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I. INTRODUCTION

The problem of broad-band matching a frequency dependent
generator and load has been the subject of extensive study.
(1-5]) The situation to be studied can be concisely
understood by examination of figure la, where z, represents a
specified load impedance and z_ and e_ can be thought of as
the Thevenin equivalent circuit of a source network. It is
assumed that both that both =z and z, are passive
(non-Foster) impedances, though this assumption will be
relaxed later. Darlington’s theorem states that any passive
impedance function can always be realized as the input
impedance of a lossless two-port terminated in a pure
resistance. Figure 1b thus shows a Darlington representation
of the generator and 1load impedances. The classical
broad-band matching problem has been to determine a lossless
two-port matching network E so as to achieve maximum power
transfer between eg and R, over a prescribed frequency band.1

Since most modern communications systems involve the
high speed transmission of digital data, pulse properties
such as rise time, pulse width, settling time, etc. are often
the primary design requirements. Although the time and
frequency domains are linked through a Fourier transform, the
classical broad-band matching techniques do not allow
immediate control of the time domain.

A separate though related gquestion is concerned with the
phase or delay characteristics of a transmission system.2

1Maximum power transfer here 1is defined as the ratio of

average power delivered to R; to the maximum available power

from .
o eg

2ror H(w) = |H(w)|exp(jw(w)), the phase response is y{w) and

the group delay is t(w) = dy(w)/dw.




Figure l-a:

The General Matching Problem
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Figure 1-b: Darlington representation of generator

and load impedances




Clearly, for phase modulated systems, the group delay
characteristics take priority over the amplitude performance.
To date, relatively little is known on the design of matching
networks operating between frequency dependent terminations
which yield specified group delay performance. [6])

This report addresses each of the above concerns, and
presents numerical (CAD) procedures for the design of
broad-band matching networks with either the system’s time
domain performance (impulse response synthesis) or group
delay as the primary concern. Since many of the commonly
sought frequency domain properties have an equivalent time
domain interpetation, the procedures developed offer a fresh
perspective to classical broadband matching problems.

Since the final network synthesis process must of course
be carried out in the frequency domain, maximum advantage is
taken of the wealth of CAD procedures extant. [7)

Finally, several examples are included which illustrate
the techniques developed specifically for the case of high
speed fiber optic communication links, including the design

of active equalization.




II. Equalizer Properties

The design of networks which approximate a specified
frequency response, phase response or impulse response all
involve the determination of the matching network E of figure
1. This section examines the properties E must have to
ensure that the resulting design will be realizable. To this
end consider the real normalized scattering matrix of a
two-port network.

S = (sij) H ilj - 112 (1)

From this S matrix one can readily compute the corresponding
transfer scattering matrix [8)

T= (ty ) ;4,3 = 1,2 (2a)
where
ti1 = 8s/85, tis = 511/'21 (2b)
t21 = "822/831 ¢ by = 1/8y
8s = 5y, 531 ~ $11 83
and 511 ™ tlz/t22 r 815 = At/s22 (2c)

821 = 1/t 1 8yp = = tyy/%5,

8t = t42 %21 - b1y %22

These transmission parameters are useful for determining the
overall scattering matrix of a cascade of two-port networks
in that the transfer scattering matrix for the overall system
is simply the product of the individual transfer scattering
matrices. It is tactily assumed that common ports share the
same normalization.

Consider then the G-E-L cascade of figure 1lb. Assume
that generator, equalizer and load have scattering matrices,

-8-




respectively as

Se = (e44) 5 i,3 = 1,2 (3)

It is assumed that sg and sl are known, se is unknown. The

transfer scattering matrix for the overall G-E-L cascade is
simply

T = 'rg're'r1 (4)
where Tg, Te and Tl are computed via eq. (2b) and the overall
scattering matrix is then computed from eqg. (2c). Only the

(2,1) element (the transmittance) is of interest here and is
computed as

1

g e
6y (5) = 21221121
1-9551110e-955e51-¢551 (5)
where le = e 2 _ e,.e
21 22%11

Though Se = (eij) is wunknown, it represents the
scattering matrix of a lossless reciprocal two-port network.
This requires that Se(s) be unitary,

+
I - 5.(s)5,(s) (6)

where ()+ means conjugate transpose and I is the 2x2 identity

matrix. Imposing the condition the Se be rational, (6)
yields the canonic representation




s - ] h(s) f(s)
e 98N +¢(_g) h(-s)E(s)/E(-8) (7)

where
f,9 and h are polynomials g(s) is strictly Hurwitz and
of degree n, 8 = ¢ + j W

and (6) requires that £, g and h satisfy

h(s)h(~s) + £2(8) = g(s)g(-s). (8)

The polynomial f£f(s) is further restricted in that any zeros
of f(s) in Re(s) < 0 must appear in image pairs. This will
not be of concern here since it 1is assumed that E is a
minimum phase structure with all zeros of transmission of
e21(s) at zero or infinity. This gives

+ 0 <k <n (9)

This restriction will yield E as a ladder structure easily
implemented with transmission lines of commensurate length.
A more general form for f(s) would most likely require
coupled coils in a realization, and 1is not feasible at
microwave frequencies.

Hence the form of the scattering matrix of E is

k
s - 1 h(s) s

= g(s) | gk _(_1)Kkn(-s) (10a)

with g(s)g(-8) = h(s)h(-8) + s2k (10b)

Any se satisfying (10) will guarantee realizability.

It should be noted that n, the degree of g(s) is the
number of elements (capacitors and inductors) in E and k is
the number of high pass (series capacitors, shunt inductors)
in E. Thus k = 0 is low pass, 0 < k < n is band pass, and
k = n is high pass, all in the form of a ladder topology.

-10-
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Note also that once h(s) and g(s) are determined, the
synthesis is immediate, since

Zin ™ (1 + ell(s)]/ll - ell(s)]

= [g(s) + h(s)]l/[g(s) - h(s)] (11)

which can always be realized as the input impedance of a
lossless twec-port terminated in a resistor by Darlington
synthesis. The lossless network with the resistor removed is
the matching network E.

-11-




111 Impulse Response Synthesis

Consider the problem of specifying an impulse response
h(t).[(9] In the development which follows, h(t) will be
related to the power delivered to a resistive load when the
input power is impulsive in nature. Specifically, incident
wave variables al(t), az(t) and reflected wave variables
bl(t), bz(t) are related through the scattering matrix in the
usual way as

bl(s) sll(s) slz(s) al(S)
- (12)
b,(s) §,,(8) 85,(s8) a,(s)

where, for port voltages and currents vi(t) and ii(t), and
port normalization (real) r,i i=1,2
a; = (vi//ri + ii/ro)

bi -

(S TR S o

(vi//ri - 1i/t0) (13)

In (13}, a; and bi are proportional to P, and P,
respectively, where Py is the incident power and P the
reflected power.

Then from (13) it is seen that a, and bi have units of
(volt-amp)l/z. Of course functions of t and 8 are related

through the (one-sided) Laplace transform. Thus from (12)

bz(s) - 521(s)a1(s)

az(s) = 0 (14)
. 2
b, (jw) 2
and |;fT3;7 =185, (jw)| (15)

represents power transfer, specifically known as the
transducer power gain, I.e. (15) gives the ratio of the
average power delivered to the load resistance tz(a2 = 0) to
the maximum available power from a generator. 1In the time
domain, (14) yields the impulse response when al(s) = 1, or

-12-
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where 521(t) is the inverse Laplace transform of 521(5) and *
denotes convolution.

In the development which follows, the impulse response
h(t) 1is the inverse Laplace transform of the transmittance
521(5)'

Since 521(s) is an analytic function for s > 0, it
admits a Taylor series representation

8,,(s8) = I T4 gl (17)

a.
j=0 1

where the Taylor coefficients of (17) are the moments of
h(t), or since

5,(8) = | h(t)e Stat (18a)
0
££L.s (s) = I. (-t)™ h(t)e Stat (18b)
dsn 21 0
a --923 5,,(0) = (-1)" ;° t™ h(t) dt  (18c)
ds 0

The mechanics of these computations are greatly simplified by
approximating h(t) in a piecewise linear fashion as shown in
figure 2.  With h, = h(t,), the equation for the k"
segment is

line

r, = mkt + bk ' tk <t (< tk+1

-13-




Figure 2: Piecewise-linear impulse response approximation
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h - h
with m, = k+l k
tre1 ~ i (19)

Under this approximation, the pth moment is easily computed
by

q t
siPlo) 3 (-1)P & f 11 ePro(r) at (20)
i=0 %
LTS >
- p+2 _ . p+2 ! p+l _ _p+l
ARy B Pt S TS SR S T (21)

Note from figure 2 that g is the penultimate sample of h(t).

In most practical application relatively few samples of
h(t) are actually needed to represent its salient features
such as rise time, fall time, and pulse width.

The crux of the problem is to find a realizable rational
approximation to (17) such that under the specified frequency
dependent terminations the desired h(t) 1is achieved as
closely as possible. Using the notion of Pade’ approximants,
we seek polynomials P(s) and Q(s) of degrees m and n
respectively, so that the rational function P(s)/Q(s) matches
the first m + n terms of the infinite series [10]. Clearly
and exact match of (17) cannot be generally obtained since P
and Q must exactly include the constraints imposed by the
generator and 1load as well as those of the lossless
scattering matrix of the matching network (perhaps more
appropriately, the pulse forming network).

Thus a solution is accepted if s21(s) as given by (5)

-15-




matches the series coefficients of (18c) ac best as possible
in a least squares sense. That is

inimi )
minimize i" sl

s,,(h(s)) - -
21 o 3! (22)

over h(s) i

f 10

In (22), p is the sum of the degrees of the generator and
load denominator polynomials plus the desired order of the
matching network (i.e., the degree of g(s)). Choosing p in
this way takes best advantage of parasitic absorption.

The technique outlined here suggests a time domain
approach to many of the classical broadband matching
problems. For example, attention has been given recently to
the design of linear phase or constant delay networks
operating between frequency dependent terminations. The
situation of a constant group delay translates into the
simple time domain requirement that the impulse response be
symmetric about some time ty- Although causality will not
allow perfect symmetry, the initial piecewise 1linear
approximation for h(t) may be specified with perfect symmetry
since (10) guarantees realizability. The final optimized
result will thus approximate the constant delay property.
Since the axis of symmetry to is an input parameter, a design
procedure for lossless delay lines becomes apparent.

-16-
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IV. Group Delay Synthesis

Independent of the question of time domain synthesis,
the approach outlined in section 1II suggests a direct
approach for the design of networks with a specified group
delay [6]. Referring again to equation (5), the group delay
can be analytically computed as a rational function of w
{11]). Since

5,,(0) = |s21(w)|e‘j*(“’ (23)

with |521(w)| = |521(-w)| and y(w) = - y(-w), then

S : s
T(w) = dy/dw = 73 dw ln[521(3w)/521( jw)) (24)
Since the transmittance s,,(s) as given by (5) is a rational

function of s, the group delay t(w) is computed as
(w) = Im[P'(w)/P(w) - Q'(w)/Q(w)) (25)

where 521(5) = P(s)/Q(s) , s = jw;

the prime denoting differentiation with respect to w, and
Im(-) is the imaginary part. Since P and Q are polynomials,
the differentiation is performed analytically and no
numerical differentiation is required.




V. Optimization Procedure

For either the time domain or group delay synthesis
procedures, the optimal matching network comes about from a
numerical optimization procedure. Since the structure of the
unknown equalizer E is formulated in such a way that
realizability 1is guaranteed, any unconstrained optimization
routine can be used to optimize the objective function. For
the examples to follow a modified Levenberg-Margquandt
algorithm is used to minimize

2
€ =L (T(xm) - Ti] (26)
X
in a 1least squares sense [12,13]. T(xm) is the objective
function evaluated for parameters X and T; is the ideal
value.

The computational procedure is as follows:

1, Referring to (10), fix wupon the complexity of E by
choosing n and k (recall n is the degree of h).

2. Take an (arbitrary) initial guess for h(s)
= hy + his +...+ hnsn. Choosing h; = + 1 works well in
most instances.

3. Construct the even polynomial g(s)g(-s) = h(s)h(-s)+szk.

4. Perform spectral factorization of g(s)g(-s) and isolate
the left hand plane roots.

5. a) For time domain synthesis, optimize (22) using the
Levenberg algorithm discussed.




Fdo e ) ’

b) For group delay equalization, minimize the quantity

2
) (t(w )-<.] (27)
over m m :
frequency
points

in a least square sense, where T is the desired

delay at a frequency w, .

6. With the final optimized coefficients for h(s),
construct se as in (10) and obtain a realization for E
by usual synthesis procedures.

For numerical efficiency, all circuit element values are
normalized to both frequency and impedance level. Thus in
all circuit designs, if R’, L' and C’' are the actual element
values, the normalized values are

R=R'/%2,, L = w,L’/Z, , C = wsC'2Z,,
0 0 0 0 0

corresponding to a normalized radian frequency w/wo, w= 2nf.
The quantity Z, is real (typically 50Q2). For the case of
impulse response synthesis, the time domain amplitude and
time axis are normalized as

Toh(t/Ty)«H(s/9,) (28)
2, = /T,

As 1is wusual with numerical procedures, a little forethought
can often speed the optimization process. Examination of the
moment expansion for the impulse response reveals that the
zeroth moment is the d.c. gain, certainly bounded by unity
for a passive network. The first moment is the ratio of the

d.c. delay to the d.c. gain.

-19-




VI. Examples
Example 1 (Time Domain Synthesis)

For many data transmission systems as well as in most
radar applications, ringing in the pulse response should be
minimal. This requires that the impulse response should not
be negative, a property easily incorporated into the initial
specification for h(t). 1In this way an acceptable compromise
between rise time and overshoot can be reached.

The 1load impedance shown in figure 3 is a small signal
model for a laser diode [14). This load is to be matched to
a 509 resistive generator as is to approximate the impulse
response shown in figure 4, which is a five point
approximation (circled pecints) to the first lobe of the ideal
low pass filter impulse response

hideal(t) = sin(t-n)/n(t-n), 0 ¢ t < 2n

Specifically, the initial approximation for h(t) is entered
as

t h(t)
0 0.0
1.57 0.202
3.14 0.318
4.71 0.202
6.28 0.0

Require the matching network to contain 3 elements (n=3), and
clearly must be low pass in nature (k=0). With an abitrary
initial gquess for the coefficients of the polynomial h(s),
the resulting optimized network has as its input reflection
factor (509 normalization)

2 3

2.08 - 3.11s + 1.69s
2

-.153s

ell(s) = 3

2.31 + 3.24s + 1.78° + 0.153s

-20-
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Figure 3: Laser diode model
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Figure 4: Impulse résponse, example 1
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m

which is readily realized as a low pass ladder shown in
figure 5. The resulting impulse response is shown in figure
4, where it is seen that even under the heavy load imposed by
the diode the desired impulse response is closely achieved.
For completeness, the gain and delay characteristics are
shown in figure 6. Note that the group delay is relatively
constant in the passband as a consequence of the approximate
symmetry of the impulse response.

-23-
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Figure 6: Gain-delay, example 1
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Example 2 (Group Delay Synthesis)

We consider here the recent example given by Zhu and
i. Chen, where they design a matching network to yield a
fourth-order maximally flat group delay characteristic. For
t  the CAD procedure developed here, this 1is equivalent to

sustaining the d.c. delay level in the passband.
Specifically, we wish to design an all-pole low pass (k=0)
equalizer which matches the generator impedance

zg = 2/(s+2)

and the load impedance
z, = 0.2s + 7/(s+7)

so as to approximate a constant group delay of T = 2.34 in
the normalized frequency band 0 ¢ w/wo <1, The matching
network is to contain 3 elements (n=3) and have unity d.c.
gain. An arbitrary initial guess for the coefficients of the
polynomial h(s) yields the optimized unit normalized input
reflection coefficient,

3 2

+ 0.104s° - ,542s
2

0.577s

e);(8) = 3

0.577s” + 1.69s8” + 1.92s + 1

This €14 is synthesized in the conventional way and is shown
in figure 7. The gain and group delay characteristics are
shown in figure 8 and the impulse response of the system in
figure 9. Note that the group delay performance of the 3
element equalizer designed here is superior to that of Zhu
and Chen’s 4 element design, though the maximally flat
character is no longer retained.

-26-
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Figure 8: Gain-Delay, example 2
(Dashed Curve for results of Zhu and Chen)
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Figure 9: Impulse response, example 2
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Example 3: Impulse Response Synthesis; Active Case

Although the results thus far have been limited to the
design of lossless matching networks operating between
passive loads, these results are readily extended to the case
of active networks. A relatively complete small signal model
for a GaAs FET is shown in figure 10.3 For the purposes of
illustration, a somewhat simplified version of this model was
used as shown in figure 11. A block diagram of the overall
matching network is shown in figure 12, where Ep and E, are
the (lossless) front and back end matching networks each
independently designed to achieve the desired performance
goal, in this case a specific impulse response.

For the FET model of figure 11, the admittance matrix is
readily obtained as

s(C__ +C_.) -sC
Y - gs = “gd gs ] (29)
.scgs+gm gd+s(Cds+ng)-J
which then yields the real normalized scattering matrix

S = (1—Y)(1+Y)‘1 (30)

Then as in section 1I, if the generator, front-end
equalizer, FET, back-end equalizer and load have transfer
scattering matrices Tg, Teo TFET' Ty and T respectively then
the overall transmittance is computed as a rational function
and the design proceeds as described for the passive case.
Since the front and back-end equalizers are designed
independently, as a first step Eg is designed with Ep not

present. Then with Ef fixed, Eb is determined.

3The model of figure 10 and its parameters were obtained from

Mr. Phillip Wissell of ATT-Bell Labs through a private
communication.
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Figure 11: Simplified FET model
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Figure 12: Active matching




In the present example, the source impedance is assumed
real (specifically 502). Also, for practical considerations,
the back-end equalizer is fixed to be a single series
inductance representing a bond wire connecting the drain of
the FET to the laser diode (as in figure 3).

The triangular waveform of figure 13 is to be
approximated with a 3-element 1low pass front-end matching
network and a 1l-element back-end matching network as
described above. The resulting optimized impulse response,
gain-delay characteristic, and realization are shown in
figures 13, 14 and 15 respectively.
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Figure 13: Impulse response, example 3
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Example 4: Group Delay Synthesis; Active Case

As in example 3, a resistive source network and laser
diode load (figure 3) are to be matched using a 3-element low
pass front-end and l-element back-end equalizer with the FET
of figure 11 so as to achieve constant group delay in the
frequency band 0 ¢ w/wy <1, wy = 2ufo, fo = 8 GHz. The gain
delay characteristics and impulse response for the overall
optimized system are shown in figures 16 and 17, and
corresponding realization in figure 18.
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Figure 16: Gain-delay, example 4
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Figure 17: Impulse response, example 4
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VII Conclusions

It has been demonstrated that the basic computed aided
h design methods developed by Carlin and Yarman (2] can be
extended to encompass a wide variety of general synthesis
problems. Specifically, it has been seen that for arbitrary
generator and load impedances the design of matching networks

with a specified group delay is immediate. For the case of
impulse response synthesis the procedure is a bit more
subtle. This is essentially due to the restrictive nature of
an impulse response in that it must consist of a sum of
complex exponential functions, resulting in impulse response
functions which are visibly similar to one another even
though the corresponding frequency domain functions differ
radically in appearance. From a practical standpoint however
it has been seen that general pulse properties such as rise
time, pulse width and ringing are immediately controllable.

The major difference between the techniques developed
here and that of Carlin’s is that lumped circuit models for
the generator and load impedances as well as for the FET is
required. This of <course is to be expected since both
frequency and time functions are differentiated in the design
process and thus requiring analytic expressions as such.
General guidelines concerning the constraints imposed by the
load and generator on the impulse response are still
unavailable.
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