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A Mi I JiAXlAL STRENGTH CRITERION FOR COMPOSITES*

ABSTRACT

I his paper presents the development of a piecewise quadratic strength tensor theory for composites with orthotropic, trans-
,ersel. isotropic, and isotropic material symmetries. The proposed strength criterion improves the best available quadratic failure the-
ory for such composites, the Tsai and Wu quadratic strength tensor theory, by including stress terms that can reflect different failure
mechanisms of the composites under tension and compression. To demonstrate the applicability of the proposed theory to composites.
extensive and good correlations are shown between the theory and the biaxial fracture data of five composite material systems:
graphite epox., graphite particulate, graphite aluminum, glass epoxy. and organic textolitc composites.

I NTRODUCTION

A multiaxial strength (failure) criterion is an equation to be satisfied by the stress components under which failure occurs. In
general. six stress components are used to define the stress state and a strength criterion can be geometrically viewed as a failure surface
in the six-dimensiona! stress space. The failure surface has to be closed 1.2 to ensrre that the material strengt'h is finite in all directions.
In addition, a strength criterion for composites is required at least to account for the following general material characteristics: i)
volume compressibilit,. (ii) differing tension and compression strengths, and (iii) orthotropic, transversely isotropic. and isotropic mate-
rial symmetries for orthotropic. transersel. isotropic. and quasi-isotropic composites, respectively.

As i- well-known, the Tsai-Wu quadratic strength tensor theory I satisfies all of the above requirements and encompasses all

other quadratic strength (failure) criteria used for composites. For a general anisotropic solid, this theory can be written as**

flok) = Fi oi + Fij oi oj = I .(i,j k = I_ ... 6)

where f is a scalar function, Gk is the contracted notation of the second rank stress tensor +, and Fi and FiJ are the strength tensors of
rank two and four, respectively. Without loss of generality, it is assumed that

-.5
F i. (2)

In addition. constraints (usually referred to as the stability conditions) must be imposed on the strength tensor Fij to ensure that
the material strength is finite in all directions. More specifically, Fij must be positive definite:

Fij o j > 0 . (3)

at all points a, in the six-dimensional stress space. Geometrically, Eq. (3) is a necessary and sufficient condition to ensure that the fail-

ure surface represented by the quadratic polynomial of Eq ( I ) is closed and ellipsoidal.

In the biaxial stress plane, the Tsai-Wu criterion represents a single ellipse. In general, a single continuous ellipse cannot satisfac-
* torily represent the biaxial data of composites in all four stress quadrants. To account for the nonelliptical characteristics of the biaxial

fracture data of composites, Chamis3 and Rosen4 suggested to use the Tsai-WAu quadratic criterion with different Fij i9j) for different
stress quadran:s. Beyond having more coefficients for better data fit. there is no physical or mathematical justification. 5 Another
approach to improve the Tsai-Wu quadratic criterion for composites application was to include the cubic terms in Eq. 11).6.7.8 Here,
enormous numbers of sixth order strength tensor components are inolved that have to be reduced by ad hoc assumptions. Moreover.

having cubic stress terms, the failure surface becomes open-ended. I

Without suffering any of these shortcomirngs, Tang and Kuei 9 improved Tsai and Wu's theory in correlating the biaxial strength
data of (monotonous) polycrystalline graphite, which show similar nonelliptical characteristics to composite data. Recognizing the fact

* that such characteristics may be due to different fracture mechanisms being operative under different states of biaxial stresses with dif-
ferent combinations of tensile and compressive stresses, 10 they added to the Fsai-Wu criterion the quadratic stress terms with the abso-
lute valuc of the linear combination of stress components. The resulting piecewise quadratic strength tensor theory can be written as

*The author gratefully acknowledges the financial support from Space and Naval Warfare Systems Command under Independent

'. Research Program. He is also thankful to Mr. R.P. Johnson for his assistance in preparing the curve-fitting and plotting results
presented in this paper.

"Unless otherwise indicated, the usual summation convention over a repeated index is used throughout this paper.

" *With reference to a rectangular Cartesian coordinate system (i.e.. xyz or equivalently, x x2 x3 system): O1 = Gx, 72 Oy, 03 07.

04 Oxy, 05 y7' 06 Ozx
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f(ok) = Fi oi Eij i o Hic i iHj oi[ I .(ij,k= 1....,6) (4)

-A here H, is a second ratnk tensor.

* lhe ahosc equation holds for a general anisotropic material. lang and Kuei then teduced all the results pertaining to the aniso-
tropic material to a transversely isotropic and an isotropic graphite and demonstrated good correlations between the theory and the

biaxial fracture data of graphite.

In Niew of such good correlations with biaxial graphite data which show similar nonelliptical characteristics to composite data, it
"" as proposed that the piece%ise quadratic strength tensor theor, be deseloped for composites. I 

I

PIECEWISI Qt ADRATIC STRENGTH TENSOR THEORY

Presented below are the general results pertaining to the proposed piecewise quadratic strength tensor theory for composites,
* .- including general anisotropic, orthotropic, transversel, isotropic, and isotropic materials. The results contain the explicit expressions

for the trength criteria of materials with various material symmetries, the restrictions imposed on the components of the strength ten-
,ors occurring in these criteria, and the geometric meaning of these criteria.

\NISO1 ROPIC MATFRIAI.

Ihe proposed multiaxial strength criterion for a general anisotropic material was given in Eq. (4) with Fij being assumed sym-
metric ais shown b , Fq. (2). With this assumption. there are 6 independent strength tensor components for each of Fi and H i.and 21
tor F, I hese numbers for a general anisotropic material can usually he reduced substantially for a material having a certain material
.. mtnetr%. Such reductions \s ill he shown in the next three subsections.

Fquation (4) can be decomposed into t5o equations:

* F 1 o 11i- H1  HI oi ts  = I , (5)

tor al (j 'Aith1

H, 01). (6)

and

I I rI (F Il' Ii l I I a I . (7)

1t)r ill j %kith

H 0y 0 (8)

I he i:ihiii. nndixtins to cnsure the closure of each of the failure surfaces represented by Eqs. (5) and (7), respectively. are

" ,or af *lil~ t<I 
> 
0.(9)

(TI 0 atil l ing I q 16). and

I., I I, i > 0 - (10)

1-i tll al akingE I . (learl. Eqs. 19) and 101 are the stability conditions required to ensure the closure of the entire piecewise
lailire surlace represented b Eq. (4).

(icometricall,. the failure surfaces represented b% Eqs. (5) and (7). respectively, with the restrictions made by Eqs. (9) and (10)
,n the strength tensors Fii and H, are two ellipsoids in the two half spaces defined by Eqs. (6) and (8). Thus, the failure surface repre-
S'nted h% F (4(4 with the strength tensors 1-i and H i satisfxing the stability conditions gien by Eqs. (9) and (10) is a piecewise ellip-
,)id in the six-dimensional stress space. Hence. the proposed quadratic strength tensor theory has been referred to as the piecewise

* quadratic strength tensor theorN

f.Q (R I HO) ROPI(" MATFRIAt.

l' or an orthotropic material %\ith the reference coordinate planes coinciding with the planes of material symmetry, based on the
n% aria nce remi rements 12 of orthotrop, material svmmct ry. the stress dependent function f in Eq. (4) must he expressible as a poly-

%, n-ial in the sesen quantities: 01, 02. 73.(4. , .
r
'6. 040506 (or alternatiel. 13l). where 11 is a stress in.ariant given by

_1 02 3 
3 1(042 6 ()+ 01042 052 3 3( 7152 +62) 6040506 (II)

%;
!"I

0"



Hence. the explicit expression for the quadratic function f defined bs Eq. (4) can he given in terms of the ahose-nmentioned quantities as

f = F -1 $ F, a-, + F, al + F, I n12 
+ 
2F 12 + 2F13 at 03 * F 2 2 022 + 2 F,3 2 03 F 1332

I' F~ F2 02 F3 03 F 62 "1 ( tHl  f30 - 13

F44042+ F55 05 
+ 
F6 , 06 '(H Ia, + H 2 02 + H3 3)1 II 1 

+ 
H 2 02 H3 3p = 1 .( 12

Ccnparing Eq. - it!- Eq. (41, it can be en that

F4 z-5= -5 = 0 . H 4 z H 5 z H 6 = 0.

F14 z F1 5 = F16  F 2 4 ' F 2 5 = F2 6 -F 3 4 = F3 5 = F3 6 = F45 ' F46 ' F 5 6 - 0. (13)

\ith the above results, it is clear that there are onl. three independent strength tensor components for each of Fi and H i (i.e..

(FI. F2 F3) and (H1 , H 2 , H 3 )) and onl% nine for Fij (i.e., Fj 1, F22. F3 3, F4 4 , F5 5 . F66.FI2, F123, F13). As noted earlier, the numbers

of indepci-idcnt strength ic.,- c rnponents lor a general anisotropk" material have been substantiallN reduced due to orthotropy mate-

rial symmetry.

The strength constants mentioned abo%e are not free material parameters because the% are restricted b the stabilit,. conditions

Iq. i,) and (10) For an orthotjopic material, using Eq. (13). the independent restrictions on Fti and Hi can be obtained as

1 1 ± H 12>O. 2 2  H 2 ->0 , F33 ± H 32 >0.144 >0 F55>0. -F66 >)

(F _t: H 2) ()F -i 21h) (F1 ± H1 H 2 )>0.(F 2-± H 2 )(-3 - H 32 ) (F 3 ± H 2H ) H >.

,%,'s 1-3-32(11
± 2  33I H H3

) F2 )3> 3)

* (F11 7 H 1 )(1-2 2  -H 22)F 33  H 3
2
)+2(E 12 ± H1 H2 )(F 23 - H2 H 3)UF I3

+ 
H I H 3)

(I II H 2) (F,3 tH H1)
2  (F,, HI 2 ) (F13 ± HI H 3 ) (F33± H 3

2
)3F 1 2 t H: H-)

2
>0. 1141

TRANSVFRSFIY ISOTROPIC MATERIAl.

For a transerselk isotropic material with the x3 axis being parallel to the axis of rotational symmetry, based on the insariance
requirements

1 2 of the transserse isotropy material symmetr,, the function f in Eq. (4) must be expressible as a polynomial in the fie

quantities. 1I, 12. 13. o3. and 052 + 062. where I and 12 are stress invariants gixen by

I I =l1 0 a2 3,1. 2I ( 022 +03 
2

)2( 0 4
2

( o5 2,
62) ,  

(15)

and 1 is the stress insariant given b% Eq. I I I). Thus, the quadratic function f defined by Eq. (4) can be expressed as

f= a + + Ij 11a2 3 [ 1 3 + 3 32 + b3 I)+ b4 (052 + 062)] 2 c II + 03) I I + C- (331 (16)

A \comparision o Eq. 116) vith Eq . 12) using Eqs. ( 15 and ( I I ) leads to the following results for the non.anishing strength tensor

componnt.

' F a2 () . 1-3 a0 + a . HI H-2 co. H3 = cO + C .Fll = F22 = bo + b3 ,F3 3  bo + bl + b3.

144 F23 '2 11 2 ),F 5 5 'F 6 6  2b 3 = 4 . 12 'bo. F2 3 F1 3 bo 
+  

.17)

Substituting these results into Eq. (12), the expression for f in Eq. (4) becomes

F II 0(72) F3 03 F 1 (01 2 +22+04) + F33 032 + F5 5 (2 + 062)+ 2F12 (0102 042

2FI 3 t1, + 02)03 
+ 
[H 1 o- o2) H3 o3+11H I (1 '021' 1(7 31 -I . 1I

From F q ( 171 or q 118). it is clear that there are inl, twso independent strength tensor components for each o! I and H (i.e. 0-I 1
F3 ) and I H1 .H3 )) and only lise for Fj (i.e.. V11. F33.F S5. F 12, F13). The independent stabilit, restrictions on these strength con-
stants can be obtained by s!h ttting Eq. ( 17, into Eq. (14) as

f F1  FI12 2HI
2 
>0.111 F12>)'. F33 ± 1132>0.

113 1 1132)(1 112± 2H 12 20 13 11t H3)2>. F55 >0. 19),

6i

N 3

-



ISO IROPI( M1A1I ):1L*

% f- ot an isotiopic material, based on the insariancc requirements12 of the isotrops material sy mmetry. the stress dependent func-
tiontI kefined in q~ 14) must be ve\prcssihle as a pols normal in the stress insartaists 11, 1-). and 13 dettned in Eqs. j I5) and ( I I In light

o his and tiillow ing the similar derivations of the last subsection, the expression lor I defined b% F q. (4) can be obtained as

I I 1 *F 2  F H1 I2 I H H 111 I 1 (20)

F F F E3 H HizH F I I F F 1:.44 E5 5  F6 62( 1 1  F 12) F 12  F-13  F13. (21)

I uirtherniore. the independent stabilitN conditions onl the four Indepe ndent strength tensor components (i.e F: H i. Fi ,and F12) for
an sot ro pic material are

Eli * FI2-z2HI 2 >0).E EllF 2 > 0. IF II±HIF 2 ) (F1 1 12±2H 1
2) 2(F 1  ElH1 2> 0 (22)

G I I R AI R1:M AR KS

\lonL %k ith the des elopments made so tar, the I ollos'.ing should be clear:

I, Ihe nutmbers itt independent stiength tensor coimponents for anisotropie. tirthotropie. transversely isoitropic. and isotropic
materials. respctively. arc 33, 15. 9. and 4 in the proposed theory and 27. 12. 7. and 3 in the I sai-Wku theory.

\kW hetn H, Ii nI ..6 are all sanishing. th- proposed theor% degenerates into the Tsai Wit theor\ and various results
obtained in this ctlion reduce to the corresponding results for JTsai and Wu's theors.

* ii Ini thle si\xdimcnsioinaI stress space. the proposed criterion represents a piecew\ise ellipsoid made of tmo ellipsoids in two half
spa:es. A'.hereas the I sat-Wk i criterion reptesents a single ellipsoid.

PROPOSED) BIAXIAL_ STRENGTHI CRITERION

Ii taciiitate the correlations of the proposed theors %k.ith the biaxial fracture data on composites. results obtained in the last see-
ion tor a general miultiaxial stress state are reduced in this section for a biaxial stress state:

(J ( )Lj . 2 = 4 ~ o5- ( (23)

N-\\Is() I RoPI( M -\I FRIA[

NiihstitUtitig Eq. (23) inito Eq. (4. "ve obtain

01+ 2+ 031 H~3 1) O(1 3 3 g 2F 13 01 (73 '( 0 El H1 ~ H 31 3 1 I (24)

* ii hii h is the decsired biaxial strenth (failure) criterion for an attisotropie material.

I ig I s qr s (24). the stabilitS conditions on the seseni strength constants (111. 13. ELI 1. 1-3, F1 31 H . 1-3) appearing in Eq. (24)
a ii he: ohtined as*

[( I H 2 -1 D. (VI I I (1 12)13 1 3 11 , 11 25)

Ahi h are a siihset of the stahilit% euonditions gisen h\ Eqks. (9) and (10) lor a general multiaxial stress state.

6(jemietricalls. Eq. (24) wAith the strength constants satisfying the stability conditions givecn by Eq. (25) represents a piecewise
ceIi.pse: i n t he bia \ial st ress pl ane. T h is p iecewkise elIi pse is madec of a si ngle ellIipse represe nted by

intt I h all rilaric

H( I1 H 03ll (31 (27)

.5. liernatis cl. Eq. )25)1 can he replaced] b\ 13 .1tI 132 >1fl,



and another single ellipse represenited bs

F1 o~1-70 lii 112 Oj 0 d3  112) a3 12d 3  H 130

in the halt plane

H1 I 1 o~ 3 (33 < 0.(9

Oil (0 1 ROPI( ANM) I RANS\ I RSEI N iS0 I ROPI( MI (R IAI S

I he biaxial strength criteria tor anl Orthotropic material and at ranssersel\ isotro pie nmaterial canl he ohtained b\ substituting
Fq (23) ito Eqs. ( 12) and ( I X), respectis el\ I hes are f ound to be identical to Eq. 124) for anl anisotropic material ('onsequentl\. the
stabiltt conditiotis on fihe se\s en stretngth constants (Fl, 13 Fl I 1 1. 1 1, H 1. H.1 i jian orthotropic or a traiisserscl isotropic
material are also identical ito Eq. (25) tor an anisotriipic material.

ISO!I ROPIC NFA IERI.Al.

Substitution of the biaxial stress condition gisen bx% Eqc. (23) into EqL. (2) and Use Of EqLs, ( I I ) and( (I15) lead to the biaxial
'irenvth :ritermi, tor an ,ot ropic material as

f F)1 (01' 1 03) 11 Iy12 , 031)' 2 1-12 01 01 ' Ill (01 ' 710 F 1 ( 0 1 ) 1 1 3))

ti onk!E I 30. t he stabil it,\ cond it ion, onl the ( our st rength constanFts) ( I I V1 1. F 12. H1 a tppea ring i n Eq. (31)) ca n be obtainred its

\khich conStIltt 01i1s a subset ot the stabilitL eonditions, gisen b.\ Eq. (22) (or a general multiaxial stress state.

% ~~R I NI A R KS 0N 0 %1NPA RISON W\I 1H 1 S A1-\kI 'S IIA X IA I. (RI I E RI10

% Ii o acilitate the comparisotn bet~een the proposed and the I sai-\\u biaxial criterion in correlating the biaxial fracture data of
% inmpolite, the folloxsing remarks are colleeted here:

11 ) As compared A ith the I sai-Wu. biaxial eriterion, the proposed biaxial criterion contains onlN\ 2. 21 and I additional strength
constants I or orthotropic. transxersel\ isotropic, and isotropic materials. respectisel\.

* (2) As remarked earlier. A~hen all the components of the strength tensor Hi are set sanishing. all the results obtained in this see-
tin dcgcnecrat.. into those pertaining to the Isai-\ku theor\

1)I 3l the biaxial stress pltrie. the proposed biaxial criterion represents a piecess ise ellipse consisting of iv. o ellipses in two halt
planes. ".hereas the Isa;-Wu's biaxial crrterion represents a single ellip->

CORR[ I A I IONS Wk I H mAXIA! ERAC] I RE D.A I A ()E (ONPOSI I ES

Io demonstrate the a ppicabiit\ (itl the proposed piecessise quadratic strength tensor theor \ to coimposites. comparisons are
made in this sectioin betsseti the prioposed theor% arid the asailable biaxial fracture data oun coinpoisites I hese data cover a A.ide spec-
trum it compiisite material sstems. graphite epoxY. 13 gra phite particulate,10 

graphite aluminum.' 4 
glass epoxx.lS.I6.I 7 and organic

li ber-remnloreed textolite 18I he\ Acere all obtained from tubular specimens subjected simultanceousl to an axial load and internal
* ~and or external )liiid pressure. except thoise oin graphite aluminum Utnidirectional cotmpiosite Ashich %%ere obtaitied f rom flat cruciform

N ~specimens rrnder biaxial ui-planje loadings. In correlating the data for tube specimens. the circumferential fiec.. tangential) direction will
be designated as the directiiin for x (i.e . x If axis and the direction along the axis of the tube as the direction for ,(i.e.. x-3) axis. For the

- flat cruciform specimens, the fiber and its perpend--flar direetiiins "sill be identified as the directions for x and /axes. respectisel\.

,Alsoi. to shoL4 the i mpros emcnts of the proposcd theiir\ oser the Isai-Wku t heons. comparisons are nmade betiseen the t\&o theor-
Irs Ic these comparisons. I q. (3) of the proposed tlueorL and its degcirienuted %ersion for (lie I sai-\u t heor arc used] for [0 90 0) 901s~
gra phite epox% lamninaie v. huch -~ treated ats anl isiit ropic material. Ah ile Eq. (24) of the proposed thteor\ and its degenerated %ersuoti ton
the i sai-W ii theors are used foir ot her composites Ashich are either transserselv isotropic (graphite particulate) iir orthotropie (the rest
lit comipoisites;.

% t~ables I and 11, respeetisels., present the strength constants* (or the fise composite systems. least-square-f'itted by the above-
tmentiiined eqiuatiiins pertaitiing to thre Tsai-W u theors and the proposed theors. wkithiiut \ iolatitig the appropriate stabilits restrictions

V ion the fitted strength ciinstants.

*In presenting the strength constants tir the quasi-isotropic graphite epoxY lamiunate, the retults. F 12z 1j 3.of E~q. (2111(1. fl haveC

been used.

-w
-h-'. ~ %
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*Figures Ito I I present the correlations (it the proposed theors and the I sai-WAu theors Awith the biaxial fracture data of various
composites

I1) 0-deg graphite epox\ lamina 13 (Fig. I)

12) [0 QO 0 (1s~ graphite epoxs laminate'3 (Fig. 2)

31 J1-50 graphite-based refractory. particulate composite %%ith the longitudinal axis of the test specimens being parallel to the
%~mmctr\ axis of the ma~e.r 1 1 (Fig. 3)

4) 1 ridirectional graphite aluminum composite 14 (Fig. 4)

45) Satin- and linen-sseasc glass-reinforced plastics A ith the fill direction of the material coincident with the direction of the
tubular test piece axis 15 (Figs. 5. 6)

(61 Circurricrentiall\ Aound unidirectional glass epoxs laminate 6 l(Fig. 7).

(7) [90 _3) 9))] glass fiber reintorca d laminate](' (Fig. 8):

X)( ross-ph\ glass epox\ laminate w~ith the first and the third layers heinm retdaogtecrufrneadtescn
la\er along the tube axisl , (F-ig. 9).

49) Hielicalk s ound glass epo\y laminate w~ith the fiber reinforcement orientation at an angle of ±450 to the tube axis 17

(Fig. 10) .

410) O rganic tcxtolite \k ith the fill direction ol the reinforcing fabric coincident with the tube axis direction 18 (Fig. IljI

IFor the data presented in I-igs. 1. 5.60. 7. 10. -and 11. w~hich possess elliptical characteristics, both theories correlate equally well.

I[or the data presented in Fig. 2. the priiposed theor\ correlate, better than the Fsai-Wu -ho, and predicts significantly different
rcsiilts, at least in the third (i.e.. compression-compression) stress quadrant, from the 1 sai-Wu theory. For the data presented in Figs. 3.

4X.ad9. ss hich possess nonelliptical chracteristics. the proposed theor\ shosss significant improsements oser the Tsai-Wu theory in
hc corrclaitions

CO N C I. S ION S

Giood correlations betwseen the theorN and the biaxial fracture data base been demonstrated for all five composite material sys-
tems. graphite epo\ , graphite particulate. graiphite aluminum, glass epoxy. and organic textolite. Furthermore, significant improve-
nient, ot the proposed theor-, o%,. the I sai-Wku theory hase been showsn for the eases where the biaxial data have nonelliptical charac-

'"teru..t:cs From these results, 'the I olloss ing conclusions .are reached:

I ) I hc proposed piecess ise quadratic strength tensor thcor is applicable to the composites.

1 2 1 he proposed t heor\ ca'n significantl\ improse I sai-Wu's quadratic strength tensor theot\ for composite applications.
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