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ABSTRACT

A general design technique for root placement with full
state feedback using transfer function methods is presented.
The design procedure presented is applicable for linear, time
invariant (LTI) systems in the s-domain for continuous time.
This general design technique 1is then used to develop and
explore design procedures for root placement with partial
state feedback. Numerous system examples are presented tc
demonstrats tiae procedur=2 with this design technique when
less than alli the systam states are available to be measured
and fedkback. Both the all pole plant and the plant with a

Zerc are considered.
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I. INTRODUCTION

Many physical systems may be modeled by differential
equations as single-input, single-output systems. The
differential equations, with initial conditions, can be
transformed to the s~-domain to yield algebraic equations with
the complex variable s. These algebraic equations in the s-
domair. may be wiritten as a ratio of output to input to yielad
a system transfer function. System plants are often
described by transfer functions in the s-domain. To actually
design, build and test a plant for a specific purpose can ke
& very time-lencthy endeavor. Usually a plant is "bought off
the shelf" to perform a particular task, and a specific

controil system 15 designed to drive and/or restrict that

o

system as agpplicable. In many cases the "control design" of
the system follows the T"application design" of the system.

Th= concept of feedbsck plays a major role in most automatic

@

control systems.

The feedback design procedures presented in this research
paper are applicable to linear, time invariant (LTI) systems
in continuous time. It is assumed that the reader is
familiar with <classical control design tools, i.e., root
locus, BODE, and NYQUIST. The time performance of a system

1s a <criticai design factor in an automatic control system.




The time performance criteria ¢f a system is usually measursc
as a function of the initial overshoot and number of
oscillations to a given input, and the settling time c¢f the
transient response. Dominant roots are chosen to satisfy the
time specificaticnse of a system. Figure 1.1 and Appendix A
show the key parameters for controlling a second order

system.

jw
T, N

Wi, "] sin 6= zeta
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Ficure 1.1 Dominant Koots

The number of feedback states in a system is usually a

function of the following parameters:

1. cost
2. weilight
3. size

4. application

r
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Chapter II presents a design technique for root placement
with full state feedback using transfer function methods for
the all pole plant when only N-1 roots may be chosen by the
designer. The final results using this design procedure are
equivalent tc those using classical state variable analysis
techniques when all N roots are chosen by the designer.
Chapter III further develops the design procedure for root
placement with partial state feedback using transfer function
methods for the all pecle plant. with this design procedure
less thar all the states are availapble to be measured and
fedback. The Zesign procedures developed in Chapter III for
partial state feecback using transfer function methods does
.ot use an observer. An observer is used to control a system
when less than all of the states are available to be measured
and fedback. An observer may be defined generally as a
paysical feedback device that uses measured data from the
input, output, and accessible states of & systemn, to estimate
those states that are nct directly accessible tc be measured
and fedback. Chapter IV extends the design prccedure for the
plant with a zerc.

The procedures developed in Chapters II-IV are effective
design procedures in many cases. However, they will not
always satisfy the given system specifications. 1In such
cases, a combination of the design procedures presented in
this paper and other compensation schemes should be

considered by t.ae engineer.

W




II. FULL STATE FEEDBACK: ALL POLE PLANT

A. INTRODUCTION

Designing a control system using root placement with full
state feedback requires that all of the states are available
to be measured and fedback. With classical state variable
root placement methods, all 1roots of the system must be
specifically located by the dJdesigner. Root placement with
full state feedbac: utilizing transfer function methods,

however, requires thart only N-. roots be specifically locatec

lag
a0
L]

v oth vstern desigier. The unspecified root will follow ai.

ct
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iptotic angle o ~18C°¢ tcwards infinity as the gain of thne
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prcaches infinity. The number of excess poles in a
system is nct chaaged by state feedback. With full state
fecdba -k using transter function methods, the system output

and the c¢cutput's N-1 cderivatives are the feedback states

v

(Ref. 1:p. 1]. Th ieral concepts developed for tull state

M
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m

ct
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feedback in this chapter are applicable to partial state

feedback design technigques considered in subsequent chapters.

B. GENERAL CONCEPT

As is generally the case with any system that is to be
compensated or modified, the first step is to completely
evaluate the uncompensated system. This initial system
evaluation waould include, but should not be limited to,

findinc the system rsots and error coefficient, and obtaining




the uncompensated BODE diagram and root liocus plot. It is
assumed that 1% 1 KkKnown Qgg the compensated system 1s tc<
perfcrm, i.e., system specifications have been given and a
pair of dominant roots have been selected to ensure system
stability, accuracy and desired transient response behavior.
The required time performance specifications of the system
usually determine the location of the dominant roots. The
dominant roots of a system are defined in a general sense as

thase rcots of the clcsed loop system with the smallest reasl

Using rost placement with transfer function methcds, the
fystsr  output ard the output's N-1 derivatives are the

teedback states. Figure 2.1 shows the basic block diagram

 INPUT + OUTPUT
_—> —_— PLANT >
kN—]SN-) :k
®
L J
[
K.s?
koso k

Figure 2.1 Basic State Feedback Block Diagram




Tie feedback /ﬁtiies shown 1n Figure 2.1 may be combined intc

a feedk.:k polynommial as shown in Figure 2.2.

INPUT + OUTPUT
> ;l PLANT >

Knaw1SN" 24, ..4Kk182+KkosS® 44};—————

Figure 2.2 Reduced State Feedback Block Diagram

Togur:z .3 shows tnat the reduced state feedback block
iicram 2n Faigure 2.2 may be further manipulated to preserve
unrity teecback py riacing the coefficient of the zeroth

Gerivative 1 the fcrward pati.

=
' INPUT + ' ‘ OUTPUT
—_— 00— m,jet PLANT >
1
R?’l-] K'\
J SNTY 4+, .+ — 87 + 1 k&———J
ko ko

Figure 2.3 Unity Feedback Preservation




The p.ant can be defined 1in general terms as

K

()]
n
t
[
.

SN+Cpn-15""1+4+Cn-28""2+...4+C18*+Co

and from Figure 2.2, the feedback polynomial is

H(s)= kN_1SN—1+...+k1SI+k° (2.2)

Thus the characteristic equation for the compensated system

becomes

SN+ (Cny-1tKhEn—-1 )8V "2+, . .4(C1+4KK,1 )8+ (Co+Kko}= © '2.3)

From the theory ¢f eguaticns 1t 1s Kknown that the roote cf
any pclynom:al are functicns of the pclynomial's coefficieits
aiid converse.y the polynomial's coefficients are a functiol
cf tihat pclynomial's roots. From inspecticn of equaticn 2.3
it 15 clear that every rost ¢f the system may be specificaily
locatec b adjustment cf the feedback coefficients.
Therefcre 1f N-1 1ricts c¢f the characteristic eguation are
chosen, the coefticients of this polynomial are the desired
feedback gains [Ref. 1l:p. 1=2].

The G{(s)H(s) function can be written in factored form

from egquations 2.1 and 2.2 to yield

K(sS+rm(a)1)(S+ru(ar2)...(S+ru(arn-1)
G(s)H(s)= (2.4)
(8+rc(mar1)(S+rg(erz2)...(8+r'c(e1n)
7




Equation 2.4 shows that the system has one excess pole and
the zercs of the H{s) functicn define the system designer's
desired rcot locations! The root 1loci of the system will
start at the open loop pole locations and end on the zeros as
the gain of the system approaches infinity. The unspecified
root must be real and moves on the negative real axis towards
infinity {Ref. 1:p. 6]. The loop gain required to move the
roots to the zeros of the G(s)H(s) function will approach
infinity as the roots approach the zeros. This extremely
high 1loosp gain 1s usually not realizable and drastically
changes the error coefficient of the system. However, by
cffsetting the zercs thet are attracting the chosen dominant
rocts, the system loop gain can be significantly reduced.

Tre zerc cftset locations are chosen by extending the path of

ot
jn g
11}
L]
O
<)
ot
—

oc1i past the desired dominant root locaticns. Only
the Cerzs <that are etzracting the dominant roots are otfset.
Thae zer: cffset procedure is a trial and error procedure that
1s dependent oa the particular system under design.

EXAMZL 2.1 Eguatzon 2.5 defines the plant for a fourth

crder system.

K
G(s)= (2.5)
s(s+5)(s+5) (s+10)

Dominant root locations have been chosen at s= =2%j2 to
satisfy required system time performance and bandwidth

specifications. The uncompensated root locus plot is shown




in Figure 2.4.a. wWith all of the states available tc be

fedback, the designer may name N-1 roots. The thard
specifiable rocot will be placed at s= -9 to maintain a
dominant role for the two dominant roots at s= =-2%tj2. The

G(s)H(s) function then becomes

K(s+2+j2)(s+2-32) (8+9)
G(s)H(s)= (2.6)
s(s+5)(s+5)(s+10)

and the compensated rocot locus plot is shown in Figure 2.4.b.
Al extremely high gain is required to move the roots tc¢ the
zercs of the G(s)H(s) £function. Table 2.1 shows the ga:in
required to move the specified rcots to their desired

locations and ths location of the fourth unspecified root.

TABLE 2.1 LOOP GAIN AND ROOT LOCATIONS

K I, > Ta Ya
1.0 | -c.285(-3.728 | -6.658 -10.329!
{ 10.0 | -1.842$¢91.170 | -8.704 -17.612
50.0 | -1.931%31.842 | -8.963 -57.175
75.0 | -1.948+31.905 | -8.982 -82.122
100.0 | -1.958%31.936 | -8.992 -107.093
1,000.0 | -1.987+32.023 | -9.016 | -1007.010
10,000.0 | =-1.990%32.023 | -9.019 | -10007.001
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Figure 2.4.a Uncompensated System Root Locus Plot
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Figure 2.4.b Compensated System Root Loci without Zero
Offsets
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Cleariy the unspecified rcot (re) moves along the negative
real aasxis towards :nfinity as the loop gain is increased. Tc
maintain the system errcr coefficient and have a realizable
system gain, zero offset locations are chosen for the zeros
that attract the dominant roots. Figure 2.4.b shows the
general shape of the root 1loci as the roots approach the
2zeros of the G(s)H(s) function. By trial and error and using
a computer aided design (CAD) program, acceptable zero offset
locations are found at s= -2.5%33.0 such that the root loci
pass through s= =2.0%222.0. The modified G(s)H(s) function

becomes

K(s+2.5+33.0)(8+2.5-33.9)(s+9)

Sis+5)(s+5)(s+10}

Figure C.4.¢ shows the rooct 1lccus plot with zero offset
3.0. Using a loop gain equal to 7.3,

the closed locop roots are located at

s= -2.003%j1.99, ~8.53, -14.8 (2.8)

and the compensated block diagram is shown in Figure 2.4.d.
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4.0
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0.0
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Figure 2.4.c Compensated System Root Loci with Zero Offsets
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-
INPUT + : 7.3 CUTPUT
S L >
- s(s+5)(s5+5)(s+10)
.0072865> ]E——
.10287 ls__
.4389799s> ]&—
1.0 }e_

Figure Z.4.4 {comztensated System Elock Diagram

The compern:zated =system ster response and BODE diagram are
showin an Figure: Z.4.¢ and 2.4.f respectively.
EXAMPLE 2.2 The plant fcr a sixth order system 1s defined
by eguatioa 2.5,
K

G(s)= (2.9)
S(s+1l)(s+5)2(s+10)(s+50)

Once again the dominant roots are required to be located at

s= -2%j2 to meet the given system specifications. The

14
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remaining specifiable roct locations are choser. such that th=

roots r-~ve as little as pc¢ssible from their natural cpen loop
pole locations, yet allow the dominant roots to retain their
dominant system rocle [Ref. 2]. As the compensated system
loop gain is increased the roots follow the 1loci shown in
Figure 2.5.a. By trial and error, zero offset locations are
found at s= -5.0%j.8 such that the root loci pass through the
dominant root 1locations at s= =2%j2. The root locus plot
w.th the zero cffset locations is shown in Figure ¢.%.b for
the domiasnt rocts. 'ith a oot locus gain of 26.5, the

system's domirnant roots are located at s= ~-2tjC as depicted

in Figure ¢.7.S. Th: compensated system block diagram is
sheownn  1n igure Z2.%S.4. The compensated system rocts are
locateld at

£= ~1.%7%-2.26, -4.87, =-5.12, -9.8%, =-73.7 {(2.10:
The c-ompenseted system step response and BCDE diagram are

shown 1in Figures 2.5.e and 2.5.f respective.y.

EXAMFLE 2.3 £ s

10

ventii order plant is defined by eguaticn

K
G(s)= (2.11)
S(s+1)(s+5)2(s+10)(s+50)(8+500)

The uncompensated root locus plot is shown in Figure 2.6.a.
Dominant roots are chosen at s= =2%j2 to meet the time

performance specifications of the system. The remaining

17
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Figure 2.5.b Compensated System Root Loci with Zero Offsets
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T T T T T

Figure 2.5.4d Compensated System Block Diagram
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-

rocts tc ke chosen by the des.gner are placed at s= -3, -C

-% and -11. The ccmpensated root locus plot 1s shown in

th

Figure 2.6.Db. Figure 2.6.c shows acceptable zero ct

get
locations at s= -5%j2. The G(s)H(s) function becomes
K(s+5+23)(8+5-2])(s+4)(s+6)(s+9) (s+11)

G(s)H(s)= (2.12)
S(s+1)(s+5)%2(s8+10)(8+50)(s+500)

The compensated root locus plot with zero offset locations is

shown 1n Figure Z.€.d4. With & 1lcop gain <<f 1.31&, the

dorinant aots &are loceated at sz -2z32 as shown by Figure

Z.5.8, and the system vrocts are iocated at

€= -2%3Z, ~4.7%, =5.2Z, =-9.98, -24.2, -1840.0 ve.al

¢ Th2 compenzated system <Siock <ciagram 15 shown in Figure

2.¢L 8 The compeinsated system 3tep response and EODE diagrar

are show. in Figures Z.{.g antG <.6.h respectively. If the

step 1rs=zponse shkcw.. . Tigure Z.6.g doces not meet the

required time specificatiosns of the system, the des.gner will
p.ck & different set of dominant rcots and redesign

the problem.
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(3]

n this crapter a des.gn procedure was presentes f-r rcot

placement with tull state feedback wusing transter funct:on

h

rethcds. With full state feedback, all N tate: are

u

availakble to be measured and fedback. Therefore the feedback
polynomial is of orcder N-1, and the system designer may
chocse locations for only N-1 roots. However, every rooct cf

the system may be specifically located by adjustment of the

feedback coefficients. The N-1 roots specified by the
designer are the <zerocs of the G{s!H{(s} function. The
system's dominant rosts  are chosen to meet the tirme

speciticzt:-ons or the system. The system's unspecified oct

must he resd and moves on the mnegative real axis towairdcs
aafinity. The zercs that attract the system's cominart roots
ars JffseT T¢ maintain the syster error coefficiesnt anc t<

sisuve a s2a.izakle gysten gsin. It the rreguired
specifications ¢f tae Systenm cannot be met ysing this dessign
crocedure, ths designar sinouid consider compsnsating tiols
procediivrs witl an alternate design scheme
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III. PARTIAL STATE FEEDBACK: ALL POLE PLANT

A. INTRODUCTION

In the 1last chapter we explored design procedures for
root placement using full state feedback with all pole
plants. All of the states had to be available to be fedback
for this procedure. With partial state feedback, 1less than
all of the states are available to be fedback. Clearly if
the lowest ordered state is missing 1in the feedback path,
there wi1ill be a roct at or near the origin. In most systems
this is nct desirasle. If intermediate states are missing in
the feedback path, there will be zeros in the right half
plane.’ Therefore, 1t 1s assumed that only the higher
sréered states are not available to be tedback.

It should be clear that the coefficient of the N-1 term
in the characteristic eguation is the summation ¢of the closed
loop roots. It is alsc the sum of the system's open loop
poies ‘Ref. 1:p. 1}. Wwith partial state feedback, this sur
is fixed and cannot sSe adjusted. Knowing the coefficient of
the N-1 term will give the system designer an initial
indication of how much or how little flexibility is available
in compensating the system to meet required specifications.

In many engineering design cases, the time performance of the

'From the thecry of equations described in virtually all
classical control thecry textbooks.
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system is the critical design factor that must be satisfied.
The time performance criteria of a system is usually measured
as a function of the initial overshoot and number of
oscillations to a given input, and the settling time of the
transient response. Utilizing partial state feedback, roots
are chosen in an attempt to meet required time performance
criteria. There are plants that cannot be compensated to
satisfy given system specifications using only partial state
feedback. In such <cases, a combination of partial state
feedback and other compensation schemes should be considered

by the ergineer.

B. N-1 FEEDBACK STATES

When N-1 states are available to be measured and fedback,
the syster designer may choose locations for N-2 roots. The
G{s)H(s) functican will have two excess poles that will fcllow
asymptotic angles of 2380°. These poles will attempt to go to
infinity as the gain apprcaches infinity. If the breakaway
point from the reéa axis of these twoc excess poles 1is far
enocugh to the left ¢f the dominant root locations, the system
designer should not experience much difficulty in designing
the system to meet given specifications.
EXAMPLE 3.1 Equation 3.1 defines the plant for a fourth
order system.

K

G(s)= (3.1)
s(s+5)7(s+1¢)
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Dcominant root locations have been chosen at s= -2252 tc
satisfy required system time performance and bandwidth
specifications. vote that with a fourth order system, the
designer may only choose the dominant root locations! The
uncompensated root locus plot is shown 1in Figure 3.1.a, and
the compensated root 1locus plot is shown in Figure 3.1.b.
The summation of the open loop poles is 20, and the numerical
value for the sum of the two specified dominant roots is 4.
Theretore a numerical value of 1€ remains for the sum of the
twce unspecifiec roots that will follow asymptotic paths of
£72°0 to infinity as the gain approaches infinity.
Ccngeguently. the two unspecified roots should breakaway from
the reel &axnis at approximately sz -8.0. This 1s contirmed by
inspection ¢f Figure 2.1.b. An extremely high gain is
rs=guired t¢ move the roots from their open loocp pole
locations to the desired root locations. By using the zerc
ctfsss technigue, it 1s possible to reduce the system gsih
aind attempt to maintain & reascnable error coefficient. By
trial and errcr, zero offset lcocations are determined at

.2¥3j3.0 such that the root 1loci pass through the

(&Y

s= -
dominant root 1locations at s= =-2%j2. The root locus plot
utilizing the zero offset locations for the dominant roots is
shown in Figure 3.1.c. With a rooct 1locus gain of 37.3, the
system's dominant roots are located at s= ~-2%j2 as depicted
in Figure 3.1.cd. The compensated system block diagram is

shown 1n Figure 3.1.e.
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EXAMPLE 3.2 Tne plant fcr a different fourth order system is

defined by equation 3.4.

K
G(s)= (3.4)
s(s+1)2(s+5)

As in example 3.1, dominant roots are chosen at s= =2%j2 to
satisfy required system time performance specifications.
With this particular plant however, the sum of the open loop
poles is 7, and the sum of the two specified dominant roots
is 4. Therefore the numerical sum of the real parts of the
twoc unspecified roots must equal 3. Using classical root
locus evaluation technigques, the twe unspecified root
locations must 1lie to the right of the specified dominant
root locations. The sum of the cpen 1loop poles must equail
the sum of the <closed locp system roots using partial state
feedback. It should bé clear that with this particular all
pole plant it 1is not possible to meet the required
specifications wusing only partial state feedback. The
uncompensated root 1locus plot and the compensated root locus
plot are shown in Figure 3.2.a and Figure 3.2.b respectively.
EXAMPLE 3.3 Equation 3.5 defines the plant for a sixth order
system.
K

G(s)= (3.5)
s(s+1)(s+5)2(8+10)(8+50)
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Once again <he cdominant 1rooOts are required at s= -2%jZ to
meet given system specifications. As the uncompensated
system gair is increased the roots follow the loci shown in
Figure 3.3.a. The root 1loci of the uncompensated system
cross the Jjw axis with a gain equal to 27,542. The plant
transfer function can be rewritten in BODE form as shown in

equation 3.6

K
Gisj-= (3.6)
3 s s
12,80C({s)(s+1)(~ 1) (—+1)(—+1)
5 10 59

whilch produces an error coefficient Ko=

Fcur rocts may be chosen by the designer. The G(s}H!s;

functisn becom2s

Kis+2+432)(5+2-32)(S+Iaj(8+rs)

G
17
:1 -
n

1]
—
w
~J

S{s+1){s+5})(s+5}{(s+1C}(s8+50)

The dominant roots have been chosen to satisfy the time
performance and bandwidth requirements of the system. The
system designer must now determine where to place roots ra
and r.. The remaining two specified roots allowed to be
chosen by the designer should be chosen such that the roots
move as little as possible from their natural open loop pole
locations yet allow the dominant roots to retain their

dominant csystem role. In this particular example, roots r,
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and ra will be chosen at s= -4 and s= -6. This choice will
not move the open locp roots from their natural locaticns at
s= -5 and s= -5 significantly, and the dominant roots at
s= =-2+j2 will retain their dominant role. Furthermore, we
want to control the roots originating at s= ~5 and s= -5
because they are nearest the desired dominant root locations.
Figure 3.3.b shows the compensated system root locus plot.
The numerical summation of the open loop poles is 71, and the
numerical summation of the four specified roots is 14.
Therefore a numerical value of 57 remains for the sum of the
two remaining unspecified roots. This 1indicates that the

remaining two unspecified 1roots should breakaway from the

real axis at approximately s= =28.5, significantly to the
ieft ¢f the dominant 1root locations. This is confirmed by
inspection of Figure 3.3.b. The =zero offset technique 1is

used t¢ reduce the 1cot lccus gain and attempt to maintain
the original open loop error ccefficient. Figure 3.3.c shows
the generai shape of the dominant root loci as the zercs of
the G(s)H(s) function approach the poles of the G(s)H{s)
function as the gain approaches infinity. By trial and
error, zero offset locations are determined to be at s= =-4%j1
such that the root 1loci pass through sz =-2%j2. The root
locus plot with zero offset locations at s= -4tjl is shown in
Figure 3.3.4. With a root 1locus gain of 325, the system's
dominant roots are located at s= -2%+j2 as depicted in Figure

3.3.¢. Note that the roots other than the dominant roots
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have not been significantly moved from their natural opern
loop pole locaticns. The compensatec system block diagram 1is

shown in Figure 2.3.f%f.
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Figure 3.2.f Compensated System Block Diagram

The compensated system step response and BODE diagram are

shown in Figures 3.3.g and 3.3.h respectively.
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EXAMPLE 3.4

K
G(s)= (3.8) N
s(s+1)(8+5)%(5+10)(s+50) (s+500)

Dominant roots are chosen at s= =-2%j2 to meet given system
specifications. The G(s)H(s) function is
K(5+2+32)(8542-J2)(8+r3) (S+re) (5+rs)

G(s)H(s)= (3.9)
S(s+1)(s+5)2(s+10)(s+50) (s+500)

Roots s, Te 4and r., are chosen at s= -4, =6 and -9
respectively. These root locations are chosen such thet the
roots do not move significantly from their natural open loop
pcle locations, and the chosen dominant roots retain their f
dominan: system role. It should be clear that those roots
oricinating at poles farthest to the 1left of the desired
dominant root locations are not controlled by the designer's
chosen root locations. The farther away an open locp pole is
from the origin, the more gain is required to move that root
from its natural ¢pen loop ©pole 1location. By controlling
those roots closest to the dominant roots, the concept of not
moving the roots more than necessary from their natural
location is reinforced. The sum of the open loop poles is
571, and the sum of the five specified roots is 23. The
remaining two unspecified roots should breakaway from the -
real axis significantly to the 1left of the dominant root

locations. Figure 3.4.a shows the compensated root locus
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plot as the gain approaches infinity. Zero offset locations
are located at s= =%5%3.5 as shown in Figure 3.4.b. Figure
3.4.¢c shows the compensated system root 1loci with dominant
roots at s= -2+j2 utilizing a root 1locus gain = 13,010.
Clearly the roots have not been significantly moved from
their natural open 1loop locations as depicted in Figure

3.4.¢c. The compensated system roots are located at
s= -1.96%j2.02, -4.92, -5.08, -9.85, ~77.7, =470 (3.10)

The compensated system step response and BODE diagram are

showh in Figure 2.4.d and Figure 3.4.e respectively.

C. N-2 FEEDBACK STATES

When N-2 states are available to be measured and fedback,
the system designer may choose locations for N-3 roots. The
G(siH(s) function will have three excess poles that will
f¢ilow asymptctic angles of -180° and f60°. The roots
criginating at these thre2 excess poles will attempt to go to
infinity as the gain approaches infinity. The designer is
now primarily concerned witih the roots originating at the two
excess poles that will naturally follow asymptotic angles of
$60°. As the gain is increased, these roots will move toward
the right half plane, affect the dominance of the dominant
roots, or perhaps even cause system instability. Clearly in

designing a system that has N-2 states available for
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teedsack, the system decsigner should attempt to control thos

m

roots originating at poles nearest the chosen dominant rost
locaticns whenever possible.

EXAMPLE 3.5 Equation 3.11 defines the G(s) function for a
sixth order plant, and the G(s)H(s) function with dominant
roots at sz =-2tj2 is defined by equation 3.12.

K
G(s)= (3.11)

et
m
+
[
o
(29

s+i-32)(8s+ra)

Q©
L]
X
n
H

(93]
[
()

S{s+1;{3~-5,"{5+10)(s+5()

Tiie three unspscitied rosts will follow asymptotic angles of
-18C° and $60° as tie sa-n 0f the system approaches infinity.
The remain.ng spec_tiable rcot 1is chosen at s= ~-4. This 1is
not an arb:itrary Tacize. Twe o©f the unspecified roots wiil
iave asymptotic &ngiss of $6C° as the system gain :is
increased. W= cannct ccatrcl the distance that these twe
unspecifti=d roocts wilil travel toward the right half plane as
the system gain 1s 1increased. Consequently, the system
designer wants these uncontrollable roots to be as far left
of the Jw axis as possible. This will ensure system
stability and hopefully retain a dominant role for the chosen
dominant rocts. Choosing the third root at s= =4 will
guarantee that the two unspecified roots following asymptotic

angles of #60° will initiate from poles at s= -5 and s= =10




from classical 7root locus evaluaticn |Ref. 3]. Placing this
zerc ¢f the G(s)H(s) function (s+4) between any other pole-
pole ccmbinaticon in this particular case would result in less
than optimum results using root placement with only partial
state feedback. The poie at sz -50 will follow an asymptotic
angle of -180°, The root 1locus plot for the initial
compensation scheme 1s shown in Figure 3.5.a. The numerical
value for the summation of the three specifiable roots is 8,
wiiile a numerical wvalue of 63 remains for the sum c¢f the
three unspecified roct lccations. Figure 3.5.b shows th=
genera. shape of the dominant root loci as the zeros ¢f the
G{s;H{s; function approach the poles of the G(s)H(s) function
&5 the gain aprproacihes infinity. Acceptable zerc oftset

socat:ons are located at s= -3+31.2 as shown in Figure 3.5.c.

rigures Z2.5.d shows the compensated system rcot locus piot
with a roct locus gain of Z2,512. The compensated system
block diagram 1s sihown 1in Figure 3.5.e. The roots ct the

zompensated system are located at

s= ~1.96%£71.86, -4.28, -5.79%£j5.41, s= =E51.2 (

(83}
2
w

The compensated system step response and BODE diagram are

shown in Figures 3.5.f and 3.5.g respectively.
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EXAMPLE 2.6

K
G(s)= (.14
s(s+1)(s+5)2(s+10)(s+50) (s+500)

With dominant roots chosen at s= -21j2, the G(s)H{(s) function
becomes
K(s+2+32)(8+2-32) (s+rs) (S+rs)

G(s)H(s)= (3.15)
S{s+1)({s+5)2(s+10)(s+50)(s+500)

Roots ra. and r, are chosen at s= -4 and sz -6. The sum cf
the open ioop poles 18 571, and the sum of the four specified
rocts 1s 14. The three unspecified roots will have a
numerical sum c¢f £57. From classical root locus evaluation
it 1s ciear that the 1tocts following asymptotic angles of
160" will brea: away from the real axis between s= -10 ancd

g= =5C. cerc offs=t lccations at s= -4.3%3j.4 are snown in

it

Figure 3.%.a. Figure 3.6.02 shows the compensated rooct locus

plct as the gain epproaches infinity. A root locus gain of

n

123,545 places th

D

dominant roots at s= -2+3j2 as shown in the

L

final 1root locus plot depicted in Figure 3.6.cC. The

compensated system has roots located at

s= -2.04%32.09, -4.82, -5.26, -14.43, -41.82, -501.1 (3.16)

The compensated system step response and BODE diagram are

shown in Figures 3.6.d and 3.6.e respectively.
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D. N-3 OR FEWER FEEDBACK STATES

With N-2 c¢r fewer states available to be measured and
fedkback, the system designer may choose locations for N-4 or
fewer roots depending on the particular problem. With N-3
states available for feedback, the G(s)H(s) function will
have four excess poles and the roots originating at these
poles will follow asymptotic angles of $45° and $135° towards
infinity as the gain approaches infinity. The unspecified
roots following asymptotic angles of $£135° will not cause
stability problems. However, the roots following asymptotic
angles of r45° are c¢f <crucial concern 1n terms o¢f system
staciizty and dominant root locations. Clearly as the number
cf states availakle tc feedback decreases, roots originating
at excess pole locations move toward the right half pliane at
more acute angles-. Cons2quently, as the number of states
avaliab.e to feesdback decreases, it becomes increasingly
difficu.t to ensure system stability, and even more difficult
t¢ retain the dominance of the chcsen dominant root
locaticns. In those cases where system compensation using
only partial state feedback does not satisfy the time
performance requirements of the system, the designer should
consider a combination of partial state feedback and other

compensation schnemes.

“See Appendix B
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EXAMPLE 3.7 The G(s)} function for a sixth order plant is
defired in equation 3.17.
K

G(s)= (3.17)
s(s+1){5+5)2(5+10)(s+50)

With N-3 states available to feedback, the designer may
choose only the dominant root locations. Once again it is
assumed that the dominant root locations are required to be
located at s= -2132 to meet given system time performance
specificaticns. The four unspecified roots will attempt to
go to infinity at asymptotic angles of *135° and *45° as the
ga.i i3 1inctreased. The uncompensated system root 1locus pict
is  siiown in Figire 3.7.a. Zeroc offset locations at
s= -1.2%31.1 &re shown in Figure 5.7.b, and the compensated
syster rcot  iscus plot with a root locus gain of 12,022 is
gacwl. iiv Tigure 2.7.c. Note <that the 1roots at s= ~-Z#32 no
ionger maintain tneir dominant system role. The rootz of the

COmMpensacel system alre located at

s= -2%32, -1.8%33.4, -49.%2, -13.5 13.18)

The compensated system step response 1is shown in Figure
3.7.d. 1If the characteristics of the resultant step response
shown in Figure 3.7.d do not satisfy the time performance
requirements of the system, the designer should consider
using & combination of @partial state feedback and other

compensaticn schemes.
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EXAMPLE 3.8 For the seventh order system in equation .19,
there are N-3 states available to feedback, and the designer
may choose three roots.

K

G(s)= (3.19)
s(s+1)(s+5)2(s+10)(s+50)(s+500)

The dominant roots are chosen to meet the time performance
requirements of the system. The G(s)H(s) function becomes
K{s+2+j2)(s+2-j2)(s+4)

G({s,H(s}= (3.20
s{s+1)(s+5)%(s+10) (s+50)(s+500}

and the compensated system root locus plot is shown in Figure
Z.8.a. Zero offset locaticns at s= -3.3tj.5 are shown in
Figure 3.8.b, ard the compensated system root locus plot is
shown in Figure 3.8.c. The roots of the compensated system

are lccated at

s= -1.96+31.97, -4.22, -5.80%j4.19, -51.1, =500 (3.21)

The compensated system step response 1is shown 1in Figure

3.8.d.
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E. CONCLUSIONS

A procedure for root placement with partial state
feedback using transfer function methods was developed in
this chapter. It was assumed that only the higher ordered
states were not available to be measured and fedback. The
coefficient of the N-1 term in the characteristic equation is
the sum of the system's open loop poles, and is also the sum
of the system roots. With partial state feedback, this sum
is fixed and cannot be adjusted. The system's dominaint roots
are chosen to meet the time performance specifications c¢f the
system. The remaining specifiable roots chosen by the
designer are chosen such that the roots move as litcle as
pocssible from their natural open loop pole 1loca*ions, yet
allow the dominant roots to retain their dominant system
role. Specific examples are presented throughout the chapter
to demcnstrate the design procedure.

When N-1 states are available to be measured and fedback,
N-2 root locations may be chcosen. The system will have two
excess poles +that will focllow asymptotic angles of 1380¢., 1If
the two excess poles breakaway from the real axis
significantly 1left of the dominant root 1locations, the
designer should no: experience much difficulty satisfying the
system specifications. With N-2 feedback states, the system
will have three excess poles that will follow asymptotic
angles of -180° and t60°. As the system gaia is increased,

the roots following asymptotic angles of $60° will move
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toward the right half plane, affect the dominance cf the
docminant 1oots, or perhaps cause system instabaility.
Therefore, when N-2 states are available for feedback, the
designer should attempt to control those roots originating at
poles nearest the chosen dominant root locations. When N-3
or fewer feedback states are available, it becomes more
difficult to "control" those roots originating at the
system's excess poles. As the number of feedback states
decreases, the number of excess poles increases, and the
roots originating at these excess poles move toward the right
half plare at more acute angles. Consequently it becomes
more difficult to ensure that the dominant roots retain their
dominant role.

The partial state feedback procedures presented in this
chapter using transfer function methods are very applicable
techniques. However, the pole-zero composition of the plant
will determine the effectiveness of these design procedures.
There are plants that cannct be compensated to satisfy given
system specifications using only the partial state feedback
procedures presented in this chapter. A combination of
partial state feedback and other compensation schemes should

be considered by the engineer in these cases.
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IV. PARTIAL STATE FEEDBACK: PLANT WITH A ZERO

@

A. INTRODUCTION

In Chapter 1III a partial state feedback design procedure
was developed for root placement using transfer functions for
the all pole plant. With partial state feedback, less than
all of the system states are available to be fedback. It was
shown that as the number of available feedback states
decreasss, 1t became 1ncreasingly difficult to meet required
syster specifications wusing only partial state feedback
procedures. If the system plant under study contains a zero,
the flexibilitcy of the designer in satisfying the given
specifications 1s enhanced. There are few plants that
contain a zero, and those that do contain a zero are built
for very specifiz purposes. However, the same results are
obtained by compensating the system with a zero in cascade
with the forward path o¢f the system. The partial state
feedback procedures developed in the previous chapter apply
to the piant that contains a =zero, or the system that

contains a zero as a result of cascade compensation.

B. APPLIED PROCEDURE

wWhen N-1 states are available to be measured and fedback,
the system designer may choose locations for N-2 roots. If
the forward path of the system contains a zero, either by

design or by cascade compensation, the G(s)H(s) function will
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have c¢nly one excess pole that will follow as asymptot-.c
angle of -180¢ as the gain 1s increased. Consequently the
design problem in this case reduces to one that utilizes the
full state feedback procedures discussed in Chapter II!
EXAMPLE 4.1 The fourth order system designed in example 2.1
now contains a zero as defined by equation 4.1.

K({s+9)

G(s)= (4.1)
S(s+5)(s+5)(s+10)

Wity only N-1 feedhack states, the system designer may cioose
anly the dominant roo locations. Dominant root locations
are again ciaosen arbitrarily at s= 2%j2 to satisfy arbitrary
time performance and »pandwidth requirements of the system.

The resuitant G{s)Hi(s) function 1s defined by equaticn 4.2.

K{s+2+)2)(8+2-32)(s+9)

(]
101
1]
1}
N
D

S{s+5)(s+5)(s+1C)

Equation 4.2 is exactly the same as equation 2.6. The
partiail state feedback design problem is reduced to on= that
follows the full state feedback procedures discussed in
Chapter II.

The designer has an additional chosen root when designing
a system with partial state feedback if the forward path of
the system contains a zero. Note that the number of feedback
states does not change when the system has a zero 1in the

forward path.
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EXAMPLE 4.2 Consider the sixth order system in Example Z.7
with N-3 states available to be fedback. Recall that it was
not possible to place dominant roots at s= =-2%j2 with N-3
feedback states for this system using only transfer function
methods. With a zero in the forward path of this system, the
G(s)H(s) function is defined by equation 4.3.
K(s+4)(s+2+]j2) (s+2-32)

G(s)H(s)= (4.3)
S({s+1)({s+5)2(s+10) (s+50)

Equaticn 4.3 1s eguivalent to equation 3.11. As a result of
the zero 1in the forward path of the system, a design problem
w_th N-3 feedback states can be reduced to a design problem

witlh N-2 feedback states.

C. CONCLUSIONS

The previous examples demonstrated that the designer's
tlexibility in satisfving system specifications 1s enhanced
when the forward path of the system contains a zero. A zero
inn the forward patl. c¢f the system defines a root location
using design procedures with transfer function methods. The
zero in the forward path of the system is a result of either
the physical construction of the plant or by cascade
compensation of the system. If the zero in the forward path
of the system 1is due to the physical construction of the
plant, it is assumed that the plant has been chosen to

perform a particular task. If, however, the zero in the
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forward path 1is a result of cascade compensation, the
designer may choose the zero location such that it defines a
desired root location. 1In both cases, the flexibility of the
designer is enhanced using partial state feedback with
transfer function methods when the system under study

contains a zero in the forward path.
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V. CONCLUSIONS AND RECOMMENDATIONS

State Feedback using transfer function methods is a very
useful and effective design tool for automatic control
systems. When all N states are available to be measured and
fedback, the full state feedback design procedure using
transfer function methods developed in Chapter 1II are
equivalent to classical state variable root placement
methods. Using the transfer function approach to control a
system, cnly N-1 roots may be named by the designer, while
the state wvariabie analyeis approach requires that all W
roots be specified.

When fewer than N states are available to be measured and
fedback, an observer is usually built in the feedback path to
estimate the unaccessible states. The design procedures
developed in Chapter III using transfer function methods dces
not require an observer. However, as the number of feedback
states decrzases, it becomes increasingly difficult to meet
the required system specifications using the transfer
function design technique presented in this paper. When the
system specifications cannot be satisfied using the design
procedure presented in this paper, the designer should
consider a combination of compensation schemes to satisfy the
system specifications. The results of chapter IV show that

by adding a zero in the forward path of the system, the
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designer's flexibility to satisfy system specifications are
enhanced. The number of feedback states available is limited
by those factors discussed 1in Chapter I. Additionally, the
physical limitations of the plant will determine the amount
of feedback that can be used in terms of system gain. These
constraints will ultimately determine the type and amount of
compensation available to the designer to control the system.

Both the full state angd partial state feedback design
procedures presented in this paper are effective tools in
controlling an automatic control system. These technigques
will not werk for all systems, but should be considered by
the designer with other compensation schemes in an attempt to
contrzl the system :n the most efficient and cost effective
maniher. Two potential topics of further research for root
placement using transfer function methods are:

1. To ktuiid and test a physical realization for a controld
systenm using the partial state feedback design
techinigues developed in this paper.

2. Tc develop design procedures for partial state feedback
using a feedback filter. The zeros of the filter
determine the system root locations, and the poles of
the filter become the system's excess poles and are

chosen significantly to the left of the jw axis.




APPENDIX A SECOND ORDER SYSTEM PARAMETERS

ZETA Tawn Mpr_ Mpw Bw PMr-d pMd.q
0.04 100.00 1.88 12.51 1.55 0.08 4.58
0.06 66.67 1.83 8.35 1.55 0.12 6.87
0.08 50.00 1.78 6.27 1.55 0.16 5.15
0.10 40.00 1.73 5.03 1.54 0.20 11.42
0.12 33.33 1.68 4.20 1.54 0.24 13.68
0.14 28.57 1.64 3.61 1.53 0.28 15.94
0.16 25.00 1.60 3.17 1.53 0.32 18.17
0.18 22.22 1.56 2.82 1.52 0.36 20.40
0.20 20.00 1.53 2.55 1.51 0.39 22.60
0.22 18.18 1.49 2.33 1.50 0.43 24.79
0.24 16.57 1.46 2.15 1.49 .47 26.95
0.26 15.38 1.43 1.99 1.48 0.51 29.09
0.28 14.2¢ 1.40 1.86 1.47 0.54 31.19
0.30 13.33 1.37 1.75 1.45 0.58 33.27
¢.32 12.50 1.35 1.65 1.44 0.62 5.32
0.33 11.76 1.32 1.56 1.42 0.65 27.33
0.36 11.11 1.30 1.49 4.41 0.69 39.30
0.38 1C.53 1.28 1.42 1.39 0.72 41.2

.40 10.0¢C 1.25 1.36 1.37 0.75 43.1¢
.42 9.52 1.23 1.312 1.36 0.78 44,96
0.44 5.09 1.21 1.2 1.34 0.82 46.75
C.46 8.7C 1.20 1.22 1.32 0.85 48.50
.48 §.33 1.18 1.19 1.29 0.88 5C¢.18
6.5 8.00 1.16 1.15 1.27 0.90 51.83
.52 7.69 1.15 1.13 1.25 0.93 53.41
0.54 7.41 1.13 1.10 1.2 C.96 54.94
.5 7.14 1.12 1.08 1.20 0.98 56.41
0.58 6.9C 1.11 1.06 1.17 1.01 £7.83
.60 €.57 1.08 1.04 1.15 1.03 59.19
C.62 6.45 1.08 1.03 1.12 1.06 60.49
0.64 6.25 1.07 1.02 1.08 1.08 €1.74
C.66 6.06 1.06 1.01 1.07 1.10 2.93
¢.68 .88 1.05 1.00 1.04 1.12 64.07
0.70 5.71 1.05 1.00 1.01 1.14 65.16
0.72 5.56 1.04 1.00 0.98 1.16 66.19
0.74 5.41 1.03 1.00 0.95 1.17 67.18
0.7¢ 5.26 1.03 1.01 0.93 1.19 68.12
0.78 5.13 1.02 1.02 0.90 1.20 69.01
0.80 5.00 1.02 1.04 0.87 1.22 69.86
0.82 4.88 1.01 1.07 0.84 1.23 70.67
0.84 4.76 1.01 1.10 0.82 1.25 71.43
0.86 4.65 1.01 1.14 0.79 1.26 72.16
0.88 4.55 1.00 1.20 0.77 1.27 72.86
0.90 4.44 1.00 1.27 0.75 1.28 73.51
0.%2 4.35 1.00 1.39 0.72 1.29 74.14
.94 4.26 1.00 1.56 c.70 1.30 74.73
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APPENDIX B ASYMPTOTIC ANGLES FOR EXCESS POLES

EXCESS
POLES ASYMPTOTIC ANGLES
1 -180.0°
2 90.0° =-90.0°
3 60.0° -60.0° -180.0°
4 45 .0¢ -45.0¢ 135.0° =-135.0°
5 36.0° -36.0° 108.0¢ -108.0° -180.0°
6 30.0° =-30.0" ©0.0° -90.0° 150.0° =-150.0°
7 25.79 =25.7° 77.1¢ =-77.1° 128.6° =-128.6° -180.0°‘

100




_

LIST OF REFERENCES

1. Thaler, G. J., State Variable Feedback, Pole Placement
with Bode Methods, class notes for ECE-4320 class at the

A Naval Postgraduate School, Monterey, California, December
1987.
2. Friedland, Bernard, Control System Design; An

Introduction To State Space Methods, pp. 243-246, McGraw-
Hill Book Company, 1986.

3. Thaler, G. J., Automatic Control Systems, class notes for
ECE~-2300 class at the Naval Postgraduate School,
Monterey, California, September 1987.

101




w

Q)]

~J

INITIAL DISTRIBUTION LIST

Defense Technical Information Center
Cameron Station
Alexandria, Virginia 22304-6145

Library, Code 0142
Naval Postgraduate School
Monterey, California 93943-5002

Professor G. J. Thaler, Code 62TR

Department of Electrical and Computer Engineering

Naval Postgraduate School
Monterey, California 93943

Professor J. B. Burl, Code 62BL

Department ¢f Electrical and Computer Engineering

Naval Postgraduate Schocl
Monterey, CTalitornia 33943

Chairman, Ccde 62

Departmsnt ¢f Electrica. and Computer Engineering

Naval Postgraduate School
Mconterey. California 63943

Michael R. Rc¢ohney
2745 Spring Meaaow Drive
Ellicott Caity, Maryland 21043

Mehmet Ates
SMC %2692, Naval Post Graduate School
Monterey, California 935343

Navy Developmental Service Test Officer

Jcint Test Organization

Joint Tactical Command, Control and
Communication Agency

Fort Huachuca, Arizona 85613

Commander

Naval Ocean Systems Center
San Diego, California 92153-5000

1C2




