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B, A MULTIAXIAL STRENGTH CRITERION FOR COMPOSITES*
o
o6 ABSTRACT
LS
Y This paper presents the development of a piecewise quadratic strength tensor theory for composites with orthotropic, trans-
versely isotropic, and isotropic material symmetries. The proposed strength criterion improves the best available quadratic failure the-
- ory for such composites, the Tsai and Wu quadratic strength tensor theory. by including stress terms that can reflect different failure
:-: mechanisms of the composites under tension and compression. To demonstrate the applicabiiity of the proposed theory to composites.
- extensive and good correlations are shown between the theory and the biaxial fracture data of five composite material systems:
':* graphite epoxy, graphite particulate, graphite aluminum, glass epoxy. and organic textolitc composites.
o
.
b " INTRODUCTION
- A multiaxial strength (failure) criterion 1s an equation to be satisfied by the stress components under which failure occurs. In
.:- general, six stress components are used to define the stress state and a strength criterion can be geometrically viewed as a failure surface
1S in the six-dimensional stress space. The failure surface has to be closed!-2 to encure that the material strength is finite in all directions.
X :-: In addition. a strength criterion for composites is required at least to account for the following general material characteristics: (i)
- volume compressbility, (ii) differing tension and compression strengths, and (iii) orthotropic, transversely isotropic. and isotropic mate-

rial symmetries for orthotropic. transversely isotropic. and quasi-isotropic composites, respectively.

As i well-known, the Tsai-Wu quadratic strength tensor theory! satisfies all of the above requirements and encompasses all

T other quadratic strength (failure) criteria used for composites. For a general anisotropic solid, this theory can be written as**
4 g p g p )
b o
N’ f{ok}:Fioi+Fijoiaj=I_(l.)Al\':l ..... 6) . (1)
]
where f is a scalar function. oy is the contracted notation of the second rank stress tensor’ . and Fj and Fjj are the strength tensors of

'.‘ rank two and four, respectively. Without loss of generality. it is assumed that

- ‘ -

. . PR ..

oo }_U f‘_,, . (2)
< . . 4

o In addition. constraints (usually referred to as the stability conditions) must be imposed on the strength tensor [‘ij to ensure that
"\ the material strength is finite in all directions. More specifically. Fj; must be positive definite:

)

4

at all points o, in the six-dimensional stress space. Geometrically, Eq. (3) is a necessary and sufficient condition to ensure that the fail-
ure surtace represented by the quadratic polynomial of Eq (1) is closed and ellipsoidal.

In the biaxial stress plane, the Tsai-Wu criterion represents a single ellipse. In general, a single continuous ellipse cannot satisfac-

- torily represent the biaxial data of composites in all four stress quadrants. To account for the nonelliptical characteristics of the biaxial
- fracture data of composites, Chamisd and Rosen? suggested to use the Tsai-Wu quadratic criterion with different Fjj (i#4)) for different
- stress quadrants. Beyond having more coefficients for better data fit. there is no physical or mathematical justiﬁcation.5 Another
o approach to improve the Tsai-Wu quadratic criterion for composites application was to include the cubic terms in Eq. (1).6.7.8 Here.
.:- enormous numbers of sixth order strength tensor components are involved that have to be reduced by ad hoc assumptions. Moreover,
RS having cubic stress terms. the failure surface becomes open-ended.!
D"
o Without suffering any of these shortcomings. Tang and Kuei? improved Tsai and Wu's theory in correlating the biaxial strength
o data of (monotonous) polycrystalline graphite, which show similar nonelliptical characteristics to composite data. Recognizing the fact
® that such characteristics may be due to different fracture mechanisms being operative under different states of biaxial stresses with dif-
s, ferent combinations of tensile and compressive stresses. |0 they added to the Tsai-Wu criterion the quadratic stress terms with the abso-
\j‘ lute value of the linear combination of stress components. The resulting piecewise quadratic strength tensor theory can be written as
l- g
’
o
b
I :
'f
¢ . -
"¢ *The author gratefully acknowiedges the financial support from Space and Naval Warfare Systems Command under Independent
- Research Program. He is also thankful to Mr. R.P. Johnson for his assistance in preparing the curve-fitting and plotting resuits e
e —_——
.'f presented in this paper.
v
‘ ?{ **Unless otherwise indicated, the usual summation convention over a repeated index is used throughout this paper. T
i LI
: g *With reference to a rectangular Cartesian coordinate system (i.e.. xyz or equivalently, x| x2x3 system): g = 0x. 02 = 0y, @3 = 0.
- 94 7 Oxy. 05 = Oy;. 96 = Oyx:
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!‘(ak) = F] o+ }-ll g Oj + Hl g; iHJ GJ'[ =1k = 1.....6) , (4)

where H; is a second rark tensor.

The above equation holds for a general anisotropic material. Tang and Kuei then reduced all the results pertaining to the aniso-
tropic material to a transversely isotropic and an isotropic graphite and demonstrated good correlations between the theory and the
biaxial fracture data of graphite.

In view of such good correlations with biaxial graphite data which show similar nonelliptical characteristics to composite data. it
way proposed that the piecewise quadratic strength tensor theory be developed for composites. ! |

PIECEWISE QUADRATIC STRENGTH TENSOR THEORY

Presented below are the general results pertaining to the proposed piecewise quadratic strength tensor theory for composites.
including general anisotropic. orthotropic, transversely isotropic, and isotropic materials. The results contain the explicit expressions
for the strength criteria of materials with various material symmetries, the restrictions imposed on the components of the strength ten-
sors occurring in these criteria, and the geometric meaning of these criteria.

ANISOTROPIC MATERIAL

I'he proposed multiaxial strength cniterion for a general anisotropic material was given in Eq. (4) with Fij being assumed sym-
metnc as shown by Fg. (2). With this assumption. there are 6 independent strength tensor components for each of F; and Hj. and 21
for by These numbers tor a general anisotropic material can usually be reduced substantially for a materia! having a certain material
ssmmetry. Such reductions will be shown in the next three subsections.
Fyuation (4) can be decomposed into two equations:
Fln]‘ll*”' HlHJ)ol 0j = 1. (5)
torall o, with
Ho 20, (6)
and
boop«ib, HiH)g = I ()
tor all ", with
Hx v, < (8)
I he stabiinty condittons to ensure the closure of each of the failure surfaces represented by Egs. (5) and (7). respectively. are
‘*11'*’1*';’“1”|>" . 9)
tor all o satistsing by 61 and
4|‘” Hl HIIUl (7|>() . (10)

toralb o satistving By, (%), Clearly. Egs. (9 and (10) are the stahility conditions required to ensure the closure of the entire piecewise
tailure surtace represented by Eqg. (4).

Geometnically. the failure surfaces represented by Egs. (5) and (7). respectively. with the restrictions made by Egs. (9) and (10)
on the strength tensors Fijand Hj are two ellipsoids in the two half spaces defined by Eqs. (6) and (8). Thus, the failure surface repre-
sented by Fgo(4) with the strength tensors By and Hj satisfying the stability conditions given by Egs. (9) and (10) is a piecewise ellip-
soud in the six-dimensional stress space. Hence. the proposed quadratic strength tensor theory has been referred to as the niecewise
quadratic strength tensor theory

()RIH()IR()PI( MATERIAL

For an orthotropic material with the reference coordinate planes coinciding with the planes of material symmetry, based on the
myvariance rwgmrcmcntx'2 of orthotropy material symmetry. the stress dependent function f in Eqg. (4) must be expressible as a poly-
i bl 9 . R . . .
nomialin the seven qUantues: ay, g2, 03. 04=. 95<. a6~ 040506 (or alternatively. 13). where 13 1s a stress invanant given by

5 3 5 )
|}:a|1402’1*03]*301(04“”76‘)*102(042*05‘)*303(052'06")*(;040506 (1) !

" -\.: - '"\. ) -s."\. :...t AR "‘w."\." -\ N"-.‘j" Wi -."_x“-',{::(‘{-."-: PR . -s. \."‘ . -a.\." r"\ (¢
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« Hence. the explicit expression for the yuadratic function f defined by Eq. (4) can be given in terms of the above-mentioned quantities as
b N : . N b . . . 2 . 2

: f= Fi "t F‘:UZ + l"}ﬂ}* FH ﬂi“* 2f—|20l (1:* 2[’“1'11 0y + !‘220‘2‘ + 2(‘2‘ oy 0yt !‘110}'

)

+ F44042* F55 052“ F(,(}O(\Z*’(Hl o+ H202+ H}O})“"ll o)+ quz* H}Uﬂ = 1. (12)

Comparing Eq. (12) witll Eq. (4V it can be sezn that

%
& Fy=Fs=Fo=0.Hy=Hg=H=0.

Fla=F57 Fle=Fag=Fos= Fag= Fyg= Fag=F3g= Fag= Faq = Fga=0. ()

With the above results, it is clear that there are only three independent strength tensor components for each of Fj and Hj (i.e..
(F). F2. F3)and (Hy.H2, H3)). and only nine for Fjj (i.e.. Fyp. F22. F33. Faq. Fss. Fee. Fi2. Foa, Fr3) As noted earlier. the aumbers
of indepeadent strength 2.7 cymponents for a general anisotropic material have been substantially reduced due to orthotropy mate-
nal symmetry.

The strength constants mentioned above are not free material parameters because they are restricted by the stability conditions:
£yg~ 19y and (10). For an orthotropic material, using Eq. {13). the independent restrictions on Fjj and H; can be obtained as

Fipt HPZ >0 Fyy £ Hy? >0 Fi3 2 Hy? > 0. Fgg >0, Fgs >0 Fg >0,

+

(Fy) £ H 2 (Fas £ Had) (F13 £ H) H)? >0 (Fyy = Hy?) (Fay = Had) (Fyz Hy Hy® >0

H

(Fy3= Hy2)(F ) £ HyY) (Fj3£ H{ Hy? >0,

H“'” + H|2)(F22I H:"')(F}} + H32)*2(Flzj: Hl H:)(]’z}i Hz H})(F]}i Hl H])

) = HD (Fys £ Hy Hyp?  (Fyy £ Had (Fyy £ Hy Hy? (Fa3 £ Hd(Fp = Hy Hy)? >0 14

TRANSVERSELY ISOTROPIC MATERIAL

PR

v

For a transversely isotropic material with the x3 axis being parallel to the axis of rotational symmetry, based on the invariance
requirements!2 of the transverse isotropy material symmetry. the function f in Eq. (4) must be expressible as a polynomial in the five
3 . . .
guanuties: 1. 1213, 03. and 052 + 0g=. where I} and 13 are stress invariants given by

bl bl
ll =0 *(7:*'(7_1.lzzfol"*()zz*032)*2(042"’05"‘062)- (15)

and 1315 the stress imvariant given by Eq. (11). Thus, the quadratic function f defined by Eg. (4) can be expressed as

tzaglycajoy=(bg L2+ b 1oy byay? e byly e bylog? + o] = (o 1y ¢ oglg hy +eq ozl =1. (e
" A comparison of Eq. (16) with Eq. (12) using Egs. (15 and (11) leads to the following results for the nonvanishing strength tensor
- components.
- Fp=byzag. Fa=agea) . Hyp=Hy=¢g Hy=cprop . Fpp=bpy=byeby Faa=by+by+byehy.
. b
K | .
- }“MZZb}:Z”‘” }.IZ)‘FSS:1-66:2}’3‘hJ‘}'”_:h(l‘P23:}_Uzh()‘*T‘ (17)
. -
Fd Substututing these results into Eq. (12). the expression for fin Eq. (4) becomes
»*
< . 2
> f= f‘l (o *09)* l"] oyt f‘” (!1|2 + (722 + 2(742) + f}] 032 + }'55(052 + 062) + 2[‘]2((1] gy 04%)
o

+ :FI](GI * 0303 *[HI (o] +0a)+ H] 01]1“[ (ﬂl tog)t H} 0][ =1 (18)

From Fyg (17) or Fq. (18). 1018 clear that there are only two independent strength tensor components for each of by and Hj (e (Fy.
F3)and (Hy. Hy)and only five for by e Fyp Fagobsso Fpa, Fra) The independent stability restrictions on these strength con-
stants can be obtained by suhstituting Fq. (175 into Fy. (14) as
‘ 2 o~ - 2
}‘H‘I"Izi_zHl /0’“ f"lz/()F]]tH] >0,

”‘]_1 b H}z)”'” + "|2_t 2H|2) 2”'” T H H})z/“(). }‘55>(), (19}
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ISOTROPIC MATERIAI

For an sotropic matenal. based on the invanance requirements!2 of the isotropy material symmetry. the stress dependent func-
ton t detined 1n Eq. (4) must be 2xpressible as a polynomial in the stress invanants 19, 12, and 13 defined in Egs. (15) and (11). In light
of this and tollowing the similar derivations of the last subsection. the expression for f defined by Eq. (4) can be obtained as

F=F 1 Fyyplae bpa® Lo+ HyLH Ll =1, (20)
with
Br=ba=ba HypzHy= Hy by = by = Faz by = bsg = e = 20y Fra) Fp=Faa= b3 2n

Furthermore. the independent stability conditions on the four independent strength tensor components (e F: Hy. Fiy.and Fyo) for
an isotropie matenal are

Fips Fa=2H >0 F Fa>0. b = HD(F + Fp 2 2H3) 26,2 HP)? >0, (22)
GENFRAL REMARKS
Along with the developments made o tar. the following should be clear:

(1} The numbers of independent stiength tensor components for anisotropic, orthotropic, transversely isotropic. and isotropic

materials. respectively.are 33, 15,9 and 4 in the proposed theory and 27,12, 7. and 3 in the Tsai-Wu theory.

When Hj (i = 1o.6) are all vanishing the proposed theory degenerates into the Tsai-Wu theory and various results
obtained in this section reduce to the corresponding results for Tsat and Wu's theory.

In the vix-dimensional stress space. the proposed criterion represents a piccewise ellipsoid made of two cllipsoids in two half
spaces. whereas the Tsai-Wh eriterion represents a single ellipsotd.

PROPOSED BIAXIAL STRENGTH CRITERION

I o faciiitate the correlations of the proposed theory with the biaxial fracture data on composites. results obtained in the last sec-
tron tor a general multiaxial stress state are reduced in this scction for a biaxial stress state:

ul:’5()_03??().02:04:0520620 (23

ANISOTROPIC MATERIAL

Substituting Eq. (23) into Eg. (4). we obtain

t= l‘l o ‘l";.’]}‘}‘” U|z*}‘33032*2}‘130|(J]‘(Hlﬂ|+H30})[Hlol*H303l:|. (24)

which s the desired hiaxial strength (failure) criterion for an anisotropic matenial.

Using Fy 23), the stebihity conditions on the seven strength constants (B F3o Fryp. Fyao Fpac Hy, H3) appearing in Eq. (24)
can be obtined as*

hl I 9 2o
Frps Hym 200k 2 Hymribgy = Hamy (b2 Hyp Hy= >0, (25
which are a subset of the stabilits conditions given by Egs. (9) and (10) for a general multiaxial stress state.

Geometneally, Eg. (24) with the strength constants satisfying the stability conditions given by Eqg. (25) represents a piecewise
eli.pse in the braxial stress plane. This piecewise ellipse 1s made of a single cllipse represented by

Pobpop s byoye (b~ HZ o2 s (byg s Het)og? ¢ 2F 3+ Hy Hyoj o321, (26)
i the hall nlane

Hyop+ Hyoy 20, 27

*Alternatively. Fq. (25)] can be replaced by F33 1 H32 -0,

,, (e ls X A e MU a0 M SOCN M o u
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and another single ellipse represented by

[=F oy +Fyog=(t) HD o by Hiliog? v 2k )y HyHyojoy=1. (2%)
in the half plane

HyoprHyay <0, (29)

ORTHOTROPIC AND TRANSVERSELY iISOTROPIC MATERIALS

The buaxial strength critenia tor an orthotropic matenial and a transversely isotropic matenial can be obtained by substituting
Eq. (23) mto Egs. (12) and (1¥). respectively They are tound to be 1dcmicul to Fq (24) for an amsotropic matenial. Consequently, the
stability condiions on the seven strength constants (Fpo Fy il FazcFygotig. Hz) o an orthotropie or a transversely isotropic
matenal are alvo dentical to Eg. (25) for an anisotropic matenal.

ISOTROPIC MATERIAL

Substitution of the braxial stress condition given by Fg. (23) into bg. (20) and use of Fgs. (1) and (15) lead to the biaxial
trength criterion for an sotropic material as

t=Fitaprop =t le v oy %) 2bppopoyr Hyptop s o) H (o) » o)t = 1, (30)
Using By (301, the stabibty condions on the four strengih constants (B by Fyos Hypyappearing in Eg. (30) can be obtained as

5

which constitute onlv a subset of the stability conditions given by Eqg. (22) for a general multiaxial stress state.

REMARKS ON COMPARISON WITH TSAL-WLU'S BIAXIAL CRITERION

o tacilitate the comparnison between the proposed and the Tsai-Wu biaxial ¢riterion in correlating the biaxial fracture data of
composites, the following remarks are collected here:

1) As compared with the Tsai-Wu biaxial criterion, the proposed biaxial criterion contains only 2. 2, and 1 additional strength
constants for orthotropic. transversely 1sotropic. and isotropic materials, respectively.

{2 Asremarked carher. when all the components of the strength tensor Hj are set vanishing. all the results obtained in this see-
tion degenerate into those pertaiming to the Tsai-Wu theon

(3} in the blaxial stress plane, the proposed biaxial criterion represents a piecewise ellipse consisting of two cllipses in two halt
planes. whereas the Tsai-Wu's biaxaal criterion represents a single ellipse.

CORREIFATIONS WITH BIAXIAL FRACTURE DATA OF COMPOSITES

to demonstrate the appheability of the proposed piecewise quadratic strength tensor theory to composites, comparisons are
made in this section between the proposed theory and the available biaxial tfracture data on composites. These data cover a wide spec-
trum of composite material systems: graphite epox_\'.I3 graphite pamculute.]o graphite aluminum. !4 glass cpox}.lil("” and organic
fiber-reintorced textohte, I8 I'hey were all obtained from tubular specimens subjected simultancousty to an axial load and internal
and or external fluid pressure. except those on graphite aluminum unidirectional composite which were obtained from flat cruciform
speamens under biaxial n-plane loadings. In correlating the data for tube specimens. the circumferential (i.c.. tangential) direction will
be designated as the direction for x (i.e.. X)) axis and the direction along the axis of the tube as the direction for 2 (i.c.. x3) axis. For the
flat crucitorm specimens, the fiber and its perpendienlar directions will be identified as the directions for x and 7 axes. respectively.

Also. to show the improvements of the proposed theory over the Tsai-Wu theory. comparisons are made between the two theor-
s Ta these compartsons, Fq. (30) of the proposed theory and its degenerated version for the Tsar-Wu theory are used for [0 90 0 90],
graphite epoxy laminate which i treated as an isotropie matenal, while Eq. (24) of the proposed theory and its degenerated version tor
the Tsai-Wu theory are used for other composites which are ether transsersely isotropic (graphite particulate) or orthotropic (the rest
ol composites).

Tables T and Il respectively, present the strength constants® for the five composite systems. least-square-fitted by the above-
mentioned equations pertarning to the Tsai-Wu theory and the proposed theory, without vielating the appropriate stability restrictions
on the fitted strength constants

*In presenting the strength constants for the guasi-isotropic graphite epoxy laminate. the results, Fya = Fy3oof Fg. (2D, 1] have
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For the data presented in Figs. 1.5, 6. 7. 10. and 11, which possess elliptical characteristics. both theories correlate equally well.
For che data presented in Fig. 2. the proposed theory carrelates better than the Tsai-Wu theory and predicts significantly different
results. at least 1n the third (i.e.. compression-compression) stress guadrant, from the Tsai-Wu theory. For the data presented in Figs. 3.
4. %, and 9. which possess nonelliptical chracteristies, the proposed theory shows significant improvements over the Tsai-Wu theory in
the correlations

Good correlations between the theory and the biaxial fracture data have been demonstrated for all five composite material sys-
tems: graphite epoxy, graphite particulate. graphite aluminum. glass epoxy. and organic textolite. Furthermore, significant improve-
ments of the proposed theory over the Tsai-Wu theory have been shown for the cases where the biaxial data have nonelliptical charac-
teristios. From these results, the tollowing conclusions are reached:

(h

2)

Figures 1 to 11 present the correlations of the proposed theory and the Tsai-Wu theory with the biaxial fracture data of various
composites

0-deg graphite epoxy laminal3 (Fig.1) .
{0 90 0 90], graphite epoxy laminate[3 (Fig. 2) .

JT-50 graphite-based refractory particulate composite with the longitudinal axis of the test specimens being parallel to the
symmetry axis of the mater.u 10 (Fig. 3

Unidirectional graphite aluminum composite 4 (Fig 4)

Saun- and linen-weave glass-reinforced plastics with the fill direction of the material coincident with the direction of the
tubular test piece axis!3 (Figs. 5. 6)

Circumterentially wound umdirectional glass epoxy laminate !0 (Fig. 7)
[90 30 90] glass tiber reinforcad laminate!6 (Fig. 8)

Cross-ply glass epoxy laminate with the first und the third layers being oriented along the circumference and the second
laver along the tube axis!’ (Fig. 9):

Helically wound glass epoxy laminate with the fiber reinforcement ornentation at an angle of £ 45° to the tube axisl?
(Fig. 10) .

Organic textolite with the fill direction of the reinforcing fabric coincident with the tube axis direction!8 (Fig. [1).

CONCLUSIONS

[he proposed precewise quadratic strength tensor theory is applicable to the composites.
[ he proposed theory can significantly improve Taai-Wu's quadratic strength tensor theory for composite applications.

NOMENCLATURE

f = Strength Function.

Bk Ho o = 1.6 = Strength Tensors.

o= 123 = Stress Invariants.

AURTRE S I | = Rectangular Cartesian Coordinates.
a. (1= 1 6) = Stress Tensor.

. Uy, Uy E Normal Stress Components,

Shear Stress Components.
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