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Figure 1.

FIGURES

Schematic of a SFRA named "rebatron".

Inset at lower right shows low inductance
coaxial lines to produce a vertical magnetic
field that can be ramped.

Schematic of the SFRA (strong focused
recirculating accelerator) in which radial
line/ET-2 cavities are used for producing
electric field at the accelerating gap.

Coordinate systeﬁ used to study SFRA beam
dynamics.

(a) Electron energy [ YX¥ 2 E (MeV)] as a
function of time and (b) the corresponding
particle orbit in the (r,z) plane, when the
vertical field is held constant at 118 G in
the SFRA shown in Figure 2.

(a) Particle orbit in the transverse plane
and (b) particle energy [7¥ 2E (MeV)] as
function of time in a rebatron, which has a
rapidly increasing vertical field.

Beam injected near the pipe wall (r = 114 cm)
in a rebatron is brought to the center of the
pipe (r = 100 cm) by applying a trapping
field at injection.

Variation of beam 7 as a function of time
after injection as the beam bounces toward
the minor axis after injection near the wall
for the case shown in Fig. 6.
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I. INTRODUCTION

High current electron beam accelerators have become an active
area of research because of their range of applications. The
potential defense applications include particle beam weapons, flash
radiography, nuclear effects simulation, and free electron lasers.
The non-defense applications concern inertial fusion, nuclear waste
transmutation and radioactive processing of food and sludge.
Research at the Ballistic Research Laboratory (BRL) has been
directed towards development of compact devices because of
transportability requirements. For example, a compact radiographic
device would be useful for on-site assessment of ballistic damage
as well as for non-destructive testing of structural faults in

equipment.

Induction accelerators--in which the acceleration is by an
inductive electric field produced by a time-varying magnetic
field--being inherently low-impedance devices, are naturally suited
to drive high current beams. There are two generic types of

high-current induction accelerators: 1linear (e.g. the ATAI

at
Livermore and the RADLAC2 at Sandia), in which the accelerating
field is localized in a series of accelerating gaps, and the cyclic
(e.g. the modified betatron),3’4 where the electric field is
continuous along the beam orbit. The cyclic accelerators have the
advantage of compactness. However, they have the disadvantage that
it takes several thousand revolutions of the beam to acquire an
energy that is gained in a single pass of the accelerating gap of a
linear accelerator. Because of the slow acceleration, field
errors, instabilities, and radiation losses impose limitations on
cyclic accelerators. Therefore, a device that combines the rapid
acceleration of linear accelerators and the compactness of cyclic
accelerators would be desirable. '
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A general method to achieve this is to recirculate the
electron beam through an accelerating module. BRL has been engaged
in studying various recirculating achemecs since 1978, when
Eccleshall et alF showed that it is theoretically possible to
transfer 100 percent of energy of charged transmission lines to an
appropriately impedance mismatched electron beam pulse that is
recirculated in phase with the accelerating waveform.

There are two distinct classes of beam recirculation schemes:
those that utilize ion focusing by a low pressuraed gas and those
that use magnetic fields. This report is concerned with schemas
that rely solely on magnetic fields for beam confinement and for
guidance in a vacuum.

High current recirculating accelerator concepts that use strong
focusing magnetic fields, in addition to any other magnetic fields,
may be conveniently called "strong focused recirculating
accelerators” (SFRA). In these devices, the strong focusing
magnetic field is produced by current carrying helical windings of
the stellarator/torsatron type. One such accelerator concept,
jointly developed by BRL and the Naval Research Laboratory (NRL),
has been referred to as the x'el'.\at:ton.v'9 It is directly related to

some of the other SFRA concepts: the stellatron,lo RIA,11 and
SLIA 12

In this report we present a beam envelope analysis for
application to high-current, strong focusing accelerators in
general and to SLIA and rebatron in particular. We then describe
the rebatrcn and the beam dynamics of its acceleration to analyze a
beam injection scheme for the rebatron.




II. AN ANALYSIS OF BEAM ENVELOPE IN STELLARATOR FIELDS

High-current, strong focusing accelerators typically rely on
a 47 = 2 (or other multipole) stellarator/torsatron magnetic field,
in addition to a longitudinal magnetic field, for beam
confinement. The stellarator field is produced by 2A” helically
wound wires with currents flowing in opposite directions in the
neighboring wires.

The /= 2 stellarator field requires four wires. The,/= 2
torsatron field can be generated by two helically wound wires with
currents flowing in the same direction. 1In either case, a
strong-focusing transverse field and a zero-order longitudinal
field is produced. The field produced can be called a rotating
quadrupole field.

For a continuously rotéting quadrupole field, in the
approximation when only the lowest power in r of the focusing field
is included, the radii of an elliptical K-V distribution beam were
first analyzed by Gluckstern13 for a straight transport line.

In a similar way, the,4/= 2 stellarator type beams have also been

analyzed for weak stellarator fieldslz'14

together with a
longitudinal field. Our analysis is carried out without any
restrictions on r or on the strength of the stellarator focusing
field. Our treatment is in the spirit of a general formulation for

beam envelope.15

For simplicity, we will here develop the
specialized beam envelope equation for the laminar flow of a cold

beam of uniform density in a straight section.

A, Proof of a Constant of Motion.

Even without scattering, the canonical angular momentum is not
conserved because of the presence of the non-axially symmetric
helical field. However, we have derived another constant of
motion. In cylindrical coordinates (r,g{,'z), the externally
appiied field, being helically symmetric, can be written as a




function of r and Y = é- z//A, where M= L/29T7T = 1/o¢(, and L is
the pitch of the helix:

BS = 2 b, I} (2r/u) sin 2¢ (1)

Lh e = u (2) '
B¢ - 2 b, 12 (2r/u) cos 2y
e _ - ( (3)

h B, = By - 2b, I, (2r/u) cos gw

where B is the externally applied longitudinal field, l::2 is

the strength of /( = 2 stellarator field and I, is the modified
Bessel function.

The relativistic Lagrangian of a particle of charge q in an
electromagnetic field ( ¢, A )is

L=-auad 1-e-qo+gi.z (4)
where 8 = — Now,

3L . = A

S P mymv, +3h, (5)
and

-a—[-."sp ( g

A . - —
where vV, E Z and V¢ =r ¢ . We can write A ____—Ke + As, where the

superscripts ‘e’ and ‘s’ denote external and self-fields,
respectively. The external fields, given by Egqs. (1)-(3), possess
helical symmetry: they depend on r and (¢-z /AA) only. When the
1 = 2 stellarator field is added to a uniform longitudinal guide
field, the cross-section of the beam would become elliptical rather

-4-
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than circular. Although the beam does not then possess azimuthal

symmetry, it is reasonable to assume that, going along the z-axis,

the cross-section ellipse rotates with the externally applied

fields, at least for a matched beam, so that the

self-fields have the same helical symmetry: s =Fs (r, ¢{ - z/n),
‘fs =[s (r, / - z/K) . Differentiation of Eq. (4) then gives

+3L-
¢

NI

and Lagrange’s equations can be combined to give

uPz + P¢ = K = constant

(7)
Thus,
9 € e 9 S
. (u AZ +p A¢) * 2 (u Az

s
+p A¢) +uYm v, tYm v¢ r =K (8)

is a constant of the motion.

B. Beam Envelope Equation.

For the external fields given in Eqs. (1)-(3), we find that

- r- _ '
wA +roals B8y 3 urb,I) cos 2y (9)




Substituting Eq. (9) and the self-fields of the beam of

elliptical cross-section into Eq. (8), we obtain, assuming that q;
is the domirant magnetic self-field, for a particle at the beam
surface

(10)

_ -1k &

2 1 -
r¥ + ura,I) cos 2¢ uYan]

w 2
where & = gB,/mc and 2, = qby/me; n =1 - —L_ 2 2-L),uw = Amng?
hcay r'c D m

and r, is the radius of the circular cross-section of the beam when
only the longitudinal field,'Bo, is applied. Considering particle
substitution of Eq. (10) into the radial

component of the transverse equation of motion

motion at the beam-edge,

B, - A BO)] (11)

then leads to the radial envelope equation of a cold (low
emittance) beam, for the case of no acceleration (175 0), in the
paraxial approximation as

2

w l
H»(g—zn-%n(z—})-s—g!—gﬂ--
Y 2y ¢ YR
2(K/m_) - B o1 ug _
=== [(I2 2 12) 2, cos 24 + =3]
YR R
2u Q1 2v [Q,I coszw--‘-]«»‘—‘—z-[szl' cos 2¢ - =] (12)
pr olp cos 2¥ L, R " YR Y22 R
KX
= - B P g2
where ¢ =Y8c e Tk R® (2 - =—3.




Equation (12) is the beam envelope equation for the
space-charge dominated transport of an electron beam in an _f = 2
stellarator field (e.g., in the straight section of SLIA).16 In
Eq. (12) ’V=p' -o¢z, where z is the propagation distance along the
axis and g is the azimuthal angle. The beam radius R is a function
of% and z so that the beam cross-section is a rotating ellipse.
The cross-section has become elliptical since, in addition to the
externally applied longitudinal field Bo = . me/qg (produced by
solenoidal current windings), there is also the.f’= 2 stellarator
field b, =112 mc/q. It may be noted that the beam self-fields used
in the derivation of Eq. (12) were for a beam with eliptical
cross-saection. If the stellarator field were turned off, the beam
would have a circular radius‘rc in the externally applied confining
field Bo. In Eq. (12) certain térms have been put in terms
of r, for the sake of convenience, particularly for comparing it
with the standard envelope equation for the case when only a
15 Although, in the
above derivation, beams of uniform density have been assumed, the

parallel external magnetic field is present.

change in density resulting from deformation of a circular beam to
an elliptical beam has been taken into account. Our beam envelope

equation is valid for arbitrary values of R, b2, and Bo.

In these respects, the beam envelope Eq. (12) appears to be an

improvement over previous treatmentsn'l4 of the beam envelope for

high current beams in strong focusing configurations%7

We note that the beam envelope Eq. (12) reduces to the standard
envelope equation for space-charge dominated beam transport (or a
beam with negligible emittance) in a parallel (longitudinal) J1
magnetic field when the.4ﬂ= 2 stellarator field is turned off.

In that limiting case,.ﬂ.z—*o, A —*0; so that by Eq. (7),
K = Py and also R/rc—’l. Equation (12) then becomes '
w2 P .2 —*

He (L)2p- 2og.lem

2Y 2y3 v2R3 (13)




III. BEAM ACCELERATION AND INJECTION IN A REBATRON

A. The Rebatron.

The rebatron,7’8 which is the product of a joint BRL-NRL

project, is shown schematically in Fig. 1. As in the linear
induction accelerators, the electrons in the rebatron undergo rapid
acceleration by transiting through a localized (few centimeters
long) inductive accelerating gap. However, in order to achieve the
compactness of cyclic accelerators, instead of using a series of
accelerating gaps in a linear configuration, the rebatron
racircuiates the electron beam repeatedly through the same
accelerating gap in a closed ring. The accelerating gap produces
an energy gain of ~ 2 MeV per pass, and the beam is recirculated in
a toroidal pipe of cross-sectional radius 10 cm and major (ring)
radius 1 meter. The high-gradient localized electric field that is
responsible for the rapid acceleration of electrons is produced by
a convoluted parallel transmission line.

Other transmission lines may be used, depending upon the final
beam parameters desired. 1In particular, to achieve moderate
energies of ~ 20 MeV for the radiography application, one could use
the ET-2, or the Radlac, radial line cavities,z’6 as shown in

Fig. 2. 18

In the circular geometry shown in Figs. 1 and 2, the applied
magnetic fields consist of a toroidal magnetic field, a vertical
magnetic field, and an_j7= 2 (or other multipole) torsatron field.
The difficulty of matching the vertical magnetic field to the
electron energy (which, in the rebatron changes by ~ MeV at each
successive recirculation of the beam) is overcome by applying the
/(= 2 torsatron field, which gives a lérge bandwidth for mismatch
tolerance between electron energy and the vertical field. The beam
can thus be made to recirculate through the high-gradient
accelerating gap in a single toroidal beam pipe of reasonably small
cross-sectional radius (~ 10 cm). The/(= 2 torsatron field can be

B VO
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right shows low inductance coaxial lines to produce a
vertical magnetic field that can be ramped.
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Figure 2. Schematic of the SFRA (strong focused recirculating

accelerator) in which radial line/ET-2 cavities are used

for producing electric field at the accelerating gap.
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generated by two wires wound helically on the torus, the wires
carrying currents flowing in the same direction. The helically
wound wires generate a twisting strong-focusing transverse magnetic
field, as shown by the four curved arrows drawn in the
cross-saection of the toroidal pipe in Figs. 1 and 2.

The strong-focusing field gives a large tolerance of energy
range of the beam that can be turned with a given vertical field,
without striking the pipe wall. As a result, the rebatron can
produce beams of several tens of MeV even with a fixed vertical

field of a few hundred Gauss."8

To achieve higher energies, the vertical field in the rebatron
is increased rapidly in approximate synchronism with beam
acceleration. This is accomplished by passing currents in opposite
directions through two parallel cylindrical plates, mounted
coaxially with the toroidal pipo.7 This low inductance arrangement
is shown in the lower right inset of Fig. 1. The purpose of the
gap in the outer plate is to provide a field with the desired field
index. Starting with an injection energy of 2.5 MaeV, the rebatron
can then achieve final energies exceeding 800 MeV with beam
currents of tens of kiloamporos.7'

B. Beam Dynamics of Acceleration.

In the local cylindrical coordinate system 8, 3;, ss shown in
Fig. 3, the components of,/:- 2 torsatron magnetic field are given
by

p =50 L g1, g1)
P P- P

B =0 4 (1), 5(1)

] ¢ ¢ ¢ ’
. 1 0) . (1) . (1)
B T T+ Tory cos s By * B *B1, (14)
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Coordinate system used to study SFRA beam dynamics.
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where
Bﬁo) =B, [ Aéé) mx,I', (mx) sin ¢
m=1
- x
BiO) =B, | A:IO) 2n 2 I, (mx) cos ¥ (15)
m=l
Bio) = B, 1- m£1 Aép) mxy I (mx) cos ¢}
with

v=2n (¢ -as) (16)

are the zero order field components produced by the helical
windings in a straigkt (cylindrical) configuration, and the terms
with superscript (1) in Eq. (14) are the first order toroidal
corrections, proportional to Joolro, and are explicitly given in
Ref. 7. The remaining terms are defined as follows:

-13-




(0) _ o
A Kan(mxo)cm
o 2. 8in 2m$

m 2m$é

='BﬂI
0 cL

c

B

xo =2 a Po

X=2ap

where I is the current flowing in the windings; 25/’0 is the
width of the current carrying conductor; To is the major radius

of the torus; and I_ (x), K  (x), I; (x) and K; (x) are the

Bessel functions and their derivatives. 1In a toroidal device, the
period should satisfy the relation 2ﬂr°/L = N where N is an
integer. 1In addition to the torsatron field, the rebatron
accelerator includes a "betatron" or vertical magnetic field
described by the linearized equations

B, = B,, (1~ nx/ro] (17)

r =- BZO ny/ro (18)

-14-
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where B_, is the betatron field at the reference orbit, at

x = y=0, and n is the external field index. The first two
non-zero terms in the expansions describe the field for )D/Jg < 0.5
to better than 95 percent accuracy.

The relativistic equations of motion were numerically
integrated, using Eqs. (14)-(18) with an accelerating gap 2 cm wide
and the electric field limited to a 0.6 radian wide toroidal
sector.7’8 The accelerating voltage was taken as 2 MeV. An external
toroidal field B:x= - 6 kG was also applied in addition to the
field generated by the torsatron windings. Fig. 4(a) shows the
electron energy (7§ as a function of time, and Fig. 4(b) shows the
orbit projected on the minor cross-section of the torus, when the
current in the torsatron windings is taken to be -250 kA, so that the
torsatron field strength factoz'ﬁkis -0.8, where B:xfis Boxoxé (xo).
The betatron field was held constant at 118 G with n = 0.50. Torus
major radius was 100 cm and the toroidal chamber minor radius was
a = 10 cm, while the winding minor radius vas.f% = 12 em. The
parameter o{ was taken as 0.1 cm-l, so that N = 10. The injection
energy was V= 7, the matching ern.rgy for Bz0 = 118 G. It is
seen that the particle remains confined for over 14 recirculations
and attains Y of approximately 65 before it hits the chamber wall.
The total time the electron remains in the system is an order of
magnitude greater than when the torsatron field is absent,
demonstrating the substantial improvement of confining properties
of the system by the addition of a torsatron field.

-15-
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r,z) plane, when the vertical field is held constant at

118 G, in the SFRA shown in Figure 2.

Figure 4.
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To achieve very high energies (241 GaV), the fixed betatron
field is replaced by a local vertical magnetic field that varies
rapidly with time.7’8 The synchronism of the vertical field with
the electron energy need not be exact (because of the large
bandwidth resulting from the torsatron windings) until ) approaches
a value for which the matched vertical field equals in magnitude
the torsatron field. The rapidly varying vertical field can be
generated by two coaxial, cylindrical lines that carry current in
the opposite directions and that are concentric with the torus.
(See inset, Fig. 1.) By splitting the outer line into two, as
shown, the index of the vertical field can be controlled.7 With
such an arrangement, one is able to attain a Y of 1,650 in computer
simulations (with a rapid increase of the applied vertical field to
approximately 28 kG). Figures 5(a) and (b) show the orbit of an
electron in the transverse plane and the increase in Y as a
function of time for this high energy mode of the rebatron with
torus major radius of 100 cm.7'

-18-




C. Beam Dynamics of Injection.

Since the strong focusing magnetic fields in the rebatron make
the particle orbits relatively insensitive to energy mismatch, a
special scheme is needed to trap a beam near the center of the
toroidal ring after it has been injected near the wall. Following
NRL’s beam trapping scheme for stellatrons,19 one can accomplish
the required shift of the beam position, from near the wall to the
minor axis of the torus in a rebatron, by superposing a rapidly
varying vertical trapping field, before the rebatron acceleration
gap is activated. The beam can then be made to pass through the
center of the toroidal cross-section within a few bounce periods.
- The trapping field is of the form

BS e-(t-to)/r for t 2ty
B =

t

BO for t 2 to .

The computer simulation of Fig. 6 shows the success of this

scheme. In this case, the major radius of the torus was 100 cm and
the minor radius was 16 cm. The magnitude of the extecnal toroidal
field was 3 kG and the torsatron (//- 2) field strength had a
magnitude of 1 kG. There is also a fixed vertical field of 105 G
and index n = 0.5. The beam current is 10 kA and the beam radius
is 1 cm. The beam is injected 14 cm away from the minor axis. The
trapping is initiated at t, = 1078 5, with = 10"7 s and

B§= 52 G. We see that the beam drifts to locations near the minor
axis in 2-3 bounces. The rebatron acceleration gap would be

appropriately timed to be activated sometime after this drift.

In the example of Fig. 6, the injection energy was ¥V 22 3.
Because of wall effects, as the beam drifts toward the minor axis,
it loses energy. The variation of beam energy (as it bounces
inward) as a function of time after injection is shown in Fig. 7.

-19-
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IV. SUMMARY AND CONCLUSIONS

High current electron beam accelerators have a wide range of
potential defense and non-defense applications. Induction
accelerators, being inherently low impedance devices, are naturally
suited to drive high-current beams. There are two generic types of
high-current induction accelerators: linear and cyclic. Cyclic
accelerators, like the betatron and its various modifications, have
the advantage of compactness. However, they have the disadvantage
that it takes several thousand revolutions of the beam to acquire an
energy, which is gained in a single pass of a linear accelerator.
Field errors, instabilities, and radiation losses, therefore, impose
limitations on these accelerators. Devices that combine the rapid
acceleration of linear accelerators and compactness of cyclic
accelerators would be desirable. A general method to achieve this
is to recirculate the electron beam through an accelerating module.
Since this involves a 360° turn, application of a vertical magnetic
field is required. This immediately raises the problem of beam loss
due to energy mismatch. This problem can be alleviated by applying
a strong-focusing magnetic field, produced by using stellarator

(current) windings 10-11 7,8,9

or torsatron windiags, in combination
with a toroidal magnetic field. All high current recirculating
accelerators that use strong focusing may be conveniently called
"strong focused recirculating accelerators'" (SFRA). The RIA,11
SLIA12 and rebatron7'8 are examples of SFRA. (The periodic
focusing betatron of the University of New Mexic020 and the

MEBA21 do not come under the category of SFRA.)

An analysis of beam dynamics for SFRA is presented in this
report. We have shown that, even though the canonical angular
momentum is not conserved because of the presence of non-axially
symmetric strong focusing field, there exists a constant of the
motion K =MPz + Pg, where u= 1/ = L/27, at least for a matched
beam (of rctating elliptical cross-section) when toroidal effects
are negligible, even when the self-fields are taken into account.
This constant of the motion is then used to derive a differential
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equation of the radial envelope of a high current electron beam for
beam transport, when a strong focusing stellarator magnetic field
is applied in addition to a parallel (longitudinal) magnetic field
for beam confinement. Unlike some of the other treatments of beam
envelope for SFRA, our beam envelope equation, Eq. (12), is not
restricted to small values of (x, y) or to weak relative strength
of the stellarator field. We also show that our equation reduces
to the standard (e.g., Lee and Cooperls) beam envelope equation
for space-charge dominated beam transport in a parallel
(longitudinal) magnetic field when the stellarator field is turned
off. Equation (12) is expected to be particularly useful in the
design and analysis of SLIA.

Next, a summary description- of beam dynamics in another SFRA,

the rebat:ron,7_9

is given. The rebatron uses two twisted wires,
instead of the four used in RIA and stellatron, to generate an
,(==2 strong focusing field, in addition to a parallel
(longitudinal) magnetic field (produced by solenoidal windings) and
a vertical "betatron" field of suitable index, for recirculating
the beam through a localized gap. It is seen that the increased
energy bandwidth achieved by such a configuration enables
acceleration of beams to tens of MeV with a fixed vertical
"betatron" field. The high-gradient localized electric field of
the acceleration gap can be produced by Radlac or ET-2 cavities.
Assuming an accelerating voltage of 2 MeV per pass and a fixed
vertical field of 118 G, the electrons remained confined for

more than 14 revolutions to attain a ¥ of 65 before hitting the
wall. For this computer simulation, the currents in the torsatron
windings were 250 kA. To achieve higher energies, the vertical
field must be ramped. In that case, energies approaching 1 GeV,
with beam currents of a few kA, could be theoretically achieved.
However, further stability analyses are required to establish the
practical potential of such a device. (See, e.g., Ref. 22.)
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Since the strong-focusing magnetic fields in the rebatron make
the particle orbits relatively insensitive to energy mismatch, a
special scheme is needed to trap a beam near the center of the
toroidal ring after it has been injected near the wall. Following
NRL’s beam trapping scheme for stellatrons,lg this can be
accomplished by superposing a rapidly varying vertical trapping
field, before the rebatron acceleration gap is activated. It is
shown here that this scheme would work for a 10 kA beam of 1 cm
radius, injected near the wall of a rebatron torus of major radius
100 em and minor radius 16 cm, when the magnitudes of the toroidal
("longitudinal") field and the,1== 2 torsatron field are 3 kG and 2
kG, respectively, and a trapping field of magnitude 52 G, with a
decay time of 10_73 is applied. The beam would reach the center of
the chamber in 2-3 bounces. Thereafter, the localized electric
field in the acceleration gap can be suitably activated.

Stability analyses and engineering design studies of rebatron
would be needed before a prototype can be built.
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