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1. Introduction

The formulas for the determination of the coefficients of the spherical
harmonics of the earth’s gravitational potential require the free-air gravity
anomalies to be given on a sphere, at least at a simple surface, e.g., the
ellipsoid. Thus we have to continue the free-air gravity anomalies downward
to a sphere or an ellipsoid.

The validity of the analytically downward continuation of the free-air
gravity anomalies inside the earth is guaranteed by Runge’s theorem (Moritz,
1980, p. 67). Of course these gravity anomalies are not the original gravity
anomalies inside the earth. The downward continuation gives a fictitious
gravity anomaly on the ellipsoid that generates a disturbing potential on and
outside the earth that coincides with the original disturbing potential T on
and outside the earth.

Moritz (1980) suggested that the free-air anomalies be continued 1o the
point level. We can analytically take also the ellipsoid as the reference
surface and use thia method to continue the gravity anomalies down to the
ellipsoid.

Bjerhammar (1964) suggested using the Poisson’s integral to continue the
free-air anomalies downward to a sphere embedded inside the earth. This
problem was solved by using the discrete technique and matrix formulas.

Pellinen (1966) studied the methods for the determination of the
coefficients of the spherical harmonics of the earth’s gravitational potential
and he added a term, which can be easily transformed into terrain correction,
to the free-air gravity anomalies.

In this work we carry out some numerical investigation with the above

mentioned methods. The terrain correction and the Molodensky’s correction
term g, are computed on a global basis.

2. Analytical Downward Continuation by Using Taylor Series

We continue the free-air gravity anomalies downward to a point level by
using the Taylor series given by (Moritz, 1980, p. 378):

. dAg’ 3%Ag’ .
Mg = Ag + z az+-2—}z=-—£§3+... (1)

where z = h-hp is the elevation difference with respect to the computation
point P, Ag” is the gravity anomaly on the point level and Ag is the gravity
anomaly on the earth's surface.

By using the up and downward continuation operators the correction
terms of the gravity anomalies at the point level- can be expressed as follows

£ ~zL(Ag)
g2 = -zL(g,) - %2?LL(Ag) (2)

with




_ R? f-f
L(f) = &= | L5® do (3)
ag
where 2, = 2Rsiny/2, ¥ is the distance between the current point and the

computation point P, o is the unit sphere, and R is the mean radius of the
earth.

If the ellipsoid is chosen as the reference surface, in other words, we
want to have the reduced gravity anomalies not on the point level but on the
ellipsoid, we have:

g1 -hL(Ag)

1}

g2 = -hL(g,) - %h?LL(Ag) , (4)
where h is the height of the topography above the ellipsoid.

Based on Runge’s theorem the reference surface can be chosen arbitrarily for
the downward continuation. One can show that the downward continuation of
the gravity anomalies to the point level or to the ellipsoid is equivalent since
they generate the same disturbing potential T on and outside the earth (cf.
Sideris, 1987). :

As a first approximation we have the gravity anomalies on the ellipsoid:
ag* = Ag + g, = Ag - hL(Ag) (5)
This is called "gradient solution” (Moritz, 1966).

The relationship between the first correction term of the Molodensky’s
solution G, and g, is:

R? hag-h Ag,
g1 =G, - T I 23 do . (6)
A .

The first correction term of the Molodensky’s solution is given by

_R? h--h
G, = z"i “-l—g“ Agdo . (7)

After some reordering, equation (6) can be changed into
. - _ R2 Ag-A h~h
g =6 - = lj (ba-feallhhal 4, | (8)
where G’ is the term which was suggested by Pellinen (1966, p. 70):
. _ R? Ag—A h-h
¢ = & lf i—ﬂ——ﬂg%L———nl do . (9)

If we assume there is a linear relationship between the gravity anomaly
and the elevation:




Ag = a + bh, b = 2rnkp , (10)

where a is a constant, k the gravitational constant and p the density of the
crust, then eqn. (9) becomes

G =C= 5 kpR? J.f M""L do , (11)

where C denotes the terram correction.
Equation (8) can be written in the form
2a_h2
g, = C - % kor? [[ B2Ba gg (12)
e [+

Equation (12) gives the relationship between the first correction term of
Moritz’s solution with the terrain correction. Moritz (1966, p. 106) shows that
the terrain correction plays a role in the estimation of the low degrees of the
spherical harmonics of the earth’s gravitational potential, using surface
gravity data. But the last integral in (12) cannot be neglected if the high
degrees of the spherical harmonics are determined.

From the equations (11) and (12) we get
h-h .
g = -keRh, [[ B8 do . (13)
ag

We can get equation (13) directly from:

. _ . R [[ Ag-A |
g = -h,L(ag) = -h, == ] bdke 4o (14)
ag

under the assumption (10).

The formulas (11) and (13) have the advantage that they can be evaluated
from topograghy only, no gravity anomalies being needed. The weakness is
that one has to make the assumption (10).

In a plane approximation, eqns. (11) and (13) become

g = -hy kp ff hohe geay (15)

— 2
¢ = tkp fj 5h7%nl— dxdy (16)
[+]
g

1
with £, = [(x-xp)? + (y--yp)’]i , where r is the two-dimensional plane.




3. Downward Continuation of the Free-Air Gravity Anomalies Using the
Poisson’s Integral

Another method for the downward continuation of the gravity anomalies to
the ellipsoid is using the Poisson’s Integral (Moritz, 1966, sec. 7). In the
plane approximations we have:

) h Agk—4
sgp = dg, - 52 [[ ERER gy (a7

r

where AgX, Ag are the gravity anomalies on the ellipsoid and on the earth’s
surface respectively. The distance between the computation point P on the
earth’s surface and the current point on the ellipsoid is

= [(xx%p)? + (y-yp)? + hyil% . (18)

If we introduce the identical operator I and the operator Lp

It = f (19)
by ([ £=£ ,
Lf = 32 [{ Za auay . (20)

T

Then eqn. (17) can be written in the form
(I + Ly)Ag*x = &g . (21)

Its solution is given by

gk = (I + L) 'ag
= §(-1"Len ag (22)
n=0
Iy,
n=-0
with
g5 = (-1)"Loag . (23)

More explicitly we write

g% = Ag
- __h Ag-A
gk = ~Lyag = - 3B U—E"—,E“dxdy
gF = L,*ag = - Logk = - 28 [[ B guay (24)

T

Comparing g% in (24) with (14), we find that both formulas are similar. The
difference is that the integral kernel for gf is £~? and for g, is #3;3. [t was
shown (Moritz, 1966, p. 60) that the formulas for g¥ and g, are approximately
equivalent. g¥ will give more accurate results.




4. Some_Considerations About Applying the FFT Technique to the Poisson’s
Integral

The FFT (Fast Fourier Transformation) is widely used for numerical
computations. We consider here how the FFT technique can be used for
P-integral (Poisson’s integral). This work has been described by Euler et al.
(1980), but we have to recognize that the Fourier transformation can not be
directly used for the P-integral in plane approximation due to the elevation
variable which is included in the kernel of the P-integral. We have to do
some things before we apply the FFT to the P-integral.

In plane approximation the P-integral becomes

_hy ([ bgx .
sg, = 2 [[ S8% axay (25)

r

where Ag, is the gravity anomaly at point P which is located on the earth’s
surface, Ag¥ is the gravity anomaly on the ellipsoid, hp is the elevation of the
point P. The distance between point P and the current point on the ellipsoid
is

t = /xx,) *+(y-y,) 2+h3 (26)

Because the elevation wvariable, hp, is included in the kernel 473, the kernel
can not be written in the form

£ = B(xp,¥pr %, ¥, h(xp,¥p)) = (%%, ¥-Yp)

and the P-integral is not a convolution. The definition of the two dimensional
convolution is given in Bracewell (1965, p. 243).
The two dimensional Fourier transformation and its inverse are defined as:

F(u,v)

Ff(x,y)} = II f(x,y)e2mi (xutyv)dxdy (27)

f(x,y) = F1{F(u,v)} = II F(u,v)e3mi (xutyV)dudv (28)

-
where the symbols F, F-! denote the Fourier transformation and its inverse.
I[f the elevation h, is constant in the integration region, the integral (25)
can be considered as a convolution. Apply the Fourier transformation to (25)
and we get immediately (Euler, et. al., 1986)
G(u,v) = e 2mhpug¥(y v) (29)

with ' w = Yu?+v? , u,v are the frequency variables, G and G* are the Fourier
tranasformations of the gravity anomalies Ag, Ag* respectively.

From (29) we have

G¥(u,v) = e2mhpwG(u,v) (30)

.




(30) shows that the gravity anomaly on the ellipsoid is rougher than the
gravity anomaly on the earth’s surface. Although the relationship of the
specira of the gravity anomalies Ag and Ag¥ is really not so simple as (30)
shows, the relationship of the spectra of the gravity anomalies should have
similar properties: the upward continuation makes .the gravily anomalies
smoother and the downward continuation makes the gravity anomalies rougher.
We have to see that if we have some observation errors in the gravity
anomalies, and normally the errors are assumed to be composed of high
frequencies, e.g., the white noise, then the downward continuation enlarges
the spectra of the errors by the factor exp(Znh ). This means, a small error
in Ag can cause a big error in Agk, if the errors in Ag are composed of high
frequencies. Therefore the downward continuation may not be stable. The
situation is not so serious in practice if we use the mean block values which
may decrease the effect of the high frequencies in the errors.

Now we go back to see how we can apply the Fourier transformation to
the P-integral.

For the Kernel function 273, we have

22 = (x—xp)* + (y-yp)? + hp?

(x=xp)? +(y-yp)? + C + (hy? - C?)

"

$? + (hp? - C?) (31)
with
§ = (x-xp)? + (y-yp)? + C*,

C is a constant. If we take C = h,,,, the maximum of the elevation in the
integration region, we have

h.2-h2
22 = S2(] + —R—max_ ) = S3(1 +

53 (32)

(ﬂ,:!:
~N
~

with

H = hp2 - h;ax

The P-integral is expanded into the series

A 3H 15 H? 105 H?
bgp = 2,,”§§‘(1 T *3 o3~ An o5 * ..-) dxdy . (33)

r

Because we have always

H

s7| <1

the series in the integral (33) converges absolutely.

Now we apply the Fourier transformation to (33)

Agy = [i"{G*ﬁT - Hi"{G*iT =+ H’ﬁ*'{c*fi-—}} -] (34)




For the kernel S—(2n*1) ye have

s=(amt1) = (- 2= 2,

2 an 1
O ) T (s

n=1,2,..

The Fourier transform of the kernel S™! is (Bracewell, 1965, p.249):

Ly .1 —2mn
i{ 3 } = = e maxw

By using eqns. (35) and (36) we have

1 . o938 1,y _ 2
Mgst=-2 a(hZ, ) Agt=5

e~ 2mhma xw
ma x

14 __ 2t a1, 2w 1
F{ Ss } -3 a(hzmax)z H S } = 3h2max (h + 2mw) e iMhmaxw,

ma x

then (34) becomes
1

hmax

e-lﬂhmaxw} - _H___
hmax 2hiax

F ! {G¥(

g, = hy[F(G¥

+ 27nw) e 2mhmaxw 4

(35)

(36)

(37)

(38)

-1
(39)

Equations (34) and (39) have more theoretical meaning because the series
converges slowly. Numerical tests show that if a 1 mgal accuracy of the
P-integral is needed, the computation should include up to the fifth term in

the series (34).

In order to increasse the convergence of the series we modify this

method. We decompose the integral kernel £7° into two parts:

£73 = &7 + 273

with
=3 = { 273 x,y D
0 x,y aD
- 0 X,y &D
lli - { -3 x:y aD

where D is the innermost zone surrounding the point P.

Now the P-integral is decomposed into two integrals:

sty = B [ 482 oy + B[] 82
T

r
We expand the second integral in the series as

hy (( Ag _hy ((Agx . 3 H 15 H?
2a | 5 dxdy = 32 [ Ba-dg e wxay
4

7

(40)

(41)

(42)

(43)

(44)

-




with

_{S x,y &
St = { 0 x,y D (45)

The integrals in (44) are not difficult to compute by the use of the Fourier
transformation or FFT technique. If the innermost zone D is properly chosen,
the series (44) converges very fast. We give a numerical test hereafter.

For the first integral in (43) the numerical integration is used. Because
the integral is only evaluated in the innermost zone, the computation can be
completed fast.

Now we give a numerical test for the above mentioned methods.

We simulate the gravity anomalies data on the ellipsoid by using the
formula

Agk = 0.11h - 200. (46)
where h is in meter; AgX¥ in mgals.

The digital elevation at 30" grid interval for the USA is used. The extent
of the test region is 50 x 50 km. In this region the maximum elevation is 3260
meters; the lowest elevation is 1830 meters and the mean elevation is 2374
meters. Values have been computed for points located in a rectangle in the
center of the area where the points are approximately 1 km apart.

Results for Agp from (34) up to the fourth term are given in Table 1. The

numerical integration values of the P-integral are also given as the check
values.

Table 1. Results for Ag, from (34) (Unit: mgal)

Point number 1 2 3 4

1st term 41.11 4}1.64 38.71 37.89
2nd term 10.48 10.43 11.01 11.20
3rd term 3.53 3.44 4.16 4.39
4th term 1.32 1.28 1.74 1.90
Sum_(Ag,) 56.44 56.77 55.62 55.38
Check Values 57.25 57.53 56.68 56.78
Sum-Check Val. -0.81 -0.76 -1.06 ~-1.40
AgX 66.20 | 68.40 53.00 47.50

Table 1 shows the series (34) numerically converges with factor 1/3
approximately in the test region. If we want to have the computing accuracy
at 1 mgal, we have to complete the computations up to the 5th term of the
series,

We now give the results for Agp from (43) and (44) in Table 2. The
innermost zone is chosen as a 5'x5’ square and the P-integral is completed in
this square with numerical integration. The FFT technique is applied to (44).




Table 2. Results fo: 8g, from (43) and (44). (Unit:mgal)

Point number 1 2 3 4

Innermost Zone 39.91 40.05 40.02 | 40.40
lst term (eq.(44)) 16.25 16.38 | 156.71 15.32
2nd term 1.07 1.06 1.17 1.19
3rd term 0.08 0.08 0.10 0.11
4th term 0.01 0.01 0.01 0.01
Sum 57.32 | 57.58 | 57.01 | 57.03
Check Values 57.25 | 57.53 | 56.68 | 56.68
Sum-check Values 0.07 0.05 0.33 0.25
Agx 66.20 | 68.40 | 53.00 | 47.50

Table 2 shows the series (44) converges very fast. Even when we choose
a small innermost zone (5'x5' square), the computations for the series (44)
need only the first and second term.

We give a short summary about the use of FFT for the P-integral. We can
use FFT through the computation of (34). The disadvantage is that the series
converges slowly. The numerical test shows if we want to have computing
accuracy at 1 mgal, we have to compute the series (34) up to the 5th term.
In the modified method we separate the integration region into two parts:
innermost zone and outer zone. We evaluate the P-integral in the innermost
zone with numerical integration. The innermost zone is chosen small and this
computation is not time consuming. Equation (44) is used for computing the
P-integral in the outer zone. For the numerical computation, eqns. (43) and
{44) are more beneficial than (34).

In these procedures there are several concerns. First, we must
understand why FFT calculations near the boundaries of the data area give
incorrect results as has been demonstirated by Sideris (1985, p. 70, Figure 1).
In addition we must consider how mean block values can be used in the FFT
computations.

The integrals in physical geodesy are defined on a sphere or approximated
in a plane. In practice the integrals are evaluated in a limited region.
Generally we write

O ——
O — T

g(xp,yp) = f(x.y) k(x,¥,%p,yp) dxdy (47)
where k(x,y,xp,yp) is the integral kernel. If the kernel satisfies the
condition

k(%,y,%p,¥p) = k(x-%p,y-yp) (48)




then the discrete Fourier transformation can be used for (47). Here we
consider only this case.

In order to use the FFT technique, we first have to discretize the integral
in (47) in the form:

N1-1 N2-2
€p = 2 E f(mAx,ndy) k(mdx-xg,ndy-y,) AxAy (49)
m=o n=o

where Ax,Ay are the variable increments, N1, N2 are the grid point numbers in
the integration region along x,y directions.

Setting
{ Xp = rax r= 0,1,...N1-1 50)
vo = sdy s =0,1,...N2-1
(49) becomes
N1-1 N2-1 -
g = ) ) flmax,nay) k[(a-r)sx,(n-s)ay] sxay (51)
m=0 n=o

If we want to apply FFT to (51), we have to extend the function f and the
kernel k into the whole plane as follows:

Afx ) Ak (x,y)

\li \

-N1+1 0 N1-1 -N1+1 0 N1-1

Figure 1. Periodic extension of the function f and kermel k, (y = 0)
This periodic extension means we now have
f[(m+N1)Ax, (n+N2)Ay] = f(mAx, nAy)

(52)
k({(m+N1)Ax, (n+N2)Ay]

]

k(mAx,ndy)

10




...

Here we musi recognize that this extension causes errors in the computatlions
because the function f and the kernel k are not periodic.

The discrete Fourier transformation and its inverse are defined as

N1-1 N2-1 i . An
F(mau,ndv) = E ' E ' f(max,ndy)e?mi (T + §3) (53)
k=o £=o
f(kax, 48y) = 5 } ' 5 ' F(mAu,nav)e~2mt ({3 + 32) . (54)
m=0 n=o0

The discrete Fourier transformation of (51) is

G(mAu,nAv) = E gp(kAx,lAy)e'"‘(%? + ﬁ?)
k.2
= E E f(rAx,sAy)k[(1:'~—k)A:nc,(s—i)Ay]e"""(ﬁlll + ﬁ-‘z‘)AxAy (565)
k,2 r,s
Setting
r-k=g g = -Nl+&+r,...,r ’ .
- h = -N2+i+s,....s (56)

(55) becomes

G(mAu,ndv)= E f(rax,sdy)e2mi (FF + 32)

r,s
7 k(gx,hay)e—2mi (§8 + By, \ 0 (57)
k,2
= F(mAu,nAv)K(mAu,ndv)AxAy ,
where
F(mAu,ndv)= f(rax,sdy)e2mt (FT + 33) (58)

K(mAu,nAv)= E k(gAx,hay)e= 27t (f:‘ + a‘;)

k, 2

11




r—-N1+1 s—-N2+1
! " k(ghx,hay)e~2ms (8B + B3y . - 59

J S |

g=r h=s

if the kernel is periodic as (52) shows, we have immediately

N1-1 N2-1 ho
K(mAu,ndv) = } 5 k(gAx,hAy)e"’"(ﬁ:‘:l + uz) . (60)
g=o h=o

It is not the case in the numerical integration because the kernel function is
not periodic. In order to see this more specifically, we give an example. We
take the kernel

k(x,y) = s7?

(x? + y2 + h;ax):/z

Figure 2 repreasents the kernel k and its periodic extension.

Z
-N1/2 +1

r-N1+1

Figure 2. Kermel k and its periodic extension

The striped part is the range of the kernel s8~2 in (59). If we use (60), then
the range of the kernel s~ is the stiriped part plus the shaded part. ‘The
shaded part is the error caused by making the kernel function periodic. At
r=0, corresponding to the boundary point, the errors will go to the largest
(see Figure 2). Therefore the boundary values of the FFT computations are
wrong.

We can see that only at the center of the integration region, where

N1 N2
r=— and s = — ,
2 2

do we have equation (59) equal to (60). The closer the computation points are

to the center, the smaller the shaded part in Figure 2, or, the smaller the
error caused by extending the kernel function periodically.
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In the FFT computations we use (60) instead of (59). Based on the above
discussion we know only at the center point there are no errors caused by
extending the kernel function periodic. The situation is not so serious if the
kernel function decreases very fast, e.g.,45"° or s8~?, aa in this case, the
errors are small if the computation points are not at the boundary region (cf.
Sideris, 1985,p. 70, Fig. 1). What we have to remember is that we take a
proper boundary for the computations in order to guarantee the computations
are sufficiently accurate.

This problem seems more serious for applying FFT to the Siokes inlegral,
because the kernel 23* decreases slowly. If the boundary is not correctly
taken, the errors may be significant. In other words, the boundary has to be
chosen large enough.

In order to decrease the errors caused by extending the kernel function
periodic, we can enlarge the integration region by putting a zero
boundary—some zero values are assigned to the function f in the added
boundary. Now we consider how we can use the block mean values for the
FFT computations.

.If the function f is given in mean block values, then the integral (47)
becomes

a b
g(xp,yp) = I I f(x,y)k(x—xp,y-yp)dxdy
o o0
= E ?(iAx,jAy) I [ k(x-xp,y-yp)dxdy (61)
i 4iJ

where—f(iAx,jAy) is the mean block values of the function f in the block Aij.

We denote the integral in (61) by ¢ and put (50) in this integral
el (i-r)ax, (j=9)ay] = | | k(x-xp,y-y,)dxdy
Aij
(i+3)8x (j+3)Ay
= I I k(x-rax,y-sdy) dxdy (62)

(i—5)Ax (j—7)8y
then (61) becomes

g(rax,sdy) = E T(idx, jay) c[(i-r)ax, (j-s)Ay] (63)
i,J
The discrete Fourier transformation of (63) is
G(kAu, 1av) = F(kdu,lav) C(kau,ldv) (64)

where f‘, C are the discrete Fourier transforms of the mean values f and the
kernel function c, respectively.

13




Taking the inverse of the discrete Fourier transformation of eqn.
(64), we get

N1-1 N2-1 1

g(rax,sdy) = z ‘ ? _J G(kAu,lAv)e""‘(l:f + ‘,],'f) NT-Wz
k=0 1=0
1 Nl-ll N2-1

sz ) ) J'-I-:(kAu,lAv)C(kAu,BAv)e""”(5'5+ﬁ) (65)

k=0 i=o

We point out that we consider the FFT technique only as a computing tool.
With its help we can evaluate (63) very fast. Equations (64) and (65) give the
same results as (63), except for some errors caused by extending the kernel
function periodically.

5. Numerical Investigation of the Downward Continuation - A Comparison of
Downward Continuation by Using the Gradient Solution and_ Terrain
Correction

The downward continuation of the gravity anomalies to the ellipsoid by
using the gradient solution, Poisson’s integral and the terrain correction
require a dense distribution of gravity anomaly data and elevation data
surrounding the computation point. If we use the mean block values in the
integration, the small block size will be needed for a high computational
accuracy. Up to date the mean free-air anomaly in 30' block and the mean
elevation in 5’ block are given in a global basis. The mean free-air anomaly
in 30’ block is not suitable for the above mentioned integrals.

The digital elevation at 30" grid interval for the U.S. is available. We will
use this data for the computation of (15) and (16). From the results the mean
block values of the gradient solution g, and the terrain correction (TC) in &’
and 30’ block sizes will be formed. The 5'x5’ mean elevation will be formed by
averaging the 30" point elevation and are used for the computations of (15)
and (16)., We want to see what happens if the bigger mean block values are
used.

The tests are taken in three different topographic regions. In the region
36°64637°, 241°4)£242° the topography varies from 200 meters to 3600 meters;
in the region 39°€4440°, 253°€)\4254° the topography ranges from 2100 meters
to 3100 meters; in the region 357446367, 277°4A4278° the topography varies
from 250 meters to 1400 meters.

The g, term and the terrain correction are given in Table 3-8 for the test
regions. The maximum of the g, term in a 5'x5° mean block is 70 mgals in
the rough area (36°4¢€37°, 241°6A£242°), and the minimum of the g, term is
-28 mgais (39°44640°, 253°€A€254°). The maximum of the terrain correction in
a 5°x5° mean block is 22 mgals (36°4€¢4637°, 241°67£242°),

14




37 17] 25|~ 6] 9]-13] 26| 34| 41]-15]-12] 18] 54

-5| 10| 16| 39| 40| 13| 11| 55|- 9{-11{- 9| 24

20{ 2|-10|-10|- 9}|- 5| 16| 55|-16|-11|-10| 27

12| 18| 22| 16}- 1} 17| 40| 62| 8|-13|- 9|~ 2

-2 3{ 7| 34| 38| 28{ 21 24 70{-19(- 7{-11

2|- 1]~ 3]- 9{-15| 40| 50|- 2| 58] 57|- 9|~ 9

1{- 2t 2| 5| 13| 38| 1| 12| 15{ 34| 37| 11

o|- 1| 5| 18] 34| 21] 25|- 5] 4] 3] 40|- 2

- 1| 9| 9| 20| 34]- 8} 32| 4| 29| 9| 43|-10

ol ol-s5| e 11] 10{- 8{- 8] 12| 2{ 18{ 3{ b)
ol- 1|- 1] 15| o} 12|- 8]- 9| 6| 16| 8| 18
se* |- 1|- 1|- 1{- 5] 9| 5|- 4| 35} 16f 4| o] 21
S a) 5’x5’ Mean Values 242
Table 3. g, in 5, 30’ and 1 Mean Block Values
(30" Point Elevation Data)
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Table 4. TC in 5°, 30’ and 1° Mean Block Values
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(30" Point Elevation Data)
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Table 5.

g: in 5’, 30’ and 1° Mean Block Values
(30" Point Elevation Data)
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21 2 2 2 3 2 3 2 2 1 1 2
3f 3 2 1 1 1 1 21 4 2 21 2 9 3
3] 2] 2 1 1 1 21 4| 7 3 3 2
2t 31 2 1 0 1t 3 6| 6| 4| 3 1 2 1
2 3 3 1 1 1 2l 3| 2 2 1 1 . .
1 1 2 1 1 0 1 2 1 9 2 1 b) 30"x 30° Mean Values
3 2 3| 2 1 0 1 2 3 2 1 1
5({ 5 3y 2 1 0 1 0of O 1 0y O 2
3] 4] 2 1 1 1 0 1 2 1 0f O
2 1 1 1 1] 2 1 1 2 1 0f O] ¢) 1°x 1° Mean Value
2 1 1 1 2] 2 1 1 1 0 0 O
3s* 2| 2 21 2 1 1 of of 0f Of Ol O
277°* 278°

a) 5’x 5’ Mean Values

Table 8. TC in 5’ , 30’ and 1° Mean Block Values
(30" Point Elevation Data)

From the above Tables, we see that the correction term g, has large
differences with the terrain corrections in the 5’x 5’ mean block values. The
results in bigger mean block values agree better. The mean block values of
g, agree very well with the mean terrain correction in 1°x1° block.

We also use the mean elevation in 5’x5’ block formed by averaging the 30"

point elevation data for the computations of (15) and (16). The results are
given in Tables 9 and 10.

40

- 3} 10)- 3}- 9| 1{-18} 1|-10fy 5}- 7|- 6] 2

-11|~16{-12]- 7|- 9| 10y 4{ 0{-14] 9 3] O -3 1

- 91 23} 18j- 1]~ 6]- 5| 6] 29| 12}-14(- 8] 2

- 5~ 5{- 4|-11|- 4} 13] 0| 6} 29| 14|-14] 15 5 5

-15|-13}-16{- 2]-15|(-16|-13|- 6|- 8] 21|- 1{-16 . .
3l "ol ol- 2l 17| 19]-1}- 8| 9| 5|- 2|-13 b) 30°x 30° Mean Values
211 17} 14| 7| 15| 20} 20j-11}- 2} 12| 16|- 7

- 9)- 4|- Bj-13|- 7| 12| 4} 7] 6§ 5{ 30| 16 2

-14¢ 12] 11} 11]-12} 4} 9|- 7}- 3] 17} 14| 1
3{-171- 9| 4| 16] 15] 171-16]1-10]| 24] 16|- 4] ¢) 1°*x 1°* Mean Value
22]- 3|- 5| 6| 8] 20{ 21|-13}|-13| 23] 5(- 4

39° 16] 25)— 3| 13) 23] 7] 12 1]-20{ 6] 12{ O]106*
233° 2%4°

a) 5’x 5’ Mean Values
Table 9. g, in 5’, 30’ and 1° Mean Block Values
(5’ Mean Elevation Data)

17




0 1] 1] 1] 1] 1] 2] 1] i 1] 1 1] 1
21 2 1 1 1 1] 1) 1] 2} 1 1] 1 2 1
1y 2} 2y 1} 1y 1y 1) 3] 2 21 1} 1
iy 1] 1 1 1} 1} 1} 1| 2 2| 1] 1 1 1
2] 21 21 11 21 21 14 1 1y 21 1} 1 . .
1 2 1 1 9 2 1 1 1 1 1 1 b) 30°x 30° Mean Values
2] 2] 1 1 1 21 27 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 2 1 1
2 2 1 1 1 1 1 ] 1 1 1 1
21 2 1 1 1 1y 2] 2 1] 2 1 1} ¢) 1°x 1° Mean Value
2y 2] 1} 1] 11 2 2 2y 1y 2| 1} 1
ae* 21 21 1} 1 21 1§ 1} 1] 2§ 1t 1] ljroe*
233° 254°

a) 5’x5’ Mean Values

Table 10. TC in 5’, 30’ and 1° Mean Block Values
(5’ Mean Elevation Data)

Comparing Table 9 with Table 5, we find that if we use the 5'x5’ mean
elevation data, the mean block values of g; will be smoother and the
magnitude becomes smaller. For the terrain correction we have the similar
conclusion (cf. Table 10 and Table 6). Since the terrain correction depends on
the roughness of the topography, the results of the terrain correction are
sensitive to the smoothing effects (using the mean block values is a smoothing
in the data).

In the following, we wani to see what the results will be if we interpolate
the data to small grid intervals. We will use the 5’x5’ mean elevations and
consider this data as point values located at the center of the blocks. Then
we interpolate the elevation on to a 1'x1’ grid by using a bicubic spline
function. The resuits are given in Tables 11, 12, 13 and 14.

7 g 19]- 4]|- 2]|-11] 20 34] 28[-14[-12[ 13] 41
-10{- 8{~ 4| 18| 26| 5| 15| 43|- 8}-12|- 7] 16
10]- 3|~ 9{-11|-14]-10} 16} 40|- 9]-11|-10] 12
20| 17| 1| 14| 32| 48| 7]-12|-10{- 3 4| 8
10| 24| 28] 26| 23| 27| 49]- 9|- 9{-10 .
~7l-"al-71 31| 27 5| 53| 35/- 6|-10 b) 30'x 30° Mean Values
71 13| 30{- 1| 7| 23| 36 24|~ 9
13| 29| 23| 16{- 1{ gl 11| 27|- 7
11{ 25]|- 3| 13| 2| 20{ 11{ 29|- 9
-1 6 6t- 5{—~ 9 9 71 19 1] ¢) 1*x 1°* Mean Value
6 8
5 3

4] 27 11}-

7 9} 13| 11
- 3] 8] 3]-5]2

131 4] 111

NWRnOoOoO &

36 |- 106°
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et e e e e BN = DN) OO
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~
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a) 5’x 5’ Mean Values
Table 11. g, in 5’x5’, 30’°x30’ and 1 °x1° Mean Block

Values (5'x5'Mean Elevation Data;
Interpolated to a 1'x1’ Elevation Grid)
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12|- 4|-10{-13}-16]-11] 15| 43|-12|-11|-11] 13
8| 16| 21| 17]- 1| 14| 33| 51| 4a|-12]|-10|- & a| g9
- 3| of 10{ 25| 32| 26| 22| 26| 54]-13|- 9{-10 ) ;
- 1|- s|- 7|- 9|-10| 33| 30| 2| 56| 37|- 8|- g P) 30" x 30" Mean Values
- 2|- 5|- 5] o] 12{ 32|- 4| 9| 23} 37| 26|-10
- 1]- 3| ol 13] 31} 24{ 17|- 2| 10{ 10| 29/- 8 8
- 2{- 3/ of 11{ 28{- 5{ 15 2| 22| 10| 32|-11
- 1}- 1}- 8|- 2| 5| 7|- e|-10] 10| 6] 20]- 2| ¢) 1°x 1* Mean Value
-1}- 2|- ol s| 2| 12|l-71- 7| 9| 14| 12| 8
se* |- 1{- 1]- 2|- 3] 9l 3|- 6] 28] 13| 4] 1] 14{106"
241° 242°

a) 5’x 5’ Mean Values
Table 12. g, in 5’x5’, 30’°x30’ and 1°x1" Mean Block

Values (5’x5’ Mean Elevation Data;
no Interpolation)
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5( 51 4 3| 4| 5} 7| 10f 9f{ 6 6] 8
5| 4t 43 4] 5| 4] 5| 10} 9] 6] 5] & 5 7
4l 4| 4| 4} 5| 51 6| 9] 10 8] 5| 3
5 51 5| 5 5| 5 6| 9] 10f 8 5] 5 4 4
41 5| 6| 6{ 6 7| 6| 5f 10f 11 8{ 5 . .
al 51 6l s & 71 sl 5| 10l 11| 8| s b) 30°x 30° Mean Values
3l 5| 6] 6f{ 6] 6| 4} 4| 6] 8| 9| 6
3 a4 51 74 7|1 5| 4| 31 3} 4| 8| 6 5
3| 4 5 71 6{ 4 41 31 4, 4 7| 6
3 3 5 5{ 4 3 3 3 3 3 4 4] c) 1°x 1° Mean Value
21 31 51 4| 3} 3| 2] 31 3 31 3| 4
36° 21 3| 3] 4 3] 2] 3] 5¢ 3 2§ 2} 3ji1o06"
241° 2e2°

a) 5’x5’ Mean Values
Table 13. TC in 5°x5’, 30°x30’ and 1 x1° Mean Block

Values (5°x5’ Mean Elevation Data;
Interpolated in 1’x1’ Mean Elevation)
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5( 6{ 4f 3{ 4y 5 7{ 101 9{ 6{ 5] 9
6] 5| 4| 5) 61 4} 5] 11 8] 6] 5| 5 5 7
4y 3| 4y 4] 5| 41y 5| 10} 9l 71 5| 4
5| 5| 6| 7y 7| 6 5| 6{ 13} 10| 6| 5 4 4
41 5| 6y 7{ 7| 6| 5} 6] 13} 10} 6] 5 . .
al s sl & 6l 7 sl sl 11| 11 gl 5 b) 30°x 30° Mean Values
3 61 51 51 6 7| 4| 4| 6| 8| 9| 7
31 4 51 61 7| 6{ 4; 3| 4y 4| 8 6 5
3] 4] 5) e{ 7| 4 43 3} 4} 31 8| 6
3] 3| 6 5f 4 3} 3| 3] 3f 3| 5] 4] ¢) 1°x 1°* Mean Value
21 3| 51 4| 3§ 3| 3f 3| 3} 3I 31 3
36° 21 31 3 44 3} 2] 3] 5} 3} 2§ 2] 4)res*
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a) 5'x5’ Mean Values

Table 14. TC in 5’x5’, 30’x30’ and 1°x1° Mean Bliock
Values (5’°x5’ Mean Elevation Data;
no Interpolation)

Tables 11-14 show that there are no significant improvemenis in the
results by using interpolation of the elevation to dense point values. From
the computing process we know: the integration in the innermost zone (5'x5’
square) has no significant contributions to g, and TC, because we set the
integration in the innermost zone zero when there are no interpolations used.

The gradient correction terms for the gravity anomalies were also
computed by using the potential coefficient model OSU86F (Rapp and Cruz,
1986). We use the program writiten by R. H. Rapp for the correction terms of
gravity anomalies in the test region and compare the results in Table 15.

Table 15. Comparison of the Gradient Solution, Terrain Correction
and the Correction Terms From the Global- Gravity Model
OSUS86F (Unit:mgal)

2

¢ A | heignt | -hgE | tnalf€ | g | 10
39.25 | 253.25 | 2632 | -0.10 | -0.04 | 5 | 1
39.25 | 253.75 | 2707 | 0.48 | 0.05 | 5 | 1
39.75 | 253.25 | 2721 | -0.62 | -0.08 | -3 | 1
39.75 | 253.75 | 2589 | 1.53| o0.04 | 1 | 2
35.25 | 277.25 | 839 | 0.27| o0.00 | 3 | o
35.25 | 2717.75 | 441 | -0.25 | o0.00 | 1 | 1
35.25 | 277.26 | 789 | 0.68 | o0.01 | 2 | 1
35.25 | 277.75 | 848 | 0.3¢ | o0.00 | 3 | o0
36.25 | 241.25 | 1406 | 1.11| o0.04 | 4 | 5
36.25 | 241.75 | 2400 | 4.72 | o0.39 | 9 | 7
36.75 | 241.25 | 2252 | 2.92| o.09 | 5 | a
36.75 | 241.75 | 2352 | 3.61 | o0.28 |12 | 4

Table 15 shows that the correction terms of the gravity anomalies by
using the Gravity Model OSU86F are much smaller than g, and TC.
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6. Computations of the Terrain Correction and the Gradient Solution on_a
Global Basis.

The elevation data in 5'x 5° mean block values are available from the
National Geophysical Data Center, Boulder, Colorado. The elevation data has
been used for the computation of the g, term and the terrain correction on a
global basis.

For the computation of the g, term, we make the assumption
Ag = a+ bh , b= 2nkp

The parameters a and b have been taken as constants with b equal to 0.11
mgal/meter.

The integration region is taken as 15° in latitutde extent and 30° in
longitude. The boundary (or overlap) of the integration is taken by 50km.
This satisfies the accuracy for most situations (Noé#&, 1980). But the boundary
is not large enough for the Himalaya Mountains. Figure 3 shows the
differences of the g, term by using a 50km boundary and a 250km boundary.
The maximum difference is 12 mgals. Figure 4 shows the differences of the
terrain correction by using a 50km and a 250km boundary. The maximum
difference is 6mgals. In a flat area the differences of the g, term and the
terrain correction by using the different boundaries are smaller than 1mgal
(see Fig. 5). Therefore, we have to take larger boundary if the topography is
rough and high in the integration region. In the computations we have taken
the 250km boundary for the mountain areas and a 50km boundary for the flat
areas.
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The g, term and the terrain correction are computed in 5’ mean block values
by using the FFT technique. All computations are completed at the
Instruction and Research Compututer Center at The Ohio State University.
The CPU time required was about 10™3 second for each point on the IBM 3081
at OSU.

Tables 16 and 17 show the distributions of the g, term in 5’ and 30’ mean
block values according to the magnilude. g, are almost concentrated in the
interval [~5,5]. There are only a few larger values for the g, term.

Table 16. The Distribution of the g, Term According to the Magnitude
(5° Mean Block Values)

Interval (mgals) Numbers Percentage
-85.  ...... -75. 4 0.000 %
-75.  c.e... -65. 24 0.000
-65. @ ...... -55. 36 0.000
-55.  ...... -45, 86 0.001
-45., ...... -35. 274 0.003
-35. ..., . -25. 870 0.009
-25. ...... -15. 3771 0.040
-15.  ...... - 5. 38846 0.416
-5. ... 5. 9123185 97.771
5. ceieee. 15. 121068 1.297
5. ..., 25. 25428 0.273
25. ..., 35. 7173 0.077
5. ... 45. 2939 0.031
45.  ...... 55. 1391 0.015
55. ceee.. 65. 5083 0.054
65.  ...... 75. 410 0.004
75. e 85. 217 0.002
85.  ...... 95, 116 0.001
95. ..., 105. 77 0.000
106, ... 115. 51 0.000
115,  ...... 125. 48 0.000
125.  ...... 135. 29 0.000
135.  ...... 145. 22 0.000
145. ...... 155. 16 0.000
155.  ...... 165. 5 0.000
1656.  ...... 175. 10 0.000
175.  ...... 185. 9 0.000
185. ...... 195. 3 0.000
196,  ..... 205. 3 0.000
205.  ...... 215. 1 0.000
215. ... 225. 0 0.000
225.  ...... 235. 0 0.000
235.  ...... 245. 1 0.000
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Table 17. The Distribution of the g, term According to the Magnitude

(30° Mean Block Values)

Interval (mgals) Numbers Percentage

-15. ... - 5. 86 0.033 %
-5 ... 5. 255893 98.724
5. ... 15. 2198 0.848
5. ... 25. 969 0.374
25. ... 35. 49 0.018
3. ... 45. 4 0.002
45. cevenn 55. 1 0.040

The terrain corrections are concentrated between 0 and 10 mgals. The
distribution of the terrain correction according to the magnitude is shown in

Tables 18, 19.

Table 18. The Distribution of the Terrain Correction According to the

Magnitude
(5° Mean Block Values)
Interval (mgals) Numbers Percentage
0. ceeens 10. 9320682 99.887 %
10. ...... 20. 5473 0.059
20. 30. 4652 0.050
3. ..., 40. 321 0.003
40.  ...... 50. 30 0.000
50.  ...... 60. 9 0.000
60.  ...... 70. 3 0.000
70. ... 80. 6 0.000
80.  ...... 90. 9 0.000
g0.  ...... 100. 9 0.000
100.  ...... 110. 2 0.000
110. ... 120. 2 0.000
120, ...... 130. 0 0.000

Table 19. The Distribution of the Terrain Correction According to the

Magnitude
(30° Mean Block Values)
Interval (mgals) Numbers Percentage
0. ... 10. 259140 99.977 %
10. ...... 20. 5473 0.022
20. ..., 30. 4652 0.001
26
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The statistics of the g, term and the terrain correction are exhibited in
Tables 20 and 21,

Table 20. Statistics of the g; Term in 5’ and 30’ Mean Block Values

Unit: mgal
Block Size Mean Value Standard Dev. Max. Value Min. Value
5 0.27 t2.56 442.14 -78.88
30° 0.27 +]1.54 45.08 -10.47
1 0.27 t]1.24 25.52 -5.16

Table 21. Statistics of the Terrain Correction in 5’ and 30’ Mean Block
Values; Unit: mgal

Block Size| Mean Value | Standard Dev. Max. Value | Min. Value
5’ 0.23 t]1.01 183.57 0.0
30’ 0.23 2(0.-82 25.24 0.0
1 0.23 (.74 17.77 0.0

The locations of the absolute values of the g, term greater than 5 mgals
are plotted in Figure 6. The locations of the terrain correction greater than 5
mgals are shown in Figure 7.
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7. _Comparison of the Degree Variances of the Gravity Anomaly, the g, Term

and the Terrain Correction

The corrections of the disturbing potential caused by the g, term and the
terrain correction can be expanded in spherical harmonics as follows:

. kM N n a.n - - .
6T ==— § ¥ (=) (Cilp cos mA + S}, sin mA)
' n=2 m=o0 r
 Pom (sin @) i=1,2 (66)
where:
ST correction of the disturbing potential caused by the g,
term and TC for i = 1, 2, respectively
kM geocentric gravitational constant
_ _a equational radius of the reference ellipsoid
Chm » Spm fully normalized potential coefficients
Pom fully normalized Legendre function of degree n and
order m
r, ¢, A geocentric coordinates

The degree variance of the disturbing potential is defined as (Rapp,
1986, p.10):

o0n = L (C3, + 52, (67)

m=0

For the degree variance, c,, of the gravity anomaly we have:
ch = v? (n-1)? o, (68)
where v = kM/a2. In the same manner the degree variances of the
corrections to the potential are:
oh 2§ (@w? + Gl i= 12 (9
m=0
and the anomaly degree variances of the g, term and TC are
ch = 92 (n-1)? a} i=1,2 (70)
In order to gel an impression about the corrections of the g, term
and the terrain correction on the gravity anomaly the gravity model
OSUH6E has been used. The percentage of the root mean square (RMS) of

the degree variances is defined as following

- (an! 1/2 P,
Percentage = (;—) + 100% i=1,2 (71)

The g, term and TC in 5’ mean block values were used to form 1 x 1°
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block mean values. The program F419BV3 from Rapp’s program library
has been used to determine the coefficients of the harmonics spherical of
the g] term and the TC up to the 180th degree.

The results are drawn in Figure 8. The RMS values of the degree variances
of the g, term and TC are almost 2 percent of the RMS value of the degree
variance of OSUB6E. This is smaller than expected.
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Figure 8. Ratio of the RMS Values of the Degree Variances of the g, Term
and TC to the Gravity Model OSUS6E

The influence of the topography on the gravity anomaly and its spherical
harmonic expansion was studied by Rapp (1977). Different models of the
terrain correction were used and the correction terms found were on the
order of 10 to 30X at the lower degree of Lhe spherical harmonics of the
gravity anomaly. The reason for the difference should be due to adopted
terrain correction models.

It iB very interesting to find that the coefficienta of the lower degree of

the g, term and the terrain correction are almost the same. Figure 9 shows
the ratio of the RMS of variances of the g, term to TC.
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Figure 9. Ratio of the RMS Value of the Degree Variance of the g, Term to
the RMS Value of the Degree Variance of TC

Theoretically, from (12) we can see that the g, term equals the
terrain correction plus the integral
h? - h

1 a .
-3 KpR? IJ ——73——“ de (72)

The computation shows this integral has no significant contribution
on the lower degree of the coefficients of the spherical harmonics of
the g, term.

8. The Influence of the g, Term and TC on the Geoid Undulation and
the Deflections of the Vertical

Now we want to know the influences of the g, term and TC .on the
geoid undulation and the deflections of the vertical.
The corrections of the geoid undulation due to g, term and TC are

[ ]
SNV = i}'— i=1,2 . (13)
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Using (66) and (73) we have the mean square of the corrections of
the geoid undulation due to the g, term and TC

ToNDT = M ((6N)7) = a* } a} i=12, (74)
n=o

where M { } denotes the average over the whole earth. Its definition
is given in (Heiskanen and Moritz, 1967, p.252). The RMS of the corrections
of the geoid undulation is

/.(—GNT)? =a /f god,‘, i=1,2 (75)

The values of equation (75) have been evaluated for the g, expansion and
the terrain correction expansion. These values, for selected degrees, are
given in Table 22.

Table 22 RMS Value of the Correction Terms to the Geoid Undulations;
Unit: meter

Degree g; term Terrain Correction
2 0.54 0.54
q 0.13 0.13
5 0.07 0.07

10 0.04 0.04
15 0.02 0.02
20 0.01 0.01
30 0.01 0.01
36 0.01 0.01
50 0.00 0.00
100 0.00 0.00
150 0.00 0.00
180 0.00 0.00

We have two conclusions from the Table 22: the contributions of the g,
term and the terrain correction to the geoid undulation are the same; only the
lower degrees of the spherical harmonic expansions of the correction terms
have significant effect on the geoid undulation. The effect of the high
degreea (£>36) harmonics of the correction terms are smaller than |1
cm.

The corrections of the deflections of the vertical due to the g, term and
TC are

. 56! = - < grad 6N! (76)

where 8 is the vector of the deflections of the vertical; it has two
components, £, 7.

Using the orthogonal property of the spherical harmonics (Heiskanen
and Moritz, 1967, p.262) we have
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(60')2 = M {(60')2} = 2 n (n+l) o} 1 =1,2 (77)
with
(69‘)3 - (66*)2 + (Gﬂi)z

The RMS value of the correction to the deflections of the vertical is

/W - /ngo n{(n+l) o} i=1,2 (78)

Table 23 shows the RMS value of the corrections of the geoid undulation
and the deflections of the vertical. They are in the order 1 meter and 0.1".
Here we must recognize that the corrections are mean values the whole earth
which are 70% covered by water on which the g, term and TC are
zZero.

Table 23. RMS Value of the Correction of the Geoid Undulation and the
Deflections of the Vertical Due to the g, Term and TC
Unit: 6N in weter; 80 in second

correction RMS of 6N RMS of 66
- 0.7071 0.1129
TC 0.7065 0.0880

9. Conclusion

In order to determine the coefficients of the spherical hurmonic expansion
of the disturbing potential of the earth in a more precise manner the gravity
anomalies have to be analytically downward continued to a simple surface —
the chosen ellipsoid. The basic formulas for the downward continuation are
the Poisson’s integral and the gradient solution (the g, term) which is an
approximation of the Poisson’s integral. The terrain correction has been
considered as an approximate method to eliminate the effect of the topography
above the ellipsoid.

Because we have no dense gravity anomaly data on a global basis, we
approximate the gravity anomaly by using the assumption (10). The elevation
in 5’ mean block values has been used to compute the g, term and the terrain
correction on a global baasis. Before we gtarted the work, some preliminary
tests were done. The digital elevation model in 30°° interval in the United
States has been used for the testa. The comparisons of the results which use
30" point elevation and the elevation in 5° mean block values have been
made. The results show that the computation using the elevation in 5'x 5°
mean block values are acceptable.

After the computations of the g, term and TC in 5’ mean block values in a
global basia, g, and TC are expanded in the spherical harmonics. The
influences of the corrections (g, and TC) on the disturbing potential of the
earth have been studied. The corrections have the order of about 2% of the
RMS value of degree variances of the disturbing potential. It is much smaller
than expected, especially at the lower degree of the spherical harmonic of the
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disturbing potential. The influences of the g, term and TC on the geoid
undulation (when estimated from expansions of surface gravity data only) have
been considered. It takes the order of 1 meter (RMS of correction of the
geoid undulation). For the deflections of the vertical the RMS of the
corrections of the g, term and TC is on the order 0.1".

There are two main error sources in the computations: the assumption (10)
and the use of the 5 mean block values. They both are due to lack of the
denser gravity anomalies and denser elevation data on a global basis. If the
denser data sets are available, then the downward continuation of the gravity
anomaly to the ellipsoid can be done more precisely. We can then hope to get
a more accurate downward continuation solution needed for the spherical
harmonic expansion of the disturbing potential of the earth.
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