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This thesis expands on the work of Myers in the control of

linear periodic system. It applies the control developed for the

linear system using modal variables to the non-linear equationt% of

motion. While only one example is investigated In this thesis,

the technique can be applied to periodic systems in general. This

thesis used uncontrolled modal variables with scalar control and

work needs to be expanded involving the controlled modal variables

and other control schemes to fully understand the effect of large

perturbations on the non-linear equations.
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Abtract

The attitude of a spinning symmetrical satellite in an

elliptical orbit Is analyzed. The perturbed motion of the

satellite is described by linear equations with periodic

coefficients. tability is determined by Floquet theory. Active

control is added to the system and results lead to a linear

periodic control law. Scalar control from the linearized system

is implemented to evaluate the performance of the control law on

the non-linear equations of motion. For small disturbances, it is

Illustrated the controlled non-linear response duplicates the

linear case. For larger disturbances, phase portraits show the

resulting behavior of the coupled modes. As the perturbed motion

increases in magnitude stability regions appear. Initial motion

results either a return to the initial equilibrium, an oscillation

around the equilibrium point or divergence from the initial

equilibrium.
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Chapter 1

Introduction

Since satellites were first put into orbit, designers have

been concerned with maintaining the attitude with respect to some

fixed reference. As satellites have grown more complex and

expensive, this concern has increased, With this increased

complexity has come an Increase in the need for precision

pointing. Attitude control of a satellite Is now of extreme

concern. Through the years various methods have been used to

achieve this attitude control (ref 1). Satellites in near

circular o.bits can be designed to take advantage of the gravity

gradient to produce attitude control. However, this method has

one main restriction. Low natural frequencies result in long

decay times for any disturbance. While this may be sufficient for

some system, it certainly would not be sufficient for any

precision surveillance. Active control must be used for many

satellites. While there are many possible control systems, each

with its advantages and disadvantages, the one of interest here is

the gyroscope.

The gyroscope, with its large angular momentum and torque

free motion has long been utilized as an ideal attitude reference

device. The next natural step was to make the satellite a

gyroscope by spinning it about one of its axes. The stability of

a spinning unsymmetrical satellite in a circular orbit was

investigated by Kane and Shippy (ref 5) in 1963. Kane and Barba
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(ref 4) also studied a spinning symmetrical satellite in an

elliptical orbit in 1966. Both these investigations yielded

equations which were non-linear and non-autonomous. In both cases

the satellites were modeled as a time periodic linear system, with

the stability determined by Floquet theory. In Kane and Barba's

study of a satellite in an elliptical orbit, it was demonstrated

that the stability was dependent on the inertial properties, orbit

eccentricity, and satellite spin rate.

The need for more precise attitude control has eliminated

gravity gradient stabilization on these satellites. For spinning

satellites in an elliptical orbit, many configurations are

unstable. Linearized systems with periodic coefficients have

recently been qiven their deserved attention. Nyers (ref 7)

investigated this type of system for a satellite with two unstable

modes. The scheme employed transforming the state variables to

modal variables. Calico and Yeakel (ref 2) used a similar

technique with one unstable mode.

This thesis extends on the above work by taking the solutions

of the linearized equations and applying these solutions to the

non-linear equations. Theory states that for 'small' disturbances

the non-linear system should be consistent with the linearized

system. The unresolved question which remains; How small is

'small'? The modal variables plotted on phase portraits provide

Information that aid in determining the answer.
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Chapter 2

THRORO

In this chapter the equations of motion of an spinning

symmetric satellite In an elliptical orbit around the earth are

developed. The equations describing both the attitude motion and

the trajectory motion of the satellite viii be presented. The

trajectory equations are uncoupled from the attitude equations but

the attitude motion is affected by the periodic orbital motion.

The attitude equations are linearized into a system of time

periodic linear equations and Floquet theory is used to determine

the stability of the system. In Reference 1, it has been shown

the unstable system may be stabilized by using feedback control.

This control may be supplied by either scalar or a vector control.

Scalar control is developed in this thesis. Once the control for

the linear system has been developed for 'small' disturbances the

control will be applied to stabilized the non-linear system.

2.1 Equations of Notion

The development of the equations of motion presented below is

described by Kane and Barba (ref 4). This thesis develops two

basic equations for the trajectory of a satellite around a

spherical symmetrical attracting body. As described, these

equations are developed In any introductory astrodynamics text.

r - 1-- g (2.2.1)

ra an 7 (2.2.2)
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where;

n w 2i (2.2.3)

T 13 defined as the period of the satellite. The orbital elements

r,&io,a, and e are defined In Figure 1,

Figure 2.1 Elliptical Orbit Elements

Equations (2.1.1) and (2.1.2) is non-dimensionalized by

defining the tvo non-dimensional variables for time and distance

as;

r nt .
n

(2.1.4)

r -C

Solving equation (2.1.2) for P yields;

rI
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Inserting this value in equation (2.1.1) yields;a'n2 (1-e2 ) n~a' 1

a -n (= , (2.1.6)
a a

r r
Before this equation can be non-dimensionalized, differentiation

vith respect to r must be defined, (represented by prima)

dr d fdr d In 1

= =- ,ncaJ= Cona
(2.1.7)

Rearranging equation (2.1.6) yields

r (e - )a n + n na 1  (2.1.8)

n a raa na na r'

and using equations (2.1.7) reduces this to

Co ° e2-1 L 1(2.1.9)Co t

The value of to or T can be arbitrarily selected. Therefore, for

convenience, it is assumed the satellite is at perigee for t-='r.

Hence,

r = a(l-e) r I U
p P

(2.1.16)

C() l r 1-e " (I) - ia

Non-dimensionalizing the true anomaly in equation (2.1.5), and

noting primes represent differentiation with respect to T produces

d&P dp dt a~n.- -'1

(2.1.11)
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d d1 -e" 1

(2.1.12)

Ce
,,DG 

a

Note that C is a periodic function of T with period 2n.

To develop the equations of notion for a spinning satellite

In an elliptical orbit, it Is assumed the satellite's orbit is not

effected by the orientation of the satellite (i.e., the satellite

is considered to be a point mass).

The satellite's orientation with respect to the orbital axes

is determined by defining an orbital reference frame A. Frame A

is defined such that A points outward along the radius vector.

A. vill be perpendicular to A, in the orbital plane and defined

such that at perigee and apogee the satellite vill be moving in

the positive A direction only. A. will be perpendicular to both

A. and A. in such a way to form a right handed coordinate system

(illustrated in Figure 2.1).

The body axes is defined in frame X and is obtained from

frame A by a 1-2-3 rotation through angle G ,e,, and en

(illustrated in Figure 2.2). The satellite Is symetrical, having

two equal moments of inertia, therefore, a nodal axes will be used

which is one rotation away from the body axes. Thus it can be
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obtained through a 1-2 rotation.

C3X

SCi

Figure 2.2 1-2-3 Rotation

The angular velocity of the orbital reference fram A, vith

respect to an inertial frame, a and the angular velocity of the

satellite, -- , expressed in the nodal axes are respectively,

Ae to 2 (2.1.13)

Stepping through the rotations will develop the orbital rates of

the different frames,

Rotations -

i) about A Athrough G to F. (Frame B)

1 9 1 A (2.1.14)

ii) about Ba through SP © (nodal)

0 9 2 e. (2.1.15)

The angular velocities may be added when in the same reference

frame.
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{6 c} {WC/m}a. Lm{"O /A1 + LCIO/)A(21.16)

The transformation matrices used in equation (2.1.16) are defined

as follows;
cae 2 -sinG 1

LCm= I 1 / (2.1.17)
sine I cose l

LI I cose sInG I (2.1.18)

I -sine, cose1

cose sin sine -coaG snG.1
LCA =  I case I  sine, (2.1.19)

sine z  -sine case z  case case

Ixpanding equation (2.1.16) and using equations (2.1.17) and

(2.1.19), yields the expression for angular velocity expressed in

frame C, the nodal frame.

_/1 cas a. . -8 1 01/

V o e,° ,,oC -oo+o,,.,1 1I sinG 6 oe

case, sin,sinG -cos o, I.',1 9
+ 1 cosig I snG1  9 2.1.29)

sine, -sinG1 cosG2 cosG1 cosG2

Performing the linear algebra yields;

1. S C
C aC2 i?1% U C

+ -uV caseGIsinGe^e + i' sinGe^e +' VCosGlcosea ell (2.1.21)

Or written In matrix form;
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{ cz { e V ssineJ (2.1.22)

9 sine. a cosd cos8j

This is the angular velocity with respect to the inertial frame

written in the nodal frame.

1ii) The last rotation es, is about C. to obtain to the body

frame I. it is expressed in the nodal frame in order to achieve

the final form as

1cCu{ I J (2.1.23)

{&:XI} { { /C (2.1.24)

cosG -i cone sine,

a. ;o sine (2.1.25)
%J I sine 4.', cosecose +,J

Defining W rc W- ) or,

A sine,+ V cose cosea (2.1.26)

produces,

Angular momentum vector about the center of mas is defined as;

{ NcIC- [1a] c {c&?X€Z (2.2.28)

Assuming a syumetric satellite, the moment of inertia matrix has
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the £orm

['i:[ A 6] (2.1.29)

therefore;

{ c 9~ [ A It :Ja (2.1.39)t0 1 C

Prom luler's moment equation;

dt{ H0}o. { Nc)0  (2.1.31)

S"jac+ 6-c"{ Hc} - {H1 c  (2.1.32)

where

-'=- ; -"(2.1.33)-I U° 2ff

Noting [1t]tin equation (2.1.28) is constant, equation (2.1.32)

becomes;(Al l -. l lI 'i
il ~0 il C Az 0° li ot  H2.1.34)

Again, linear algebra operations yield;

I 61 [2I, -- I, , i1- {N (2.1.35)

Further linear algebra gives three equations;
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A, (M~ 3 ~~;4 ~~) nK1 (2.1.36a)

.i,, AbA - Cwdc%, -N (2.1.36b)

cl.- ,A-,.+ A . -%.. (2.1.36c)

Rxpanding equations (2.1.36) vith the definition of w; gives

Ao -&V. Au). a +C ac - % (2.1.37a)

.- A,), -k , e - My% u% (2.1.37b)

cf** a (2.1.37c)

Dividing by the moment of inertia A, and combining terms produces

C -A + ~ w2.4i36a

+ A m a - (2.1.38b)

; a (2.1.38c)

Vith the applied moments being (4;493)

Ni I (2.1.39a)

Ve - 3 - (A-C) sinGicose2  (2.1.39b)

M = I (2.1.39c)

To simplify notation, define;

K m C-A (2.1.41)A

and rewrite equations (2.1.38) as;

+, K.a. .) 4 C.-, (2.1.41a)

-3 3iKsnnOcose a

,wx KCC.(i)3* -nKin-o (2.1.41b)

-I (2.1.41c)
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Takinq the derivative vith respect to tim of equation (2.1.25)

also results in expressions for the rate of change for the angular

velocity,

,s% - b sn - i ac1'e " sinGasine- sIbacose co s& a

C - G+ sine l cose (2.1.42)

- sin + n 9 2 s PinG 4 icose cose -ve sinecose,-P scoseGsinG + s

The next step in solving the equations of motion is to linearize

the equations about an equilibrium point. Later, this solution

viii be inserted into the non-linear equations. The equilibrium

point is chosen such that aa ez - 9. 09 is chosen after small

anqle approximations are made on equation (2.1.22);

a) - 2 (2.1.43a)

a) a a a + (2.1.43b)

a - a + (2.1.43c)

Integrating equation (2.1.43c) yields,

sto ' (2.1.44)

dropping the subscript on w and with Po -, solving for 9,;

e = wt-&# (2.1.45)

where w - n(l*c) with n defined in equation (2.1.3) and at is the

constant spin rate about the CS axis. Vith these values

substituted in equations (2.1.42) and (2.1.39), the accelerations

wi- I and the external moments K -  9. Vith this equilibrium

point, the Ca axis remains perpendicular to the orbital plane. If

this is a stable equilibrium point the satellite viii return to

2-10



this orientation if disturbed by a 'small' amount. To determine

if this is a stable point, state variables are defined;

7-. [ e 0 e' 0 63 ] (2.1.46)

and the perturbation of the state vector in the linearized system,

x'= Ai (2.1.47)

The first two row of the A matrix are trivial, the remaining two

rows are found by taking derivatives of equations (2.1.43);

+ V- I0 + Ve (2.1.48b)

a + •; (2.1.48c)

Substitti ng the values of from equations (2.1.43) and ro

equations (2.1.48) In equation (2.1.41a) yields;

O -;;R-i~x+KG K +'G 16 K+ I + K .GG + IJ~ (2.1.49)

+ l~~K + Ke)e. e. a~ + &S- K (]ie.G)) b2  (2.1.56)

and using the chain rule, the derivative v.r.t. r is produced,

nG' '- -in' 1ng3+ Knv * KnGJ e +fI ew, 4(nu.'- nG3- Kn~ +e'~n

This reduces to the identical equation as (2.1.56) but, v.r.t. w;
0 P, v+KO , 0+ 0- K 4 +0-)0 (2.1.51)

Equation (2.1.51) produces the third row of the A matrix.

Utilizing equation (2.1.41b) and again using small angle

approximations on the right side produces an equation for O;
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+V&~~ ~ ~ ~ IAft&X 4+1-1119)is (2.1.52)

Changing the derivatives to prims, solving for G and factoring

terms yield the fourth row;

Gd -a' [.-,dfG(0 -+ipI, I..- rI+.)G A1 2.1.53)

Equation (2.1.47) mny now be written as,

2 a 1 a e

1 1 (2.1.54)
*• A*1  u.•- 6 s '

a~
A -i- A43  -A 9 4
0 e

where elements of A are defined as shovn and;

Amt a- , (e; + UP - KO;

A. - K(,,+ e)

a Af- 3K

A is nov expressed in term of P-, v,- , ga and C. it Is desirable

to have A expressed in term of one variable C and its derivative

S. This can be easily done by replacing P- and v-, using

equations (2.1.11) and (2.1.12). o my be eliminated by noting

= 3, hence wis a constant, or from equation (2.1.43c),

, = constant (2.1.55)

Let the constant be (ca+1), then

e ( (2.1.56)

A is nov expressed in a more convenient form with the non-zero

2-12



elements of equation (2.1.54) as

A t A#2 - 1

A,. (1-e) (at+l1J(+K)I
at Ca

A9- 2Ie,"  (a+1)(1+K)aI

3K CI

2.2 FLOQUST THEORY

The system here is time periodic with period T,

A(r)-A(+T) (2.2.1)

therefore the stability can be found using Floquet Theory.

Floquet discovered this technique in the latter halt of the

180Is. Our time periodic system is represented by;

x-A(T)l (2.2.2)

where i is the state vector and x- is the derivative with respect

to -r. The variable ' is used, instead of time, as a non-

dimensional variable. A(r) is known and is a periodic matrix with

period T. Any solution x(T) may be w&Itten in the form

i(T) W('r,T )F (2.2.3)

where W(,r,2) is a fundamental matrix and c a constant vector.

2-13



Solving for c yields#

T=- (T T ( )  ( 2.2.4 )

When W(Ta ) I, the identity matrix, W(T,T) Is termed the

Principal Fundamental Matrix and (2.2.3) becomes

x(T)=§(T, r )T (2.2.5)

where the Principal Fundamental Matrix is denoted by 0 and has the

property

O(ToTo)- 1 (2.2.6)

By letting TJo,

*(I,6) 1 (2.2.7)

The *(T,f) matrix has columns *', of which the first, 4' is

obtained by solving

#g:A(T)#I (2.2.8)

In general,

*,=-A(T)O o(')m[- Lttv (2.2.9)

or,

*('rl)=A(')1(Tl) (2.2.11)

Equation 2.2.16 can be solved numerically using the initial

conditions from equation 2.2.7. Numerical integration would also

be used to simultaneously solve for the variables C and C'

contained in the matrix A.

All of the above equations are true for all time dependent

matrices. Floquet Theory states f[rU) can be factored into two

2-14



matrices, F and J, in the manner,

Ir,9)-FIr)eT-i (9) (2.2.11)

The J matrix is a constant matrix and, for convenience, is

expressed in Jordan normal form. The diagonals of the J matrix

are the analog of the eigenvalues for a constant coefficient

system and are called the Poincar6 exponents, wt.

The matrix F(T) is a time periodic matrix with the same

period, T, as the original system (equation (2.2.2)). If the

system had constant coefficients, F vould be the constant matrix

of eigenvalues. Thus, solving the Floquet problem reduces to

determining the constant matrix J and the periodic matrix F over

one period.

Evaluating f(TB) (recall T is the system period), yields

(T,9)F(T)e JTlF- () (2.2.12)

Howevere, F(T)=F(I) since F(M) is periodic. Therefore equation

(2.2.12) becomes

*(T,B)=F(I)e TF-1 (3) (2.2.13)

The matrix I(T,) is called the monodromy matrix and F(l) is the

matrix of eigenvectors of *(TI). The technique of constructing

the monodromy matrix is to numerically integrate equation 2.2.19.

From equation (2.2.13) it is seen f(T,I) and •JT are similar

and therefore have the same eigenvalues, X,. If the X. were real,

J would be a diagonal matrix with the Poincar6 exponents, C., on

the diagonal. The eigenvalues of J, the Poincar* exponents w.,

are related to the eigenvalues of eJTfor f(T,I)l by

X=exp(.iT) (2.2.14)
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.. . m E I I I 1 111.i q

or
1o= n 

(2.2.15)

If the . are complex then taking the log requires,

(An (In IA.1  + t arg(X1 )) (2.2. 16)

The stability of the system is nov available. Since F(T) is

periodic, the stability of the system is governed by ca (or X.).

If all of the Poincar6 exponents, c., have negative real parts,

or, if vorking vith X. tAy.l, then the system is stable.

Usually Floquet analysis is used only to determine stability,

and therefore stops at this point. For this study, however, the

complete solution is required, so F(T) over one period must be

determined. Substituting equation (2.2.11) into equation (2.2.19)

produces

d F(T )=A(T )F(T )-F(T )J (2.2.17)

Once F(T) is determined numerically, since it is periodic, it can

be expressed in terms of its Fourier coefficients.

Since both matrices r and J may be complex, the above results

may be inconvenient. Hovever, they can be arranged so that both

are real. F should be arranged in column vectors, f,, if the

eigenvalues are real. If they are complex, the column viii be

ftri" ." The matrix J viii no longer be in Jordon normal

form, instead it vill consist of diagonal real entries w, if the

eigenvalues are real or for a pair of complex to J will have

diagonal blocks of the form;

el.) 1:(c) ]
-lm(S) Re(1) (2.2.18)
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The matrix exp(JT) viii contain diagonal entries exp(cjr) for real

entries, or diagonal blocks;

cosIm(Oc.)r sinlM(C. ]1
exp (Re()°Tj -sinlm(o.)T cosl%(I)j (2.2.19a)

for blocks of J of the form of 2q. (2.2.18). With these changes,

the previous formulae stay unaltered. Since this is a periodic

system, after one period exp(wT) Is simply X,, therefore the

matrix exp(JT) is easily constructed as

r [Re(K.) Im(Xt)1
exp IX'.) Re( I (2.2.19b)

It Is often necessary, or at least more convenient, to use

the inverse matrix F-a().The state transition matrix is never

singular (ref 1), therefore F(T) is always invertable. One method

of obtaining F- () is to invert F(T) at a given value of T.

However, this method can be expensive in both time and round off

errors. Another method is to differentiate the identity FP'-sI,

sv

d d j(1r) F-1 (2.2.29)

and the value for F substituted from Sq. (2.2.17),

d (-aJ -71IA(T)F('r)-F(r)JI 7'

IT-(-") 4-4(T)JF'(2.2.21)

Therefore F' (T) can be constructed by numerical integration and

transformed into its Fourier series coefficients without having to

find F(T). To develop the system with F -(T) the initial
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conditions, or F-*t() must be known. Since It has been shown from

equation (2.2.131, FM() is the matrix of elgenvectors of O(T)

(which may be complex), a real matrix f() can be constructed in

the same manner as was developed with the P and J matrices.

Taking the inverse of this constant real matrix.

- M t(O) I. E (2.2.22)

and constructing J from the Poincar& exponents,

Re (WJ~ In FWO) I

j a (2.2.23)

0 Re (09) In(0s)

# I s im0) Re(as1 )

F- (T) may also be related to the modal matrix associated

with equation (2.2.2), i.e., the adjoint problem;

d
d-y(T) = -A y(4) (2.2.24)

Letting the modal matrix associated with -A be L('w), It can be

found that

(T)= -A ()L(r)L(r)J (2.2.25)

= L(T)3 7 - Ae(T)L(T)
S1

or taking the transpose,

-L (T) 0 -L4(r)A(T)+JL(T)1  (2.2.26)

By comparing this equation with (2.2.21) it can be seen that
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r' ( )-L(T )(2.2.27a)

or

L(r)[ -t(T) (2.2.27b)

with

[v0) (111 (2.2.27c)

This illustrates the orthogonality betveen the eigenvalues of the

adloint problem to the eigenvalues of the original system.

Solving equation (2.2.25) Is the preferred technique for

constructing P- CT).

Introducing a new modal variable i) such that

X(T)UP(T)(T) (2.2.28)

and substituting into equation (2.2.2), an equation for 71' is

developed.

x'-Ax --.-- P' "AF7
* -

which reduces to

OJT? (2.2.33)

Therefore, the eigenvector matrix F(T) is a periodic

transformation which changes the time periodic system of equation

(2.2.2) to a constant coefficient system, (2.2.39), since J is a

constant matrix. If the Poincar, exponents are real and distinct,

Jis diagonal and the system described by equation (2.2.39)
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* reduces to n uncoupled ordinary differential equations. If the

Poincar* exponents are complex, J is put In a block diagonal form

vith the real parts on the diagonal and the imaginary parts on the

* off-diagonal. Bach complex pair results in a pair of coupled

equations.

2.3 Nodal Control Theory

C The open-loop characteristics of equation (2.2.2) are

determined by the Poincar* exponents. These exponents, and

therefore the system stability, can be changed by addinq feedback

* control. The system has the form of a standard control problem

X (T)zA(T)x(r)+B('r)u(T) (2.3.1)

where the control matrix B(t) is either constant of periodic with

* the same period T as the fundamental system and U(T) is the

control vector. Assuming full state feedback;

u('r)-G(r)X(T) (2.3.2)

( where G(T) is the gain matrix. Denoting the closed-loop state as

X., equation (2.3.1) becomes

x'=(A+BG)x (2.3.3)
C C

C Using modal variables,

XzF?

equation (2.3.3) becomes

.F ~+hY~j(&+BG)?i

F' +F ?=AV c+3G;vc
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+F,3 "Jv'~I7? (2.3.4)

which is a Floquet problem If it is assumed that, at worst, G(T)

in periodic with period T. G(T) must be determined such that the

closed-loop system has acceptable properties. For this analysis a

modal control technique was used for a periodic system in which

the control will be a scalar control. This scalar control was

Implemented on the Poincar* exponents which are complex

conjugates.

For scalar control equation (2.3.4) is

'= J7? + g(T)u(T) (2.3.5)

where g(T) is the n x 1 periodic mode controlability matrix,

g(T) a LT (T) B(T) (2.3.6)

Nodes %). are controllable if the corresponding element g. is

non-zero. In the case considered here two modes will be

controlled at once; the two having complex conjugates of the

Poincar* exponents with positive real parts. Therefore the

control is qiven by

u = k(T) Y? (2.3.1)

where k - (1, I, ... , k ... , kj, ... J. The elements i. and j may

be made to occur consecutively by simply reordering the equations.

The resulting closed-loop equations can be expressed in matrix

form with J replaced by iti as
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•. ~ . .... I III Ii I i a._ .

I kigi k. q I

L I a~ kg k W U

From equation (2.3.8), it can be seen, except for the ith and 1+1

term, this closed-loop system has the same Poincar* exponents as

the open-loop system. These two components are determined from

the coupled equations for the two modes -0 and T? t 1. Since these

two equations are decoupled from the remainder of equation

(2.3.8), they can be separated into the two dimensional system

% " / k,,e"° (2.3.9)__

It was shown by Calico and Viesel (ref 1) that. when gI and g3 have

constant term in their Fourier series, and constant gains k and

k are used, the new Poincar6 exponents will be related to the old

exponents by

W'+ W' = ) + + k g + k 9 (2.3.1)1 a t a i (2.3.12)

This allows the sun of the new Poincar* exponents to be set to any

desired value. While this does not provide the ability to set the

new exponents individually, it does allow the movement of the

coupled pair of exponents. For stability, the sum of these two

exponents must be negative. This is a necessary and not a

sufficient condition since it does not guarantee the real parts of

both exponents are negative (just their sum). Numerical
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integration of the new monodromy matrix will determine the actual

values of the new Poincar* exponents. In the case where the

original Poincar& exponents were complex conjugates, equation

(2.3.16) only determines the sum of the real parts. The actual

values may be either real or have imaginary parts.

2.4 Development of Non-Linear Equations

The development of the non-linear equations follows from

inserting the values for w, 2, a and az given in equations

(2.1.25), and (2.1.42) into equations (2.1.41a) and (2.1.41b). As

in the linear case, since the satellite is spinning about its axis

of symmetry, ca is a constant and is a+l. Therefore u can be

eliminated from the equations. Setting w in equation (2.1.25)

equal to acl and solving for v. will also allow the elimination of

a from the equations.

b= a+l- b sinOa- ZcoseIcosez  (2.4.1)

Working with equation (2.1.41a) first,and noting that derivatives

with respect to time and r only differ by a factor of n for each

order derivative yields,

A cos&,- 49 9sinG1 - vcosetsinG2  v-LGsInOisin a- a cos&Icos& a

(2.4.2)

+* x(62+ ;sinO )(CI+.) + (62 + usinG), a

Rearranging and further simplifying yields
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iscose.- 6,6 2 sin.- Pcose sin%+ 4 i'6sinG sinG2 - i'GxcosG cosG2

K* P +~~ ~s i no X(2+1) +(b2+ &,aI nk)(ani sG- baIn .Csa Icne ) .

6 6 tan 2 - i.coetane,+ L'G sine~tane. - a coset

+ (64+ Vin8ifl[(K+1) (+l)sec49,- 6 tane.- icosaj - I

6 - b tanG - Lcose~tanai4 i'G sinO tanG, - i.'Gcose

+ b (K41) (aml)secea _ beatane.- ,*jiose, (2.4.3)

+ z'(K+I)(a*1)sinalsecez- uG ~sine tane 2 V sine~cos&,u I

This equation may be simplified and solved for 6..

091= 2eIL e tanG 2 P 2.'GcosG9- (e.+isine~j (K.1) (01+)jsece,

n+icose tanG + L'sine cosa (2.4.4)

This is the same form of the equation if the derivative vas vith

respect to T. Similar substitutions into equation (2.1.41b)

yields,

6 2+ PslnGv~cs, K6-o. 'cos6 sine) (osil)

- (b~cosG,- ,cose sine. ) (a+Il - bt ai n 2 - V'cos 1 cosez) (2.4.5)

3KsinG cose,

(notice the nz term is missing from the right hand side when

compared to equation (2.1.41b) since the derivative is now with

respect to 'F.
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Similar steps as those betveen equations (2.4.2) and (2.4.4) viii

yield from equation (2.4.5) an expression for e. Derivatives

with respect to T and villI be represented by dotted terms.

2 = (,cI) (Ot+i) (bi Cosaa- .cose sine) ) - It-2iG cos cos 2  a

(2.4.6)

(.2 os- z O 3)sinGcost?

The expressions for V and i can be found from equations (2.1.11)

and (2.1.12) respectively. The non-linear terms are now expressed

in a manner that may be programmed and numerically integrated.

These two equations will replace the last two in equation (2.1.54)

and the feedback can be added in a similar manner. Again, for

'small' initial conditions this non-linear system should behave

similarly to the linear system.
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CHAPTER 3

RESULTS

In this chapter the sequence of procedures and the results of

the example tested will be discussed. The example was

accomplished employing various computer proqram to solve the

equations developed in the last chapter. The programs utilized

were run on a Personal Computer and were written in Fortran 77

Microsoft version 4.31. This allowed INSL subroutines to be used.

Numerical integration was accomplished by the MAKlING subroutine.

It was decided that scalar control on a system with two unstable

modes would be implemented and the computer programs were used to

determine what parameters would be used in the feedback.

3.1 Parameter Space

The basic system was expressed in the linear form

x-=A(T)i (2.2.2)

where the elements of A(T) are expressed in equations (2.1.54) and

(2.1.57). These elements are functions of K, a and e. Therefore

the stability of the system is determined by these three

parameters. In Kane and Barba (4;495) stability is shown in the

K, a parameter plane for various values of the eccentricity. The

values of the PoIncar6 exponents for various values of K and a

with eccentricity, e-6.5, is shown in Table 3.1. This example is

the same as used by Myers (ref;5). Myers used values of 0.7, 1.3
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CL= K= 1.0

3.9 3.9999 J/91.1395 6.096 4/ 1.3525
2.6 6.661 J/I1.1174 6.1666 J/ 6.4937
1.3 0.60004/ 11.1549 1.6000 4/ I1.3766
6.6 9/ .1878 + 16.5666 6.6160 4/ O1.3556 't."

-1.3 6.6718 - 0.6718 6.1160/ 16.3728
-2.6 3.3976 - 3.3676 6.3330 J/91.2952 1
-3.6 / 9.6953 + 6.5666 3.9666 J/ 6.4673 t

K- 3.8
3.3 1.6009 4/ I1.1489 0.6000 4/ I1.4917
2.6 6.6363 4/ I1.2241 6.60 J/ 6.206
1.6 1.1001 4/ I1.1731 6.9001 4/ O1.4595
6.6 / 6.0525 + J6.5360 6.9666 J/91.2638 t,1t

-1.6 6.6672 0 .6672 6.0666 4/1.2666
-2.6 6.3366 J9 1.1272 6.6666 J/O1.4239
-3.6 / 6.6854 + 16.5666 3.6666 J/I1.6129 1t

K= 6.6
3.6 9.9966 J/91.1519 9.1606 J/ 6.3791
2.6 6.3366 4/ I1.3486 0.0066 J/O1.3682
1.3 4/9.0885 + J6.5960 0.966 J8 1.2811 t,"l
6.6 9/ .6555 + J6.5066 0.1476 - 6.1476 t

-1.6 0.50667 - .5667 0.0066 J/Oi.0175 I
-2.0 6.0000 J9 1.1266 6.6666 /-J6.4665
-3.9 6.6663 4/ O1.4149 3.8010 4/ I1.4414

K: 3.4
3.6 6.3666 J/ 6.2559 3.6003 J/91.1447
2.6 6.006 4/ 10.1368 6.6630 J0 1.4276
1.6 6.3666 4/ I1.2983 0.6636 J/O1.6349
6.6 0.1249 J9 1.2959 -6.1249 J9 1.2959
-1.6 0.2943 0 .2943 0.0006 4/ 1.2163
-2.6 6.6666 4/ 1.4396 6.669 J/I1.2173
-3.6 3.6666 4/ O1.2863 6.6666 4/ I1.3651

K- 6.2
3.6 0.6066 4/ O1.1215 0.6663 J/91.1999
2.6 0903 / 19.3673 0.0063 J9 1.1282
1.3 1/ .0742 J91.5066 6.6666 J/I1.1762 t
6.6 4/9.6716 + 16.5666 6.666 J/I1.2547 t
-1.3 0.1860 J6 1.4857 -0.1860 / 16.4857
-2.3 6.9666 J/O1.2793 6.66694/ 10.4692
-3.6 1.0660 J/ 6.1724 6.666 J/ 6.4328

Table 3.1 (ref 6) Poincare Exponents for K vs. aL, with ezO.5

Apparent error from catcultang comptex Logo corrected
IIMoth error corrected
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K= 9.1
3.1 0.0603 +1 91.0800 6.9000 J/01.0600
2.0 0.066 4/J0.660 6.6666 4/ 91.969
1.0 1.0300 J/91.6960 0.0313 4/ 61.9669
1.1 1.6101 3.0336 9.1113 1.010
-1.3 3.6336 4/ I1.3113 3.399 J/61.0933I
-2.3 3.33390/ i3.600 3.966 J/91.6606 I
-3.0 1.311 4/ J0.0969 0.06004/ J6.6969

K=-.6.2 3.6 3.1384 4/J6.9932 -3.0384 J01.3932
2.0 6.3983 J 6.1756 -6.6983 0 1.1756
1.3 0.1829 J/ 6.3833 -0.1829 J/O1.3833
3.3 6/ .5257 J91.5000 4/-0.2162 + 1.5333 t

-1.6 0.6617 4/ I1.3394 -3.6317 4/ 91.0094
-2.3 0.4319 /-JO.3953 -3.4319 J/O1.3953
-3.0 0.2297 J6 1.2971 -3.2297 JO1.2971

K=-0.4 3.0 9.4215 0 .4215 0.00603 J/9.3602
2.6 0/ .4385 + J0.506 +/-0.3361 /-16.5066 t
1.3 0/ .6614 + 13.5333 +/-0.3876 J/ 6.5003 t
3.0 0/ .7834 + 11.5331 4/-0.6559 4/ 61.560 1t

-1.6 0.8141 4/-J3.6339 -0.8141 J/91.0339
-2.3 0.7568 4/-J6.2613 -6.7568 J8 1.2810
-3.0 1.4537 + J3.4128 -0.4537 4/- 13.4128

K=-0.6 3.3 4/9.3735 4 J9.5998 0.5384 - 9.5384 It
2.3 6/ .8482 + J9.5096 6.5259 - 6.5259 t
1.0 / 1.0741 + J6.5000 +/-0.5117 + 19.5930 t
.3 6.9275 4/- 16.3540 -6.9275 +/- 13.3546
-1.9 3.9782 4/- 13.3681 -3.9702 4/- 19.9681
-2.3 3.9559 4/- 16.1556 -6.9559 4/- 16.1550
-3.0 0.8834 4/- 13.3668 -6.8834 4/- 13.3668

K=-6.8 3.3 / 1.2424 + J6.5006 4/-0.6166 + AI.5899 t
2.0 / 1.2570 + 13.5606 +/-0.7543 + 16.5666 t
1.3 +/- 1.1584 + 13.5303 +/-0.9564 + 11.5330 t
3.0 1.0840 4/- 11.2543 -1.8843 4/- 13.2546

-1.3 1.0985 4/- 13.119? -1.0985 4/- 13.1167
-2.0 1.1092 4/- 16.6117 -1.1062 +/- J96117
-3.0 1.0896 4/- 13.1272 -1.0896 4/- J3.1272

K--1.0 3.3 1.2395 4/- J1.1618 -1.2395 4/- 13.1618
2.3 1.2395 4/- 16.1618 -1.2695 4/- 16.1618
1.3 1.2095 4/- J6.1618 -1.2195 4/- J9.1618
1.3 1.2395 4/- J9.1618 -1.2695 4/- 19.1618

-1.3 1.2395 4/- 3.1618 -1.2395 J8 1.1618
-2.0 1.2695 4/- 13.1618 -1.2695 4/ I1.1618
-3.3 1.2395 4/- J9.1618 -1.2195 J6 1.1618

Table 3.1 (continued)
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and 3.5 for K, a and e respectively. These values resulted in two

complex conjugate pairs with two stable and two unstable roots.

Modal variables are used to decouple the four equations into

two coupled pairs. Phase plots can then be used to view the

stability and the effect of control on the system. Since the

nodal variables are four in number, graphical presentation is

difficult. Therefore phase portraits will plot % versus and

*s versus 7)" In the non-linear system, since modes 3 and 4 are

stable, emphasis will be place on modes 1 and 2 with initial

conditions of Ts and "4 set to zero. Modes 3 and 4 are monitored

to insure they do not become unstable, but the motion resulting

from the control to stabilize modes 1 and 2 are the primary

concern. Once the feedback is Implemented, the original modal

variables will no longer decouple the two sets of modes. However,

useful information can be obtained from this set of original modal

variables. In order for the new equations to be decoupled, a new

J matrix needs to be developed and found numerically for the new

controlled system. This will be left to later investigations.

3.2 Uncontrolled Linearized System

The parameters used in this thesis are K=6.7, a=1.9 and

e=9.5. This represents the most common type of instability, but

the methods used to control this case are applicable to other

cases. With no control added, the characteristic exponents are;

to I .177 J/- jI.3667 unstable

C = -9.8177 /- J9.3667 stable
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Vhile all the motions of the satellite are Important, a variable 4

which is the angle between the satellite spin axis and the orbit

normal, shows the combined movement of 6 and ea and is defined by

0 = arccos(coseI* cos9 ) (3.2.1)

(See Figure (2.2)) The motion of the uncontrolled system is shown

in Fiqures (3.1) through (3.11). Figures (3.1) through (3.4) show

the motion of the state variables. This motion is started by an

initial displacement, I.e., the state variable's initial values,

in radians are

Ii .121
x(e)= 6.2 (3.2.2)

Figure (3.5) reveals the combined motion of e and e . Figuresa|

(3.6) through (3.9) display the modal response. The initial

values for the modal variables are defined by the use of inverting

equation (2.2.28) hence;

v (9)=F(I)- xCO)

or (3.2.3)

V)(I)=L() Tx(N)

Figures (3.10) and (3.11) are the phase portraits of the

linearized uncontrolled responses. It can be seen from these

modal plots that the first mode pair spiral outward and therefore

is unstable while the second pair spirals inward indicating a

stable mode pair.
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3.3 Scalar Control of Linearized System

From Floquet theory In chapter 2, a solution to the linear

system of equation (2.2.2) is qiven by equation (2.2.11);

I(T)=F(T)e F-1 (6) (2.2.11)

with J constructed as

0.6177 -0.3667 6.00 6.9661

3 0.3667 -0.0177 6.00 .06 (3.3.1
0 1.006 6.660 -6.6177 -0.3667 (3.3.1)
0.0000 0.0000 0.3667 -0.6177 J

The values for the elements of the periodic F matrix could have

been found by numerical integration and a computer program used to

express these elements in terms of their Fourier coefficients.

Instead, the adjoint problem was solved, hence the values of

K,-IT were needed. This matrix was expressed as the L(T) matrix

and the Fourier coefficients of the L matrix were found. A

typical element of L is

1 = 0.9242 - 0.6855 cos(T) - 0.4349 cos(2T) - 0.0124 cos(3T)

+ 0.011 cos(4T) + 0.0271 COS(5T) + 0.0354 COS(6T)

+ 0.6340 cos(iJ) + ...

+ 9.6927 sin(T) - 0.1637 sin(2T) + 0.1957 sin(3T)

- 0.1269 sin(4T) - 1.0503 sin(5T) - 1.0161 sin(6T)

- 0.0065 sin(7Ir) +

where the values of the higher frequency coefficients become

Increasingly smaller in magnitude. A list of the Fourier

coefficients of selected elements of the L matrix is included in

Appendix A. The linearized system has two unstable modes and the

control implemented is angular rate feedback. In this case the
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form of equation (2.3.8) viii be used with the vectors k and B as

k x [kk a0 (3.3.2)

and

B= (3.3.3)

From equation (2.3.6) this produces a q vector of the form

p+
az- , 1 (334)[i.ma+1,,
34 +

4

Using the trace method described by Calico and Viesel (1;674)

gives equation (2.3.11) in the form

(a)'O + W a + '( I + 1tl,~ 4 ka (14 1) (3.3.51
1 2 1 2 qa1 41) aa 3

where the values of I viii be the constant term of the Fourier

coefficients. Therefore the first two elements of g are chosen

to be

917- 0.1967 (3.3.6)

gzCt -6.8486 (3.3.7)

The list of Fourier coefficients for the first two elements of the

9C vector is also included in Appendix A. As stated in chapter 2,

while the values of the new characteristic exponents can not be

individually chosen, their sum can.

o (o x 2(f.9177) + k (6.1967) + k (-0.8486) (3.3.8)

The values k1 and k a are picked to be -3.4 and 3.4 respectively.

This makes the new sun
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'• 9.9354 - 9.4(1.0453) = -9.3827 (3.3.9)1 a

Integrating the new 0 matrix over a period of 2n and using Floquet

theory yields the new characteristic exponents,

= -0.1454 + J6.59#6 and w, a -9.3373 + j9.599
1 2

The imaginary parts of the new exponents exist because with

control the period is now twice the old period. When the new • is

integrated over 4n, the values of the characteristic exponents are

the real values with no imaginary part. The resulting controlled

motion is shown in Figures (3-12) through (3-14). Figure (3-12)

shows the combined a. and 9. response and Figures (3-13) and

(3-14) are phase portraits of the controlled linearized modes

using the uncontrolled modal variables. Figure (3-13) shows how

fast the first mode pair now converges to a stable condition while

it can be seen in Figure (3-14) the second pair is effected only

slightly and remains stable. For these plots to be as smooth as

Figures (3-10) and (3-11) new modal variables would have to be

defined for the control system.
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3.4 Yon-Linearized System

With 'small' disturbances the uncontrolled non-linear system

behaves, as predicted by theory, like the linear system.

Comparing Figures (3.15) through (3.21) to the linearized system

figures, shows hov close the uncontrolled response follows the

linearized system. The Irregular notion toward the end of the

trace on figure (3.21) is due to the coupling of the YA, 7# pair

since they are increasing in magnitude as time gets large. The

controlled non-linearized system duplicates the controlled

linearized response since the coupled effect of the 7?, I7 pair

does not appear since the controlled pair is now stable. This is

illustrated in Figures (3.22) through (3.24).

The phase portraits of the controlled non-linear system show

the effect of control on the system. For this study, initial

disturbances were selected for the modal variables T? and Ye but

the initial values of 7) and 74 were selected to be zero. The

linearized system has uncoupled modal responses, however as

nonlinear effects become apparent the two separate phase planes

7, 7e and 7aIo 4 become coupled. This is the reason why, as the

disturbances get large, initial points seemingly close together

display very different responses.

Vith the magnitude of the disturbances for 7? and ia kept

below 1.25, the response is very similar to a linearized system.

This is shown in Figures (3.25) through (3.28). As the

disturbances grow, there is an increasing tendency to oscillate

around the zero disturbance instead of returning to complete
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stability. This indicates a region of chaos. This tendency

appears to increase sooner in the second and fourth quadrants.

Figures (3.29) through (3.31) illustrate this tendency. It can be

seen in all the Phase Portraits that the plots are symetrical

about the origin even in the non-linear system. With even larger

initial displacements the stable areas become narrower even in the

first and third quadrant. The points shown in Figure (3.32)

without curves are initial values which do not converge on the

origin but oscillate. The traces of the curves that do converge

in these figures appear to enter the stable area along the

vertical axis.

If the new modal variables were found for the controlled

system these plots should become smoother with the lines not

crossing in the linear region since these new modal variables

would again decouple the the two mode pairs. Using the

uncontrolled modal variables still allows conclusions to be made

with respect to the size of 'small' disturbances. It is evident

from the phase portraits that a modal displacement magnitude less

than 0.25 radians and radians/T will result in a stable system

with reducing magnitudes. Larger displacements will result in a

reducing magnitude or chaos. Further investigation is warranted

in this area to further define the value for 'small'. The use of

controlled modal variables will produce more information.
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Chapter 4

Conclusions and Recommendations

The results of the previous chapter leads to some important

conclusions on the concept of small disturbances of a satellite

system and the resulting motion of that satellite. It was shown

scalar control works reasonability well on the system with two

stable and two unstable modes. Left to be determined is a method

in selecting the optimum gain of the feedback other than 'hit and

miss'. Large gains do not necessarily produce the most stable

system. While large gains may produce one root which is more

stable, it is likely to push another root in the opposite

direction toward Instability. The modal variables used In this

thesis is for the uncontrolled system and therefore do not

decouple the controlled modes. However, the uncontrolled modal

variables can provide information on the stability movement of the

controlled modes, but further integration to obtain the new

controlled modal variables would provide better information.

From the uncontrolled modal variables it is apparent that

there are several regions of different stability. Under a value

of 0.25 the non-linear equations behave linear. Outside this

region, there exists an area where different initial conditions

may or may not return the system to its original equilibrium

point. Starting points, seemingly close together on a two

dimensional plot, result in very different reactions. Some return

to the center while others seem to oscillate in undamped but

bounded movement about the center. This can be attributed to the
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two dimensional representation of a four dimensional problem and

to the use of uncontrolled modal variables in the controlled

system.

Further study is warranted in four areas. First, the new

modal variables should be found to further this investigation.

Then this outer area of confusion can be studied. Also a method

needs to be found for systematically determining the optimum gain

for the feedback. Finally, study of control other than scalar

should be investigated using the non-linear equations. Work on

vector control with the controlled modal variables seems to be the

next logical step.
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Appendix A: Fourier Coefficients

AdJoint Solution Iatrixx (first l terms)

L

n a b
l~ n

0 .9242311168594719e0

1 -.6854529509025176ElUB .6926555705680942+00

2 -.4348864379633389+90 -.1636572797973497+06

3 -.12435658525218432-61 .1957221216151334+09

4 .1113693638083685E-62 -.1268693977398193+00

5 .2714625341132396K-91 -.5932345229286853-61

6 .3536628926488216k-g1 -.1604309578632719-01

7 .33984111360418218-I1 -.4596563214445126-03

8 .2877108026556694k-Il .5652832193389088-02

9 .22727932859096529-61 .7218445776603422-02

10 .1719119294606154E-il .6891233935661503-02

LIz

n a b
nn

0 .12259528004377089+61

1 -.22124209186896549+01 .58202664134869343+66

2 -.7401668126789335E+g6 .4269529569564278E #@

3 -.52281957976547549+00 .6112875661246712E-fl

4 -.6759642857946536R-02 .16628756612467123-03

5 .208022389116586ON-61 -.28176290496679713-61

6 .3186080763242387E-01 -.3603346692853598R-01

7 .3169692364656334E-01 -.34226948785981529-61

8 .27134126765976913-I1 -.2876258146367391E-01

9 .21521524I7587097k-g1 -.2266715215954215E-gl

1 .16362603126696683-01 -.1703811298128566E-01
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Mode Controlability Blement, g (first 30 term)

n a bn

I .19674613985766399+99

1 .51736998143961243+I1 .1611886143123141K+gg

2 .767623185236048-62 .68976735952271863+01

3 .94369713923957623+06 .659917556522343139+

4 -.26511162671619169+99 -.12886161126593649+66

5 -.2176593792755639-il .579&0673764717399-I1

6 -.24067691713579179-12 .457682432251797@E-gl

7 .11916991161763149-02 .31512176993053799-01

8 .15958425315913589-12 .19531382439765449-I1

9 .12378884146178449-32 .12314594313299149-01

13 .89139291144318769-03 .77149185125278452-02

11 .60687585724670933-03 .48177288854725919-02

12 .40134949124026673-13 .314941591834513E-02

13 .26111362026928859-03 .18734449698837633-02

14 .16799246989865I4E-03 .11680533954321019-92

15 .1073945888386856E-13 .7284763322974062E-03

16 .68344697882779333-04 .45452998799184959-03

17 .43358661542335913-04 .2837514607110684E-93

18 .2744787174179565E-04 .1772389317881157-13

19 .17349528045952349-04 .11677264528798973-13

23 .10955b361219531E-04 .6927229736155386H-04

21 .6912323486100846B-I5 .43344974109231769-94

22 .4359319069960982E-05 .27137358198574899-94

23 .27482420868473793-65 .16999815582?77689-94

24 .17326244860013189-95 .1665537262337215R-04

25 .1991179288716139B-05 .6682569171913498E-15

26 .68705605555493959-06 .41934825451948813-05

27 .432196261574171@E-06 .26331317438973443-I5

28 .27143112731376773-16 .165443465I7851119-15

29 .179329996997123-96 .11492966122736549-15

33 .11599472987995299-06 .6544726496219521E-16
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Mode Controlability Blement, (first 39 term)

n a b

I -.84856629758494173efl

1 .89407224299943782+99 .73726344546968492+9

2 .39489681789488353+ff .46383418765072693+lf

3 -.468749462139119@R+60 .2696243419385019B+f9

4 .4296761958679234R+06 -.33129358360395412+00

5 .1283867791353921[c+@@ -.54446288842162373-01

6 .7950456274269417k-f1 -.26386052469482269-#l

7 .41550639577886833-01 -.921106496445791R-92

8 . 259458548I9379128-01 - .455032669766039t-62

9 .1525469719967192K-Il -.236903393619388b3-92

IN .934689643563187#R-92 -.127705745908g64fg-02

11 .57497669938951672-02 -.79569688833107569-63

12 .3547389464991846R-02 -.39727962121217239-03

13 .21936bb2895093579-92 -.226910696109824bE-93

14 .1359102223893499B-62 -.131114682933382@R-93

15 .8434047857939979-93 -.76488227539392789-04

16 .524116722692038@E-93 -.4498169631354b589-04

17 .32619418997540599-63 -.26637792326784863c-64

18 .29312507254589113-93 -.1587260485321147E-04

19 .12664899892617563-03 - .95119139703942639-65

26 .79037894958130579-94 -.57313354481438869-05

21 .49364433363445163-04 -.34724520987822039-95

22 .3085464757136849E-04 -.2116339151937943E-65

23 .19298299385715553-04 -.12985979836798299-05

24 .12677526489574129-64 -.86341981832847829-6

25 .75624412336745513-I5 -.59229691521142809-06

26 .4737255466915989-85 -.3183896682499932R-96

27 .29683249937613313-05 -.265549127813576M-06

28 .10600545259715892-05 -.135943834343434@B-6

29 .11652759817667673-65 - .9273710683671869B-97

39 .72944859485207273-96 -.65708855074722489-97j
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Appendix B; Initial Values Data

Initial Values for Points not Traced on Figure 3.32

point 71(e) x(e) point in(0) x(e)

1.1 9.1524 0.6 i.2366

TI { .{.661J f2 -1 I.1157
33 -1.r037 -.6 115

-. e.-3.109 .2473
3. J.309241 14 .e0.13781

.I f ~!l i 'l 11113331
3.30 1.0444 r.9 0.5717

1.96269~ .5 02867~

T-.3 -. 2930 T6 1. .1571{0.0 {-0.638 10.1 -0.7559

9-.01 1 -1.5091 1 . 1.591
15 I0.9617.5 .1657

1. . 9.3 9.1 .39. .506 0. 0.50111 Ii6
1 i.IJ i-.nnsJ .IJ .3nJ

.9 0329 .5 .1343

T1 .5 -0.1992 Tl 3. 9 ~0.0913

1.6 1.095 1.5 0.39955

.J 12.lb7 .9 2 1.9248

0.01 b 119 0 1 .1 [ 1..56901

2.9 96629 .6 01791

114 1.466 115 -93334

1. 0964 T29 1 i.1295

T21 1.e 0. 1268: T23 1.5 :19 |

.9 268381 . 11:13
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elliptidal'brbit is'analyzed. The perturbed motion of the
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coefficients. Stability is determined by Floquet theory. Active
control Is added to the system and results lead to a linear
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