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and 
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Abstract 
This paper treats a signal detection problem using real noise records. The 
authors have had access to two medium-sized (each about 100000 samples) 
data sets, each from a non-Gaussian marine environment. The first, collected 
near a merchant shipping lane, has lower-than-Gaussian probability of high- 
amplitude observations (light tails). This appears to be due to the presence of 
a powerful narrowband component; when this is removed by an adaptive 
notch filter, the tails become heavier. The second, collected near a shrimp bed, 
has extremely heavy tails and a kurtosis (normalized fourth moment) of 82. 
Excellent results are achieved through use of a Johnson noise model fit. 

§1    The Gauss/ Gauss Mixture Model 

One possible non-Gaussian noise model to consider is the simple mixture [l].   We will 
assume that both the nominal and contaminant are Gaussian: 

/(z) = (l-£)-7—— *       + « 

-,* -*2 

1 
V2ira2 

where, of course, we are assuming zero mean. 

To use such a density one must be able to estimate the parameters of the mixture 
model. Many methods are possible, for example the Moment Generating Function (MGF) 
method in which the MGF is estimated at certain discrete points and a close parametric fit is 
found numerically [2]. We will use the Method of Moments, in which parameters are 
matched to moment estimates. There are three unknown parameters in the model, so it is 
necessary to calculate three moments. It is easy to show [3] that the parameters can be found 
explicitly as: 

where 
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e = (e4/3)2 - e„/l5 

and e,- is an estimate of the •** moment of the noise process, which is assumed to have been 
normalized to unity variance. It is the explicit nature of the above parameter estimation 
which is one of the most attractive features of the Gauss/Gauss mixture. Most others (for 
example the Huber mixture) do not have the property of being easy to estimate. We note in 
passing that the kurtosis K achievable with a (<Tlta2) mixture is bounded as 

K  >  3      with equality when  £=0,1    or when <TI=<T2 

2\2 

K    < 
K+*l)! 

Wei with equality when  t = 
/T2I._2 

We see that the Gauss/Gauss mixture may in some cases be a good model for noise with 
heavier tails than Gaussian. 

The Neyman-Pearson optimal nonlinearity for the Gauss/Gauss mixture can be written 
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§2    The Johnson Model 

Johnson noise [4,5] can be visualized as unit-power Gaussian noise which has been 
passed through a memory less and invertible nonlinearity g~l('). Actually, almost any i.i.d. 
process can be thought of as being produced in such a way, the Johnson case being special in 
that the nonlinearity g~l(') has a simple, explicit form: 

g~\z)  =  Xsinh(4) 

Since the parameter 6 has more control over the tail (i.e. large argument) behavior than does 
X, it is customary to refer to it as the tail parameter. The other parameter X is a normalizing 
constant by which, for a given S, one can set the variance <r2 of the process. 

It can be seen that for constant <r2 a large value of S produces essentially Gaussian noise, 
while a small value causes the density to have heavy tails. In practice we see that 6>b pro- 
duces approximately Gaussian densities, while S<2 characterizes very heavy-tailed densities. 

As with the mixture model it is important to be able to estimate the parameters, and as 
with the mixture model we have developed a Method of Moments fit. In the Johnson case we 
see therr are only two parameters to calculate, so we need only two moments, the second and 
fourth.  We can derive [3] a moment estimate of parameters: 

  2 
log( V2K -2-1) J 

X = 
2(T2 

V2K-2-2 

where a2 is the variance and K the kurtosis.   This is possibly a simpler calculation than for       ""~""?Z 
the Gauss/Gauss mixture. 

The Johnson density has the form 

/(•J- \g'(*)\<t>(9(')) 

where #(•) is the unit normal and g is the inverse of the sinh nonlinearity: 
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and 

g(x)  =  6 log f+V<F +i 

'V<F +1 

The Neyman-Pearson optimal nonlinearity in the presence of an additive signal c can be 
written most easily as 

il>j(z) = log g'(*-c) 
»'(*) 

- i[l9(*-c)}2-[9(*)?) 

It can be shown that Johnson nonlinearities blank large observations; that is, in the large- 
amplitude limit, they are zero. 

§3    Merchant Shipping Noise 

This data set was collected from a single microphone suspended in the Indian Ocean 
near a merchant shipping lane. The sampling rate used was 1250 data points/second, and 
102500 samples were taken, giving a total record length of 82 seconds. 

A moment analysis of the raw data gives us the following table: 

Moments of Raw Data 

mean 0.023 
std dev 544.0 

skewness 0.014 
kurtosis 2.25 

There does not seem to be any reason to assume the noise to be non-stationary. 

A spectrum analysis of the noise was performed, with results shown in Figure 3.1. 
Instead of a broadband or low-pass characteristic, the spectrum has a strong "peak around 
90-100 Hz, smeared over a band of about 50 Hz. Returning to the physical system we see 
that this is not remarkable. This relatively high frequency tone is more likely due to vibra- 
tions in the structure of the ship, than to the rotation of the engine itself. This is also sug- 
gested by small peaks at harmonic frequencies of the heavy tone, pointing to the nonlinear 
nature of the device producing the tone, and suggestive of mechanical vibration. 

A substantial part of the noise power is in this tone, as can be seen from the empirical 
spectrum, the small value of kurtosis, and light-tailed probability plot. The removal of this 
tone would very likely make a radical difference in the statistics of the process, since we 
expect to be able to remove the effect of the passing ship and deal only with ambient noise. 
An ideal device to accomplish this separation is the Adaptive Notch Filter. 

An adaptive notch filter [6] functions by placing the deepest part of its notch over the 
highest amplitude section of the noise spectrum. In the common spectral-analysis test model 
of sinusoids in white noise, the notch will naturally place itself to reject the sinusoid. In its 
full generality the ANF can include many cascaded stages to reject many sinusoids. A gra- 
dient algorithm controls the adaptation and seeks to minimize output power. Considerations 
about convergence, and modifications to the filter which can enhance it will not be treated 
here; initial convergence can often be quite slow. In our case we will ignore this problem by 
initializing the filter to a nearly-optimal value. 

The form of the filter is 

H(l)- z2 + bz + 1 
z2 + abz + a2 
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It is easy to show that this is a notch filter with 

center frequency  = cos-1(—-^-) 

and 
band-width  ~ 2(1—a) 

The adaptation is accomplished through updating 6: 

*»+i = *» -/*yn(*»-i-<*y»-i) 

where p is a constant which trades stability for speed of convergence. A typical value for ft is 
(1-Q)/10. 

Adaptive notch filters were applied to the raw data in an attempt to remove the noise 
from the ship. The effects of several notch widths on the probability distribution of the data 
are shown in Figure 3.2; the noise in each case has been normalized to unit variance and zero 
mean. As the notch became wider the distribution developed heavier tails. As the parameter 
a dropped below .80 very little further effect was seen on the distribution; this value of o 
corresponds to a notch width of 80 Hz and is of the same order but slightly larger than the 
width of the smeared peak in Figure 3.1. That o<.80 corresponds to an unnecessarily sloppy 
notch is confirmed in Figure 3.3, a plot of output power versus a. Qualitatively we observe 
that for a>.95 the filter removes too little of the ship's noise; the improvements are 
unimpressive for a<.80, and in a practical situation such a filter could remove too much sig- 
nal power to be worthwhile. 

This work suggests the following model for merchant shipping noise X„: 

Xn - Yn + Zn 

where Yn is a high power, narrowband process centered around 94 Hz., and probably due to 
mechanical vibration in the nearby ship; and Zn is a lower power, more broad-band process 
with somewhat heavier-than-Gaussian tails, possibly unrelated to the ship. An empirical pro- 
bability plot of the output of the ANF with a=.90 is shown in Figure 3.4. 

The application of these studies and models is to be able to detect a known signal {c,} in 
noise.   Several detectors have been implemented. 

[Dl] The Linear Detector. 

[D2] The Gauss/Gauss Mixture Detector. 
The parameters: 

f=0.0371 <r1=483 <r2=1050 

are the same as in [2]. 

[D3] The amplifier-limiter. 
This detector limits input amplitudes to ±2<r, and was included after [2], 

[D4] The Notch-Linear Detector. 
This detector is simply Dl where observations have been pre-processed by a notch filter 
with o=.90. Owing to the interference of signal with adaptation, a non-adaptive notch 
filter with center frequency 94 Hz was used. In practice, this scheme would have to be 
used with the signal random, or frequency-hopped, or weak, or some scheme to avoid 
having the ANF cancel the signal. There is not enough data present to test such a pro- 
cedure adequately in the present situation. 

The simulations were performed as follows. The noise power was estimated and used to 
obtain a sample-by-sample SNR of OdB. A constant signal was used, after [2], and also to 
avoid a situation where the signal spectrum was too optimistically or too pessimistically 
placed with respect to the noise spectrum (for example, a non-vanishing alternating signal 
could be detected with almost unity power). The record length was chosen as 10, allowing 
approximately 10000 repetitions per detector. Note that observations were made down to 
0=10"*, but only those where a>10-3 were considered reliable. (The notation is standard but 
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regrettable: now that we are not dealing with notch filters, a is used to mean probability of 
false-alarm.) 

The results were as shown in Figure 3.5. The linear detector (Dl) outperformed both the 
mixture detector (D2) and the amplifier-limiter. This is not surprising considering that the 
latter two are optimal for noise with heavier-than-Gaussian tails, and this data set has 
lighter-than-Gaussian tails. Pre-processing the data by a notch-filter offered a dramatic 
improvement over the first three detectors. A further simulation, shown in Figure 3.6, demon- 
strates the effect of widening the notch on detector performance. 

As suggested earlier by Figure 3.4, the output from the notch filter has slightly heavier- 
than-Gaussian tails, and a parametric fit can be achieved. A further simulation was per- 
formed to see if there were any significant improvement from the increased sophistication of 
the model.  This included detectors: 

[D5] The Notch-Mixture Detector. 
The output of the notch filter was passed through a mixture nonlinearity with parame- 
ters 

t=.33        <T!=337        <r2=401 

[D6] The Notch-Johnson Detector. 
The output of the notch filter was passed through a Johnson nonlinearity with parame- 
ters 

6=6.79 X=2410 

The results indicate that very little improvement is achieved [3]. 

§4    Shrimp Noise 

This data set was collected in the Pacific Ocean off Hawaii, near a concentration of 
shrimp. The sampling rate used was 40000 data points/second, and 96000 samples were 
taken, giving a total record length of 2.4 seconds. 

A moment analysis of the raw data gives us 

Moments of Raw Data 

mean 1.79 
std dev 48.3 

skewness 0.089 
kurtosis 82.5 

This is characteristic of a highly non-Gaussian environment; the density has extremely heavy 
tails. A probability plot drawn in Figure 4.1 confirms this: approximately one out of ten 
thousand observations will have amplitude greater than 16<r. 

In   this  figure  the Gauss/Gauss  mixture  and  Johnson  fits are  also  presented.    The 
relevant parameters are for the mixture 

(=. 00165 <T,=43.4 <r2=563 

and for the Johnson system 

6=901 X=20.8 

It is apparent that the mixture fit is not acceptable. For such heavy-tailed noise, the proba- 
bility plot is forced to develop a 'knee' (around 3.5<r) which is not present at all in the empiri- 
cal distribution. The Johnson fit on the other hand is quite good, at least up to a tail weight 
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of 10-4. Beyond that, shrimp noise is heavier-tailed than the Johnson fit, although the fit 
does not seem to be degrading quite as rapidly as for the Gauss/Gauss mixture. It is clear 
that the Johnson density is a good sub-optimal parametric choice. 

The physical system producing this noise sequence is a nearby school of shrimp. To 
communicate with each other (and presumably to attract a mate) these creatures snap their 
claws rapidly, producing loud 'clicks'. A noise sequence from sample 10001—20000 is shown in 
Figure 4.2a. In this plot there are easily-recognizable high-amplitude events, of about two to 
five milliseconds duration, occurring against a more well-behaved background. Unfor- 
tunately, although in this record the clicks are loud and of reasonable length, the next record 
(samples 20001—30000, Figure 4.2b) demonstrates that this is not always the case. There are 
several overt clicks, and also many high-amplitude observations which seem to be isolated. 
The reason for these isolated observations is not clear; we can speculate that the longer- 
duration clicks are produced differently by the shrimp themselves. We also note a tendency 
(which is unfortunately not a rule) for two events to occur within a space of 10-30 ms or so, 
perhaps a result of both claws being exercised. 

The difficulty in characterizing high-amplitude observations into well-behaved bursts 
makes makes recognition of mode-changes complicated. It was decided, due to the heavy- 
tailed nature of the noise, to attempt to separate clicks from background noise using the 
non-parametric burst detector [7]. Such a device functions by deciding on a sample-by-sample 
basis (i.e. by a simple threshold) from which mode a data point comes, and subsequently 
smoothing this estimate using a median filter. Figure 4.3 gives close-up views of fairly typical 
well-defined clicks. It was decided to use a median filter of length 61 since that is the approxi- 
mate length of the shorter clicks. The short median filter necessary to detect such quick 
bursts can lead to too many spurious mode-changes, so a fairly high threshold of twice the 
standard deviation was used. 

In order to compensate for the varying burst-strength (probably due to the proximity of 
the source shrimp), each burst in the "high" mode has been normalized to have the same 
variance. Tnis empirical approach to mode separation has had some success: the tails on 
both the high- and low-variance modes have been reduced. This can be seen from the 
separated moment and Johnson parameters 

M oment, and Johnson Parameters 

Original Analysis After SeDaration 
Low Hirt Raw Hieh 

std dev 48.3 35.1 _ 110.0 
kurtosis 82.5 4.47 4.90 28.2 

S 0.90 2.01 1.85 1.03 
\ 20.8 62.3 - 67.1 

The "high" mode data does not of course contain any relevant amplitude-related parameters. 
The "raw high" column refers to non-normalized bursts and shows us that a simple (i.e. mul- 
tiplicative) burst detector is not optimal in this situation. 

The non-stationary nature of shrimp noise makes observations about time dependence 
difficult and perhaps not very meaningful; however, we show the spectrum in Figure 4.4. 
There is a very sharp rise at 2.5 kHz and a steady drop-off, with some evidence of a harmonic 
tone around 5 kHz. The plot's lack of smoothness, despite the application of a Parzen win- 
dow, attest to the unmanageability of this data set. It also appears that sampling was done 
at something below the Nyquist frequency, although it is not clear that a reasonable one 
exists for this environment. For the earlier Figure 4.3, it was observed that a burst seemed 
somewhat tonal (around 2.5 kHz): to examine this hypothesis the high- and low-variance 
modes were treated separately. In each case, data records of length 64 (this low length was 
chosen due to the difficulty of finding long bursts) were transformed, squared, and averaged; 
the results are shown in Figure 4.5. The bursts appear considerably more tonal and band- 
limited in nature than the background mode, and indeed the small 2.5 kHz peak in the low- 
variance mode may be due to imperfections in the mode-separation algorithm. 
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The simple detection described in the Merchant Shipping Noise section was posed in this 
noise environment to compare several detection schemes.  These were: 

[Dl] The Linear Detector. 

[D2] The Gauss/Gauss Mixture Detector. 

[D3] The Laplace Noise Detector. 

[D4] The Johnson Noise Detector. 

[D5] The Mode-Switched Johnson Detector. 
Ideally to use this detector the two modes should, after removal of a multiplicative con- 
stant, have identical densities. Since this is not the case here, the more pessimistic 'raw 
high mode' values of 

5=1.03 X=67.1 

were used here. The non-parametric mode-detector described earlier controlled pre- 
muImplication: observations judged to have come from the high-variance mode were 
multiplied by one third, the approximate ratio of the standard deviations of the two 
modes. 

In each case a sample-by-sample signal to noise ratio of 0 dB was used, a constant sig- 
nal, and a detection record length of 5. The results of this experiment were rather as 
expected. As shown in Figure 4.6, the linear detector (Dl) performed extremely poorly. The 
Johnson detector performed well, better than the Gauss/Gauss mixture detector (D2) or the 
Laplace detector (D3) (although this was quite good) as was expected from its good distribu- 
tional fit. The mode-switched Johnson detector (D5) was the best simulated although due to 
burst-estimation problems the performance deteriorated for small probabilities of false-alarm. 
It is a somewhat unsatisfying system to use, however, due to the necessity to specify parame- 
ters of burst length and threshold, and the difficulty of burst-detection in the presence of a 
non-vanishing signal. It would seem that the Johnson detector is perhaps the wisest choice in 
this environment. 

§5    Summary 

The analysis of the previous data sets has suggested, among others, the following 
insights. 

The Johnson detector seems dependably good, and is particularly attractive since its two 
parameters can be estimated explicitly through the variance and kurtosis statistics (this of 
course assumes zero-mean, symmetric densities). 

The application of a notch filter to the data stream seems often to be an easy way to 
improve performance, since two of the three records studied were dominated by a single tone. 
However, we note that care must be taken in the case of an adaptive notch filter, due to the 
unavoidable tendency of this device to cancel the received signal itself, given a narrowband 
signal with sufficient power. Random signals, frequency-hopped or swept signals, or a noise- 
alone channel would give practical inputs for such a system. The simulations presented were 
performed using a fixed notch filter. 

The use of burst detectors seems to improve performance dramatically. However, these 
devices are difficult to implement in the presence of a non-vanishing signal; again, in the 
simulations the modes were estimated offline. Also, it was difficult to make such a system 
error-free, causing the performance to deteriorate to no better (or worse) than memoryless 
systems for low probabilities of error. 

There are clearly many avenues for further research. The good performance of the John- 
son detector suggests that it is not vital to have the precisely optimal density estimate in 
order to have a good detector. It seems possible that the complex Johnson nonlinearity could 
be simplified through use of some piecewise fit with little degradation in performance. Also, 
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some study of the performance of the adaptive notch filter in the presence of a non-vanishing 
signal should be undertaken. 

It would be valuable to improve the performance of the switched-burst detector by 
recognizing the imperfect nature of the switch-estimator; the resulting detector would be 
forced to develop a more robust low-variance-mode nonlinearity. Finally, it seems generally 
true that bursts are seldom white, but are more frequently narrowband. Switch-estimators, 
on the other hand, tend to assume bursts of white noise. One approach to estimation of 
highly-correlated bursts is to decimate; it would seem that a more rigorous statistical calcula- 
tion might lead to a different approach with superior performance. 
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