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Abstract
The primary limitation to increasing the operating speeds

of robots, and hence their productivity, is the vibrations
induced by high accelerations. Since these vibrations are
usually only important near the endpoint of the arm trajectory,
this paper proposes the use of a separate controller for this
part of the trajectory, specifically designed for vibration
control. This makes use of the fact that in the neighborhood of
the endpoint the system can be considered linear. To solve the
modeling problems accurate for the current endpoint and load
conditions, it is proposed that a robot operator conduct a test
run during which data is automatically taken. It is later used
off-line by the robot microprocessor to obtain the system model
in the neighborhood of the endpoint, and the feedback control
gains. A deadbeat control law is studied here because of its
time optimality and because it has a feedback form. The
research here establishes, both by simulation and by
experimental testing, that the overall approach has considerable
promise. However, some new development is needed in the control
law design to realize its promise.
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INTRODUCTION
The research presented here is aimed at the problem of

increasing the speed of robot operation in order to increase
productivity. The productivity of manufacturing operations, and
the rate of Increase in productivity, are some of the major
indicators of health in any nation's economy, and the
productivity of any automated plant is directIty affected by the
speed of the robots employed.

The basic limitation in robot operating speeds using
current control methods stems from the excitation of vibrations
by the high accelerations and decelerations involved. The
frequency of these vibrations is typically in the range of 10 to
15 Hz. Because the robot is such a highly nonlinear system, the
actual frequency varies with the current robot position and
load.

Present industry practice handles the vibration problem by
keeping the bandwidth of the controllers for each axis
sufficiently low that the vibrations are not unduly excited.
Another way of saying this is that the robot motions are slowed
down to move so "gently" that vibrations are not unduly excited.
This produces a comparatively sluggish response -- sluggish by
comparison to what would be possible with a controller
specifically designed to take into account the vibrations and
actively control them.

The aim of the research reported here is to develop and
evaluate a methodology and one candidate for such a controller
design. A method that is successful at actively handling
vibrations would not only speed up current robot designs, but
would also allow a second generation of increased robot speeds
by allowing use of lighter and more agile arms.

The Control Philosophy
In most robot tasks the vibrations that are excited as a

result of commanding high accelerations and decelerations are
not of particular concern over most of the arm trajectory, and
only become important when the arm is supposed to have reached
its final commanded position. At this time the robot should not
have to wait for the vibrations to die away before performing For
the needed task. This suggests that instead of trying to find a RA&I
method of controlling vibrations throughout the arm's motion, a AB C3

special vibration control law should be initiated as the robot -.ced
arm approaches the desired end position. This approach has the .'
following important properties:

1. In the vicinity of the final position, the highly nonlinear
dynamic eouations of a multibody robot model will be linear
(assuming backlash and sliding friction effects to be dtthty Cofes

small). This is important because there are very few *%W ad/or --

Special
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general methods in the control literature for handling
highly nonlinear problems, but there is a vast body of
literature that is pertinent to linear problems.

2. The approach allows faster operation of robots in the
following sense: if one knows how to kill the vibrations
near the end of the trajectory, one need not worry about
exciting the vibrations earlier by use of high
accelerations and decelerations.

We direct our attention to vibration control in three
important classes of robots -- those in which the vibrations are
primarily caused by the use of belt drives, or due to the use of
harmonic drives, or due to structural flexibility. Many robots
use belts and pulleys in the actuation mechanism to allow the
placement of the motors toward the base of the arm decreasing
the arm's inertia. These mechanisms are prime sources of
vibration. Other robots make use of harmonic drives, because of
the convenient size, the large gear ratios available, and the
lack of backlash. Again, the price that is paid for these good
properties is the introduction of a flexible element that
produces vibrations. There are relatively few robots In the
third class -- those in which the primary source of vibrations
is the structural flexibility of the arm, but this class is
gaining in importance as people contemplate use of
ultra-lightweight composite materials with the aim of decreasing
mass and inertia and increasing operating speeds. Before this
goal can be accomplished, a solution to the vibration control
problem must be found.

In order to generate any sophisticated control method for a
specific problem, one needs to obtain the differential equations
of motion describing the system to be controlled. In the case
of vibration control in robots this could be a serious
difficulty, because the overall equations are very complex and
nonlinear, and give different vibration characteristics for each
arm end-effector position considered. Furthermore, the needed
equations can change substantially with the mass of the load
being carried by the robot, as well as with all the parameters
in the inertia tensor for the load. Hence, accurately
predicting and then somehow cataloging the vibration equations
for the robot in all possible operating conditions would be a
large and difficult task.

Our solution to this difficulty is to have the robot
operator perform a test run during which data is stored as the
arm approaches its end position. This data is then analyzed to
obtain a model that represents the dynamics of the system in the
vicinity of the trajectory endpoint, under the prevailing
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operating conditions and with the appropriate load
characteristics. This analysis can be performed on a
microprocessor of an IBM-PC class, which is already part of most
robot manipulators, so that usually no extra computational
equipment is needed. The aim is to have this identificaiton
step be something that any robot operator can perform, without
needing any special expertise. To summarize, the use of this
identification step:

1. Avoids the need and difficulty of careful dynamic
modelling.

2. Avoids the need to predict vibration dynamics in all
possible situations, and somehow store the information.

3. Avoids the stability issues and complexity associated with
use of adaptive control, which is perhaps the only real
competitor to the proposed method.

4. And can be performed on a microprocessor which might
already be part of the robot hardware.

5. The method will require that extra sensors be placed on the
robot, but these sensors would also be needed by most
control laws one might consider using, and would usually be
low cost.
Having got the system model needed, it remains to determine

an appropriate control law to eliminate vibrations quickly.
Ideally, one would like to kill the vibrations and reach the
endpoint as fast as possible after the vibration control phase
is initiated near the end of the arm trajectory. In other
words, one would like to apply time optimal control theory.
Unfortunately, it is quite difficult to find the time optimal
control for any substantial system, and most methods give the
control only in open loop form. One then hp - to use ingenuity
to try to generate some kind of approximate closed loop form
that can be implemented in practice. These difficulties
generally preclude the use of time optimal control. On the
other hand, deadbeat control is a time optimal control in a
discrete time setting. It is easy to compute, and it can be
computed in a feedback form. In addition, since deadbeat
control is a digital control method, it is automatically in the
appropriate form for implementation on the robot's
microprocessor, which needs only to make a few multiplications
and additions to implement in real time. This paper cites the
needed theory and evaluates the effectiveness of this candidate
for terminal vibration control by simulation and experiment.

To summarize, the overall aim of the control approach is to
develop a control package that can be used routinely by a
factory robot operator who knows nothing of control theory.
During the set up procedure he inputs the desired trajectory
command to the standard robot controller, and makes the
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Identification test run during which the robot microprocessor
stores data from sensors on the robot. The microprocessor uses
the data to develop a system model and from this develop
feedback gains for the terminal vibration control phase. The
operator makes a second run to check the behavior with the
vibration control in place. He may repeat the process after
speeding up the robot motion along its trajectory if it is seen
that the terminal vibration controller can handle
larger vibrations. The robot is then ready for high speed
operation.

THE CONTROL METHOD

The Identification Step
Consider the sensor requirements for the identification

steps. Theoretically one may be able to perform the needed
identification using only the sensors normally installed on a
robot for feedback control. However, we want the identification
to be quite accurate and to not require any sophistication in
its use. For this reason, and for use in the feedback of the
chosen vibration control method, it would be desirable that all
system state variables be directly measured by sensors installed
on the robot.

For a robot where the primary vibration source is from
flexibility in belt drives, as is illustrated for two links in
Fig. 1, the sensors needed consist of an angle encoder for the
drive wheel and one for the driven wheel in each pulley system.
Conceivably the velocities for each wheel could be obtained by
taking differences of successive samples or could be obtained
from feedback within the DC drive motors. Otherwise tachometer
measurements would be needed for each. One of these angle
encoders is automatically present on any robot for its own
feedback control, so only one sensor per link need be added to
the robot. On five or six axis robots the major sources of low
frequency vibration will be in the first three arm links, with
vibration from the wrist and hand often negligible. Hence, the
number of extra sensors could be limited to three.

When the major source of vibrations is from harmonic drives
instead of belts, the situation is essentially the same.
However, because of the high ratios involved, it may be
necessary to take some care in getting the required resolution
on the output angle. This could be accomplished by using extra
gearing introduced purely to run the encoder. Because the
encoder is essentially a negligible load, it should be
inexpensive to built an antibacklash system to maintain an
accurate reading, or one could make use of another harmonic
drive. One extra difficulty with harmonic drives is the
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nonlinear spring constant behavior for very small angles which
would not be modeled by a linear identifier.

The situation is more complicated when the major source of
vibration comes from structural flexibility in the links. In
this case sensors must indicate the amount of elastic
deformation of each link. Strain gages mounted along the link
is one imprecise method {i} Various optical and laser methods
are currently being studied by researchers, knowina that any
sophisticated control of a flexible arm will require such
measurements for feedback.

With the needed sensors in place, the identification test
run performs the desired maneuver with the standard robot
controller functioning, and without any attempt to suppress the
resulting vibration. As discussed below, it will be necessary
to momentarily interrupt the control signal with a control
action unrelated to the current state in order to obtain full
information. During the terminal phase of the test run, data
is collected from the sensors and stored.

The robot microprocessor then uses the stored data to
develop linear system equations appropriate for the present
maneuver endpoint and the present loading and operating
conditions. There are many choices for the identification
method that develops these equations. One method that has
recently proved very effective in the identification of
vibrations in flexible structures is the Eigensystem Realization
Algorithm ({)}which has a recursive form that is appropriate for
PC type computers ({)} Here we adopt a more direct approach,
one that may be as good as any when the full state is measured,
and one which is quite simple to implement. We seek a system
model of the form

x(k+l) = Ax(k) + Bu(k) ; k = 0,1,2,... (1)

where x is the nxl state vector and u is the mxl input vector.
If the system state is measured for N+I successive steps, then
equation (1) written for each of the N values of k is

[x(1) x(2) ... x(N)] = [A B]Fx(0) x(1) ... x(N-1)1 (2)Lu(0) u(1) ... u(N-1).[ (2

If N=n+m the matrix on the right can be inverted to solve for
the system matrices A and B. Because of measurement noise, it
would be advisable to use more data in the identification
producing more equations than unknowns. Then, use of the
Moore-Penrose pseudoinverse produces the desired identification
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[A B] = [x(1) x(2) ... x(N)] x(O) x(1) ... x(N-lf (3)

Lu(0) u(1) ... u(N-1)J

Note that the identification method will fail, as will all
such methods, if u(k) is a linear combination of Y(k) for all
data points k taken. In this case one can only identify the
corresponding linear combination of A and B that multiplies
on the right of (1) when the control law is substituted. This
difficulty applies, for example, when a classical proportional
plus derivative controller is in operation, in which case it is
necessary to override the controller with a different control
signal for some data points in the identification test run.
Note also that a priori knowledge of the presence of an
eigenvalue at +1 has not been incorporated in the method.
Such knowledge is generally very hard to incorporate in an
identification process.

The computations required to evaluate equation (3) are
simple enough that they can be done on a PC level computer.
There are no computation time constraints since the
identification is not being done on-line.

Terminal Deadbeat Control
Considerable progress has been made in recent years in

deadbeat control theory, see for example References {4-101. For
the computations made in this study the deadbeat feedback
control gains were computed using the formulas in (5). Methods
exist that have better numerical properties, but no difficulties
were encountered. The deadbeat gain matrix gT in the control

u(k)=g Tx(k) (4)
satisfie

gT[A"11B' A2Bm ... A B( )]=[-I,, 0,2 ... O] (5)

where the second matrix on the left side is an nxn full rank
matrix obtained from the matrix

F.=[A1B A2B ... A-"B] (6)

by deleting linearly dependent columns scanning the matrix
starting from the left. Controllability is assumed and A is
invertible so the matrix is full rank. The superscript on
Bq), ... , B( )indicate the columns which remain in B for each power
of A- , the r, are the number of remaining columns, and 1,, is the
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r,xr, (i.e. the mxm) identity matrix.
For certain computations open loop deadbeat control was

computed, as well as a minimum norm control taking more than the
minimum number of steps to get to the desired final state. This
was accomplished by using equation (1) repeatedly to write x(N)
in terms of x(O) and the control history to obtain

x(N) = A'x(0) + A"lBu(O) + ... + ABu(N-2) + Bu(N-1)

= A"[x(O) + FNU(N)J (7)

LP(N) = [uT(O) uT(1) ... u'(N-1)] (8)

Then one form of the needed control sequence is written

U(N) - -F,+[x(O) - Ax(N)] (9)

where F 4 is the Moore-Penrose pseudoinverse. When N is the
minimum possible number of steps, this is the open loop deadbeat
control sequence (and the pseudoinverse will reduce to a true
inverse when m=1, and in some cases when m>1).

Saturation Considerations
A deadbeat controller is a controller that transfers the

state to the desired state in a minimum number of steps. It
does not acknowledge any control magnitude limitations that the
hardware may have. Several options are at the disposal of the
control system designer to prevent difficulty from control
saturation.

First, the point at which the terminal vibration controller
is turned on can be adjusted to prevent saturation problems.
Second, the sample time can be adjusted. Since in a scalar
control problem, the deadbeat control gets to the terminal state
in n steps or less, increasing the discretization time step
allows the control more time to accomplish its goal.

On the other hand, the derivation of the deadbeat control
law suggests that perhaps the controller will still behave well
in the presence of saturation. Consider the closed loop system
matrix in the case of a scalar control (A+bgt) This matrix
has all zero eigenvalues with one true eigenvector

Any x(0) can be written as a linear combination of the
eigenvector and the generalized eigenvectors as

x(0) = a,v, + a2 v2 + ... + av (10)

Since (A+Bg)v1 =O, and (A+Bg)v ,=v , j=1,2 ... , n-i,
we see that in the first step of deadbeat control the component
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of x(O) on v, is annihilated, and the other components Eire

transformed:

(A+Bglx(O) = a,v, + av, + ... + av, (11)

The second step annihilates the a term of the x(O) expansion,
etc. This structure suggests that if the control action was
insufficient to 'accomplish the annihilation of one of these
components in one step, due to saturation limits, that it will
finish the job in the next step, or the next few steps. In
other words, it suggests that feedback deadbeat control in the
presence of saturation will still give reasonable control
commands, and the saturation simply causes the controller to
take some extra steps to accomplish the aim. A better
understanding of the degree to which this conjecture holds is
obtained in the sequel.

One might hope that deadbeat feedback with saturation might
in some way approximate true bounded time optimal control.
Simple examples suggest that this approximation is not always
good. The regions of the state space in which u=+u,. and
u=-u for deadbeat control are bounded by two parallel straight
lines

gTx=+U.

g~x=-_u M (12)

These lines can be compared with the known continuous time, time
optimal switching curves in simple examples where those curves
are known such as the double integral plant and the harmonic
oscillator. In the former case the switching structures are
somewhat similar, but in the latter they seem to have little
resemblance.

NUMERICAL RESULTS

Robot Models
Three robot models were used in numerical simulations.

These were a single link arm model with structural flexibility,
a single link with a flexible belt drive, and a two link arm
with flexible belt drives. The last two models can also be
considered to represent robots with harmonic drives, the main
difference being the larger gear ratios obtained in these
drives. There will be some inaccuracy involved because of the
assumption of linear flexibility.

The modeling of the flexible arm was done in a very simple
fashion. The kinetic and potential energies were taken to be
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T = .51e 2+.5MR(e+'4)

V .5KR2W2  (13)

where e is the undeformed or rigid body angle, and angle
represents the deformation angle for the load end of the link.
1=0.09kg is the arm inertia, R=0.3m its length from axis to
load, and M=O.lkg is the mass of the load. Note that the
center of mass of the unloaded arm is assumed on the axis of
rotation, and that the only kinetic energy of deformation
included is associated with the load mass. The associated
system equations are

M P 2W2C.r 2fqg 1 R2 MffR2 )u (14)wn nW =( I+

where damping has been included using a Rayleigh dissipation
function with coefficient c, w is the applied torque at the
base, and

M =IM/(I+MR2 )
OrA2=K/M (15)C, = (c/2) (1 /KM.) ' = (5

In computations C=0, and wn=2a(7/0.5) producing a period of
0.5/7. A normalized time was used, normalized by the total time
!or the maneuver taken as =0.5sec, and the period in normalized
time was 1/7. The initial state was zero, and the final state
zero except for 0 being 0.6313 rad. The state differential
equations were discretized by use of a state transformation to
Jordan form, computation of the matrix exponential in this form,
and then transformation back.

The single link pulley model was obtained, again by use of
Lagranges equations. Refer to Fig. 1 and consider that the base
link is immobilized. Then the kinetic and potential energies
are

T= 1/213 3 + 1/214+ 1/2m(rL 4 )2  (16)

V=2 •1/2K,(r 3e 3-r 4 e) 2

Note that pretension in the belt need not be explicitly
considered in forming V. Here 13 is the inertia of the drive
pulley and motor, 14 is the inertia of the driven pulley and
it's attached link (assumed for convenience to be statically
balanced) and load, m is the mass of the load at distance
rL from the load pulley axis, and the angles and radii are as
indicated in the figure. Values used are 13=1.Okgm2,
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14=0.7kgm2. m=1.25kgm2 , r,=0.8 m, r3 =0.04m, r4=0.08m,
k2=3.7x105 kg/sec', and the viscous damping coeffikint for the belt
c2=4700kg/sec. The maximum torque level was set at 20 nt-m.
After discretization with a time step of 0.01471 the resulting
difference equation model (1) had the following system matrices

0.8958 0.01350 0.2084 0.02411
A1-12.194 0.8184 24.388 0.3612

0.1387 0.001605 0.7226 0.01150
- L 16.237 0.2418 -32.47 0.5164 -

B= ( 0.000103 , 0.01305, 0.000007, 0.001605]T

with the state variable being x=[03  04 0J.

The development of the two link robot equations started
with the kinetic and potential energies

T= 1/21 62,+ 1/21 2:+121 (E)+ 3 ) /2 ( + +1 4)2
2 2 2" 2 (18)

+1/2M212,e 2+l(e 4 +21, 4l,e 2e, cose,)

V= K,(r,e,-r2 e 2 )2 +K,(r3 e3 -r.e 4 )2

Here the 1, and 13 pulley inertias include the associated motor
inertias, 12 includes the inertia of the link joining pulleys
2 and 3, 4 with the link center of mass assumed on the pulley 2
axis for convenience, and 14 is the inertia of pulley 4 together
with its link and the load -- this time about the center of mass
of this system whose mass is m and whose radial distance from
the pulley 4 axis is ,, The final term of the kinetic energy
expression is the translational energy for this center of mass.
The 124 is the distance from pulley 2 axis to pulley 4 axis. The
resulting equations are of course highly nonlinear. They are
linearized about the final desired state, and then
discretized with a sample time of T=0.03608 for the computer
runs. The details of the development are too complicated to
report here. The parameters used included

1,=0.8kg-m ]2 =0.5kg-m ,
13=0.6kg-m ,,=0.4kg-m ,
m=2kg,
124=0.6m, I4 =0.35m,

k,=k2 = 3.9x10 5 kg/sec2

r,=r3 = 0.04m,
r2=r= 0.08m,

and the viscous damping coefficients for the Rayleigh
dissipation function were c,= 3800kg/sec and c 2 = 3100kg/sec.
The maximum torque levels were set at 20nt-m for the base link,
and 16 nt-m for the outer link.
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Control Deseturation by Sample Time Adjustment
The robot models discussed above were used to study the

usefulness of adjusting the sample time to reduce the maximum
control effort requested by the deadbeat control commands.
Certain of these results are cited in Table 1. The first entry
uses the flexible robot model with time normalized by the
terminal time tf=0.5, and gives normalized controls tf2u/I where
u is the applied torque. The maneuver used started at all zero
initial conditions and applied a torque of +2.78 until
r=t/tf=0.57 at which time the torque was reversed to -2.78 until
r=0.71 at which time the deadbeat vibration control was
applied, with a target endpoint of ef=0.6313 rad with no
deformation and no velocity. The initial condition for the
deadbeat controller after the bang-bang control action, was
W=dW/dr=o, e-ef=-o0389, and de/dr=1.08. Note that at this
point the deformation W and the deformation rate are zero. If one
knows the system parameters well, one can usually adjust the
bang-bang torque levels and the times in such a way as to have
no residual oscillations. This approach to vibration
suppression was studied with numerous examples, but was
considered of limited value because of the sensitivity to the
knowledge of the model and to implementation errors, and because
of the difficulty of obtaining solutions in multiple link and
hence multiple vibration frequency problems.

The second half of the table presents results using the two
link pulley drive model. This time both torque motors were
applied at their nominal maximum levels for 0 : t < 0.24, and
then reversed for 0.24 < t < 0.499. The initial state chosen
was

X() =[e1,E,3e, e 2, e, e 3, e, eJ

= [0, 0, 0, 0, 0, 0.474, 0, 0.237]

The desired terminal state was 0, =202 =0.46rad, 03 = 20, =1.006 rad.
At the time the deadbeat control was turned on at t=0.499

sec the state error was

Ax =(-2.18x0W , 3.49xlO4 , 1.79x10 3 , -1.24x0O3

-1.12 0 ' ,r -4.11x 1O- , 8.86 004 , -3.13010- ]

The general behavior observed in these results and others,
is that for very small sample times compared to the period of
oscillation in the system, doubling the sample time will reduce
the control commands by approximately a factor of two. However,
when the sample time nears one half the period of oscillation in
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the system the maximum deadbeat control commands incurred goes
through a minimum, and then it goes up dramatically as the
sample time approached the period of oscillation. Thus there is
a hard limit on the degree to which sample time adjustment can
be used to satisfy control saturation limits in deadbeat
control.

Table 1. The Deadbeat Control Sequence as a Function of Sample Time

Period of System Sample Control Sequence
Natural Frequency Time

0.08 -7.89 -10.63 -039 4.03
1/7 = 0.143 0.1 -9.75 -0.823 -6.53 5.2

0.1169 -29.79 41.9 -44.0 17.0
0.1358 -290.9 721.5 -610.3 167.9

0.02 99 -13 -286 200
-67 20 145 -98

0.04 -5.87 -6.48 27.5 -15.1
-0.1, 0.1 -2.4 8.8 -14 7.7

0.06 -39.9 76.4 -34 -2.65
19.7 -40.3 19.9 1.0

0.074 31.8 -58 20.7 4.81
-17.7 31 -10.5 -2.43

Control Desaturation by Adjusting the Number of Time Steps Used
Deadbeat control gets the state to the desired state in a

minimum number of steps which is less than or equal to the order
of the system. It is logical to consider generating a control
law that uses a prescribed number of steps which is larger than
the minimum, in order to decrease the maximum torque commanded.
Unfortunately, this is not currently a viable option in practice
because of the lack of a feedback form for such a control law,
but research is currently in progress on this issue. However,
we do know how to generate an open loop form for such a control,
and some computer runs using the flexible robot model were made
to study this option. Starting from a rest position the maximum
torque level was applied for O<t<0.5 and then reversed for
0.5<t< 1.0. If the arm were rigid, this would have resulted in
a zero final velocity at the desired angle which we set to be
zero by definition of the state variables. At t=1 the state is
not zero, but rather

x(0) = [0.0014, 0.00015, -0.00013, -0.000014]'

which is the initial condition for the vibration suppression
controller.

Letting x(N)=0 in equation (7) produces the equation which
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must be satisfied by the control sequence U(N) in order to reach
the origin In N steps. When N is greater than the number of
steps used by deadbeat control, equation(7) has more unknowns
than equations. The solution used in (9), with a Moore-Penrose
pseudoinverse, gives the minimum norm solution for U(N), and
therefore should keep the maximum control small. Of course, one
might improve upon this solution by looking for one that
actually minimizes the maximum control.

Table 1 presents some results which combine adjusting the
number of time steps used and adjusting the step size. First
the number of time steps was picked, and then the step size was
repeatedly adjusted until the maximum control effort encountered
in the control sequence was rouahlv the same. This was found to
be very sensitive in some cases. It is interesting to note that
over the range of values studied the total time taken to
accomplish the control objective was nearly invariant. This
suggests that there is no point in adjusting the total number of
time steps used unless one has already increased the size of the
time steps to near the value which corresponds to the minimum
control effort - as discussed in the previous section.

Table 2. Desaturatlon by Increasing the Number of Steps

Period of System Number of Sample Control Sequence

Natural Frequency Time Steps Period
4 0.024 0.21, 0.69, -2.01, 1.11 0.096
5 0.018 -0.19, 1.54, -0.62, -2.63, 1.9 0.09

1/7 = 0.143 7 0.014 0.38, 0.45, 0.014, -0.65, 0.098
-1.04, -0.53, 1.38

9 0.01 -0.38, 0.81, 1.05, 0.48, -0.58 0.09
-1.59, -1.85, -0.64, 2.7

Deadbeat Control of One and Two Link Belt Drive Robots
Figures 2 and 3 show the simulation results for using

deadbeat control on the belt drive robot models described above.
Figure 2 applies to the single link problem. The
bang-bang torque history shown for Ozt_<0.5 sec is such that it
would transfer the arm to the desired position at 0.5 sec. When
applied with the pulley system, vibrations are excited. The
second curve in the figure represents(r 3/r,)E) 3-e, which would
be zero at all times if the belt did not stretch, and hence
indicates the amount of vibration. At t = 0.5 the deadbeat
control is turned on and the oscillations killed in 4 steps, or
approximately 0.06 sec. The dashed curved indicates the free
decay of oscillations (with the chosen damping ratio which is
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'0.3) for comparison.
Figure 3 shows the results of a complete simulation of the

proposed identification and control method on a two link, 2
pulley, nonlinear robot system. The parameters for the computer
run were described in the discussion of Table 1 and in the
description of the model. The first part of the figure shows
the torque on the base link and the base link vibrations (r,/r)e,-e2 ,
and the second half shows the corresponding
quantities for the second link. The output of the simulation of
the nonlinear equations was used in the identification package
to obtain the A and B matrices, and the deadbeat feedback gains.
Then a second simulation applied these gains starting at t = 0.5
to kill the oscillations, as shown in Fig. 3.

In order to study the effects of noise in the data, other
computer runs were made in which the A and B matrices had
components which were arbitrarily changed by 10%. The deadbeat
control for these incorrect system matrices was applied and
found to behave well. The price that was paid was an increase
in the number of steps before the final state was reached, which
in some cases took an extra 6 steps to kill the error. Hence,
the feedback form being used can account for modelling errors.

These simulations show the potential of the proposed
vibration control concept, and show that for the system models
considered the method works very well.

EXPERIMENTS

In order to study in more detail the promise and
limitations of the proposed robot control method, an
experimental set-up was developed that is typical of a certain
class of robots having belt drives on each of the axes. The
needed software was developed and then applied, to perform the
identification step from data taken on a test run, to obtain the
deadbeat feedback gains from the identification results, and
then to apply the deadbeat control to the hardware. In order to
understand the results of the experiments, various simulation
studies and analytical studies were also performed.

Apparatus
Attention was focused on the control of one joint of a

robot. The base drive of an industrial electrically driven
robot, the Systems Control Model 751, was used. This drive is a
DC motor with a built-in gear ration of 5.5:1, using typical
industrial gearing. The motor was used to drive the load
through a 3 to 1 pulley system as is done on the base joint of
the 751, but a larger pulley was substituted that is more
typical of other axes of this robot. Instead of using the robot
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Itself as the load on the motor and somehow freezing the other
axes for the experiment, a different inertial load was
substituted in the form of a dumbell consisting of disks of mass
10 lb. at each end of a rod of length 10 in., which was turned
in the horizontal plane about its center.

Optical shaft encoders manufactured by Teledyne Gurley were
placed on each of the pulleys. The encoders had a net
resolution of 66,400 pulses/revolution. The motor driving the
system was a standard gearhead motor from Bodine Electric Corp.
It was rated at 110 V., 1A and 1/8 H.P. Backlash in the
gearhead was measured at about .5 degrees. The motor was driven
by a Motion Sciences amplifier which was rated at 4A/50V. The
amplifier was supplied a _±5V analog signal from a D/A board with
12 bit resolution. Thus the analog voltage resolution was
10/4096=2.4mV. The board was a plug in card in a 10MHZ IBM-AT
clone fitted with an 80287 math coprocessor.

The optical encoder signals were processed by an HP2000 based
circuit. These circuits took the two quadrature signals from
each encoder and translated them Into positive or negative
counts. The HP2000 circuits had a 12 bit internal counters
which were read by the computer through a digital 8 bit parallel
port. Since the counters were limited to 12 bits, they were
read at least once every 50m sec. (maximum interval between
succesive reads) to ensure that counts would not be lost due to
overflow or underflow.

The input and outputs were processed on the AT-clone using
interrupt driven code. The software was written in Turbo
Pascal. The speed of the AT-clone combined with the compiler
allowed the interrupt time to be set to any value between .5m
sec.-50m sec.

The Identification Step
The first step in the proposed control procedure is to

perform a test during which data is taken, and then obtain a
system model from the data. The state variables for the
difference equation model included the motor angle x,
and the inertial load angle x2. Since no direct measurement
of velocity was made, x3 and x, were the differences between current
values of x, and x2 respectively, and their values at the previous
sample time. The DC motor was considered fast enough that there
was no need for any motor state, and hence the fourth order
model represented rigid body rotation and belt vibration.

For later comparison purposes, a proportional plus
derivative (PD) controller was generated and tuned to give good
performance. A gain of 0.5 on motor position feedback and of 3
on the motor "velocity" x3  was used when a sample time of 5
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milliseconds was employed, and this gave slightly underdamped
response.

The identification test data was obtained with this
controller in operation. However, if the controller is on for
all time steps of data taken, the control actions will be a
linear combination of the state. This means that the matrix on
the right of equation (2) is not full rank, and one cannot
complete the identification. As a result, the PD controller was
interrupted with an arbitrarily chosen control action for
several time steps during each test.

Figures 4 to 7 give typical test results. In this
particular run, a torque level of -448 units (where -2048 units
is maximum torque) was applied for a short time (roughly 10
secs. seconds), immediately after which the encoder counters
were set to zero and data was taken for the next 41 time steps
of 5 mil'iseconds. During this time the control action was
switched to +448 counts for the first six steps, and then the PD
controller was applied. The PD control law was made to aim at
x, =9000 and x2= 3000 counts by subtracting these numbers from the
states used in computing the control. Setting the encoders to
zero as above, assumes that the belt is not significantly
stretched at the time. This appears not to be a problem, since
similar results were obtained starting from zero velocity.

The first of the 41 data points does not give x3 and x4

since these are changes in x, and x2 from the previous step. The
remaining 40 data points were used to obtain the A and B
matrices according to equation (3) and resulted in

.9239 .2432 .8841 .1066]
1.0018 .9949 -.0002 .9904

A= I..0761 .2432 .8841 .1066
.0081 -.0051 -.0002 .9904 (19)

BT= [-.0371 -.0051 -.0002 -.9904]

The eigenvalues of A are

A(A)=.9700, 1.0153, .9040 .2681i

The first two represent the rigid body mode which would both lie
precisely at 1.0 if there were no damping in the system and the
data was perfect. The complex conjugate pair represents the
belt vibration which corresponds to a lightly damped' oscillation
of period 0.11 seconds. This period is typical of robot
vibrations.

As a test on the identification results, the states
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specified by the data at the second time step in the sequence of
41 steps were used as initial conditions for the model (1, 19).
The 40 time step state history predicted by the model and the 40
time steps of data recorded are both shown in Figs. 4 to 7. The
inertial load position is perhaps the most important of the
state variables since it is the actual variable to be
controlled. Figure 4 shows excellent agreement between model
and data. The velocity of the inertial load is represented by a
difference between successive positions and is therefore
somewhat noisier, but it is also seen to be in good agreement in
Fig. 5. The motor position and motor velocity comparisons are
given in Figs. 6 and 7. Only the motor velocity curve shows
substantial differences, which might be attributed to backlash
in the gears on the motor that is a nonlinear phenomenon the
identification cannot model.

We conclude that the identification method is practical,
can be done on a PC class computer (an IBM AT was used), and
gives results which are sufficiently reproducible for the
applications considered. The only trouble encountered was that
occasionally some data points would appear that were clearly
spurious, which would then give poor results. In this case we
simply re-ran the identification test. But with small
modifications to the identification program one could make it
possible to skip data points when desired.
Deadbeat Control Experiments

Given the A and B matrices identified above, the deadbeat
feedback gains were obtained on the IBM AT computer, which was
then used to compute the control commands in real time and send
them to the current driver for the DC motor. The deadbeat
feedback control law obtained for the identification test
described above, was

u(kt) = g'x(kt) (20)

gT= [-104.7 8942.0 -184.5 12760.4]

That these gains do in fact give deadbeat control, is
established by computing the eigenvalues

A(A= BgT) =-0.0451 ±0.0481 i; +.0451 ± 0.0425i

which are as close to zero as one might expect, considering the
difficulty of getting accurate roots in a matrix nominally
having four identical eigenvalues in a Jordan form. A second
check is made by simulating the application of this control to
the system model. This completes the control objective in 4
steps, with a small 5th step residual control action to handle
small numerical inaccuracies.
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Many different experiments were run varying the possible
parameters. Some experiments started with an initial velocity
and aimed for specific counter readings, in the same manner as
described above for the specific identification test discussed.
This type of experiment is most representative of the robot
applications envisioned, since the deadbeat control would be
turned on as the arm approaches the end point. Other
experiments went from a position with zero velocity, to another
position with zero velocity. Thus the experiments varied the
total distance travelled and the initial velocity.

The identification and feedback gain computations were
repeated under these different conditions, and found to give
reasonably consistent results. For example, when the
Identification test described In the previous section was
repeated with zero initial velocity and an aim point of 3000 and
1000, the feedback gains obtained were

gT= [-113.5 5728.3 -308.4 10428.6]

Also, because the identified system never has an eigenvalue
precisely at + I as it should to allow a pure rotation of the two
pulleys, two methods of indicating the counter aim points were
compared. The first does the identification as previously
described and inserts the aim point by applying

u(kt)=gT[x(kt)-x,]

The second subtracts x. from the encoder data before performing
the identification, and then applies u=g Tx. Simulation
studies showed negligible difference between these two
approaches.

The results for all tests were similar. Typical results
are shown in Figs. 8 and 9 which apply to a commanded change of
3000 motor encoder units and 1000 inertial load encoder units
from a current rest position. Figures 8a and 8b show for
comparison purposes the motor encoder angle and the control
command as a function of time step, for the proportional plus
derivative controller which is seen to give somewhat underdamped
behavior. Figures 9a and 9b give the corresponding results for
the deadbeat control law. It is seen that the deadbeat control
gets the motor position into the neighborhood of the desired
position much quicker than the underdamped PD controller, but
that the system then goes into a complicated oscillation which
does not decay. The next sections describe the studies made to
understand this unacceptable behavior.
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The Control Saturation Nonlinearity
The list of potential causes of the observed oscillation

would include effects such as backlash in the gears, stiction,
and limits on the possible control effort. A backlash of 0.5
degrees, for example, would seem reasonable in this system, and
at approximately 86,400 counts per revolution this is equivalent
to approximately 125 counts. Such a magnitude is consistent
with Fig. 7 if backlash is the explanation of the differences
between the observed and modelled curves. To study stiction the
steady state velocity observed was plotted against constant
discrete torque command levels in Fig. 10. This indicates that
the command had to reach roughly 350 units out of its maximum
level of 2048 before any motion was observed, and that above a
command of approximately 1300 units no further increase in
velocity is observed, suggesting that the actual torque
saturation limit is 1300 units. Another way to observe the
stiction effect is that a command to move from rest at the
present position to rest at a position 120 units away, produces
no motion when applying the PD control law.

Although backlash and stiction nonlinearities are clearly
possible causes, attention was directed to the control
saturation nonlinearity because the saturation level was so
extremely low compared with the control commands generated.
Certain simulation results illustrate this. Consider the 0.5
millisecond sample time that applies to all the results we have
cited. Although it is clearly impossible in practice, on a
computer one can ask for a change of 0.3 counter units of the
motor angle, and 0.1 counter units of load inertia angle. For
this case, the deadbeat control actions do not go above the 2048
saturation limit. However, if a change of 3 and 1 counter
units is requested then the control actions encounter
saturation. This one counter unit change in the inertial load
angle corresponds roughly to 0.004 degrees.

In order to study the control saturations influence on the
system behavior, a series of simulations were made in which the
saturation limit was decreased in stages. We consider
commanding a change from the current rest position to a
neighboring rest position 30 motor and 10 load counter units
away. Note that this distance is still too small to be
physically realizable in the presence of stiction and backlash.

When there is no saturation limit, the maximum deadbeat
control command encountered was 241,001 units compared to the
2048 limit, and the requested position was essentially reached
in 4 steps, with a small residual annihilated on the 5th step.
As expected, when we started to impose saturation limits the
system still worked well, but took a little longer to reach the
endpoint. For example, with a maximum control limit of 240,000,
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the endpoint was reached in 5 steps, which was also true at
230,000. A control limit of 200,000 caused the system to
require about 7 steps, at 190,000 it was up to 9 steps and at
184,000 it took 14 steps. Such behavior is consistent with our
expectation that deadbeat control might still work well when its
commands are limited by hardware saturation.

However, when the saturation limit was decreased still
further a striking event occurred. When the limit was decreased
from 184,000 to 183,550, the number of steps required went from
14 to infinity. At 183,550 the system went into perpetual high
amplitude oscillations. A further dercrease of the saturation
limit to 150,000 produced the same type of behavior with close
to the same amplitudes and frequencies. These results are
illustrated in Figs 11 through 14. In making comparisons, note
that the scales used are not always consistent.

The observed sudden onset of oscillations suggests a limit
cycle induced by the saturation nonlinearity. The computer
simulations used the linear model from the identification step,
and predicted that the system would fail to work properly if the
actual control saturation limits were imposed. Other
nonlinearities like backlash and stiction might compound the
situation, but are not needed to predict unacceptable behavior.
It is perhaps unfair to compare the amplitudes of the
oscillations observed in hardware, with the much larger
amplitudes in the figures that correspond to much larger
saturation limits, but it is conceivable that stiction effects
actually decrease the amplitude of the limit cycle observed.

Among the methods suggested previously to desaturate the
control action is to adjust the sample time used. Various
sample times were tried. With the identified system natural
frequency having a period of 0.11 seconds, clearly the sample
time could be increased from .005 seconds to perhaps .02 seconds
and still maintain reasonable discrete modelling of the
continuous system dynamics. An increase in sample time by a
factor of 4 would decrease the deadbeat command levels by
approximately a factor of 4. This number is far too small to
desaturate the control, since even for the unrealistically small
10 inertial load counter units commanded in the above series of
simulation, the maximum control was a factor of approximately
120 times the nominal saturation limit.

We conclude that the observed unacceptable behavior of the
deadbeat control system is due to the onset of a limit cycle
caused by the saturation limit, and that the methods currently
available to avoid saturation are insufficient for the task for
the type of system being tested. The expectation stated
earlier, that bounding the deadbeat commands should produce a
well behaved but somewhat slower acting control, were seen to be
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true--up to a point. And beyond that point the limit cycle
takes over. The next section develops analytical methods to
predict where that point occurs.

Umit Cycle Analysis
Methods are developed in this section using a describing

function approach to predict the saturation limit at which limit
cycle behavior starts in a system employing deadbeat control.
The describing function analysis is necessarily somewhat unusual
because the system model is in discrete form rather than a
continuous time differential equation, and because it is in
modern state variable form involving full state feedback, rather
than the usual classical control system feedback. The equations
are then:

x(k+1)=Ax(k)+Bu(k)
u(k) = sat(gtx(k)] (21)

where A and B come from the identification, g is the deadbeat
feedback gain, and sat(.) is a saturation function with unit
gain up to its maximum output denoted by S.

The basic assumption of a describing function analysis is
that the input to the nonlinear element is purely sinusoidal,
with the harmonics generated by the nonlinearity being filtered
out by the system model so that they have negligible amplitude
when the signal gets back to the nonlinearity. Thus we assume
that gTx(k) is a sampled sinusoidal signal, apply the
saturation to it, obtain the amplitude of the fundamental in the
Fourier expansion of the output of the saturation element, and
denote the ratio of output fundamental amplitude to input
amplitude M by DF(M), the describing function:

g'xk= Msin(wkT+O)
sat(g'vk)= (DF)M sin(xkT+O) (23)

DF(M)= 4  [sin-($)S 3] for M>S (24)
( for M_<S

The describing function is plotted in Fig. 15 [11,12].
With equation (23) as the driving function in (21) we need

to solve this difference equation for X(k). This is easiest
done by replacing the sine by an exponential, finding the
solution, and then taking the imaginary part. Then

x(kh)=Ax(k) +b(DF)Me'OIkT (25)
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and we substitute a solution of the form

x(k) =ve "  (26)

to obtain

v= (Iet T-A)"b= (DF)MeO (27)

To complete the feedback loop, the gTx, associated with this
solution must equal the assumed sinusoidal input

gTxk =gTveCkT = Me (WOkT* ) (28)

Substituting equation (27) gives

gT(e"T-A)b= 1/DF(M)

which is the fundamental equation determining whether a limit
cycle can exist in the system. We need to determine whether
there is a real positive frequency and a real positive
amplitude which satisfies this equation, where DF(M) is given
in equation (24).

Several transformations are needed to facilitate this
determination. Because of the discrete nature of the problem,
write z=exp(iwT). Frequency response in the z plane is
easiest done by further transforming to the w plane, and
substituting a purely imaginary w=ioN[13]. Then the
relationship between the true frequency o and the new frequency
variable w. is given

Z1 +w I + .o" e WT1-w = 1-i O"- (30)

to= 1 a tan 2(2N, 1-WN)T

In terms of the variable z, the left hand side of (29) can be
evaluated as follows {14}

gT(,z-A),b- z(g'B b ) + z2(gTB,b) +z(g TB b) + (gTBb)
N- z.+dZ4+0,zl+ad3z+o 4

B =1 d,=-tr A
B,=A+dI d=-'/2tr AB
B2=AB,+d I d =-lf3tr AI2
B2=AB 2+d3 I d=-tr AB,
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N(o )=(1-iw.)(1 +iw.) 3(gTB b)=(1-iw )2(1 +icN) 2 9gTB b)
+(-w)3 a +i,) (gIBb)(1IoN (g ~b

D(()= (I +icoN)'+d,(1-ioN) (1 +iw) 3+d (1-iw)2(1 +iw )2

=d (1 ia)3(1 -icoN) _d(-ioN)4

Combining the above results, we can rewrite the fundamental
equation (29) in terms of toN as follows:

IMgTI 1+! IAlb=0

or

F (wN) = ReD (ON) ImN (aON) -ImD (N)ReN (to N) = 0

and the real part is

Re{gT[l( .)-A]"b} = 1/DF(M)
N

or

DF(M)= [ReD((.,)1+ [mD(oj)12
ReN((O)ReD(iON) +lmN(wN)lmD(WN)

The procedure to determine if there exists a frequency w and
amplitude M satisfying equation (29) is then to solve equation
(32) for w N by plotting (Fig. 16), substitute this w N into
equation (33) to find DF , and use this DF in Fig. 15 to obtain
the limit cycle amplitude M. The actual limit cycle frequency
o is obtained from o)N using equation (30).

Applying this procedure to the identified system model with
the actual torque saturation limits resulted in a predicted
limit cycle. This establishes that deadbeat feedback control
can produce unacceptable behavior when control saturation is
present. The limit cycle period predicted was significantly
shorter than the observed period in simulation. It is presumed
that higher frequency terms may play a significant part in the
observed limit cycle, because the torque signals are
essentially always in saturation producing sizable high
frequency components, and because the system can fail to
effectively filter some of these components, contrary to the
assumptions of the describing function analysis, partly because
the state feedback includes velocity feedback variables.
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SUMMARY AND CONCLUSIONS
The primary limitation encountered in trying to increase

the operating speeds of robots, and hence increase robot
productivity, is the mechanical vibrations that are excited by
the high accelerations and decelerations. The research reported
here studies the problem of actively controlling these
vibrations in order to allow higher operating speeds. The
approach taken has three important properties:

1. The approach solves the difficulty of finding control
design methods for the highly nonlinear robot dynamic
equations, by choosing to control the vibrations as the
robot approaches its desired end position. This allows
the use of a linear model and hence the vast body of
linear control theory can be applied to the problem. (It
also means that in the future when time optimal control
for robot motions {15,16} nears the application stage, the
time optimal control computations can use rigid body
models without modelling vibration sources--a vast
simplification. If the vibrations can be killed by the
terminal controller, one need not fear exciting them)

2. The approach solves the problem of obtaining a good
dynamic model of the system in all possible
configurations and load conditions, for purposes of
control law development, by requiring the robot operator
to perform a test run during which data is automatically
taken and stored. It is then used by the robot
microprocessor to develope the needed model.

3. The approach chooses to use deadbeat control to kill the
oscillations, because deadbeat control is time optimal for
a discrete model, and because a feedback form of the
control law is available.

The simulation and experimental experience gained in this
research leads us to the following conclusions.

Item 1 above seems to be a very smart way to go. The
limitation to its application is that the vibrations must be
due to approximately linear phenomena when near the end
position -- such as vibrations due to the use of belt drives,
or harmonic .drives, or due to structural flexibility.
Backlash and stiction must not be dominant.

Item 2 above also appears to be quite promising. System
identification can be a somewhat tricky field, but the
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straightforward approach adopted here gave good results, and
appeared to be something which could be performed in an
automatic manner by a robot operator who has no expertise in
the control field. It can also be performed on in PC level
microprocessor so that for many robots, no extra computation
power is needed. It does require extra instrumentation of the
robot, but this is perhaps limited to as few as three extra
sensors. Obtaining the state variables by differencing the
position measurements worked in the experiments so one need
not use sensors for their direct measurement. The required
sensors can be standard off the shelf items when the main
source of vibrations is from belt drives. Some extra gearing
might have to be designed in the case when harmonic drives are
the major source of vibrations, but this is a simple matter.
When structural flexibility is the main source, there is a
need for novel sensor designs, and this is currently being
studied by various research groups for use in control. The
main difficulty encountered in the automatic use of the
identification package was that occasionally there would
appear a totally spurious data point which would disturb the
identification. These were obvious when graphs of the data
were displayed on the monitor. With different hardware, this
might not be a problem. Otherwise, some procedure needs to be
used to either eliminate such data points, or rerun the test.

The choice of deadbeat control as the control law in Item
3 above was the problematic step. It was seen to work well in
simulations, but failed when applied to the specific test
hardware. Hence, use of deadbeat control should work well for
some class of robot problems, such as ones with very low
frequency vibrations and powerful drive systems, but not for
the range of parameters that is perhaps most typical of
current robot designs.

The main difticulty in the success of deadbeat control is
the actuator saturaticn level in applying the control
commands. The following approaches to the saturation question
were discussed with the following conclusions:

1. It was suggested, based on the theory underlying feedback
deadbeat control, that the control might work well even
with saturation present, since the saturated feedback
actions would still be moving in the right direction.
This statement was shown to be right -- but only up to a
point. If pushed too far, the saturation nonlinearity
was seen to introduce a limit cycle in the experiments.
A method of analysis was developed to predict how small
the saturation limit can be and still expect good
behavior from a deadbeat feedback controller.

2. As the robot nears the desired endpoint, the time at
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which the deadbeat control is activated can be used as a
parameter to adjust to avoid saturation problems. In
some applications, this parametr is surely a powerful
tool to accomplish the aim. However, for the
experimental hardware tested, this parameter was
insufficient for the task. It would force the point of
activation to be so late in the trajectory that it served

no real purpose to turn on the deadbeat control.
3. The digital sample time used in the data generation and

system model can be adjusted to help handle saturation
problems. Simulation results show that increasing the
sample time generally decreases the maximum control
action, but only until the sample time reaches the
neighborhood of one half the period of the system
frequency. For the parameters of the experimental test
equipment, this limitation was too severe to allow
desaturation by this approach.

We conclude that the overall approach taken is quite viable,
and holds considerable promise for significantly increasing
robot operating speeds. However, to accomplish this, improved
digital control law design methods will be needed, that can
transfer the state to the endpoint in minimum time, or near
minimum time, in the presence of saturation limits on control
effort. This requires extension of the current control
theory, and the authors are currently conducting research in
this area.
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