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Multiple Impulse Solutions to McKean’s Caricature
of the Nerve Equation. I1. Stability
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» Abstract
We study McKean’s caricature of a nerve conduction equation
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- where H is the Heaviside function. It is proved that an n-ple impulse solution resembling the
superposition of n unstable solitary impulses has at most 2n — 1, and at least n, unstable modes:
exactly n unstable modes corresponding to the amplitudes and the rest of them corresponding to the
spacings. The n amplitude modes always exist. Wa-prove-also tha%’t;or an n-ple impulse solution
resembling the superposition of n stable solitary impulses'\there are at most n — 1 unstable modes
and all of them are of spacing type. | . { '
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Introduction

In the first part of this series [15], we proved that for fixed a,b,c (in a
reasonable range) and arbitrary positive integer n, the system (1) has countably
many multiple impulse solutions consisting of n widely spaced solitary pulses.

The issue of the stability of multiple impulse solutions is particularly interest-
ing. At some initial time, an impulse is subjected to a perturbation which is
bounded spacially. If the system responds by causing the perturbation to grow in
time, thereby changing the form of the impulse, the impulse is unstable. If the
perturbation decays leaving the impulse traveling with the same form, it is stable.

Stability of solitary impulses of McKean's caricature is clear. Rinzel and
Keller [14] demonstrated by computing a growth rate of the instability that the
slow solitary impulse is unstable, and conjectured that the fast solitary impulse is
stable. Feroe [3] completed Rinzel and Keller’s work by computing a winding
number. {3] proved numerically that the fast solitary impulse is stable and the
slow solitary impulse has exactly one unstable mode.

Evans [1] studied the stability of multiple impulse solutions for the general
Hodgkin-Huxley system. He found a complex analytic function D(A) defined in
a domain containing the right half of the complex A-plane. It is proved in [1] that
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(a) Siow solitary impulse. (b) Fast solitary impulse
Winding number = 1. Winding number = 0

ﬂ\.\

(c) Slow double impulse. Fast double impulse
Winding number = 3. Winding number = 0

(e) Slow double impulse. (f) Fast double impulse
Winding number = 2, Winding number = 1

Figure 1. The image of the imaginary axis under the mapping D.

the winding number of the image of the imaginary axis under the mapping D is
the same as the number of unstable modes. Since the function D(A) is extremely
complicated, the winding number can only be found by computer. Feroe applied
Evan’s winding number to McKean’s caricature with solitary impulses in [3] and
a few double impulses in [5]. The image of the function D for n-ple impulses,
with n > 3, would be too complicated to count. However, it is interesting to look
at Feroe [3] and [5]'s winding number picture, with n < 2, for McKean’s
caricature (see Figure 1)

'Most of the figures were kindly supplied by Dr. John A. Feroe, with the permission of SIAM.
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Feroe [5] also sketched the pictures of the unstable modes for double impulses
and conjectured that there are only two kinds of instabilities: spacing type and
amplitude type.

In this paper we give an analytical answer to both the number and the type of
the unstable modes, of multiple impulse solutions consisting of any finite number
of pulses, of McKean’s caricature. The results are summarized in the following
diagrams:

The number of unstable modes of a < 1
= | “superposition” of n slow solitary waves | =

/ \

exactly n modes of at most n — 1 modes of
amplitude type spacing type

“superposition” of n fast solitary waves

|

they are all of spacing type

{ The number of unstable modes of a }
£ =n-1

The author believes that the upper and lower bounds provided above are
crucial. Proving this fact is an interesting problem for future research. As a
special case, which is of most importance, when the lower bound zero of the
second inequality is reached, one obtains a stable n-ple impulse. An even more
important open problem is to provide criteria that determine when an n-ple
impulse traveling wave is actually stable.

All of the results mentioned above are about infinitesimal stability. It would
be very interesting to look at the real evolution in function space of the full
nonlinear equation. McKean-Moll [13] studied this problem for a “small”
function space and a special range of a, b, c.

1. The Variational Equation

We introduce the traveling coordinate frame (z, ¢), with z = x + k¢, in which
system (1) takes the form

du % du

7{=Z’7—k?7—u+H(u—a)+u,
)

dv dv

3= 5?+bu—cv.
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For any positive integer n, the n-ple impulse (u,, v,) is a r-independent solution
of this system. To study its stability we consider the variational equation

- e ~
90 80 30 g 50y,
dz z
(3)
v v
a1 = —k'a— + bU — ¢V
Since u,(0) = u,(z)) = -+ = u,(z,,_,) = a, the compound 8-function is ex-
plicitly
2n—-1
§(z —z;)
4 8u,—a)= _
“) (w=a)= L JG)

We now look for solutions to the system (3) having the form
(5) U(z,t) =eMU(z), V(z,t) = eMV(z).

1t follows from (3) and (4) that (U’, U, V) must satisfy the ordinary differential
equation

vl [k 1+ -1 v
1% 0 bk —(c+MN/k]||lV

forz + z,,i=0,1,2,---,2n — 1, and the jump conditions

2 U(z,)
7 Ul = — 35 i=01,--.2n~1.
() e P A

The n-ple impulse u, is unstable if the system (6) and (7) has a bounded
solution with %#e A > 0. This solution is an unstable mode with growth parameter
e A. On the other hand, u, is stable if the system (6) and (7) has no bounded
solutions with #e A > 0. For A = 0, there is always a solution to the system (6)
and (7): (U’, U, V) = (u}, u}, v;). This is because any translate of u, is also a
solution to the system (2).

2. The Main Results

Our rest is based on Rinzel-Keller [14]'s numerical evidence, i.e., we assume
the a-k curve and a-A curve there (see Figures 2 and 3). Their computation was
carried out for the case ¢ = 0, but the results remain true when ¢ is smali by
continuity. The a-A curve corresponds to the lower branch of the a-k curve, i.e.,
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Figure 2. a-k curve, ¢ = 0, b = constant.
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Figure 3. a-A curve, ¢ = 0, b = constant.
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if k is on the lower branch of the a-k curve, then the solitary impulse u, has
exactly one unstable mode.

THEOREM 1 (part 1). Assume (u, , v, ) is a solitary impulse solution to the
system (1) with k, on the upper branch of the a-k curve. Then for an arbitrary
positive integer n, the widely spaced n-ple impulse (u,,v,), with k close enough to
ko, has at most n unstable modes. The corresponding eigenvalues of the variational
equation approach the origin as k — k.

THEOREM 1 (part 2). Assume k, is taken on the lower branch of the a-k curve,
and M\ is the corresponding eigenvalue on the a-\ curve. Then the widely spaced
n-ple impulse (u,, v,), with k close enough to k, has at most 2n — 1 and at least n
unstable modes: exactly n eigenvalues of the variational equation approach \, while
the rest of them approach the origin as k — k.

THEOREM 2 (part 1). The eigenvalues close to the origin, in both part 1 and
part 2 of Theorem 1, are real and simple.

THEOREM 2 (part 2). The eigenvalues close to N, in the part 2 of Theorem 1
are real and simple when a is small.

Remark 1. By Theorems 1 and 2 we see that a widely spaced n-ple impulse
solution has no complex unstable mode.

6—<-
[\ Ki1 f\
|\ A= .00002951 I\
] I )
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|
2+ ’ ‘ ‘
I |l |
9 N % < “4\5, 2
ol 7 40 /7
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-2+ \, \/
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Figure 6.
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Remark 2. We believe that the result of part 2 of Theorem 2 holds for all
a € (0, a,), where a, is the knee on the a-k curve. In fact, from the proof of this

part, we see that this is true, at least, for a on the full interval excluding a discrete
set.

Remark 3. We believe that the eigenvalues near the origin correspond to the
spacings, and those near A correspond to the amplitudes. This idea is supported
by Feroe [5]'s numerical computation. We recall his results as follows:

Let a = .275, b = —.2, ¢ = .05, then the system (1) has exactly two solitary
wave solutions: the larger one traveling with a faster velocity than the smaller.
Denote the faster and slower velocities by k, and k, respectively; see Figure 4.

The system (1) has countably many double impulse solutions with velocities
close to either k, or k.. Feroe located four of them with velocities & 1o kg ksl,

o}
,’\ kst ‘1\
o ' A= 20072 |y
1 1
1 I ||
I |
24 | 1!
1 1!
\ 1!
| ! |
0 Nt —
oy s 26 '\ /7 a0
: /
\ W s
6-—
1Y L)
4 ' 1
T ksy
A = 20985

Figure 7.
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and k satisfying k, < k, < kg, k;> k; >k, and
—~ -19 - — -11
kfl—kf~ 10 l, kfz k,~10 Y
k, — ksl = 10715, k.—k_=10"";

see Figure S.

The double impulse with velocity &/, is stable. The one with velocity & is
unstable with only one unstable mode, the eigenvalue = 0. This unstable mode is
of spacing type, since it locates at one of the pulses (the second here) and raises
up the front of the pulse while pulling down the back; see Figure 6. Another
point of view concerning this aspect is that the unstable mode is indeed similar to

k.
A §o e
. " | A =.018564
1 !
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Figure 8.
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the derivative of the second pulse, since the eigenvalue is approximately zero.
Therefore this unstable mode causes a translation of this pulse.

The double impulse with velocity k, has two unstable modes, which are all of
amplitude type; see Figure 7.

The double impulse with velocity k, has three unstable modes: one of
spacing type and two of amplitude type; see Figure 8.

3. Construction of Unstable Modes

Let
k 1+2A -1
1 0 0
Ay = 0 b _c+A
k k

It is easy to see that A is just the matrix appearing in the system (4) of [15]. The
characteristic polynomial is

Q(B) = B+ (<32 — k)8 - @A+ e+ DB+ 7~ F(1+ M)+ ).

Define 8,(A), By(A), By(X) to be the three eigenvalues with 8,(0) = a,. i = 1,2.3.
In section 10 we shall prove:

LEMMA 1. ReB(A) > 0, Re By(A) <0, ReBy(A) < Oifandonlyif A € p~.
where p* is the shaded region of Figure 9, with the left boundary given by

2 1/2 )
A= -(1+6%+c)+((1+62-c) +4b) ]—lok.

with real parameter — o0 < 8§ < 0.

Solutions of the system (6) are sums of the exponentials exp{8,z}Y.. i =
1,2, 3, where the vectors Y;’s are the eigenvectors of 4,,

B,
(8) Y, = 1 : i=1.2.3.
—BF+ kB +1+A

Since B, is the only eigenvalue with non-negative real part, a bounded solution to
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t | B

Figure 9.

(6) and (7) on the interval ( — oo, 0) must be

v By
(9) U | = exp{B,z} 1
v -Bi+ kB + 1+
if we fix U(0) = 1. Let
b'l
(10) U [=Dexp{Bz}Y, + Eexp{B,2}Y, + Fexp{Biz}Y,.
V

ifz,_y<z<z,j=12;+,2n,taking z,, = +o0. In view of the jump condi-
tion (7) we have

Do KBNS CE exp( =Bz ) Uz)

4 kql’ i=0 'ul,\‘(zl)‘
_ kB, + A + ¢ ' exp{—B,2, ) U(z,)
(i A T R AT
__kBytA+c Il exp{ —By2,} U(z,)
e 7 Y PR EA]
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where g/ = Q'(B;), i = 1,2, 3. Substituting (8) and (11) into (10), we have

3 Jj-1 _ ., 5
U:) = exp(Bie) - ¥ SRty owlBlis 2J0)
s i=0 kNS

s=1

if z, |, <z<z, j=12,--,2n. Therefore,

kB, + A+ c 't exp{B.(z,— z)}U(z,)

3
;) =ep(z) - LBy

a1 s i=0 jui(z,)]
(12)
J-1
U(z,)
=exp{B,z;} + ¥ Ky(z, — z,) =
JEH ,go alz = )luk(z,)l
for j =1,2,---,2n — 1, where
def kﬁ + A + ¢
(13) Ky(z)= - Z ————exp{B,:}.
Equation (12) can be written in terms of a matrix as
1] N 1 ]
U(z,) U(z)) exp{ Bz, }
(14) U(z;) [=m,(\)| Ulzz) |+ exp{Biz:}
LU(Zanl) U(Z2n41) LCXP{Bl"znun} |

where M ()\) (m, ;)2nx2n 18 @ lower-triangular matrix, with

Ky(z,_, - zj-l)

m, = ’ .f | > .»
T T () vy
m,, =0 if i<
Equation (14) implies
[ 1] [ 1 ]
U(z,) exp{ B,z,}
(15) U(zy) | =M1\ exp{Biz:}
LU(Zzn—l)_ _exp{BIZZn—»l} )

def -
where M, (\) = 1,, — M, (M) and I,, is the 2n X 2n identity matrix.




—

WEI-PING WANG 1009
Formula (10) combined with (11) and (15) gives the unique solution to the

system (6) and (7) satisfying U(— o0) = 0. Therefore, U(z) is an unstable mode if
and only if D,,(A) = 0.

4. The Function T,(\, k)
Define T, (A, k) = D,,. By formulas (11) and (15) we see that
Tn(A’ k) =1+ d()‘v k)Xn‘an‘er:.Z'

where X, , and X, , are 2n-dimensional vectors defined as

X . = 1 exp{ —Biz,} exp{—Bz,} exp{ —B123,1)
SR U () TR A € | U €29 | A C2SN

X, .= (1, exp{Biz;},exp{ B2y}, - exp{B122,-1});
X, , denotes the transpose of X, ,, and

kB, + A+ ¢
d(A k)= - —LoFg—.
(A, k) 7
The function T,(¢, k) is a well-defined complex analytic function on the set
p*. This function is the principal tool in the study of the stability of the n-ple
impulse solutions; A is an eigenvalue of the variational equations (6) and (7) if
and only if T,(A, k) = 0.

Remark. The parameter k is taken so that the z,, i = 1,2,---,2n — 1, exist.
Hence, the functions T,(A, k), j < n, are all well defined when k is the traveling
speed of an n-ple impulse solution.

5. Four Basic Facts Concerning T,(\, k,)
We summarize four basic facts concerning the function Ti(A, k) as follows.

(i) If k, is on the upper branch of the a-k curve, then in the half complex
plane #¢ A = 0, the equation Tj(A, ky) = 0 has an unique solution: A = 0.

(ii) If k, is on the lower branch of the a-k curve, then in the half complex
plane #e A > 0, the equation Ty(A, k) = 0 has two solutions: A =0 and
A = A,, where A, is a positive number on the a-A curve: see Figure 3.

(iii) The solution A = 0 of both (i) and (ii) is simple.

(iv) The solution A = A, of (ii) is simple.

These facts were given by Rinzel-Keller [14], and Feroe [3]; (i). (ii) and (iv)

were obtained numerically and (iii) was proved algebraically by Rinzel-Keller
[14]. We assume these four facts in the following discussion.
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6. Behavior of T,(N\,k) as |[\| - c©

LEMMA 3.
lim T,(A, k) =1

|Al— 00
for k near kg and \ € p*.
Proof: The function T, is taken as in formula (11):

kB, + A + ¢ 272! exp{—ﬁlzj}U(zj)
S R v Eh

T,=1-

Direct computation with the aid of Lemma 2 (see Section 10) shows that

kB, + A+ ¢ (1)
A =0|—=|-0.
kq; w7

Therefore it is sufficient to prove that exp{—8,z,}U(z;), j=1,2,---,2n - 1,

are all bounded as |A\] = co for A € p*. This fact is seen from formula (12):

~ s} _ U(z;)
U(z) = exp{ B;z,} + igoK’\(zj Z')ju,’((z,-)l'

Multiplying by exp{ —B,z,} we obtain

j-1
eXP{“Blzj}U(zj) =1+ ) exP{"Bl(zj - zi)}

i=0
exP{ 'Blzi}U(zi)

Kol =)=
in which
exP{ "Bl(zj - zi)}KA(zj -z)
k A k A
= = Ay qu/ te - By :q;; * Cexp{B2(zj -z)~ Bl(zj - zi)}

k A

- ’EL;ZIT*._CCXP{BJZI' - z.') - Bl(zj - zi)}

_ kB +A+c

=~ g tolee{-Biz})

) + o(exp{ —/Xz,})

i
S

PP S YR SO DN,
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as |[A| = oo for A € p*. Thus we have

1
exp{ - 8,2} U(z,)
exp(-ﬁlfz}U(zz) = (12,, + 0(

_exp( —Bi23,-1}U(23,-1) X

1011

|
=)
1

This makes plain the fact that exp(—8,z,}U(z;), j =1,2,---,2n = 1, are all

bounded. The proof is finished.

7. Behavior of T,(\,k) on Compacts

LEMMA 4.

Jim T,(\, k) = [Ty, ko))

uniformly for A on arbitrary compact subsets of p*.

Proof:
M M,_, 0
g _N2>(2(n—l) Ml(") ’
where
1
M™M= K(220-1 = 220-3)
|ul,<(22n—2)|
and
K(Z2n—2) K(ZZn—Z - 21)
P B CS T Y]
PAnh K(ZZn—l) K(ZZn—l - z;)
|“l'<(zo)| I“i(zl)|
Therefore,
M}

-1
n

n

K(ZZn—-2 = Z3,-3)
|ul’((22n—3)|
K(ZZn--l - zZn—3)
|ul’((z2n-—3)|

0

- [Ml(")]_lNZXZ(n—-l)Mn_—ll [Ml(")]-l.
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With this blocking, an inductive formula of the function T,(A, k) is obtained as
follows:

T,(A, k) =1 + dX, \M; X} ,

-1 ]
Mu-an-l.Z

exp{ Biz20-2} )

. — - " -t
[Ml(n)] 1N2X2(n—l)Mn—11X::-—l,2 + [M‘( )] (CXP{Blzzn—l}

=1+ an—l,err——ler:-l,Z

(16)

+d( exp{—BIZZn—Z} CXP{-Blzzn-l})

I“l"(zzn—z)l ’ |“l’:(22n—1)|

-1 -
[Ml( )] N2X2(n—1)Mn-11Xr:—1,2

+d( exp{ —Bi22.-2} expP{—BiZ2.-1}) )

Iul’c(ZZn—Z)l ’ |“1':(Zzn—1)l

. »]-1 eXp{BIZZn—Z}
[] (eXp{BlzZn-l}).

By means of Lemma 3 of [15], we see that

|“I’<(Zzn—2)| AT exp{ B1z3n-1 }

d( exp{ —Biz;5)} exp{—Bizpn,} )[Ml(")] —1( exp{ B1z2n-2} )

( 1 exp{ —B1(230-1 — 2303)} )

|“/"(zzu—2)|’ lup(z5,-1)|

[M] _l(exp{ﬁl(ZZn—ll — Z30-2)} )

= Ti(A, ko) = 1 + o(1)
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as k — ky, uniformly for A on compact subset of p*, and that

exp{ ‘ﬁlzzn—z} exp{ -BIZZI:'I} ) ~1 -
d , M1, M1 X:_
( fui(2,,.5)] i (2, 1) [& ! PAUn=DTn-1%n-1.2

~ | E2L=Bizs 4 ) e"p{_ﬁzzz"—x)) m]-1
d( i (2, 5)} [uz(z,, )] [MII

.[CXP{Blzz:nz} 0 J
0 exp{B12;,_1}

Xn*l,l -1 "
.(1 + 0(1)) X Mn—an~l.2

= (14 oW)[T, (A, k) ~ ljd(ff‘iu%%%}, fi‘%ik%f;iz)_‘i)

Jarm]-1 exP{BIZZn~2})
[Ml ] (exP{Blzzn~1)

=(1+ 0(1))[7:.4()‘»") - 1”7'1()‘, ko) =1+ 0(1)]
= 7:I"‘l(A’ k)Tl(Av ko) - T;x—l(A’ k) - Tl(Av ko) +1+ 0(1)'
Therefore, if we assume that

Tt ) = [1(A )] "7 4+ 0(1),
then we see, by (16), that
LK) =T, (X, k)T, (2, ko) + o(1)

= [TA, k)] + 0(1).
The proof is finished,

8. Proof of Theorem 1
CASE 1. kg is taken on the upper branch of the a-k curve,

Step 1 is to take a positive number A > 0 50 large that

LA k)| >4 it ]z A,




e e e A e ——
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uniformly for k near k,. This can be done by means of Lemma 3. In particular,
we have

TN, k) #0 if |A|2A.

Step 2 is to take an arbitrarily small positive number ¢ > 0, such that on the
disk

D, = {A: |\ 5 ¢}

the function Ty(A, k,) has A = 0 as its unique zero, which is simple. This is done
using fact (i) and (iii) of Section 5.

Step 3. Define
Qa={A:RA20,te<A|gA).
Then Q, , is a compact subset of p*. By Lemma 4, we have
LA k) = [T(A ko))" + 0(1)
uniformly for A € Q, ,, as k — k. It follows that
T,(A\k)+#0 if AeQ,,,
when £ is close enough to k,,.

Step 4. By Cauchy’s integral formula we have

aT, o1 9T,
a3 = n[Ti(A, ko)]" ™" 3 + o(1)

uniformly for A on a small disk
Dy = {A: |\ g8},

with § < e.

Step 5. Applying Rouché’s lemma to the function T,(A, k) on the circle
Cs = {A: |A| = 8}, we conclude that the function 7,,(A, k) has exactly n zeros on
the disk D; provided k is close enough to k,,.

Now we conclude that the function T,(A, k) has at most n zeros with positive
real part, i.e., the n-ple impulse has at most n unstable modes in this case.

CASE 2. k, is taken on the lower branch of the a-k curve, and the facts (ii),
(iti) and (iv) of Section S are assumed.




WEI-PING WANG 1015

The proof is the same as that of the case 1, but with one more small disk
centered at A,

9. Proof of Theorem 2

For simplicity we prove this theorem for the double impulse solutions, and
assume ¢ = 0. The result remains true when ¢ is small. The proof for the n-ple
impulse is by induction.

Proof of part 1: As in Section 7, we define

[ 1 0
Mlm= _ K(z) y
| DHEN]
[ 1 0
M@= K(z; - 2,) ,
|“/'¢(22)|
and also
- 1 exp{ — Bz, } —1( 1 )
TOM k) =1+ d\ el (wiGo)] ﬁ“w] ep(Buty)
_ 1 1 K(z,)exp{ —Biz1}
R [T e TR 7 3 TR ERTIPA EA TR &
@ - 1 exp{ _BI(Z3 - zz)} )
TEO k) =1+ e~ @)

[M®] _l(exp{ﬁl(l:; - 2,)} )

_ 1 1 K(Zs"zz)exP{’Bl(zs_zz)}
’1+dLu&»|+wuan+ PACAITACS] ‘

It is clear that

lim T®M(A, k) = T(A, ky),
k—kg

17)
klimk TP(A, k) = Ty(A, k),
— ko ,

uniformly for A on compact subset of p*. Therefore, T/(7®)has a simple real
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zero near the origin, when k is close enough to k,, since
aT,
—aTl(O’ ko) # 0
by fact (iii). Denote this zero by X,(X,).

Step 1 is to show

(18) klinz (Xy(k) = Xy(k))exp{yz,} = c* # 0,

where ¢* is a constant depends only on k.

Proof: Define

TO(A, k) = d_(Tl,—EFI“;((Zo)‘ lui(2,) [TV(A, k),

" 1
TP, k) = 55—y lui(z2) | ui(23) ITP (N, k).
d(\, k)

Then T® = 0 (T = 0) if and only if T = 0 (T = 0), and

. AT® . IT®
(19) leH/:o —‘?T‘(O, k) = lelT’:o —ar(o, k) +# 0.

Direct computation shows

[T®(0, k) — T®(0, k)]exp{vz,)

exp{iwz,} (1

IA — exp{ ‘“221})

1 oy
(20) =2 g‘{a—l(al - a2)plu (zl)

_[1 + alexl,’{" «z }
piu'(z)

(exp{ayz,} — exp{a,z,}) } + 0(1).

On the other hand, we have

exp{ 2, }5,(k)

=2 Qe{-eﬂ)%z—’z—z}—(l - exp{ —a,z,})

11 + ixi:-,p(—{zl-—)‘;liz—l}(exp{c.tlz,} - exp{azzl})]} + o(1).
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Since we have assumed that u, is a double impulse solution, it follows from
Section 7 of [15] that

S,(k) = 0.
Therefore,
) exp{iwz, }
lim Arg{ ——==(1 ~ exp{ —a,2,})
k—kq P

o+ 2Bl pays) - exp (a2

= 17 (mod =).

By (19) and (20), we see that (18) holds if and only if

. 1 ’ ’
kh_f‘}‘o Arg{a_l(“l ~ ) piu (21)}

= lim A -
kiﬂzo rg{(“l “2)}

# 0 (mod 7),
but this is the case, since

a—a,=a +vy+iw,
witha; >0, vy > 0, and w > 0.

Remark. The computation of (20) is lengthy and we omit the details. The
function S, is the same as in Part 1, but in a different form.

Step 2 is to refine the result of Section 7 to get
(21) Ty(A, k) = TO, k)TP(A, k) + o(exp{ - Biz,)}).
The proof is easy and therefore we shall not give the details.

Step 3 is to fix a small positive number 8§, so that
(22) Bi(A k) > y(k) +¢

is satisfied for all |A\| < & and k near k,, with some suitable constant ¢ > 0. This
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can be done since

Bi(A, k)lx-o = a;(k) > (k)
and both a, and y are continuous at k = k.

Step 4. It is seen from (17) that

kli_{‘:oxl(k) = kli_'"zoxz(k) =0.

In particular, we have
Nk | <48, [Ry(k)]| < 48

provided k is close enough to k. Since

li k)= +oo,
kLn}‘OZZ( ) o

we may assume that
Je*lexp{ —vz,} < 38.
As k - k,, the circles
C = {)\: A ~ Xll = §|C*|exp{—yzz}}
and
Gy = {X: A = Agl = dicexp{ —vz,} )

are disjoint, and on these circles (22) holds. Applying Rouché’s lemma to formula
(21) on C,; and C,, respectively, we see that T,(+, k) has exactly one zero in each
of C, and C,. Denote these zeros by A, and A,. We claim that both A; and A,
are real. This is because T,(A, k) takes real value if A is real, and p* is
symmetric with respect to the x-axis, so that the zeros of T,(, k) are either
complex conjugate pairs or real. From the proof of Theorem 1, we see that A,
and A, are the only zeros near the origin. But they cannot be complex conjugate
pairs, since both A, and X, are real. The proof of part 1 of Theorem 2 is finished.

Proof of part 2: The formula (20) of part 1 is replaced by (20)*:

[T2 (Ao, k) = TO(Xo, k)]exp{yz,)

(20)* Xp{iwz
= ZQe{eMp—QZ}(l — exp{ —a,2,})6,(a, k)} + 0(1),




WEI-PING WANG 1019

and the function exp{yz,}S,(k) takes the form
expliwz
exp{vz,}S,(k) = 29‘{_&:;—2}(1 — exp{ —@,2,})O,(a, k)} +o(1),

where
0, = o, — a, — ajexp{ a2, } + aexp{a,z,}

u”(z1)

_) (exp{@y2,} — exp{@,2,})

u'(z,

_ K'(z))exp{ - Bz }u,—(sz;K(zl)exp{ ~Biz,) (exp{eyz,} — exp{ayz,})

+ d(Al, ) aa, “uling)) (exp{a;z,} — exp{a,z,})

—aa(aexp{ a2} — aexp{a,z,}) — w'(z)(a; — a,)

and

aexp{ — 2, }

0,=1+ - -
2 “(Zl)Pl

(exp{ @2} — exp{ayz2,}).

If we can prove that

(23) klinz Arg{©,(a, k)} # klin; Arg{©,(a, k)} (mod =),
Ko —Ko

then the rest of the proof is the same as that of part 1. Let us now prove (23) for
small g. Direct computation shows that

- Py _
(24) I;I}gel(a,k)—Zal[l— - ggrg)(afx_o)](al ay),

uniformly for k near k,, where LIM denotes the set of limit points. We shall
prove in Lemma 5 of Section 10 that the function aJA—O has at most two limit
points as a — 0:0 and x,, where x, is a positive number depending only on
parameters b and c. We shall also prove in Lemma 5 that

1 - ﬂ'.xo*o.
Q
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The computation of (24) is lengthy, we omit the details. It follows from formula
(24) that

lin})Arg{Gl(a,k)} = Arg{a; — a;}

uniformly for k& near k,. Also by direct computation we obtain

a

lim8,(a, k) =1+ (a — a;).
m6y(a. k) =1+ o (o - @)

It is obvious that (23) holds at this limiting case and therefore for the case of
small values of a. The proof is finished.

Remark. Since both 8, and 6, are nice transcendental functions of a, (23)

should be true at least for a on the interval (0, a,) excluding a discrete set. We
believe that this discrete set is empty.

10. Proofs of Lemmas 1, 2, and §

LEMMA 1. Assume |b] < (1 — )%, then ReB(N) >0, RePy(N) <0,
ReBy(A\) <0 if X € p*, where p* is defined as in Figure 9.

Proof: We know that
ReB(0) = Rea; > 0,
Re By (0) = Reay <0,
ReBy(0) = Reay < 0.
Therefore in a neighborhood of zero we have
ReBi(N) >0, ReB,(N) <0, ReBy(A) <O.
This neighborhood can be extended to a region. On the boundary of this region

one of the B,(A), i = 1,2, 3, has zero real part, i.c., there exists a real number 8
such that

-k —-(Q+A) 1

0 = |i6 — A,| = det| ~1 i0 0
i Al = de . b Y o+ A
% 0+ =%

= _%[(A+ i0k)  + (c+1+63)(A+ifk) +c—b+ 02c],
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Figure 10.

which is equivalent to

A+ ik = %[—(c +1+6%)+ ((c +1+ 02)2 —4(c—-b+ 02c))m]
i.e.,

2 2 2 172 .
A=d[-(c+1+6%) £ (1+62-c) +4b) |- ibk.

Taking @ as a real parameter we obtain two branches of continuous curves, as in
Figure 10, which divide the A-plane into three parts. In each part X B,(M),
i =1,2,3, has a fixed sign, especially we have

ReBi(A) >0, ReBy(N) <0, ReBy(A) <0
if Aept.
LEMMA 2,

Bi(A) = 3k + (K + 401 +1))%) + 0(1),

By(A) = 3(k = (k2 + 4(1 + 1)) + 0(1),

B(A) = —F - £ +o()

as|]A\| > c0oand A€ p™.
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Proof:
IBI - Ayl = 2B (KB + X+ c) — (kB + M)’
~(1 + c)(kB + ) = (c - b)].
Let
J(x) = 25(x = W)i(x + &) = x? = (1 + c)x = (c - b),
then {81 — A,| = 0 if and only if f(kB + A) = 0. Direct computation shows
%(x-—)\)2+ f—z(x-x)(xw)—zx—(l o)

[(x) _

flx) %(x-)\)z(x+c)—x2——(l+c)x—(c—b) ‘

Fix |x + ¢| = ¢ for arbitrarily small € > 0, and [et {A[ » o0. We obtain
f(x) _ 1 (}_)
fx) 5+ T Oom)

By Rouché’s lemma, we see that f(x) has a zero arbitrarily close to ~c¢ as
|A} = oo. Therefore one of the B,, 8,, B; must satisfy

kB+ A= —c+o(l);

it is obvious that B, does not satisfy this equation if A € p* and |A| — oo.
Without loss of generality, we assume in the following discussion that

kB, + A= —c+ 0(1),
in other words that

BN = -3 - £+ 01).

To estimate 8, and f,, we take the characteristic polynomial in another form:
1 b
1Bl — A,\| = I(kﬁ+)\+c)[ﬂz—kﬂ—(l+)\) + m]
1 . _ b
= ;(kﬁ+>\+0)[(ﬁ—ﬁ NB-87)+ m]
with

Br=4(k x (k? + 401 + 1)),
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Again, by Rouché’s lemma, we obtain

Bi(N) = 3(k + (K2 + 41 + 1)) + o(1),
and

Ba(X) = 3k = (k2 +4(1 + 1))"%) + 0(1).

LeMMA 5. (i) The function ayA(a) has at most two limit points as a — 0:0
and x,, where x, is a positive number, and X(a) is the a-\ curve.

@) 1~ (p{/a))x, # 0.

Proof of Lemma 5: Step 1. z,/a —> p{/a, as a - 0.

Proof:
1~ apj = exp( —ay7,)
ie.,
log(1 — ap{) = —ayz,
implies
ap; + o(a) = ayzy,
so that,
a_pi
2 = + 0(1)

Step 2. u'(z,)/a = a; — p{/a, as a > 0.
Proof:

3

as
u'(2;) = amexp{ayz,} — ¥, —Sexp{a,z,)
s=1 S

3
a.\'
= amexp{ayz,} — ¥ Sr(exp{a,z} - 1),

s=1 LS
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since X3_,(a,/p!) = 0. This gives

’ 3 2
u\z "
(1) _ explasz,) - X 5 exp(8,5)

r 3 2
P ay
I B E”ﬁ
1_‘._1 s
41
=a1— ;l-

where 8,, s = 1,2, 3, are some intermediate values.

Step 3. Applying step 1, 2 and Lemma 2 to the equation
Ty(Ag, ko) =0

we have

1-{1+ o(a)]exp{ a )\(a pl [1 + o(l)]}

= 2(a/A(a) ) 22 [1 +o()] +4(afA(@) ) (a2 - p)[1 + 0(1)]

as a — 0. This implies that ayA(a) is a solution to following transcendental
equation (with a small perturbation):

1- exp{—2%x} 281, 4 ax ozl(ozl - %)
1

o 1

It is easy to see that this equation has at most two solutions: x = 0 and x = x,,
where x, is a positive number. Therefore as @ — 0 the function ayA(a) has at
most two limit points: 0 or x,.

Step 4 is to show that 1 — (p{/a))xq # 0.

Proof: If x4, = &/pi, then the transcendental equation of step 3 must be
satisfied by x = a,/p1, i€,

2 ’
l-e?=2+4 (al—ﬂ),
(Pl) o

so that

dalx2 — dayxy+ (1 +e72) =0.
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This is impossible, since
“b? — dac” = —16a?e 2 < 0.
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