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Breface

This thesis expands on the work of Myers in the control of
linear perlodic systems. It applies the control developed for the
linear system using modal variables to the non-linear equations of
motion. While only one example is investigated In this theslis,
the technique can be applied to parlodic systems in general. This
thesis used uncontrolled modal varlables with scalar control and
work needs to be expanded involving the controlled modal varlables
and other control schemes to fully understand the effect of large
perturbations on the non-linear equations.

I would like to thank Dr. Wiesel for his help with the
computer programs used in this thesisf 1 would also like to thank
Capt. Baih for his technical asslséénce , at any hour, and thé
large amount of moral suprort he provl&ed. 1 would especially
llke to thank Dr. Callco fnr his time and assistance in‘ teaching
me the concepts used in this thesis. I would also like to thank
him for his great patience. Finally, I would like to thank my
wlfe,n for all the things she had to handle while I was

busy studylng.  Without her this thesis would not have been
possible.
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Abstract

The attitude of a spinning symmetrical satellite in an
elliptical orbit 1s analyzed. The perturbed motion of the
satellite {is described by 1linear equations with periodic
coefficients. Stability is detezmined by Ploguet theory. Active
control is added to the system and results lead to a linear
periodic control law. S8calar control from the linearized system
is implemented to evaluate the performance of the control law on
the non-linear equations of motion. For small disturbances, it is
illustrated the controlled non-linear response duplicates the
linear case. FPor larger disturbances, phase portraits show the
resulting behavior of the coupled modes. As the perturbed wmotion
increases in magnitude stability regions appear. Initial motion
results either a return to the initial equilibrium, an oscillation
around the equilibrium point or divergence from the initial

equilibrium.
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Chapter 1

Introduction

Since satellites were first put into orbit, designers have
been concerned vith maintaining the attitude with respect to some
fixed reference. As satellites have growvn more complex and
expensive, this concern has increased. With thls 1increased
complexity has come an Iincrease in the need for precision
pointing. Attitude control of a satellite is now of extreme
concern. Through the years various methods have been used to
achieve this attitude control (ref 1). Satellites in near
circular o:bits can be designed to take advantage of the gravity
gradient to produce attitude control. However, this method has
one maln restriction. Lovw natural frequencies result in long
decay times for any disturbance. While this may be sufficient for
some systems, it certainly would not be sufficient for any
precision surveillance. Active control must be used for many
satellites. Wwhile there are many possible control systems, each
with its advantages and disadvantages, the one of interest here is
the gyroscope.

The gyroscope, with its large angular momentum and torque
free motion has long been utilized as an ideal attitude reference
device. The next natural step was to make the satellite a
gyroscope by spinning it about one of its axes. The stablility of
a spinning unsymmetrical satellite in a circular orbit was

investigated by Kane and Shippy (ref 5) in 1963. Xane and Barba
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{ref 4) also studied a spinning symmetrical satellite in an
elliptical orbit in 1966. Both these investigations yielded
equations which were non-linear and non-autonomous. In both cases
the satellites were modeled as a time periodic linear system, with
the stability determined by Floquet theory. In Kane and Barba's
study of a satellite in an elliptical orbit, it was demonstrated
that the stability was dependent on the inertial properties, orbit
eccentricity, and satellite spin rate.

The need for more precise attitude control has eliminated
gravity gradient stabilization on these satellites. For spinning
satellites in an elliptical orbit, many configurations are
unstable. Linearized systems with periodic coefficients have
recently been given their deserved attention. Myers (ret 17)
investigated this type of system for a satellite with two unstable
modes. The scheme employed transforming the state variables to
modal varjables. Calico and Yeakel (ref 2) used a similar
technique with one unstable mode.

This thesis extends on the above work by taking the solutions
of the linearized equations and applying these solutions to the
non-linear equations. Theory states that for 'small' disturbances
the non-linear system should be consistent with the linearized
system. The unresolved gquestion which remalns; How small is
'small'? The modal variables plotted on phase portralts provide

information that aid in determining the answer.
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Chapter 2

THEORY

In this chapter the equations of wmotion of an spinning
symnetric satellite in an elliptical orbit around the earth are
developed. The equations describing both the attitude motion and
the trajectory motion of the satellite will be presented. The
trajectory equations are uncoupled from the attitude eguations but
the attitude motion is affected by the periodic orbital wmotion.
The attitude equations are 1linearized into a system of time
periodic linear equations and Ploquet theory is used to determine
the stability of the system. 1In Reference 1, it has been shown
the unstable system may be stabilized by using feedback control.
This control may be supplied by either scalar or a vector control.
Scalar control is developed in this thesis. Once the control for
the linear system has been developed for 'small' disturbances the

control will be applied to stabilized the non-linear system.

2.1 Equations of Motion
The development of the equations of motion presented below is
described by Kane and Barba (ref 4). This thesis develops two
basic equations for the trajectory of a satellite around a
spherical symmetrical attracting body. As described, these
equations are developed in any introductory astrodynamics text.
P - ot M g (2.2.1)

2
4

*v= a’n 71-e* (2.2.2)
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where;

ne %1 (2.2.3)

T is defined as the period of the satellite. The orbital elements

r,»,a, and e are defined in Figure 1,

Figure 2.1 Elliptical Orbit Elements

Equations (2.1.1) and (2.1.2) is non-dimensionalized by
defining the two non-dimensional variables for time and distance
as;

T = nt t=%

{2.1.4)
r
t*; t(a
Solving equation (2.1.2) for v yields;
2 2
v . 2Ddlee (2.1.5)
r
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Inserting this value In equation (2.1.1) ylelds;

ez 2 29
§-an(le) na

2
I r

Before this equation can be non-dimensionalized, differentiation

=0 (2.1.6)

with respect to T must be defined, (represented by primes)

r= dt Tcﬁr] a?[n(a] {’na

) - FBEGE) - oo

Rearranging equation (2.1.6) yields

(2.1.7)

e 2 4 2 28
Ly (e .1" e (2.1.8)
na ) 4 an nar

and using equations (2.1. 1) reduces this to

(“+° 1, . (2.1.9)

S

The value of t° or T can be arbitrarily selected. Therefore, for
convenience, it is assumed the satellite is at perigee for t=v=4.
Hence,

r = a(l-e) r=29

P

(2.1.10)
C(8) = = = 1-e C*(8) =8

Non-dimensionalizing the true anomaly in equation (2.1.5), and

noting primes represent differentiation with respect to T produces

2
g D

T 2

(2.1.11)
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v.:il‘:‘
{
a (avy . a |d1-e*
EF[E?] dr 2
(2.1.12)
vcug:_zjl-: &

Note that { is a periodic function of T with period 2n.

To develop the equations of motion for a spinning satellite
in an elliptical orbit, it is assumed the satellite's orbit is not
effected by the orlentation of the satellite (i.e., the satellite
is considered to be a point mass).

The satellite's orientation with respect to the orbital axes
is determined by defining an orbital reference irame A. Frame A
is defined such that Ai points outward along the radius vector.
A, will be perpendicular to A in the orbital plane and defined
such that at perigee and apogee the satellite will be moving In
the positive Ai direction only. Ai will be perpendicular to both
A, and A‘ in such a wvay to form a right handed coordinate system
(il1lustrated in Figure 2.1).

The body axes is defined in frame X and is obtained from
frame A by a 1-2-3 rotation through angle e‘,e:, and 6.
(illustrated in Figure 2.2). The satellite is symmetrical, having
two equal moments of inertia, therefore, a nodal axes will be used

which is one rotation awvay from the body axes. Thus it can be
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obtained through a 1-2 rotation.

Figure 2.2 1-2-3 Rotation

The angular velocity of the orbital reference frame A, with

—A/k

respect to an inertial frame, and the angular velocity of the

satellite, 5?’1, expressed in the nodal axes are respectively,

wl
* ve, T § 9 (2.1.13)
] “’

N
Stepping through the rotations will develop the orbital rates of

the different frames, .
Rotations -

i) about Ah through 6; to P. (Frame B)

-B/7A_ A A
w = a‘e.‘- e‘eA‘ {2.1.14)

ii) about Bz through G;to Pc {nodal)

-C/8 A oA

w""=6.e = a:ec {2.1.15)
2 2

The angqular velocities may be added when in the same reference

frame.
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The transformation matrices used in eguation (2.1.16) are defined

as follows;

(:osez (] -sine;

Lc.s [ ] 1 ] (2.1.17)
i sma: | cosag.
[ 1 ] g

L.‘= [ cosa‘ sine‘ (2.1.18)
L ¢ -sine‘ cose‘-

coaag sine‘s lne: -cose‘slnaz
L = [ cosa‘ sine‘ (2.1.19)
sin@ z -sin@ ‘cossz cos@ ‘cosez

Bxpanding equation (2.1.16) and using equations (2.1.17) and
(2.1.19), ylields the expression for angular velocity expressed in
frame C, the nodal frame.

coso ¢ -siné e

T hel e I

slne8 # cosa: ']

cosO. slna‘sine2 -cos6 ‘slneg ¢
+ ] cose‘ sinG‘ ] (2.1.29)
sinea -sinatcose. cosa‘cosez »
Performing the linear algebra yields;
{c/x} ae fecosae +esin9ec
1 [ ]
* ~ N A
4 -v cose‘sinezec: v sin@ .° c: v cose‘cosezec‘ (2.1.21)

Or written in matrix form;
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6 ‘coset- v cos@ ‘sine'

{w"”} = é:+ v sine, (2.1.22)
c

] slne‘+ v cosaicosez

This is the angular velocity with respect to the inertial frame
written in the nodal frame.
111) The last rotation 6., is about Cy to obtain to the body

frame X. It s expressed in the nodal frame in order to achieve

SiH
Eh ), e

the final form as

(2.1.23)

O =® @

o o 6 ‘co?e’-v coseisinez
{u } a U 9:+ v sine‘ (2.1.25)
c - L] -
w. e‘nne:w cose‘cosegi’a.

Defining w'.s .- a. orx,

o);s 6‘31n6:+ v cose‘cosea (2.1.26)
produces,
x/% 1
{‘A’ } = «)z (2.1-21)
- e @’ 46
s 8

Anqular wmomentum vector about the center of mass is defined as;

(b, 7,

Assuming a symmetric satellite, the moment of inertia matrix has




the form;

o
n.-
[ S
0
"
M
e
[ % N

therefore;
A# @
1
{llc}c= § A o
g 8 ©,

From Euler's moment equation;

o w {,
e nel.r (el {0,

where

f§ - o
s z

~C/X R
w =lw § -

s

- @
:1'

Noting [Ic] in eguation (2.1.28) is constant, equation

C
becomes;
A 0 9 c:o‘ § —wy Wy A @ 9 W, H‘
8 A DS ?i Wy 9 W, 6 A S o, t= L
9 C o, 0, ’ 8 8 C oy H.
Main, linear algebra operations yleld;
Aei ’ 'wi W A“Q ";
U
M.o: + vy ] w0 M’z = Ilz
Cu. w, ’ Cu. ll.

Further linear algebra gives three equations;

2-8

(2.1.29)

(2.1.30)

(2.1.31)

(2.1.32)

(2.1.33)

(2.1.32)

(2.1.34)

(2.1.35)

__ia
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Mo+ [—w‘mp Cu.u.] - N (2.1.36a)

1
M»):0 M‘w;- Om‘u. = ll: (2.1.36b)
Cw.- M‘a\ai' M‘w’ = ll. (2.1.36c)

-

Expanding equations (2.1.36) with the definition of u; gives

M‘-m’w.‘f m'a.+ Ca).m. = ll‘ (2.1.37a)
Cu. = Il. (2.1.37¢)

Dividing by the moment of inertia A, and combining terms produces

- . C-A . M
u‘f < wgw.ﬂ» w‘e. = . {(2.1.38a)
¢B+A—.§um-ué -E (2.1.38b)
2 A 18 18 A o
. L
w. = ‘c—' (2.1.380)
With the applied moments being (4;493)
ll‘= [ (2.1.39%9a)
2
n
H:= 323 (A-C) sinetcosez (2.1.39%)
H.w [ ] (2.1.39¢c)
To simplify notation, define;
K= 9;—“ (2.1.49)
and revrite equations (2.1.38) as;
u‘+ Ko):w.f uge.- ] (2.1.41a)
, =
. . -3n Kalnezcose:
o - Kw‘u.- u‘e.s (. (2.1.41b)
@, =9 (2.1.41c) |
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} Taking the derivative vith respect to time of equation (2.1.25)

also results in expressions for the rate of change for the angular

velocity,
» © = e ‘cosez- e‘easineg- vcose‘slnez+ ve‘slne‘sineg-ve:cose‘cosez
«.= ez+ vslne‘* ve‘coaO‘ (2.1.42)

u.s 6‘31n6z+ e‘ezstne:+ vcose‘cosez-ve‘sme‘cose’-ve:cosa ‘sln8’+e.

The next step in solving the equations of motion is to 1linearize
the equations about an equilibrium point. Later, this solution
will be inserted into the non-linear equations. The equilibrium
point is chosen such that e‘= 9:- s. 9' is chosen after small

angle approximations are made on equation (2.1.22);

(o‘= 6‘ - vez (2.1.43a)
att 92 + ve‘ (2.1.43b)
w = 8. + v (2.1.43c)

Integrating equation (2.1.43c) ylelds,

w’t = e.+ 9.04» v ¢ L (2.1.44)

dropping the subscript on « and with v, - 9' = @, solving for e.;
o

9.8 wt-p {(2.1.45)
vhere « = n(lta) with n defined in equation (2.1.3) and a is the

constant spin rate about the c. axis. With these values

substituted in equations (2.1.42) and (2.1.39), the accelerations
':’ig § and the external moments “t' 8. ¥With this equilibrium
point, the c‘ axis remains perpendicular to the orbital plane. 1If _ﬁ

this is a stable equilibrium point the satellite will return to

;




this orientation 1f disturbed by a ‘small' amount. To determine

if this is a stable point, state variables are defined;
‘T L4 ,
X = [9‘ a’ a‘ e' ] (2.1.46)
and the perturbation of the state vector in the linearized system,
X = Ax (2.1.47)

The first two rows of the A matrix are trivial, the remaining two

rows are found by taking derivatives of equations (2.1.43);

o= 6‘- ve.— vez (2.1.48a)
o= e:+ v9‘+ Ve (2.1.468b)
w.= 9.0 v (2.1.48¢)

Substituting the values of w from egquations (2.1.43) and w from

equations (2.1.48) in equation (2.1.4la) yields;
6‘- vez- vezf x[a:wa‘] [G.Ov] + [9:+ ve‘]6.= g (2.1.49)
8= v [e.+ KD + xe.]e‘+ Do+ [v - 6, x[u«sv‘]]evz (2.1.50)

and using the chain rule, the derivative w.r.t. T is produced,

! a4 4 4 rd 4 ’ T4 rd 4 r'd ’, 4
n 6‘ s -nY [ne.f Kny ¢ Kne.]9‘+ nw G’O[nv ne. Kn[v +6.]]|'06z

This reduces to the identical equation as (2.1.58) but, w.r.t. t;

o, = -» [a R xe.]e‘:, v e+ [v - o - kfv w.]]ezqz.l.sn

Equation (2.1.51) produces the third row of the A matrix.
Utilizing equation (2.1.41b) and again using small angle

approximations on the right side produces an equation for 52;
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6,006,400,k [0,-v8,) [6,40])-[6,-9,)8,- ——

Changing the derivatives to primes, solving for 9;' and factoring

-3n’xa
o (2.1.52)

terms yleld the fourth row;
lI" .. ey, ’ . P -.3_K - , 4- , 7’ ’
o, =-v a‘+[ v [e.m» +xe.] (.]e: [ -o_ kv w.]]e‘ (2.1.53)

Bquation (2.1.47) may now be written as,

¢, ) r . r 3

o, 9 ] 100 8,

e’ [ ’ § 1 e

{ 2.t~ {1 *} (2.1.54)
6‘ A“ v 9 A“ e‘

Le. J | v A,, A, | Le: ‘

where elements of A are defined as shown and;
A= v (8, Kvot K6,)

A= v -8,- Kt 6))

3K
Aa™ Ay ET

A is now expressed in terms of v-, v- -, 9; and {. It is desirable
to have A expressed in terms of one variable { and its derivative

('. This can be easily done by replacing »- and w-- using

equations (2.1.11) and (2.1.12). ©_ may be eliminated by noting

é'z 9, hence w, is a constant, or from eguation (2.1.43c),

v'w;= constant (2.1.55) j
Let the constant be {(at+l), then
r———
’ < l—e’
8.= (atl) - - : (2.1.56) d
4

A is nov expressed in a more convenient form with the non-zero

2-12 q




elements of equation (2.1.54) as

Ai.- AZC. 1

2
A= “_:e—’- - (atl)(14x)31=8
4 [ 4
r_-—
-2{1-e
8

(.

- (atl)(14K)

2.2 FLOQUET THEORY

The system here is time periodic with period T,

A(T)=A(T+T) (2.2.1)
therefore the stabllity can be found using PFlogquet Theory.
Floquet discovered this technique in the latter halt of the
18688's. Our time periodic system is represented by;

x-=A(T)X (2.2.2)
vhere X is the state vector and x- is the derivative with respect
to v. The variable v {is used, Iinstead of time, as a non-
dimensional variable. A(tr) is known and is a perlodic matrix with
pexiod T. Any solution x(t) may be vpitten in the form

x(t)=p(T,7_)c (2.2.3)

vhere v(r,ro) is a fundamental matrix and c a constant vector.

2-13
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Solving for c yields,

E=w“(r°,r°)'i(-r°) (2.2.4)

When v(ro,rol = 1, the identity matrix, w(r,ro) is termed the
Principal Fundamental Matrix and (2.2.3) becomes

E(r)=§(r,r°)§(r°) (2.2.5)
vhere the Principal Fundamental Matrix is denoted by & and has the
property

&(r_,T )= 1 (2.2.6)
By letting r°=l,
€(8,0)=1 (2.2.7)

The &(7,d) matrix has columns ¢, of which the tirst, 3& is

obtained by =olving

?=MT)E, (2.2.8)
In general,
. 9
$,l=mr)$t ’ 3,‘“)-- %m. (2.2.9)
]
or,
&(t,0)=A(T)8(T,8) (2.2.10)

Equation 2.2.1# can be solved numerically using the \initial
conditions from equation 2.2.7. Numerical integration would also
be used to simultaneously solve for the variables { and (-
contained in the matrix A.

All of the above equations are true for all time dependent

matrices. Floguet Theory states &(vr,0) can be factored into two

2-14




matrices, F and J, in the manner,
#(r,0)=R(r)e"TF () (2.2.11)

The J matrix is a constant matrix and, for convenience, |is
expressed in Jordan normal form. The diagonals of the J matrix
are the analog of the eigenvalues for a constant coefficient
system and are called the Poincaré exponents, W .

The matrix F(t) is a time periodic matrix with the same
period, T, as the original system (equation (2.2.2)). If the
system had constant coefficlents, P would be the constant matrix
of eigenvalues. Thus, solving the PFloguet problem reduces to
determining the constant matrix J and the periodic matrix F over
one period.

Evaluvating &(7,0) (recall T is the system period), yields

&(T,0)=F(1)e’ TP 1 (9) (2.2.12)

However, F(T)=F(#) since F(T) is periodic. Therefore eguation
(2.2.12) becomes

#(T,0)=F(8)e’ TF1(9) (2.2.13)

The matrix #(T,8) is called the monodromy matrix and F(@) is the

matrix of eigenvectors of &(T7,8). The technique of constructing

the monodromy matrix is to numerically integrate equation 2.2.14.
Prom equation (2.2.13) it is seen ¥(T,0) and QJT are similar

and therefore have the same eigenvalues, A

x 1f the kt were real,

J would be a diagonal matrix with the Poincaré exponents, w on

i'
the diagonal. The eigenvalues of J, the Poincaré exponents w,,
are related to the eigenvalues of eJT{or &(T,8)} by

Ai=exp(akr) (2.2.14)
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or

1

I1f the Ai are complex then taking the log requires,
1
o= [}n N+ € arg(xi)] (2.2.16)

The stability of the system is nowv available. S8ince F(T) is
periodic, the stability of the system is governed by o (or kt).

1f all of the Poincaré exponents, w, , have negative real parts,

L
or, if working with ki, lk‘]<1, then the system is stable.

Usvally Floguet analysis is used only to determine stability,
and therefore stops at this point. For this study, howvever, the
complete solution is required, so P(t) over one period must be
determined. Substituting equation (2.2.11) into equation (2.2.16)
produces

&r(r)=MTIR(T)-F (1) (2.2.17)

Once F(t) is determined numerically, since it is perfodic, it can
be expressed in terms of its Fourler coefficients.

Since both matrices F and J may be complex, the above results

may be inconvenient. However, they can be arranged so that both

are real. F should be arranged in column vectors, f if the

‘.'

eigenvalues are real. If they are complex, the column will be

f The matrix J will no longer be in Jordon normal

ireal’ fii.mag

form, instead it will consist of dlagonal real entries w 1f the

eigenvalues are real or for a pair of complex o J will have
’

diagonal blocks of the form;

Re(u%) ll(uk)
-ll(u‘) Re(m‘) (2.2.18)
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The matrix exp(Jr) will contain diagonal entries exp(akr) for real
entries, or diagonal blocks;

cosll(nk)r slnll(u%)r
exp(?e(ok)r) -sinla(w, )7 cosim(w, )T (2.2.1%a)

for blocks of J of the form of Bg. (2.2.18). With these changes,
the previous formulae stay unaltered. S8ince this 1is a periodic
system, after one period exp(okr) is simply Ai, therefore the
matrix exp(JT) is easily constructed as

Re(A) I-(ki)
t (2.2.19b)

exp(JT)=[}l.(xt) Re(A)

It is often necessary, or at least more convenient, to use

the inverse matrix F '(t). The state transition matrix is never
gingular (ref 1), therefore F(t) is always invertable. One method
of obtaining P"(r) is to invert F(7) at a given value of .
However, this method can be expensive in both time and round off

errors. Another method is to differentiate the identity FF-‘=I,
d —4 d -1
ax(E)F ¢ F o (F)=9

a ~1 -1 d -1
a—;[r ]s FoaE)F (2.2.20)

and the value for F substituted from Eq. (2.2.17),

g?[li‘"]- -FA(T)R(T)-P(T)I) F*

g-[p"]- -F'A(r)0OF ! (2.2.21)
T

Therefore P"(r) can be constructed by numerical integration and
transformed into its Fourier series coefficients without having to

find F(T). To develop the system with F'(r) the initial
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conditions, or rtm) luét be known. 8ince it has been shown from
equation (2.2.13), P(#) is the matrix of eigenvectors of #(T)
(which may be complex), a real matrix P(#) can be constructed in
the same manner as wvas developed with the F and J matrices.

Taking the inverse of this constant real matrix.

-4

-—q -

Fro=lf ¢ £ f (2.2.22)
[ ‘rocl ’tmcg 'roal. .i.mcq]

and constructing J from the Poincaré exponents,

wafo) mfa] 0
3= -I.[w‘] Re[w‘] y ’ (2.2.23)
’ ’ Re[w'

{ . ' -In[w.] Re[w.]

P-‘(r) may also be related to the modal matrix associated

—
[ ]
»

r—
o®

u

with equation (2.2.2), i.e., the adjoint problem;
9 vit) = -ATy(7) (2.2.24)
ary Yy .2,

Letting the modal matrix associated with -AT be L(t), it can Dbe
found that
di(r) = AT (2.2.25)

= L(T)I"- AT(T)L(T)

or taking the transpose,

AT = AT AL T (2.2.26)

By comparing this equation with (2.2.21) it can be seen that
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Fir)sLT (1) (2.2.27a)

or

T
L(r)-[v“(r)] (2.2.27b)
vith
- T
Lm=[r m] (2.2.27¢)

This illustrates the orthogonality between the eigenvalues of the
adjoint problem to the eigenvalues of the original system.
8Solving equation (2.2.25) is the preferred technique for
constructing F (7).
Introducing a new modal variable n such that

x(t)=F(T)n(T) (2.2.28)
and substituting into equation (2.2.2), an equation for n° |is
developed.

x’ sP!' nfn’
x’ =Ax —— F’'tFn’ =AFn
n’ =F "Am-F 'F'n
n’ = [r"mv-r“r’ ]n

n'= [r“ar-lv"ur-ra )]n

0= [r“nr-r"u-r"n]n
which reduces to

n’ =Jn (2.2.39)

Therefore, the eigenvector matrix F(T) is a periodic
transformation vhich changes the time periodic system of equation
(2.2.2) to a constant coefficient system, (2.2.30), since J 1is a
constant matrix. If the Poincaré exponents are real and distinct,

J is diagonal and the system described by equation (2.2.36)
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reduces to n uncoupled ordinary differential equations. If the
Poincaré exponents are complex, J is put in a block diagonal form
with the real parts on the diagonal and the imaginary parts on the
off-diagonal. Each complex palr results In a palr of coupled

equations.

2.3 Modal Control Theory

The open-loop characteristics of equation (2.2.2) are
determined by the Poincaré exponents. These exponents, and
therefore the system stability, can be changed by adding feedback
control. The system has the form of a standard control problem

x’ (T)=A(T)x(T)+B(T)u(T) (2.3.1)
where the control matrix B(r) is either constant of periodic with
the same period T as the fundamental system and u(tr) is the
control vector. Assuming full state feedback;

u(t)=6(7)x(T) (2.3.2)
vhere G(r) is the gain matrix. Denoting the closed-loop state as
X_s equation (2.3.1) becomes
x;=(A#BG)xc (2.3.3)
Using modal variables,

xcsrnc
x;= P‘ne+ Fnc
equation (2.3.3) becomes
F’n_+Fn_=(A+B6)Fn_

F’ nci?nc=AFnc+BGFnc
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w =F APy -F 'y ¢ pory
-3 [ - [-] c

n= [r“ar-xr"r' +r"ncr] n,

ne [aw"m]nc (2.3.4)

vhich is a Floquet problem 1if it is assumed that, at worst, G(7)
is periodic with period T. G(t) must be determined such that the
closed-loop system has acceptable properties. For this analysis a
modal control technique was used for a periodic system in which
the control will be a scalar control. This scalar control was
implemented on the Poincaré exponents which are complex
conjugates.
Por scalar control equation (2.3.4) is

n'=Jdn + g(t)u(r) (2.3.5)
vhere g(t) is the n x 1 periodic mode controlability matrix,

g(t) = L¥(7) B(1) (2.3.6)
Modes n, are controllable if the corresponding element 9. is
non-zero. In the case considered here two modes will be
controlled at once; the two having complex conjugates of the
Poincaré exponents with positive real parts. Therefore the
control is given by

ue=k(t)n (2.3.7)

vhere k = (§, 8, ..., ki, ey kj, «ss]. The elements t and J may
be made to occur consecutively by simply reordering the equations.
The resulting closed-loop equations can be expressed in matrix

form with J replaced by t+¢l as
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.
@, kigt PN ’
§ otk Kieadt ’
n;= n, (2.3.8)
’ k\‘.g'ut utﬂ* ki.ﬁ.gi.ﬁ ’
L ‘ ktgu ki.ugu “n ]

From equation (2.3.8), it can be seen, except for the ith and i+l
term, this closed-loop system has the same Poincaré exponents as
the open-loop system. These two components are determined from
the coupled equations for the two modes n, and L Since these
two equations are decoupled from the remainder of equation

(2.3.8), they can be separated into the two dimensional system

mi*ktgl kzgt

n = n (2.3.9)
c kg c

9 9tK.9,
1t was shown by Calico and Wiesel (ref 1) that when 9, and 9, have
constant terms in their Fourler serlies, and constant gains k‘ and
kz are used, the new Poincaré exponents will be related to the old
exponents by

o);+ m; =W to k‘g‘°+ k:qu (2.3.18)
This allows the sum of the new Poincaré exponents to be set to any
desired value. While this does not provide the ability to set the
nev exponents individually, it does allow the movement of the
coupled pair of exponents. For stablility, the sum of these two
exponents must be negative. This is a necessafy and not a

sufficient condition since it does not guarantee the real parts of

both exponents are negative (just their sum). Numerical
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L integration of the new monodromy matrix will determine the actual
values of the newv Poincaré exponents. In the case where the

original Poincaré exponents were complex conjugates, equation

(2.3.18) only determines the sum of the real parts. The actual

values may be either real or have imaginary parts.

2.4 Development of Non-Linear Equations

The development of the non-linear equations follows from

inserting the values for w, w, dﬂ and ®_ given in equations

2
(2.1.25), and (2.1.42) into equations (2.1.41a) and (2.1.41b). As
in the linear case, since the satellite is spinning about its axis
of symmetry, R is a constant and is a+l. Therefore w, can be
eliminated from the equations. Setting o, in equation (2.1.25)
equal to a+l and solving for 9; will also allow the elimination of
é. from the equations.

6,= atl- 6 8ine - vcose cose, (2.4.1)
Vorking with equation (2.1.41a) first,and noting that derivatives
with respect to time and T only differ by a factor of n for each
order derivative ylelds,
é&cosé;- 66,5106 - 5cose‘slnez+ ié‘sine‘sinez- bé;cose;cose:

(2.4.2)
+ x[éz+ a'»sine‘] [a+1] + [éz+ vsiné‘]é' = 4§

Rearranqging and further simplifying yields
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, G‘cosaz- a‘e:sinez- vcose‘sine’# ve‘sina‘sinez- vezcose‘cosez

+ K[th vsine‘] [oul]f[azf vslne‘] [a+1- a‘sinez- vcosa‘cosez]d

9‘- 9193““9 2" vcoae‘taneg+ ve‘sina‘tanet- ve:cose .

+ (e:+ vsine‘] [(K+1)(a+1)sec6g- e‘tanez- vcose‘] = §

e‘- 91":““3{ vcose‘tanez+ W‘sine‘tanez- vezcose1

+ ez(l(*l)(oul)sece:- a‘aataneg- vegose‘ (2.4.3)

- . e oz
+ v(l(+1)(a.*1)sin6‘sec6:- ve‘slna‘tanez-v sineicoaG‘- )

This equation may be simplified and solved for ét.

e‘= 2e‘eztane:+ v ezcose‘~ (ez'wsine‘] [K+1] [a+1]seceg
1) .: (2-‘0‘)
+vcose‘tanez+ v sine‘cose‘
This is the same form of the equation if the derivative was vwith
respect to v. Similar substitutions into equation (2.1.41b)

ylelds,

9’+ vsina‘wa‘cose’— K[e‘cosaz- vcoseisine:] [oul]
- [e‘coset- vcose‘sinal] [a+1 - e‘sinez- vcosalcosez] (2.4.5)

3Ksinezcosea

4

(notice the n® term is missing from the right hand side when 4

compared to equation (2.1.41b) since the derivative is now with

respect to T.
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Simllar steps as those between equations (2.4.2) and (2.4.4) will
yleld from equation (2.4.5) an expression for 5;. Derivatives
with respect to T and will be represented by dotted terms.
L1 . L X3 L) :
ez= [K+1] [m»l] [a‘cosez- vcoseislnez] - vslne‘-Zve‘coseicos ea

{2.4.6)
- fo2- o® K
EB‘ vicos e‘+‘.]smezcosez

The expressions for v and v can be found from equations (2.1.11)
and (2.1.12) respectively. The non-linear terms are now expressed
in a manner that wmay be programmed and numerically integrated.
These two equations will replace the last two in equation (2.1.54)
and the feedback can be added in a similar manner. Again, for
'small' initial conditions this non-linear system should behave

similarly to the linear system.
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CHAPTER 3

RESULTS

In this chapter the sequence of procedures and the results of
the example tested will be discussed. The example was
accomplished employing various computer programs to solve the
equations developed in the last chapter. The programs utilized
were run on a Personal Computer and were written {n Fortran 77
Microsoft version 4.91. This allowed IMSL subroutines to be used.
Numerical integration wvas accomplished by the HAMING subroutine.
It vas decided that scalar control on a system with two unstable
modes would be implemented and the computer programs were used to

determine what parameters would be used in the feedback.

3.1 Pparameter Space
The basic system was expressed in the linear form

X =A(T)X (2.2.2)
vhere the elements of A(T) are expressed in eguations (2.1.54) and
(2.1.57). These elements are functions of K, o« and e. Therefore
the stability of the system is determined by these three
parameters. In Kane and Barba (4;485) stability is shown in the
K, a parameter plane for various values of the eccentricity. The
values of the Poincaré exponents for various values of K and o
with eccentricity, e=0#.5, is shown in Table 3.1. This example is

the same as used by Myers (ref;5). Myers used values of 6.7, 1.0
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as= K= 1.0

3.9 6.0000 +/- 36.1395 0.0008 +/- 30.3525

2.0 0.9000 +/- 10.1174 6.9000 +/- 3J8.4937

1.9 §.9900 +/- 30.1549 §.0908 +/- 319.3766

.9 +/- 9.1878 + 3J0.5000 0.0000 +/- 30.3556 t.*¢
-1.8 9.6718 - 9.6718 @.0009 +/- 3J8.3728
~2.9 9.3976 - £.397¢ 0.9800 +/- 38.2952 *¢
~3.0 /- 9.0953 + 0.5008 9.0000 +/- j0.4673 ¢

K= 8.8
9.0000 +/- 19.14069 0.0088 +/- 319.4997
0.0000 +/- 30.2241 6.0080 +/- J0.202¢8
9.9000 +/- 38.1781 0.9080 +/- JB.4595
9.6525 + 3J8.5000 0.6080 +/- 30.2638 T, T¢

W@ N W
L] Y - L]
[ - N - N N N R
-
+

- 9.6072 - §.6072 @9.0080 ¢/~ 10.2866
- 9.0068 +/- 390.1272 0.0008 +/- 16.4289
- /- 0.0854 + 39.5008 0.0000 +/- J9.0129 ¢
K= 0.6
3.0 9.0000 +/- 39.1519 0.0008 +/- 3§.3791
2.0 9.0000 +/- J9.6486 0.6000 +/- 38.3482
1.0 +/- 9.8885 + 30.5000 0.0080 +/~ 30.2811 *,¢¢
9.6 +/- 0.0555 + J9.5000 0.1476 - @4.1476 T
~-1.9 6.5067 - @9.5067 0.6000 +/- 18.6175 *t+
-2.9 9.0000 +/- 19.1206 0.0000 +/- 316.4805
-3.9 0.0000 +/- 70.4149 9.8000 +/- I9.4414
K= 6.4
3.9 9.9000 +/- 3j8.2559 9.0000 +/- 39.1447
2.9 9.0080 +/- 10.1368 9.8000 +/- 10.4276
1.9 0.9000 +4/- j8.2988 0.0800 +/- 10.0349
0.9 9.1249 +/- 39.2959 -0.1249 +/- 38.2959
-1.9 0.2943 - 9.2943 0.0080 +/- 38.2163
-2.9 0.0080 +/- 39.4398 0.0808 +/- 38.2173
-3.9 .0000 +/- j0.2863 9.00800 +/- J9.6651
K= 8.2
3.9 9.0000 +/- 3J9.1215 0.0000 +/- j9.1899
2.9 9.0000 +/- 38.3073 9.0000 +/- 39.1282
1.0 +/- 8.0742 + 39.5600 0.9000 +/- 30.1762 +
0.6 +/- 9.0716 + 3JO.5080 9.0000 +/- 38.2547 ¢
-1.8 9.1869 +/- J9.4857 -9.1868 +/- 39.4857
-2.9 0.0808 +/- 10.2793 0.0000 +/- 19.4692
-3.9 §.9000 +/- 39.1724 0.0000 +/- 30.4328 - !1

Table 3.1 (rxef 6) Poincare Exponents for K vs. a, with e=§.5

T Apparent error from colculating complex logs corrected
¥t Moath error corrected J
E——
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as K= 6.0
3.0 9.0000 +/- J0.06090 ©.0000 +/- 30.096¢0
2.9 9.9006 +/- 30.0000 @.0000 +/- j6.0000
1.9 B.9900 +/- 190.0000 9.0808 +/- 10.9000
0.9 9.0000 9.0000 9.0000 9.0000
-1.9 9.9000 +/- 30.0003 9.9000 +/- 30.0003 T¢
-2.9 0.0000 +/- 30.6000 0.9000 +/- 30.8000 T+
-3.9 9.0000 +/- 39.0999 9.9600 +/- 30.0000
=-§.2 3.9 9.9384 +/- 39.0932 -~0.0384 +/- 38.98932
2.9 €.0983 +/- 39.1756 -9.8983 +/- 38.1756
1.9 $.1829 +/- 39.3833 -§.1829 +/- 38,3833
9.0 +/- 9.5257 + 30.5000 +/-9.2162 + 39.5000 ¢
-1.9 0.6017 +/- 30.0094 -9.6017 +/- 19.09094
-2.9 9.4319 +/- 36.3953 -~0.4319 +/- 36.3953
-3.0 9.2297 +/- 38.2971 ~9.2297 +/- 39.2971
K=-0.4 3.0 9.4215 - 9.4215 0.0000 +/- 39.3682
2.8 +/- 6.4385 + 18.5690 +/-8.3361 +/- j8.5048 ¢
1.8 +/- 9.6614 + 38.5089 +/-8.3876 +/- 390.5600 *+
8.9 +/- 9.7834 + 36,5000 +/-0.6559 +/- 30.5800 ¢
-1.9 9.8141 +/-39.9339 -9.8141 +/- 39.8339
-2.0 9.7568 +/-j6.2816 -6.7568 +/- 38.2818
-3.9 9.4537 + jJ0.4128 -9.4537 +/- 39.4128
K=-80.6 3.6 +/- 6.3735 + 39.5000 9.5384 - 9.5384 ¢
2.6 +/- 9.8482 + 39.5008 0.5259 - §.5259 ¢
1.0 +/- 1.8741 + 39.5088 +/-8.5117 4+ 30.5808 ¢
9.0 9.9275 +/-~ 39.3548 -8.9275 +/- 38.3548
-1.9 9.9702 +/- 30.0681 -9.9782 +/- 39.9681
-2.9 9.9559 +/- 39.155¢ -0.9559 +/- j@.1558
-3.9 6.8834 +/~ 38.3668 -8.8834 +/- 39,3668
K=-8.8 3.8 +/- 1.2424 + 38.5000 +/-8.6866 + ;j8.50900 ¢
2.8 +/- 1.2578 + 38.5000 +/-6.7543 + 3@.56000 ¢
1.0 +/- 1.1584 + 39.5899 +/-9.9504 + 39.5000 ¢
9.0 1.8840 +/~ 38.2540 -1.0840 +/- 79.25480
-1.9 1.0985 +/~ 39.1187 -1.6985 +/- 38.1187
-2.9 1.1692 ¢/~ 30.6117 -1.1002 +/- 30.6117
-3.9 1.9896 +/- 38.1272 -1.6896 +/- 39.1272
K=-1.6 3.0 1.2095 +/~ 39.1618 -1.2095 +/- 30.1618
2.9 1.2995 +/- 39.1618 -1.2095 +/- 36.1618
1.9 1.2095 +/- 39.1618 -1.2995 +/- 39.1618 -
8.9 1.2095 +/- 39.1618 -1.2095 +/- 30.1618
-1.9 1.2095 +/- 38.1618 -1.2895 +/- 30.1618
-2.0 1.2095 +/- 30.1618 -1.2095 +/- 30.1618
-3.9 1.2095 +/- 39.1618 -1.20895 +/~ j@.1618 _!i
Table 3.1 (continued)
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and 9.5 for K, a and e respectively. These values resulted in two
complex conjugate pairs with two stable and two unstable roots.
Modal variables are used to decouple the four equations 1into
two coupled pairs. Phase plots can then be used to view the
stability and the effect of control on the system. Since the
modal variables are four in number, gqraphical presentation |is
difficult. Therefore phase portraits will plot n, versus m, and
n, versus 7. In the non-linear system, since modes 3 and 4 are
stable, emphasis will be place on modes 1 and 2 with initial
conditions of n, and n, set to zero. Modes 3 and 4 are monitored
to Insure they do not become unstable, but the motion resulting
from the control to stabllize modes 1 and 2 are the primary
concern. Once the feedback is implemented, the original modal
varlables will no longer decouple the two sets of modes. However,
useful information can be obtained from this set of original wmodal
variables. In order for the new equations to be decoupled, a new
J matrix needs to be developed and found numerically for the new

controlled system., This will be left to later investigations.

3.2 Uncontrolled Linearized System
The parameters used in this thesis are K=0.7, oa=1.6 and
e=0.5., This represents the most common type of instability, but
the methods used to control this case are applicable to other
cases. With no control added, the characteristic exponents are;
w = §.8177 +/- 38.3667 unstable

1,2

w = -§.8177 +/- 39.3667 stable
.,
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While all the motions of the satellite are important, a variable ¢
which is the angle between the satellite spin axis and the orbit
normal, shows the combined movement of 6‘ and 9z and is defined by

P = atccos(cos&&' cosei) (3.2.1)
{See Figure (2.2)) The motion of the uncontrolled system is shown
in Figures (3.1) through (3.11). Figures (3.1) through {3.4) show
the motion of the state variables. This motion is started by an
initial displacement, i.e., the state variable's 1initial values,

in radians are

9.62
9.02
x(0)= ¢.90 (3.2.2)
§.9¢
Figure (3.5) reveals the combined motion of 9‘ and 92. Figures

(3.6) through (3.9) display the modal response. The {initial
values for the modal variables are defined by the use of inverting
equation (2.2.28) hence;

n()=F(8) *x(0)
or (3.2.3)
n(0)=L(8)Tx(8)

Figures (3.10) and (3.11) are the phase portraits of the
linearized uncontrolled responses. It can be seen from these
modal plots that the first mode pair spiral outward and therefore
is unstable while the second pair spirals inward indicating a

stable mode pair.
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3.3 S8calar Control of Linearized System
From Floquet theory in chapter 2, a solution to the 1linear
system of equation (2.2.2) is given by eguation (2.2.11);
#()=F(1)e)TF(9) (2.2.11)
with J constructed as

9.6177 -0.3667 09.9000 §.0600

9.3667 -8.9177 6.0089 9.0990
= | 6.0000 9.9608 -6.9177 -9.3667 (3.3.1)

9.08980 0.0800 90.3667 -9.8177

The values for the elements of the perlodic F matrix could have
been found by numerical integration and a computer program used to
express these elements in terms of thelr Fourier coefficients.
Instead, the adjoint problem was solved, hence the values of
[?“]' vere needed. This matrix was expressed as the L(t) matrix
and the Fourier coefficients of the L matrix were found. A
typical element of L is
11‘= 9.9242 - 9.6855 cos(T) - $.4349 cos(2r) ~ $.6124 cos(37)
+ 8.8011 cos(4T) + 8.8271 cos(5T) + 8.0354 cos(67)
+ 8.0340 cos{/t) + ...

+ 0.6927 sin(T) - 0.1637 sin(27) + 0.1957 sin(37)

#.1269 sin(4T) ~ 0.9503 sin(51) - 8.8166 sin(6T)

[

0.86685 sin(7*) ¢+ ...

where the values of the higher frequency coefficients become
increasingly smaller 1in magnitude. A list of the PFourler
coefficients of selected elements of the L matrix is included in
Appendix A. The linearized system has two unstable modes and the

control implemented is angular rate feedback. In this case the
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r"'“",.

form of equation (2.3.8) will be used with the vectors k and B as
k= [k‘kzl |] (3.3.2)

and

(3.3.3)

- -0 a

From equation (2.3.6) this produces a q vector of the form

181+ 141

1 +1
8z <t (3.3.4)

1ot lea
Lot oo
Using the trace method described by Calico and Wviesel (1;674)
gives equation (2.3.11) in the form
Ot oy Tt 0t k‘[l”f 1“} + *,[1.,* 1“] (3.3.5)
where the values of 1 will be the constant terms of the Fourier
coefficients. Therefore the first two elements of g_ are chosen
to be
9,.: 9.1967 (3.3.6)
9,.= -0.8486 (3.3.7)
The 1ist of Fourier coefficients for the first two elements of the
g, vector is also included in Appendix A. As stated in chapter 2,
while the values of the new characteristic exponents can not be
individually chosen, their sum can.
0 tw, = 2(0.0177) + k‘(I.1967) + k:(-l.alsﬁ) (3.3.8)
The values k’ and k: are picked to be -8.4 and 6.4 respectively.

This makes the new sum

3-18




Wit w = §.9354 - §.4(1.0453) = -9.3827 (3.3.9)
Integrating the new # matrix over a period of 2rm and using Floguet
theory yields the new characteristic exponents,

w; = -0.0454 + J0.5000 and g = -9.3373 + 30.5000
The imaginary parts of the new exponents exist because with
control the period is now twice the old period. When the new & is
integrated over 4m, the values of the characteristic exponents are
the real values with no imaginary part. The resulting controlled
motion is shown in Figures (3-12) through (3-14). Figure (3-12)
shows the combined 6‘ and 9z response and Figures (3-13) and
(3-14) are phase portraits of the controlled linearized modes
using the uncontrolled modal variables. Figure (3-13) shows how
fast the first mode pair now converges to a stable condition while
it can be seen in Figure (3-14) the second pair is effected only
slightly and remains stable. For these plots to be as smooth as
Figures (3-19) and (3-11) new modal variables would have to be

defined for the control system.
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3.4 Non-Linearized System

With 'small’' disturbances the uncontrolled non-linear system
behaves, as predicted by theory, 1like the linear systenm.
Comparing Figures (3.15) through (3.21) to the 1linearized system
figures, shows how close the uncontrolled response follows the
linearized system, The irreqular motion toward the end of the
trace on figure (3.21) is due to the coupling of the LV pair
since they are increasing in magnitude as time gets large. The
controlled non-linearized systeam duplicates the controlled
linearized response since the coupled effect of the ne M, pair
does not appear since the controlled pair is now stable. This |is
illustrated in Figures (3.22) through (3.24).

The phase portraits of the controlled non-linear system show
the effect of control on the systenm. For this study, Iinitial
disturbances were selected for the modal variables n, and n, but
the initial values of n, and n, were selected to be zero. The
linearized system has uncoupled modal responses, however as
nonlinear effects become apparent the two separate phase planes
N Ny and Ngr M, become coupled. This is the reason why, as the
disturbances get large, initial points seemingly close together
display very different responses.

With the magnitude of the disturbances for n, and n, kept
below §.25, the response is very similar to a linearized system.
This is shown in Figures (3.25) through (3.28). As  the
disturbances grow, there is an increasing tendency to oscillate

around the zero disturbance instead of returning to complete
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stability. This indicates a region of chaos. This tendency
appears to increase sooner in the second and fourth quadrants.
Figures (3.29) through (3.31) illustrate this tendency. It can be
seen in all the Phase Portraits that the plots are symmetrical
about the origin even in the non-linear system. With even larger
initial displacements the stable areas become narrower even in the
first and third quadrant. The points shown 1in Figure (3.32)
without curves are initlal values which do not converge on the
origin but oscillate. The traces of the curves that do converge
in these figures appear to enter the stable area along the
vertical axis.

1£ the new modal variables were found for the controlled
system these plots should become smoother with the lines not
crossing in the linear region since these new modal variables
would again decouple the the two mode pairs. Using the
uncontrolled modal variables still allows conclusions to be made
with respect to the size of 'small' disturbances. It is evident
from the phase portraits that a modal displacement magnitude less
than 0.25 radians and radians/T will result in a stable system
with reducing magnitudes. Larger displacements will result in a
reducing magnitude or chaos. Further investigation 1is warranted
in this area to further define the value for 'small'. The use of

controlled modal variables will produce more information.

3-49




sSjuUDIPONY)
sapnjyubop |

0O¥'0 00 020 010
_
!

1

TLPrECLFhrrELFk:LkChpherrrEkahrLLkrELLkhrr:Lp»rrrLLhrrEhh:LL

€ PUD | Ul 0 PUD €0 jO
Bituy Joy ypajiog esoyq — 6z°g 94nbiy

00’0 0Ol'0— 0¢0— 0%£0— O0O¥'0-— 0S0-—
000’ L—

0SL°0—

00G°0-

062°0-

0000

0620

00S°0

0sL0

3-41




SJUDLPDNY 4 puD
sopnyiubop ol soy yB

£ ub ¢'0 o
13404 8sbyd — Q¢'¢ 24nbiy

000 O0L0— 0c¢0— 0¢0~ 0¥0— 0S0-

pevtn g b e bepnggaasadtervsesaar aggavyaned ooy e dasaopronr bonvppaesy gt} 09°0—

X

 oso-
.W
w Oy 0—
m 0c0-
\ ‘0 —
) : 0Z°0
\\ 00—
EkrtkkﬁerLkrELPLkar 000
,\\\\\\‘ / W.ﬁuf.o
/v E oo
A\\\AI\ m 0¢°0
N~ E O0¥'0
=
U S 0S'0

3-42




TP Ty Ty riv v i TTd

1SS EREAR R AR RRARAN RARR!

b

1.25
1.00
0.75
0.50
0.25
0.00
-0.25

N
‘-
&
»
'\3
)
7
\
4
.
ITTT I TTITT TV TR T T m‘rrrr‘rr‘rﬁ'rﬁ'rirrrT ITETTT I T TT VIV [ TI T T 7T 77

NS RRERRRRARERRARARARA l -
o n O un O
won @ NN
o (@) ol — -

| ! | | |

3-43

0.50 1.00 1.50

0.00

<

for Ipitial Magnitudes

-0.50
and 4 Quadrants

Figure 3.31 — Phase Portrgit
of 0.4 in 3

-1.00

-1.50

—-2.00




~

(uibo jnogo AnawwAs aonou)
sapnjiubopy |oiiu] abup Jo; Jbajuo4 9sobyd — Zg'¢ a4nbiyg

0S'¢—

00°¢—-

06 1-

00—

0G0~

3-44

000

0G0

00’1

0G'1

0S| 001 0S80 Q00— 0S0— 00't— 0S'L— 00¢- 08¢~

d1 i1t i85t Litititd fi 1 s ity IRENEEERI 1ty 1121331001280 08 INEENEENNEEEEN RN
:

|

T :

7t . s

7214 e -

A C

s r / n
(v} K ) / = L
{ e u
f? / /. €f4 -

W//Vimﬂ :\w“& o :

N :

——— \ B

oYL 113N Nrs o

s N o

00°¢




Chapter 4
Conclusions and Recommendations

The results of the previous chapter leads to some Iimportant
conclusions on the concept of small disturbances of a satellite
system and the resulting motion of that satellite. It was shown
scalar control works reasonability well on the system with two
stable and two unstable modes. Left to be determined is a method
in selecting the optimum gain of the feedback other than 'hit and
miss'. Large gains do not necessarily produce the most stable
system. While large gains may produce one root vwhich is more
stable, it 1is 1likely to push another root in the opposite
direction toward instabllity. The modal variables used in this
thesis is for the wuncontrolled system and therefore do not
decouple the controlled modes. However, the uncontrolled modal
variables can provide information on the stability movement of the
controlled modes, but further integration to obtain the new
controlled modal variables would provide better informatjion.

From the uncontrolled modal variables it 1is apparent that
there are several regions ot different stability. Under a value
of #.25 the non-linear equations behave linear. Outside this
region, there exists an area where different initial conditions
may or may not return the system to 1its original equilibrium
point. Starting points, seemingly close together on a two
dimensional plot, result in very different reactions. Some return
to the center while others seem to oscillate in undamped but

bounded movement about the center. This can be attributed to the




two dimensional representation of a four dimensional problem and
to the use of uncontrolled modal variables in the controlled
system.

Further study is warranted in four areas. First, the new
modal variables should be found to further this {investigation.
Then this outer area of confusion can be studied. Also a method
needs to be found for systematically determining the optimum gain
for the feedback. Finally, study of control other than scalar
should be jnvestigated using the non-linear equations. Work on
vector control with the controlled modal variables seems to be the

next logical step.

4-2




Appendix A: Fourier Coefficients

Mjoint Solution Matrixx (first 16 terms)

Laa
n a bn
0 .9242311168594718E+80
1 -.6854529509825176E+08 .6926555705680942+98
2 -.4348664379633308E+08 -.1636572707973497+88
3 -.1243505852520843E-01 .1957228216151334+88
4 ,11136936380083665E-082 -.1268693977398193+08
5 .2714625341132396KE-91 -.50323452202686853-61
6 .3536628920488216K-01 -.1664309578632710-61
7 +3396411136041821E-81 -.4595563214445126-983
8 .287710880826556694K-01 .5652832193389066-42
9 .2272793285909652E-61 .7218445776603422-92
10 .1719119294606154E-01 .6881233935661583-82
Ltz
n a_ bn
9 .1225952808437708E+01
1 -.2212420918689654E+61 .5820206413488934E+98
2 ~.7401668126789335E+080 .4269529560564276K+60
3 -.5228195797654754E+08 .6112875661248712E-01
4 -.6759642857946536E-02 .1662875661240712E-03
5 .208682238911658698K-81 -.2817629049667971E-81
6 .31860808763242387E-01 -.3603346602853508E-061
7 .3169692364656334E-01 -.3422604878598152E-61
8 .2713412676597691Kk-081 -.2876258140367391E-81
9 .2152152497587897K-01 -.2260715215954215K-61
18 .1630200312669608k-01 -.1783811298128566E~-01
A-1




Mode Controlability KElement, 9, (first 30 terms)

a
n

b

n

W O 3 Nh U & W N =~ =

.1967468398576639E+90
.5173699814396124E+90
.7676238885236948E-92
.9436871392395762E+88
.2651106267168986E+88
.2178659379275563E-81
.2496769176357917E-82
.1181699816876314E-82
.1585842531599358E-82
.12378088414617844E-92
.8913929114439876E-83
.6068758572467993E-03
.4013494912402667E-93
.2610136202682885E-83
.1679924698986854E-93
.1873945888386856E-83
.6834469789277933E-94
.4335866854233598E-84
.2744787174179565E-94
.1734952804595234E-94
.1095500361219531E-64
.6912323488109846E-85
.4359319869980982E-85
.2748242086847370E-85
.1732824486801318E-85
.1991179288716139E-85
.6878588555549395E-06
.4321992615741716E-86
.27143112738376 1TE-96
.179983299969971 2E-96
.1859947298799529E-86

.1611686143123149R+0¢
.6897673595227186E+00
.6599875565223430E+00
-.1288616182659364E+00
«5798867376471739E-61
.4576824322517970E-01
.3851217699385379E-01
+1953038243976544E-61
.1231458431329914E-§1
+7714918512527845E-~82
.4817728885472591E-02
.3004941590834583E-92
«1873444969883763E-62
.1168653395432101E-082
.7284763322974862E-03
.4545299879918495E-03
+2837514607118684E-03
«1772389307868157E-63
.1167726452879897E-83
.69272297308155386K-04
.4334497409923176KE-84
«2713735810857480E-94
.1699981558287768E-84
+1065537282337215E-04
.6682569071913408E-85
.4193482545194881E-85
+2633131743897344E-05
.1654434656785011E-085
.1040206602273654E-85
.6544726496219521E-~86




Mode Controlability Element, 9, (first 39 terms)

a
n

b

n

W ® ~3 O U s W Ny - e

W ON NN NN N NN NN e e e e b ke e e
| W @ 3 N U s W N~ @YW D TN WwWw N e

~.8485662975840417E+00
.8949722429994378E+80
+3048968178948835E+80
-.4687404621391108E+080
.4206761958670234E+80
.1283867701353821Kk+88
.71850456274260417E-681
-4155063957768683E-061
+2504585480937912E-61
«1525469710967192E-41
.9346886435631870E-02
+5749766993895167E-82
«3547389464991846K-02
+2193655289988357E-82
+1359102223893499E-02
.8434847857603097E-93
.5241167226920360E-63
.3261841899754€50E-03
+2031258725458911E-083
.1266489989261756B-03
.7903760495813857E-94
.4936443336344516E-84
+30085464757136849E-94
+1929829938571555E-04
+1287752648957412E-04
«7562441233874551E-05
.4737255486691598E-85
.2968324990761331E-85
.1868854525971589E-05
»1165275981766767E-85
.72944085948529727E-06

«1372634454690849E+08

.46393418765872089E+08

.2696243410385000E+08
~.3312935836839541E+08
-.54446288684218237E-01
.2038805246848226E-91
+9211076496445791E-02
.4558326607660389E-02
+23690833936193885E-82
«12778574598806 4PE-02
.7856968883318756k-83
.3972796212121723E-93
+2269106961898245E-03
.1311146829333820E-83
.7648822753939278E-04
.4498168631354558E-04
+2663779232678486E-94
.1587260485321147E-94
.9511913976394263E-95
.5731335448143886E-05
«3472452898762283B-05
+2116339151937943E-65
.12985979836796829E-95
.8034108183284782B-66
.5822989152114288E-06
+31838909682489832E-06
.2055491278135796K-86
-~.1359438343434340E-06
~.9273719683671869k-87
-.6570885507472248E-87
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Appendix B; Initial Values Data

Initial Values for Points not Traced on Pigure 3,32

point n(o) x(8) point niog) x(9)
-1.6) [ 9.1524) (-8.6) [ 9.2366)
-1.9 -9.9661 -1.2 -9.1157
Tl g.0f VY-1.0037( T2 10.0f 1-1.2053¢
'c'J L.l.""J . ".J L..'OG"'J
, -1.80) (-8.1589) (-8.6) (~9.2473)
8.25 9.6924 8.8 9.1378
3 0.00f Y 0.0444] T 10.06f }e.5n1¢
9.00] -1.9900 [ 6.8 -8.6000
[ 1.5) [ 8.2069) [ 8.5) [ 9.2867)
-'03 “'0129' -1-' -001571
5 16.0f Y-8.0038( T6 16.8f 1-8.7559(
| 8.0 | 1.5800 ] | 8.9 | 9.50808
[ 1.5) [ 9.8617) [ 8.5) [ 9.1657)
8.3 -8.9538 -8.5 -9.0937
™ 1 6.8 1 8.4993¢ 9 Y e.8f V-0.3367¢
| 0.0) | 1.5808  8.9) | 8.5008
_ [ 9.0) { 0.3629) [(1.5) [ 9.1343)
-1.5 -9.1992 8.9 -9.9910
™8 el Y-1.2577¢ TIL 1 g.6f Y 9.2478¢
| 0.0) { 0.9008) | 0.9) | 1.5000]
[ 1.0) [ 9.08895) [ 1.5) r-0.3495}
9.9 -9.0687 2.9 $.1625
12§ g8l ) e.1657( L3  { e.ef Y 1.9248¢
| 0.0 | 1.0000 | 0.8) | 1.5000] *
(-2.0) (-8.6629) (-2.8) [-9#.1792) ]
2.8 9.3749 8.9 $.1213 .
T Y el ) 1.3466f TS Y el )-e.3304f 1
| 9.6 -2.90080 | | 0.8) |-2.9000)
(8.5) (-9.1971) (1.6) ([-8.2733)
. 1.9 9.9964 1.5 #.1295
™I {e.ef | e.9mf T2 Y gef 1 1.4229f -
(0.8 | 9.5000) L 0.0) | 1.0000
[ §.0) (-9.2419) [ 9.5) (-9.3181
1.9 9.1268 1.5 9.1598
T2 Y e.e0 ) e.8305( T23  { e.0f 1 1.383
9.0 | 9.9000 | 9.9 | 9.5000 -

:




1)

2)

3)

4)

5)

6)

7)

8)

Bibliography

Calico, R.A., Wiesel, W.E., "Control of Time-Periodic
Systems", Journal of Guidance, Control, and Dypamics,
p. 671, volume 7, number 6, November-December 1984.
reprinted, Soviet Journal Aeronautics/Space Technology,
December 1986.

Calico, R.A., Yeakel, G.8., "Active Attitude Control of a
Spinning Symmetric Satellite in an Blliiptical Orbit",
Air Force Institute of Technology, 1982,

Churchill, Ruel V., Woodbrown, James, Fourjer Series and

Boundary Value Problems, McGraw Hill, 1987.
Kane, T.R., and Barba, P.M., "Attitude Stability of a

Spinning Satellite in an Elliptic Orbit", Journal of

Applied Mechanics, pp.462-495, June 1966.
Kane,T.R., and Shippy, D.J., "Attitude Stability of a

Spinning Unsymmetrical Satellite in a Circular Orbhit”,

The Journal of the Astropautjcal Sciences, Vol.X, No.4,
pp.114-119, Vinter 1963.

Meirovitch,Leonard, Methods of Analytical Dynamics, McGraw Hill,

New york, 1974.

Myers,G.E.,Active Control of Linear Perjodic System With Two
Unstable Modes, M.S. Thesis, Wright-Patterson AFB, Ohio
Alr Porce Institute of Technology, Dec. 1982.

Reid,J.Gary, Linear System Fundamentals, McGraw Hill, New York,

1983.




VITA

Dale E. Bhell, son of (NS ;53
W sc1i, o bor SN -
was ralsed in —— , 'i
High School In He attended Pensacola Junior College ::;

part-time and received an Assoclates of S5clence degree in
Blectrical Bngineering Technology in 1972, He entered the Alr
Force in May 1976. In September, 1988, he entered Auburn .
‘Unlversity under the Alr Force's Alrman Bducatlon and ' j:i
Commissioning Program. March, 1983, he received a Bachelor of '
Science in Aerospace Engineering from Auburn Unlversity. He
attended Officers Training School and was commiscioned a second g
lieutenant in the United States Alr Force in July 1983. In June T
1987, he started his Master of Sclence degree in Astronautical
Engineering at the Alr Force Institute of Technology. Upon
éraduation in December 1988 he will be assigned to the 6£535th Test
and Evaluation Group, Vandenberg AFB Callifornla.

e and
B They have two sons,




[ e — " ‘ —

UNCLASSIFIED
4] T PA
form Approved
REPORT DOCUMENTATION PAGE OMB No 07060188
e — e ———————
1a. REPORT SECURITY CLASSIFICATION 10. RESTRICTIVE MARKINGS
unclassified
28, SECURITY CLASSIFICATION AUTHORITY 3. DISTRIBUTION /AVAILABILITY OF REPORT
. Approved for public release;
2b. DECLASSIFICATION / DOWNGRADING SCHEDULE _ Distribution unlimited
2, PERFORMING ORGANIZATION REPORT NUMBER(S) | S. MONITORING ORGANIZATION REPORT NUMBER(S)
o Y
AFIT/GA/AA/88D-09 o
[ 6a. NAME OF PERFORMING ORGANIZATION 6b. %;nceﬂsvm?L 7a. NAME OF MONITORING ORGANIZATION
applica ‘ .
School of Engineering AFTT/ENY
6c. ADDRESS (City, State, and ZIP Code) 75, ADDRESS (City, State, and 2IP Code)
Air Force Institute of Technology '
Wright-Patterson A.F.B. Chio 45433
8a. NAME OF FUND'NG / SPONSORING 8b. OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT (DENTIFICATION NUMBER
ORGANIZATION (if applicable) - .-
8c. ADDRESS (City, State, and ZIP Code) 10. SOURCE OF FUNDING NUMBERS
PROGRAM PRO.ECT TASK WORK UNIT
ELEMENT NO. | NO. NO ACCESSION NO.

11. TITLE (Include Security Classification)
_Stability Solution to Linearized Equations of Motion for a Symmetric Spinning Satellite
fn an Elliptical Orbit Applied to the Non-linear Equations (unclassified)

12. PERSONAL AUTHOR(S)
Dale E. Shell, Captain USAF

13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) |15. FAGE COUNT
M.S. Thesis FROM TO 1988 December 90
16. SUPPLEMENTARY NOTATION
/ 1
17. COSATI CODES 1 gf "SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
FIELD GROUP SUB-GROUP
= =  satellite Attitude] Equations of Motion, Floquet Theory,
Modal Control Theory; 7g.‘i.llptlcal ?x)‘bl; Trajectories,’
Spin Stahilizatione €5 €S

19. ABSTRACT (Continue on reverse if necessary and identify by block number) /

Thesis Advisor: Dr. R. A. Calico
Professor of Aerospace Engineering
Department of Aercnautics and Astronautics

20. DISTRIBUTION / AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
B uncrassirieoruNnumiTed [ same AS RPT. {_) DTIC USERS unclassified
22a. NAME OF RESPONSIBLE INDIVIDUAL - 22b. TELEPHONE (Include Area Code) [ 22¢. OFFICE SYMBOL
Dr. Robert A. Calico (513) 255-3517 AFIT/ENY
DD Form 1473, JUN 86 Previous editions are obsolete. SECURITY CLASSIFICATION OF THIS PAGE
UNCLASSIFIED

e )

N




UNCLASSIFIED

s‘\j£>rhe attitude of a spinning symmetrical satellite in an
elliptical orbit is analyzed. The perturbed motion of the
satellite is described by linear equations with periodic
coefficients. Stability is determined by Floquet theory. Active
control is added to the system and results lead to a linear
periodic control law. Scalar control from the linearized system
is implemented to evaluate the performance of the control law on
the non-linear equations of motion. For small disturbances, it is
illustrated the controlled non-linear response duplicates the
linear case. For larger disturbances, phase portraits show the
‘resulting behavior of the coupled modes. As the perturbed motion
increases in magnitude stability regions appear. Initial motion
results either a return to the initial eguilibrium, an oscillation
around the equilibrium point or divergence from the initial

equilibrium. K_vaofjs - IJL Y4 -

o




