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Analysis of the Performance of Mixed Finite Element Methods

Principal Investigator: Manil Suri
Grant Number: AFOSR-85-0322

Final Scientific Report

Abstract

The main focus of this project has been the investigation of various questions
related to the p- and h - p versions of the finite element method, including mixed
methods. These new versions differ form the classical h-version where the degree p
of polynomials used is kept fixed (usually p = 1 or 2) and accuracy is achieved by
decreasing the mesh-size h. In the p-version, a fixed mesh with constant h is used
and p is increased for accuracy. The h-p version combines the two approaches.

We have studied varioius theoretical and computational questions related to these
methods. The specific areas we have covered are as follows:

1. Optimal approximation results for the p- and h - p versions.

2. Approximation of boundary conditions by the p and h - p versions.

3. The p and h - p versions for mixed methods.

4. The p and h - p versions for integral equations.

5. An implementation of the p and h - p versions for MODULEF.

6. Numerical methods for a class of reaction-diffusion problems.

Some of our theoretical results have already been incorporated into the commercial
h - p version code PROBE that is being used by several industries in the U.S.,
including those involved in aeronautical engineering.
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Final Scientific Report

1. Introduction

The main focus of this project has been the investigation of various questions related
to the p- and h-p versions of the finite element method (FEM), including mixed finite
element methods.

The p- and h-p versions are relatively new methods, the first theoretical papers
for which appeared in 1981 (A41, [A31. One of the main differences between these
methods and the standard h- version (which is the classical form of the FEM) is the
use of higher order elements. In the h-version, accuracy is achieved by decreasing the
mesh size h while keeping the degree p of elements used fixed at a low level, p = 1,2.
In the p-version, the mesh is kept fixed (i.e. h is constant) and accuracy is achieved
by increasing the degree p of elements. The h-p version uses simultaneous increase of
the degrees and mesh refinement to obtain the desired accuracy.

Early theoretical results showed that for smooth solutions, the rates of convergence
obtained by these new methods were not bounded by the degree of polynomials used
(as in the h-version) and consequently could be significantly higher. Moreover, the
rates of convergence obtained for solutions of linear elliptic problems (where r, type
singularities arise at the corners of the domain) were also established to be higher
(roughly twice that obtained from the h-version). However, none of these results
established the optimal rates of convergence that could be expected. (Our first goal
was to establish such rates).

The p- and h-p versions formed the basis of the industrial program PROBE IA101,
developed by Noetic Tech, St. Louis [with a first release in 1985 and a second one in
19861. This program implements these versions for two-dimensional problems (plane ,
elasticity and heat transfer). In a relatively short period of time, llROBJE has become 0
popular in several industries in the U.S., including those involved in aeronautical
engineering. One reason for this is the fact that the p- and h-p versions are the most
efficient known finite element methods for the analysis or linear elliptic problemrs over
polygonal dotnains (see IA21 for dclails a (d 1,- f l i,,,, d I ri;,I ,isage Feedback).
Some of our theoretical results, particularly those oin the treatinent of inhomogeneous Codes

i
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essential boundary conditions by the p-version have found direct application in the
implementation of PROBE.

The p-version has also been used in other programs like FIESTA, developed at
ISMES, Bergamo, Italy. A three-dimensional p-version code called STRIPE [All has
been developed at the FFA (Aeronautical Research Institute of Sweden) and can cur-
rently be implemented on CRAY computers. Moreover, a p-version implementation
for MODULEF 1B161 (INRIA, France) has been developed under this project and
described in the next section.

2. Results achieved

In this section, we describe the results achieved under the grant over the past three
years. A list of categories under which results have been obtained may be found on
the cover page.

2.1. Optimal Approximation Results for the p- and h - p versions

One of the basic pieces of desirable information for any finite element method is the
asymptotic rate of convergence that may be expected and whether or not this rate is
optimal. For the standard conforming finite element method based on the p-version,
previous results established in [A4] by Babuska, Szabo and Katz and in [A71 by Dorr
were non-optimal. More precisely, for a two-dimensional polygonal region fl, the error
e in approximating a function u E Hk($1) n H'(fn) using the space Sp C H01() of
conforming piecewise polynomial functions of degree < p was shown to satisfy

JIlelH,(n) <_ C(E)p-('k-1)+,1ju11H,'(n)  (2.1)

for c > 0 arbitrarily small.
The proof of (2.1) indicated that the term C(f) could grow quickly with c 1 0.

Nevertheless, computational experience suggested that (2.1) holds without the term
c, i.e.

IIleji 11 in) _ cp-(k-'1)1Ull.k(r) (2.2)

Therefore, the first problem considered by us was to solidify the foundations of
the p- and h - p versions by proving optimal estimates like (2.2) for the expected
rates of convergence. These results are summarized below.

(a) In 1B21 we have proven o)tilnal Ylvlrv,':nii r,,id ,,sing the ;,-version
with G' elements. This includes th proof of (2.2) for the casc when the solution
is smooth and a separate estimate for the case of a singular solution.
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(b) In 1B31 similar results are proven for the h - p version using quasiuniform
meshes. Numerical experiments are described which show the higher rates of
convergence obtained with the h - p (and p) version over the h-version.

(c) In [Bll] the results from 1B21 are extended to the case when elements pos-
sessing Cl - ' continuity are used. These are necessary for problems in elasticity,
like those involving plates and shells. Our results improve upon previous work
by Katz and Wang (for m = 2) fA8 and by Dorr (for general m) [A71 in two
ways. First, like (2.1), the results in [A8], [A71 are optimal up to an arbitrary
E > 0, while ours are optimal. Second, in order to prove estimates for the case
of elements satisfying a homogeneous essential boundary condition in H (fl),
the authors in [A81 and [A7] are forced to make an assumption involving the
interpolation of Sobolev spaces ([A8] eqn. 2.37 and implicitly in [A7] Theorem
3.4). We are able to prove our estimate without using this assumption provided
our solution lies in Hk(n2), k > 2m - '. Since we have a separate estimate to
treat the singular portion of the solution, this restriction is not a severe one in
practice. (Using the interpolation assumption allows us to extend our results
for the case m < k < 2m -

2.2. Approximation of Boundary Conditions by the h- and h-p versions

Previous results for the p-version in [A41 and [A7] and for the h - p version in [A3] did
not deal with the case of inhomogeneous essential boundary conditions. Consequently,
the first version of PROBE assumed that essential boundary data was either zero or
a piecewise polynomial of fixed low degree on the grid being used. As a result, for
general inhomogeneous conditions, when higher degree polynomials were used inside,
the accuracy of the approximation on the boundary did not increase correspondingly,
leading to a loss in the rate of convergence in this case. What was needed was a
method that would simultaneously increase the degree of approximation inside fl and
on the boundary. The results obtained by us to address this problem are summarized
below.

(a) In [B21, we presented and analyzed a method to approximate the boundary
data based on a projection in the 1I norm. A similar method for the h - p
version was analyzed in [B3. Our results had a quick practical payoff, since
these methods were incorporated into the new version of PROBE.

(b) In [B8, we showed that the If1 plroje. if i -1 ,\ i,t work ;i, well for problems
with rough Dirichlet data on the boundar .. ii ilucrutale mvethod, based on a
projection in the H2 norm was introduced and shown to be more robust. This
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method generalizes easily to systems of equations and can be implemented using
Fast Fourier Transforms.

(c) In 1B13, we analyzed a family of methods for inhomogeneous Dirichlet
conditions based on the use of Jacobi polynomials with varying indices. The
H' and H2 projections analyzed in [B2] and 1B81 are special members of this
family. We considered the comparison of various projections by looking at
both their theoretical and computational properties. It was shown numerically
that for certain problems, the use of an incorrect boundary data approximation
method could lead to a complete lack of convergence for the p-method.

(d) In [B9], we considered the implementation of inhomogeneous conditions
for elliptic systems of equations, particularly "boundary constraint problems".
A mixed-type method using the p-version for this problem is described and
analyzed in the above reference.

A detailed summary of the results in Section 2.1 and 2.2 has been presented by
us in the expository paper [B41. We have also presented some of these results in [B1]
and [B7J.

2.3. The p-version for Mixed Methods

Mixed finite element methods are useful for direct approximation of physical quanti-
ties of interest (which may not be the primary unknown in the usual formation of the
problem). They have obtained an enormous amount of attention in the literature in
the context of the classical h-version. Unlike standard methods, where convergence
only depends on approximability of the subspaces used, the convergence of mixed
methods also depends upon the stability of the subspaces. Usually, this amounts to
ensuring that a compatibility condition (the Babuska-Brezzi or inf-sup condition) is
satisfied by the pair of surfaces used.

We have analyzed the p-version formulations of three mixed methods which have
been previously investigated in the context of the h-version. In each case, the ques-
tion of approximability is settled by using the results described in Section 2.1. The
question of stability requires a different approach.

(a) Our first result concerns the solution of typical elliptic problems like the Pois-
son equation over a polygonal domain with boundary I = U"-_ ri. We may write this
as a mixed method by introducing a Lagrange multiplier (b for the Dirichlet boundary
data. It may be shown that fh is formalllY e'l'lliv:'" I, 11 It u,, ,,:,l :,1, I)Ollelt of the

flux along the boundary (i.e. = - dn ) .

IaI
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To approximate our problem, we introduce finite-dimensional subspaces Vp C
H 1 (0), Sp c Hi--(r), parametrized by p, the degree of polynomials used. Here,
functions in Vp are piecewise polynomials of degree < p on a fixed grid on .9, while
functions in Sp are piecewise polynomials of degree < p - 2 on each ri. Then we seek
a pair (up, Op) E Vp x Sp satisfying

fVuP -VVP+ f VPOP f fvP VvV 1 V

f UI'tP =jfgkpp VVY E Sp

uP(N) = g(N) for each node Ni E r (2.3)

where V,' c Vp consists of those functions vanishing at each N E r.
We have proven that if u E H( () with k > , then the error in u satisfies the

2'
optimal estimate

11u- UPllI(n) < CP- (k-OIlllk(n) (2.4)

Moreover, the inf-sup condition takes the following form:

inf sup fvq > Cp-

= 1 IIIl l ) (2.5)

which leads to the error estimate

110 - O"llI-;(r)-< C P-(+'II4'lI-(r) (2.6)

(Here I1" II (r): = l 1 IIlu,(ri))
The result (2.4) has been presented by us in [B9], where we have used it in the

analysis of the boundary constraint problem. The results (2.5)-(2.6) have not been
published yet.

(b) An alternative mixed formulation of the Poisson equation involves writing it
as a first order system so that u and o = grad u are the unknowns in the spaces L2(fl)

and ft (div,fl) respectively. The most well known finite element method spaces for
this method are the Raviart-Thornas spaces [0111 V," L2M). It"'- ff (div, fi)
which have been defined for arbitrary plynoniI 1 "dr"w' p. hlicsc' spaces have been
thoroughly analyzed in the context of the h-version. In particular, it has been shown
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that when p = p0 is fixed, they satisfy the inf-sup condition for the h version (see
[A91), i.e.

inf sup frdive,>c

SVH (2.7)
VIlL2(0) 1 iPTHH(divn)= 1

where C is a constant independent of h but depending upon Po. (2.7) leads to optimal
error estimates for the error in terms of h.

Suppose now that we use a fixed grid of mesh size h0 and increase p, the degree
of the spaces used instead, i.e., we consider the pairs {HP, V , with increasing p.
We would like to know whether the method based on this p-type extension process is

stable or not.
In [B15], we have analyzed the question of stability for arbitrary combinations of

h and p. In particular, we have shown that (2.7) holds for the p-version as well, so
that C is a constant independent of p and h. We have also derived estimates that are
optimal in both I and p (up to an arbitrary c > 0). Our results indicate in addition
that the use of the h-version with p > 2 is to be recommended over the h-version
with p = 1.

(c) The Brezzi-Douglas-Marini elements [A6] are an alternative to the Raviart-
Thomas elements. We have shown in [B151 that the inf-sup condition for these ele-
ments satisfies (2.7) where for arbitrary E > 0,

C(p) > Cp-' (2.8)

Here C depends upon E but is independent of p and h. This once again leads to
optimal estimates (up to E > 0) in both p and h [i.e. for the h-, p-, and h-p versions]

2.4. The p- and h-p versions for Integral Equations

Many problems that are posed originally over a region fl with boundary af] may be
re-formulated, using integral equations, as problems on just Ofl alone. We believe that
the p- and h-p versions will prove to be valuable tools in solving Galerkin formulations
of integral equations.

(a) In [B10, we have analyzed the p-version for integral equations of the first kind
that arise form the Dirichlet crack problem and the Neumann crack problem in two-
dimensional elasticity. Our results also apply to the corresponding screen problems
in two-dimensional acoustics. The solitiow- f-. ;1 ,-.I,Ie, :,, ~lowti to have
an r' type singularity, which leaIds t, i' , Ih, ,I ..."I " ,1, 'I ,'I , (in tIhe energy
nrm) as that observed using the h-version. We have also analyzed p-version methods
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for some other integral equations arising from two- and three- dimensional problems
arising in elasticity and acoustics. As expected, the p-version yields higher rates of
convergence in most cases.

(b) In [B14], we extend our results 'o the h-p version. We consider integral equations
on polygonal two-dimensional domains, for which the solution is known to possess
singularities of the form r* where a is general and depends upon the geometry of the
domain. We consider the case with mixed boundary conditions and derive estimates
that take into consideration both the degree p and mesh-size h of the quasiuniform
mesh used.

Our results provide a partial theoretical basis to some computations reported
by E. Rank on the p-version, where our predicted rate of convergence was observed
experimentally for a range of p between 1 and 8. (See [13141 for details).

Summaries of the above results may be found in [1361, [13121.

2.5. An itriplernentation of the p- and h-p versions for MODULEF

The MODULEF club, created by INRIA, Rocquencourt, France has 141 members
worldwide and brings together universities and industrial companies with the goal
of designing and implementing a library of finite element modules. The p- and h-p
versions were implemented for scalar linear elliptic problems during an extended visit
there, in the form of a module called 'HP'. This module uses polynomials of degree
1 < p < 8 combined with geometrically refined meshes to attain approximations with
a high degree of accuracy. A feature of HP allows the user to obtain (at low additional
cost) a sequence of solutions for various p, providing an effective and easy method to
decide whether the convergence of a solution is acceptable or not. (See [B161)

HP is the only module in MODULEF that is not based on the classical h-version.
The avafla!......y of this code to the ,arge body of MODULEF users is expected to
greatly enhance the awareness, use and understanding of these new versions and
stimulate further research in this field. The code will be thoroughly tested before
being released in 1989.

2.6. Numerical methods for a class of reactin-difrfision piobleis

We consider a class of steady-state semilinear reaction-diffusion problems with non-
differentiable kinetics whose analytical properties have received considerable attention
in the literature, see e.g. [A5[. More precisely, we vish to solve the following equations
for the concentrationi u:

AU=Af(u(X)) X G Q (u ->0 in U~) (2.9)



u = M (2.10)

where F C IRn (n 1,2,3) is a bounded domain with smooth boundary 4f0 and
A is a positive constant measuring the ratio of reaction to diffusion rates. We are
interested in the case of pth order isothermal reactions, for the case 0 < p < 1, where
f is explicitly given by

f(t) = for t>0

= 0 for t<0 (2.11)

For p > I this nonlinear problem may be approximated by several methods.
However, when p < 1, f is not differentiable at the origin and the usual techniques
of analysis do not work.

In [B51, we have considered a finite element approximation for (2.9)-(2.11). We
have shown that the approximate problem has a unique solution v, that when linear
functions are used, vh > 0, and that the following error estimate can be obtained:

1

11v - V hII,,,(n) < Ch if I < p < 1

< Ch2P if 0<p< 2  (2.12)

Numerical experiments reported by us show, however, that one gets 0(h) convergence
for any p so that the result (2.12) is pessimistic for the case p < '

We also analyze a finite difference scheme for (2.9)-(2.11), proving existence,
uniqueness and convergence of the approximation using the theory of M-functions.
Details of the analysis together with numerical experiments in one- and two-dimensions
may be found in [B5.
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The following graduate students contributed to various computational aspects of the
project, for which they received partial summer support from the grant:
Jinn-Liang Liu [Dept. of Math and Stat, UMBC]
T. Shen [Dept. of Math and Stat, UMBC

Other researchers associated with the work include coauthors A. K. Aziz (UMBC),
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B. Stephens(UMBC).

The work on MODULEF was conducted in collaboration with M. Vridascu and
P. Iluynh [INRIA, Rocquencourt, France].

6. Talks given to disseminate information on funded research

Note: A large number of talks on the funded research were given at various univer-
sities in Europe during the stay at INRIA [Feb'88 through July'88]. This trip, which
was sponsored jointly by INRIA and AFOSR was invaluable in popularizing the P-
and h-p versions there.



(a) Invited Talks at Universities

Fall '85 University of Maryland, College Park, MD, "The optimal conver-

gence rate of the p-version of the finite element method"

Jan '88 Technische ttochschule, Darmstadt, W. Germany, "The p-version

for integral equations"

Mar '88 University of Paris VI, Paris, France, "Implementational aspects

of the p and h-p versions of the finite element method"

Apr '88 INRIA, Rocquencount, France, "Implementational aspects of the

p and h-p versions of the finite element method"

Apr '88 University of Stuttgart, Stuttgart, W. Germany, "The p-and h-p

versions for integral equations"

June '88 Ecole Polytechnique Federale de Lausanne, Lausanne, Switzerland,

"The p-and h-p versions of the Finite Element Method"

June '88 Istituto di Analisi Numerica del CNR, Pavia, Italy, "Some results
on the p-and h-p versions of the Finite Element Method"

June '88 University of Parma, Parma, Italy, "An introduction to the p-and

h-p versions of the Finite Element Method"

(b) Invited Talks at Conferences

June '87 Advances in Computer Methods for PDES-VI, (IMACS) Bethle-

hem, PA, "The p-version of the Finite Element Method for elliptic

problems"

May '88 Comett Course on Finite Elements (sponsored by E.E.C), CEMUL,

Lisbon, Portugal (23-27 May, 1988). 2 day course presented on

"Adaptive Finite Elements and the p-version"

June '88 Annual MODULEF users' conference, INRIA, Rocquencourt,

France, "The MODULEF implementation of the p-and h-p ver-

sions of the Finite Element Method."



(c) Contributed Talks at Conferences

Spring '85 Semi-annual FEM Conference, University of North Carolina,

Chapel lill, NC, "The optimal convergence rate of the p-version
of the FEM"

July '85 Annual SIAM meeting, Pittsburgh, PA, "Optimal error estimates

for the p-version of the FEM"

Fall '85 Semi-annual FEM conference , Brookhaven Laboratories, NY,

"The h-p version of the FEM"

Dec '85 Methods of Functional Analysis in Approximation Theory, Bom-
bay, India, "Some optimal approximation results with applications

to the h-, p- and h-p versions of the FEM"

Spring '86 Semi-annual FEM Conference, Rutger's University, NJ, "A nu-
merical method for some reaction-diffusion problems"

Aug '86 International Congress of Mathematicians '86, Berkeley, CA, "An

optimal error estimate for the h-p version of the FEM"

Fall '86 Semi-annual FEM conference, University of Tennessee, Knoxville,
TN, "The orthogonal projection in the H11/2 norm with applica-
tions to the p-version of the FEM"

July '87 ICIAM 1987, Paris, France, "The mixed p-version of the FEM for
elliptic problems"

Fall '87 Semi-annual FEM conference, Cornell University, Ithaca, NY,

"The p-extension using Raviart-Thomas elements"

Dec '87 Ramanujan Birth Centenary Year International Symposium in
Analysis, Pune, India, "Integral equation methods for screen and

crack problems"

July '88 12th IMACS World Congress, Paris, France, "The approximation

of smooth and singular essential boundary conditions by the p-
version of the finite element method"


