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IMAGES OF THE GEOPOTENTIAL

INTRODUCTION

This report is the author's fourth collection of graphics of fields computed from spherical har-
monic, geopotential models. The first collection, Ref. 1, presents the undulation of the geoid,
anomalous gravitational force components, and gravity gradient components of the 36th order poten-
tial GEMlOB of Lerch et al. [2]. (Reference 3 is not counted because only the equatorial, longitudi-
nal undulation is plotted at synchronous altitude for GEM 9 of Lerch et al. [41). The second collec-
tion, Ref. 5, presents the RAPP81 undulation of the geoid of Rapp [61 in equal angular and transverse
Mercator projections. Reference 7 presents 11 contour maps of RAPP81 for the undulation of the
geoid, the three anomalous gravity components, and two gravity gradient components. Except for the
undulation of the geoid where line weights are used, it was necessary in Ref. 7 to separate the con-
tour maps into positive and negative parts to quantify the contour levels.

With the 180th and higher order models, the problem arises of representing large amounts of
information on a single piece of paper of a reasonable size, say 8.5 x I I in. As mentioned in Ref.
5, a series of 18 x 36 in. maps were produced, but their size makes reproduction unwieldy. For
awhile it was thought that the doubling of graphics could be eliminated with the "complementary con-
tour images" presented here, where sign is distinguished by drawing the contour lines either on a
white or a black background. The complementary contour technique is adequate for the undulation of
the geoid at all orders and for the other fields up to order 180, but it proved to be inadequate for
Rapp's 1/8' gravity anomaly, described in Refs. 8 and 9, and the 360th order force and gradient
fields of OSU86F described by Rapp and Cruz in Ref. 10.

This report presents five series of graphics produced at the Naval Research Laboratory (NRL)
during the period from the spring of 1986 to the fall of 1987. The first series is complementary con-
tour images of all 10 fields of RAPP81. The second series is of Rapp's 10 and 1/80 gridded data.
The third series is gray scale representations of OSU86F. The fourth series is spherical projections of
the undulation of the geoid of OSU86F. The fifth series is for the comparison of three independently
produced geopotential models at low order.

A SECOND ATLAS OF RAPP'S 180TH ORDER GEOPOTENTIAL

A "complementary contour image" is a graphic that is created by contouring positive values
with black lines on a white background and negative values with white lines on a black background.
That is, the contour map of the negative values is formed by the logical complement of the bits used
to form the contour map of the positive values. The development of the complementary contour
image means that the separation of positive and negative contours into two maps used in Ref. 7 to
gain partial quantitative information from unlabeled contours is not necessary. Complete quantitative
information is not gained, however, because counting contours works only in regions of a monotone
gradient from the zero level that separates the white and black backgrounds. Further information is

Manuscript approved August 12, 1988.

• i I I [I1



PETER J. MELVIN

needed to decide whether a closed contour represents a bump up or a bump down in the field. In this
report, maps of RAPP81 are again presented, but this time with all 10 fields available from the algo-
rithm of Ref. 7.

The complementary contour images are constructed in several steps. Individual bit images are
formed for the positive and negative contours. A third bit image mask is then created by evaluating
(or interpolating) the field at each pixel and setting the pixel according to whether the field value is
positive or negative. The three images are then logically combined along with a fourth of the con-
tinental outlines to produce the graphics.

Figure l(a) is the undulation of the geoid with a 2-m contour interval; Fig. l(b) is the gravity
disturbance with a 10-mGa contour interval. The gravity disturbance is the radial derivative of the
potential evaluated on the ellipsoid with normal gravity values subtracted from the even zonal har-
monics. Figures 2(a) and 2(b) are the longitude and latitude gravity disturbances or deflections with a
contour interval of 10 mGal. Reference 11 shows that when a high band-pass filter is applied to the
intersatellite range rate for a pair of polar-orbiting, coplanar satellites, the spectrum of the perturba-
tions looks like that of the latitude gravity disturbance. That is, for frequencies above twice per orbit,
intersatellite range rate in essence maps the along-track deflection of the vertical; for a high inclina-
tion satellite, this looks like the latitude deflection.

The next six maps show components of the anomalous gravity gradient tensor with a contour
interval of two E6tvcs units. Figure 3(a) is the radial-longitude component; Fig. 3(b) is the radial-
latitude component. When rotated into the Orlov plane of Ref. 12, Ref. 13 shows that these com-
ponents force the librations of a gravity gradient pendulum on a polar orbit. Figure 4(a) plots the
second radial derivative of the geopotential; Fig. 4(b) plots the longitude-longitude component. Fig-
ure 5(a) maps the latitude-longitude component. It is this component (latitude-longitude) that most
accentuates any satellite ephemeris error that may be carried into the geopotential model from the
radar altimetry data. Figure 5(b) maps the latitude-latitude gravity gradient component that by
Laplace's equation gives redundant information.

Figures 6(a) and 6(b) are transverse Mercator projections of the undulation of the geoid and the
radial gravity disturbance to show polar behavior. A similar map appears in Ref. 14. In a personal
communication, Peter Vogt of the Acoustics Division of NRL suggested the central longitude of 64'
in these projections because it most equally divides the Atlantic Ocean.

A second reason for again presenting RAPP81 is to have a uniform method of comparison with
WGS84 which, besides Rapp, is the only other source known to the author for a high quality, high
order geopotential model. A program called BLINK was developed by the author and Matthew
Singer at NRL to compare the bit images presented here on the Hewlett-Packard Integral Personal
Computer (HP IPC). Only 16K-byte windows are available on the 500K-byte maps, but the software
scrolls through the images and simultaneously or selectively compares up to five maps on the HP IPC
screen. The reader can get a general idea of this comparison by flipping the pages of this report, but
the really fine details and gradations need BLINK. The gravity anomaly of RAPP81 is contoured in
Ref. 15.
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a. Undulation of the geoid

b. Gravity disturbance

Fig. 1 RAPP81 1 I80th order geopotential model
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a. Longitude disturbance

b. Latitude disturbance

Fig. 2 - RAPP8 1, 180th order geopotential model
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a. Anomalous radial-longitude gravity gradient

b. Anomalous radial-latitude gravity gradient

Fig. 3 - RAPP81, 180th order geopotential model
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a. Anomalous radial-radial gravity gradient

b. Anomalous longitude-longitude gravity gradient

Fig. 4 - RAPP81, 180th order geopotential model
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a. Anomalous longitudc-latitude gravity gradient

b. Anomalous latitude-latitude gravity gradient

Fig. 5 - RAPP8I, 180th order geopotential model
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a. Undulation of the geoid

b. Gravity disturbance

Fig. 6 - RAPP81 1.I80th order geopotential model, transverse Mercator projection
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RAPP'S GRIDDED DATA SETS

The next series of graphics is Rapp's 1 averages and the 1/8' values of sea surface heights and
gravity anomalies described in Refs. 8 and 9. Figure 7 shows the I' data. In Fig. 7(a) the sea sur-
face heights are presented as a complementary contour image with a contour interval of 2 m. In Fig.
7(b) the gravity anomaly is plotted with a 10-mGal contour. Figures 8, 9(b), and 10 show the 1/8'
data. In Fig. 8(a). the 1/8' sea surface is contoured with a 2-m interval. By flipping between Figs.
7(a) and 8(a). the contours shift at an amplitude that is much larger than the shift that might be
expected. A linear interpolator is used to adjust for the differences in gridding between Rapp's data
and that required for the images and is used also in conjunction with a 1/20 evaluation grid for the
spherical harmonic models.

Figure 8(b) presents only the positive and negative mask for the gravity anomalies. It is a
disappointment that although the complementary contour image is quite useful in all of the figures
before this. there is so much information that contouring the 1/8' data turns into visual noise. This
can be seen from the full complementary contour image of the 1/8' anomalies contoured at 10 mGal
in Fig. 9(b). Figure 9(a) is the complementary contour image of the undulation of the geoid for
OSU86F, it is presented at this location to provide easy comparison with the other undulation maps.

The continental data used to fill in the 1/8' grid is of particular interest because it is from
RAPP81. It gives the reader the opportunity to see the differences over large areas between Rapp's
and the author's evaluator. With BLINK, even smaller differences can be seen in the undulations of
the geoid. This leads to understanding the subtle differences between Brun's formula for the undula-
tion used by Rapp and Eq. (2. lOc) of Ref. I or the unnumbered formula in Ref. 7. "BLINKing" the
other field shows the difference between the gravity anomaly and the gravity disturbance. The sign
difference between Rapp and the auther is convention. It is customary to count a gravity anomaly as
positive if it increases the acceleration of gravity. On the other hand, a positive gravity disturbance
acts outward to decrease the acceleration of gravity.

In Figs. 10(a) and 10(b), the 1/80 data sets are this time represented with a gray scale described
in the next section. Although not presented here, a gray scale image was also generated by use of the
synthetic aperture radar image processing facilities of the Radar Division at NRL. Even though the
results were of a better quality than shown in Fig. 10. the process as a whole was not satisfactory
because of the time required to iterate on something as simple as the contrast of the image. A grid of
data values had to be written from the VAX to tape which was then taken to the Data General com-
puter, and the image was forned on photographic film with an Optronics film recorder which then
had to be developed and printed.
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a. Sea surface heights

b. Gravity anomaly

Fig. 7 - 10 averages of GEOS-3/SEASAT altimetry
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a. Sea surface heights

N..

b. Gravity anomaly

Fig. 8 - 1/80 GEOS-3/SEASAT altimetr"
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Fig. 9a - Undulation of geoid for OSU86F

2 -

Fig. 9b - 1/80 GEOS-3/SEASAT gravity anomaly
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a. Sea surface heights

b. Gravity anomaly

Fig. 10 - 1/80 GEOS-3/SEASAT altimetry
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GRAY SCALE IMAGES

For several years the author has attempted to devise an algorithm to make gray scale images on
inexpensive dot matrix printing devices. Figures I l(a) and 11 (b) show two images of the geoid that
resulted from these experiments. Figure 11 (a) shows 17 gray levels based on dots selected in a 4 x
4 pattern at regular grid intervals; Fig. 11 (b) shows 65 gray levels. Both images are deemed unsatis-
factory: Fig. 11 (a) because the edges of the gray patterns abut, forming pseudo contours that detract
from the gray level effect; Fig. 11 (b) because it does not form an integrated image. Other experi-
ments were performed in which the pattern of dots was chosen randomly each time, but the result was
like a photograph with extremely dense grain. In another experiment, all possible combinations of
placing dots in a 2 x 2 grid were used to distinguish 17 values with five gray levels.

Reference 5 reports that satisfactory color images were made with expensive imaging tubes with
very difficult software. Hard copy was available only by photographing the screen. Some experi-
ments were made with shaded relief, but these were unsatisfactory because the technique emphasizes
the slopes of the surface which is in essence the same as taking a derivative. That is, the intensities
of shaded relief of the geoid essentially show the deflections of the vertical.

Although the HP Laser Jet Series II has sufficient memory for full-page graphics, the plotting
engine is not as good a quality as the original HP Laser Jet that was used for the half-page graphics.
A series of full-page complementary contour images of satellite perturbations was prepared, but the
white contours were not as easily distinguished. Experiments were then begun with shading the con-
tour map according to sign. Instead of sampling every point as in the complementary contour image
and setting the bit according to the sign, every third value was sampled horizontally in every third
row and the bit was set according to the sign. This led to the images presented in Ref. 12. The
shaded background very nicely joins with the zero contour, and the overall impression is quite pleas-
ing.

This technique is taken two steps further in Fig. 12(a) and 12(b). The surface is sampled in a
regular grid by offsetting the evaluation point in a regular 7 x 7 array. A bit is then set if the field
value is below a specified amount which divides the total variation of the field into four levels in Fig.
12(a) and into eight levels in Fig. 12(b). The longitude is incremented by 7 pixels through a latitude
circle, then the latitude is decremented by 7 pixels from the starting point and the latitude circle then
covered. After the whole sphere is covered in this manner, a new field value and starting point in the
7 x 7 array are chosen, and the sphere is again covered by offsetting by 7 pixels in latitude and
longitude. Although interesting, the images in Fig. 12 give a feeling of "overkill" in the technique.
These images do show that the geoid in Spain lies higher than most of Europe, and other high-low
ambiguities are resolved for the unlabeled contours.

Because the grays of Fig. 12 so smoothly join the contour lines, the offsetting technique is
extended to the full 50-step gray scale used for Figs. 10(a) and 10(b). The offsets are chosen to give
a somewhat uniform fill-in to the fundamental 7 x 7 grid. Although it has been heightened in the
reproduction, the original of Fig. 10 is not satisfactory because there is too little contrast (but no
worse than some images obtained through the photographic film process). The right track is found.
Figures 10(a) and 10(b) look like integrated black and white images, and the contrast of the image can
be changed by simply adjusting DO-loop counters. Since a single pixel in Fig. 10 corresponds to
0.15', there is less detail here than in Rapp's 1/80 data set.

Pixel setting by the offset technique provides unexpected bonuses. In flat areas, a regular pat-
tern of gray-level blocks is formed, just as in Fig. 11. But since the field value is sampled eventu-
ally at nearly every point in the graphic, sharp lineations as small as a single bit are represented
instead of being either stepped over or given a discontinuous, noisy appearance (as in Fig. I 1(b)).

19
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a. Seventeen levels

b. Sixty-five levels

Fig. I I -Gray scale experiments on the undulation
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a. Four levels

b. Eight levels

Fig. 12 - The undulation of OSU86F
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The sampling at every pixel also has a smoothing effect that eliminates the pseudo contour lines (as in
Fig. I 1(a)). One of the initial goals of developing graphics on dot matrix devices was not met. It
had been hoped that it would be possible to copy the original in an ordinary copy machine, but the
300 dot per inch graphics do not copy well because of resolution degradation.

22
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AN ATLAS OF THE 360TH ORDER GEOPOTENTIAL OSU86F

After finding a good method for creating a gray scale, it was decided to go to full-page graph-
ics; these are presented in Figs. 13 through 28. Various contrast experiments were performed. In
the originals, the most satisfactory results are obtained by not using the full range of field values.
The contrast is improved in Figs. 13 and 14 over 10(a) by using 5-m instead of 4-m gray levels and
by going from white but not all the way to black (which leaves detail in the Indian Ocean low).
Although the spatial resolution is lower, the images in Figs. 13 through 28 are as good as any the
author has produced on high-resolution graphics tubes.

Figures 9(a), 12, 13, and 14 are the undulation of the geoid for OSU86F. The gray scale geoid
in Figs. 13 and 14 is presented both with and without the continental outlines to show the surface and
then the association of the surface with geography. The changes in the undulation of the geoid are
seen by comparing Figs. l(a) and 9(a) and how well the GEOS-3/SEASAT data are preserved from
Fig. 8(a).

The differences in the models become most apparent with the derivative fields. The detail in
OSU86F is outstanding. Examination of the maps shows that much more detail is available in the
United States, Europe, South Africa, and Australia. In addition for OSU86F, Rapp and Cruz have
brought the Gibbs phenomenon, which appears in RAPP81, under control near the very short
wavelength features such as the North Pacific trenches, the Puerto Rico trench, and Hawaii. (Until
the evaluation of OSU86F, the author was not sure if the "ringing" near these features was due to his
evaluator or was in the model coefficients). It is expected that the price paid for the control of the
Gibb's phenomenon is the loss of information in other features.

Figures 15 through 20 show the OSU86F gravity disturbance. So many graphics are given of
this particular field because it bears the most relation to geophysical features. Successively finer gray
levels are used in Figs. 15 through 19. In Fig. 17, a 10 mGal step is used from -200 to 200 mGal,
which brings shading to all but the most extreme features. In Fig. 18 the gray level is 2.5 mGal from
-50 to 50 mGal. The most pleasing graphic of the gravity disturbance, which is used in the higher
resolution images in Figs. 15 and 16, is found for a gray level of 5 mGal from - 100 to 100 mGal.
In Fig. 19 the gray step is I mGal to accentuate the flatter ocean features. In Fig. 20 a variable gray
level scheme (-300 ... , 0, 1, 2, 3, 4, 6, 8, 10, 15, 20, 25, 30, 35, 40, 45, 50, 75, 100, 150, 200,
300 mGal) is used to provide shading information throughout the range of the gravity disturbance, but
the graphic contrast is not as pleasing as in Fig. 15.

Figures 21 and 22 show the longitude and latitude deflections with a gray level of 2.5 mGal
from -50 to 50 mGal. The author's crude attempts at shaded relief on the undulation of the geoid
looked very much like these images.

Figure 23 shows the second radial derivative of the anomalous potential. The gray level is in
0.25 E6tv6s steps from -5 to 5 E6tv6s units.

The areas where Rapp used geophysical correlation data are very clear in this graphic. Over
China the data blocking is apparent. The values in the Soviet Union are the smoothed Defense Map-
ping Agency (DMA) values. The gravity gradient components in Figs. 24, 25, 26, and 28 use the
same gray level scheme. Note also in Figs. 24, 26, and particularly in 27 the very sharp lineation of
the gravity gradient components along the Ethiopian coast.
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Fig. 15 - OSUB6P., gravity dikt1!
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Figure 27 presents the best comment on the high quality of OSU86F over the oceans. Here the
gray level is reduced to 0.1 EiEtv6s units in the range from -2 to 2 E6tv6s. This graphic shows that
Rapp and Cruz took care of the ground trace problem that appears in RAPP81.

The quality of OSU86F appears so good and the incremented gray scale method gives such a
nice image that a three-panel map of the gravity disturbance was created (Fig. 15). This 3-megabyte
graphic at 300 dots per inch contains more information than could be put on the 18 x 36 in. maps at
200 dots per inch.

Most maps of the gravity field break at the prime meridian. The author prefers to pick longi-
tude values in the symmetrical interval from - 1800 to 1800. Figure 16 is provided to give continuity
in the gravity disturbance image at 1800 where the author's maps are usually broken.
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Fig 16 - OSU86F. graiydsurac
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Fig. 25 -OSU86F, radial-latitude gravity gradient
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Fig. 26 - OSU86F, longitude-longitude gravity gradient
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SPHERICAL PROJECTIONS

The equal angle projection is preferred for the presentation of gravity data because it is both the
most common mode and because the whole world is represented in a single graphic. Others prefer
the geometrical insight provided by a spherical projection. Figure 29 gives four images of the undu-
lation of the geoid for OSU86F. The initial idea was to produce stereo pairs, but the stereo images
were disappointing. The spherical images are so distinctive that they are included in this report. A
10 grid is used over most of the globe, but it becomes so crowded near the pole that only the latitude
grid is used at latitudes greater than the SEASAT inclination. A similar graphic was made by using
SEASAT ground traces for the grid, but the results were not as satisfactory.
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COMPARISON OF LOW-ORDER MODELS

One of the frustrations in developing the large scale maps reported in Ref. 5 was the use of a
commercial, device-independent, graphics software package. The original contouring algorithm was
developed on a 16K computer as described in Ref. 1, and the vectors that make up the contour map
are not stored but are plotted immediately. Versatec plotters require that all vectors be stored before
plotting. For the force components, the limit of VAX virtual memory is easily reached with a result-
ing system crash. With the plotting package developed at NRL, the graphic is formed as a bit image
in memory. This technique means that the same amount of memory (which changes with the overall
size) is used for each graphic.

The initial development of the plotting package in the spring of 1986 coincided with the release
to the author of the WGS84 Earth Gravity Model, see Macomber [16], Decker [17], and White [181.
Although WGS84 is now unclassified to order 18 (see Smith [19]), at the time only order 12 was
unclassified. Figures 30 to 32 were presented at the 1986 Spring American Geophysical Union meet-
ing in Baltimore, see Ref. 20, as a blink comparison on the HP IPC. In this comparison, each of the
12th order fields from WGS84, GEM-L2 of Lerch et al. [21], and RAPP81 was rapidly brought to
the screen of the computer. With the availability of 180th and 360th order models, it might be
naively thought that the low-order geopotential models are well defined. On the computer screen the
contour lines wiggled in a manner reminiscent of a bowl of gelatin. Readers can judge for themselves
by quickly flipping the pages to intercompare the three models.

In Figs. 30(a), 31(a), and 32(a) the undulation of the geoid is plotted with a contour interval of
5 m. In parts (b) through (d) of Figs. 30 through 32 the three components of the anomalous gravita-
tional force for the three models are plotted with a contour interval of 5 mGal. Each of the 12 maps
is a screen dump on the HP IPC's built-in printer and represent 16K of memory. A toggle on the HP
IPC allows for changing the monochrome screen from black letters on a white background to white
letters on a black background, which is equivalent to complementing each bit that makes up the
screen. This feature led to the development of the "complementary contour images."
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a. Undulation of geoid

b. Gravity disturbance

c. Longitude disturbance

d. Latitude disturbance

Fig. 30 - Fields derived from WGS84 at order 12
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ON ALGORITHM VALIDATION

The author first validated the Legendre polynomial summation algorithms in 1983 by comparing
the undulation of the geoid for GEM lOB with that in Ref. 2 (see Figs. I and 2 of Ref. 1). The loca-
tion of contours is sufficiently sensitive that it eliminates all but very subtle errors. An additional
problem is that each derivative of the geopotential is a different series and as such must be indepen-
dently validated. Really, two issues are involved. The first is the summation of the full series to
obtain the geopotential, the three gravitational force components and the five independent Hessian
components; the second is the conventions used to eliminate the major terms caused by the ellipsoid
and the formulas used to represent the anomalies. The first problem is mathematical; the second is
geodetic convention.

The issue of algorithm validation was not revisited until the spring of 1986. There was a
requirement to have a geopotential algorithm for computing satellite orbits beyond order 25 where the
unnormalized algorithm due to DeWitt [221 would no longer work on the VAX because of the
exponent overflow described in Ref. 5. Double-precision agreement to 16 decimals was obtained
between the author's and DeWitt's algorithms for the gravitational force of the 12th order WGS84
model for a point in inertial space. In seeing such agreement, one comes to the quasi-mystical reali-
zation that the mathematical summation of Legendre polynomials with the same set of coefficients
must yield the same value. This exercise validated the computation of the three-force component
series.

The author has no plans to produce his own spherical harmonic model, and B. Louis Decker of
the Defense Mapping Agency noted in a conversation that it is unlikely a new WGS model will be
produced before the next century. The motivations for this work are the insights provided by the
images and the intellectual thrill of seeing the detail of the high-order models. Also, a single
researcher with a computer and plotter and guided by mathematical rules can see the work of hun-
dreds of geodesists who patiently compiled the gravity data and the results of millions of dollars in
government satellites.
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a. Undulation of geoid

b. Gravity disturbance

c. Longitude disturbance

d. Latitude disturbance

Fig. 31 - Fields derived from GEM-L2 at order 12
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a. Undulation of geoid

b. Gravity disturbance

c. Longitude disturbance

d. Latitude disturbance

Fig. 32 - Fields derived from RAPP8I at order 12
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