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Preface

The objective of the current study was to numerically
solve the full Navier-Stokes equations for flow over an iced
NACA 68812 airfoil. The Beam-Warming algorithm was used to
obtain steady-state solutions for angles of attack ranging
from 2-8 degrees. Comparison of these results was made with
other numerical results obtained from algorithms based on
approximate forms of the Navier-Stokes equations. The
present results were compared to experimental data as well.

These comparisons revealed that the Beam-Warming scheme
accurately predicts the iced airfoil |ift and drag for
angles of attack beiow stall. The post-stall |ift is over
predicted, however, and a study of the unsteady nature of
the flowfield that results after stall will be needed to
resolve this problem. Further research is also needed to
refine the computed local resuits, such as the reattachment
location of the separation bubbles aft of the ice shape.
Continuation of this effort in future thesis work could lead
to resolution of these issues.

Throughout the course of my work on this thesis, | have
received considerable assistance from others. | would
especially |Iike to thank my advisor, Dr. A.A.M. Halim, for
the guidance and direction he provided throughout this
research effort. From start to finish, Dr. Halim was always

willing to answer my questions, and help me to understand
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and resolve the many problems that | faced along the way. | -
am 2!so desply indebted to my sponsor, Dr. Joe Shang of the "
Flight Dynamics Laboratory, for providing the funding for o

the computer resources used in this project. He provided
much more than financial support though. Dr. Shang also Ej
toock time from his busy schedule to provide veryﬁ;aluable N

technical advice, and for his help in this respect | am Z*S
quite grateful. 1 also wish to thank Dr. Miguel Visbal of e L4

the Flight Dynamics Laboratory for his assistance with the .

Beam-Warming code.

I would iike to thank the other members of my thesis %@
committee, br. Miiton Franke an& Capt Phil Beran, for their ff;
advice and comments pertaining to the written report. Two f&i
feliow AF!T students deserve acknowliedgement as well. ] ;ji
want to thank Capt Faran Hafeez for working with me to 3;%
modify Dr, Halim's code. | also wish to thank Capt Paul D. %
Boyles for providing a copy of his data reduction program ::i
for use in this work. ‘\3;5

Finally, | would like to pay a special tribute to my ;é

P
family for their constant support and undercstanding during » ;j!
the many hours | spent away from them working on this i

project. To my wife,_ and my children, UG_—_—_—_——
G : o'y special thank you for giving me the moral

support and encouragement which helped me complete this
thesis successfully.

Larry A. Coleman’
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Abstract

The accumulation of ice on an aircraft reduces the 1ift
and increases the drag of the aircraft, thus posing a
serious hazard to flight safety. The primary goal of
research into the aircraft icing problem is to develop
methods for quantifying the detrimental effects on aircraft
performance. This task can be handied experimentally or
with a numerical approach, or with a combination of both
techniques. Current research interest focuses on develaping
computer codes which can be used to predict iced airfoil
perfaormance. The experimental data gathered over the years
provides a valuable database for verifying the codes in
deveiopment.

The objective of the present study is to evaluate the
performance of an iced NACA 80812 airfoil numerically. The
full Navier-Stokes equations are solved using the
Beam-Warming implicit factored scheme. Steady-state
solutions are obtained for flow at a free stream Mach number
of 8.12 and a Reynolds number based on chord of 1.41x1o°,
for angles of attack of 2, 4, 6, and 8 degrees.

The Iift and drag curves obtained from the numerical
solutions were compared to experimental data and other
numerical resulfts. 1t was found that the Beam-Warming
algorithm provides a good estimate of the lift and drag at

angles of attack below stall. Computed lift coefficients




were within 11.5% of the experimental data, while the drag
coefficients differed by as much as 24%. These results were
in excellent agreement with the other numerical solutions.
At an angle of attack above stail, however, the code did not
predict the expected decrease in tift, and the calculated
drag coefficient was much liower than the experimental data.

The comparison of two local flowfield characteristics
with the experimental data was less encouraging. A computed
velocity profiie was compared to the experimental profile
for a station in the separated region on the upper surface.
This comparison showed that the computed separation bubble
is approximately one half the thickness of the bubble
measured experimentally. Flow reattachment location is
another measure of the predictive accuracy of the numerical
scheme. The reattachment locations from the numerical
solutions were 38-48% less than the experimental values.

The conclusion to be drawn from these comparisons is
that accurate results can be obtained for the global
perfarmance parameters using the code in its present staie,
but more work is certainly needed to refine the focal
results. To achieve this goal, turther study is needed in
three areas: 1) effect of the grid on solution accuracy, 2)
effect of the transition location on the resuits, and 3)

effect of the turbulence model! on the solution.
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NUMERICAL SIMULATION OF FLOW OVER ICED AIRFOILS

1. JIntroduction

lce accumulation on aircraft surfaces results in
substantial performance penalties. Formafion of ice on the
leading edge of an airfoil can lead to separated flow
regions on the upper and lower surfaces. Flow separation
results in severe loss of |ift and a dramatic increase in
the drag of the airfoil. For example, in experimental work
at Ohio State University, Bragg has tested a NACA 80812
airfoil with a simutated ice shape which resulted in a
reduction of maximum lift of over 58% and a drag increase of
368% (1:t). The implications of such severe performance
penaities on flight safety are obvious.

An aircraft can encounter icing when flying through
clouds. Two types of ice can form on the aircraft surfaces
depending upon the environmental conditions (2:2-3). When
the air temperature is well below freezing and the liquid
water content of the air is low, the water dropiets freeze
almost immediately upon impact forming spherical grains of
ice. This type of ice formation is termed rime ice. 1f the
air temperature is near freezing and the liquid water
content of the air is high, the droplets impinging on the

surface do not freeze immediately. Instead, droplets run
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back on the airfoil surface before freezing which leads to
the formation of horn-shaped structures on the upper and
lower airfoil surfaces. This type of ice formation is
callied glaze ice. The glaze ice horns cause the flow to
separate. Therefore, giaze ice is the most detrimental to
aircraft performance. Typical rime and glaze ice formations
are shown in Figure 1.

The problem of aircraft icing has been of interest for
many years. In 1932, Jacobs tested a NACA 8812 airfoil with
various leading edge protrusions (3). Aithough none of
these experiments were conducted with actual ice accretions,
the detrimental effect of distorting the feading edge shape
was established in this work. Jacobs' results were reported
in terms of changes in the airfoil's litt, drag, and moment.

In the 1958s Gray continued NACA's study with tests of
the NACA 685-212 and NACA BS5A004 airfoils. These experiments
were conducted in NACA's icing Research Tunne! and data were
obtained for these airfoils with actual ice accretions. The
adverse effect of the ice was again reported in terms of the
global airfoil performance parameters--lift, drag, and
moment coefficients (4,5). In 1964, Gray used the
experimental data available at the time to correlate changes
in aerodynamic performance with ice accumulation. He also
attempted to generalize the corretation to other airfoils
using leading edge radius as a parameter (6:1). While this

correlation has proven useful in a qualitative sense, Cebeci
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points out that the drag rise predicted with Gray's
correlation is generally too high (7:11).

The need to more accurately predict the effect of ice
accumulation on.airfoils has prompted further research in
this area in the 1988s. The ultimate goal of the current
NASA program, for instance, is to develop computer codes
which can be used in the airfoil design process to predict
the sensitivity of a proposed design to ice accumuifation.
Before any code can be used as a reliable design tool,
however, it must be thoroughly tested. One method to test a
code under development is to apply the code to an iced
airfoil for which experimental data are avaiifable, and
compare airfoil performance based on the computed solution
to that obtained from the experimental data. Obviously,
accurate, detailed experimental data for an existing iced
airfoil are required to fully validate a given code.

in recent years, several investigators have worked to
provide the detailed experimental data needed to verify the
computer codes in development. Bragg and Coirier have
performed a series of experiments using a NACA 8812 airfoil
with a simulated giaze ice shape attached to the leading
edge. In these experiments, the |lift, drag, and moment of
the airfoil was determined for the airfoil with and without
ice. 1In addition, surface pressure taps were located in the
regions behind the ice horns to allow measurement of the
pressure distribution in the separated flow regions. Also,

a split film probe was used to map out the velocity profiles

4
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at several chordwise stations in the separation bubble
behind the ice horns. These velocity profiles clearly
indicate the regions of reversed flow in the bubbie and the
bubble reattachment point (1,8). 1In an extension of this
work, Bragg and Spring have investigated the effect of
adding surface roughness to the glaze ice shape (9,18). In
addition to these quantitative studies, Khodadoust's flow
visualization study of this same airfoi! provides some
qualitative information on the behavior of the fiow in the
leading edge separation bubble (11).

in addition to the experimental work on iced airfoils -
in recent years, there has been an effort to deveiop
computational methods for determining the fiow fieid over
iced airfoils. Two researchers , Potapczuk at NASA's Lewis
Research Center and Cebeci at the California State
University, have published very promising results for the
fiow over the NACA 8812 airfoil tested experimentaliy by
Bragg and Coirier., Both investigators have produced
computational results which compare very favorably to the
lift and drag data of Bragg and Coirier, even though
different numerical schemes are used by each.

Cebeci has developed a code for iced airfoils based on
an interactive boundary fayer (iBL) method (12). The code
allaws for interaction of the viscous and inviscid fiow
regimes. With this featﬁre, the boundary layer equations
are well behaved even beyond the point of separation on the

airfoil surface. Therefore, the code can be marched past

5




the point of separation and a solution can be obtained even
in regions of reverse flow. Turbulent eddy viscosity is
computed using Cebeci and Smith's algebraic turbulence
model. Details of the IBL method are in Reference 12. The
Cebeci-Smith turbulence mode! is described in Reference 13.

Potapczuk developed a computational method for the filow
over iced airfoils using the thin layer Navier-Stokes
equations (14,15). The code being used is ARC2D, a
Navier-Stokes code developed by Steger and Pulliam at NASA
Ames. The algebraic turbulence model of Balidwin and Lomax
is used in this code to calculate the turbulent eddy
viscosity. Details of the ARC2D code can be found in
References 168 and 17. The Baldwin-Lomax turbulience model is
described fuily in Reference 18.

in the present work, two additional numerica! methods
are investigated for calculating the flow field over the
NACA Q0812 airfoil with glaze ice. The goal of the study is
to compare the present numerical results to other numerical
resuits and experimental data, and evaluate the advantages
or disadvantages of the algorithms studied in this thesis.
To match the experimental conditions of Bragg and Coirier,
the numerical solutions are obtained for a Mach number of
§.12 and a Reynolds number of 1.41x1s6. Numerical solutions
are obtained for anglies-of-attack ranging from 2-8
degrees.

One of the numerical methods investigated is a giobal
space marching technique developed by Halim (19). This code

8
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is based on an approximate form of the Navier-Stokes
k equations obtained by dropping the streamwise diffusion
terms. The equations are written in terms of the stream

function and vorticity rather than the primitive variables.

The advantage of this formulation is that the number of
unknowns is reduced by one.

A second numerical method applied to the iced airfoil
is the implicit approximate factored scheme due to Beam and
Warming (28). This code is a time marching implementation
of the full Navier-Stokes equations. No simplifying
assumptions have been made. This code is written in terms
of the primitive variables.

There are two common features for these codes. First
of all, each code is written in terms of generalized
coordinates to allow computation over arbitrary geometries.
This is accomplished by transtforming an arbirtray physical
space to a computational space with uniform spacing.
Secondly, each code is written in deita formutation. This
means that the solution obtained is in terms of the
difference between a variable's value at two time levels.

In the Iimit, this difference approaches zero as the

sofution approaches steady-state.




il. Analysis

In this chapter the governing equations for filow over
an airfoil are described. Anderson and Tannehi!l (21) is
the primary reference for the equations presented in this
chﬁpter. The governing equations are put into
non-dimensional form and transformed from Cartesian
coordinates to generalized coordinates. The method of
generating the grid for soiving the equations in the
transformed domain is briefly discussed. Finally, the
appropriate boundary conditions for flow over an airfoil are

presented.

Governing Equations

The fiow field over an iced airfoil is described by the
Navier-Stokes equations. The vector form of the
compressible Navier-Stokes equations in Cartesian

coordinates is given by

G _ (1)
+a—z--0

™
A%

&+

These equations can be simplified for two-dimensional flow

to




where the vector of conserved variables, U, is given by

and the flux vectors, E and F are

For turbulent flow the shear stress components are

as

pu

2
pu- *+ P - Tyx

puv - T

(Et + p)u - utxx - Vtxy + qx

pv

puvV - T,

2
v o+ -
P P~ Tyy

E - u -
( ¢t p]v txy Vtyy + qy

(3)

(4)

(S)

expressed




T =2 (pu+c¢ )vy + lT ( ux + vy ) {8)

Yy
where
pu = molecular dynamic viscosity
€ = turbulent eddy viscosity

Also, assuming Stokes’' hypothesis to be valid for this flow,
XT is defined as

Ap = - 2/3 ( u + € ) (9)

The heat flux components for turbulent flow are

- - aT
a, = (k+kT)é_x. (19)
- - aT
qy = ( k + kT ) 3y (11)
where
k thermal conductivity of air

kT turbulent thermal conductivity

introducing the Prandt| number, Pr, and turbulent Prandt!

number, Pr defined as

T

uc €c
Pr = '—FE PrT = _—FE (12)

the heat flux terms can be rewritten as

- - € oT
A = cp ( —gT * Pro ) ax (13)

10




- - € aT
= (Hr B ) & (14}

The energy term, Et’ in the E and F vectors above denotes

the tota! energy per unit volume, given by

where

u, v

internal

p[e+——2——-] (15)

velocity components

energy per unit mass

The equation of state for a perfect gas is used to close the

system of equations.

where R is the gas constant for air.

a calorically perfect

and the relationships

where

This equation

P

gas

(16)

Using the relation for

(17)

(18)

(19)
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c
p

v

specific heat at constant pressure

specific heat at constant volume

the internal energy can be expressed as

_ RT
¢ = ="l (28)

Substituting for RT in the equation of state yields

P=pe (y-1) (21)

Using Eq (21) the pressure can be expressed in terms of the

total energy as

P=(qy-1) [ E, - 1/2p ( u? V2 ] ] (22)

In addition to the equations developed above,
expressions are needed to evaluate the molecular and eddy
viscosities. The molecular viscosity is determined using

Sutherliand’'s formuia (22:328), given by

3/2 T + 8
T T 0 1 (23)
Ho Fo =+,
where
To = absolute reference temperature
Hy = molecular viscosity at reference temperature
S, = Suthe-land’s constant { 118 K )

12
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The turbulent eddy viscosity is evaluated using the
algebraic eddy viscosity model of Baldwin and Lomax (18), as

modified by Visbal (23).

Non-dimensional Form of the Equations

It is customary to cast the governing equations into
non-dimensional form so they are expressed in terms of
parameters such as Reynolds number, Mach number and Prandt|
number. One method for non-dimensionalizing the equations,
as suggested by Anderson and Tannehill (21), is to define

dimensioniess variables of the form

x* = x/¢ y = y/c t* = '17V
¢ ®
Y= ougv S =
u = u/ ® v = v/ ® p = p/qm
* * *
T ,J/uQ € = (;/,_,m T = T/Ta) (24)
* p * e
P == ¢ ==
pV v
@®» o
where
¢ = airfoil chord length
V = free stream velocity

The asterisk denotes the dimensioniess variables and the
subscript o indicates free stream conditions. Applying

these expressions to the Navier-Stokes equations yields

13
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where the dimensionless vectors are expressed as
- N "
p
« ptut
u = . % (26)
p Vv
E*
| t |
i * % 7
p u
* * *2 * *
E = pu +P - Ty (27)
* % % *
puv -~ txy
E * * % * % *
( v P ]u Ut v txy + 9,
L J
[ * % 1
p Vv
*U*V*
p -1
el » xy (28)
* * * *
pY TP T Ty
E . * V* U * V* * + *
( t p] Txy Tyy * 9y

In these vectors the dimensionless shear stress terms are

given by
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*
* 1 * * 3u
T = -me— | 2l * € ) —g
xx c [ ax
* * P * aV*
-2/3(p + )| B+ &5 (29)
ax ay
* 1 * * au* av*
T : e (0 +€ )| —5 + — (39)
Xy c [ ax ay

* _ 1 * *  gv
Tyy "‘He—'[’-‘" te) —

* *
Y I ] A (31)
ox oy

The corresponding heat flux expressions are

9" = - ( _gi . £ ] A (32)
X (g-1ME Re, | P

. -1 ( * c* aT* a3
By (y-1)M- Re_ L—g-'-*—p?*r} ay" ()

The dimensionless form of the totai energy is expressed as

E. =p | e + . (34)

and the corresponding dimensionless equations of state are
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* * %
P =(y~-1)pe (3%)
*
. TMp
T = — (36)
P

Note that the dimensionless vectors have exactly the same
torm as the dimensional ones. For this reason, the *
notation is generally dropped once the dimensioniess form of
the equations has been derived. This convention will be
followed in this thesis. In all subsequent references to
the governing equations the dimensioniess form is implied.
Details of the non-dimensionalization for representative

terms are shown in Appendix A.

Equations in Generalized Coordinates

The equations as deveioped so far are suitable for
application to problems in the Cartesian coordinate system.
For problems with flow over irregular geometries, however,
the equations can be more conveniently solved if expressed
in terms of generalized coordinates. The general

transformation given by

E(x,y) (37)

g,
"

nix,y) (38)

=
n

can be applied to transform the governing equations from the

physical domain (x,y) to a computational domain (E,n). The

16




transformation is shown in Figure 2. As can be seen, the
advantage of the transformation is that a uniformly spaced
computational grid resuits.

As outliined in Anderson and Tannehill (21), the
transformation from physical coordinates to computational
coordinates is performed by applying the chain rule of

partial differentiation as follows:

@
@
@

> - & 3t * Ny an (39)
a(-) _ . 8 al-)
&y - Sy "wam (491

Applying the chain rule to Eq (25) yields
d ) 2] 1
—af(—.r]*—ag[—r(ﬁxﬁ*iy"]]

9 1

where J is the Jacobian of the transformation defined as




xVY

(&

(a) Physical Plane

0 —>

& max 3

(b)) Transformed Plilane

Figure 2. Coordinate Transformation from the Physical
Domain to the Computational Domain
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Further details of the coordinate transformation are in
Appendix B.

Now Eq (41) can be rewritten as

m—#ye"'ﬁv Q (44)
where
U= U/J (45)
E = 1/J (ng + gyF ) (46)
F=1/4 (nxe ¢ nF ] (47)

One further rearrangement of the governing equations is
needed to aid in the implementation of the implicit
algorithm. |t is desirable to separate the inviscid and
viscous terms in the é and ; vectors, and it is also
necessary to separate the cross-derivative terms. This is
accomplished by rearranging terms into six new vectors.

The inviscid and pressure terms in é in Eq (44) form a
new vector E1. Similarly, the inviscid and pressure terms
in ; form a new vector E2‘ These vectors can be expressed

as

19




where the contravariant velocities, U and V, are defined as

U =

EU * BV (56)

<
i

nu + nyv (51)

The viscous and heat flux terms which remain in €g (44)
are separated into four vectors to isolate the
cross-derivatives. These terms in E can be expressed in

general as

vV = V1(U,UE) + VZ(U'Un) (52)
and the terms in F can be written in general as
W = W1[U,UE] + Wa(U.Un] (53)

With these definitions, Eq (44) can be rewritten as

20




*‘% w1(~,ﬂg] * 5 wa[u,un) (54)

The specific components of V1, VZ‘ w1. and w2 invelve the
expressions for the shear stress and heat flux terms in
generalized coordinates. These expressions are included in
Appendix B,

The Navier-Stokes equations are now in a form suitable
for application to the Beam-Warming implicit aigorithm.

Details of this numerical scheme are discussed in the next

chapter.

Grid Generation

In the numerical study of any fluid dynamics problem,
the continuous solution is approximated by solving the
governing equations at discrete points in the fiow field.
The distribution of these points in space forms a grid or
mesh system. Accuracy of the solution for a given problem
is highly dependent on the number and ptacement of the grid

points.

21




For simple geometries, the grid can be defined by

simply specifying the spacing and number of points in the

directions paralie!l and normal to the body. The governing

equations are then solved directiy in the physical domain.
For more complicated shapes, such as two-dimensional
airfoils, fitting the grid to the body results in rather
arbitrary spacing in the physical domain. Specifying the
boundary conditions on the surface in physical coordinates
can also be difficult for complex shapes. Therefore, the
physical domain is generally transformed into a
computational domain. The transformation is such that
points in the physical domain are mapped one~for-one into a
unit square computational space, as shown in Figure 2. Note
that in the computational domain the spacing is uniform
throughout. Also, the airfoil surface maps to the n=8
line in the computational domain which greatly simplifies
specification of the surface boundary conditions.

Several techniques are available for performing this
transformation, including algebraic methods and methods
requiring the solution of elliptic or hyperbolic partial
differential equations. Each has advantages and
limitations. In this study, airfoil grids were generated
using both partial differential equation methods.

Initial work was done using an elliptic grid generator
developed by David Amdahl (24) of the Flight Dynamics

Laboratory at Wright-Patterson AFB, Ohio. The code worked

very well, but the number of iterations required to solve

22




the elliptic equations transiated into long computer running
times for each grid. Also, the version of the code used in
this study requires the user to specify the outer boundary
points in addition to the inner boundary or airfoil surface
points. Given these |imitations, an alternative grid
generation method was chosen.

Subsequent grids were generated using a hyperbolic grid
generator developed by Steger and Chaussee, and coded by
Kinsey and Barth (25). The solution of the hyperbolic
system of equations used in this code was obtained much
faster than with the elliptic grid generator. Also, since
the hyperbolic equations are marched in space, only an inner
boundary must be specified by the user. The program allows
for selection and modification of the desired outer boundary
shape. For example, C-shaped or O-shaped grids can be
generated about an airfoil simply by adjusting program
default parameters. n the present study, C-grids were
generated. A grid with 299 points in the g~direction and 65
points in the n-direction is shown in Figure 3.

The hyperbolic grid generator offers comptete control
over grid point clustering parallel and normal to the
surface. For the iced airfoil!, it is necessary to cluster
more points around the leading edge region to capture the
rapid changes in the flow over the ice shape. The grid
generator aliows the user to specify the minimum spacing
along the surface at any point, either on the body or in the
wake. Once these points are all defined, the user can
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Figure 3.

Typical C-Grid for an Iced NACA 8812 Airfoil
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specify the number of points needed between any two minimum
spacing locations. Exponential stretching functions are
used to space these grid points on the surface or in the
wake about the minimum spacing points previously defined.
Similarly, the code allows the user to specify the
minimum spacing required normal to the airfoil surface.
This provides the control needed to cluster more points in
the boundary layer where rapid flow changes are occurring.
Again, exponential stretching is applied to space the

remaining points normal to the surface.

Boundary Conditions

For solution of the compressiblie Navier-Stokes
equations, boundary conditions must be specified at the grid
outer boundary and on the airfoil surface. [t is assumed
that the outer boundary is far énough away from the airfoil
that free stream conditions can be applied. Therefore, in
the computational domain at N=Npax + the boundary

conditions are

i
O

(585)

< C © ©

non

< O
8

o

o

»

R

]

<
(7]
3
R

where

<
n

magnitude of the free stream velocity
airfoil angle of attack

R
1]
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At the downstream boundaries, E=8 and E=Enax + the

specified boundary conditions are

(56)

L e g ge
" n
(-} (-]

For the viscous fiow on the airfoil surface, the no-slip
boundary condition is enforced. An adiabatic wall is
assumed, and the pressure at the surface is assumed to be
equal to the pressure one grid point above the surface.

Thus, for n=8 , the boundary conditions are

c
n
<
n
-]

=0 (57)

gl gy
Slo 313

In the wake, continuity must be maintained across the wake
cut. This is accomplished by averaging values of p, u, v,
and p across the wake cut and using these average values as

the boundary condition on the wake line.
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I1i. Numerical Procedures

The numerical methods used to solve the governing
equations are described in this chapter. Two numerical
schemes have been used to study the fiow over a NACA 8812
airfoil-~-the Beam-Warming finite-difterence scheme (28,26)
and a space marching algorithm developed by Hal!im (19). The
Beam-Warming scheme is an implementation of the full
compressible Navier-Stokes equations. The actual code used
was written by Visbal (23). The Halim formulation is an
implementation of the incompressible Navier-Stokes equations
utilizing the thin shear layer approximation. It was
originally written and applied to symmetric airfoils at zero
angle of attack. By taking advantage of the symmetry
condition, the solution only needed to be computed over half
the domain. The author and a fellow AFIT student, Capt
Faran Hafeez (27), worked to modify the code to handle

computations in the full domain.

Beam-Warming Scheme

The Beam-Warming scheme is a time marching impliéit
algorithm for the solution of the compressible Navier-Stokes
equations. The general difference formula for the scheme is

given by
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AU =WT(AU"] +_Té%_2_%t.(u"] +-T+—e-2-AU

+ 0 [ (6,-1/2-0,) )2 + (at)? ) (58)

where

AU = U - U (59)
The temporal accuracy of the scheme is determined by the
choice ot the parameters 81, and 82. The Euler implicit

1
is first order accurate in time. A variety of second order

scheme is obtained for @8, = 1 and 62 =8 . This scheme

accurate schemes can be obtained by specifying

61 = 92 + 1/2 . The specitic code used in this thesis uses
first order accurate Euler implicit time differencing. This
accuracy is sufficient in the present work since only the
steady-state solutions are of interest.

Recall that the Navier-Stokes equations are given by

() &) (=)

. ( ) f )
&) S aJ .
-.3_5 V1(U.UE] + —éE VZ[U’Un)
\ y \ J
( ) ( 3
d . s] s 0
e A RACEN N N A CCAR B
\ J \ J
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If this equation is written at time levels n+1 and n |,
and the equation at level n is subtracted from the

equation at level n+1 ,the result is

Fr (0] & (o) & (=)

( A ( 3
3 N d -

\ J \ J

4 3 ( 1
3 N le) -

\ J \ J

This is the so-called delta form of the equations, where

AUn - un+1 - Un
ae] = e7*' - €]
ae) = €37 - €}
avi = vt vl (61)
Avg = v;*' - vy
aw) = Wit - W)
awy = w2*1 - wg

Now Eq (68) can be solved for AU? and the result substituted

into Eq (58) to yield
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n _ 1 3] n n n d n n n
et ET {‘55(“‘51*‘“’1*‘“’2] *‘&[‘“1*“’1*5"2]}

2
At 9 n n o) n
+ —TT§; {%53(— E1+ V1 +V ]+—aﬁ(- E + wq +W2)}
" a1t 6,-1/2-6 t t)3 82
+ —-1'_—;5; 2 (A ) + (At) (82)

For the Beam-Warming algorithm, the spatial derivatives in
Eq (62) cannot be approximated by finite differences yet
because the equation is nonlinear. This arises from the

tact that the flux vector increments, AE1, AEa' AV1. Ava,

AW and AW are nonlinear functions of U. Each of the

1’ 2’
flux vectors must be [inearized before differencing the
equation.

Linearization of the Flux Vectors. Each of the flux

vectors can be linearized using a truncated Taylor series

expansion in U. For exampile, AE: can be linearized from

aE - -~
SAEN [-—.—-’ } [u"” - " ] + o(at)? (63)
au

which can be expressed as

n .
AE, = [A] au” + o(at)? (64)

n
where [ A ] is the Jacobian matrix given by
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[A]n={_;..‘-]n (85)

Similarly, AE2 is linearized as

N .
oE, = [ B ] A" + o(at)? (686)

n
where [ B ] is the Jacobian matrix given by

[a]":[.;.i_]n (67)

The viscous deita terms are linearized using the method
suggested by Steger (28). In this method, the coefficients
of viscosity, yu and ¢, and the thermal conductivities, k and
kT’ are assumed to be locally independent of G. In

addition, the cross derivative terms, Avg [Q.Un) and
13

AW? [U'UE]' are neglected. With these approximations, the
n

viscous terms are linearized as

{ n . 3

av] = [ R ] au” + o(at)? (88)
\ JE
( n . ) >

Awg = [ ) ] au” + O(At) (69)
\ Jn

n n
where [ R ] and [ S ] are the Jacobian matrices
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n ( aV1
\ aUE J
n r aw, \"
[ s ] = | —2. (11)
\ wn J

The four Jacobian matrices resulting from the linearization
of the governing equations are presented in Appendix C.

Substituting the linearized flux vectors into Eg (62)

yields
4] 2 n
oa o] #[x 1" s ]" #[])),;
[ I ] + - ) \V)
14-92 13 <13 an
- At d d
—-1-—{6&(—5+V1 +V2]+-5;,-(-E+w +W }
+ " ™t ] [e.-172-6.) (at)? + (at)?® 72

where
[ I ] = identity matrix

and notation such as

. n
3] A -

ok
implies
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Approximate Factorization. Beam and Warming (28) have

shown that spatial factorization of Eq (72) results in a set
of equations that can be solved using an alternating
direction numerical scheme. Specifically, the left hand

gside (LHS) OF Eq (72) can be factored into

[1] 04! L] [ln

n 2 n
61At a[}a ] o [ S ] “n 3
X [ I ] + l L - > AU + 0O(At) (73)

Since the term remaining after factorization is O(At)s. and
the leading truncation error term in Eq (72) is at best
O(At)a, the factorization does not affect the temporal
accuracy of the scheme.

in practice, Eq (72) is impiemented in three steps as

follows:

Step 1.

(o] 2 LT oL o

6, ae°

= AHS [ Eq (72) ] (14)
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Step 2.
n 2 n
61At a[ 8 ] 3 [ S ] “n axn
[ I ] + 1 - AU = AU (75)
Step 3.

“n+1

Cc
H
C»
+
>4
C

(76)

where

«N

AU

intermediate solution vector

RHS [ Eq (72) ] terms on right hand side of Eq (72)
The equations above are written in terms of a general
time differencing algorithm. The code used in this thesis
incorporated first-order Euier implicit time differencing,
obtained by setting a1 =1 and 6, = 8§ . With these

2
substitutions for e1 and 92, Eqs (74) and (75) simplify to

n 2 n
aI A ‘ 3] A D
[ I ] + At - ——1;3-1 AU
3E 1

- d n n n d [_ gn n n
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n 2 n ‘
8[ 8 ] 2] [S “n ~qN
[ I ] + At L - AU = AU (78)

an on

The spatial derivatives in Eqs (77) and (78) are written as
second-order central ditferences. Visbal (23) shows that

this yields

"“n(Ea'in "oV, 5 W, (79)

and

I | + at B &2l s A" At (89)
[ ] uﬂ[ ]i'i n[ ]i,j ivi i,]

where
8§fi.i = [ f1+t/z j fi-llz,j ) / AE
anfi,i = [ fx jers2 fi,j-l/Z ] / bn
(81)
ugfi,iz (fio‘lj_ i-!,j]/ZAE

HatiLg ® ( figer ™ fx.j-i] / 2n

are finite difference operators.
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This discretization of the equations resuits in a 4X4

block tridiagonal system of |inear equations to be solved.
The solution is obtained by first sweeping the domain in the
g-direction, solving Eq (79) at each n-line. This sweep is
followed by sweeping the domain in the n-direction; solving
Eq (88) along each g-line. The result of both sweeps is a
new estimate for the unknowns, AG".

Added Dissipation Terms. 1In the application of their

algorithm, Beam and Warming have found it necessary to add
artificial dissipation terms to damp short wave length
oscillations (26). In Visbal's implementation of the
Beam-Warming scheme, both expliicit fourth-order damping
terms and implicit second-order damping terms have been
added for numerical stability. Explicit damping is included

by adding the term

aty; ! (54 . 6;) " . (82)

Vg iy

to the RHS of Eq (79), while implicit damping is

incorporated by including the terms

-1 2
- wIAtJi,j GEJi,j[ I ] (83)

and

-1 2
- J. . . .
QIAt i 6ndl,,[ I ] (84)




on the LHS of Eqs (798) and (88). in these expressions, Ve
and wy are the explicit and implicit damping factors,
respectively. Anderson and Tannehill (21) suggest w_ be

E
{ess than 8.8625 for stability, and Visbal (23) and Pulliam

(17) recommend that

wr 2 2mE (85)

Note that the addition of the second-order damping

terms does not affect the steady-state solution, since Au"

approaches zero for this condition.

Halim's Formulation of the Thin-Layer Equations

Another numerical method considered in the present
study was that developed by Halim (19) for steady,
incompressible, laminar flow over arbitrary airfoils. This
code employs the thin-iayer form of the Navier-Stokes. The
thin-iayer approximation assumes the viscous shear stresses
parallel to the body are negliigiblie compared to the shear
stress normal to the body. Therefore, the streamwise
diffusion terms are dropped from the Navier-Stokes
equations.

Halim’'s formulation of the thin-layer equations is
written in terms of the stream function and vorticity rather
than the primitive variables. The advantage of this
formulation for 2-D flow is that the number of unknowns is

reduced by one. In terms of stream function and vorticity,
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the governing equations can be written in generalized

coordinates as

N e =

and

a“') =9 (87)

2 2
= X_ +
x=Xp*t ¥y
= X_X +
B = XgXp * Yehy
2 (88}
= X. o+
VS Xe Y
J = x -
gfn ~ *ne
The vorticity, w, is defined as
. Ov _ du
©w = 3% 3y (89)
and the stream function is defined by the equations
Ay _
w i u (98)
Sy _ _
5% - v (91)
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Linearization of the Vorticity Equation.

Equation (86)

is nonlinear due to the products e and wp This
equation can be linearized by writing
Oz 0" e A (92)
wn+1 - v’n . AWn (93)
and substituting these expressions into Egq (868). Expanding

after the substitution,

and neglecting higher order terms,

resuits in
n wnAwn - o"" - o"Ap" - o _Q_( 1 Awn)
g Y% T ¥ n"Ye T Re_ “an{ v~ ““n
U n.n . 1 3 ( Y n) 94
¥n% * ¥ T We] Tan"U “n (4]
The equation is now linear in the unknowns Aw and Ap.
Equation (87) is already linear, but it can be put in
deita form by applying Eqs (92) and (93), which gives
n
n, 8 a QQQ B odAyp ]
JAw + B i 4
K3 oE J  an
o (y atw _ B aw) . "
+8n(+8n J ag)' Ju
n n n
_of(a ®'_ 8 ®)_2(y ¥_ B N (g
3E\ J  TOE J Tan - J "ot

Equations (94) and (95) are discretized using second-order

central differences for all

terms except

Aw , which is
P
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treated as an upwind difference for stability. A 2X2 block
tridiagonal system of equations resuits, which is solved
using the Thomas algorithm (21:98)

Boundary Conditions in Terms of Stream Function and

Vorticity. The boundary conditions used for this algorithm
are similar to those applied for the Beam-Warming scheme.
However, the appropriate boundary conditions must now be
specified implicitly in terms of p and o.

On the airfoil surface, the velocity components are
zero. Specifying this condition in terms of the stream
function requires applying the chain rule to the stream

function definition, which yields

and
v = -wx = -(‘pggx + q;nnx) (97)

For u and v equal to zero on the surface, Eqs (96) and (97)

can be combined to yield

ve [&x + Ey) * v, [ny + nx) =8 (98)

Now, since n = 8 corresponds to the airfoil surface, this
n-line is a streamline along which y = 8 everywhere.
Consequentiy, the rate of change of p with respect to E, wE,

must be zero aiong this line. Then, noting that the metrics
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in general, the requirement for zero velocity

are not zero
surface can only be met by prescribing

on the airfoil

(99)

at n

"]
n
@

is the implicit form of the surface boundary condition

which
tor 9. The vorticity on the airfoil surface can be

determined from the definition of vorticity,

w = —(wxx + wyy] (168)

everywhere on the surface, however, the rate

Since v = @
is also zero. So, the

of change of v with respect to x

vorticity on the surface simplifies to

m:-wyy (181)

This boundary condition can be written in terms of the

computational domain variables by applying the chain ruie,

which gives

(182)

- 2 3
Twe= Ey_ﬁ["’sey * “’n"y) * "y—ﬁ(wsgy * "’n”y)

This equation can be simpliified, however, by noting that

both mE and the rate of change of wﬂ with respect to E are

so that

zero at n = & |




= o -
@ = ny-ﬁﬁ(?nny] at n=198 (183)

which is the implicit form of the surface boundary condition
for .

The boundary conditions in the far field are derived by
assuming the outer boundary is far enough away from the
airfoil that uniform flow at free stream conditions

prevails. Thus, ftor g =0 and g =§g. .. .,

u =
®
v = @0 (184)
W =
or alternatively,

=V
Wn Qw ’ "y 185
WE- ( )
w =0

The boundary conditions along the wake cut depend on
the airtoil and angle of attack. For a symmetric airfoil at
zero angle of attack, the wake cut can be treated as a

streamline and the appropriate boundary conditions are

<
n
(=]

(186)

These boundary conditions assume uniform flow in the

streamwise direction and no component of velocity in the y
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or n direction. Therefore, the wake boundary condition must

® be modified for non-symmetric airfoils or airfoils at angle
of attack. Hafeez (27) is currently working on this
modification.

L Modification of the Original! Code. The original

computer program solved for flow over a symmetric airfoil at

zero angle of attack. The code was written to take

L advantage of the symmetry by computing the solution for only

hatf the domain. As a first step in generalizing the

program to non-symmetric airfoils, the author and fellow

QC student Capt Faran Hafeez, modified the original code to
extend the computations over the entire domain. The
modified code was tested by applying it to a NACA @812

® airfoil at zero angle of attack, for which the solution had
been previously computed with the original code. Due to
problems in applying the implicit boundary conditions

“ correctiy, all the time availabie to devote to this

algorithm was spent extending the scheme to the full domain

and testing the modifications, Therefore, two further

modifications of this code are needed before it can be

applied to an iced airfoil.

First of all, a suitable wake boundary condition must
be derived for flows at angie of attack or flow over |
non-symmetric airfoils. One possibility is to average the
velocities across the wake cut, as is done in the
Beam-Warming code. The task is to obtain expressions for
the average velocities in terms of w and p, however. As
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mentioned previously, Hafeez (27) is working to incorporate
a suitable wake boundary condition. The second modification
needed is the addition of a turbulence model. The separated
fiow behind the glaze ice shape on an iced airfoil is
definitely turbulent and accurate results cannot be expected
uniess this phenomena is modeled. Hafeez (27) is in the

process of modifying the code to handle turbulient flow.
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‘ IV. Results and Discussion

The Beam-Warming algorithm was applied to an iced NACA

8812 airfoil at angles of attack ranging from 2-8 degrees.
The criteria used to define a fully converged or
steady-state solution are presented in this section. Also,
the global results of this study are presented in the form
of Ilift and drag curves, and pressure coefficient plots for
the flowfield. Some local flowfield results are presented
as well. These include u-velocity component contours over
the leading edge region for 2.8, 4.8, 8.8, and 8.8 degrees
angle of attack, and velocity vector plots covering the
separated flow regions. The u-velocity contours iflustrate
the separation and reattachment of the flow over the ice
horns, and the velocity vector plots detail the reverse flow
in the separation bubbles. The velocity profile on the
upper surface at x/¢c=8.8 is also plotted and compared to
Spring’s experimental data. Computed and experimental flow
reattachment locations are compared as well.

in a separate section, the results of the work done to
extend Halim's formulation to the full domain are presented.
Streamline contours for a clean NACA 6812 airfoil at zero
angle of attack are presented, along with a plot of the skin

friction coefficient over the airfoil.
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Results for an Iced NACA 8812 Using the Beam-Warming Code

The Beam-Warming code developed by Visbal was used to
compute the flowfield over an iced NACA 8812 airfoil with
the same geometry as that tested experimentally by Bragg and
Coirier. Computations are for flow at a free stream Mach
number of 8.12 with a Reynoids number of 1.41X1e6.
Transition from laminar to turbulent flow is fixed at
x/c=~8.918 on the upper surface, and at x/¢=.8327 on the
lower surface. These locations correspond to grid points
one step upstream of flow separation. Steady-state
numerical solutions were obtained for angies of attack from
2-8 degrees. Comparison of these solutions is made with
experimental data and other numerical results.

The grid used in these computations is comprised of 299
points in the direction around the airfoil, and 65 points
normal to the airfoil. There are 281 points on the airfoil
surface to define the airfoil and ice shape, leaving 49
points on each side of the wake cut extending to the outer
boundary. The outer boundary is located 28 chord lengths
from the airfoil. The minimum spacing normal to the airfoil
surface is 2.ox1s“3 chord lengths. The minimum spacing
along the airfoil surface is .981 chord fengths, specified
at the airfoil trailing edge. Deviation from the normal

NACA 8812 shape to describe the ice geometry begins on the

upper and lower surfaces at 14% chord. At these positions,

a minimum spacing along the surface of .82 ¢hord lengths was




specified. The ice shape geometric dafa used are those

reported by Khodadoust (11). A close-up of the leading edge
portion of .his grid is shown in Figure 3.

Convergence Criteria. Before discussing the

steady-state results obtained with the Beam-Warming code, it
is necessary to specify how the steady-state condition was
defined. Visbal (23) has shown that convergence can be
determined by monitoring the lift and drag coefficients as
the solution progresses. This procedure was used to define
convergence in the current study. A solution was considered
fully converged when the lift coefficient changed by less
than .1%, and the change in drag coefficient was less than
.0882 over 10888 iterations. When these conditions were met,
the root mean square of the residual was less than 1.0x10'8
for every solution obtained.

To illustrate the convergeﬁce behavicr for a typical
case, the root mean square of the residual, and the |ift and
drag coefficients for ao=4.8 degrees are plotted versus the
number of iterations in Figures 4-6, respectiveiy. This
solution was obtained using the solution for «=2.8 degrees
as an initial condition. With a previous solution as an
initial condition, note that the oscillations in the Ilift
and drag coefficients damp out very quickly. Similar

results were obtained for o=6.28 and «o=8.8 degrees.
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Global Results. The computed values of airfoil |ift

coefficient versus angle of attack are presented in Figure
7. Also plotted on the figure are the experimentai data of
Bragg and Coirier, and the numerical results of Potapczuk
and Cebeci. The lift curve for a clean airfoil is included
as well to illustrate the overal!l effect of ice on the lift.

The computed resuits from the Beam-Warming code compare
reasonably well with the experimentai data for angles of
attack from 2-6 degrees, with a maximum difference of 11.5%
occurring at o=6 degrees. There is an obvious discrepancy
between the experimental data and the computed solution for
x=8.8 degrees, however.

The experimental data indicate that the airfoil stalls
at an angle of attack of 7.8 degrees. Increasing the angle
of attack to 8.8 degrees results in a 4.8% decrease in the
|ift measured experimentally. This decrease is not seen in
the present numerical results, as the computed lift
coefficient for «o=8.0 degrees is 7.6% higher than the
experimental value. The reason for this discrepancy is that
the flowfieid characteristic is completely ditferent after
the airfoil stalls.

For anglies of attack below stall, the flow separates
over the ice shape and then reattaches at some downstream
location on the upper and lower surfaces. Thus, regions of
separated flow, or separation bubbles, form on the airfoi!.

At angles of attack above stali, the flow never reattaches
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to the upper surface, however. This phenomena is pointed
out in Khodadoust’'s flow visualization study, and Potapczuk
has noted this trend in his numerical studies as well. This
same flow behavior is seen in the present study aiso, as
will be shown later

Therefore, the flaoaw over the iced airfoil behaves quite
differently before stall than it does after stall. The
results in Figure 7 indicate that the Beam-Warming code does
a good job modeling the separated/reattached flow which
occurs before stall, but tends-to over predict the [ift in
the completely separated flowfield which results after
stall.

Further examination of Figure 7 shows that Potapczuk’'s
result for «o=8.89 degrees correctiy predicts the decreased
lift expected after stali. To compute the correct
post-stall |ift, Potapczuk investigated the unsteady
behavior of the flow for «=8.8 degrees, which he
characterizes as periodic vortex shedding. He obtained the
result plotted in Figure 7 for this angle ot attack by
averaging the pressure coefficient values at each station
over several vortex shedding periods (15). Therefore, even
though a steady-state solution can be obtained for «=8.8
degrees, it appears to be an inaccurate representation of
the actual flowfield, and results in a computed lift

coeftficient that is too high.
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The drag curve for the iced airfoil is shown in Figure

8. Drag values computed in the present study compare
favorably with the experimental data for angles of attack

from 2~6 degrees. The computed C, A differs from the

d
experimental vajue by 24% for «a=2.8 degrees, improving to
less than 18% difference at «=6.8 degrees. Similar
resuits can be seen for the other numerical solutions. All
three schemes over estimate the drag slightly for small
angles of attack, while under estimating it for larger
angles of attack. For «o=8.8 degrees, once again the large
discrepancy between the numerical result from the
Beam-Warming code and the experimental data is attributable
to the unsteady nature of the flowfield at this angle of
attack. The steady-state solution computed in this study is
just not accurately describing the post-stall flow
characteristics.

The computed pressure coefficient over the iced airfoil
is shown in Figures 9-11 for angles of attack of 2.8, 4.0,
and 6.0 degrees, respectively. Spring’s experimental data
are plotted as well for comparison. In addition to the
experimental data, comparison is also made with other
numerical results. For «o=2.9 degrees, Potapczuk's
numerical results are shown, while the numerical results of
Cebeci are inciuded in the piots for o=4.8 and o=6.8
degrees. It should be noted that the experimental data and

previous numerical results were obtained by scaiing plots

54




(sP:81 wWolj sanjea [EBJuUdW!JIAdX3) {104J1VY
2188 VOVN Pad( UE J0) 9AJND JUIID!jj00D Beug g ounbigy

(H3aa) VHJTV
007 06 08 0L omw ﬁam ﬁww o¢ 0e 07 00

llllllllllllllllllllllll

(84) 110441V uedjd --- y <00
(g1) judwyiadxz X X I
(21) 199930 ¢
(st) x¥nzddejod V L $0°0
Apnis 1uasaid o

a0 ‘LNUIOIIAT0D DVUd




SR e N AT DS

{1p:01 WOJ) sSanjep jejuawiiadx3l)
soejly jo a)buy sa2s690 6°2 JojJ 1udID1}}30D
9INss9Jd |ejuawli9dx3 pue paindwod jo uvosjiedwod "6 3unBid

80 90 ¥0 20 00 20—
1 | 1 | | \ O.ﬂ
(s1) xnzodejod o q
{e1) juawjiadxzy Vv
Apnis juaseld — -C'0

-00

v -0 T—

00 HUNSSAUd

dO LNAIOLII

56




{2p:9) WOJj SANjep (ejudwtiadxl)
%xoejivy jo0 a|Buy s93.62Q0 &' 40} JuIID1}}30D

9INSS9id |®luaw} 13dx3 pue poindwod jo uostiiedwod gt 34nbig

<0~

! OH

<

(gt) juswisadx3l
Apnis j1uasssd —

-G0

-00

lOﬁ'

- C'T—

LT AR VP S I P S

ddd

SS
57

100 JuNn

t
[

Ol el

3
U

C],D‘LLN

- e



LU B P IR LN

wBite a5 FAE e e M ¥ AL 8

2iNSSdid {ejuawiiadx3 pue payndwo) jo uos|Jedwod

/X

(Ep:51 WO} SIN|CA jejudw} jadx3)
Noeiily jo 9buy $294B90 §°9 JO) JUB1D1§}90D

0T 80 90 ¥0
1

|

co 00

‘14 ainbi1 4

c0-
01

{2t) 1224990 o
(eL) juauwisadxs v
Apnis juasaidg —

~00

T
o
-

i

T
0
—

i

Jdd

dD ' ILNHIDNIIN0D HRINSS

58

WA



contained in the references previdusly cited for these
authors. Care was taken to obtain as much accuracy as
possible, but there is certainly some error invoived in
obtaining data by scaling. Therefore, the intent of the
comparisons shown in these plots is simply to reveal general
trends between previous work and the current study.

Note that the computed results of the present study
show sharp peaks in the pressure coefficient as the flow
goes over the ice shape. These peaks are due to the very
large gradients in the velocity and pressure in this region.
The oscillations in the Cp profiles near the ice shape
result as the code attempts to resolve the gradients. The
original data of Cebeci and Potapczuk also showed sharp
peaks in the pressure coefficient near the ice shape, but
these are not seen in Figures 9-11 because too few points
are shown. The experimenta] data do not exhibit the sharp
peaks, however. This is because the pressure taps do not
sense the instantaneous pressure, but rather some average
value in the region.

Examining Figures 9-11 shows that the computed pressure
coefficient on the lower surface agrees well with the
experimental data for all angles of attack. Similar
agreement can be seen for the other numerical results as
well. On the upper surface, however, agreement with the
experimental data is a function of angle of attack. For

«a=2.8 degrees, the computed pressures agree well except in
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the region x/c=.18-.28 . At this location, there is a
change in the slope of the experimental data that the code
does not pick up. The numerical resuits are relatively flat

in this region. Potapczuk's results agree more closely with

the experimental data in the region just behind the ice horn
on the upper surface.

The discrepancy behind the ice shape on the upper
surface is worse as the angle of attack increases, as can be
seen in Figures 18 and 11. For o=4.8 degrees, the
experimental and computed results differ substantially over
about the first 28% chord. |In this region, the computed
pressure coefficients are much higher than the experimental
results. The high velocity, low pressure peak in the
experimental data at approximately x/c=.15 is not
predicted in the numerical results at all. Note that
Cebeci’'s data does not compare well with the experimental
data in this region, either. For «=6.8 degrees, the same -
trend can be seen. Again, Cebeci’s data and the results of
the present study are essentially the same, with both codes
predicitng pressure coefficients much higher than the
experimental data. However, at this angle of attack the
discrepancy in the results extends to about 48% chord.

Local Results. Local flowfield resuits are included to

show the size and location of the separation bubbles.
Separation over the ice horns is illustrated in the

u-velocity contours plotted in Figures 12-19, corresponding
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to angles of attack of 2.8, 4.8, 6.8, and 8.8 degrees. For

each angle of attack, one labeled and one unlabeied contour
piot is shown. The growth of the upper surface separation
bubble with increasing angle of attack can be seen ciearly
in these figures. For «=6.8 and «=8.8 degrees, it can
be seen from Figures 16-19 that the flow does not reattach
like it did for lesser angles of attack. The u-velocity
contours over the entire airfoil for «=6.8 degrees are
shown in Figure 28. This figure indicates a region of
reverse flow near the surface along the entire airfoil upper
surface. The data for this angle of attack indicate the
flow does reattach at x/c=.9899. Figure 21 shows than an
even thicker separated flow region extends over the airfoil
at an angle of attack of 8.8 degrees. At this angle of
attack, the flow never reattaches to the airfoil upper
surface.

Another representation of the separation bubbies is
given in the vector velocity plots of Figures 22-27. These
figures clearly indicate the separated fiow regions caused
by the ice shape, as wel! as the reverse flow within the
bubbles. Again, for «=6.8 and «=8.8 degrees, plots of
the entire airfoil are included to show the separated flow
over the upper surface.

The separation and reattachment points for the
numerical results are shown in Table 1 for each angle of

attack. In all cases, the flow separates at the same
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location on the ice horns, while reattachment location is a
function of angle of attack. As indicated previously, the
flow over the upper surface does not reattach at all for
«=8.9 degrees. Table 1 shows that the fiow is essentially
separated over the entire airfoil! upper surface for 6.8
degrees angle of attack as well.

Comparison of reattachment locations with the
experimental data for «o=2.8 and «=4.8 degrees is shown
in Figure 28. It can be seen from this figure that the
computed results exhibit the correct trend for flow
reattachment. On the upper surface, the reattachment point
shifts rearward as the angle of attack is increased, whiie
on the lower surface reattachment shifts forward as angle of
attack increases. Beyond this general trend, however,
comparison with the experimental data is poor.

The code predicts substantially smaller separation
bubbles on both the upper and {ower surfaces. On the upper
surface, the computed reattachment location is 24% less than
the experimental! value for a=2.8 degrees, and 31% less at
x=4.8 degrees. On the lower surface, the computed resuft

is approximately 48% less than the experimental value for

both angles of attack. |(f the experimental uncertainty is
considered, the comparison is a |ittle better but the
differences are still substantial.

The computed separation bubbies are not only shorter

than the experimental ones, but they are much thinner also.
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Figure 28. Comparison of Computed Reattachment Locations
with Experiment (Experimental Vaiues from 10:52)




This can be seen from the velocity profiles plotted in

Figure 29. This plot compares the computed velocity profile
on the upper surface at x/c=0.8 to Spring’'s experimental
data for an angle of attack of 4.8 degrees. The two
velocity profiles are considerably different. The
experimental data show reverse flow in the bubble from the
surface up to approximately y=.5 inches. Computed resuits
indicate reverse flow only up to approximately y=.1§
inches. In general, the computed bubbie is roughiy half the
thickness of that measured experimentally.

This mismatch between computed and experimental
velocity profiles at a location near the ice shape is not
unique to the present study. Cebeci has aliso noted
discrepancies between the experimental velocity profiles and
those computed with his interactive boundary iayer technique

for locations within the separation bubbie (29).

Results for a Clean NACA 0612 Using Halim's Formulation

The code developed by Halim was extended to the full
domain during the course of this study, and the original
intention was to perform the other modificaﬁions required to
apply this code to an iced airfoil. The modifications
needed could not be completed within the time allowed,
however, so the code was never applied to an iced airfoil.
Nonetheless, a test case for a clean NACA 08812 was run with

this code to check out the modifications which were made to




(6€:81 wWolj Sanjea jejuawliadx3)
woelivy jo 916uy s22463Q0 @ ¢ 40} doejuns Jaddn
9y} uo p-9=3/x ¢ uos)Jedwod 3! jo0id K1i120(9A -2 24nBy14

(Oas/Ld) N
0002 0091 00cT 008 (08034 00 00¥— 008-
\ | { [} ] Oo

(8L) juaw|isadx3 v
Apnis 1u3sdsg —o—

a
82

-390

(SAHONI) A

2T

K L et psbite ik Snen el Lt

¥1

ol i




extend the code to the full domain. For completeness, the
resuits of this test case are presented here.

The code was run for a NACA 80812 ajrfoil at zero angle
of attack, with a Reynolds number of 12,580. The salient
feature of this flow is the separation that occurs near the
trailing edge. In Halim's previous study with this airfoil,
separation was predicted at x/c=.8178 . For the grid used
in the present study, the predicted separation point was
x/c=.9917 . Streamline contourskover the airfoil showing
the separated flow regions can be seen in Figure 38. In
Figure 31, the skin friction is plotted versus x/c. Halim’s
(19) results for this airfoil are shown for comparison.

From this figure it can be seen that the skin friction goes

to zero near x/c¢=8.9.
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V. Conclusions and Recommendations

in the introduction to this thesis, it was pointed out
that one of the primary reasons for applying computational
tiuid dynamics codes to the iced airfoil problem is to
develop and validate a code that can be used as a design
tool. Such a code could then be used to predict the
sensitivity of proposed airfoil designs to surface roughness
and icing. It is evident from the results presented here,
however, that much more research will be needed before an
accurate computational design tool can be fuily developed.
Clearly, this goal has not been achieved in the present
study.

What has been shown in this work is that the
Beam-Warming code, as implemented, produces very good
estimates of the airfoil |ift and drag for ﬁngles of attack
below stall. For fiow at a free stream Mach number of 8.12
and a Reynoids number of 1.41x1&6, the computed results
compa?ed tfavorably to experimental data and previous
numerical results. The situation is quite different for
angles of attack above stalil, however. Although a converged
steady-state solution was obtained for o=8.8 degrees, the
{ift and drag coefficients obtained from this solution did
not compare well with experimental data. The predicted |ift

for this condition was too high, while the drag coefficient
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was too low compared to experimental values. Potapczuk has

shown that the flow is really unsteady at this angle of
attack, and pressures must be averaged over several vortex
shedding periods to obtain an accurate estimate of the lift
and drag.

While some success was achieved in the computation of
the giobal airfoil performance parameters, the computed
local flowfield resulits generaliy compared poorly with the
experimental data. |In particular, the separated flow behind
the ice horns reattached sooner than expected for «=2.0
and «=4.0 degrees, resuliting in computed separation
bubbles much smaller than those measured experimentally. A
comparison of the experimental and computed velocity
profiles in the upper surface separation bubble showed that
the computed separation region is also much thinner than
that measured experimentally. Clearly, the local results
obtained in this study are of questionable value.

There is no doubt that the Beam-Warming implementation
of the full Navier-Stokes equations can be used to obtain
accurate ftowfie!ld information for the iced airfoil problem,
however. Given that reasonable results have been obtained
by Cebeci and Potapczuk using approximate forms of the
governing equations, one would certainly expect to achieve

results as good as or better than these from the full




Navier~-Stokes equations. To do so, however, will require

further investigation in at least three areas.

One aspect of the problem requiring further study is
the eftect of the grid on the accuracy of the resufts. |In
this study, only two grids were applied to the probiem. The
tirst of these grids was used to generate the soiutions
presented here, and has been described eariier in this
thesis. A second grid with about four times as many grid
points concentrated around the ice shape was also applied to
the problem. The minimum spacing normal to the wall was
less by a factor of 18, as welli. Unfortunately, a converged
solution could not be obtained with this grid. This may
have been due to the fact that clustering more points around
the leading edge lfeft too few paints remaining over the aft
portion of the airfoil. Nonetheless, this does illustrate
the point that the particular grid used has a major impact
on the resuiting solution. Given adequate time to properly
refine the grid for the iced airfoil, there is every reason
to expect that better results could be obtained.

The transition location specified is another aspect of
the problem requiring further study. The location of .
transition has a definite effect on the |ift and drag
results. Computations were made for a=2.8 degrees with
the transition location fixed at x/c=.85 on both the upper

and lower surfaces. Shifting the transition to thes:
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locations, from x/c=-.018 on the upper surface and

x/c=.8327 on the l(ower surface, resulted in a lift increase
of 13.8%, and a decrease in the drag of 13.8%. Based on
these results for jﬁst two different transition locations,
it certainly seems worthwhile to systematically investigate
the effects of transition on both the global and focal
results for a range of transition points.

The final item recommended for further study is the
turbulence model. Potapczuk has pointed out that the
Balidwin-Lomax turbulence mode! does not always compute the
" correct eddy viscosity in a massively separated turbutent
boundary layer. This problem arises from the way the iength
scale in the outer region of the boundary fayer is
calculated. Based on the length scaie, it is possible for
the resulting eddy viscosity to be too high or too low. In
the present study, no systematic investigation of the
turbulence model was accomplished. Frankly, such an
undertaking would be a thesis topic in itself. The
recommendation for future study of the model is based solely
on Potapczuk's reported experiences with the model. Insofar
as he has identified the modei as a potential probliem in
computing the flow over an iced airfoil, investigation of
this model would definitely be an important part of any
follow-on effort designed to improve upon the results of the

present study.




Appendix A: Nondimensionalization of the Governing

Equations

The procedure used here to normalize the governing
equations is based on the method outlined in Anderson and
Tannehill (21). As shown in that refernece, all terms in
the Navier-Stokes equations can be put in dimensionless form
by substituting the following definitions into the

dimensional form of the equations:

X = x/¢ y = vy/c t = —E7V;
* - v - *_
u = u/ ® v = v/VQ p = p/p(D
* * *
u = u/uw € = c/gm T = T/Tdo (A1)
* p * e
p =_—2 e :—2__
me Vm
The procedure is illustrated for representative terms. One

shear stress term is non-dimensionalized, along with one
heat tlux term, the total energy term and the equation of

state.

Shear Stress Term

In dimensional form the shear stress term, L , 18

given by

Tex = 2( u + ¢ )ux - 2/3 ( u o+ vy } (A2)
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Substituting from Egq (A1) for each term in Eq (A2) yields

+ (A3)

Factoring out the constants Hy Vm, and ¢ gives

umvm * * ou *
T = 2( H + € )
X X c { ax*
N N * 5 *
- 2/3 ( U + € ) au* + v* (A4)
ax ay

is defined as

The Reynolds number based on the chord, c,

pQVQC
Re = —— (AS)
c H
whickr can be rewritten as
“m pcn V(D
c - Re (A8)
c
so that
91
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© o _
s (A7)

Comparing Eq (A7) to Eq (A4), it can be seen that Tyx can be

made dimensioniess by dividing by pVi. Therefore,

* - XX (A8)
Txx = 2
PV,
or
* 1 * * au*
T = e 2{p + € )
XX ec [ ax*
* . a * av*
- 2/3(p + e )| 5o+ (A9)
ax ay

The dimensioniess expressions for txy and ryy can be derived

in the same manner.

Heat Flux Term

The dimensional heat flux term in the x-direction is

- . g 3 aT
9 = cp ( rt PrT ) ax (A18)

Substituting for the dimensional variables gives
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(A11)

which can be rearranged as

- cpT u * * aT*
- o o €
q, = —————— [—g-r.+ p"r} . (A12)
Now, cp can be written as

!R
p " ( )

Tm 2 —— (A14)
®

Substituting Egs (A5), (A6), (A13), and (A14) into Eq
(A12) yields

* * *
R -1 u € aT
9y = pmvm { 2 { pr * PrT ] * } (A15)

from which
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pOVO
Similarly,
* e ——-s-qy A17
qy = { )
pmvw
Total Energy Term
The total energy is given by
2 2
Et:p[e+_i__5__v_] (A18)
Substituting for the dimensional variables results in
2 * * * u*2 + v"'2
Et = pmVQ [p e + p > ] (A19)
from which
L
t =~ (A28)
pv
®
or
* * * u*a + V*2
Et =p [e + 5 (A21)
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Equation of State

Dimensianiess forms of the pressure and temperature can be

derived from the equation of state given by

p = pRT (A22)

The gas constant, R, is related to the specific heat at

constant volume, ¢ by

v!

R = cv(1-1) (A23)

and c, is in turn related to the temperature by

e = ¢ T (A24)

Combining Eqs (A23) and (A24) with Eq (A22) gives
p = pe(y-1) (A25)

Substituting for p and e from Eq (A1) yields

* 2 x
p=p pQVQ e (y~1) (A26)

which shows




* * *
p =pe (y-1)

~

The temperature can be non-dimensionalized from

by substituting for the dimensional variables as

But V: is related to Mach number by

V2 = M2 IRT
® ® ®

Making this substitution into Eq (A38) gives the

dimensionless temperature

With these definitions, all variables have been put

dimensioniess form.

(A28)

(A29)

(A30)

(A31)

(A32)

in
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Appendix B: Transformation to Generalized Coordinates

The transformation of the governing equations to
generalized coordinates presented in this appendix is based
on the method outiined in Anderson and Tannehill (21). From
that reference, the general transformation from the physical

domain (x,y) to the computational domain (g,n) is given by

o
n

El{x,y) (B1)

nix,y) (B2)

B
n

This transformation is accomplished by applying the

tollowing chain rule to the Navier Stokes equations:

al:) _ a(-) a(-)

> " &t W (83)

al-) _ al-) a(-)

Iy "% tNWam (84)
where Ex’ Ny Ey' and "y are the metrics of the
transformation. Differential changes in the x and y
directions in the physical domain are related to
corresponding changes in the computational domain by

dE = gxdx + gydy (B5)
dn = n,dx + qydy . (B6)
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Rewritten in matrix form, these eguations are .

dg E. E dx
x vy (B7)

dn n, Ny dy

A similar expression holds for the inverse transformation

from (g,n) to (%,y), which can be written as

dx = x_dfF + x d B8
£ 13 n n (88)
dy = dE + d 89
b yE g yﬂ n (89)
or in matrix form
dx X X d&
= g€ n (B18)
d d
Yy YE Yn n

Substituting for [dx,dy]l] in Eq (B7) from Egq (B18) gives

dE i Ex Ey XE xn dg (811)

dn N Ny Ye Y dn

which means the transformation metrics are related by

-1

3 gy : xE x

N (B12)
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Recall that for a square matrix [A]

-1 - (C]
where
[C]) = cofactor matrix of [A]
c = elements of [C] which occupy same position as a..

ij ji
Now fet (A] be given by

(3 3
[A] = x vy (B14)
Ny Ny
so that
Ny ~&
Ny &y )
[A" ] = - - (B15)
& E,
Ny My
But from Eq (B12)
X X
[A" ] = £ 'n (B16)
Ye Yn

so it follows that
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n, -§ x
y y = EX Ey 13 n (B17)

befining the determinant above as the Jacobian of the

transformation, J, the metrics are reiated by

€
ny = JxE (B18)
£, = jy"
= -Jx
Ey n
where
b= | & & = &N, - n,& (819)
Y x>y
With the relationship between the transformation
metrics defined, the chain rule can be applied to the
Navier-Stokes equations given by
au oE oF _ (B28)
5f+5;+§y._°
Applying the chain rule yields
U, + E + E + F F = Q B21
t bk T Bt Teby Tyl (821)
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It is ccsirable to have this equation in strong conservation
form. Anderson and Tannehill (21:254) suggest this can be
done by dividing through by the Jacobian and rearranging into
conservational law form by adding and subtracting like

terms. For example,

'%T(TU']z'%‘_g%"*UTF(—:F) (822)
since J is not a function of t, this reduces to

_ U
Uy =¥ (T]t (823)

For the next term, ngE, dividing by J and expanding gives

E E
Sl Sl R el
J E J J E

from which

g E 13
. J E J E

Using this procedure for the remaining terms in Eq (B21)

gives the following:




nXE nx
E =J - E (826)
v (5] e (5

F
EF. = J EY__ - F _E!_ (B27)
y § J £ J g

F
R (CRIES N
n J n J n

Combining terms with like derivatives yields

e (25 (25
el (]
(LM -

The terms in the last set of braces are equal to zero,

c

however, as can be seen by substituting the previousiy

derived expressions for the metrics. For example, using

E = Iy, (838)

e = VY (B31)

the first term in the last brace becomes
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v

) -

or

~ JE ( yﬂE - yEn ) (B33)

which equals zero. Similarly, the second term in the last
brace of Eq (B29) reduces to zero. Therefore, the strong
conservative form of the Navier-Stokes equations in

generalized coordinates is

EE_ + FE En, + Fn
(_E,’_)tl,[ L y ] +[ X y } = § (B34)
J (3 J n

or
Gt + EE + ;ﬂ = @ (B835)
where
G = u/J
é = 1/J ( ng + §yF ) (B36)
; = 1/J ( an + nyF )

This equation can be further manipulated to separate the
viscous and inviscid terms, as well as the cross derivative

terms. Define a vector E1 to contain the inviscid flux and
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pressure terms in €, and a vector E

2 to contain the

corresponding terms in F. The components of E1 are

E U + E pV
E u2+p + & _puv

E1 = 0 (837)
Expuv + gy(pv+p2]

gx(Et+p)u + gy[Et+p)v

which can be rewritten as

plecy + &)

1 pu(gxu + gyv] + gxp (838)

pv(gxu + gyv) + Eyp

[Et+p) (gxu . gyv)

The velocity components in the computational! domain, termed

contravariant velocities, are defined as

C
n

E,u + gyv (B39)

vV = nxu + nxv (B48)

Using these definitions, E1 can be written as
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-
pyU ]
e 1 puu + E P
= — (B41)
! pvU + E p
y
(Et+p] U
b -

In a similar manner,

pV
1 puv + n._p
E, = 5 (B42)
pvv + n,P

(£009) v

The remaining viscous flux and heat flux terms are separated
into four vectors such that the <cross-derivative terms are

isolated. These vectors, in general, are expressed as

vV = V1( ,UE] + Vz( ,Un] (843)

W= W1( 'UE] + Wa( ,Un) (B44)

where V1 and V2 represent the terms in E and w1 and wa

represent terms in F. The final form of the transformed

Navier-Stokes equations are




(B45S)

+
%
-l
3
~—~
(=X
oo
+
=
n
3
C»
cC»
S

The components of vectors V1, vz, w1, and wz can be
assembled after applying the chain rule to each viscous and

heat flux term--t__, T_..,:» T,.: 9

XX Xy Yy and q.. For example,

x* y

is given
Tx x 9 by

Tyx = 2 (u+g) u, - 2/3 (u+e) [ u, * vy ) (B46)

After applying the chain rule, this equation becomes

Tyx = 4/3 (u+e) (gxuE + "xun)

- 2/3 (u+e) (EyvE + nyvn) (B47)

The other viscous terms become

o
"

oy = tere) ((ugE, vy v veg, v von, | (B48)

2l
1]

Yy 4/3 (p+e) (gyvg + nyvn]

- 2/3 {(u+e) [EXUE + r,xur') (B49)
Applying the chain rule to the heat flux terms yields
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_ €

9 = - < ( _#? + P ) ( ngx + Tnnx ) (B50)
- - €

ay = - ¢ [ Fr -p?T] (et * Ty ) (es1)

Visbal (23) has shown that these terms can be assembled such
that v, and W, are tfunctions of derivatives of E only,
while V2 and w2 are functions of derivatives of n only.
The result of rearranging the terms in this manner follows:

0
b1uE + bave
1 3 b2uE + bavE

b1uu5 + ba( qu + qu ) + b3va + b4TE

(B852)

[ N ]

yUn * S2Vp
-1

V2 s - csun + C4Vn (B53)

Uuu_ + C,. UV _+ c_vU <+ Cc,vv_+ ¢c_T
n 2 n 3 'n 4" 'n S'n

- . T
C1lJE + C3V£

c2uE + c4vE (BS54)

c,UyU_ + C,Vvu_ + C_Uuv_ + ¢c,vv_ + ¢_T

1778 2k 3°°¢€ 4° ¢ S E




d1un + davn

= BS5S
WZ-T daun+dv { )

where

(-2
n

o
1]

(2]
n

0
[

[¢]
"

Q
1

Q.
i

Q
(]

3'n

T
d‘uun + dz( uvn + vun ) + dsvvn + d4 n

! |

(ueer ((4r3 €2 + €5 )

1/3 )
e ( *xy (856)
(ure) &5+ as3 8 )

o (#r 47 ) (50 9)

1
~
=

+
(3]

]
——
=

+
™
A

)
)
Ecny - 2/3 €y, ) (BS7)
)
3

'
~
ﬂl
+
11‘
——
~
m
x
3
x
+
<
3
<
——

(B58)




Appendix C: Jacobian Matrices for the

Beam-Warming Scheme

The Jacobian matrices which arise during linearization
of the governing equations are derived in this section. Two
inviscid flux vectors and two viscous flux vectors need to
be linearized. The Jacobian for one of each will be derived
to illustrate the method, and the other resuits simply
stated. Derivation of the linearized equations follows the
method outiined in Anderson and Tannehill (21), and uses

Visbal's (23) notation for the Jacobian matrix elements.

Jacobians for the Inviscid Terms

The inviscid flux vectors are linearized as

AE'; = [A] au” (C1)
pED = [ B ] au” (c2)

where the Jacobians are

as1(m"

[ A ] = (C3)
au
3, ()"

[ B ] = (C4)
au

The Jacobian for E1 is derived by expressing E1 in terms of

the components of U, where U is given by




- - - A
p U,
pu U?_
S 1 -1
v o= - pv =T Us (cs)
Ey l. Ug
L J d
E1 is expressed as
cu(ou24s) + 500 e |
E, = _2,_ x y = _:}_ 2 (C6) -
1 -
2 .
E puv + gy[pv+p ) Ea
gx(Et+p)u + gy(Et+p)v E4
L J L J

In terms of the components of U, the E’ components can be

written as




The pressure term appearing in Eqs (C8), (C89), and (C19)

must be expressed in terms of U components before E1 can be

differentiated. The pressure is given by

p=(y-1) [Et - 1/2 p (u2+v2]] (C11)
which can be rewritten as
- 1 2 2
Now that all components have been expressed in terms of the

U variables, the derivative of E1 can be taken with respect

to U. The resuiting Jacobian, [ A ], can be expressed as

3 h
349 345 343 344
a a a a
[ A ] ] 21 32 %3 3,4 (C13)
331 332 333 334
341 242 %43 44
i ]
where
3 .
a,., = —— for i = 1,4; j = 1,4 (C14)
[} , 6U

For example,




|
i

|
A

—gu;[ Uzex + U3§y )

( UZEX + Usgy )

( Uagx + Uagy )

3
EU:( Ua€y + Usky )

The remaining elements are determined

The result

21
22
23

24

31

32

33

34

is

~uU + oE,

U - (y-2)uE,
ug, - (y-1)VE,
(y-1)E,

-vU + ¢§y
VE, - (y-Tiug,
U - (1-2)v§y

(1-1)5y

0 (C15)
E, (C18)
£ (C17)
] (C18)

in the same manner.

(C19)

(C20)




1E,
¥E,
342 = (—5_ - ¢ )Ex - (7'1)UU
c21

o (c21)

a,q = ( — - ¢ ]gy - (y-1)vU

a4 = U
where

U= g+ gy (c22)
o= 1/2 (y-1)[ u? 4 v2 ) (c23)

The Jacobian for the E2 vector is derived in the same

way. E2 is given by

Nypu + nypv E,
n pu2+p + n, puv E
E. = 1 X y = 1 2 (C24)
2 J 2 J e
n,puv + ny[pv+p ) E3
"x[Et+p)u + ny(Et+p)v E4
L 4 L J

- -

The components of E2 can be expressed in terms of the U

components as

E1 = 1/J(U2nx + Uany] (C2%5)




[ U u,u
E, = 1/J 2 n, * 2 E_ny + n,p ] (c26)
LY, Y,
[ UpUg Ug
Eg =W/ | ——  + —, + NP (car)
u. X y. Y y
\ 1 1
i u, Uy
E4 = 1/J (Et +p ) -—, + —1 (C28)
y
! Yy Yy

where the expression for the pressure is the same as derived
previously in Eq (C12).

Defining the Jacobian for E2 as

11 12 13 14
b b b b

[ 8 ] - 21 22 23 24 (C29)

31 32 33 34

41 "42 "43 P44

and differentiating E2 with respect to U as before, results

in the following components:

b“:Q
b = n
12 X (C38)
bz = Ny
b14=0
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21 -uVv + ¢nx
22 vV - (7-2)unx

a3 = uny, - (y=-1)vn,

o o o 4
"

24 = (y=1iny

31 SVV o+ en,

32
33 vV - (1-2)Vny

vn, - (1-1)uny

o o o
n n"

o
1]

34 (1-1)ny

1€,
1E,
Bga = [ - ¢ )"x - -y
YE,
b43 - (—p— ‘¢)r'y - (1’1)VV
b44 = yVv

where

vV = nu + nyv

Jacobians for the Viscous Terms

The Jacobians for the viscous terms arise from the

linearization of V1 and w2, given by

(C31)

(C32)

(C33)

(C34)




where the Jacobians are

[]-

As before, the Jacobian matrices

("]

and

1]

<]

The Jacobian [ R ] can be obtained by getting an

-

expression for U

E'

<]

11
21
31

41

11

21

31

L“

rewriting V

12
22
32

42

12
22
32

42

1

13

23

33

43

be written as

14

24

34

44

14

24

34

44

in terms of the U

(C37)

{C38)

(C38)

(C48)

components, and differentiating the resulting vector with




-

U_is obtained by differentiating U, which

respect to U

§ E
results in
Pg ] Uy ]
- puE + upE 1 U2
Ue = —- e v = y (Ca1)
E 3 3
EtE Ug
L J L o
Also, V1 is given by
]
b,u. + b,v
- 1 1°E 2°¢
V, 3 5~ ‘ (Ca2)
bauE + bsvE
b1qu+ bz(uv5+vug)+b3vvg+b4TE
vy
1
=0 | 2 (C43)
Va
Va
L .

where b1, b2' b3, and b4 are as defined in Appendix B.
Rewritten in terms of the U_ components, the components of

1<

V1 can be expressed as
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vV, = 8 (C44)

V2 = 1/p b1[U2-uU1] + ba[Us-VU1] (C45)

<
n

1
3 = 1/p bz(ua-ou + ba(”s"’”1) (C46)

V4 = 1/p b1u(U2-uU1) + bz[u[Ua-vU1) + V(UZ-UU1)

+ b V(US-VU1) + b4TE {C47)

in the Vv, component, T_ must be cast in terms of U

4 3 £

variables before V1 can be differentiated. From the perfect

gas relations,

e = ch (C48)

Assuming cy is locally constant, T_ is given by

3

T. =e_/ ¢ (C49)

where e_ must now be expressed in terms of the U_ component,

£ g

Et . For Et given as

3




differentiation with respect to g yields

EtE = p[ee+uu5+vv§) + pg[e+1/2(u2 + va)) (C51)
or
EtE = p(e5+uue+vv§) + pe( Et / p ] (Cs2)
Solving for eE yields
Et ngt
eE = -—pj - —pf— - UUE"VVE (C53)
so that TE can be expressed as
T, = - - uu_-~-vv (CS54)
2
eS0T, T, £

Differentiation of V1 with respect to UE can now be

performed to find the components of [ R ]. For example,




- 2 _ @8 - -
r21 = 36_ = _EU: {1/p[b1[u2 uu1] + ba[u3 vU1]]} (C56)

= -1/p( biu + b,v ) (C57)
av,

frog = —=b,_ /p (C58)

22 1
U,
av,

Frag = ——=b, / p (C59)
g .
8V2

r24 S — =0 (C608)
BU4

Applying the differentiation to the remaining components of

V1 yields the following:

Fqqy = 8
r = 0

12 (C61)
ryg = ¢
Fi4 = 8
raq = -1/p(b2u + bsv) —
r =b, / p

32 2 (c82)
Fag = bz /»p
P34 = 8
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i b -E
- - h o2 4 t 2 .2
rgq = 1/p b1u 2b2uv bav™+ —E; (_E_ +U"+v }]
e
[ ) §
r = 1/ rb - —21 u -+ b,v
42 P11 % 2
hL VJ -
(C63)
\ -
r = 1/ rrb - _21 v +# b_u
43 PI1%3~ —¢ 2
L\ v d
r = b4
44 pcv ,
Applying a similar procedure to wz. given by
]
d.u_ + d_.v
-1 17n 2'n
W, = — (C64) .
dzun + dqu
d,uu + d_ {1y +vu |+d_ vv +d, T
1"n 2( n n] 3''n "4n
or
w1
w
o1 2
W = 7~ (65
w3
¥,
L J

where d1, dz’ d3, and d4 are as defined in Appendix B, the
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components

11

12

13

14

21

22

23

24

31

22

23

24

41

42

43

44

of the Jacobian [ S ]

-1/p( d1u + dzv )
d1 / p
d2 / p

-1/p[ d2u + dav )
d2 / p

d3 / p

]

-

1/p|-d, u-2d,uv-d v+

2

[ d, ) T
1/plld - —— ju + dav

-

d, ) 7
1/p[[d3— < v + dzu

J -

can be expressed as

(C66)
(CB7)
(C68)
d4 —Et 2 .2
— +U +V
c, |
(C69)
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The objective of this study is to evaluate the
Aperformance of an iced NACA 8812 airfoil numerically. The
full Navier-Stokes equations are solved using the
Beam-Warming algorithm. Steady-state solutions are obtained
(At_a Mach numbo&sqf 8.12 and a Reynoids number based on
f?/ chord of 1.41X18", for angles of attack from 2-8 degrees<-.
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Lift and drag curves obtained from the numerical

solutions were compared to experimental data and other
numerical results. This comparison showed that the
Beam-Warming algorithm provides a good estimate of the |ift
and drag at angles of attack below stall. Computed f{ift
coefficients were within 11.5% of ¢hé experimental data. The
drag coefficients differed by as much as 24%. These results
were in excellient agreement with other numerical solutions.
After stall, however, the code did not predict the expected
decrease in lift,*and the calculated drag coefficient was
much lower than the experimental!l data.

The g;hparison of two local flowfield characteristics
with the experimental data was {ess encouraging. A computed
velocity profile was compared to the experimental profile
tor a station in the separated region on the upper surface.
This comparison showed that the computed separation bubble
is approximately one half the thickness of the bubbie
measured experimentalliy. Flow reattachment location is
another measure of the predictive accuracy of the numerical
scheme. The reattachment locations from the numerical
solutions were 38-40% less than the experimental values.
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The conclusion to be drawn from these comparisons is
‘that accurate results can be obtained for the global
performance parameters using this code,” but mere> research is
needed to refine the local results. To accompl!ish this,
turther study is needed in three areas: 1) effect of the
grid on solution accuracy, 2) effect of the transition
location on the results, and 3) effect of the turbulence
model on the soiution.
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