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BLOCK 19: ABSTRACT
A method is presented for computing three-dimensional seismic wave scattering from a

rough interface. It is derived using a perturbation approach which requires interface height
perturbations to be small relative to the wavelengths of scattered waves, and interface slope
perturbations to be much less than one. These validity conditions are based on ani order
of error analysis of the truncation of the peiturbation serics. Comparison of reflection and
transmission coefficients generated by the perturbation rethod with those generated from a
second-order finite difference method for several rough interface models with Gaussiai auto-
correlation functions shows that the perturbation method is accurate or iMS interface

height deviations of less than about a tenth of the smallest wavelength in the scattered field.
This result is independent of RMS interface s!ope in the tested range of 0.037 to 0.9!9.'

Three-dimensional scattering results are presented for normally incident, plimar ) ail
SV waves on a rough interface with a Gaussian auto-correlation function (RMS height i

0.125 S, wavelengths and RMS slope i' 0.03). For the SV source, the scatteri!lg coefticeits
for the generated P, SV, and SH waves had maxima in the azimuth where the scattered wave
particle motion coincided with the source particle motion. The rmaximuiri of the SV reflection

scattering coefficient is 37 percent of the mean planar interface reflection coefficient. The P
source generated P and SV waves with azimuthally symmetric scattering coefficients. The
maximum of the P scattering coefficient in this case is 27 percent of mean planar interface

reflection coefficient.
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Preface

The following document is a portion ot the Ph.D. Thesis oF Michaellr-fteii .
"Perturbation Approximation of 3-D Seismic Scattering".
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INTRODUCTION

-Fie( presence of a rough Interface can strongly affect seisnic w aves reflected fr()i iA I rm

mnit ted through that Interface, even when thle scalc of rough ness Is 1 ich less i1 ,111 ;t

- length. These effects Include changes in the aniplit ode, scat tering a ngle. fr( u(11 Y ((I cw,

and wave-type conversion of the scattered wave . Available exact soliution,- I a~e t Ia forl 1 1
inltegral enuat ions (DeSanto and Browii, 1986) o iiedfeec/iieeeetfrnia ,I

(Levaaider an(I H-ill, 1985) that are prohibitively expensixc ',-, solve in i three 'irnelisioris.
Ini thIiis paper, I preseiit a pert urbat ion approaclh to the sollitionl of' the I ( -(,11 in' ,I:.

elastic wave equlat ion which satisfies welded bounda rv condlit ions at a 1011 gh i ut erlac". -I

SO] IIt io11 Is ani ex tensIin of two-d Imension a ISurf ace wave Scattering formu I I , ns( hen II(,

1972: GilIbert andl 1Knopoff. 1 960). The met hod height arid1 slope of i nt rfc rro gtui ari ti

be small withI respect to the wvavelengthis of lhe elastic waves present. Ini Order to i nerst a I

the effects of rough interface scattering onl body waves, we then presenit a inetliod to sepa ratl
the scattered Field into up- anid down-going P, SV and SII waves so that rough i iiierfaic

scattering coefficients canl be calculated. To test the pertuirbat ion approxi maltl11 WnC we 'oii1imi

hse analytical results with finite (ifferencm ouin eeatdfrtesm og tefc
models. Finally, we discuss the features of the three-dimiensional scattered field.

THREE- DIMENSIONAL SCATTERING FORMULATION

A fine- 2cale blow-uip of a three-dimensional rough interface is shown in Figure 1. Thec irregular
interface is described by z =h(.r,y't. and has a downward normal n (x, y). It Separates anl
upper medium, described by P and S wave velocities 'il anid 3Ii and density pi, Fromi ;t
lower medium, described b)Y 02, 02, and p2. The essence of the formulation is to project
displacements anid stresses onl the twc sides of the rough Interface onto a plana~r Surface
whose depth equa.3 the mean depth of the rough interface. These projectedl fields are tlieii
expanded in a pe~tuirbation series in h about a background field cc-isisting of the known
planar interface solution. This procedure results in a formnnlat ion in which the rough Interface
Scatterimig problem is replaced by a planar interface scattering problem, wit hi sources alouff
the planar interface generating the rough interface component of the scattered field.

The general formn of the elastic wave equation which is valid for small displacements III

the absence of body forces is

2,J -T 3  .jC{rq }(

where u, is the ith component. of thle displac,:rtent vector. Tj 11 II lIe . coliip nit of thle

- ailchvY osties tensor. I ho comma (licnotes uiffreititatiou Iii the j-I i (oordiinatc Ilirect ionl,
is, I lie temniioral frequiency, and( t he Fiiistein summat ion coiivent in Ipllies. 'I'llrouighioui )It hils



paper, the Fourier transform in x, y, and t uses an implied phase factor of exp(ik. + ?kl!l -
iwt). For an isotropic solid, stresses are related to displacements by the constitutive rclat io1

-ij = AUk,kij -+ Y(i,j + ui), (2)

where 6,, is the Kroniker symbol and A and p are the Lam parareters. Equations (1) and
(2) can be expressed as a 6 x 6 matrix wave equation in the form

"- Ar (3)
dz '

where r is the displacement-stress vector defined by r = [us, u, U, 7 Xz, ry, r 1.]T and A
is defined by

0 0 -O 0 0

o0-ay 0 ! 0

_A a-- y 0 0 0 ,

= pO 2  -(1+ -- )a 0 0 0 -A (4)
-S, 0. - paOy, +juA

-i(1 + 2A )O9_ PW2 0 0 0 -A
A+2j. x y ay A+2g Y

o 0 -PO 0

with C = 4p(A + p)/(A + 2p).
Welded boundary conditions at the rough interface require continuity of displacement

and traction at each point on the interface. These tractions must be measured with respect
to a plane tangent to the interface, and are given by Tj = ajknk. The downward unit normal

nk is defined by

nZ  - h, z

=1
n h

nY 1

A new vector quantity which is continuous at the rough interface is defined to be

. . . . a I l I il a l l I I H i l i2



0 0 0 0 0

Ur 0 1 0 0 0 0

uly 0 0 1 0 0 ( l ,

-h 0h+ 0 1 0 1 h,,

7"J + T 2, + h, -h.,a ~ - h,Q.,O 0 0 1 h, -+'
T~1h h2  -hy '\ a -h,(O

0 0 0 h, -h,

((;)
Writing (6) in a form which explicitly expresses the h dependence, this transformation

takes the form

,(h) = (L+ h, + h, Q=)- (h) (7)

where t and r are evaluated along the rough interface, I is the identity matrix and Q anld

Q , are

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
--(ax 2) 0 0 0 +\

-,0aa -pax 0 0 0 0

0 0 0 -1 0 0

and
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0 0 0 00 0(

0 0 0 0 0 0

0 0 0 00 0

-ILy - L(o. 0 0 0 0

-.+2 - , 0 0 0 .+2

0 0 0 0 -1 0

The interface boundary conditions may then be expressed in the form

S()(h) (2 (h)

where superscripts indicate the respective media.

Recalling that the goal is to relate the scattered field to the background field (sci It ered
from the mean planar surface), E (h) is extrapolated to the mean planar surface by the power
series expansion

2!

Making use of the wave equation (3), (11) is reduced to the form

r(h) =( + hA + A 2 + ... )r(0). (2)

So far the formulation is exact as long as the series in (12) converges. It is easy to
demonstrate convergence for the case of a planar interface. This series then converges to

E(h) = ehA=(0). (13)

The meaning of eh= is easily expressed in the (kr, ky) Fourier transform domain. For constant
h, the transform is done by replacing 9, and Oy in A by ik., and ik,, respectively, and formally
summing the series in (12). The result is the standard form for the propagator matrix (Aki

and Richards, 1980, p. 275), which is an exact extrapolation operator and the basis of the
propagator matrix method for formulating wave equation solutions in plane layered mledia
(Kennett, 1983). It is clear that a simple form for (12) cannot be obtained when h is allowed
to vary.

After the displacement-stress vectors along the rough interface have been extrapolated
to the mean planar interface, they are expanded in a perturbation series about ro(0), the
displacement-stress vector at the interface of the background planar interface model:

4



L 0) (0) = Lo(O) + h,-j'(0) + hr (j)() + (11

Since roO) is the displacement-stress vector for the background planar interface model, it il

continuous across the boundary and needs no superscript. The higher order terms reflect lii'

influence of the rough interface. Combining (7), (12), and (11), each side of the bolindary

condition expressed in (10) is written as (omitting the superscripts)

h2

(L+hA-t- -4 2 + ..+) (.>-
(Lo + hi I + O~r2 +,.

Q ( + h,.,Q., 4 /,,Q v)Lo + hA 0 r± hr 1 (

+ O(h?) + O(hh,,) + 0(hhy)

where O(.) denotes order of accuracy.

Applying the boundary condition (10) to (14) results in

(L(- r (1) = h( - A 21)Lo + 1"(Q 'I)- Q 2) o (17)

+ h~y(Q , ) - Q 2)_

The right-hand side of (17) would be zero in a planar interface model. Disconlinuities in thie

displacement-stress vector, such as occurs here, represent sources(Aki and Richards, 1S90.

p. 38). Thus, the effect of a rough interface is to appear to add sources along the mean

planar interface. These sources will be designated by s = h(r_(2) - r("). This use of sources

to represent material deviations from a background model is shared with standard Born

theoretical developments. The mapping of heterogeneity into source terms is also used in

exact formulations based on Huygen's principle (Paul and Campillo, 1988).

Fourier transforming (17) to the k,, k. domain,

h (kre;h =L0) = defid- kb,kyk,)L(k,,k,;k'.k))(t%..U)dk' d," (18)

where L is defined by



0 0 0

00 0

2k,,k-2 2\

k, k' ((I - (2) Y ) 2

+kyk'(P k- 12) ( -2+ 2

k Pk'u1 - P2) r y (U - Y2)

y ,2, - y 2 p - 2)
02k.ky( -"') ( - P2)

A, +21A A2+2p2

1 1 0w 2 (Pl P2 )

0 0

0 0

0 0 A,+2A, A 22 2  (19)
A +2,p I ,\2+2,u

2

o +2-i 2+ 2A2

0 0 0

Definition of the Scattering Kernel

The perturbation method developed above will now be used to examine the dominant features
of the three-dimensional field scattered from a rough interface. For plane wave sources it
is possible to define a factorization of the scattered field into a product of the wavenumber
spectrum of the interface and a function that is called the scattering kernel. This scattering
kernel is independent of the interface roughness function. For a plane wave source of the
form

Lo(k, k) 4ir'r 6(k'' - , k - V ) (20)

equation (18) reduces to

:_.(k,,k,) = h(k, - V ,k, -P)L(k , k.; V,. k)_o(Vk .=  (21)
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The scatte red field so urce term in this case is Sep arated ito a part assoc Iat ed wit' a 1)i I J
ular Interface roughniess. h( kr -kV, k.,- kP) * arid a part associat (d withI the general scailt teijI

properties of the iiiediam. L (k,, ks,; k~x, kP)ro kP, Vr). The latter part is dlesignatdits~ I i-
scattering kernel. Knowledge of the Scattering kernel allows one to evaluate I li ,cat tct IIL,

p)otentilal of a material contrvast indIependent of any particular intiierface.

The t ra nsmiission scat tering kernels for the two- (Iimelision al iodl Ii Figuret art, til 1

III Figurye 2. Superlimposed onl theVse plots IS the Fouricr t ra usforii of the i it rface. 11
scat ttred lheld is silfl mply t he prod uct of thle two cuirv'es. 12nOT Ii It(",plts t S i t ]rf I
a smnaller correlation lengi Ii. anid hence a wider Gauissian Ii the t raiiforin tlonalii. \wi!

result iii large anJit ide cusps for large scattering angles Ii 1) aid S). F[or the tranit-niii. icl
wave, the scattered wave a in put tale increases for scat tering angles largo r t ha i thec 1) reflect'W
critical angle. This anipl itutde boost at large angles may be seeni in thet " anrid S reflec It'l
coefficients for miodels, D and E' in Figures, 1:3((1 arnd c) . Th is effect has also l d ii (l onI rat td
bY Leva nder an~d 11i 11 (19S5) Using finite difference methods anid by Iw b Patnil and C anti A 1lo

(1 -S) usig bounidary intlegral equation met hods.

Describing Reflection and ransmission

The source term given by (18) generates P and S waves above and belowv the interfac-.
To determine the displacement coefficients of these waves requires a relation betwe:ni the
displacement-stress vector anid the up- anld down-going P, SV, and S11 wave components,
he form of which is given by

r =Fb (22))

where b [P51I1)5TT and denote down- and up-going waves, respectively, and P,
S. arid T are the displacement coefficients of 1), SV, and S11 waves, respectively. .,Igtle
reflection coefficient sign conventions of Aki anid Richards (1980). E, is given by



w wK K w wK K

k.a__111 kkt43 k_ k,,3 L
w , K K L K K

22 -K O ___ K3 0

F W. Wa
- 2zk-~c~,L zk.tAK 2 )3~ 1  k1,L 2ik,-op _ k~(z,'-K 2 )2M44~v

w w" K" .K K

2iyj iky(,2-K 2 
)Om~ i~~ 2ik,,ya zk,(,

2 
- K2 ),YA t k v

w uwK K w /K K

___2_-K2)a_ 2iKvj3kL 0 i(v 2
-K)cvg 2tK1311 0

eiyz 0 0 0 0 0

0 eiL z 0 0 0 0

0 0 eivz 0 0 0
(2:3)

0 0 0 e-i-yz 0 0

0 0 0 0 e- i z 0

0 0 0 0 0 il/

with K =-- k + kV, F = w/a- K 2, and v = w 2,,1 2  K 2. To recover scattered field
displacements from the source term note that

s = r (2 ) - (1) = F(2)b(2 ) - F(1)b ( 1)  (24)

arid that .s generates no down-going waves in the upper medium and no up-going waves in
the lower medium. Hence,

1F] 1 -) -1 1-3 11 i 1

F (2) F(2) F(2) F (1)  -F(1) _F(1) (2)

61 62 63 64 65 26

F (2)  F,(2 F (2)  F(1) -F(1) -F()31 3 3 3 5 3 (2.5)

F6( ) F F53 -F<1)6 F(1) -"(),6 "')
51 5254 55 .



TIhe wave displacement coefficients generated by s are given by

_~ s (2(i)

The inverse of " exists for all values ef (k,. k) except (k,, kv) = (0,0). At this point iii
the k plane the scattered waves are propagating normal to the mean planlar surface, arid ;\
waves are indistinguishable from SIT waves. For example, consider an S plane wave traveliwue
in the z direction with particle motion in the x direction. If the wave direction is slighll
perturbed in the x direction it. becomes an SV wave. A perturbation in Ti ie y (irectioi iiiak,'
it an SH wave. These distinctions are true even when the pert urbat ions are infinitesil,.
Hence, to remove the singularity of _, an arbitrary naming convention must be adopt,.d for
vertically propagating S waves. In this paper, the r component of such waves is labeled S\'.
and the y component is labeled SIt. The F5 matrix for vertical propagation is

0 1 0 0 -1 1
0 0 1 0 0 -1

1 0 0 1 0 0

F (0,0) 0 (27)
0 iwop 2,32  0 0 iwap1 f3  0

0 0 iwp2/3 2  0 0 zwpi f3I

iLp2O2 0 0 -'Wipla 1  0 0

COMPARISON WITH FINITE DIFFERENCE

The simple form of the scattered field source term (18) was made possible by the truncation
of (15) to yield a low order perturbation approximation (16). The error resulting from the
exclusion of higher order terms is difficult to evaluate analytically. It is possible, though, to

determine bounds on the domain of validity of this approximation. Kennett (1972) dei,.,d
two conditions on the model which must hold in order for(18) to be valid. The first condition
constrains the scattered field to be much weaker than the background field, a requiremincit
for the single scattering approximation to apply. This condition is expressed by the relation

. (k,, kv; h = 0) < max ILo(k,, kj')j, (28)

where .s is the scattered field source term defined by (18). Kennett (1972) reduced this to a
simpler, but stricter, form by replacing the convolution integral in (18) by an upper- 1)011

a pproximation. yielding

9



KowL
. x, h(x)l < 1, mnax Ih, (x) I < 1, (

where

712 = max (11Pi i + '2P2 l P] ± 12P2

L is the periodicity length of the rough interface, and the wavenuinber spectrum of the
incident field is bounded by Iki K0 . The second condition is that the background field nmist

not contain wavenumbers so close to grazing incidence that shadow zones form. Shadow zones
will be avoided if the radius of curvature of the interface is much longer than a wavelength.

Such waves will then propagate as guided waves along the interface. This condition is

expressed by

<max I hI< 1, (30)

where k, is the vertical wavenumber component associated with the maximum horizontal
component K0 .

These conditions are not satisfactory for practical use, however. Approximations used in
the derivation of (29) result in a much stricter bound than is necessary, and the practical
limit imposed by(30) needs to be better defined. In order to empirically construct more
realistic constraints on interface roughness, reflection and transmission coefficients obtained
using the perturbation method described above will be compared to those derived from two-
dimensional finite difference solutions. By comparing results for a range of interface height

and slope statistics, using a normal incidence plane wave source, the domain of validity of
the perturbation method can be explored. Three-dimensional model comparisons using the

finite difference method were not possible with the computational resources available for this
study. The similarity of the two- and three-dimensional perturbation formulations allows the
results of the two-dimensional validity check to be applied to three-dimensional models.

The finite difference algorithm used here is a two-dimensional second-order formulation.

To summarize, the wave equations (1) and (2) are solved in the time-space domain by replac-
ing the time and space derivatives by their second-order centered-difference approximations.
The accuracy is improved by using a staggered mesh formulation in which horizontal and
vertical displacements are represented on separate grids, each shifted by half of the grid

point spacing in both coordinate directions with respect to the other. This has the added

benefit of increasing the grid-point density by a factor of two. The formulation differs from
that of Virieux (1986) in that we use the second-order displacement/stress wave equatlions

instead o the first-order velocity/stress equations. This modification improves efficiency,
since the fitial solution was desired in terms of displacement. The stability conditions and

10



grid dispersion relations are identical with those of Virieux's formuilation. A low-orler.
staggered-imesh scheme was chose n becallse it is the most eficient metlod when deiis' 1iI

point spacings are necessary, as is the case Pi iUr iiodels where small interfa(c i rr gularilii '>

must be represented. Iligher order schemes, such as Ihose which use fourth-order (Blayliss.

et al.) or Fourier spatial derivative operators (Kosloff ct al.. 198-1: Fornrberg. I ,S;S). a,,

generally thought to he more efficient than secnd-ordcr schemes, but this IS not !i('CSSa ri lv

true. The dense grid point spacing used iII m ,deling silnial interface p.rt tu .1 )it ll l ilt t II!

second-order (lerivatie operator well within its donUrain o)f acceptlle acci ray, arni li I (,ri

operator length makes it the most efficient schenie.
The finite difference method is known to be accurate when the wave fields and i

model are both well discr, 4ized. Hence. when models with large litl'face i rr'gular I'i,'
are compared. the finite difference method will be used as tle standard. ()i lhe ,Al ,.i
hand. the perturbation method is accurate for models with small interface hight and shIl'

irregularities and will be used as the standard for such models. The comparison wilt fiilile

difference solutions will proceed in two parts. First it, is necessary to show that the range of
interface irregularities over which the finite difference iielh1od is accurate c:,lci ids iinto I ,e
range over which the perturbation method is accurate. This will be done by showiing }hat
the finite difference method results match the perturbation met hod results for a iiodel witl
very small height and slope irregularities. If the finite difference method works well in lhis
case, results for larger interface irregularities will also be valid because they will be more
accurately represented on the finite difference grid. Finite difference solutions will then be
used a basis for comparison with perturbation solutions for a series of models with larger
height and slope irregularities in order to probe the limits of validity of the perturbation
approximation.

Accuracy of the Finite Difference Method

All results for scattering from a rough interface in this paper are expressed as reflection
and transmission coefficients. The procedure for deriving these coefficients from the finite
difference solution is similar to that described in Section for the perturbation solution. In
short, equation (22) is used to convert r into b, and then P and S wave amplitudes in '
are scaled by the source wave amplitude. The displacements and stresses in r are computed
by the finite difference method in the time-space domnain along a horizontal linear array of

uniformly spaced receivers that do not intersect the interface at any point. The receiver
array should be between the source and the interface in order tO) separate incident waves
from reflected waves. r is then Fourier transformed into the w)-k domain to yield a forii
suitable for use in (22). The distance of the receiver array from tlie interface is accounted for
bv the z term in the definition of h' in equation (23). If the finite difference iodel is such

that reflections from the edge of the grid will arrive within the seismogram time window.

11



absorbing boundaries must be implenented with attenuate these reflections to a level miiich
sinaller than the reflection and transmission coefficients to be ti.asiured. The lengt i f t lie
array, L, controls the wavenumber sampling increment, Ak = 27r/L, and should be set to the
horizontal dimension of the finite difference grid to avoid aliasing. From here forward L is
taken to be equal to the horizontal dimension of the grid. For a point source, L cont rols the
range of incidence and scattering angles that are within the receiver array, and the horizontal
grid size should be large enough to capture the incidence and scattering angles of interest.
Since the range of incident and scattering angles detected is also dependent on the distance of
the source and the array from the interface, it is best to put the source and the receiver array
as close to the interface as possible in order to minimize the grid size and the seismograin
length. The spacing of the receivers controls the maximum representable wavenuinber in I,
and should be set equal to the grid spacing to avoid aliasing.

The reflection and transmission coefficients ,btained from finite difference modeling are
be compared with analytical coeflicients inI the case of a planar interface model. The mnodel
is shown in Figure 3. The source has an PS Hiz IMicker time function of Ihe form

?()= (I- , 40t)e-I 0 ,(31)

where w0 is the primary angular frequency of the wavelet. The source is implemented as a
body force term of the form

[-(x -xs)e - (x x )/21 (32)
f = R(t)I
-[ -(z - z8)e-( -s)2 i/

representing an explosion source smoothed by a Gaussian with standard deviation equal to
the grid point spacing. This smoothing is necessary to make the explosion dipoles, which
contain energy at infinite wavenumbers, representable on the finite difference grid. The source
isotropically radiates pure P waves. It is located 20 grid points above the interface, and the
two arrays of receivers are located 10 grid points above and 10 grid points below the interface.
Reflection and transmission coefficients derived from the finite difference seismograms for
this model are shown in Figure 4 along with analytical coefficients. There is generally good
agreement for both pre- and post-critical waves. The small disagreement present at the
larger scattering angles results from the finite aperture of the receiver array.

Another check on the accuracy of the reflection and transmission coefficient results is
to plot the coefficients for the non-physical waves in the solution: the down-going S in the
upper medium and the up-going S and P in the lower medium. These coefficients are silown
in Figure 5. For each wavenumber, the coefficients are normalized by the amplitude of the
down-going P wave source. Hence, the down-going P wave coefficient has unit amplitude
for all angle,;. The remaining three coefficients plotted here arc indicative of errr in the
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conversion of the measured finite difference displacements arid stresses into wave coefficients.
In general, the mplitude of the non-physical waves increases with increasing scattering
angle, since the wavenumbers corresponding to these larger angles are less well represented
by the receiver array.

The effect of changing the array aperture is illustrated by the results of another finite
difference model which is identical to the previous model (Figure 3) except that the grid
dimensions nd receiver array sizes are doubled. The spacing between receivers in eich

array is un(tianged. A comparison of reflection and transmission coefficients derived froml
this model with analytical results is shown in Figure 6. The non-physical coefficients for t HS
model are shown in Figure 7. The ringing observed in Figure 4 is amplified. In addition.
the seismogram time window in this model was inadvertently set large enough to allow t h,
upward-traveling source wave to reach the top of the grid and wrap around to the botloll)
of the grid (we are using periodic boundary conditions) to intersect the lower receiver array.
This results in the large lower medium up-going P wave coefficient shown in Figure 7 at sniall
scattering angles, and to a lesser extent affe'ts the accuracy of the lower medium down-going
P wave coefficient shown in Figure 6.

The finite difference and perturbation methods will now be compared for a model wit h
very small height and slope perturbations shown in Figure 8. The source is a downward
propagating, planar P wave with an 18 Hz Ricker time function. The interface roughness
has a Gaussian autocorrelation function with a correlation length of L = 100 m and an rins
height deviation of o = 16.7 m. The interface is periodic with a period of 2.70 km, the width
of the model. The Fourier transform of the interface function which has been discretized for
the finite difference grid is shown in Figure 9a as a function of horizontal slowness evaluated
at 18 Hz. The value is set to zero at the origin in order to have zero mean interface deviation.
It would be a perfect Gaussian were it not for the finite difference discretization. Histograms
of interface height and slope are shown in Figures 9b and 9c. The largest deviation from the
mean planar surface is 12 m, or 15 percent of the S wavelength in the upper medium. The
largest slope is 0.16, while the mean and standard deviation of the slope are zero and 0.059,
respectively. Since the maximum interface height and slope are fairly well approximated by
twice their standard deviations, histograms will not be provided for the remaining rough
interfaces used in this study. A comparison of the reflection and transmission coefficients
derived from the finite difference and perturbation methods is shown in Figure 10. Agreement
is very good, with both amplitude and shape predicted well by the perturbation method.
"'Ringing" appears to some degree on all of the finite difference coefficient plots, and is most
apparent on the S wave coefficient plots. Plots of the non-physical coefficients for the finite
lifference data are shown in Figure 11. The down-going P wave in the upper medium has
unit amplitude at zero angle. It is clear from this figure that the maximun error is less
than 0.1 percent, and that, this error is associated with the S wave in the upper mnediuiii.
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This error is enough to explain the difference between the finite difference arid pert urbation
results for the reflected S wave coefficient at large scattering angles.

Domain of Validity for the Perturbation Method

The domain of validity of the perturbation method will be explored by comparing refloct io
and transmission coefficients generated using the perturbation method with those derived
from finite difference modeling. Six rough interface models are used in this comparison. each
having a Gaussian autocorrelation function and a uniform random phase. The i nterface
functions are shown in Figure 12(a-f) with two times vertical exaggeration. INIS interface
slope ranges from 0.037 to 0.99 and RNIS interface height is 0.01 km for models A--I. and
0.015 Km for model F. Since the accuracy of the perturbation method is sensitive to the
smallest elastic wavelength in the model, interface height is measured here in terin. of S
wavelengths in the upper medium (SI), and thus the relative height of the irregularities
changes as the frequency changes. The bandwidth of thc 18 tlz Ricker wavelet time furct iOP
used in the finite difference calculation allowed reflection and transmission coefficients to
be computed at three frequencies (9.93, 16.5, and 26.5 liz) in each of the six models, for
a total of 18 comparisons for each coefficient. In these comparisons, RMS interface height
ranges from 0.069 to 0.28 S wavelengths. RMS height, correlation length, and RMS slope
for the models used are listed in Table 1. The material parameters are C', 2.50 km/s.
/31 = 1.44 km/s, Pi = 1.00 g/cm3 , a 2 = 3.00 km/s, /32 = 1.73 km/s, and P2 1.00 g/cm3.
The source is a normally incident planar P wave in layer one. These comparisons are shown
for models A-F in Figures 13(a-f). The reflection and transmission coefficients are the
displacement coefficients P1 , S1, P2, and 52 are normalized so that P1 = 1.

In order to facilitate the comparison of the perturbation and finite difference coefficients.
the curves are compared by finding the L2 norm difference defined by

IIC - C fdll = 100 X (0)
fo0T PIf(d )2d9,

where 0, is the scattering angle and the P coefficient is chosen for illustration. The differences
between method results are plotted for each of the four coefficients in Figures 14(a-d) for
constant RMS interface height, and in Figures 14(e-h) for constant RMS interface slope. The
constant height plots show that the accuracy of the perturbation solution is not significantly
degraded as RMS interface slope varies within the range tested. This L 2 norm result is
verified in the coefficient comparison plots in Figures 13(a-f). The constant slope plots show

that error increases rapidly with increasing RMS interface height. and in this particular
example is acceptable for values of RMS height less than about 0.1 S1 wavelengths.
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FEATURES OF THE 3-D SCATTERED FIELD

Three-dimensional scattering examples will now be presented for the model shown in Fig-

ure 15. The material and interface parameters are identical to those of model D (see Ta-
ble 1 and Figure 12) with the Gaussian auto-correlation function having identical correlat ion

lengths in the x and y directions. In general, a Gaussian rough interface whose major ard
minor axes coincide with the .r and y axes has a Gaussian auto-correlation function of the
form

A , L 2 + . )2

h (k,k,) h ̂ (k,, ky) - (3 1

where L, and L1 are the major- and minor-axis correlation lengths. Equation (3-1) can he
generalized to allow roughness trends at an angle 0 to the x axis by applying a rotation
transformation to get

, ![L2 tk cos(G)+k, sin(0))2+L2u(-k, sin(9)+ky co.s(q))
2

]

h(k.,,k,)1i~k,, ky' (35

In the first example, the source is an 18 ttz planar SV wave propagating downward along
the z axis with particle motion in the x direction. The SV wave scatters into reflected
and transmitted P, SV, and SH waves. The threc-dimensional P, SV, and SH transmissioti

coefficients for this model, fou d using the perturbation method, are given in Figure 16.
The x arid y scattering angles in these figures, referred to as 0. and 0, in the text, are
measured from the downward z axis in the x-z and y-z planes, respectively. They are
defined by 0, = sin-' (kv/w) and Oy = sin - ' (kyv/w) where v is the body wave velocity
of the transmitted wave concerned. Scattering in the z-direction, for example, is given
by 0. = 0. The transmission coefficient plots cover scattering angles in the range

-90o < 0 < 900 and 00 < oy < 90', and are symmetric about the Oy = 0 axis. For all
three scattered wavetypes, these plots show that scattering is maximal in the direction that
conserves source particle motion: for an SV source, P and SV are maximally scattered in
the x-z plane (0y = 0), and SH is maximally scattered in the y-z plane (0, = 0). This effect
is exaggerated by the use of the single scattering approximation. A null is present in the
plane normal to maximal plane: the y-z plane for P and SV waves and the x-z plane for S11
waves. An alternative display of the three-dimensional transmission coefficients is a cross-

section of the coefficients for all scattering angles at a particular azimuth, where azimuth is
measured clockwise in the x-y plane from the x-axis, and the scattering angle is defined by
, = sin - 1 (Kv/w). Cross-sections of the reflection and transmission coefficients for the same

model and source parameters are given for azimuthal angles of 10', 450 , and 80'in Figure 17.
Transmission scattering kernels for the model in Figure 15 are given in Figure 18. Corn-

parison with the SV and SII transmission coefficients in Figure 16 shows that the spatially
band-limited nature of this particular interface damps out the large amplitude features
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present at large scattering angles. The P transmission eotfieirIct t.Xl1 it 11 1, I 1t,1f lie
cusps present in the kernel. Consideration of another interfat. !" tI-- t ic ni r' rlire>
only a visual superposition of the new interface spect runi wil .' ,,'" l . 1i:- i arl

SV source as above and a two-dimensional rough interface WNith 1i , it V -irec-
tion, the problem is truly two-dimensional, and wavkes ar. :tat I e.d i,, I' oi, ,\ If Ihe
interface is rotated 90 degrees so that variation is in the y dir-cti :. 1 , w ':i, V- fili',
three-dimensional, and waves are scattered into P anid S II. ire, £)e,'ri i iwet'rfa,,.- wi,.
auto-correlation functions are described by (35), or perhaps a %,11i ,ar-1 11,, , n ht,,'Iullrd

function, are handled with the same approach.
The second example is the same as the first, but with the S" ,soirce repnlaced, 1) a '

source. The three-dimensional P and SV transmission coefficient q f,)r this mrodtul are iwivri in
Figure 19. Since the source particle motion and the Gaussian alito-correlatim fIItI*tioii are
azimuthally invariant, the scattering coefficients are also azimuthally invariant. l)iwial Ions
of the contours from circular arcs are artifacts of the contouring prograII. Reflectin, Mndl
transmission coefficient cross-sections for this model are given in Figure 20. Note t hal
scattered SH waves are not generated in this example. This is a consequence ()f the single-
scattering approximation. For a normal incidence planar P wave, a minimum of two bounces
are required to generate SH.

DISCUSSION AND CONCLUSIONS

A perturbation method has been presented here for computing three-dimensional body wave
scattering from a rough interface. Its speed and simplicity are such that each of the examples
in this paper was generated on a Macintosh SE computer in less than two minutes. Speed
is an important consideration when three-dimensional modeling is necessary. For example.
many of the two-dimensional finite difference computations done for comparison required 15
Mbytes of core and 23 hours of CPU time on a Vax 8800. In three dimensions, finite difference
solutions for these models would be beyond our resources. For the class of irregular interface
models with small RMS height deviations, the perturbation method is a useful alternative.

Since interface height deviations in the models presented here are small, comparisons of
the perturbation method with the finite difference method were preceded by careful testing
of the finite difference method to show that it is valid for the small deviations used in these
comparisons. It can be shown that in the limit as the finite difference grid sampling interval
goes to zero, and as the numerical precision of the computer goes to infinity, the finite
difference solution converges to the exact solution as O(Ax) (Brown. 1984). However, in
order for the grid sampling interval to be small enough that the finite (difference solutioti is
sutfficiently close to the exact solution, the number of grid points describing a fixed model
must increase as the size of the interface height perturbations decreases. Therefore, the core
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size and speed of a computer are constraints in the minimum interface height perturl)a ,:i
that can be accurately modeled using finite difference method. Of couirse. a planar ,ouid,tr;-,
is an exception to this limit. Another lower limit on interface perturbation size is imposed Av
numerical precision. As the size of interface height perturbat ions decreases, the amlplitii(le
of scattered seismic waves decreases. Since these scattered waves are added to the relat ivelr
large planar interface response, insignificant numerical noise in the planar iiterface respoi-c
can be significant when compared with the scattered field. This is ,robablY lie cans,' Of !!w
"ringing" present in the finite difference-derived scalteiing coefficients. (.ComPa risons Of fiiti.

difference-derived scattering coefficients for a planar model against an aialytical soi,
and for a model with small interface height and slope perturbations against a peruirIb),i, )I

method solution, show that this "ringing" tends to oscillate about the exact solution. llence.
the smoothed finite difference scattering coefficients are useful for comparisons.

Numerous two-dimensional model comparisons of finite difference and pert urbat ion rrvi li d
-cattering coeflicients are given in Figures 13(a-f). In order to make it easier to spot Ir.nds
in these comparisons, each comparison is summarized by a single nunber, the L2 norm Of
the difference, which is plotted versus RNIS slope for a constani RMS height, and againt
RPMS height for a constant RMS slope, in Figure 14. There are two major trends in the
L2 norm results. The error increases strongly with increasing RMS height, and has accept-
able levels for RMS heights of less than about 0.1 S1 wavelengths. Also, error appears to
be roughly constant for increasing RMS slope for the tested range of from 0.037 to 0.99.
Smaller trends, such as the apparent increase in accuracy with increasing RNIS slope, are
misleading. The L2 norm is overly sensitive to the noise in the finite differeice solution being

used as the standard for comparison. This is apparent when the scattering coefficient plots
in Figures 13(a-f) are examined for the trend seen in the L2 norm plots. The L, norm was
also calculated to see whether it is less sensitive to this noise, but time improvements were
minimal. Ultimately. all trends must be confirmed by the scattering coefficient. plots.

The perturbation method was used to calculate P, SV, and SH scattering for an SV
wave normally incident on a three-dimensional rough interface. It was shown that P and SV
waves scattering in the azimuth of the incident SV particle motion have maxinmm amplitude,
and that no P or SV waves are scattered in the azimuth normal to the maximal direction.
Scattered SH waves have the opposite behavior, scattering maximally in the azimuth normal
to the incident SV particle motion. A scattering kernel was defined and demonstrated which
allows the scattering radiation pattern to be separated into a part controlled by the material
contrast at the interface and a part due to the interface. The scattering kernel for the three-
dimensional scattering example shows that scattered wave amplitudes tend to increase in
amplitude for scattering angles beyond the P wave critical angle for the background planar
interface model.

In the three-dimensional scattering example it was shown that there is a null fit P and

17



SV scattering in the y direction, and a null in SB scattering in the x dlirect ion. Theso- iolls
do not exist in the timie-space domain, where a rc Ive n anuv location can uttetwaves,

traveling in all directions. Future work inutdes an extension of the pert iirlatIimi resuts t
the timec-space domain using the discrete waveninhber inet hod (houucliou, 1977) iM ordg' 14r

account for these interference effects.
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Correlation RMS RMS Height RMS Height RMS Height
Model Length Slope in S, Wavelengths in S1 Wavelengths in S Wa\'elengths

at 9.93 Hz at 16.5 Htz at 26.5 Hz

A 0.30 0.037 0.069 0.11 0.18

B 0.10 0.10 0.069 0.11 0.18

C 0.050 0.20 0.069 0.11 0.18

D 0.033 0.30 0.019 0.11 0.18

E 0.010 0.99 0.069 0.1 0.18

F 0.15 0.10 0.10 0.17 0.28

Table 1: Interface parameters for the rough interfaces shown in Figure 12.
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h (x y

In

Figure 1: Gecometry of the rough interface model. The interface is definedl by z
andI the downward-pointing unit normal to this surface is denoted by n .1 Thel
is defined as the mean planar surface for the rough interface.
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Figure 2: Transmission scattering kernels for the model in Figure 8. The Fourier transform11
of the interface is superimposed.
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5.3 km

2.9 km
Vp= 2.50km/~s
Vs =1.44 km/'SI

Figure 3: Planar interface model used to compare finite difference derived reflection and
transmission coefficients with analytical solutions. The source is a point explosion with
an 18 Hz Ricker wavelet time function. The sampling parameters, Ax = Az = 6.67 rn
and At = 0.00156 s, result in a maximum phase dispersion error of -1.1 percent at IS
Hz. The source is located 20 grid points above the interface, and the receiver arrays ;Ire
located 10 grid points on either side of the interface. The horizontal receiver interval i
two grid points. All waves within the seismogram time window are contained within t he
finite difference grid, eliminating the need for absorbing boundaries.
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Figure 4: Comparison between P and S wave reflection and transmission coefficients gener-
ated by finite difference and analytic methods for a planar interface. The model is shown

in Figure 3. The small disagreement present at the larger scattering angles is "Gibb's
ringing" that results from the finite aperture of the receiver array.
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Figure 5: These plots of the wave amplitudes incident on the interface provide a measilre
of the error versus angle. For each wavenumber, the coefficients are normalized by the
amplitude of the down-going P wave source. Hence, the down-going P wave coefficiut
has unit amplitude for all angles. The remaining three coefficients plotted here are iwli-
physical, and are indicative of error in the conversion of the measured finite differw,
displacements and stresses into wave coefficients.
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Figure 6: Comparison between P and S wave reflection and transmission coefficients gener-
ated by finite difference and analytic methods. The finite difference model is identical

to the previous model (in Figure 3) except that the grid dimensions and recever array

sizes are doubled. The receiver spacing is unchanged. The only effect is to double the

aperture of the receiver array. The result is to amplify the "Gibb's ringing" effect of t he

Figure 4 results.
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Figiire 7: Armplitudres of waves Inlcidlent on the interface corresponding to the scattero-fI
amp] )ittudes shown in Figure 6. These are provided as a ineasure of thle error versi i
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Incident Plane Wave

ai1 = 2.50
Pi1 = 1.44
pl= 1.00

a2 = 3.00 9 Times Vertical
P = 1.73 Exaggeration

of the Interface.
p2 = 1.00

Figure 8: Two-dimensional rough interface model used to compare a perturbation solution
with a finite difference solution. The source is a normally incident, 18 Hz, plane wave.
The rough iiiterface has a Gaussian autocorrelation function with a correlation length of
L = 100 m and an rms height deviation of a = 16.7 m. The interface is periodic with a
period of 2.70 km, the width of the model above. The sampling parameters, Ax = 6.6T
m, Az = 2.22 m,and At = 0.00156 s, result in a maximum phase dispersion error of -1.1
percent at 18 Hz. The two receiver arrays are located as close to the interface as is possible
without intersection. The horizontal receiver interval equals Ax. All waves within the
seismogram time window are contained within the finite difference grid, eliminating the
need for absorbing boundaries.
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Figure 9: Properties of of the interface shown in Figure 8: (a) Fourier transform, where the

horizontal slowness is evaluated for 18 Llz, and histograms of (b) interface height and (c)
interface slope.
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Figure 10: Comparison between P and S wave reflection and transrission coefficients gener-

ated from the finite difference and perturbation methods for the model shown in Figure '.
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Figure 11: Amplitudes of waves incident on the interface corresponding to the scattered

wave amplitudes shown in Figure 10. These are provided as a measure of the error versus
angle. The down-going P wave in the upper medium has unit amplitude at zero angle.
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Figure 12: Interface functions used in comparison of reflection and transmission coeffi-
cients derived from the perturbation method with those derived from the finite difference
method. The interfaces have a Gaussian autocorelation function with RNIS height, cor-
relation length, and RMS slope for each interface listed in Table 1.
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