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SUMMARY

In the past the focussing properties of chirped grating structures have been investigated in
various disciplines including optics, acousto-optics and acoustics. In this paper we
present the results of a detailed theoretical and experimental study of one such structure,
namely the chirped optical diffraction grating, although many of the conclusions are of
more general validity. We derive some useful fundamental properties of such focussing
gratings, and show that to first order their behaviour is similar to that of various other
classical components such as focussing lenses, grating spectrometers, and matched filters
for chirped waveforms. However we also describe a fascinating range of second-order
differences in behaviour, for example concerning the physical locations of the multiple
foci, and the sidelobe structures within and perpendicular to the focal plane. For devices
of large numerical aperture we demonstrate the advantages of using a non-linear chirp
grating structure, e.g. for sidelobe suppression in the focal plane, and point out that
surface acuustic wave (SAW) techniques can be used to generate the non-linear chirp
waveforms necessary to implement such gratings in acousto-optic devices..
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1. INTRODUCTION

Chirped gratings are quasi-periodic structures in which the periodicity varies slowly with
position, usually in a monotonic fashion, and often linearly. The focussing properties of
such structures have long been recognised, the most familiar being the (2-dimensional)
zone plate lens, with Its excessive chromatic aberration (1). Probably less familiar is the
exploitation of this focussing phenomenon in the optical processing of synthetic aperture
radar (SAR) data (2). In acousto-optics, chirped (acoustic) gratings have demonstrated
matched filtering in pulse compression radar (3,4.5), and a travelling lens capability for
use in a high-speed high-resolution scanner (6). Focussing chirp structures have also
been studied in the planar technologies of integrated optics (7) and surface acoustic
waves, SAW. In the latter work the 'chromatic aberration' of a slanted chirped SAW
transducer was exploited to perform r.f. spectrum analysis (8,9). All these studies and
applications exploit the first-order focussing properties of linearly chirped structures. In
the present paper we extend this work to include various second-order effects such as
the detailed sidelobe structure in the vicinity of the focus, and the use of nonlinear chirp
functions to improve the overall performance. Indeed in writing this paper we have
found it most convenient to begin by deducing the ideal non-linear chirp pattern which
produces a 'perfect' focus, and to which the linear chirp function is an approximation.
The focussing properues of such an ideal structure are calculated and compared with
those of the linear chirp pattern. In the later sections this comparison is verified by
detailed measurements on the corresponding linearly and nonlinearly chirped optical
diffraction gratings

2. FUNDAMENTAL PROPERTIES OF CHIRPED GRATINGS

A chirped optical diffraction grating is shown schematically in Figure l(a) and is seen to
resemble closely a single sided one-dimensional zone-plate lens. A minor difference
concerns the slit-width, W. In a zone-plate lens W is usually varied to keep the
mark/space ratio constant, as this allows an equal intensity through each zone. In a
one-dimensional grating this is achieved by keeping W constant, and, in the discussion
below, it is assumed that W is sufficiently small (relative to the optical wavelength, X) to
allow diffraction through a wide range of angles. We define the focus as being perfect
if the contributions from all slits add constructively at a focal point, F, when the grating
is illuminated by a plane wave of wavelength, X. If L. is the optical path length from
the nth slit to the focus, the condition for a perfect focus to occur under normal
illumination is that the Ln in Figure 1 differ by integral numbers of wavelengths, X.
Assuming for simplicity that the zeroth source is in line with the focus, F, all possible
differential pathlengths from 0 to NX are included if

Ln - f + nX (I)
where n represents the set of positive integers from 0 to N. From Figure 1

Ln2 - f 2 + Yn2 (2)

combining Eqs (1) and (2) gives

Yn - (2fnx + n2 2] (3)

where only (say) the positive square root is employed in a single-sided chirp grating.

Eq (3) is often approximated by the linear chiro formula,

Yn - [2fn)j] (4)

These formulae are analogous to those obtaining for a classical circularly-symmetric
zone-plate lens (1). It may be noted that Eq (4) is also sptisfied if f is reduced by a
factor m (where m is an integer) and n increased by the same factor; thus such a
grating displays multiple higher-order foci of focal length f/m, Figure 2. Similarly, in a
linear chirp grating of given structure (Yn) and order of focus, the focal length f varies
inversely as X, or directly as the optical frequency, as illustrated in Figure 3. This is tA
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usually described as severe chromatic aberration (1), but in principle at least could be
exploited to perform optical spectrum analysis, the chirped grating replacing the periodic
grating and Fourier Transform iens in a conventional grating spectrometer (although in
the present case the spectrum is displayed axially rather than within the focal plane). It
is usually desirable to include all possible values of n in a chirped grating (in order to
maximise its optical efficiency and peak-to-background illumination levels, as discussed
later) but it is not necessary to do so to form a perfect focus as defined above. The
simplest example of a 'thinned' grating is one operated at one of the higher order foci
discussed above, in which only one in m possible slits is present. A second example
would be to choose Ln = F + n2 k which selects just the 0 th, I st, 4 th, 9th ..... slits from
the full set, and which results in a more nearly periodic grating. Such gratings can be
regarded as withdrawal-weighted chirp gratings, the weighting affecting the shape of the
focus and its sidelobe structure in the focal plane in a manner reminiscent of weighted
optical diffraction gratings (10, 11). In contrast to conventional lenses, however, we
show in section 4 that the behaviour in the axial direction (the x-axis of Figure 1(a)) is
of as much interest as that within the focal plane (containing the y-axis in
Figure I(a)). For completeness we add that an alternative weighting procedure, if
required, is to vary the slit widths, W.
A grating constructed according to Eq (4) is known as a linear chirp grating because the
local spatial frequency, fs, varies linearly with location, Y. Here fs is the reciprocal of
the local slit separation or grating period, Pn From Eq (4) Pn = aY/an so that

- - [ (5)

confirming the linear variation of f. with Y. This formula is often written as

f..__ 1(6)

In particular, in the discipline of acousto-optics a linearly chirped acoustic waveform can
be used (among other things) as a travelling cylindrical lens (0), as shown schematically
in Figure 1(b). If V is the velocity of sound and f' the "instantaneous (temporal)
frequency" of the electrical waveform driving the acoustic transducer, Y = Vt, and
fs= l/xacoustic = f'/V, leading to

f V2 (7)

where 8f'/t is the chirprate. This is the classical formula for the focal length of an
acoustic chirp grating(1 2).
It is clear from Eqs (3) and (4) that the linear chirp grating is only an approximation to
an ideal focussing structure. By treating the term n x in Eq (3) as a perturbation on
2fnx it readily shown that for a grating comprising all sources from n = 0 to N the
concomitant error in location of the final slit, 

6 YN, as a fraction of the local
period, PN, is given by

LXN = (N.A.) 4 [2f (8

where the numerical aperture N.A. is defined by

N.A. - I (9)2f

D being the aperture of the grating which in the present case is equal to Ymax.
Clearly 

6 YN exceeds PN for values of N.A. approaching unity. In thewe circumstances
the -nstructive Interference of the sources leading to the original focus is destroyed, but

a degraded focus may reappear elsewhere in the field. From a practical viewpoint

gratings of large N.A. are desirable as they produce the highest performance, e.g. as
measured by the minimum focal spot width A )/(2N.A.). Small spots are desirabli" for
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example, to access optically stored data as on compact discs. In this connection it is
amusing to observe that the smallest attainable focal spot width is determined by the
smallest features of the grating, Pnin or 2W as discussed below. With reference to
Figure I first note that a slit of width W only radiates significantly over an angular
interval t± a where

-[ (10)

so for the finest section of the grating to contribute to the first order focus requires
0 = /Pmin 4 a, or W 4 Pmin/2. Secondly, the narrowest focal spot obtains if all the
slits from n = 0 to N are present, when the width A = f/Ymax = / -= Pmin,
consequently

.s, = Pinin > 2W I1
If W is significantly less than Pmin/2, the limiting value A = 2W implied by Eq (11)

may be obtained in the higher order foci mentioned earlier as these exploit the full
one-sided angular spectrum from 0 to a. (In a double-sided grating, i.e. one employing
both signs of Yn in Eq (3), the ultimate spot size is =W since this exploits the
two-sided angular spectrum from - a to + &. This is illustrated in the Appendix,
especially Figure A2). These considerations are obviously pertinant to the fabrication of
focussing gratings since they may, for example, necessitate the use of electron-beam
lithography to achieve the required feature dimensions and hence focal spot size. In the
case of acousto-optics they also have an important consequence for the acoustic
frequency, f', while other considerations influence the acoustic delay time, T (or
pathlength VT), as discussed below.
An acousto-optic focussing structure is shown schematically in Figure lb. In this
structure the width of the focal spot is given by w = Xf/VT where T is the duration of
the acoustic wavetrain intercepted by the laser beam (neglecting acoustic attenuation).
The preceding discussion shows that the smallest acoustic wavelength should therefore
be • w. If, for example, it is required to make w = 2X = I pm, this implies on
acoustic response up to at least f' = 5GHz in a typical material with velocity
V = 5000 m/s. Other properties of the acousto-optic material of importance are the
acoustic propagation loss at the highest frequency, and the acousto-optic figure of merit.
In the pulse compression scheme of refs (3) to (5) an important parameter is the
compression ratio, C.R. This is the ratio of the waveform duration, T, to that of the
compressed spot, r = w/V. From Eq (7) C.R. is given by

C.R. - T2  T.B. (12)

where B = T 8f'l& is the (single-sided) bandwidth of the chirp waveform. Thus the
compression ratio equals the time bandwidth product, T.B. It is also of interest to note
that surface acoustic wave (SAW) techniques are ideal for the production of the required
waveforms. For example by impuising chirped delay lines one may generate a wide
range of linear or nonlinear chirp waveforms with or without amplitude weighting (13).
Such waveforms may need to be up-converted, frequency-doubled, etc. to feed the bulk
acoustic wave transducer of Figure lb. In the case of the fixed grating of Figure la, the
(spatial) compression ratio is the ratio of the illuminated grating aperture D (in the
Y-direction) to the width of the focal spot (in the y-direction). It is given by D2 /(Xf)
which from Eq (6) equals the space-bandwidth product, SB,

ars
SB - D2 a- - .s  (13)

where Afs = D af&6aY is the (single-sided) spatial bandwidth of the grating structure,
neglecting the harmonic content of the grating structure.
In section 3 the properties of various linear and nonlinear gratings of large N.A. are
nvestigated experimentally and theoretically and compared with each other and with the
behaviour of a cylindrical lens. A fascinating variety of second order differences in
behaviour is found.
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3. EXPERIMENTS

In order to investigate the properties of the large N.A. chirp gratings introduced in the
previous section we have constructed 4 test patterns. These each had a (first-order)
focal length of Icm and were designed for operation at X = 0. 5 1 4 5 pm. Two of the
gratings contained 350 slits (n = 0 to 349) and were of the ideal nonlinear design
Eq (3), and linear design, Eq (4), respectively. In each case Ymax = 1900Lm, giving
numerical apertures N.A. = 0.1, Eq (9). The other two patterns were similar but
omitted the frst 150 slits, so covered the range n = 150 to 349. These patterns
occupied the range Y = 1240 to 1 90 0Mn and so had an N.A. = 0.033. The finest
spatial period of each grating was pmin 2.8pn, and to satisfy the conditions outlined
in section 2 , the slit width was made W = 1.4 Am throughout each grating. This
width is sufficiently large (W = 3)k) that it avoids the polarization-dependent
complications of very fine structures (14), at least as far as the first order focus is
concerned. The devices were constructed on high resolution chrome photo-plates which
had an optical density of =3.
The measured behaviour of these gratings in the vicinity of their Ist order foci has been
compared with calculations based on scalar diffraction theory and the results are
presented in Figure 4(a) to (d). In each case the agreement between measurement and
calculation is good, minor improvements to the theory would arise by inclusion of the
sinc-function radiation patterns from the individual slits due to the finite value of W,
and the r- 11 2 variation of the amplitude away from each slit (line source). We now
comment on the detailed behaviour of each grating response in turn.
Figure 4(a) shows the response of the 200-slit (n = 150 - 349) grating with the ideal
non-linear chirp structure of Eq (3). The focus occurs at the designed point and the
response in the focal 'plane' (x = f) is very nearly of sinc-function form, with the
correct width to within about 6%, Figures 5(a) and (b). This behaviour is almost
identical to that of the corresponding section of a cylindrical lens.
Figure 4(b) shows the response of the corresponding linear chirp grating in which the slit
locations were derived from Eq (4). The principal difference from (a) is the shift in the
focus towards the grating by = 360p^, and the accompanying small vertical shift
Ay z 40pr. The origin of this phenomenon is readily appreciated when it is recalled
that the linear chirp of Eq (4) was derived from the ideal nonlinear chirp formula of
Eq (3) by dropping the term n2 ),2 . Thus the patterns match for small n and
progressively diverge for larger n. In the present case (n = 150 - 349) all the slits of
the linear chirp grating are displaced to smaller y-values resulting in higher spatial
frequencies and a greater chirp rate. To compute the location of the new focus we
should find that nonlinear chirp pattern which is a best approximation to the linear chirp
pattern over its span, e.g. by matching the periods and chirprates at the (effective)
centre of the grating. Carrying out this process leads to the following formulae for the
focal displacement of the linear chirp grating

Ax =f -3cX

jy = +(2c),) 3/2 f-1/2  (14)
where c is the number of the central slit. Taking c as the numerically central slit for
the present grating (n = 150 - 349, c = 250) predicts Ax = - 386Am and dy = +41/tin
which values compare quite well with the measured and numerically calculated fields in
Figure 4(b). For this device the peak intensity at the new focus is not quite as high as
in Figure 4(a) because the wavelets from the slits are nowhere perfectly in phase.
Nevertheless a reasonably well-defined focus remains. In this context it is interesting to
note the shift of the focus in the v-direction. This degree of freedom is not available
to a double-sided linear chirp grating (or to a zone plate lens) since the 'focus' is
constrained to lie on the x-axis by symmetry. Consequently 2-sided gratings show a
poorer but symmetrical focus, which is the (complex) superposition of 2 fields, e.g. that
of Figure 4(b) and its mirror image in the x-axis. This is discussed in more detail in
the Appendix.
Turning now to the chirp gratings containing 350 slits (n = 0 - 349), first consider the
nonlinear version (derived from Eq (3)), whose measured and calculated responses are
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shown in Figure 4(c). The focus is unshifted from the design point and on the linear
intensity scale shown is superficially 'perfect'. However detailed examination on a
logarithmic (dM) scale reveals some interesting departures from the (almost) sinc-function
form of Figure 4(a). These differences are shown in detail in Figures 5(c) and (d).
Firstly the -3dB width is increased by -20% over that of the ideal sinc-function form
for the same aperture, Ymax* Secondly the close-in sidelobe structure is largely washed
out. A third feature which is not shown in Figure 5 is that the overall response is not
quite symmetrical in y; the same was actually true of Figure 4(a), but to a minute
degree. The physical explanation of this effect is straightforward. If we compare the
grating %hown schematically in Figure I with half of a cylindrical lens it is immediately
apparent that the grating is weighted in favour of the high spatial frequency end as a
result of the greater density of sources there. This variable density of slits had a very
small effect in the case of the 200-slit gratings of Figure 4(a) and (b) because they
omitted the low-n section of the gratings where the density varies most rapidly. In the
case of gratings extending from n = 0 to N it is shown in the Appendix that, if
required, the sinc-function behaviour of a cylindrical lens can largely be restored by
weighting the slit strengths in inverse proportion to the local period so as to recreate a
quasi-uniform overall intensity transmission through the grating. This could most easily
be achieved in practice by employing a 1:1 mark/space ratio, as in the case of
zone-plate lenses or by using the withdrawal-weighting scheme discussed in section 2.
However, there are two reasons to question the usefulness of such a procedure. Firstly
the sidelobe suppression may well be desirable in its own right; for example in the case
of pulse compression radar it is normal practice to deliberately build such suppression
into the compressor to avoid the appearance of false targets (15). Secondly, the field in
the focal plane of chirp gratings (and zone-plate lenses) is complicated by "spurious"
radiation from the higher grating orders responsible for the higher order foci mentioned
earlier, and from the zero-order. The latter is direct transmission through the grating
which may be regarded as producing a zeroth-order focus at infinity (x = f/0). In
particular, this zero-order radiation interferes strongly with the close-in sidelobes of
gratings containing slits of small n-value such as our 350-slit devices. This effect is
illustrated in Figure 6. Roughly speaking the ratio of the intensity at the focus to the
average background level is N. the number of slits, since the amplitudes add
constructively at the focus and more-or-less randomly elsewhere. However the
background intensity close to the focus is reduced from the average value precisely
because of the paucity of slits for small values of Y in Figure Ia. Increasing the
intensity of these sources raises the background level in the vicinity of the focus and
washes out the sidelobes! Indeed to avoid this interference altogether it is desirable to
omit the low-n sources, as in our 200-slit patterns, but this is at the expense of a wider
focal spot.
The final device to be considered is the 350-slit linear chirp device of Figure 4(d). The
principal features of this are the elongated and curved "focus" which arises because
different sections of the grating focus at different points, Eq (14). This distribution of
focal points from different sections of the grating also accounts for the asymmetric
"sidelobe" distribution in Figure 4(d) and is reminiscent of (and related to) the caustic
cusp seen in a teacup. In the present work this distributed focus is an unwanted feature
of a linear chirp grating, which can be eliminated by using an ideal nonlinear grating
pattern. However, in a recent publication Fre and Bryngdahl have shown that this
phenomenon can be expted to generate 3-D curves of continuous foci in space (16).

4. AXIAL MEASUREMENTS

The discussion to date has concentrated on the field in the focal plane, which we have
compared to that of a cylindrical lens. In some applications of chirp gratings such a
variation is the relevant one e.g. in the travelling lens (6) anJ acousto-optic pulse
compression scheme (3-5), There are, however, several reasons for additionally
investigating the response along the axis y = 0 in Figure 1. One such reason is that
the higher order foci occur axially rather than in the focal plane, as they do in a
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conventional grating spectrometer. A second reason concerns the frequency (or
wavelength) response at the focus. In a conventional grating spectrometer this is of
sinc-function form and mimicks the spatial response at fixed wavelength. In the present
device it is clear that (in the limit W -o 0) the impulse response h(t) at the first-order
focus comprises N 6-functions of constant incremental delay St = )Jc where c is the
velocity of light. The frequency response, H(f), is the Fourier Transform of h(t) and is
therefore of sinc-function form, in contrast to the spatial response in the y-direction of
Figures 5(c) and (d). It is shown below that in chirp gratings this sinc-function
frequency response mimicks the spatial response in the axA direction.
Figure 7 illustrates the construction used to calculate the response in the region of the
focus, for small deviations in the x and y directions. Assuming an ideal nonlinear chirp
grating constructed according to Eq (3) we have from Figure 7(a),

2 2 2
M - L + 2fx + x (15)

n n

n  Ln ......... (16)

Since all the sources add constructively at the focus, F, the amplitude at a distance x
from F is given by

a(x) = I exp -jk(M n - Ln) (17)

n

M exp -jkx exp +j f
2

rlxJ (18)
1 (

n

Apart from the premultiplying linear phase-factor the summation in Eq (18) is of the
same form as that for a conventional diffraction grating and the response is therefore of
sine-function form. For a gratinl comprising M slits the intensity, I, varies as

I(x) o 1a(x)12 . snY [rx/fl (19)sin, [Irx/f] (9

The depth of focus. 6, measured along the x-axis can be calculated from Eq (18) by
invoking Rayleigh's criterion, which states that one remains sensibly in focus providing
the total spread in phases does not exceed i/2. This gives

a- I(20)

the intensity dropping to - 80% of its peak value at x = ±6. In the case of gratings
extending from n = 0 to N, Eq (20) may be written

a - I -(21)

It is clear from Eq (19) that the response in the x-direction now mimicks the
sinc-function frequency response, H (f), deduced earlier from the impulse response.
Indeed the frequency response could otherwise be derived by letting the wavevector k in
Eqs (17) and (18) relate to a variable wavelength, )V,, when the response evidently
becomes a function of the Product k'x. This is reminiscent of a conventional diffraction
grating in which the response is a function of the product k sinO.

It is also interesting to observe the close resemblance between Eq (18) and the Fourier
Transform relationship. This may be extended by generalizing the discussion to allow
variable slit source strengths, bn, when the modulus of the amplitude a(x) is given by

la(x), b exp +ji[2 n 1 (22)

n

If, for example, the bn uniformly sample a slowly-varying function, b, at the Nyquist
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rate or faster, then the sampling theorem ensures that the ia(x)% will reproduce the
modulus of the Fourier Transform of b. Similarly an appropriat¢ey sampled version of
ia(x)i may be regarded as the modulus of the discrete Fourier Transform of the bn.
Turning now to the y-dependence of the field in the region of the focus, we have from
Figure 7(b)

2 _ f2 + (Yn - y) 2  
(23)

- Ln - 2Yny + y2 (24)

whence

n- L [ 2L + .......... (25)

= [4 ........... (26)

The field amplitude is therefore given by

a(y) = I exp -jk(% - Ln)

n

exp -[ fr) j exp Jk 2X(27)
n

This expression contains an unimportant premultiplying nonlinear phase factor and a
summation in which the exponents vary directly as y, but as n . The Fourier
Transform-like relationships just discussed are therefore modified, so that a sinc-function
variation should not be expected in the y-direction. Nevertheless the amplitude peaks at
y = 0, and on physical grounds may be expected to decline significantly when the net
phase shift from the first to last source amounts to 21 (17); some appropriate phasor
diagrams are illustrated in Figure 8 for a nonlinear chirp grating with n = 0 to 349.
From this discussion and Eq (27) we expect the FWHM to be of order 6y where

k 64 2[ j 2. (28)

leading to

by [ - [X.L] (29)

This approximate relationship happens to be identical to the classical value expected for
a numerical aperture N.A. = Ymax/2f, Eq 9. However, as noted earlier the measured
and calculated FWHM of our 350-slit nonlinear chirp grating is actually 20% greater
than the classical value, see Figure 4c.
In the case of a grating containing a small number of sources centred on nc > > 1, the
square root in Eq (27) may be expanded as follows. If n = nc + An

n = ni I + AnM (30)c 2
C

In these circumstances Eq (27) becomes
Jk 2] [2n c1 X

a(y) -exp - "Yexp +Jky(-- ex.dl +jkyAn[-Jp (31)

An c

Apart from the premultiplying nonlinear phase factor, this has restored the sinc-function
form of a(y), the first zeros occurring when
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-y ~ t2, (32)
C

or Y(33)

where the aperture D = fAn~S2fnc)f in the present approximation. This description is
reasonably valid for the 200-slit nonlinear chirp grating of Figures 4(a) and 5(a), whose
behaviour is of course extremely similar to that of an appropriate section of a cylindrical
convex lens.

5. FAR-FIELD MEASUREMENTS

Almost all interest in chirp gratings to date has concentrated on their focussing properties
in the near/intermediate field, Figure 1. However chirp gratings are one particular
example of the class of weighted diffraction gratings discussed in refs (10) and (II), and
it is therefore of some interest to consider their response in the far-field. It is
well-known that the Fraunhofer or far-field distribution is closely related to the Fourier
Transform of the field at the exit plane of the grating, which is of course a replica of
the grating structure itself. Thus the measured far-field intensity patterns in the
11 orders of Figure 9, confirm the anticipated quasi-rectangular frequency spectrum of a
linear chirp waveform (15). They are in fact measures of the spectra of the spatial
frequencies, f., or temporal frequencies, f'. of section 2. Note, however, that because
the detector is only sensitive to intensity, the dispersive phase response of the chirp
waveform is lost in these measurements. The response of acousto-optic devices in the
far-field is of course exploited in the acousto-optic spectrum analyser (18). Interest in
the far-field response of static chirped gratings could arise from the flatness of the
response and low sidelobe levels attainable with the optimum weighting.

6. CONCLUSION AND DISCUSSION

In this paper the basic properties of (static) one-dimensional focussing chirp gratings have
been reviewed, and the discussion extended to incorporate some related properties of
travelling acoustic chirp waveforms. It has been emphasized that the commonly discussed
linear chirp structure is only an approximation to the ideal nonlinear form, a
consideration that becomes increasingly important in high-performance components
employing large numerical apertures. The measurements of section 3 confirmed the
calculated behaviour of such devices in numerous respects including the shifts in the
location of the best focus, and the distortion of the focal spot from the ideal
sinc-function form. The discussion in section 4 revealed the significance of the axial
variation of the field near the focus, showing for example that it is this axial variation
that mimicks the frequency response obtaining at the focus. This contrasts with a
conventional grating spectrometer where the frequency resa -nse mimicks the spatial
response in the focal plane. It is also interesting to observe that, in contrast to the
focal plane response in Figure 6, the axial response is relatively unaffected by the
'spurious' radiation into the higher grating orders, especially if the low-n sources are
absent.
While the discussion has concentrated on the first-order diffraction from the grating
(leading to the formation of the first-order focus) mention has often been made of the
presence of the zero-order and higher diffraction orders and foci. For example it has
been shown that some of the spurious features in the first-order focal plane can be
interpretted as arising from "pinhole camera images" of the grating as imaged through
the individual higher order foci. It is also of interest to note that the consequences of
using a non-ideal chirp grating become more severe at the higher order foci. In fact
the ideal nonlinear chirp design discussed in section 2 is only ideal at one chosen focus
(the first-order focus in the devices of section 3) and so the higher order foci are
displaced and severely degraded for both the linear and nonlinear designs studied in
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section 3. This point is graphically illustrated by considering two neighbouring slits
separated by the local period, Pn- These sources are unable to contribute constructively
to an mth-order focus anywhere in the field if pa < m). Consequently the
contribution from the high-n sources to the higher order foci declines progressively with
increasing order. This aspect is not discussed in detail here, however, as the behaviour
is further complicated by a progressive decline in the contributions from the high-n
sources as a result of the finite slitwidth, W. Indeed, (in contrast to the first order
foci) we have found it necessary to include in our calculations the fmite slitwidth in
order to account for the measured positions of the 2nd-order foci. Additionally an
interesting observation has been made on the second-order foci of the gratings of section
3 in which the contribution from the highest-n slits should vanish according to scalar
diffraction theory since W = p/2 . In these devices we observed that the detailed
structure of the focus was dependent on the polarization of the input light beam; vector
diffraction theory is evidently necessary to explain such observations (14).
Finally we comment on the optical efficiency of the gratings used in this work. This is
inherently low (at most a few percent) due to the loss of light in the opaque regions of
the mask and the scattering into unwanted diffraction orders, principally the zeroth. The
former loss would obviously be increased if the gratings were withdrawal-weighted in the
manner discussed earlier, so it is desirable to retain as many slits as possible in a
practical design. Concerning the loss of light into unwanted orders, as in the case of
zone plate lenses this loss can be educed by replacing (at least some of) the opaque
region of the mask with VJ2 dielectric layers, to form the analogue of a phase reversal
zone plate (1).
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The purpose of this appendix is to discuss in more detail two aspects of focussing chirp
gratings which were only briefly mentioned in the text. These concern (I) double-sided
gratings, and (ii) the consequences of weighting both single-sided and double-sided
nonlinear chirp gratings to restore a snc-function behaviour in the y-direction of the
output plane. The results presented below all derive from calculations based on scalar
diffraction theory, and it may be noted that no experiments were performed to verify the
calculated behaviour. However, the good agreement between calculation and experiments
in Figures 4 and 5 of the main text gives confidence in the results calculated below. In
order to illustrate all the effects 'cleanly', we have chosen to base all the calculations on
chirp gratings containing 275 slits rather than 350 slits as used in the main text. Thus
the single-sided gratings comprise slits n : 0 to 274. The double-sided gratings
simulated below comprise 549 slits, viz n = -274 to + 274. Figure Al compares the
behaviour in the region of the first-order focus of four chirp grating designs :-

(a) A 1--sided nonlinear chirp grating containing 275 slits (n = 0 to 274). The
behaviour is similar to that in Fig 4c, showing a 'perfect' focus at (4x = 0, 4y = 0).

(b) A 1-sided linear chirp grating containing 275 slits (n = 0 to 274). The behaviour is
similar to that in Fig 4d showing a slightly oegraded focus with x-offset, Ax = -200pm,
and y-offset 4y = + 16pjm.

(c) A 2-sided nonlinear chirp grating containing 549 (= 2x275-1) slits. This shows a
'perfect' focus at (Ax = 0, dy = 0), and is essentially the superposition of two plots (a)
above, I.e. the original and its mirror image in the axis y = 0. The interference
between these two (complex) fields is only significant near this axis, and the narrowness
of the resulting focus relative to (a) alone is commented on below in connection with
Figure A2.

(d) A 2-sided linear chirp grating containing 549 (= 2x275-1) slits. This shows a very
degraded focus (at 4x: = -6pm, dy = 0) and is essentially the superposition of two
plots (b) above. For devices with more slits, the focus on axis (Ay = 0) is even more
severely degraded, the best remaining foci being those of the individual 1-sided chirp
gratings, as in (b) above.

In Figure A2 (a) and (c) we show in more detail the fields in the focal 'plane'
(Ax = 0) of the nonlinear chirp devices of Fig Al(a) and (c) respectively. These fields
are plotted on an optical dB scale to illustrate the various points of interest. In
addition, Figs A2(b) and (d) show the corresponding fields for nonlinear chirp gratings
weighted in such a manner as to eliminate the effects of the variable density of slits as
a function of Y. Thus for example the slit n = 0 is given the largest weight because the
local period, p, is greatest at n = 0. This weighting procedure ensures that a uniform
average intensity emerges from the grating (roughly resembling that transmitted through a
cylindrical convex lens) and so results in a closely sinc-function field in the focal plane.
No results are presented for linear chirp gratings because the foci are already degraded
to uome extent by the departure from ideal nonlinearity, and the location of the 'best'
focal plane is somewhat uncertain. We now comment on the individual plots of Figure
A2 in turn.

(a) This illustrates the perfect focus (OdB loss) of a I-sided nonlinear chirp grating, and
Is similar to fig 5(d), showing 'washed out' sidelobes. The full width at the -4dB points
Is 4.08pm, i.e. somewhat greater than )J/D a 3 .05pm. This arises because of the
effective weighting due to the variable density of slits in the Y-direction.

(b) This illustrates the calculated behaviour of a similar grating to (a), but in which the
slits are weighted in inverse proportion to the local period, p. This has restored an
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almost sinc-function field in the focal 'plane', A = 0. The full width at the -4dB
points is 3.12Fjm, and extremely close to )J/D = 3 .05m.

(c) This illustrates the field in the focal plane of a 2--sided nonlinear chirp grating.
For direct comparision with (a) above the Ay coverage (-10 to +10prm) has been halved,
since the focal width should be halved in a device of double aperture. The focus is
perfect (0dB loss) at (Ax = 0, Ay = 0) but is narrower than expected for the grating
aperture according to the classical formula )J/D, and the close-in sidelobes are much
stronger than those of a sinc-function. The calculated full width at the -4dB point is
1.28pm. compared to )J/D a 1.53pm. The cause of this behaviour is the effective
weighting of the grating caused by the variable density of slits in the Y-direction. It is
important to note that, in contrast to the I-sided gratings discussed above, this effective
weighting reduces the strength of the centre of the overall grating structure rather than
one side. This accounts for the narrowing of the central lobe and the increased sidelobe
levels as can readily be seen by considering the limiting case of very strong weighting.
With very strong weighting only the outermost sources of the grating would be effective,
leading to an approximately cosinusoidal pattern, similar to that arising from Young's
slits. This illustrates the origin of the high sidelobe levels. In addition it will be
recalled that the central fringe of a Young's slit pattern is only half as wide as that of a
single slit whose width equals the separation of the two Young's slits. This is the
physical explanation of the narrowing observed in Figure A2(c). This behaviour is also
readily visualised if the responses are calculated using the familiar phasor summation
procedures.

(d) This illustrates that a sinc-function response is restored to pattern (c) above if the
source strengths are weighted in inverse proportion to the local grating period, p. In
fact this calculated response is very close to sinc-function form and almost identical to
that of (b) above, apart from the scaling by a factor of 2 due to the change in overall
aperture from the 1-sided to 2--sided gratings.

An interesting point to emerge from Figure A2 is that the weighting arising from the
variable slit density of chirp gratings (a) broadens, and washes out the sidelobes of
1-sided gratings, but (b) narrows, and increases the sidelobes of 2-sided gratings.
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(a) Schematic representation of the chirped optical diffraction grating. The slits in the
grating are of width W and have Y-coordinates defined by Eqs (3) and (4) in the text.
The first order focus occurs at F and is chosen to be in-line with the zeroth slit
position. This behaviour is similar to that of one half of a cylindrical lens.
(b) Schematic of a focussing grating formed by a linearly chirped acoustic waveform in a
Bragg cell. The acoustic column is launched from the transducer at the bottom of the
cell and focusses collimated light at F. As the acoustic wave propagates across the cell
the focal spot translates across the focal plane at the velocity of sound, V. (in the
acoustic medium). In this configuration it is necessary to reduce the transducer width to

a satisfy the Bragg reflection conditions approximately for all the rays; in the optimum
configuration there is only strong coupling to the Ist diffraction order and, in principle,
diffraction efficiencies approaching 100% can be realised. For simplicity the
complications of the refractive Index of the acoustic medium are omitted.
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Multiple exposure displaying the zero-order transmission and the formation of the first
and higher order foci of a 350--slit nonlinear chirp grating. This composite photograph
of the field in the (x,y) plane was obtained by rotating the grating mask through 45*
about the Y-axis in Figure Ia, and taking a series of photographs obtained using a T.V.
camera with its plane perpendicular to the x-axis in Figure Ia. This camera employed
auto-gain and gamma correction to eliminate intensity variations across the field. The
grating itself also appears in the figure, the individual slits of low-n value being well
resolved. As discussed in the text the second order focus is narrower than the first
order focus due to its higher N.A. In the 200-slit gratings the higher order foci are
much weaker than in the 350-slit patterns due to the absence of the low-n sources,
again as discussed in the text.
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FIGURE 3,

Response of the 350-slit nonlinear chirp diffraction grating to a multi-line illumination
from an Argon Ion laser. The grating was designed for operation at 514.5nm and the
figure demonstrates the axial displacement of the foci at various shorter wavelengths.
The arrows show the calculated positions of the foci. In these and certain other
measurements precautions were taken to avoid spurii caused by multiple reflections in the
mask plate.
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The behaviour of the chirped diffraction gratings in the vicinity of their first order foci.
The focussing action is illustrated in perspective by adding a linear measure of the
optical intensity to the x-coordinate.
a) 200-slit nonlinear chirp grating (Eq (3), n = 150 to 349)
b) 200--slit linear chirp grating (Eq (4), n = 150 to 349)
c) 350-slit nonlinear chirp grating (Eq (3), n - 0 to 349)
d) 350--slit linear chirp grating (Eq (4). n = 0 to 349)
The left hand figure of each set displays the calculated responses (omitting the element
factor for the slit width), which are evidently in good agreement with the measured
responses on the right. Notice the displacement of the foci in (b) and (d) which from
Eq 14 are calculated to be (,Ax = -386pm, Ay = +41 pm) and
(4x = -270an, Ay = +24pir) respectively..
Concerning the depth of focus, the conventional measure would be along the x-direction,
the symmetry axis of Eq (3). Clearly for our one-sided gratings the depth of focus is
greater if one measures along an inclined axis. Notice that in (d) this axis is curved
due to spherical aberration.

- -.-- I



9 ~ -LD

-0.~

-t -

2s R- -

o7
(604.W SnO~ 03SS Cdi dc nod0h'S Od j

m0S.S~ ccO 3~SCWN 3S~ ;c~. rv4o~s~wea~

8o S

(sucitol Snod 03N"IS30 HQo4 InzidC (S'~w nO 3SS ~ilA4

. ... ...



Experimental and theoretical responses of the nonlinear chirped gratings in the vicinity of
the first order focus on a logarithmic intensity scale. (a) and (b): For the 200-slit
grating the response is almost of sinc-function form in both directions. (c) and (d): For
the 350-slit grating the intensity shows a sinc-function form along the x-direction, while
in the orthogonal direction the nulls are suppressed as explained in the text. For this
measurement it was critical to align the focus and the zeroth slit position accurately to
define the x-axis, as a minor angular offset compresses or expands the scale significantly
as is clear from the depth of focus considerations in the caption to Figure 4. The
linearly chirped gratings have displaced and extended foci, and so it is not possible to
produce equivalent meaningful comparison plots for these cases.
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FIGURE 6.

Experimental and theoretical logarithmic intensity responses of the 200-slit nonlinear
grating across a wide (10 mm) field in the plane of the first order focus. Note (a) that
the first order focus derives from the +1 diffraction order of the grating and (b) that the
straight through 'spurious' transmission derives from the zeroth diffraction order. The
other 'spurious' features in this figure derive from higher orders of diffraction. It is
interesting to observe that the resemblance of these discrete features to the grating
structure itself can be visualised as arising from pinhole camera images of the grating
through the respective foci. In the case of the 350-slit gratings these orders run into
each other making assignment of individual features difficult. In the theoretical plot no
account has been taken of the element factor of the individual slits or polarisation
effects. These account for the differences in intensity between experiment and theory.
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FIGURE 7.

Construction used to calculate the response of the gratings in the region of the first
order focus for small deviations in x and y from the designed focus, F.
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FIGURE 8.

Phasor diagrams to illustrate the origin of the filled-in nulls of the 350-slit nonlinear
chirp grating of Figure 5. (a) This figure applies to a conventional diffraction grating at
the first null of its sinc-function response, when the individual phasors span 2w and
combine to give a vanishing resultant. (b) the corresponding phasor diagram for a
350-slit nonlinear chirp grating with constant slit width, W, showing a reduced, but
non-vanishing resultant when the phasors span the range 0 - 2w. This actual figure
applies to y = 2.7 pin in Figure 5(c).

FIGURE 9.

Plan view of the formation of the far-field Fraunhofer pattern of a chirp grating, with
its approximately rectangular response in the 1 grating orders. The lens in this figure
is used to relay the far field pattern to its focal plane. Typical experimental far field
patterns for the 0, ±1 diffraction orders are shown to the right of this figure. Linear
measures of the various intensity profiles are plotted in the x-direction (the !I diffraction
order data are plotted on a scale expanded by 50 times compared to that for the zeroth
order data). These results are discussed in more detail in reference 11.
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FIGURE Al.

Calculated focussing properties of various 1-sided and 2-sided grating structures. The
perspective is obtained by adding a linear measure of the optical intensity to the
x-coordinate. In (d) the scale for the optical intensity has been increased by a factor of
approximately 4 relative to (a), (b) and (c) in order to make the degraded focus at
(Ax = 4Opln dy =0) visible.
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Detailed plot$ of the fields in the focal plans of various grating structures displayed on

a logarithmic scale.



*n I w 01

x

ZI,

190 AIS3N lI'dOIP)AIS3NIIO~d
-~ ~I ey

4c.

I'-i

0 CM,
R IW

Zia fu 0 0

(GD) ALISN3.JNI 1YV1±dO (D ±S3N YI
(OP) AISN31N



DOUMENT CONTROL SHEET

Overall security classification of sheet ....... UNCL ASS.IFI.ED

(As far as possible this sheet should contain only unclassified information. If it is necessary to enter
classified information, the box concerned must be marked to indicate the classification eg (R) (C) or (S)

1. URIC Reference (if known) 2. Originator's Reference 3. Agency Reference 4. Report Security
MEMO 4129 1 U/C Classificaj,0n

5. Originator's Code (if 5. Originator (Corporate Author) Name and Location
known) ROYAL SIGNALS & RADAR ESTABLISHMENT

778~400 ST ANDREWS ROAD, GREAT MALVERN,
WORCESTERSHIRE WR14 3PS

5a. Sponsoring Agency's 6a. Sponsoring Agency (Contract Authority) Name and Location
Code (if known)

7. Title Theoretical and experimental investigation of linear and
nonlinear focussing

7
a. Title in Foreign Language (in the case of translations)

7b. Presented at (for conference naoers) Title, place and date of conference

8. Author 1 Surnase, initials 9(a) Author 2 9(b) Authors 3,4... 10. Date pp. ref.

LEWIS M F WEST C L 6.1988 28

11. Contract lumber 12. Period 13. Project 14. Other Reference

15. Distribution statement

Descriptors (or keywords)

continue on separate viece of caper

Abstract In the past the focussing properties of chirped grating structures
have been investigated in various disciplines including optics, acousto-
optics and acoustics. In this paper we present the results of a detailed
theoretical and experimental study of one such structure, namely the
chirped optical diffraction grating, although many of the conclusions are of
more general validity. We derive some useful fundamental properties of such
focussing gratings, and show that to first order their behaviour is similar
to that of various other classical components such as focussing lenses,
grating spectrometers, and matched filters for chirped waveforms. However
we also describe a fascinating range of second-order differences in
behaviour, for example concerning the physical locations of the multiple
S8048/cont .. /foci, andS50/I.



foci, and the sidelobe structures within and perpendicular to the focal plane.
For devices of large numerical aperture we demonstrate the advantages of using
a non-linear chirp grating structure, eg for sidelobe suppression in the focal
plane, and point out that surface acoustic wave (SAW) techniques can be used
to generate the non-linear chirp waveforms necessary to implement such gratings
in acousto-optic devices.

"j


