’ o naa
[ERRES Y

o' ) &
el Rm L e

P T N Y

o T e
Ay Rt R
Attty TILD o -

“Warking Paper No. 350

Contract N00014-85-K-0143

FINITE APPROXIMATIONS TO A ZERO-SUM GAME
WITH INCOMPLETE INFORMATION

by

AD-A204 650

John W. Mamer
and

Kenneth E. Schilling

January 1986

DTIC

@ELECTE Mo
% Lo &
qé-‘;\ FEB2 71983 :

W é,

lk' .
L) v,
L3 7y

>

(]

1

WESTERN MANAGEMENT SCIENCE INSTITUTE
University of California, Los Angeles




Finite Approximations to a Zero-sum Game with Incomplete Information

John W. Mamer
Anderson Graduate School of Management
University of California, Los Angeles

Kenneth E. Schilling
Department of Mathematics
University of Michigan - Flint

Accesion For

<

NTIS CRA& o
OTIC TaB 0
Unannoanend 0
Justification

[ e —————

o SR
Disthbutic |

Availobility Coges

et e o it e

S
Dist | e
l S Cral

Wl




—
vy

/

Abstract : \ln this paper, we mvcsugatc a scheme for approximating & tWO-person zero-sum

game G of incomplete information by means of a natural system Gm,( of its finite

subgames. The main question is : For large m and n, is an optimal strategy for Gmp

necessarily an ¢-optimal strategy for G? K dypoed S S
@?j <

J ‘_s‘mlff“~/'l¢'
Section 1. Introduction.

To formalize our idea of approximating a two-person zero-sum game of incomplete
information by its subgames, we introduce what we shall call a game structure. A game

structure is a system of the form (Q.U,Fm.Gn):m,, . Here Q = (Q,B,P) is a probability

space, U= (Uj;:i=1,..,M; j = 1,....N) is a matrix of random variables on Q (the payoff
matrix), and ¥, and Gy, are sub-o-fields of the o-field B such that 41 2 Fm and
Gn+1 2 Gn. We put F = F, = the o-field generated by y Fm. G =0 =the o-field

generated by U Gp.

For m,n = 1,2,...,00, let Gy, be the two-person, zero-sum game in which a
strategy for player I is an Fry-measurable a: Q --> SM, and a strategy for player I is a
Gp-measurable B: Q--> SN, (Here SMis the simplex { xeRM : ? xi=1,x20).) If

player I plays a and player II plays B, then the payoff to Iis I'(a,B) = E( %Uij aiB)).

Thus in the game Gmp, Fm and G, embody the information available to I and I,
respectively. If Fp, and Gy, are finite, then G is a finite approximation to the game G =
Geoo

By standard minimax theorems [Sion), each game Gmp, (and a fortiori G) has a
saddle point. Let Vg denote the value of the game Gug to player I, and let V = Ve,

If Fr,, and Gy, are finite, then the game Gy is, at least in principle, solvable by
finite methods. The question we shall study is : To what extent is an optimal strategy for
Gmn a useful substitute for an optimal strategy for G? An ideal result along these lines
would be

()] Fix € > 0. Suppose that, form,n = 1,2,..., am? is an optimal strategy
for Iin Gmn. Then, for all sufficiently large m and n, @™ is an €-optimal strategy for I in
G.

As we shall see, (1) is, alas, in general false. The best we can do is a weaker
version of (1) (Theorem 1), and a special case of (1) (Theorem 2). We shall state these




theorems presently. For a strategy a for player I in the game G, let Valp(@) = iBf I'(a.B),

where P ranges over Gp-measurable strategies for II. (Thus if a is F-measurable, then
Valp(a) is the value to I of the strategy a in the game Gyp.) We shall write Valg(a) for
Val o(0r).

Theorem 1. For m,n = 1,2,..., suppose that a™” is an optimal strategy for player
1in Gmp, and that ¥y, and Gy, are finite o-fields. Then mlin;“ nl_i.r>n“ Valg(amn) =V,

Moreover, this convergence is uniform in the choices a™® of optimal strategies , i.e.,
lim lim inf Valg(a) =V, where A(m,n) is the set of strategies optimal for

Mm->o0 A~>e0 Q€ A(m.n)

player I in Gpp.

Theorem 2 says that, under an additional hypothesis, (1) does hold. This
hypothesis, which we shall call (M), is a version of the "continuity of information"
assumption first used in [Milgrom-Weber]. (M) says roughly that the joint probability on F
and 5 is absolutely continuous with respect to the product probability on F x §. A precise
statement of (M) will be found in Sec. 2.

Theorem 2. Assume (M) holds. If, for m,n = 1,2,..., a™? is an optimal
strategy forIin G, then mlir;x“ Valg(amn) =V, uniformly in the choices am? of

N—>00

optimal strategies.
In Sec. 2, we shall prove all of these various claims.
Section 2. Results.

We first present an example which shows that assertion (1) of the introduction
does not hold in general.

Example : A game structure in which (1) fails.

Let Q be the mterval [0,1) with Lebesgue measure, M=N=2, and the payoff
= {'ifiwj forij=12 (ndependentof w). For m=12,.
let Fm = Gp = the o-field on [0,1) generated by the partition




([&-1)2™, k2m):k=12,..2" ). Thus F=G= the Borel o-fieldon Q. Itis
easy to see that, for all m and n, Vimp =0, and in Gmp the players have the optimal
strategies o = a2 =B; =B2=1/2, forall 0eQ.

For finite m > 1, consider the game G m-1. The strategy am.m-1 given by

m,m-1 {l if we [(n-1)/2,n/2], n odd

o = .
1 0 otherwise
m,m-1 1 m,m-1

2, - &,

is easily seen to be optimal for player I in the game Gmm-1. i.¢., Valm.1(@™™1)=0. On
the other hand, Valg(g™,m-1) = -1; gM,m-1 is a very poor strategy for player 1 in G. Thus

in any system (a™:mn=12,..) of optimal strategies for player I in which
am,m-1 =gm,m-1 for allm>1, lm Valg(a™) < V.
T3S

We shall next prove Theorems 1 and 2. We first require a series of lemmas. Our
first lemma is a special case of Theorem 2 of [Blackwell- Dubins).

Lemma 2.1 Let (Xi) be a uniformly bounded sequence of random variables, and
suppose that Xg --> Xee a.5. as k-->. Then E(Xy[18x)-> EXw1G) as.
as k -->oo ,

Our second lemma computes Valg(a).

Lemma 2.2 Fix a strategy a for I in G, and fix n € (1,2,...,¢}. Define the
random variable § by : § = the j€(1.2,..N} which minimizes E(% Ujj ail Gn).

In case of a tie, for definiteness, take the least such j. Then , for all strategies f for I in

G-n,
® E(ZUgoi) sT@P) ., so

(i) Valp(a) = E(n}inE(Il:UijaiIGn)).

Proof : (i) immediately implies (ii), so we prove (i). Let B be a strategy for I in
Geen, that is, a8 Op, - measurable B : Q ~> SN . Then, since 2’2 Bj =1, we have




E(%Ujg ai!Gy) < 4:.2 Bj E(}i:U,-,-anG,,) = E(%Ujjajﬁjlcn) a.s.
since B is Gp -measurable. Taking expected values on both sides yields (i).

Lemma 2.3 Let (ak) be a sequence of strategies for 1 in G, and suppose that
ok-->a as. ask-->e0. Then

i) for fixedn =1,2,....00, Valg(0k) --> Valp(at) as k-->eo, and
(i) Valg(ak) --> Valg(e) as k-->oe,
Proof: First note that applying (ii) in a system where G = Gpe1 = ... =Gee

yields (i), so (i) is a special case of (ii). To prove (ii), let Xk =§ Uj; a:‘ in lemma 2.1;
then we have E(Z Uy o 18x) > E(3UjjailG) as. as k->e, 5o by
dominated convergence E( mjm E(}i.'. Uij a? 18x)) > E( xr}m E(}i: Ujj o G)). By

lemma 2.2(ii), we are done.

Lemma 2.4 (1) Formn = 1,2,...,“, Lm an = V..n and nlil;l” an = Vmeo .

m-->o0
(ll) lim an = V.
Mm-->o0
N300
Proof : Fix n, and let a be an optimal strategy for I in Geen. Now for m = 1,2,...,
put a™ = E(a | Fp). Thus a is a legal, though likely not optimal, strategy for I in Gmn.
We have
Valp(a™) € Vgn S V..g
By lemma 2.1,a™ —-> ¢ a.s. By lemma 2.3(i), mlir;:.’Valn(aM) = Valy(a) = Veon. By
the inequality directly above, we infer ml_x_r;l. Vmn = Ven . By symmetry, we also have
n‘.’:’,“., Vmn = VYme forallm. This proves (i). Finally, it is easy to see that

Vmee S Vin S Voo,  Claim (ii) now follows by lettingm, n «->ee .
We are now ready to prove Theorem 1.
Proof f Theorem 1 : Suppose that a™mn is an optimal strategy for player I in G, for

m,n = 1,2,... We claim that, for m=1,2,..., nﬁ'ﬂ. Valg(a™m?) = Ve, . To prove this,

fix m. We shall show that every subsequence of the sequence Valg(a™) has in turn a
subsequence which converges to Vme.. Indeed, since each amn is ¥y, - measurable, Fpy
being a finite o-field, by the Bolzano-Weierstrass theorem every subsequence of a™ has




a (pointwise) convergent subsequence; thus we may assume that ™MD --> ™ as n --> oo,
By lemma 2.3(ii), then, Valp(a™mn) --> Valg(a™) as n-->eo, By hypothesis,
Valp(aM?) = Vi so in fact Vg --> Valg(a™) as n --> eo. Thus by lemma 2.4(i),
Valg(a™) = Vpe. On the other hand, since amd --> aM as n --> o, by 2.3(i) we also
have Valg(am?)--> Valg(ad™) = V. This proves our claim.

Now by another use of lemma 2.3(i), mljg:“ n!l-l;l“ Valg(a™m®) = V. To prove the

"moreover” clause in Theorem 1, let (€mp) be a sequence of numbers which converges to
0 as m,n-->e0, Forall m,n, note that there exists a™? € A(m,n) such that

mn - & mn ", "
Valg(a™n) -emn < aeu&f(m.n)Valg(a) < Valg(a™®) . The "moreover” clause

follows at once.

We now consider Theorem 2. We must first discuss hypothesis (M).
F x G is the o-field on 2 x Q generated by sets of the form S x T, where S € F and
TeG. Let Qand R be the probability measures on (Q x Q.F x G ) defiined by
Q(A)=j(J1co:(co.co)eA}) and
RA) = ) J{@ne a) 1 P(dw) Pdn) for AeFxG.

We now state assumption (M).

(M) Qs absolutely continuous with respect to R, that is, forall A e F x G, if R(A)=0,
then Q(A)=0.

Assumption (M) is a version of a hypothesis introduced in [Milgrom-Weber]. Itis
easy to see that (M) is satisfied either if F and & are independent (in which case Q=R), or
if either F or G is atomic.

Lemma 2.5 Suppose (M) is satisfied. Then if (X)) is a uniformly bounded
sequence of F-measurable random variables which converges weakly to X, and if Z is
any bounded random variable, then
i) E(XkZ!8) ~> E(X.ZI$) as. and
ii) E(XkZ!18x)~> E(XeZIG) as. as k-->oo,

Proof : First note that, since E(E(XxZ 16 )18x) = E(XxZ ! Gy ), by lemma
2.1, @) implies (ii) . Next, note that we may assume without loss of generality that Z is
measurablein Fv G (the -field generated by F U G ). This is because E( Xy Z1 & ) =




E(XyE(Z1F v 8)1G5), so we may replace Zby E(Z 1 F v §) if necessary. We shall
therefore prove (i), assuming that Z is F v G - measurable.
Since Z is F v G - measurable, there exist a bounded F-measurable random

variable &, a bounded G-measurable random variable Q. and a bounded, Borel
measurable function f:RxR->R suchthat Z={fRX.9).

By (M) and the Radon-Nikodym theorem, there exists a bounded function
g: Qx Q-->R such that, forall A e FxG, P({w : (0,0) e A ) = JA g(o,n)P(dw)P@n) .
It follows by standard mathods that, for any vector X of F-measurable random variables,
any vector Y of §-measurable random variables, and any Borel-measurable h: R2--> R,
we have

*) E(hX,V)1 G)(m) = .fQ h(X(w).Y(n)) glwn) Pdw) as.[n].
Now by (*) we have
EXxZ18) () = ]Q Xx(@) f&@.8m) gwn) Pdw) asm) .

Since. by assumption, Xi --> X weakly, we have EXxZ18) () —>EXwZ18) M)
a.s., as desired.

In exact analogy to lemuma 2.3, we have

Lemma 2.6 Assume that (M) holds. If (aX) is a sequence of strategies for Iin G
which converges weakly to a strategy a., then
(i) forfixedn=12,.., ¢, Valp(ak)--> Valg(a), and
(i) Val(ak)--> Valg(a) as k--> o0,

Proof of Theorem 2: Suppose that am? is an optimnal strategy for player I in Gmp,
for all finite m and n. We shall prove that every sequence (mg,ng) of pairs of integers
suchthat mg ~>ee and ng-->o has asubsequence (m'k,ny) such that
Valg(a™x"'k) ..> V as k --> e. To conserve notation, let us write ok for a™ ¥k and Vj
for Vew,n,. By weak compactness, we may choose the sequence (aX) to converge
weakly to a strategy @ ask -->oo. Bylemma 2.6(ii), Valn'k(u“) --> Valg(a) as
k--> oo, By assumption, Val,.'k(a") = Vi, and by lemma 2.4(ii), Vg ~>V; thus
Valg(a) = V.

On the other hand, since (ak) converges weakly to a, by lemma 2.6(i),

Valg(ak) --> Valg(@) =V  as k > oo, Uniformity follows just as in the proof of
Theorem 1. This completes the proof of Theorem 2.
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