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% Preface
Thie Thos 1s—

~This study\){nvestigated the performance of an on-hoard ﬁlter\"alg rithm in
O byto ¥

estimating the relative positions of each element in a ten satellite,cluster. The -3 <

estimator chosen was the U-D covariance factorization version of the Kalman filter.

The performance was evaluated by comparing the square-root of the position
covariance eigenvalues to the magnitude of the true position errors. Even though
filter tuning was limited to the diagonals of the dynamics noise matrix, the position

errors were well within the accuracy requirements for all test cases.

In programing and writing my thesis, I received invaluable help from my
faculty advisor, Dr. William Wiesel. His patience and guidance are greatly appre-
ciated. I also thank Dr. Peter Maybeck for his counsel. Special thanks to my wife
Susan and son David for their understanding and support over the past months.
Finally, I wish to thank the Lord who gave me the strength to keep going duﬁﬁg
the long hours.

Michael L. P. Ward
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with dynamics based on the Clohessy-Wiltshire equations. Performance is mea-
sured by comparing the square roc. of the position covariance eigenvalues to the
magnitude of true position errors. True errors are also compared to minimum accu-
racy requirements. Filter tuning is linited to adjusting the diagonal entries of the
dynamics noise matrix. Test cases include: perfect initial conditicns with perfect

range data; and perfect initial conditions with noise corrupted measurements.
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ESTIMATED SATELLITE CLUSTER ELEMENTS
IN NEAR CIRCULAR ORBIT

b I. Introduction

e e Y

>

—~

The arraying of satellites into clusters has been under consideration for a*

‘number of years for commercial communications applications. Stationing these

satellites in a restricted section of an orbit allows for in-orbit spares to replace
satellites as they fail, thereby dramatically increasing overall system reliability.

Reliability is, of course, of major concern for military applications as well. An

additional benefit to lhe"/xixilituy plmnetf}_s increased wartime system survivability. J

A cluster basing strategy allows for the use of less expensive, less sophisticated
satellites. Survivability is enhanced because the loss of a satellite does not destroy

the system.

One 'proposed use of such a satellite cluster would be a space based radar.
In order to form a cohesive image of the radar return, the relative positions of the
satellites need to be known to within one quarter of the radar wavelength (3:page

443]. For the purposes of this thesis, 25 meteré;‘will be" considered sufficiently

accurate, (see appendix A).

:\ number of authors have published siudies in the area of satellite clusters.
The idea was first introduced by P. S. Visher, who was grrnted a patent in 1983
[2:page 1713). Many authors have done follow-up studies on cluster geometries
and station keeping [6,2]. Few have addressed the stochastic nature of the position

determination problemn.

One writer who has addressed this problem is John Murdoch [8]. Specifi-

cally, he examined the possibility of on-board relative position determination of

1-1
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the satellites. However, he performed a least-squares analysis which is less appro-
priate than a recursive filter for on-board applications. Also, his cluster consisted
of only two satellites in near-geostationary orbits. An actual cluster would very

likely contain nmiany niore satellites.

This thesis is not concerned with a specific cluster geometry nor with station
keeping but with the study of a recursive filter for on-board relative position de-
termination. The cluster consists of up to ten satellites in near-circular, low-earth
orbit. To complete the study, a truth model based on the two-body equations
of motion was develo, ed to provide measurement data to a simulated on-board
Kalman Filter. A single sample Monte Carlo analysis was performed to rate filter

performance by comparing the covariance standard deviation to the true error.

(m
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II. Problem Description

2.1 Introduction

In the satellite cluster concept, each satellite would estimate the positions of
every element of the array to get its own position. A puise used to synchronize
the on-board clocks of the satellites could be used to provide range data z for the
estimator. For the remainder of this study, the filter algorithm will be designed for
satellite one but can be generalised for the other satellites. Figure 2.1 illustrates

the basic concept and will be referred to in later analysis.

In order to test the concept of an on-board filter, it was necessary to build
a real world or truth model agai.ist which the filter performance could be judged.
Since the purpose of this thesis was to evaluate the concept, the truth model was
simplified to the two-body equations of motion. The truth model outputs the
true state x,(t) and the measurements s5:(¢). These measurements are used by the
satellite Kalman filter (figure 2.2) to output an estimated state x(t). The critical
clements of the filter states y(t) are then compared tn the corresponding elements

of the true state y(t) aftcr measurement update to arrive at the true error ey(t).

-

e =Y —-Y: (2.1)

This true error can then be compared to the square root of the appropriate eigen-
values of the covariance matriz P lo see if the filter performs as well as it believes

it is performing (4:page 339].

2.2 Truth Model

The truth model is based on a group of up to ten satellites orbiting the earth
as a single unit. In order to maintain cluster integrity, they have to remain within

a prescribed spatial volume. This means ail satellite orbital periods must be equal

2-1
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Figure 2.2. Performance Evaluation of a Kalman Filter

or the formation will drift apart. Therefore, the model first creates the cluster and

then propagates each satellite through its orbit.

As stated earlier, the output of the truth model is relstive range data, for
input to the Kalman filter, and true position, for comparison to the estimated
position. Since the measurement data is relative information, the absolute position
cannot be estimated. Instead, position is described with respect to a rotating

reference point as shown in Figure 2.1

This point is the origin of a reference frame (%,§,Z) rotating with respect to
an earth centered inertial frame (i,j,l::) at a constant engular rate w k. Note (3,9)
and (&,j) are always coplanar and that k is always parallel to z. The reference

point is in & circular orbit at radius R and at circular orbit velocity of

_ [E
-

where u is the gravitational parameter of the earth. The initial position of the

2-3
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reference point in the fix- 1 frame is

Pre = [ RO0O ]T (2.2)

with au initial velocity of

Vees = [ 0 v, 0 ]T (2.3)

Since this thesis is not concerned with a specific geometry, the satellites cf the

cluster are positioned at random about the reference point but within a specified

radius rad:

ri=|0 | +n;rad (2.4)

wherei =1,2,...,s (the total number of satellites in the cluster) and where n; is
a particular vector realization of a uniform random number generator with outputs
between -0.5 and 0.5. Appropriate values for the velocity vector v; can be found

irom the Clohessy-Wiltshire equations [9] (these equations will be explained in

detail in the next section):

v.-i = 1](1‘.'5 = Tres i) (2 5)
v.-ic = 171‘,";

v-here ) is the mean motion. As previously stated, the velocity must be specified
so that the period of all satellites are equal. Since the period depends only on the

size of the semi-major azis a [1:page 33], this criterion can be used:

vi o ou o -
- _ L __£Z 2.
2 r; 2a (2:6)
Solving for v; j yields
A 1 1 2. 2 $\4 ‘
wi= (2l - 50) ~ofi - ot by} 2.7)
2-4
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with the positive square root chosen so that each satellite will maintain formation

integrity.

By using this position and velocity information, the input for the Kalman
filter can be formed. Let x;(¢ = 0) be the initial true state defined as the position
and velocity of each satellite in the rotating irame (ROT'). Initially, the axes of
both coordinate frames are aligned therefore the position of each satellite in the
rotating frame is

riror) = (Ti — Fref)iprx (2.8)
and the velocity is
Vi[ROT] = Vi(FIX] — @ X T{[FIX] (2.9)
where w = v,/ R. The velocity can also be expressed in terms of relative position
as
ViroT) = (Vi = Vref)prx; — @ X TiRoT) (2.10)

therefore the state at t =0 is

T1{rROT)
Vi[ROT)
xg(O) = s (2.11)

C4[ROT)

| VatroT) |

The other desired output is a s — 1 dimensional measurement vector of the

form:
ry — 1y
Z, = : + u, (2.12)
|l'1 - rol
2-5
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where u, is a zero-mean white Gaussian noise with covariance R, [4:page 330]. This
noise is the best guess of the real world errors in the measurement process. The
range measurements are computed from impulse signals sent to each satellite by
every other cluster element at specified times. The major errors result from clock
syncaronization differences between satellites as well as the resolution limitations

of this on-board clock [8:page 1016].

For this study, noise sources are not specified individual'y but are lumped
together into a total generic measurement error err. This err is multiplied by the
output of a Gaussian random number generator with statistics of mean of 0 and
standard deviation of £1.0. Thus, R, is an (s — 1)-by-(s — 1) matrix with diagonal
entries of err? and off-diagonal entries of zero. Note the off-diagonal zeros imply
that the measurements are independen:; this sssumption is unrealistic given this
problem statement but adequate for a proof-of-concept study. Some other possible
error sources are biases caused by misalignments in tracking sensors. These biases

are not addressed in this thesis.

The next task of the truth model is determining the future positions and
velocities of the satellites. This requires solving the Kepler problem using the f
and g equations in terms of eccentric anomaly E [1:page 219]. This solution begins

with determining additional initial conditions.

Assume the initial position ro and velocity vo of each satellite is known in
the inertial frame. Then the initial eccentric anomaly Ey and mean anomaly M,

for each satellite can be found by the following procedure:

€= 1 [(vg - Eo) ro— (ro e vo)vo] (2.13)

where € is the eccentricity vector (constant for each satellite)

eorq\
fl'o/

vp = cos™! ( (2.14)

2-6




where v i3 the true anomaly

= cos™! f_i'ﬂf_"L) 2.1
Eo = cos (1+ecosuo (2.15)
and finally

My = Ey — €sin E, (2.16)

With these initial conditions in hand, the Kepler problem can now be solved.

The Kepler problem is simply the solution to the equation [1:page 220)
M=F ~¢esinE

at some future time ¢. M at this time is easily found by

M= \/1‘—_3 t = 2km + Mo (2.17)

where k is an integer number equal to the number of times the satellite has passed
through My. Since E cannot be solved for directly, it must be determined through
an iteration scheme. The technique chosen for this thesis was a Newton iteration
method. Starting with a first guess of E, = M, the corresponding value of M,
using Eq (2.16) is

M, =E, — esinE,

resulting in a new guess (E,4,) of

M-M,

Enpy=En+ ——m
+ +1—ecosE,,

(2.18)

This iteration continues until the difference M — M,, becomes sufficiently small and

thus determines the final value of the eccentric anomaly Ej;.

Now, the r and v vectors of each satellite can be found [1:page 198}:

r=fro+ gvVvo (2.19)
v=fro+gvo (2.20)
2-7
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where f,g,f,g are

f=1 —1(1 —cos AE)

g—t—\/'(AE—smAE)

vBasinAE
rTo

g=1 —g(l—cosAE’)

(2.21)

(2.22)

(2.23)

(2.24)

The two unknown values in the above equations (AE and r) are determined by

AE = E; - Eq

r = a(l — ecos Ey)

(2.25)

(2.26)

Since r and v of each satellite are now known, the relative position to the

reference point in the rotating frame can be found. First, the current location of

the reference point in the inertial frame can readily be determined by:

Rcosé
Fees(F1x]) = | Rsiné

0

—v,,5in 6
Veef FIX) = V., cOs 8

0

where § = wt. The relative positicn and velocity is then
Lra(prx) = [P() — Treg(t)] =i+ 1m2j + rak

Veel[FIX] = [V(t) - Vref(t)] =uni+ ‘Uzj + 1.’3’:3

2-8
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(2.28)

(2.29)

(2.30)
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Figure 2.3. Cluster State

Unlike the situation in Eqs 2.8 and 2.10, the inertial and rotating coordinate frames 3
. are not aligned. Therefore, a coordinate transformation must be performed result- j

ing in the following equation:

- [ rycosf 4+ rqsinéd ] -a:’ j
—ry8in @ + r, cos @ y ;

r[ROT] _ T3 — 4 (2 31) k

V{ROT) v, €080 + va25ind + wr,y z ,4

—~v18inf + vyco80 —wr, Yy B

L vs Itz 5

. i
e ‘.

The true state vector is formed according to Eq 2.11 and illustrated in Figure 2.3.

. mea ad

The out of plane position z is not shown but is measured in the same way as

the illustrated z and y components. Finally, the measurement vector is formed

Lh according to Eq 2.12. —'3
2-9
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2.3 Kalman Filter

Now thl.t the ‘real world’ model has been completed to provide the nec-
essary data for the filter, the filter itself can be developed. Assume the system
description is in the form of a linear stochastic differential equation (to be devel-
oped later) which describes state propagation; with discrete-time, noise corrupted,
nonlinear measurements as available inputs. The appropriate estimator is the
eztended Kalman Filter. Extended, because the nonlinear measurements are lin-
earized about the new state estimate at each sample time as opposed to being

linearized about a fixed nominal state for all time [5:page 42].

Since the dynamics are linear, the standard Kalman filter propagation equa-

tions can be used [4:page 220).
X(87) = B(ti, tica )R (4L, (2.32)

P(t]) = (b, o) P(E1, )BT (4, tin) + Gd(ti—l)Qd(ti-l)Gg(ti_l) (2.33)
where

Q4 The covariance of the dynamics driving noise.
x(t;) The estimated state after time propagation.
%(t}) The estimated state aft-- the measurement update.

Gy Equals the identity matrix (because the model is an equivalent discrete-

time representation of a continuous-time system [4:page 377]).

® The state transition matrix.

For convenience, the time argument will be dropped for the remainder of
this discussion and (tf) will be written as (+). The first time propagation oc-
curs prior to any measurement updates, therefore the initial conditions %, and P,
must be determined. As a first cut, let X, equal x,(0) from the truth model with
the position measured in kilometers and velocity in kilometers per second. Also,

let Py be diagonal with position and velocity covariances of order 10-2km? and

2-10
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10-%(km/sec)? respectively. These values result from an assumed initial position
accuracy of 10m and a corresponding velocity error of 2m/sec. This Py can be
replaced with the sieady-state value once the filter has been tested. Let Qg equal
the squared difference between x, and x after the first time propagation. A sample

time of 350 seconds was chosen to ensure the relative satellite motion could be
observed.

Because of the nonlinearity of the measurements, the extended Kalman filter

update equations must be used [5:page 44].

K = P(-)HT{HP(-)HT + R, }! (2.34)
&(+) = %(—) + K {z - h(%(-)]} (2.35)
P(+) = P(-) - KHP(-) (2.36)

K is the Ka'- a filter gain and R; is the filter measurement noise covariance

equaling R, from the truth model.

For an understanding of the h vector, refer back to Eq 2.12. The expectation

of this equation can be written as
& = h(x(¢))
Theretore, h(x,t) is the filter's estimate of range and
z — h[%(-)]

is the rasidual or true error in range used to update the state. Thus, h has the

form

\/(“’1 = 73)* +(n —y2)? + (21 — z3)? 1 hy
h= : =| (2.37)
V@ =22 + (g — 0) + (21 — 2,)2 hu-t

The 1natrix H comes from linearizing the h vector and evaluating it at x(—):

2-11

wlnadi et i

— e o ™ - _— =




p cngis S0 A 200 T ondt i TRe SRl da i S e P o T - T YT OTTTTITITTOTTR LT O ., T T T
SR b T TR AR e T MNP ERER YA AR S St P R UL . . - [N

:

gadh (2.38)
0% |xun(-)
Which has the form:
H -H 0 0 |
ae| B0 om0 as
_H.‘-l 0 0 —H.._t.

where
H,=[n,ﬁnnﬁn nﬁnooo] (2.40)
Ho—l-—— [ uh:-‘ l,t.;.l‘l_ -uh.__. 0 0 0] (2.41)

2.3.1 First Filter. The first filter designed and tested was the extended
Kalman filter described above. The only element in the algorithm that has not
been fully explained in this text is the & matrix. The state transition matrix was

developed from the Clohessy-Wiltshire equations of motion [9:page 3| as

£-2ny-3n'z=0 (2.42)
j+2&=0 (2.43)
E+n'z=0 (2.44)

These equations can be integrated about the initial conditions zq, Zo, yo, etc.

at t = 0 to obtain the position and velocity solutions [9:pages 3-5]

2 r 2
z(t) = — (;ﬂo + 3:0) cosnt + -a:—;l sinnt + 4zq + ;yo (2.45)

2-12
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‘ pY. pY
y(t) = yo — (390 + Bnzo) t + (47”“ +6zo) sinnt + —:9co.nt— —:—°

2(t) = zgcosnt + z—f;'sinnt
2(t) = (2yo + 3nx,) sinnt + 2o cos nt
y(t) = =390 — 6nzo + (6nzo - 4y0) cos nt — 2&, sin Nt

2(t) = —zonsinnt + 2o cosnt

(2.48)

(2.47)
(2.48)
(2.49)

(2.50)

Notice the initial downrange position y, only appears zs an additive constant in

Eq 2.46 and no where else. This will be important in later discussion. Finally, the

state transition matrix can be formed [9:page 6].

4-3cosy O 0 uny iI(1-cos¥) O
6(siny — ) 1 0 d(cosp —1) 3singp-2 0
5 0 0 cosy 0 0 say
3nsiny 0 0 cosy 2siny 0
6n(cosy —1) 0 0 ~2siny —3+4dcosy O
0 0 —nsiny 0 0 cosy |

(2.51)

where ¢ is nét and &t is the sample timne. Using this $ matrix, the state propagation

equation for satellite one can be written as
i](—) = §1i1(+)

Generalizing this equation for s satellites gives

x(+)=| . T = #x(-)

2-13
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Note tie ® matrix is block diagonal.

One of the possible problems associated with the standard Kalman filter
that has been illustrated thus far is numerical instability. The truth model was
implemented on the computer in double precision resulting in numerical accuracy
to sixteen significant figures. Since the filter was intended to operate on board a
cimulated satellite, it was constrained to single precision or eight significant figures.
A method for analysing the stability of a given filter is through use of a condition
number k(A ) [4:399]. The condition number of a matrix A is

k(A) = Tme= (2.54)

Tmin

1. and 02, ure the maximum and minimum eigenvalues of ATA. One

where o
of the indicators of instability is a covariance matrix with negative eigenvalues

because, by definition, the covariance is positive semidefinite {4:page 90].

When this filter was actually implemented, the covariance matrix did in fact
have negative eigenvalues. Upon investigation of k(A), it was discovered that the
minimum 2nd maximum eigenvalues of PTP were on the order of 10-!7 and 10?
respectively. This resulted in a condition number on the order of 10°. Studies show
numerical difficulties will be experienced as the condition number approaches 10V,
where N is the number of significant digits. It is evident that, as described, this

filter cannot be implemented in single precision.

2.3.2 Second Filter. One method of solving the numerical problems is using
the ‘U-D covariance factorization’ version of the Kalman filter [4:pages 392-399].
This form of filter achieves twice the precision with the same wordlength [4:409].

This performance results from factoring the covariance into

P(-) = U(-)D(-)UT(-) (2.55)
P(+) = U(+)D(+)UT(+) (2.56)
2-14
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where the U matrix is unitary upper triangular and the D matrix is diagonal.
This method guarantees the positive semidefiniteness of the covariance and the

numerical stability and accuracy of the filter.

The algorithm begins with the same initial conditions that were used in the
Kalman filter. The first step is to reduce the n-by-n Py (where n is the number
of states, in this case n = 63) into the factored form UDUT through the following

steps: First, for the n** column

Dnu = Pnn
1 i=n (2.57)
P./Dyn i=n-1n-2,...,1

Uin =

Then for the remaining columns, j =n ~-1,n-2,...,1

J— N w) 2
D.n = PJJ Eha,‘HDkkU,‘k

0 S
v (2.58)

Ui; 1 i=j

[P-‘:‘ - Lh=int thUuU:‘&] /Dj; i=3-1,j=2,...,1
This procedure can still be used if the Q4 and R; matrices are non-diagonal (to
be discussed later).

Since the initial values for U and D have been determined, the state can be
propagated to the first update time. Begin with setting U(+) = Uy and D(+) =
Do. Then form the n-by-2n matrix Y(—) as

Y(-) = [ #U(+)| Gy (2.59)

where ® and G4 are as previously defined. Finally, form the 2n-by-2n matrix
D(-) by

D(-) = D(+) 0 (2.60)
0 Qu
2-15
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The propagation begins by forming

YT(_)=[.,l a4 - a..] (2.61)

and then calculating the following relationships for k = n,n -1,...,1

e = D(-)ax (e =Dji(~)arj, j=1,2,...,2n)
Du(-) = ale

de = cx/Dw(-) (2.62)
Un(-=) = ald, j=1,2,...,k=1

a; — a,-—U,-;.(—)a,. j=1,2,...,k—1

The final portion of the U — D covariance factorization filter algorithm is the
scaler measurement update. Let the first row of Eq 2.39 be the 1-by-n matrix H,
and let z; be the corresponding scaler measurement of Eq 2.12. Lastly, let R, be
the corresponding element of the diagonal matrix Ry; if Ry were not diagonal, a
Cholesky decomposition [4:375] would need to be computed. This decomposition
would re-define the filter z vector and the H matrix but would then give a diagonal

R; matrix for use in this filter. One can now complete the update by

f = UTHT
v; = Djj(—)fj j=1,2,...,n (2‘63)
ag = R
Then, for k =1,2,...,n
a, = ar1 + feve
Diw(+) = Dir(—)ak-1/ax
R T (2.64)
P = —fiefak—1
Ui(+) = Up(=)+bipe j=1,2,...,(k~1)

b; — b,--}-U_,-k(—)vk 1=42,...,(k-1)
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The filter gain is

_b (2.65)

an
Once the gain has been determined, %(+) and P(+) can be calculated by using
Eqs 2.35 and 2.36.

Upon testing, it was discovered that the filter covariance would not converge;
therefore, the filter did not track the true state. The maximum eigenvalue of the
covariance and the true error were growing without bound. Further investigation
of the estimated state revealed the y components were responsible for the growth in
the true error. As the state was propagated through several orbits the downrange
position error increased to more than 1000 kilometers. Therefore, it was evident

this component was responsible for the filter instability.

It was stated earlier in this section that the U-D factorization filter guaran-
teed stability. This statement only considered numerical stability, it said nothing
about filter stability. In order to guarantee filter stability, the system must be
observable. The filter performance indicates that the downrange (y) component of
the state is unobservable. This fact seems obvious once the filter has revealed it;
the downrange displacement of the satellite cluster from the reference point has ab-
solutely no effect on the relative range measurements or on the relative movement
inside the cluster. Mathematically, this is verified by Eqs 2.45 through eq:compzd.
Remembering the note on the initial downrange position, it can be seen that if the
entire cluster is moved downrange from the reference point (by a constant increase
in yo for each satellite), neither the other components of the state nor the range
between satellites will be affected. Since the measurements contain no informa-
tion on absolute downrange position, it is impossible to estimate the absolute y

displacement from the reference point.

2.9.8 Third Filter. This instability problem can be resolved with the U-D

factorization algorithm but the filter states must be modified in order to sliminate
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Figure 2.4. Modified State

unobservability. The modified state replaces the absolute downrange component

with the relative downrange displacement Ay as illustrated in Figure 2.4. Where

Ay is defired as
Ayi =y — i (2.66)

For 1 = 2,3,...,s. Therefore, the new state vectors for x; and x; are:

1
r 9 T
Ty A
Yi
2
Zi
X, = | & and, X;= ' (2.67)
Ty
0 _
. Ui
L & J 2
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= Because the states have changed, the & matrix must also be modified. By

I examining Eqs 2.45 through 2.50, one sees that the only y, and therefore the only .
= Ay, dependance is in Eq 2.46. Substituting Eq 2.46 into Eq 2.66 yields

o am

Ayi(+) = [6(siny — ¥)](z1 — =) + Ay +

N

ff 2 . . 4 3 . .
- [Bicoss = 0] a1 =20+ (Ssinv - 2) Ga-in) (209)
g 7 mo %
| where the state components on the right side of the equation are understood to ‘.
f_ be evalaated at the previous sample time. The effect of this modification on &, —-i
: is to reduce it from a 6-by-6 to a 5-by-5 matrix by removing the row and column B
f‘ corresponding to the y component.
[& 4 — 3cosy 0 5% %(1 —cosy) 0 _,!
0 cosy 0 0 %—-"1 RN
®, = 3nsiny 0 cos Y 2siny 0 (2.69)
h 6n(cosy — 1) 0 —2siny —3+4cosyp 0 j
3 0 —nsiny 0 0 cos '
The effect on ¥, is that the second row of the matrix is now the negative of what B
it was in Eq 2.51 The second element (1) being the exception because of the way "'l
that Ay was defined in Eq 2.66.
. A
4—-3cosyp 0 v % %(1 —cosy) 0 -
—6(siny~9) 1 0  —Icosyp-1) -dsinp+2 0 3
5 = 0 0 cosy 0 0 ey
3nsiny 0 0 cos i 2siny 0 “"
6n(cosyp —1) 0 0 —2sinvy -3 +4cosy 0
0 0 —nsiny 0 0 cosy |
(2.70) -
2-19
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Unlike the structure of Eq 2.53, when the individual ®; matrices are combined into
the composite state transition matrix, the result is not a block diagonal matrix.

The non-diagonal elements are

0 0 0 0 0]
6(siny ~ ) 0 Z(cosyp —1) 4sing -2 0
0 0 0 0 0
&, = (2.71)
0 0 0 0 0
0 0 0 0 0
i 0 0 0 0 0
Thus, the overall system is of the form
® 0 .-- 0 l x1(-) T
$, B, .- 0 %q(—
v b | e Y (2.72)

8, 0 0 &, ||x()]

L

The measurement update portions of the filter (h and H) also need some

revision. The non-linear measurement vectcr h requires only a minor alteration.

Substituting Eq 2.66 into Eq 2.37 gives

\/(31 —22)% + Ay-f + (21 — 22)? hy
h= : = : (2.73)
Vi@ —2,)? + Ay + (21 — 2,)? byt

The linearization of this vector into the H matrix results in more extreme changes.

Using a form similar to Eq 2.39, the new linearized matrix can be expressed as

[ A, H, 0 --- 0
H, 0 H, .- 0

H= ) _ . ] (2.74)
] H_, 0 o0 H,_,
2-20
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where for 1 = 1,2,...,8 -1

I'I.-=['r,;-'ﬂ S L. 0] (2.75)
Ho=[ - (sge) 2pu - (s38) 0 0 0 (2:16)

The modification is complete except for some final minor changes.

With the removal of the second diagonal terms of the G4, P, and Q4 matri-
ces, U-D covariance factorization algorithm is complete. The final step in building

this filter is the tuning process during performance evainations.
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III. Performance Analysis

3.1 Analysis Tools

The truth mod<l and the U-D factorization covariance filter have both been
developed. All the necessary information for an initial performance analysis is
available; specifically, the true state x., t... estimated state X, and the covariance
P have a!l been computed. The remaining task is to convert this input data into

useful output.

One of the tools for this data conversion is the true error e; as depicted in
Figure 2.1. The quantities of interest, y and y,, can be determined from the state
by

Ye = Cex, (3.1)

and

c1d

y=¢C (3.2)

Since the components of the true state are the same as those of the estimated state,

C=C¢

C would be a 2-by-n matrix for satellite one and a 3-by-n for every other satellite

(n equals the total number of states). For example,

Tty W
100 ---0 z T
Ve, = =1 (3.3)
010 .-+ 0 . Z4,
| % ]

and the true error is given by Eq 2.1 as
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I n €=y -y = l (3.4)
" [

Z - Ze,

The other tool needed for the analysis is the error covariance. If this systemn
' - were a linear system driven by white Gaussian noise with gero mean processes,
E then the state covariance would also be the error covariance [4:page 335]. For the
system in this study, the covariance can still be used to get a general feel for the
I L. filter performance by implementing a single sample Monte Carlo analysis. For a
more accurate and complete analysis, a full Monte Carlo simulation would need to

be accomplished.

In this scaled down study, the position components of the state are the vari-
ables of interest; therefore, the corresponding position portion of the error covari-

ance P, is needed and can be found by

P, = C,PCT (3.5)

= . S

where C; is the same matrix used in Eqs 3.1 and 3.2, and where i designates the

satellite of interest.

_ L To simplify the analysis even further, the magnitude of the true error |e,|
P is plotted against the standard deviation (o;) of the covariance. The standard de-
viation is found by taking the square root of the largest eigenvalue of P,,. These
h " approximations are extremely conservative and, therefore, do not negate the valid-

ity of the performance evaluation.

3.2 Sample Runs

L [ Y
F Sample performance runs were made with varying numbers of satellites in the

cluster and with differing values of Q, and P,. All filter tuning was accomplished

by adjusting Qg; the filter measurement covariance mat.ix Ry was equal to R, for

all time and was based on assumed range measurement errors of .01 meters. The
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Figure 3.1. Filter perforinance (satellite 1 of 2, no dynamics noise).

cluster radius was 500 meters at a reference altitude of 1000 kilometers above the

earth. This resulted in a cluster orbital period of approximately 6300 seconds.

The purpose of the first test run was to determine if the filter was stable. The
system was initialized to two satellites with the estimator knowing true position
and velocity. The dynamics driving noise (Qq4) was turned off and the filter was
fed perfect range data. Figure 3.1 shows the resuits. As hoped, the covariance
converged thereby demonstrating filter stability. The divergence of the true errer
occurred as expected. Since the filter has been told to have perfect faith in its
internal dynamics model (Qq = 0), the gain will converge to zero and decrease the
effect of the range measurement inputs on the updated state. Also, note the true

error and standard deviation are periodic with the orbit.

Since the basic stability of the filter was confirmed, the next test was to check
for filter performance improvements with the addition of dynamics driving noise.

The order of magnitude of the Q4 matrix diagonals was determined by calculating

3-3




R
1

3 o
e VS e e e

e T T A L SR ANl & WA 8 2 o & £7ER AN T e T <
,'i
10.00 T T L p— T T T ™ T _]
g '\ t! N ~
3 »—"l |} A -« - Stand. Dev., o
X N H n 'n' ,'\! True Error §
x et o h .
4 | L R N
goeoH ! 1ty ]
I T L R T T T A .
" | \ ! !
1y S BN A .
'||l|'||'1,|'\l\n ]
c ;l'l||l‘||:I'|'\'\ oA s
4,00 ||‘r‘:| |,tl|!|1|:\ non
" Juln‘.ululxlalxnrtlli,‘
1'1]‘!lllll’l'll\||l|!\'\*
L I O T R O O I Rt
e IR NIRRT R
g roo gt A T a AAUAVIA L G Tia A g
} oA ! (HRT AT AT AYITARITANTAL
5% oo W R e Nad gl Aaf \nf g
r i ! l, \ {
i : J
.00
2,08 Y [ ] 1 i 1 n —

e —r—————— e e Tar mow e,
. oL o e e +
B [T PP

- - —rr—

L.
-

rrer Tar’x g b
k' . c ’ .o .
: -
- r . o
; HA

2 18900 37800 56700 75600
T (SEQ)

Figure 3.2. Filter performance (satellite 1 of 2, with dynamics noise).

the true error after the initial time propagation. The values used were 10~!? for
position and 10-?7 for velocity. The resulting plot (Figure 3.2) reflects a stable, well
behaved filter. However, the Qq values used were apparently too large. The desired
end result of tuning is to have agreement between the filter’s internally generated
error estimstes and the true error. In this case, the filter is overestimating the
errors it is committing and putting too much weight on the measurements [4:page
338). Another problem is the magnitude of the true error; two kilometers is well

outside the allowable error tolerances outlined in Appendix A. Further tuning is

required.

Another method for decreasing the true error is by increasing the cluster
size. Each additional satellite provides more inforraation to the state estimator
consequently improving the position estimate of satellite one. Figure 3.3 shows
the dramatic results of increasing the array to five elements. The initial transient
is much smaller as are the o and e, values. However, the true performance is

revealed when the scale size is expanded. Figure 3.4 depicts a filter significantly
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Filter performance (satellite 1 of 5, with dynamics noise).
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underestinating its own erro-* to the point of ignoring the measurement data.
Even though more diagonal ter -~ were added to the dynamics noise covariance
with cach additional satellite, it still was not enough to keep the filter gain from
going to zsero. The probable cause of this effect is significant unmodeled cross-
correlation effects in the Q¢ matrix. The time scale on the latest figure begins at
3500 seconds because the transient respr.se of the filter was off the scale of the
plot. Since the filter appears to be in steady-state within three orbital periods,

future plots will terminate at 18900 seconds.

The objectives for the next filter test were: to reduce the tranuizat response;
to increase the cluster to its maximum sigze of ten satellites; and to do a rough
retuning in order to evaluate perforinance. The transient response was improved
by replacing the diagonal elements of the Py matrix with those of the steady-state
covariance matrix. The new diagonals were on the order of 10~* for position and
10~!? for velocity. Also, the dynamics noise covariance was increased to 2 x 10~°
and 2 x 10~!* for position and velocity variances respectively. Fig:res 3.5 and 3.6
show the results of these changes. The ten satellite filter perfornr ed exceptionally
well. The transient response of the standard deviation was reduced from a peak
of approximately 3 kilometers to a muximum of around 2.5 meters (Figure 3.6).
The maximum true error was one tenth of a meter for satellite one and close to
gero for the others. It seemed reasonable to expect satellite one’s position to be
known best because all the range measurements to every cluster element included
information on this single satellite. The only apparent explanation lies in the

differences between the state model of satellite one and the model of the other

satellite states as seen in Eq 2.67.

On this run, all the filter statistics remain the same as in the previous test.
The only change is that now corrupted data will be fed into the estimator. In
the previous case, with perfect measurements, the true error was less than one

tenth of a meter. The true error response to range data corrupted at .0l is
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Figure 3.5. Filter performance (satellite 1 of 10, with dynamics noise and steady-
state covariance).
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Figure 3.6. Filter performance (satellite 10 of 10, with dynamics noise and steady-
state covariance).
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seen in Figures 3.7, 3.8, and 3.9. The results were in agreement with what was
anticipated. The true errors grew larger. In the case of satellite number one, the
error grew to the point that it exceeded the internally estimated error. But this
could be corrected by again retuning the filter. Even without retuning, the total

error was still less than one meter which is well within the minimum required

accuracy.

Finally, as a follow on to the previous test run, the filter was retuned to
improve performance. The dynamics noise covariance was increased to 8 x 10~°
and 8 x 10'* for position and velocity variances respectively. Figures 3.10, 3.11,

and 3.12 show that the performance was improved by minimal tuning, as claimed.
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IV. Conclusion

The U-D factorization filter performed well for all cases evaluated. Even
though tuning was limited to the dynamics noise matrix, the estimator was able to
significantly exceed the minimum required accuracy. Numerical stability and filter
stabilit. vere maintained during all runs and the initial transients were successfully
reduced by many orders of magnitude. All of this was accomplished with a cluster
size significantly larger than previously tested. The analysis performed in this

thesis was only an initial evaluation there remains much still to do.

A full Monte Carlo analysis could be conducted to determine the actual
filter error statistics including biases. Minimize these errors through tuning. In
the tuning process, investigate the performance enhancement in adjusting non-

diagonal terms in the Qq matrix. Do not limit the Ry matrix to the values of the
truth model.

Test the robustness of the filter. Analyze how accurate the initial conditions
on the state must be for the estimator to lock on. Test how noisy the range data
can be and still obtain valid estimates. How far can the cluster be dispersed before
the assumptions in the Clohessy-Wiltshire equations become invalid and nullify the
mathematical basis of the filter? Finally, test the filter against a more accurate,

real word truth model.
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Appendix A. Satellite Precision Requirement

A.1 Introduction

This appendix outlines how the position accuracy requirements were deter-

mined. These requirementis were used to evaluate filter performance.

A.2 Accuracy Reguirement

As stated in the main introduction, the positions of the satellites must be
known to at least one querter of the radar wavelength. The maximum wavelength

is a function of the size of the antenna.

According to the problem description, the cluster consists of ten satellites at
an altitude of 1000 km. Assume that each satellite has a ground coverage area
approximating that of Wyoming. Estimate the radius of this area as 480 km.

Therefore, the angle subtended at the satellite by the ground is

6 480
tan (5) = m (A.l)
defining this angle as the 3-dB beamwidth and solving for it gives
480
348 = 2tan 1000 (A.2)

Assuming that the antenna efficiency ¢ is 55 percent, the antenna gain is

found by [7:page 81]
30000

" (0s4B)?
If the conservative estimate is made that the overall gain is just the multiple of the

(A.3)

individual gains then

GTOT =10x G (A.4)

The radar wavelength can then be found by

4T A
Gror = ¢ ;‘r, (A.5)
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where A is the cluster area. Finally, solving for A

A=mr ( ¢ )m (A.6)

,
e
L

Gror

where r is the cluster radius. Remember, the needed accuracy is at least twenty-five

percent of this wavelength. Table A.1 gives some representative values of minimum

e By

required filter performance.

LL—- cluster radius A/4
‘ .5 km 2.75 m 1

i 5 km 275 m
o 50 km 2750 m

(S
|

Table A.1. Cluster radius vs required accuracy

A
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