. :
o The last function we need to specify, the perfg;gé£€on function p(x), is
required for flexibility in specifying the slight modification which we must
make in our nominal quasi-geodesic path in order to wrap the surféce with a
closed, uniformly covering layer of filament. In many Eases, this function
could simply be defined as a constant, but in the event that r' is large near

the turning points, a constant p will have the undesirable effect of forcing the

68




effective polar radius function po(x) to mimic the behavior of r near the
turning points. Making p zero in a neighborhood of the turning points leaves
po‘equaI to ro in these neighborhoods.

The smnothness 6f a function is specified in the following manner. A func-
tion f is said to be CN if at least the first n derivatives of f exist and are
continuous. The most stringent requirement on the smoothness needed by r, rq,
and p can be determined by examining the g function for generating the winder
data. The extent of differentiation in this function indicates that r''’, r;,
and p" should at least exist almost everywhere; r should be C? and r, and p
should be C'. Additionally, if we want g to be continuous, we will need r to be
C? and ro and p to be C*.

Of course it is not at all necessary for actual machining of the surface to
be done this smoothly, but it is necessary for the functions we compute with to
be this smooth in order to give us éomputationaIl; reliable algorithms.

' There are any number of ways in which we might define these functions. The
method chosen here is to begin with a piecewise linear function and round off
the corners to obtain the desired smoothness. We do the rounding off by using

smoothing by averaging (refs 3,4). Consider the smoothing operator S defined by

+h
SF(x) = %ﬁ [:_h £(t)dt h>o

Differentiating this equation with respect to x using Leibnitz's rule givas us:

% sfix) = 35 (FOxsh)=F(x-h))

J4. S. Shapiro, Smoothing and Approximation of Functions, Van Nostrand Reinhold
Company, New York, 1969,

4p. w. Soanes, "Function Smoothing by Repeated Averaging," ARDEC Technical
Report ARCCB-TR-88012, Benet Laboratories, Watervliet, NY, March 1988.
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and.

- saPT NS 1 PP LI
o 2h

Hence, we see that if f is CM, then Sf is C"*1. If we apply S i times, we also

have that if f is Ch, then Sif is CN*i,

we use the following symbolism for the successive integrals of a function

fo(x) = f(x)

X
fi(x) = [c fi-1(t)dt i1l
By definition of S, ‘
st L PP fieyae = L (f £1(x-h
() = 35 [, FLOat = 55 (Fileh)-f1(x-h))
2f L /" e ie)d
S*f(x) = 3¢ Ix-h (t)dt
1 xX+h 1 ¢

* 35 ) _n 2 (f1(t+h)-fq(t-h))dt

L™ e eempar - " 6 (tenyat)
T eme + - -
ahr My 1 x-h 1

1 2h X
=ant U fatide - [ fi(t)de)
* I%: (fz(x+2h)-fz(x)-(fz(x)-fz(x-h)))
b (Fatxe2n)-2F50x)+F5 (x-2h))
In general, it can be proved (ref 4) that
i

SiFx) = ==dos 3 (-1KR( 5O (i-2K)M)
k=0

%R. W. Soanes, "Function Smoothing by Repeated Averaging," ARDEC Technical
Report ARCCB-TR-88012, Benet Laboratories, Waterviiet, NY, March 1988.
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The jth derivative of the ith smooth is just

R i
P PORISUR TR S NRR
o ST Tani £ DR Fi- jlxs (i-2k)h)

If ¢ is a bilinear function defined by

f(c) + a(x-r) X3¢
. f(x) = |
f(c) + b(x-c) X <¢C

then we have ainost immediately that

' f(c) ¢ ;gi (x-c) X 3cC
-c)i
fi(x) = ifggl- ! b (i » 0)
: f(c) + i (x-¢) X < ¢

For the rounded area in the vicinity of xi, we will take ¢ = xx. This
establishes a,b and f; for any value of i. In order to subsequently specify
Sif, we need to establish the one remaining parameter h. A point x will be
called a linear point of Sif if x+ih and x-ih both 1ic in the domain of the same
linear section of the initial piecewise linear approximation. We refer to such
a point as linear because S preserves linear functions exactly, but since our
basic approximation is only piecewise linear, ST will only preserve the function
at the point x if x+ih and i-ih both lie in the domain of the same linear sec-
tion.

We want at legst the midpoints of each subinterval to be linear points so
thaf we may have different values of h associated with each node or rounded sec-

tion. We therefore want the foT1oning two inequalities to be satisfied:

and
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This leads us to define the h value associated with xy to be
h=doomin {x - x x - i}
23 K k-1 - kel kil
or some fraction thereof. Hence, S'f is defined between the midpoints of the

subintervals surrounding xy.

INDEFINITE INTEGRATION

In this section we define and analyze the complexity of an algorithm for
indefinite numerical integration which tends to minimize the effects of roun&-
off error in the limit as the number of mesh points becomes large. Typically,

we want

X
F(x) = [ f(t)dt
X1

estimated at the mesh points xi, X3, ...Xn, where n can be large. This can be
accomplished by the usual recursion.
X5
Fi = Fioq ¢+ /[ £(x)dx i=2,3,...,n
Xj-1

where Fl = 0 ahd we estimate

by any desired quadrature rule.

If n is large, the usual recursiun wi'll suffer from round-off error as we
continually add relatively small quantities to increasingly larger ones. The
larger n is and the greater the value of the accumulated integral, the greater
will be the number of significant digits effectively dropped from each subinter-
val's contribution to the integral. It should be clear that F, will suffer the
most from round-off. To reduce the effects of round-off ;rror, we construct an
algorithm which will tend to add only quantities of similar magnitude and
thereby make use of roughly the same number of significant digits in each

addend. Consider the following algorithm:
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Initiation step:
F(1):=0
i:=2 :
do until i > n
{Lii):=i-1
i

X
F(i):=f  f(x)dx
Xi-1
i:miel}
Sunaation step:
do until L(n)=l
{i:=n
do until L{i)=1
{k:=L(1)
F(i):=F(i) + Fk)
L(i):=L(k)
i:=i-1}}

Examining the summation step, we see that during each pass of this step we
have that F(i) and F(k) each represent integrals over the same number of subin-
tervals, providing L{k) » 1. Hence, the new value of F(i) will be the sum of
two numbers of similar magnitude (except for the last time F(i) is updated). We
now examine the space-time complexity of the usual recursion and the new
algorithm, The usual recursion needs an array of size n and the new algorithm
needs two arrays of size n. Hence, both these algorithms have the same space
complexity, 0(n). The number of floating-point additions needed in the usual
recursion is n-2; hence, the time complexity of the usual recursion is 0(n). We

will now analyze the time complexity of the new algorithm.

We first note how L changes from pass to pass via Table I (n=20).

13



TABLE 1. BEHAVIOR OF L ARRAY FROM PASS TQ PASS

x indices : 1 43 o7 8 9 10 11 12 13 14 15| 16 17] 18] 19 20
L initially : 1 2 j s o 7 j 10 11 12 13 14 15 16 17] 14 19
L after first pass : . HA3Na4s a7 910 11 12 13] 14 15 16 17 18
L after second pass: 1 1 2 J ﬂ 5 71 o 9 10 11 12 13 1] 15 16
L after third pass : 1 Y1y # 4 5 & T & 910 11 12
L after fourth pass: Yy ¥ Yy uy Yy g o3y *
L after fifth pass : 4 1

On the basis of this table, we can c?nstruct the following table.

TABLE I1. ADDITIONS PER PASS

p (pass index) a (floating-point adds per pass)
1 n-2

2 n-2-1

3 n-2-1-2

4 n-2-1-£-4

5 n-2-1-é-4-8

p n-2-1-2-4-...-2P"2

We therefore have that

p-2
ap = n-2- } 21
i=0
by induction, but
k
Sk ) 21 =2kel o
i=0
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Therefore
ap = n—Z-Sp-z
e n-2-(2P"1-1)
= n-1-2°P"1
In all that follows, log will denote logarithme to the base 2 and In will denote
logarithms to the base e. For each pass, including the last, we have
> 0
n-1-2P"1 > 0
P71 ¢ n-2
p-1 < log(n-1)
p <1+ log(n-1)

The cumulative number of adds in p passes is
p P
Aps 2 a; = } (h'l’Z’-l)
izl ial

p I3
= pa-1y - ) 2'71
i=}l :

p-1
= p(n-1) - } 2" = p(n-1) - S5
i=0
= p(n-1) - (2P-1)
The total number of floating-point additions in the summation step is therefore
Ao = p(n-11-2P+1
where p is the largest integer strictly less than

i1 + log(n-1)
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If n-1 is an exact power of 2,
p = log(n-1)
and
Ap = (n-1)log(n-1) - (n-1) + 1
= (n-1)(Tog(n-1)-log 2) + 1
= (n-1)10g(%}) + 1
If n-1 is not an exact power of 2,
| p=1+logi(n-l1) - ¢
where € is some positive fraction. Hence
Ag = (n-1)(1+log(n-1)-¢)
- 21+109(n-1)-e + 1
= (n-1)(1+7og(n-1)-€)
-21"€(n-1) + 1
s (n-1)(1+10g(n-1)-e-217€) + 1
To get an upper bound on Ap, we need an upper 5ound on
fle) = -e-21"€
Note that f(0) = f(1) = - 2, ODifferentiating, we have

£1(e) = -1 - (-1)2}€n2

and

Since f"(e) < 0 for all €, f(€) attains a maximum. Setting f'(e) = 0 gives us

21"€ 2 10g e

l-€¢ = 1og log e

€=1-log log e
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hence
f(e) = -1+ logloge - loge

= -1 + log (198-9)

Since
Ap = (n-1)(1+log(n-1)+f(e)) + 1

for the correct €, we have

Ap € (n-l)(1+1og(n-1)-1+109(192‘g)) +1
for the maximizing €. Therefore,
| Ay < (n-1)109(2§%§) + 1
< (n-l)log(i?ggz) +1

which is our sought upper bound on the time complexity of the summation step,
We see that the price we have to pay for the reduction of round-off error
is the logarithmic factor in our bound. Note, however, that this factor grows

very slowly with n.

e e e

7
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