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I. EXECUTIVE SUMMARY

This report summarizes accomplishments and overall progress made during the
period of May 1, 1987 to December 31, 1988. It is the final project report for the
research project sponsored by the Office of Naval Research under Contract N00014-87-
k-0284. It enlists publications and professional activities of the Principal Investigators
during this period. A selected subset of the Principal Investigators’ publications is
included in the Technical Appendices.

" Recent advances in integrated circuits and signal processing technology have
prompted the need of algorithms with higher degrees of modularity and pipelineab:l-
ity, resulting in higher degrees of concurrency and machine perception. It is generally
believed in the research community that higher degrees of concurrency and machine
perception will bring forth many breakthroughs in many signal processing areas, par-
ticularly in adaptive systems, speech and image processing and recognition.

The objective of this research project is to develop an adaptive signal processing
architecture with important features such as modularity, pipelineability, and intelli-
gent use of information. The ground work upon which this research project rests is
a recursive parameter estimation algorithm, i.e., the so-called OBE algorithm, which
features a discerning update strategy. This discerning update is in sharp contrast to
the continual update used by most existing algorithms.

~- The estimation algorithm has been developed with a set-theoretic framework. In
particular, starting with the assumption that the underlying noise (of the system
being studied) is bounded in magnitude. a recursive least-sqaures type of estimation
algorithm was obtained with a discerning update strategy. An important outcome of
such discerning updates is that the resulting algorithm can be implemented with two
modules: an information processor followed by an updating processor. The former
decides whether an update is needed, and the decision is based on the ‘evaluation of
the "information quality” of the input data. the prediction error, and the noise bound.
It is essential that the information evaluation involves very little computational effort,
which is the case here. The latter then updates the parameter estimates when the
information processor decides that such is needed.

Simulation results have shown, in general. that only less than 20% of the input
data are used to update the parameter estinates. This is trme for most practical

systems that can be modeled by autoregressive processes with exogeneous inputs




(ARX) or autoregressive moving average (ARMA) processes whose order is less than
ten.

Conceptually, thanks to the modularity and to the fact that only less than 20%
of input data are used to update the parameter estimates, an adaptive signal pro-
cessing network may be constructed. The network will consist of a number of such
modular recursive estimators, each of which is comprised of two modules, namely, the
information evaluator and the updating processor. As such, the idling time of both
the information evaluator and the updating processor can be reduced, thus the data
throughput rate will be increased. In addition, the reliability of signal processing can
be improved greatly. In essence, this type of adaptive networks will be able to pro-
cess multi-channel adaptation and filtering, improving reliability and data throughput
rates. One of the important applications for this is adaptive array processing in sonar
systems.

In this project, several fundamental issues associated with the development of this
type of networks are investigated. These issues include modelling, statistical analysis
of the underlying estimation algorithm, theoretical studies on convergence issues, and
finite word-length effects.

Modelling of the pipelined concurrent networking structure was investigated with
the aid of discrete event models. In particular, we have devised a time-sharing type
of network structure and employed Petri nets to model the data flow. Timing, syn-
chronization, and routing of the underlying arithmetic operations and propagation of
data are shown to be easily modeled by timed Petri nets. It was seen that the virtues
of the adaptive network structure include improvements of data throughput rates,
cost reduction of signal processing hardware. and improvements of reliability.

Statistical analysis was also performed for the estimation algorithm in its appli-
cation to ARX parameter estimation. This study is important in the development of
routing strategy of data flow and performance analysis of the network. Asymptotic
unbiasedness of the estimates and boundedness of estimation error covariance have
been established under very general conditions, such as whiteness and zero mean for
the underlying noise.

An extension of the OBE algorithm (the EOBE algorithm) has been developed to
deal with ARMA parameter estimation. The results are particularly useful for appli-
cations such as spectral estimation. The algorithm retains the feature of discerning

update strategy and is shown to yield bounded a posteriori prediction errors without
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the premise of the strictly positive real (SPR) condition. This is in sharp contrast to
the conventional algorithms such as the extended least-squares (ELS) algorithm.

It is well known that the SPR condition plays a crucial role in the analysis of the
ELS algorithm. Specifically, without the SPR condition, the ELS can only be shown
to have bounded mean-square a posteriori prediction error. In addition, simulation
results have shown that performance of the EOBE algorithm is comparable to that of
the ELS, in terms of the asymptotic bias of the estimates, a posteriori prediction error,
and a priori prediction error; even though the EOBE used only less than 20% of the
input data to update the estimates. An important point here is that implementation
of the EOBE requires only that the underlying noise is bounded in magnitude. The
development of this EOBE algorithm will help us in the application of the adaptive
network to spectral estimation.

Implementation on finite word-length processors has been studied via simulations.
In particular, the effects of roundoff error accumulation and numerical stability were
studied with fixed point simulations. Based on these preliminary results, it has been
seen that the OBE and the EOBE appear to be superior to the RLS and the ELS,
respectively. One of the possible reasons for such encouraging results is the discerning
update strategy which updates parameter estimates less frequently, thereby accumu-
lates less roundoff errors. Another reason is imbedded in the update equations which
may require more detailed analysis. Nevertheless, these results further verify our
conjecture that eliminating redundant use of information, contained in the received
data, would reduce the effects of roundoff errors.

In summary, our studies showed that the proposed adaptive network structure
is viable. The concept of discerning update, on which the OBE algorithm and its
extension (the EOBE algorithm) are based. is appealing in practice as well as in
theory. The progress made in the project not only demonstrated the OBE algorithm
as a viable scheme for parameter estimation, but also opened some new avenues in
the subject area. The algorithm is applicable to a large class of systems for which
no a priori statistical information is availab.e and the resulting parameter estimates
are assured of goed quality. The only assumption made in the implementation and
analysis of the algorithms is boundedness on the magnitude of the underlying noise.
Due to the discerning update strategy of recursive estimation, the resulting adaptive
system features a higher level of machine perception, higher degrees of modularity,

and is less susceptible to finite word-length processing.




In addition to the above accomplishments, our experience in adaptive signal pro-
cessing using algorithms with discerning updates have facilitated studies on artificial
neural networks. In particular, a learning algorithm in neural networks with selective
updates has been developed as an additional accomplishment of the project. The
resulting algorithm is the so-called selective update back propagation (SUBP).

Recent resurgence in the field of artificial neural networks has called for much
attention to learning algorithms. Learning capability of artificial neural networks
may essentially be responsible for distinguishing those networks from conventional
computing and data processing methodologies.

A commonly studied learning algorithm is the so-called back propagation (BP)
algorithm for perceptron-like networks. The back propagation algorithm is believed to
have the most potential to date for generalization. It bears a great deal of similarity to
the least-mean-squares (LMS) algorithm in adaptive systems. It updates continually
regardless of the benefit of such updates.

As shown by many simulation studies, learning with BP appears to be rather
inefficient as the algorithm often fails to converge. As a matter of fact, in some
practical pattern classification problems, it can be shown that using BP to train the
network will take it farther and farther away from the desired results. We suspect
that the continual updating used by the BP algorithm, which results in redundant
use of data that may not be informative, is a handicap of the learning procedure.

The SUBP algorithm, employing the concept of discerning updates, appears to
have good potential for circumventing these difficulties. Further investigations on

SUBP will be needed.
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II. INVITED LECTURES/SEMINARS

II.A. Invited Seminars at Academic Institutions:
e Y. F. Huang:

1. “Intelligent Learning of Artificial Neural Networks,” June 27, 1988. Institute
of Information Science, Sinica Academia, Taiwan.

2. “Discerning Update in Recursive Parameter Estimation,” Nov. 3, 1988. De-
partment of Electrical Engineering, Princeton University, Princeton, N.J.
¢ R. Liu:

1. “Neural Networks - A New Breed of Computers”, June 27, 1988. Institute of
Information Science, Sinica Academia, Taiwan.
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“Neural Computing”, October 10, 1988. Fu-dan University, Shanghai, China.

3. “Neural Networks: Architecture and Learning”, October 13-14, 1988. Chinese
Academy of Science, Beijing, China.

4. “Neural Networks: Architecture and Learning, October 21, and 24, 1988. Na-
tional Taiwan University, Taipei, Taiwan. .

II.B. Invited Conference Presentations

e Y. F. Huang:
1. Y. F. Huang and R. Liu,
“A High Level Parallel-Pipelined Network Archicecture for Adaptive Signal
Processing”, Twenty-Sizth IEEE Conf. on Decision and Control, Los
Angeles, CA, December 9-11, 1987.

2. A. K. Rao and Y. F. Huang,
“Recursive ARMA Parameter Estimation with a Discerning Update Strategy
- Finite Precision Effects,” ComCon-88, Advances in Communication and
Control Systems, Baton Rouge, LA, October 19-21, 1988.

3. V. C. Soon and Y. F. Huang,
“Applications and Analysis of Second Order Artificial Neural Networks.”
Twenty-Seventh IEEE Conf. on Decision and Control, Austin, TX,
December 7-9, 1988.

e R. Liu:

1. Qiu Huang and R. Liu,
“Diagnosis of Piecewise-Linear Circuits”, IEEE International Symposium on
Circuits and Systems, Philadelphia, PA, May 4-6, 1987.




2.

3.

Vijay Raman and R. Liu,
“Stabilization of Chaos — An Algebraic Theory”, I[EEE International

Sympostum on Circuits and Systems, Helsinki, Finland, June 6-8, 19S8.

D. Graupe and R. Liu,
“Neural Networks for Medical Signal Processing”, 27th IEEE Conf. on

Decision and Control, Los Angeles, CA, December 9-11, 1988.

III. PROFESSIONAL ACTIVITIES

e Y. F. Huang:

1.

2.

Chaired a Session entitled “Estimation,” at the 22nd Annual Conference on
Information Sciences and Systems, Princeton University, Princeton, N.J.,
March, 1988.

Organized a Special Session entitled. “Adaptive Signal Processing,” at the
ComCon-88, Advances in Communications and Control Systems, Baton
Rouge, LA, October 1988.

e R. Liu:

L.

(W1}

Organizeu a special session entitled. *Advanced Topics in Nonlinear Theory.
Testing and Robotics”, IEEE [nternational Symposium on Circuits and
Systems, Philadelphia, PA, May 1987.

. Organized two special sessions entitled. “Dynamics of Discrete Events

Systems [ & 11", IEEE Conf. on Decision and Control, Los Angeles, CA.
Dec. 1987.

. Organized a special session entitled. “Nonlinear Behavior of Neural

Networks”, IEEE [nternational Symposium on Circuits and Systems,
Helsinki, Finland, June 7-9, 1988.

. Organized a special session entitled. “Advanced Nonlinear Theory”,

International symposium on Circuits and Systems, Helsinki, Finland, June
7-9, 1988.

. Associate Editor, [EEE Transactions on Circuits and Systems, June 1, 1985 -

May 31, 1987.

. Member of Program Committee, /758 [nternational Symposium on

Communication and Control, Baton Rouge, LA, Oct. 1988.

. Member of Program Committee. /EEE International Symposium on Circuits

and Systems, Portland, OR, May 9-11. 1989.

. Member of Administrative Committee of the IEEE Circuits and Systems

Society, 1987-1989.
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IV. THESES AND DISSERTATIONS DIRECTED

The following is a list of masters theses and doctoral dissertations that are spon-
sored, in part, by the grant.

e Y. . Huang:
1. Ashok K. Rao (M.S.)

Thesis Title: Applications and Extensions of a Novel Recursive Estimation
Algorithm with Selective Updating. (Graduation Date: August,1987)

2. James C. Francis (M.S.)
Thesis Title: Distributed Detection: A Totally Neyman-Pearson Optimal De-
sign Scheme. (Graduation Date: January, 1988)

3. Shih-Chi Huang (M.S.)
Thesis Title: Learning with Selective Updates for Artificial Neural Networks.
(Graduation Date: August, 1988)

1. Victor C. Soon (M.S.)
Thesis Title: On the Capacity of Perceptron-Like Neural Networks. (Gradua-
tion Date: January, 1989)

5. Ashok K. Rao (Ph.D.) Dissertation Title: Recursive Estimation for ARMA
Parameters with Selective Updates. {Expected Graduation Date: August 1939).

e R. Liu:

1. Qiu Huang (Ph.D.)
Thesis Title: A Novel Approach to CAD for Large-Scale Piecewise Linear Syvs-
tems, (Graduation Date: May, 1988).

Zhi-hong Chai (M.S.)
Thesis Title: Complexity of Inversion of Large Matrices. (Expected Graduation
Date: December, 1989).
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*2. Y. F. Huang and R. Liu
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*6. Qiu Huang and R. Liu
“A New Efficient Algorithm for Analysis of Piecewise-Linear Circuits”, ;989
IEEE ISCAS, (to appear).

V.C. Journal Publications

*1. A. K. Rao, Y. F. Huang and S. Dasgupta
“ARMA Parameter Estimation Using a Novel Recursive Estimation
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2. M. Ammar and Y. F. Huang
"An M-Interval Quantizer-Detector Based on Statistical Moments.”

submitted for publication, revised.

3. Y. F. Huang and E. Y. Zhang
“Echo Cancellation in Full-Duplex Systems Using a Modified Stochastic

Gradient Estimation Method™, submitted for publication.

*4. 5. C. Huang and Y. F. Huang
“Learning with a Selective Update Strategy for Neural Networks,” submitted

for publication.

*5. Qiu Huang and R. Liu
“A Simple Algorithm for Finding All Solutions of Piecewise-Linear
Networks”, [EEE Trans. on Circuits and Systems, (to appear).

6. H. H. Ammar, Y. F. Huang and R. Liu
“Hierarchical Models for Systems Reliability, Maintainability, and

Availability”, JEEE Trans. on Circuits and Systems, pp. 629-639, June 1937.
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A MODULAR RECURSIVE ESTIMATOR
FOR
ADAPTIVE SIGNAL PROCESSING

Y.F. Huang
Department of Electrical and Computer Engineering
University of Notre Dame
Notre Dame, IN 46556

Abstract - This paper addresses a newly developed recursive estimation algorithm which
features a discerning update strategy for parameter estimates. This is in contrast to conven-
tional algorithms’ continual update of parameter estimates. Of particular interests here is its
higher degree of modularity, as a result of the disceming update strategy, and its potential for
pipelined adaptive signal processing architecture.

INTRODUCTION

Effectiveness of recursive estimation is known 10 be extremely critical in the design and
implementation of adaptive systems. Issues such as accuracy of parameter estimates, speed of
convergence, and numerical stability of recursive estimation algorithms have received a great
deal of attention throughout the years with numerous books and journal articles on these sub-
jects, see, e.g., [1-7]. Recently, due to the advent of the very large scale integrated (VLSI) cir-
cuits technology, there have been intense interests on constructing more efficient signal proces-
sors to be compatible with such technology [8-11). Algorithms which can be implemented
with higher degrees of modularity and pipelineability (hence higher degrees of concurrency)
will be very much in demand. In addition. to further improve the effectiveness of data pro-
cessing, estimation algorithms which can extract information intelligently will prove to be prac-
tically appealing for adaptive signal processing . 'stems. There exist immediate applications of
such algorithms to many modern communication systems, such as ADPCM for speech nrocess-
ing and adaptive echo cancellation in telecommunications.

A common feature of most, if not all, existing recursive estimation algorithms is the con-
tinual update of parameter estimates without regard to the benelits provided. Thus even if a
new measurement contains no fresh information and even if its use fails to result in any
improvement in the quality of estimation, the update does not cease. A classical argument for
that is to assume that the underlying signal sequence is an independent one. It thus implies
that some innovative information can be acquired from each new measurement. In practice,
this assumption often fails to hold as data from many natural sources, such as speech processes
and underwater signal processes, have exhibited dependent characteristics. Another issue of
much concern is that of numerical stability. Experience in digital filter theory over the last two
decades has shown that special attention must be paid to problems arising from finite word-
length implementations [9]. Typical such problems are propagaton of round-off errors,
overflow oscillations, and limit cycles. The continual update strategy usually involves more
computational complexity, thus is more likely to result in numerical instebility. In addition,
the time delay due to updating may result in deviations from the presumed model on which the
estimation process is based. This not only destroys the purpose of estimation, but could also
cause instability of the entire system.

In short, the continual update strategy of existing recursive algorithms is not only redun-
dant, but is often detrimental. Recently, a recursive estimation algorithm with a discerning
update strategy has been developed [12-15]. The fundamental concept of the algorithm is
based on the realization that, in reality, not every received datum conatains sufficient innovative
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information to yield improvements on the parameter estimates. Thus at every data point, a
decision is made on whether the received data contains enough fresh information to improve
the parameter estimates. As shown in Fig. 1, the resulting estimator consists of two modules,
an information processor followed by an updating processor. The former evaluates the infor-
mation content of the received data and decides whether an update is necessary. The updating
processor thus computes a new parameter estimate only when the information processor
decides that an update is needed.

PROBLEM FORMULATION

Many processes commonly encountered in the area of digital signal processing can be
formuiated by the following autoregressive exogeneous input (ARX) model:

)'t=iai Yk—i+ib/“k—/+vk (N
= =0
The above equation can be simplified as
N = 87 xp + v )
where 8'T 8(a,..... a0 b by . ..., ba) and x{ B [yeei v Yecns U re Ugm]. The problem

of recursive estimation is essentially concemed with the evaluation of an estimate of 8, at
every time instant k, with the given measurement (y,,x,) and the estimate at time k-1.

The algorithm proposed in (12] and its extensions {14,15] are derived on the basis of a
boundedness assumption on v,. In particular, assuming that

v <Y forall k. (3)
then (2) and (3) together yield
e - 0T < ¥ (4)
Let S, be a subset of R™™*' defined by
Se=1{8: (e - 87 x? S ¥, Y€ R™™) &)
Note that S, is a convex polytope in R™™! At any instant k, consider the intersection of the
sequence of the polytopes Sy .. ... Se. It must contain the modeled parameter 8°. However,

formulation of this intersection set is analytically complex. A better alternative is to consider
ellipsoids which bound it. Clearly, such ellipsords must also contain 8°.

Another type of processes also commonly encountered can be modeled by the following
autoregressive-moving-average exogeneous input (ARMAX) model:

=Y+ 0 tayeat b v bl t Vi OV 0, (6)

where {v,;} is a white noise sequence. Similarly to (2), (6) can be rewritten as

vi=yp - 07 xy M
where 87 8 [ay, ..., apub) , ... by €1, ., C,]. is the vector of true parameters. At time k if an
estimate of 8 is available, v, could be estimated by €, according to:

€ =y - 87 8
with

Xy = [ Yacts v Yions Uicts oor UgemiEhes o Eior)|

and 6’y being the estimate of the true parameter 8°. As such, one may obtain analogous
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formulations for the convex polytope as (5), as well as for the bounding ellipsoids.

THE ALGORITHM

Recursive algorithms have been derived based on both the ARX and the ARMAX
models. The recursive algorithm is initialized with a sufficiently large ellipsoid which covers
all possible values of 8°. After (y;, x;) is acquired, one is to find an ellipscid which bounds
the intersection of the initial ellipsoid and S;, and which is in some sense "optimal”. Such an
ellipsoid is denoted by E;. By the same token, one can proceed to obtain a sequence of
optimal bounding ellipsoids (OBE) {£,}. The estimate for 8°, at the & instant, is defined to
be the center. Thus the problem of recursive estimation is converted to one of finding a
sequence of OBE’s. The striking feature of this procedure is that, in general, the OBE needs
to be updated only when a new observation set intersects it in such a way that the resulting
intersection set is "significantly smaller than the previous one. As shown in [12], the decision
1o update is based on the result of the optimization procedure. This essentially results in an
"information evaluation procedure”, as shown in Fig. 1.

The OBE may be chosen to be the one which has the minimum volume {12,13]. On the
other hand, one may also choose the OBE as the one for which a normalized bound on the
estimation error is minimized {14]. The information evaluation procedure involves much less
computation, compared to updating of the parameter estimates. In fact, the informaton evalua-
tion of [14) involves even less computation than its counterpart of {12].

DISCUSSIONS

According to our simulation experience, only 20% of received data are needed for updat-
ing estimates and the results are as accurate as those of the recursive least-squares. This is true
for almost all cases in which the number of parameters to be estimated is less than ten. This
result demonstrates remendous redundancy involved in conventional recursive estimation alg~
rithms. Other features of the algorithm include a better tracking capability [14] for slowly
time-varying parameters, as well as cessation of updating thus improves numerical stability and
the accuracy of the final estimates.

As a result of the modular structure, there exists a great potential for constructing a pipe-
lined architecture. Furthermore, due to the simplicity of computation needed by the informa-
tion evaluation procedure, one may be able to increase significantly the data-throughput rate by
constructing a time-sharing type of processor networks. This is a subject of some on-going
research projects.
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Abstract

This paper investigates a recently developed modular recur-
sive estimation (MRE) (1.2] algorithm using discrete event
models (DEM). It also proposes a concurrent, pipelined adaptive
signal processing architecture based on parallel networking of
these MRE's. The main feature of the MRE is a disceming
update <rrategy for parameter estimates, in contrast to the con-
tinual update strategy of conventional algorithms. Not only does
this discening update strategy result in a higher degree of modu-
larity, but also does it facilitate more effective use of datwa infor-
mation.

I. INTRODUCTION

The growing need of high speed digital processing of large
volumes of data has resulted in a great deal of interest in signal
processing algorithms which possess important features of modu-
larity, pipelineability, regularity, and flexibility. The advent of
the very large scale integrated (VLSI) circuit technology has
made available low cost signal processors with higher degrees of
concurrency in computation. Design and implementation of
adaptive signal processing algorithms will undoubtedly benefit
from such progress.

Much work has been done to improve modularity and con-
currency in the computational aspects of signal processing algo-
rithms, see, e.g., [3-7]. Litle was done to devise modular aigo-
rithms at the “"higher" level. Recently, Huang [1.2] proposed a
recursive estimation algorithm which features a modular struc-
ture, as depicted in Fig.l. In particular, the process of recursive
estimation is carried out in two steps: information evaluation of
the received data first, and then updating of parameter estimates.
The latter proceeds only if the former decides that an update of
parameter estimates is necessary. In addition to higher degrees
of concurrency, this sort of schemes also have the benefit of
better numerical stability.

A common feature of most, if not all, existing recursive
estimation algorithms is the continual update of parameter esti-
mates without regard to the benefits provided. Thus, even if a
new measurement contains no fresh information and even if its
use fails to result in any improvement in the quality of estima-
tion, the update does not cease. A classical argument for that is
to assume that the underlying signal sequence is an independent
one. It thus implies that some innovative information can be
acquired from each new measurement. In practice, this assump-
tion often fails to hold as data from many natural sources, such
as speech processes and underwater signal processes, have exhi-
bited dependent characteristics.

In general, the continual update strategy results in algo-
rithms that are numerically intensive. It is thus more likely o
result in numerical instability. Furthermore, the time delay due
to updating may result in deviations from the presumed model on
which the estimation process is based. This not only destroys
the purpose of estimation, but could also cause instability of the
entire system.

In addition to the virtues discussed above, an outgrowth of
this modular recursive estimation (MRE) is a parallel-pipelined
networking structure. Note that many data sampies will be
rejected by the information evaluation (IE) procedure. OQur simy-
lation experience has shown that, for lower order systems (say,
eighth order), only 20% of the received data are used for updar-
ing parameter estimates and the results are as accurate as those
of the recursive least-squares. In fact, this number could even be
smaller in some applications (8].

As shown in [1,2}, it can be designed so that the computa-
tional complexity of IE is much less than that of the updating
(UPD) procedure. As a result, both the [E and the UPD could
involve a good amount of idle time. A viable idea is thus to
consider a parallel, pipelined network configuration of such
modular estimators to (multiplex) process signals from multipie
channels. In this case, issues of data throughput and those of
routing (or queuing) of parameter estimates become complicated
and have be addressed.

The purpose of this paper is to investigate these aforemen-
tioned issues, and effectiveness of the parallel, pipelined network
architecture. Realizing that data throughput and routing in signal
processing are sequences of discrete events, we investigate the
potential of DEM to facilitate our study.

1. A MODULAR RECURSIVE ESTIMATION ALGORITHM

This section summarizes the estimation algorithm proposed
in [1,2]. Consider the following auto-regressive exogeneows
input (ARX) model:

Vt’ia qu+tb“t-,*vx "
=1
=T X +vy @
where e.T .A [al e a bo bl c q] d
G20k Vip e g ] The P"Oblem of recen

estimation is essentially concemed with the evaluaton of sa e
mate of 8°, at every time instant k, with the given mcas
(YirX) and the estimate at time &—I.
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Figure 1: A modular recursive estimator.
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The algorithm proposed in [1,2] is derived on the basis of a
poundedness assumption on v, namely,

vi S ¥, for all k. 3

parameter estimates resulting from this algorithm is formulated
as follows:

0, =0y + A Pyxi §, (4a)
1 Puy e Py
=lip, 3, L TR Tl 4
Pk I-X, [P‘-l M X-M + l‘G' ] ( b)
A(1-208
o = (1-Aody + Ay ¥ = ot t ()

l—lt + Xng
where 8, is the parameter estimate at time &, &, Ay - x{ B, is
the prediction error, and G, 8 x] P, x. The variable A, is
defined as follows: ‘

() Y20l +58ithend,=0. (Sa)
(i) Otherwise, Ay =min(, vy); where (5b)
« if 8 = (6a)
[._
v = 1 | Gt
—_] - —_——— if B(CG-1)+1>0 (6¢)
i, " N e e
a if Bk(Gk-[) +1s 0 (6d)

\
with B, & (F - ol

Note that the decision of update or not depends on the
value of A, evaluated by Eqs. (5). In general, the algorithm can
be initialized with 84=0 and Pgy=l/€, where 0 and / are null vector
and identity matrix of appropriate dimensions, respectively; and €
is a very small positive real number.

II1. A DEM FOR THE MRE

In this section, it is shown that DEM are employed to
investigate the data flow and timing of event sequences associ-
ated with computation involved in the MRE. In particular, Petri
nets are used to model events and states corresponding to com-
putation at three different levels. These models provide a clair-
voyant picture of blocks of computation that can be carried out
concurrently. They also show propagations of data computation
in information evaluator and updating processor.

Note that the models used here are the so-called (extended)
timed Petri nets {9-11). In these Petri net models, there are
essentially two types of transitions: immediate transitions and
timed transitions. In our study, immediate transitions signify
events such as shift, compare, or simply synchronization. On the
other hand, timed transitions stand for compusations, such as
additions or multiplications, which take non-negligible amounts
of ime. Depending on the level of modeling, this transition time
may be deterministic or random. These models are shown in
Figs. 2-5, in which bars stand for immediate transitions whereas
rectangles are timed transitions.

Figure 2 depicts propagation of data computation in [E. Let
1, and t,, denote the times needed for each addition and for each
multiplicaion of two real numbers, respectively. It is assumed
here that an unlimited number of multipliers and adders are
available concurrently and that memory access and data transfer
are events which consume no time. Thus, as shown in Fig. 2,
with concurrent multiplications [E can be accomplished in
2t,, + t,[1+x]), where x is the integer satisfying x-1Slogansx
with n=p+g+l. A building block of matrix-vector multiplication
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is shown in Fig. 3, which also shows that such an operation
elapses T,+KT, ime units.

An ETPN model for a complete cycle of the MRE process
is depicted in Fig. 4. Note that conflicung transitions, such as r(,
and ty;, f3 and fys, etc., are used to model decision making for-
mulated by Egs. (5) and (6). Thus, given a set of data samples,
the sequence of events in [E and UPD and the corresponding
timing can be obtained eusily from Figs. (4a) and (4b). Note
that the time consumed by each cycle of [E and UPD is deter-
mined provided that the routing of data flow is given.

In Fig. §, an ETPN is used to depict the MRE at the higher
level. It is seen that wansitions 7y and ¢y are conflicting, and that
14 is a randomly timed transition whereas 5 is deterministically
timed. Routing of data flow depends on probabilities of
occurrences of event fy and ¢;, which may be determined from
the sampled data and the underlying system characteristics. Ran-
domness of ry is a result of routing as seen in Fig. 4(a). Its
firing time is a discrete random variable which assumes one of
only three values, depending on the decisions formulated by
Eqs.(6).

Examining Figs.(4) and (5) reveals that compleuon of one
cycle of [E needs 2t,+t,(x+!), and completion of UPD requires
Stuttx+1) + T, where T is the random transition time of ¢4 in
Fig.5. In general, one can expect that the average value of T is
in the order of 3t,+kt,. Thus if all sampled data proceed
through both [E and UPD, the latter will become a bontle-neck of
the estimation process while the former will have a significant
amount of idle time. On the other hand, if a large percentage of
data stops at the completion of IE, the UPD may frequenty be
idle. Considering ecither scenario, one sees the inefficient use of
the signal processors. Furthermore, in soms practical cases, the
sampling rate may be greater than the data throughput rate of IE
and UPD. In such a situation, real-time signal processing may
be seriously handicapped. One of the possible methods to
resolve such ---fficiency and handicap is a parallel-pipelined
architecture to - discussed in the next section.

IV. DESIGNING A PARALLEL.PIPELINED
ARCHITECTURE FOR MULTI-CHANNEL
ADAPTIVE SIGNAL PROCESSING

The objective of this section is to investigate design metho-
dologies which may improve data throughput rate and which
may result in more efficient use of signal processors. We also
hope to examine the power of DEM as an aid to the design pro-
cedure. The architecture proposed here is shown in Fig.6. It is
assumed here that signals are received from N, different chan-
nels, and that N; [E's and Ny UPD’s are available. In general, it
may be desirable that both N; and V5 are less than N for cost-
effectiveness purposes. Nevertheless, such may not be the case
if higher throughput rates and reliability are more critical.

Consider the following scenario: All signals are received at
the same sampling rate which is much faster than dawa
throughput rates of both [E and UPD, and only a small percen-
tage of samples proceeds through the UPD. Assume that sam-
pled data and parameter estimates for all channels can be stored
in buffers A and B. Thus all [E and UPD will be transparent to
different channels. In essence, both buffer A and buffer B are
queues of customers which are sharing and competing for a lim-
ited number of resources. An imponant issue here will be the
design of the numbers N; and N3 as functions of Ny, sampling
rates, data throughput rates, channel statistics, and other applica-
tion constraints. In practice, this is often an issue of tradeoffs, as
opposed to optimality. Also, the queueing discipline of buffer A
and buffer B need to be designed as well. In particular, there
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may be different priorties, in terms of the desperateness for
parameter updates, for different channels. Tracking of variations
of parameters and system charactenistics should also be of much
concemn, especially in the content of overall system stability.
These issues will be further complicated if sampling rates for
different channels are different.

The virtues of this type of signal processing architecture are
improvements of Jata throughput rates, cost reduction of signal
processing hardware, and improvements of reliability. If some of
the IE’s or UPD's fail, the network will still be able to function
properly. It would also benefit from efficient use of information
contained in the received data, a potential for interplay of adap-
tive signal processing and artificial intelligence.

Accomplishments of these design problems will certainly
rely on effectiveness of the modeling tool available. State-of-
the-art models, such as finite state machine (FSM), Pewi nets
(PN), and finitely recursive processes (FRS), will be investigated
as to their suttability to this signal processing design problem.

V. CONCLUSIONS

The propagation of data computation and timing of a modu-
lar recursive estimation algorithm are examined using a discrete
event model. The key to the MRE algorithra is a decision-
making regarding the information content of the received data.
As a result, it features modularity at the higher level, as opposed
to the computational level. This feature enabled us to consider a
parallel-pipelined architecture for adaptive signal processing net-
work which makes more efficient use of signal processors and
will facilitate achievement of real time signal processing.
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RECURSIVE ARMA PARAMETER ESTIMATION WITH A DISCERNING
UPDATE STRATEGY- FINITE PRECISION EFFECTS

Ashok K. Rao Yih-Fang Huang
University of Notre Dame University of Noae Dame

Introduction. The performance of adaptive filter algorithms in finite precision environments
has received a lot of attention in the past few years. The problem is important because a practical
implementation of these algorithms wiil impose constraints on the word-length, which may cause
significant degradation in the perforrnance. Sor example, some of the fast least-squares algorithms,
though appealing in theory, have been found to be unstable in finite word-length implementations [1].
Round-off and quantizatiza errors affect different adaptive algorithms in different ways. The
accumulaton of rcund-off errors in the recursive least-squares (RLS) algorithm can cause the inverse
of the associated estimated covariance matrix to become indefinite and the algorithm to diverge fairly
.arly, especially if the order of the filter is large(2,3]). This effect is pronounced if the data is ill
conditioned, i.¢., the data autocorrelation matrix has a large eigenvalue spread. On the other hand, it
can take millions of iterations before the effect of quantization errors becomes noticeable in the widely
used LMS algorithm{4].

In this paper we first study the effects of roundoff errors in a fixed point implementation of the
so-called Optimal Bounding Ellipsoid (OBE) algorithm(5]). This algorithm estimates recursively the
coefficients of autoregressive with exogenous inputs (ARX) processes. One of the main features of
this algorithm is a discerning update strategy. This feature, obtained by the introduction of an
information dependent updating/forgetting factor, yields a modular saucture thereby increasing the
potential for concurrent and pipelined processing of signals. The presence of such a forgetting factor
also gives the algorithm the ability to track time varying parameters.

The OBE algorithm belongs to a broad family of algorithms known as membership set parameter
estimation algorithms (6],(7],{8]. These algorithms are particularly useful when the statistical
properties of the noise sequence {v(t)) are unknown, but instantaneous bounds on its magnitude are
available, In the past few years, there has been a resurgence of interest in these algorithms. However,
the key issue of finite precision effects has not received much attention. We have found that in smail
word-length situations, the performance of the OBE algorithm is superior to that of the RLS algorithm
(with and without forgetting factor). The EOBE algorithm, which is an extension of the OBE
algorithm to ARMA models{9] is studied next and simulation results also indicate that the EOBE
algorithm has better numerical properties than the extended least-squares (ELS) algorithm(see[3)for
details of the RLS and ELS algorithms).

This paper is organised as foliows: The first section introduces the concept of membership-set
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parameter estimation and describes in fuller detail the OBE algorithm. The next section presents the
extension of the OBE algorithm for parameter estimation of ARMAX processes. The simulation
procedure and the simuiation results are presented in the following two sections. The paper concludes
with discussions of the simulation results.

The OBE Algorithm.  Membership-set parameter estimation is concerned with the
determination of sets of parameters which are consistent with the measurements, model structure, and
noise constraints. The model and noise representations commonly used are

y) =8* T +v(r), WIS )
where (y] is a sequence of scalar observations, 8* is the parameter vector to be identified, (1) is a
n-vector of variables known at time t, (v} is the noise sequence and + r'/(t) are the time varying noise
bounds. Given a sequence (y(i),®(i)}, i=l..k, the optimal membership set

vok =N ki-l si
where
S;= (9: (y()- 8T &())? sr(i), 8eR" )

From a geometrical viewpoint, S, is a convex polytope in R" and contains the true parameter vector.
Finding Vok is often computationaily intractable and it is therefore necessary to approximate \uok by
some set which approximates it closely and which can be described and updated economically. The
different membership-set algorithms differ in the way the optimal membership set is approximated and
in the method used to obtain an optimum(in some sense) set.

The OBE algorithm estimates the coefficients of ARX processes described by
y(t) = 2, y(t-1)+..+ a_ y(t-n) + by u(t) + b u(t-1) +..+ b ut-m) + v(v)
where y(t) is the output, u(t) is the input and v(t) is the noise contaminating the observations.
The above equation can be recast as :
y() =0°TdM +v()
where
0° = (a2, .2 .2, , by .b,..b ¥
is the vector of true parameters, and
o) = { y(t-1), y(t-2), .. y(t-n), u(t), u(t-1), .. ut-m) } ¥
is the regressor vector. It is assumned that the noise is uniformly bounded in magnitude, i.c.,
there exisis v, 20, such that
v <yl for all t, hence
o - 8Tow P <yl
Let S, be a subset of the euclidean space R"*™*!, defined by
S;= (0: (y»- 8T ®M)2 S v,2 .8eR "™
The OBE algorithm starts off with a arge ellipsoid, Ey . in R™™*! which contains all possibie values
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of the modelled parametes 8°. After the first observation y(1) is acquired, an ellipsoid is found which
bounds the intersection of Eq and the convex polytope S;. To hasten convergence, this ellipsoid must
be optimized in some sense, say minimum volume(7] or by any other criterion($,10]. Denoting the
optimal ellipsoid by E, one can proceed exactly as before with the future observations and obtain a
sequence of optimal bounding ellipsoids(OBE) ( E, }.

The center of the cilipsoid E, can be taken as the parameter estimate at the t-th instant and is
denoted by 6(t). If at a particular dme instant i, the resulting optimal bounding ellipsoid would be of a
“ smaller size ", thereby implying that the data point y(i) contains some " information " regarding the
parameter estimates, then the parameter estimates are updated. Otherwise E; is setequal t0 E, ;. and
the estimates are not updated. In essence, the recursive estimator consists of two modules, an
information evaluator followed by an updating processor. At each data point, the received data
proceed to the updating processor only if the information evaluator indicates that some fresh
information is contained in the data.

Specifically, let the ellipsoid E,, at the (t-1)-th instant be formulated by
E,={0:(8-0@1))TP'(1) (8-8(-1))s o2@-1) }
for some positive definite matrix P (t-1) and a non-negative scalar 62 (i-1). Then, given y(1), an
ellipsoid which bounds E, ; N S, "tightly" is

(8: (1-2)@=-0 (D) P'G-1)(8-0 (1)) + A, (y©-8'®)

s -l‘)ol(t-l) + klyg ]

where the forgetting factor A, satisfies 0 S, < a <I, with a being a user chosen upper bound on the
forgerting factor. The size of the bounding ellipsoid is related to the scalar 0® (t-1) and the eigenvalues
of P(1-1). The update equations for 8(t), P(1) and o2(t), derived in [5], are as follows

8() = 8@-1) + K@)d@) (2a)

&y = y@ - 0T (t-1) D@ (2b)
AP DO

K([)-‘—-———. (ZC)
1-A+ A G(1)

G(t) = ®T(t) P(t-1) d() (2d)

P(t) = TE;[I-K(()OT(O] P(1-1) (2e)

where @(t) is the regressor vector which contains present and previous input and output samples.
The optimal ellipsoid which bounds the intersection of E, , and S, is defined in terms of an optimal

value of A,. For the OBE algorithm of [5], the optimum value l‘, is determined by minimization of
o3(t) with respect 10 A, at every time instant. The minimization procedure results in a discerning
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update procedure. In particular, X‘l is set equal to zero (no update) if

o}V + 841 < X1 3)
On the other hand, if (3) is not satisfied, then the optimal value of A, is computed as follows:
A", = min (a, v,) @
where
i 80 =0
1-B(1) .
— ifG(t)=1
Vl =
1 [ G .
1- if O (G)-1)+1>0
L-G® ™\ 14 B0 (G -1) :
a R (GH-1)+150
and

8 Y- a'(t-1)

8w
The above recursions(2), and the selective update criterion (3,4), along with the initial values

Pi0) =1, 8(0)=0and 0%0) = I/ withe <<!

form the basis of the OBE estimation algorithm. Note that the OBE algorithm is similar in form to the
weighted recursive least-squares (WRLS) algorithm, with the information dependent updating factor
acting as a weighting factor on the observations. Note also that the complexity of the information
evaluation procedure (3) is much less than that of the updating procedure (2).

169)

Ihe Extended OBE ilgorithm. An ARMA (n,r) process is of the form

y(©) = 2, y(t-1)+..+ &, y(t-n) + w(t) + ¢; w(t-1) +..+ ¢, w(t-) 5
where y(t) is the output and w(t) is the input noise which is assumed to be uncomrelated and unknown.
If w(t) is assumed to be bounded in magnitude by ¥, . then the OBE algorithm can be extended to this
ARMA panameter estimation problem, if estimates of w(t-1), w(t-2)..,w(t-r) are availabie{9]. The
algorithm is essentially the same except for the following changes:
(i) The regressor vector is now given by

o) =[y@t-1}, . y(t-n), &t-1), ..et-n))T
where

e =y - 6T
is the a pasteriori prediction efror and the parameter estimate 8(t ) is the estimate of the 3;, i =1.2....n
and ¢, j = 1.2,..r.
(ii) The Yy in (3), which is the upper bound on the noise, is replaced by v, an upper bound on the
magnitude of the output y(t).
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It is easily shown that, for the EOBE algorithm, minimizing 6%(t) with respect to A, at every time
instant yields the same updating criterion (3) and the same aigorithm for determining the optimum
value of the forgetting / updating factor k" , as in [5]. The algorithm thus retzins the disceming update
sgategy and the modular adaptive filter structure.

Simulation Setup. A fixed point implementaton of the OBE algorithm was simulated by
performing the operations in integer arithmetic. The input and output observations, which are
generated as floating point numbers, are converted to integers by the formula

INT(x. 2% +0.35) , x>0

xqulﬂl =

INT(x. 2i%".0.5),x<0.
where jbit is the number of bits assigned for the integer representadon of the fractional part of the real
number x. In the simulations, since an integer is stored in 32 bits, all registers and word sizes are 32
bits. Multiplication is performed by forming the product in a 48-bit word, scaling dowa by 2°1%, and
then rounding off to the nearest integer. Inner products are formed similarly by accumulating the
products in a 48-bit word, scaling down and then rounding off.

The upper bound & on the forgetting factor, has to be chosen with care in the fixed point
implementation of the OBE and EOBE algonthms. If a is chosen greater than 0.1, then the elements of
the marrix P often increase rapidly in magnitude and overflows can occur. The reason for this is that in
the initial stages, the optimum value of the forgetting factor A equals « fairly often. Consequently,
since 1- A appears in the denominator of (2¢), the magnitude of the elements of P can increase and
cause overflows. On the other hand, if @ is chosen too small then the algorithm takes more iterations
to converge and the number of updates increases. A value of o =0.1 was found to yield a satisfactory
convergence rate and inhibit overflows in the update equation for P(t).

In addition to & , the initial value 62 (0) has to be chosen small enough to prevent overflows in the
subsequent calculatons of A*. This is because if, at any time 1, 63(1-1) is large and 8%(t) is small
then B = (yY2-62 (1-1))/ 8%(t) can become a very large negative number and the product B(G-1) can
overflow. However, if overflows can be detected and a saturation value is used for (3, then the
calculation of A* will not be affected. Since B is negative and large in magnitude, 1+(G-1) is a large
positive or negative number, depending on whether G is greater than or less than unity. In case
1+B(G-1) is positive, then it can be seen from (4) that v, is greater than unity, and consequently A*=
a. On the other hand if 1+B(G-1) is negative then A*= a from (4). Thus large values of G(0) can be
used if care is taken to account for overflows in the algorithm for calculating A*. In our simulations,
the inidal (unquantized) value taken is o2 (0) =100.

For the RLS algorithm, the initial value P(0) is also important. Since the bias in the estimates is
inversely proportional to P(0), P(0) should be large. However large values can cause the Kalman gain
vector K to overflow, and the parameter estimates to grow exponentially in the initial stage (11].
Therefore a compromise value P(0) = 10 I, where [ is the identity matrix, was chosen.
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Simulation Resttits. To compare the performance of the OBE algorithm vis a vis the RLS and
EWLS algorithms, simulations were performed with an AR(4) and an ARX(4,4) process
Example 1. AR(4) process

y(t) = -0.6 y(t-1) -1.58 y(2-2) - 0.464 y(1-3)- 0.5576 y(1-4) + v()
The noise sequence {v(t)} is generated by a pseudo-random number generator with a uniform
probability distributdon in [-1.0, 1.0}. The upper bound v% was set equal to 1.0. The parameter
estimates were obtained by applying the OBE and the RLS algorithms to 500 point data sequences.
Twenty five runs of the algorithm were performed on the same model but with different noise
sequences. The number of bits used for the fractional part, ibit, was varied from 16 down to 8 bits.
The average squared parameter error L is computed for each value of ibit according to the formula

1 o T .
L -Eg(ej-e ) (Oj-ﬁ )

where 6, is the final parameter estimate in the j-th run and 9° is the true parameter. The average tap
error for the OBE, RLS and exponentially weighted RLS(EWLS)with forgetting factor A =0.99, is
plotted against ibir in Fig.1. It can be seen that the performance of the OBE algorithm appears to be
constant as the number of bits varies from 16 t0 9. In contrast, the performance of the RLS algorithm
degrades substantially as the word-length decreases. The performance of the EWLS algorithm is even
worse. The RLS and EWLS algorithms overflowed for ibit S 8. The OBE algorithm overflowed for
ibits 7.

Example 2. ARX(4,4) process

y(t) = 0.5y(t-1)-0.4y(1-2)+0.6y(1-3)+0.2y(t-4) + u(t)-0.29u(t- 1)+0.5u(t-2)-0.7u(t-3) + v(t)

The input and noise sequences are generated by a pseudo-random number generator as before. The
average tap error L, for the OBE, RLS and EWLS algorithms is plotted against ibit in Fig. 2. As
before, the average tap error of the OBE algorithm appears constant as ibit varies from 16 to 7 bits.
The RLS and EWLS algorithms do not work well for ibit < 8.

Simulations were also performed for an ARX(10,10) modei. However the large order seems to
have caused greater accumulation of round-off errors in both the RLS and OBE algorithms and
consequently overflows occurred.

Example 3.
The performance of the EOBE algorithm was evaluated by simulating an ARMA(3,3) process

y(t) = 0.4 y(t-1) + 0.2 y(t-2) + 0.6 y(t-3) + w(1) - 0.6 w(t-1) + 0.2 w(t-2) + 0.6 w(t-3)

The noise sequence (w(t)) is generated by a pseudo-random number generator with a uniform
probability distribution in {-1.0, 1.0]. The upper bound Y2 was set equal to 25.0. The average
parameter error L is plotted for the EOBE and ELS(with forgetting factor A =1 and A =0.99)
algorithms in Fig. 3. As in the previous case, it can be scen that while the performance of the EOBE
algorithm is fairly constant over a range of word-lengths, the ELS algorithm does not perform
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properly for ibir < 9. The performance of the ELS algorithm with a forgetting factor of 0.99 was
worse. The algorithm overflowed for ibit < 13.

Discussions. The superior performance of the OBE (EOBE) algorithms, as compared 0 the
RLS (ELS) algorithms, is quite encouraging. One of the reasons couid be the selective update strategy
of the OBE algorithm. Such an update strategy may be responsible for a slower accumulaton of
roundoff errors on account of the updates being performed infrequently. Hence, if the RLS(ELS) and
OBE(EOBE) algorithms operate on large sets of data, then the OBE(EOBE)algorithm could be less
prone to divergence, simply because it does not update as often.

The difference in performance could also result from the differences in the update equadon for P(1).
The update equation for the RLS (ELS)algorithm with a forgetting factor A is

T
= [ 1- P(x~;)¢(t)0 ®_ jPeh (6)
A+ O (OP(t-1)O(0) A
The corresponding equation for the OBE(EOBE) algorithm is (2¢), which can be rewritten as
Pa-1OMO (1) P

Py =[1- M

A dopenen
A, ’

Since 1- A, plays the same role in the OBE algorithm as does A in the RLS algorithm, the only
difference between (6) and (7) is that the factor (1- A, )/ &, appears in the denominator of the term
within braces in (7) as opposed to the corresponding term A in (6). The degradation of performance
occurs primarily because the term within braces becomes indefinite(has positive and negative
eigenvalues) on account of round-off errors. Since A, is usuaily much smailer than unity, the term
which is being subtracted from the identity matrix in (7) is much smaller than the one in (6). Thus P(t)
in the RLS(ELS) algorithm has a greater tendency to become indefinite than the P(t) in the
OBE(EOBE) algorithm. This observation has been confirmed by examining the eigenvalues of P(1),
for runs in which the RLS algorithm performed poorly.

The failure of the RLS algorithm when the order is large(>10) is well known and there exist several
methods like the UDU' [2,3) and QR factorization [4) methods, 10 make the P update numerically
stable. For the OBE algorithm, a recenlty proposed systolic array impiementation{12] may have better
numerical properties. The derivation of other numerically stable recursions for the OBE algorithm is
currently under invesdgation.

Conclusions. The finite-precision performance of the OBE and the EOBE algorithms has been

studied through simuladons. The performance of these algorithms in small word-length environments
is superior to that of the well known RLS and ELS algorithms . The improvement is attributed to
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differences in the resursion of the matrix P(t) and less number of updates of the OBE algorithm. For
large order processes, both the RLS and the OBE algorithm did not work properly when the
word-length was small and hence more numerically robust algorithms may be required for such
situations.
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APPLICATIONS AND ANALYSIS OF SECOND ORDER
ARTIFICIAL NEURAL NETWORKS

V.C. Soon and Y .F. Huang
Depantment of Electrical and Coriputer Engineering
University of Notre Dame, [N 46556

Abstrict
This paper investigates a two layer artificral nenral nenvork which comvinas of one
hidden layer of second order neurons and an owput layer of first order neurons. 'he second
order neurons yield conic-surface rype of decision regtons such as ellipses and parabolas. A
simularion example is presented. It is shown that such networks vield more flexibility than

to the j-th neuron. The function £(.) in (1) is typified by the sigmoid
function

] first order ones. Analysis on the memory capacities of single-layer and two-layer networks is
presented.
INTRODUCTION regions such as cllipses, hyperbolas and hyperplanes, nstead of just
A feedforward neural network could have one or several the hyperplane decision regions available with the first order neuron.
hidden layers of neurons and a single layer of output neurons. An advantage here is that, with such conic-surface type of decision
Information flows upward from the lowest hidden layer, which regions, one can obtain smoother regions with less number of hidden
receives the inputs, to the output layer of neurons from which the neurons.
outputs of the neural network are retrieved. Typically, the output of Simulation Example T .
{ cach neuron in the network is a semi-linear function of the inputs The characters 'A’, 'C', 'E', and "O" are reprecented by a
4 formulated by 3-by-3 matnix of one bit pixels and each character is presented to a
4 single-layer feedforward network as a 9-by-1 vector (or pattern). The
1 0= Zmﬁoi'+e)- 15 single layer network is composed of two output neurons. The
: network is then trained to recognize a character by giving a two-bit
. . . decision using the two neurons. Figure 1 shows the estimated root
where Oj denotes the output of the j-th neuron. w;; is the weight for mean square error of the first output neuron versus the number of
b the connection from the i-th to the j-th neuron, and Oy is the i-th input iterations (number of presentations of the character-set). Figure 2

shows the same plot for the second output neuron. Both figures
demonstrate that second order neurons can be trained faster than first
order neurons.

1
fx) = (2) 5001 -
(1+™) rmse. of first outpu neuron
The sum Ziwji0i+9j is often referred to as the discriminant function.

The concept of first and second order discriminant functions
arise quite naturally in classification problems of statistical pattern
recognition {2]. Assurrs that it is desired to classify a d-dimensional
input pattern x as either of class Ag or of class Ay, given that the

conditional probability density functions p(x!Ag), pixIA}) are

Gaussian with mean vectors Ho and Hy and covariance matnices Ry
and Ry, respectively.

_ This problem can be formulated as one of a simple hvpothesis
testing. Using the Bayes or the Neyman-Peuarson test, we obtain the
following second order discriminant function.

- o Loy
T(x):(uTR,l-pgRo[)x+5xT(Rol—R,‘)x<>A't 3)
AQ

where T is some appropriate threshold. If the distributions of the
classes A and A| have the same covariance marrices, (i.c.. Rp=R 1,

then the discriminant function in (3) defines a hyperplane in
d-dimensions. When the covariances are not equal, (i.c., Rp=R ).

then the discriminant function is of second order.
SECOND ORDER NETWORKS

High order generalizations of (1) can be obtained by
considering high order discriminant functions as follows, | 3]

x=2w,,0,'+2wﬁk0i'0,"+..+6j 4)
i ik

[
where x is the argument in the sigmoid function, (2). We can see that
there are more degrees of freedom in a higher order neuron and this

O Ind order
@ |5t order

el TOOL nedn syudre eiror
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Figure 1: RMSE of first neuron vs. number of iierations

ter mmse. of second output neuron
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CSL TOOL MAEdH sjualre error

. : ey 02 1 U NS L 1 1 J
will increase the capabilities of the neuron, at the expense of 0 w40 60 RO 00 120
increasing the number of weights needed per neuron.

The second order discriminant function for a second order # hterations

neuron is obtained from (4) by excluding all terms higher than second
order, hence

x=2mj,-0{+2mj,k0i'0k'+9j (5
i ik

Assuming that there are d inputs to the neuron, then there are
(d+1)X(d+2)/2 weights per neuron. This is considerably more than the
conventional (first order) neuron. However, second order
discriminant functions can define conic-surfuce types of decision

88CH2531-2/88/0000-0348%1.00 © 1988 }EEE
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Figure 2: RMSE of second neuron vs_ number of iterinions

To achieve a more general decision regron. we could
approximate a given decision region as g collection of ethpaesand
take the unmion of these ellipuical decivion regwons Each cllipucal
decision region can be formed with a single second order nerron and
the final decision region is found bv takiny the unton (a beweat OR
operation) of the ellipncal decision regions of 4l the second order
neurons.



The above can be achieved with a two-layer feedforward neural
network composed of first order output neurons and a single layer of

hidden second order neurons, as shown in Figure 3.

3

Figure 3: Proposed feedforward network
Simuladon examples using the proposed network can be found in {4].

EXTENSIONS OF BACKPROPAGATION ALGORITHM

The backpropagation algorithm [5], is easily extended to the
proposed two-layer network. Given the inputs and the desired
outputs, {X;¥),{V;"} respectively, the objective here is to minimize

the following cost function
1
e=3 0, (Vi-0)’ ©

)
where u denotes the u-th pattern of input/output vectors to be leamed,
and O; is the actual output of the i-th output neuron. Using the

negatve gradient of € as a descent direction we obtain

(i) For weights associated with the output neurons

8; = 0,(1-0)(V{-0)) {7a)
w;(k+1) = w;(kH#NO;'§; (7b)
(i1) For weights associated with the hidden neurons

5= Oj(l—oj)kajSk (Ra)
Here, the indexkk refers to the output neurons.

wji(k+1) = ;(k)+n0;'y; (8b)
Wjim(k+1) = 0jim(K)+10; O §; (8¢)

MEMORY CAPACITY OF NETWORKS

We next examine the problem of how much information can be
stored within a feedforward neural network .

To begin with, define fundamental memories as the
input-patterns to be implemented and associated memories as the
corresponding output-patterns.

Definition The memory capacity of a given neural network is the
maximum value of K, such thas the neural network can map any
K-set of fundamental memories 10 any K-set of associated memories

We make the additional assumption that the K-set of
fundamental memories are in general position, i.e., no (d+1) of the
fundamental memories on the same (d- 1)-dimensional hyperplane.

Then, we examine the memory capacity of a single-layer
feedforward neural network with N output neurons and d inputs.

The memory capacity of the single -layer feedforward neural
network is K such that
K = d+l.

(1) The proof follows from our definition of memory capacity
and by looking at a single neuron in the network.

(2) In the case where the K-set of fundamental memories are
not in general position, the capacity K is upper bounded by d+1,
(i.e., Ksd+l).

34

We next ook at the memory capacity of the Madaline network
(6], which is a two-layer feedforward neural network composed of a
single output neuron, m hidden neurons and d inputs.

The memory capacity of the Madaline network 1s K such that

K = md.
Remarks
(1) The proof uses Lemma band Theorem an Baam [ 1}
(2) The above resalt agrees with the mtuitive notion that

increasing the number of hidden neurons increases the computational
ability of the neural network.

The memory capacity of a two-layer feedforward neural
network composed of N output neurons, m hidden neurons and d
inputs is stated 1n e next theorem.

The memory capacity of the two-layer feedforward neural
network is K such that

md/N € K s md.

Remarks

(1) The proof uses Theorem 2.

(2) The second order discniminant function can be viewed as a
mapping from d-space into (d+1)(d+2)/2 -space, which increases the
dimensionality of the inputs. Hence, making the stronger assumption
that the 'new’ fundamental memories that are mapped from d -space

are in general position, we apply the previous theorem to the
proposed network and obtained,
m(d+1)(d+2)/2NSK<m(d+1)(d+2)/2
Thus, using second order discriminant functions increases the
memory capacity of the two-layer feedforward neural network. This
is achieved, however, at the cost of increasing the number of synaptic
weights nceded per neuron.

CONCLUSIONS

A two-layer feedforward neural network is presented which
consists of first order output neurons and second order hidden
neurons. Analysis on the memory capacities of the single-layer and
two-layer feedforward neural networks was presented and applied to
the proposed network.
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Office of Naval Research under Contract N0OOO14-87-k-0284, and 1n
part by the National Science Foundation under Grant MIP-87-11174.
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STATISTICAL PROPERTIES OF A NOVEL RECURSIVE ESTIMATION
ALGORITHM WITH INFORMATION-DEPENDENT UPDATING

Ashok K. Rao and Y. F. Huang
Deparunent of Electrical & Computer Engineering
University of Notre Dame

Notre Dame, IN 46556

ABSTRACT

Statistical analysis of a recursive parameter estimation
algorithm is performed. The aigorithm has been used for the
estimation of parameters of ARX processes with bounded
noise. Previous analyses of algorithms used in the bounded
noise situation have been essentially deterministic.
Unbiasedness of the estimates is shown under the assumption
that the noise is white and zero mean. An upper bound on the
covariance of parameter estimates is derived. An improved
version of the algorithm is proposed which yields smoother
estimates and greater resistance to outliers.

INTRODUCTION

The optimal bounding-ellipsoid (OBE) algorithm [1-3], is
a recursive parameter estimation algorithm which i
information-dependent updating. It has been used for
estimating the parameters of autoregressive processes with
auxiliary inputs and bounded disturbances ( processes).
The key feature of the OBE algorithm is that at every time step,
a decision is made whether or not to update the parameter
estimates. Simulation results have shown that the algorithm,
on the average, updates only 20% of the time. This fact makes
it eminently suitable for processing multiple channels
simultaneously as it makes a time-sharing type of signal
processor feasible. Another advantageous feature of the OBE
algorithm is that after the algorithm converges the parameter
updating stops. This is particularly useful in adaptive contol
applications where non-cessation of parameter updating may
lead to instabdility. The OBE ufﬁthm has been used for
adaptive signal essing applications such as spectral
est'mation and adaptive hybri ancing [4]. In this paper,
some properties of the OBE estimator will be investigated.
The analysis of bounded error algorithms [1,3,6] has been
essentially deterministic. The statistical ies presented
here provide a better understanding of the algorithm and also
facilitate the performance analysis of the algorithm. In
addition, a modification of the algorithm which improves its
performance will be proposed.

THE OBE ALGORITHM
Consider the ARX mode! formulated by

y(t) = 2,y(t-1) + a,y(t-2) +..+ a,y(t-n) + bgu(?) +
byu(t-1) +..+ bu(t-m) + v(t) ()]

where y(1) is the measurable output, u(t) is the measurable
input and v(1) represents the unknown but bounded
disturbance at time instant t . The ARX equation can be recast
as

CH2561-9/88/0000-2436 $1.00 & 1988 IEEE

y(t) = 7)) 8° + v(t) )
where
0%(1) = (a,(t) , 35 ().eres By (1) Bg (1), By (1), .. DR (V] T
is the vector of system parameters and

O(t) = [ y(t-1), y(t-2), ..y(t-n), u(t), u(t-1), ..ut-m)} T
is the regressor vector. Given the input and output sequences
and an upper bound Y on the magnitude of the noise, the OBE
algorithm can be used to estimate the parameters a, ..., a, .
bg.--.bm - The key equations defining the OBE algorithm of (3]
are

PO = (-4)PaD + L0000 Ga)
6 = 8t-1) + A PO &1) (3b)
51 = yo - 87¢-1) OO (3e)

A (1-2) 8

2
= (1- -1 A . ———— d
o0 = a-d)okeh+ A ¥ 1A+ X, G ad

P-1(0) =1 and 8 (0) =0, c*0) = I/e, e<< | (3e)
where

A A ~
(1) = [8(1), £,(t) ... 3, (1) , By (1), by (1), .. by (0] T
is the vector of parameter estimates and

G@® = OT() P(t-1) d()
In this paper, the information dependent updating factor A, is
determined by minimization of the non-negative quantty 6%(t)
at every time instant . The optimal value of A, could be zero,

thus imply::\\? that the data point {y(t), u(t) | contans
insufficient information, and consequently the estimates would
not be updated. Further details and applications of the

algurithm can be found in (3,7].
UNBIASEDNESS OF THE ESTIMATES

The following analysis assumes that the noise sequence
{v(t)} is white and is zero mean. From (3a) and (3¢) it 18
easily shown that

1
3 R,
P(t)= 1-L)]I+2q0(1)0(1) 4
© [I..n[( ‘ Fry
where
1
q.‘-),‘n(l-l.) 5

seisl
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Substituting (3a) and (3¢) in (3b) yields

Plwem = (1-4) P -D8Ge-1)+ & &) y() ©®
Hence

ACLG) -zq.,om i) + (AP0 D

iwl

Since the initial value 8(0) = 0 the second term in (7) vanishes.
Substituting for y(i) from (2) yields

8= P(t)z 4, PO 6° + Py z 3 00v0 ®
imt iel
Using (4) in (8) yields

t
om=0-Po [J(1-2pe + P(otq._o(i)v(i) ®
isl

i=]

Since 0 S <1, itis generally true that for large ¢,

IT .. (1- 4, ) is very smalLThus the second term in the
right hand side of (9) can be neglected. Consider the
subsequences of q;, (i) and v(i) obtained by considering
only those instants for which A, and hence g;, is non-zero The
third term in (9) can be replaced by a summation over these
subsequences of length t' St. Taking expectations on both
sides yields

im E{(6} = 0"+ E(P(t)z g 00 ) } (10)
o
It has been shown [3] that if the input is "persistently exciting”
then A, tends t0 0 and P(t) is bounded asymptotically . It
follows then that P(t) tends to a cunstant, say P
asymptotically. To simplify the above equation it is further
assumed here that v(i) is uncorrelated with ®(i) and g, ., for
time instants when A; is non-zero. Simulation studies
confirmed that the correlation coefficient between q;¢ and v(i)
is very close to zero. A possible explanation for this is that q;, -
which is actually the product of A;, (1-4,,, ), ... (1 -, )is
dependent on the data set {y; ...y, } as A, depends on y(i),
y(i-D..... y(1). A change in v(i) will not really affect the
calculated value of qj,-, a3 long as t and t' are large enough.
[n addition, @X(i) and v(i) are uncorrelated, as (v(i)} is a white
noise sequence. Therefore
E(qe®i) v(i) ) = E { qv ™M) E ( v(i)}

From (10) it follows that

Im E{6®} = e'+£(?£ 9 ®0 } E{v)}
o
and since (v, } is zero mean
im E{8()) = 0°

L=t =

Thus the estimator is shown to be asympioticaily unbiased.

ASYMPTOTIC COVARIANCE

The asymptotic covariance of the estimates is a good
measure of :ge steady state performance of recursive
estimation algorithms. Finding an exact expression for the
covariance of the OBE estimates is a formidable task because
of the presence of the factor q; in (9) . This factor is related to
the data in a highly non-linear fashion. However, after making
a few simplifying assumptions, an upper bound for the
covariance can be obtained.

With the same assumptions as before (9) can be reduced tc

8@ 0" = PQ) thcxi) vii) (an

(L1

Let 8'(1) = 6 (t) - 8°, then since P(t) = PT(0)

606 ' = Py [ 22 4, 9,00 () viv()] P

iw] jul

- P(Y [2 2 4,9, %0 "G v v()] P

ial jumisl

+ PV 2 4 oD ®TM Vi) PO

+ PV tz 9 4,80 FOVH) v) PO (12)
jul imjel

It is assumed here, as before, that for large t the factor g, . at
the updating instants, is uncorrelated with v(j) for alli and j,
and that P(t) tends to a constant P asymptotically. Also since
{v(i)) is white, (i) is uncorrelated with v(j) forallj 2 i This
would imply that in (12), the term (qz qP(D) ®T(G) v(i) ) is
uncorrelated with v(j) for all j > i and the term (q;, q;, D(i)
®T(j) v(j) ) is uncorrelated with v(i) for all i 2 j. Taking
expectations on both sides of the above expression yields

lim_ E{8()6"(w) =

tim E{ i 2 Pq, 4,00 ()" v(DP} E(v())

inl jmiel

. 2 E{Pq &0 ®'OP}

j-d

+2 X(Pq.q,%w*(j)vo)}s(v(in (13)

=l imjel
where g, 2is the variance of the white noise sequence(v(i)).
Since {v(i) }is zero mean, the first and last terms of (13)
vanish and thus
im E(608T®)} = o 2 E{Pq,q, &) ') P)
o o d iml

Since q; @) ®TG) is positive semi-definite and since

i |
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0sq,sa, wherea is a user chosen upper bound on 1, it
follows that

im E{60 87} s o as(piq,«i)oT(i)Pl
1 =

iw]

From (4), for sufficiently large t,

2 o O ') = P'w

im]
and since P(t) — P, this would imply that P! () = P,
Hence for sufficiently large t

E{6n6T®W} S a RE(P) (14)
or

E{r{68 W]} S a RE(x[P]) (1s)
If the input sequence is persistently exciting, it can be shown

(3] that there exists a constant i such that P < [ . Therefore
from (14)

m_E{6®6'®W} s adul

It must be emphasized that this upper bound is rather
conservative, because the maximum value of q; will actually

be much lower than @ .
IMPROVED ALGORITHM
lnmlpsﬁcmmepmesdmmo_bmined by
applying the OBE algorithm fluctuate excessively. This
naturaily causes the algorithm to have a larger steady state
error and parameter covariance as compared to the recursive

least-squares algorithm. These fluctuations are highly
undesirable. A possible explanaton for this unwanted

property is presented below.

The OBE algorithm of [3] has the property that the
quantity a(t), which is related to the size of the optimal
bounding ellipsoid E, , is monotone non-increasing . When
the size of the ellipsoid E, does decrease, thus decreasing the
size of the region in which the estimates are constrained to lie,
the parameter estimates themselves which correspond to the
ceater of E, may shift considerably. This shifting of the center
of the optimal bounding eilipsoid accounts for the fluctuation
of parameter estimates.

For the OBE algorithm, the parameter estimate update
equation is .
8O = 8(t-1) + A POD() (1)

Thus the amount of variations of the estimates is directly
proportional to A,. Hence one way to reduce the fluctuation is

to reduce the value of A,. However if A, is reduced by the
same amount for all t, then the tracking ability of the
algorithm deteriorates and the bounding ellipsoid at every
iteration t, will no longer be optimal in the sense that o2 (1) is
minimum.Therefore a compromise value of A, is required
which does reduce the amount of fluctuation and also retains
the tracking property. A possible solution is to muitiply the
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value of A calculated at each iteration by a scaling factor M(1),
which is small for isolated updates but close to unity for a
series of successive updates. A possible choice for the scaling
factor is

M() = exp(-s/nup(t)) an

with
s a user chosen constant in the range 0 < s< 10, and
nup(t) = 0 if A, =0
otherwise
nup(t) = nup(t-1) + 1

If there is a string of updates, as would be the case if the
algorithm is trying to track the parameters, then only the first

A in the string would be decreased significantly and the rest
would be decreased marginaily. Thus isolated updates which
may be due to noisy observations are reduced significanty
thereby reducing the “random" fluctuation in parameter
estimates. The modified algorithm thus has greater resistance
to outliers. A similar scaling factor has been used to reduce the
steady state mean-square prediction error in the exponentially
weighted least-squares aigorithm [5].

It must be emphasized that the choice of the scaling factor
used here is somewhat arbitrary. A scaling factor is required
which wiil be small for nup(t) < 2 and will be close to unity
for larger values of nup(t), The scaling factor used here
satisfies these requirements. Simulations have been performed
to test the effectiveness of the scaling factor and the results are
presented in the next section.

SIMULATION RESULTS

In order to verify the above analysis, Monte Carlo
simulations were ‘ormed. The OBE algorithm of [3] was
applied 1o 100 difterent data sets generated by the following
AR (2) model

y(t) = -0.4y(t-1) - 0.85 y(-2) + v(t)

where (v(1)) is an i.i.d. sequence having a uniform
distribution in [ -1.0, 1.0 }. Each data set contains 1000 data
points. For each data set, the estimate vector obtained at each
iteration was subtracted from the true parameter vector. The
sample bias defined by

1
1 i .
1—05'“ (6 )-0"}

was computed fort=1 to 1000. In Figure 1, this averageis
plotted against the iteration index t As the number of
iterations increases, the bias becomes closer to 0, thus
experimentally verifying the asymptotic unbiasedness of the
estimator.

The sample variance for each component of the esumate
vector defined as

1 Ca a2
mgle'(l-')—e(l)l

where 8,(j,") is the j 'th component of the estimate of the 1
data set at time instant ¢, is calculated for t going from 1 10
1000. The sample variances for each component are

and plotted in Fig. 2 against the iteration index t. Tbe
asymprotic value of P(t) is obtained as




tod

-~

e e T o~

b
D P
P = 700 & P

where Pjgqq (i) is the the matrix P(1000) obtained from the
i'th data set. The upper bound is computed using (15) with

a =05 and 0,2 =0.33. The computed upper bound is
=qual to 0.84.

The OBE algorithm of [3], with and without the scaling
factor, was applied to data generated by the above AR (2)
model. A scaling factor with s = 2, (c.f. (17) ), was found to
yield good results. The normal and smoothed parameter
estimates are plotted against the iterarion index tin Figure 3.

It is clear from the plot that using a scaling factor on A

reduces the amount ot fluctuaton ana yields smootner
parameter estimates.

CONCLUSION

We have performed an analysis of cerain statistical
properties of a new recursive estimation algorithm. The
estimator is shown to be asymptoticaliy unbiased and an upper
bound on the asymptotic covariance of parameter estimates has
been derived with some reasonable assumptions. The analysis
has been verified through Monte Carlo simulations of a
particulsr AR(2) model. Finally an improved algorithm has
been proposed and shown to yield smoother estimates.
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ABSTRACT

Recently, there appears to be a resurgence of interest in the area of membership-set
parameter estimation. One such algorithm, the so-called Optimal Bounding Ellipsoid (OBE)
algorithm, proves to be appealing in theory and practice. The algorithm, which features a
discerning update strategy, was first derived for the recursive estimation of parameters of
autoregressive with auxiliary input (ARX) models. This paper investigates an extension of the
algorithm to ARMA parameter estimation. The convergence analysis is complicated due to the
discerning update strategy which incorporates an information dependent forgetting factor. It is
shown that if the input noise is bounded and if the process is stable, then the a posteriori
prediction error is bounded even without the SPR condition. This is in sharp contrast to the
crucial role of the SPR condition in the ELS and output error algorithms.

I. INTRODUCTION

The autoregressive moving average(ARMA) parar»eter estimation problem arises in many
adaptive signal processing applications such as speech processing, seismic data processing and
channel equalization. Typically, samples of the measured signal y(t) are modeled as the output
of an [IR filter driven by unknown white noise w(t) {1}. The ARMA model is described by the
temporal recursion

y(t) =a, y(t-D+.+a_ y(t-n) + w(t) + ¢, w(t-1) +..+ ¢ w(t-r) (1)

Fitting this ARMA model to the measured data y(t). t =1..T , requires the estimation of the
parameters a, .., a,, .., ¢, . Recursive schemes like the extended least- -squares (ELS), the
recursive maximum hkclxhood (RML) and multi-stage least-squares algorithms have been used
to estimate ARMA parameters [2,3]. The ELS algorithm uses the a posteriori prediction error
£(t), as an estimate of w(t). The regressor vector is formed from y(i-1),.., y(t-n) and (t-1)...,
g(t-r). The standard recursive least-squares (RLS) algorithm is then employed to update the
estimates. The algorithm is conceptually simple but restrictive in the sense that convcrgcncc of
the algorithm can be assured only if t‘wc underlying mansfer function H(q" =1y Cq@h- 172
is strictly positive real (SPR), with q** being the delay operator and

CQN=1+c¢qt+c,q%+. +cqf

The RML algorithm, which uses a filtered version of the regressor vector used in the ELS
algorithm, does not require H(q™') to be SPR. However the estimates have to be monitored
and projected into a stability region to ensure convergence(2].

In addition to the aforementioned least-squares based methods, there exists a different class
of estimation algorithms that estimate membership sets of parameters.which are consistent with
the measurements, model structure and noise constraints [4)-[8). These algorithms are
particularly useful when the noise distribution is unknown but constraints in the form of
bounds on the instantaneous values of the noise are available. The model and noise
representations commonly used are

y(t) =0*Td) + v(1), Iv(t) < rm(t)
where {y} is a sequence of scalar observations, 8™ is the parameter vector to be identified, ®(t)
is a n-vector of variables known at time t, (v] is the noise sequence and £ r 12(t) are the time
varying noise bounds. Gwen a sequence {y(i),®(i)}, i=1.k, the optimal membership set
K= K S,
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where
S;= (8: (y@)- 6T @®))* <r(i), 6eR"}

From a geometrical point of view S, is a convex polytope in R" and contains the rue paramerer
vector. Finding wok is computationally intractable and it is therefore necessary to approximage
¢ by some set which encloses it tightly and which can be described and updareq
economically [9). The different membership-set algorithms differ in the way the optimg
membership set is approximated and in the method used to obtain a tight enclosure.

Among these algorithms based on membership sets, a seminal recursive algorithm is the
so-called optimal bounding ellipsoid (OBE) algorithm(6-8]. One of the main features of ;g
algorithm is a discerning update strategy. This feature, obtained by the introduction of a5
information dependent updating/forgetring factor, yields a modular structure thereby increasing
the potential for concurrent and pipelined processing of signals. The presence of such ,
forgetting factor also gives the algorithm the ability to track time varying parameters. The
algorithm has the advantageous feature of automatic asymptotic cessation of updates in the
fixed parameter case.

In this paper, we extend one of these OBE algorithms[8] to the ARMA case. For the
ARMA parameter estimation problem, the OBE algonthm cannot be applied in its present form
However, by assuming that the input white noise is bounded in magnitude, the OBE algonthm
can be extended in a manner similar to the ELS algorithm. The convergence analysis of the
resulting algorithm, as opposed to that of the ELS algorithm, is deterministic and is performed
under the assumptions that the process is stable and that the noise is bounded.The a posterior:
prediction error is shown to be bounded without imposing any SPR condition. This is in
contrast to the convergence analysis of the ELS or output error algorithms in which the SPR
condition is used to prove boundedness of the prediction errors and convergence of parameter
estimates[ 10). By imposing a persistence of excitaticn condition on the regressor vector. the
priori prediction error of the extended OBE algorithm is shown to be bounded and the
parameter estimates are shown to converge to a neighborhood of the true parameter vector.

The paper is organized in the following manner. In Section II, a brief review of the OBE
algorithm and its properties is presented. [n Section III, the algorithm is extended o ARMA
parameter estimation. Convergence analysis of the extended algorithm is performed in Section
[V. The performance of the algorithm is compared with the ELS algorithm through simulauon
studies in Section V. Section VI concludes the paper.

I1. THE OBE ALGORITHM

Consider the ARX model described by
y(t) =a, y(t-1)+..+ a_ y(t-n) + Dyu(t) + by u(t-1) +.+ b, u(t-m) +v(v)
The above equation can be recast as :
y(© =0*Tdm +wv(v) 2
where
0* =(a,.a, ..a . by b, ...b IT
is the vector of true parameters and
D) = [ y(t-1), y(t-2), .. y(t-n), u(®), ut-1), .. u-m) ] T
is the regressor vector. It is assumed that the noise is uniformly bounded in magnitude. 1.,
there exists Y, 20, such that

viD) S ¥’ for all t, hence

(y(1) - 8T () )2 < ¥t
Let S, be a subset of the euclidean space R™*™*!, defined by

S;= (08: (y(- 8T d()) s y,2 0eR" ™1}
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The OBE algorithm starts off with a large ellipsoid, E; . in R*™*! which contains all possible
values of the modelled parameter 8°. After the first obscrvanon y(1) is acquired, an ellipsoid
is found which bounds the intersection of E, and the convex polytope S,.This ellipsoid must
be optimal in some sense, say minimum volumc[6— or by any other cmcnon[6-8] to hasten
convergence. Denoting the optimal ellipsoid by E, one can proceed ¢xactly as before with
the future observations and obtain a sequence of opumal bounding ellipsoids { E }. The
center of the ellipsoid E,can be taken as the parameter estimate at the t-th instant and is
dcnotcd by 8. Ifat a parUcular time instant i, the resulting optimal bounding elhpsoxd would
be of a " smaller size ", thereby implying that the data point y(1) conveys some " information "
regarding the parameter estimates, then the parameters are updated. Otherwise E, issetequalto
E; , and the parameters are not updated.

Let the ellipsoid E,; at the (t-1)-th instant be formulated by

E. = (08:(8-0@1))TPle(8-8(D)s a?(t-1) |
for some positive definite matrix P (t-1) and a non-negative scalar 6 (t-1). Then, given v(t).
an ellipsoid which bounds E_| N S, “tightly” is

{0: (1-2)®-8 (D) Pl (8-8 1)) + A (y®©-8'dm)

< (1-A)deh + Ay ) (3)

where the forgetting factor A(t) satisfies O < A(1) <l1. The size of the bounding ellipsoid is
rclated to the scalar 62 (t-1) and the eigenvalues of P(t-1). The update equations for 6(t), P(t)
and o(t) are derived in [8). The optimal ellipsoid which bounds the intersection of E, ; and S,
is dcﬁn;d in terms of an optimal value of A,. For the OBE aliomhm of [8] the opnmum
value A", is determined by minimization of o*(t) with respect to A, at every time instant. The
minimization edure results in A~ being set equal to zero (no update) if
od(n) + 31 < Y ()

If (4) is not satisfied, then the optimal value of A is computed. The parameter estimation
procedure is depicted in Fig. 1. An outgrowth of the modular recursive estimation procedure is
a parallel-pipelined networking structure (11]. The algorithm is such that the computational
complexity of the information evaluation (IE) procedure is much less than that of the updating
procedure (UPD). Since, in general, a good number of data samples would be rejected by the
IE, both the IE and the UPD would involve significant amounts of idle time. A viable scheme
then is to configure a parallel-pipelined network comprising of such modular estimators to
process signals from multiple channels. Apant from reducing hardware costs, such a scheme
would offer increased reliability since the failure of one UPD processor would not cause any
of the channels to fail, in contrast to a system with a dedicated UPD processor for each
channel.

l
. l
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—————— !
! |
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. EXTENSION TO ARMA MODELS
The ARMA model described by (1), can be rewritten as

w(t) = y(1) - 8T (D) (s,
where 8" is the vector of true parameters and is now defined by
0" =1{a, , w8 ,€;,Cy . € ]
D'(1) =1[ ;Zt-l) . ytbn) , w(t—rl) oeaw(tr) ] T

Here again, w(t) is assumed to be bounded in magnitude by ¥,. Since the values of the nojse
sequence {w(t) } are not available, the regressor vector ®'(t) is not known exactly [f
however, at tmet, an estimate of 87, T
8(t)=[a,®,..a () ¢, (0 ..c ] 6)
is available, w(t) could be estimated by its estimate €(t) according to
ety -y - 8T (OB

&M =[y@-1), .y, gl), ..ewn]T 7
It follows from (5) and the boundedness of | w(t) | that
(y@) - 8*T@W )2 < v
Hence if €(t) = w(1), then ®'(t) = O(1) and for a suitable Y2 0, such that Y% > v,2
(y@) - °ToM®)? < v? 8)
Thus 8* € S,, where S, is c:fined by
S,;= (8: (y-8Tdm)2)<y2,86eR""T)

where

Hence if the difference between £(t) and w(t) is small, applying the OBE algorithm will vield 5
ssquence of bounding ellipsoids (E, jin the parameter space. If (8) holds for all tand 8% E,
then it is easy to see that 8 € E, for all time instants t. The optimal bounding ellipsoid E i
described by '

E={0eR™ : (9-08() P'®(0-0(m) < o’v) ) 9
and the update equations which follow directly from [8] are

Pl = (- P(th+ A & 0
B8(t) = 6(t-1) + A POD) (1) 110b)
&t = y( - 87T (-1) O (10c)
o) = (I-A)oXtl) + A ¥ - M (10d)
' ‘ 1-A+ X GV
where
G = ®T(n) P(t-1) d) (10¢)

The above recursive relations along with the inital values

PY0) =1, 6(0)=0and o©%0) =1/ withe <<I
form the basis of the extended optimal bounding ellipsoid (EOBE) estimation algorithm({1Z].
The matrix inversion lemma can be used to obtain the recursion for P(t)

A PE-DOMOT () P(t-1)
1A+ G@)

It is easily shown from (10d) that for the EOBE algorithm, minimizing G2(t) with respect 10 A,
at every time instant yields the same updating criterion (4) ang the same algonthm for
determining the optimum value of the forgetting / updating factor A" , as in (8]. The algonthm

(1D

PO = ——[ Pl -
1-A

_ thus retains the discerning update strategy and the modular adaptive filter structure
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Choice of _y?°

Finding a value of ¥ 2to ensure that (8) holds for all time instants is not easy. Instead, we
will show in the next section that choosing Y2 to be an upper bound on the square of the
magnitude of the output y(t) will ensure that the parameter estimates obtained by applying the
EORBE algorithm converge to a neighborhood of the ue parameters.

If the ARMA process is stable then if Iw(t)l is bounded so is ly(t)l. The output process v(1)
can be expressed as
y(t) = h(t) * w(t) .
where * denotes discrete convolution and h(t) is the equivalent impulse response. Stability of
the process implies that there exists a finite M such that

ilh(i)l < M <oo (1)

1=0
and if | w(t) I <y, then

lvint < zlh(i)l Iwt-)l s My, =¥ (13)
1=0

In order to obtain a value for v, the user would therefore need the bound on lw(t)l and an
estimate of M. Or alternatively, the outputs could be monitored and a bound on Iy(t)l could be
obtained before starting the actual parameter estimation procedure. A loose upper bound on
either M or the magnitude of the output would suffice since simulations have shown that using
values for y that are several times larger or smaller than the actual bound on Iy(t)! has no
deleterious effects on the quality of estimates or convergence rate.

[V. CONVERGENCE ANALYSIS

We will first show that if the updating factor sequence is that which minimizes o?atevery
instant ( denoted by { A" } ) then the parameter estimates converge. To show that. the
following lemma will be needed.

Lemma 1. If the magnitude of the noise w(t) 1s upper bounded and the process is stable then
o<(1), defined in (10d), is always non-negative provided that the initial values 8(0), P'1(0) and
o4(0) are chosen such that 8T(0)P1(0)8(0) < o+ (0)

Proof. From (10a), (10b) and (10c)

0 TP 0O M= 1-2)8 NP 18l + Ay - 810 (1- AT PO (1) 1 |

= (1A (1-4y) 128 10 PO 8 (0)

t
£ ) q, [y -8 1A T Pe) @) ) ]
1=1

where
q, = Kl(l-lm)...(l-k) > 0 Y.t

4
Since the process is stable and (w(t?l is bounded, there exists ay2such thaty 2 (1) <y *
The positive semi-definiteness of P~'(t) will therefore imply that
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i=1 i=1
But from (119
T o X GO
kifb @) PR PG = ——————— (15)
1- Xi + ki G@)
Using (15) in (14) yields
‘ - ) 1-A,

H(I- A 8" (0)P"(0)8(0) *2 q. Ly - 8%(1) ———— ) 20 (16)

i=1 i=1 1-7\.i+kiG(i)
From (10d), a non-recursive expression for o2 (t) can be obtained as

8%) (1-4)

14
o) = (1A (1A, (1A {0+ D q ¥ - an
i=1

1-A +4,GG)

Since 62 (0) 2 8T(O)P-1(0)8(0), (17) implies that o2 (1) 20 for all t. This result will hold
for any sequence of forgetting factors {A, } with 0 < A, < L.

Theorem 1. If the assumptions of Lemma 1 are satisfied then

. Lm e e [0,77] (18)
1~ oo
. 2 2

2. limo@® € [0,7v7] (N
> oo

Proof. See [13].

Note that throughout this section, expressions like (18) should not be taken to mean that
Umt_,_ez(t) exists but rather that €<(1) becomes asymptotically less than or equal to y-.

The next lemma relates the positive definiteness of P-1(t) to the richness of the regressor vector
D).

Lemma 2. If there exist positive a; and N such that for all t
1+N
AT
2 dHO () 2 a
1=t

then there exists a positive @, such that
Pl) 2a,1 >0
Proof of the lemma is the same as that of Theorem 4.1 of (8], it is thus omitted here.

3I > 0 (20

Remark. The positive definiteness of P }(t) inplies that the eigenvalues of P(1) are upper
bounded.

Theorem 2. If assumptions of Lemma 1 are satisfied and (20) holds then the EOBE
algorithm ensures :

(a) Parameter difference convergence
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lim H6()-6(t-k)!l =0 (21

[

for any finite k.
(b) Bounded g priori prediction errors

im &® e [0,v7] (22)

L —> oo

(c) Bounded parameter misadjustment

im 1em-0 1% < My’ < o9 (23)

t— o0

for some finite M.

Proof.
(a) From (10b) and (11)

() — 6( 1),,2 )‘12¢T(I)P2(t-l)®(t)52(t)
t) — O(t-

(1A +A Gm)*

{ _h G 8 (v .
e {P(t1) (24)
i (1-A +X G)*

IA

If (20) holds then by Lemma 2, e P(t-1) }, the maximum eigenvalue of P(t-1), is

{
bounded for all t. The other term on tg]ca’r(lght hand side is shown to tend to zero in the proof of
Theorem 1. Thus

o) - -0 25)

Applying the Minkowski inequality to Il 6(t) - 8(t-k) Il and using (25) completes the proof of
(21).

{b) From (10e) and (13) it follows that

GO'S e, (PD )[nyl+ r max €] (26)
t-rsistl
where n is the order of the AR process and r is the order of the MA process. If (20) holds then
%ﬂmx { P(t-1) }, the maximum eigenvalue of P(t-1), is bounded. Since {&(t)} is bounded by
eor

em 1, {G(t)}is bounded. Then it can be shown (see Theorem 3.2 of [8] ), that the a
priori prediction errors satsfy (22).

(¢) Since w(t) and y(t) are bounded by yand €(t) is aymptotically bounded by Theorem 1, it
can be shown that for large enough t

t+
ie Thoeme'men s ow’) @7

1=t

where 8(t) = 8(¢t) - 6*(t), and N is given by Lemma 2. Then the result follows by using (21)
and (20) in (27) and performing some algebraic manipulations.

Remark: To summarize, the above analysis has shown that if the process is stable and if the
driving noise is bounded then the a posteriori prediction errors are bounded. In addition if a
richness condition is imposed on the regressor vector, then the a priori prediction errors are

bounded and the parameter estimates are asymptotically contained within a neighborhood of
the true parameters.

235




e

V. SIMULATION RESULTS

Simuladons have been performed to investigate the performance of the EOBE algorithm vig
a vis the ELS algorithm. In this paper, we present simulation results for two examples- a broad
band ARMA (3,3) process and a non SPR ARMA(3,3) process where the indices p, q in an
ARMA(p,q) process refer to the orders of the A(q™!) and C(q!) polynomials, respectively.

Example 1. Broad band ARMA (3,3) process

The output data {y(t)} is generated by the following difference equation

y(t) =-0.4 y(t-1) + 0.2 y(t-2) + 0.6 y(t-3) + w(t) - 0.6 w(t-1) + 0.2w(t-2) + 0.4 w(t-3)

The noise sequence {w(t)} is generated by a pseudo-random number generator with a uniform
probability distribution in (-1.0, 1.0]. The upper bound Y2 was set equal to 25.0. The
parameter estimates were obtained by applying the EOBE algorithm to 1000 point data
sequences. One hundred runs of the algorithm were performed on the same model but with
difterent input noise sequences. The average squared parameter error L{t), is computed for the
AR coefficients according to the formula

1 1N
L(t) = 0 ; 1J )

where lj (t), the squared AR parameter error at time t for the j'th run, is defined by

LO= @0-a)
1=1

with a; and a;(t) being defined by (1) and (6), respectively. The average squared parameter
error tlor the 'MA coefficients is defined analogously. Fig. 2 displays the average squared
estimation errors for AR and MA parameters using the EOBE and ELS algorithms. The figures
show that the performance of the two algorithms is comparable. It may be noted that the AR
parameter estimates have markedly lower variance (about the true parameters) than the MA
parameters. The average number of updates for the EOBE algorithm was 139 for 1000 point
data sequences. Thus less than 15% of the samples are used for updates, as compared to the
ELS algorithm which updates at every sampling instant.

The tracking capability of the EOBE algorithm(with a=0.2), was compared with that of the
ELS algorithm (with forgetting tactor=0.99). The same model was used to generate 400 data
points. The parameters were then changed by 150% and the next 400 points were generated.
Finally the last 200 points were generated by using the original parameters. The average
squared parameter error was evaluated over 25 runs and is shown in Figure 3. Even though the
formulation of bounding ellipsoids is based on the assumption that the parameters are constant,
the simulation results show that the algorithm is able to accommodate changes in mode!
parameters. Analysis of the tracking ability of the algorithm is currently under investigation.

Example 2. Non SPR ARMA(3.3) process

The output data (y(t)} is generated by the following difference equation

y(t) =- 0.6 y(1-1) - 0.58 v(1-2) - 0.464 y(t-3) + w(t) + 0.2 w(t-1) + 0.6w(t-2) + 0.2 wit-3)
The noise sequence is generated as in the first example. The upper bound y ¢ was set equal to
3.25. The maximum values (taken over 25 runs of the algorithm) of the squared residual
errors, at each iteration were computed and were well within the upper bound ¥ 2 even though
the SPR condition is violated.

VI. CONCLUSION

A recursive parameter estimation algorithm has been extended for ARMA parameter
estimation. The main features of the algorithm are a membership set theoretic “ormulaton and a
discerning update strategy. Convergence analysis of the algorithm has bee'  crformed under
the assumptions that the process is stable and that the noise is bounded. . e results of the
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analysis are that the algorithm yields bounded a posteriori prediction errors without SPR or
persistence of excitation type condition. With a persistence of excitation condition on the
regressor vector, boundedness of the a priori prediction error can then be established and the
parameter estimates are shown to converge to a neighborhood of the true parameters.
Simulation results show that the performance of the algorithm is comparable to the ELS
algorithm while requiring far fewer updates.
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ARMA PARAMETER ESTIMATION USING A NOVEL RECURSIVE
ESTIMATION ALGORITHM WITH SELECTIVE UPDATING =
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ABSTRACT

This paper investgates an extension of a recursive estimation algorithm (the so-called OBE
algorithm) [9-11], which fearures a discerning update strategy. In partcular, an extension of the
algorithm to ARMA parameter estimation is presented here along with convergence analysis. The
extension is similar to the extended least-squares algorithm. However, the convergence analysis is
complicated due to the discerning update stategy which incorporates an information-dependent
updaring faczor. The virmes of such an update strategy are : (i) More etficient use of the input dara
in terms of informartion processing, and (ii) a modular adapdve filter szucture which would
facilitate the development of a parailel-pipelined signal processing architecture. It is shown in this
paper that if the input noise is bounded and if the process is stable, then the a posteriori prediction
errors are bounded even without the SPR condidon. This is in sharp contrast o the crucial role of
the SPR condidon in the analysis of the ELS and ourput error algorithms. With an addidonal
persistence of excitaron condition, the parameter estimates are shown 10 converge 0 a
aeighborhood of the oue parameters and the a priori predictdon error and and the parameter
misadjustment are shown to be asymptodcally bounded. Simulaton resuits show that the
parameter estmation exror for the EOBE algorithm is comparable to that for the ELS algonthm.

= This work has been supported in part by the Nadonal Science Foundadon under Grant
MIP-37-11174"; in part by the office of Naval Research under Conmact N0OOQ14-37-k- 0284°, and
in part by the Natonal Science Foundarion under Grant ECS-8618240™.
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[ INTRODUCTION

[n many adaptive signal processing applicadons such as speech processing, seismic dara
processing and channel equalization, a signal y(t) is often considered as the output of an [IR filter
driven by unknown white noise w(t) [1]. The signal y(t) can therefore be modeled as an
autoregressive moving average( ARMA) process of the form

Y(O) = 2, y(t- D+ 2, y(E-0) + W) + ¢ w(t-1) +..+ ¢, w(t-r) (1)

Fitting this ARMA model o the measured dam y(t), t =1..T , requires the estimation of the
parametess a, .., 3, , Cy-. C,. Many methods for the estimation of ARMA parameters have been
proposed in the literarure, particularly from the spectral estimaton viewpuint. Among the more
recent are Cadzow's overdetermined rarional equation method (2], the specal matching techmique
of Friedlander and Porat (3], and the extended Yule-Waiker method of Kaveh [4]. A common
feature of these methods is the use of the sample autocorrelation sequeacs of the ourput process
y(0). In the context of system idendfication, the extended least-squares (ELS), the recursive
maximum likelihood (RML) and multi-stage least-squares algorithms have been used to recursively
estimate ARMA parameters (5,6]. The ELS algorithm uses the a posteriori prediction error e(t), as
an esamate of w(t). The regressor vector is formed from y(t-1),.., y(t-n) and €(t-1),.., €(t-r). The
standard recursive least-squares (RLS) algorithm is then employed to update the estimates. The
algorithm is concepuaily simple but restricgve in the sense that convergence of the algorithm can be
assured only if the underlying mansfer funcdon H(q'l) =1/ C(_q‘L) - 172 is stricdy posidve real
(SPR), with q‘1 being the delay operator and

ClaqH=1+cql+cq?+.+cqf

The RML algorithm, which uses a filtered version of the regressor vector used in the ELS
algorithm, does not require H(q"!) to be SPR. However the estimates have (o be monitored and
projected into a stabiliry region t ensure convergence{5].

In addition to the aforementioned least-squares based methods, there exists a different class of
esimadon algorithms thar estimate membership sets of parameters which are consistent with the
measurements and noise constraints (7]-{11]. These algorithms are partcularly useful when the
noise disribudon is unknown but constraints in the form of bounds on the instantaneous values of
the noise are available. To the best of our knowledge. none of the algorithms has been applied two.
the probiem of ARMA parameter esumaton. Among these algorithms based on membership sets, a

1
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group of seminal recursive algorithms are the so-called opumal bounding ellipsoid (OBE)
aigonthms(9-11]. The OBE algorithms had been developed using a set-theoredc formuladon and
are applicable o autoregressive with auxiliary input (ARX) models with bounded notse. One of the
main features of these temporally recursive algorithms is a discerning update sarategy. This feanure,
t obtained by the introduction of an information dependent updating/forgeting factor, yields a
modular swucture thereby increasing the potendal for concurrent and pipelined processing of
signals. The presence of such a forgening factor also gives the algorithms the ability to rack slowly
tme varying parameters. The algcrithms have the advantgeous feature of automatc asymptotic
cessaton of updates. If a loose upper bound on the noise magnitude is known, and if the input is
persistenty exciting and sufficiently uncorrelated with the noise, then it can be shown that the
- parameter estimates converge asymptotically to a ncighborhood of the Tue parameter vector.

[n this paper, we extend one of the OBE aigorithms{11] to the ARMA case. For the ARMA
parameter estimation probiem, the OBE algorithm cannoc be applied in its present form. However,
by assuming that the input white noise is bounded in magnitude, the OBE algorithm can be
extended in 2 manner similar o the ELS algorithm. Convergencs analysis of the resulting algorithm
is performed under the assumpton that the process is stble and that the noise is bounded.The 2
posteriori prediction error is shown to be bounded without imposing any SPR condidon. This is in
contrast to the convergence analysis of the ELS or output error algorithms in which the SPR
condidon is used to prove boundedness of the prediction errors and convergence of parameter
| esumates(12]. By imposing a persistence of excitation conditon on the regressor vector, the g
priori prediction error of the extended OBE algorithm is shown to be bounded and the parameter
estumates are shown to converge 10 a neighborhood of the rue parameter vector.

The paper is organized in the following manner. In Secton I, a brief review of the OBE
algorithm and its propertes is presented. In Section [, the algorithm is extended o ARMA
paramneter estimation. Convergencs analysis of the extended algorithm is performed in Secdon IV.
- The performance of the algorithm is compared with the ELS aigorithm through simulatdon studies
in Secton V. Secton VI concludes the paper.
O THE OBE ALGORITHM

Consider the ARX model described by

y(¥) =3, y(t-D)+..+ 2, y(t-n) + bgu(t) + by u(t-1) +.+ b u(t-m) + v(t)
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The 1bove equadon can be recast as :
y(© =8°To@ + v @

where

8" =(2,,2, -2, .5 by, by IT
is the vector of Tue parameters and

O = [ y(t-1)y YD), .. y(-0), u®), ue-1), - ve-m) ] T
is the regressor vector. A key assumpdon here is that the noise is bounded in magnitude, ie.,
there exists 2 Y, 20, such that

v S v for all t, hence

(y© - 0T O® 2 < 1
Let S, be a subset of the euclidean space R ™!, defined by

S;= (0: (y(- 8T O )12 S y? ,8eR2*" 1)

From a geometic point of view, S, is 2 convex polytope in the parameter space and conmins the
vector of tue parameters. The OBE algorithm starts off with a large eilipsoid, E; . in R**=*!
which contains il possible values of the modelled parameter 8°. After the first observarion y(1) is
acquired, an ellipsoid is found which bounds the intersecdon of Eqand the convex polytope
S,.This eilipsoid must be opdmal in some sense, say minimum voiume{9,10] or by any other
criterion(9,11], to hasten convergence. Denoting the opdmal ellipsoid by E, one can proceed
exactly as before with the future observations and obrain a sequence of opamal bounding eilipsoids
{ E, }. The center of the ellipsoid E, can be taken as the parameter estmate ot the t-th instantand is
denoted by 8(t). If ar a partcular dme instant i, the resultng optimal bounding ellipsoid would be
of a " smaller size ", thereby implying that the daw point y(i) conveys some " informaton "
rezarding the parameter estimates, then the parameters are updated. Otherwise E; is setequal o E;
and the parameters are not updated. It can also be shown [11] that all the ellipsoids ( E, } contain
the que parameter 9", provided that E;) does.

Let the eilipsoid E, ; at the (t-1)-th ins@nt be formulated by
E, = (08:(8-0())TPi-1) (8-8(c-1))S ) )
for some posidve definite mamix P (t-1) and 2 non-negatdve scalar o* (t-1). Then, givea y(t).an
ellipsoid which bounds E, | N §, "tghdy" is

(8: (1-2)®@=8 1) Pl (8-0 D)+ A, (x0-9'00)

S (L=2) ot = A7 ) 3)

where the forgeting factor A(t) sadsfies 0 SA(t) <!. The size of the dounding eilipsoid is reiated
0 the scalar o2 (t-1) and the eigenvalues of P(t-1). The update equadons for 1), P(t) and G*(r) are
derived in (11]. The optmal ellipsoid whica bounds the intersecdon of E, | and S, is defined in
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ers of an optimal value of A,. For the OBE algorithm of [11], the opdmum value S is
dez=rmined by minimizidon of ¢%(t) with respect w A, at every dme insant The minimizaon
procedure resuits in A", being set equal  zero (a0 update) if
ot +F0 < ¥ @
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is depicted in Fig. 1. An outgrowth of the modular recursive estimation procedure is 2
parallel-pipelined networking swructure {13]. The algorithm is such that the compurarional
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cOon@ast 1o 2 system with a dedicated UPD processor for each channel.
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OI  EXTENSION TO ARMA MODELS
: The ARMA mode! described by (1), can be rewritten as
w() = y@t) - 0T o) ©)
- where 8* is the vector of true parameters and is now defined by
. 8% =(a;, 2y 2,000 I

D) = [ y-1), .. yt-0) , W(t-1), (t0) ] T
Here again, w(t) is assumed to be bounded in magnitude by ¥,. Since the values of the noise

| T sequence {w(t) } are not available, the regressor vector @'(t) is not known exacty. If, however, at
o dme ¢, an estimate of 8%,
0 (t)=[a®, 2, () ¢ (g, O (6)
‘ is available, w(t) could be estimated by
e®) = y@ - 8T
where
1) ={y@1), .. yta),et-1), .en]T M

It follows from (5) and the boundedness of | w(t) | that
(y@) - ' TOMP S ¥,
Hence if £(t) = w(t), then ®'(t) = &(t) and for a suirble Y2 0, such that 2 > y,2
(y® - 8T o2 < y2 ®)
Thus 8% e S,, where S, is defined by
S,;=(8: (y-0ToM® )2} <y 08e R}

In essence, if the difference berween €(t) and w(t) is small, applying the OBE algorithm will yield a
i sequence of bounding ellipsoids (E, }in the parameter space. If (8) holds for all tand 8% E,, then
it is easy to see that 8* e E, for il dme instants t. The optimal bounding ellipsoid E, is described

by
E,=(8eR™ : (8-8() P'®(8-0() S XV ) ©
and the update equations which follow directly from [11] are
PO = (=2 P+ 1,000 (102)
8 = 8(t-1) + A POD() 3(1) (10b)
&t = y@ - 8T (t-1) D) (10c)
5
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: e + A & (1=1) 870 o
s = (1- t-1 - —
V= R et Y = k6o
where .
Gy = OT() P(e-1) D(Y) (10e)

The above recursive relatons along with the imitial values

P0) =1, 0(0)=0and 0%0)= /e .with e <<l
form the basis of the extended optimal bounding ellipsoid (EOBE) estmation aigorithm(14]. The
marrix inversion lemma can be used 0 obain the recursion for P(f)

L A P(e-DOOO () P(r-1)
PO = — [ PeD-
1A 1A +1 GO

t

(10f)

It is easily shown from (10d) that for the EOBE algorithm, minimizing 6(t) with respect o A, at
every dme instant yields the same updating criterion and the same algorithm for determining the
optimum value of the forgeting / updating factor A", as in (11]. [n particular,

If o¥(t) +8%t) < ¥Xt) then k't=0, 1
otherwise
= .
A", =min (&, v, ) (12)
where
— if 5%(t) = 0 (122)
__1'2(‘) | ifGY =1 (12b)
v, =<
1 Gt .
e | 1 ‘ if B(t) (G(r)-1)+1>0 (12¢)
LG [ \ﬁ+ B(v ( G() -1) !
@ RN (GM-1)+1s0  (12d)
and

A - a*(e-1)

50
The algorithm thus retains the discerning update swrategy and the modular adaptve filter
structure(11,13].
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Choice of v*

Finding a value of y2to ensure that (8) holds for all dme instants may aot be easy. Instead, we
will show in the next section that choosing 2 o be an upper bound on the square of the magnitude
of the output y(t) will ensure that the parameter estimates obtained by applying the EOBE algorithm
converge to a neighborhood of the rue parameters. ‘

It is easy to see that if Iw(t)l is bounded so is ly(t)l, as the output y(t) is reiated to the input
according
cizh
Az

where Y(z) and W(z) are the z-transforms of y(t) and w(t), respectively, and
AV =1+a,z 1+ 2z +. .+ 2",

Y(z) = W(z) |

Czhy=1+cizl+cpz? +.+¢,2°
The output process y(t) can thus be expressed as

y(® =h() * w(),
where * denotes discrete convolution and h(z) is the impulse response of the filer C(z'!) / A(z'Y).
Assume thar the process is stable, then there exists a finite K such that

zlh(nl S K <«

120
and if | w(t) | S, then

ly®)! < zlh(i)l lw(-i)| S K7 =Y (13)
i=0
In order © obwmin a value for v, the user would thercfore need the bound on !w(t)l and an
estmate of K. Aternatively, the outputs could be monitored and a bound on ly(t)i could be obrained
before starting the actual parameter estimation procedure. A loose upper bound on either K or the
magnitde of the output would suffice since simulations have shown that using values for ¥ that
are several times larger or smaller than the actual bound on ly(t)l has no deleterious etfects on the
qualiry of sstimates or convergence rate.
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[V CONVERGENCE ANALYSIS

We will first show that if the updating factor sequence is that which minimizes 2 at every
instant ( denoted by { A* } ) then the parameter esumares converge. To show that, the following
leoma will be needed. ,

Lemma 1. If the magnitude of the aoise w(t) is upper bounded and the process is stable then
a%(t), defined in (10d), is always non-negative provided that the initial values 8(0), P-'(0) and
6>(0) are chosen such that 8T(0)P-1(0)6(0) < o2 (0)

Proof. From (10a), (10b) and (10c)
8T P18 (0= (1-4) 8 Te-1) Pe-1) 8 (1) + AL y¥9) - 579 (1- 0T P() ©(1) ]

= (1-4)) (1- 1) ~(1-4 )8 T(©) P"© 8 (0)

+2qi;[y2(i)'52(i)(I-LICDT(i)P(i)Q(i))I -

i=l
where
g, = A(-A, ). (1-3) 2 0 Vit

Since the process is stable and {w(t)} is bounded, there exists a7 2 such that y 2(t) S v2
The positive semi-definiteness of P-!(t) will therefore imply that

t t
[Ta-xp e"or'@em + Y q (7 -5w(1-xe 0PHOD )] 20 (19
1wl i=]
But from (10f)
T A. G(1)
A OT() PG) O) = ————— (15)
- &, + & G(D)
Using (15) in (14) yields
: : 1-A
T 1 2 <2 1
(1-1.) 8 (0)P(0)6(0) + (7 -0 () ——] 20 (16)
g ) 0 0P 08O iZ;q“w EwEYT
From (10d), a non-recursive expression for 6= (t) can be obtained as
. ' §°0) (1-%)
aX) = (1A ) (I-A,) (l-A ) aX0) + ) q [¥) - ———— ] an
0 = (1) (1) (1R ;qut wwET
8




Sincz a* (0) 2 8T(0)P'(0)8(0), (17) implies that G*() 20 for all t. This resuit will hold for
any sequence of forgetting factors (A, } with 0 S A, < L.

Remark: The fact thar o2 (t) is non-negadve and non-increasing will play a crucial role in the
subsequent convergence analysis. It also guarantees that the ellipsoids are aon singular (non empty)
sets.

Theorem L. If the assumpdons of Lemma | are sadsfied then

L lmeX) e [0,v] (18)
l=—p a»

2. lim & e [0.7] (19)
[ o X

Note that throughout this section, expressions like (18) should not be taken to mean that
lim__eX(t) exists necessarily, but rather that e%(t) becomes asymptotically less than cr equal tw 2.

Proof. Itis easily shown from (10b), (10c) and (15) that the a posteriori and a priori prediction
ervors are related by
L-},
gt) = ——————— (1) (20
1-& +A GO
Note thar the non-aegativeness of G(t) implies that £3(t) < §%(t). Substrudng (20) in (10d) and
using the fact that 0 S A, S & <, yields

2 N p) 1'1':4- XLG(I) 2
o £ o't-l)+ A Y =A (——)e (V) (21)

t
Since G(t) is non-negative

dm s o)+ A [F-E0]
or

A-Em] 2 ol -oel)

The right hand side tends to zero since ¢ (1) is a non negative, non increasing sequence. Thus

im A,(7-£01 ¢ 0.7 ‘ @)
This the case if and only if either
L. lim € & [0,7] in which case (18) is esmblished. (232)
(e
Qr
9
. e
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2. m A, = 0 and lim Ag’w) = 0 (23b)
(S ] [
Let the forgening factor which minimizes o2 (t) at every instant t be denoted by A°, then
d o’

i£ A >0, then .
dA, A=A

s 0 24

Taking derivatives with respect 1 A, in (10d), and using (24) yields
2,280 G (25)
(1-% +4 GO’

G:(t) < cz(t-l) -

The non-negarivity of 6* (1) therefore implies
TR L6

—— CO- a® < o 26)
iml (1-k.l+k;G(i))

Hence
A 282(t) G

Im L ] L ] 2 (27)
L—boe (l-lt+ltG(t))

Denote the optimal forgetting factor by A, for ease of notation. Substiruting (20) in (27) yields

Xf G(v) ez(t) -0 (28)
Thus if (23b) holds. then for all A >0, there exists N; >0 suchthatforal t> N, ,
A< A 29a)
A el < A (29b)
AZG() e < A (2%¢)

Consider the four cases of (12) applicable to this siruation

Case I. (1) =0.Then X(t) < 51 < 1

Case2. G() =1, A,= (1-B(t) /2 < A.Hence f(t) > 1 - 2 A . It then foilows from the
definidon of B(c) that eX(t) < ¥

Case 3. B(t) (G()- 1) +150. If A<a,then(11) has to hold and so €(t) < ¥*.

Case 4. B(t) (G(t)- 1) + 1 >0. Define

2 2
B'(t) 4 ‘7—12’&9— (30)
e (t)

Then

10
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l-kg-k‘G(t) 2

'(t) = 31
B =80 [ Yy G
For this case the following relation berween A, and (1) can be derived from (12c}, exacdy as in
[11].
_ 125G -1) -
. BO) = —— za,z 32)
(1-A + .G ]
Substimtng (32) into (31) and multiplying by X¢) yields
226G €0
Pl =l PR = EO- = - (33)
(1-1)
Substruting (29) into (33) gives
-1 2 e)- —-4-—2-
(1-2)
2 sz(t) - —A—2
(1-4)
Thus

0 + %) S ¥ +0Q)
and since A can be arbitrarily smail. (18) is satisfied. Furthermore, from (10d)
-7 € -2 ) (oD -v)
And from (11), A, > 0 if o*(t) > " This, together with Lemma 1, would imply that
im &M e [0,7]

(=

Hence (29) is also sarisfied.

j Remark. Boundedness of &3(1), the a posreriori prediction error, has been shown without
imposing any persistence of excitaton conditions on the regressor vector . Furthermore, in
contrast to the ELS algorithm, the SPR condition is not required.

Boundedness of 5%(t), the a priori prediction error, and convergence of the parameter estimates

' to a neighborhood of the tue parameter can be assured, by requiring the regressor vector to be
i persistenty exciting. The next lemma relates the positive definiteness of P(t) o the richness of the

regressor vector O(t). '

11
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Lemma 2. [f there exist posidve &, and N such thar for all ¢
t=N
Y oo'® 2 ol > 0 (34)
imt
then there exists a positive &, such that
Pl 2a,1 >0
Proof of the lemma is the same as that of Theorem 4.1 of [11], it is thus ominted here.

Remark. The posidve definiteness of P-'(t) implies that the cigenvalues of P(t) are upper
bounded.

Theorem 2. If assumpdons of Lemma 1 are sadisfied and (34) holds then the EOBE algorithm
3 ensures :
() Paramerer difference convergence

lim U68()-8¢-k)it =0 (39)

} { ~nn
for any finite k.
(b) Bounded g priori predicton errors _
im §@® e [0,72] (36

[ £ X

(c) Bounded paramerer misadjustment

- im 18()-8 17 < My® < oo (37
{ = o0

i for some finite M.

Proof.

(a) From (10b) and (10f)

18() - 8(c-1) 1> JLcz“’r(‘“’z (1) &) 570

(1-1 +1 G®)*

x, 2G() & ()

> (38)
1- l‘ + 1’: G())

S el PED )

If (34) holds then by Lemma 2, en,, ( P(t-1) ), the maximum eigenvalue of P(t-1), is bounded
for all t, and hence by (27)

H8() -8l =0 39
Applying the Minkowski inequaliry o (I 8(t) - 8(t-k) Il and using (39) completes the proot of (39).

12
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(b) From (10e) and (13) it follows that

G®) S €gpe (P-1) {0y + ¢ max €T)] (40)

tesistd

where a is the order of the AR process and r is the order of the MA procsss. If (34) holds thea
®max { P(t-1) }, the maximum eigenvalue of P(t-1), is bounded. Since (e(t)} is bounded by
Theorem 1, {G(t)}is bounded. Then it can be shown (see Theorem 3.2 of [11] ), that the a priori
prediction errors sarisfy (36).

(c) From (18) we conclude that there exists N, such thac for all t > Ny, [e(t) I <.
Define .
%) (0 = (y(e-1) y(t-2), -y IF,

Xa (1) = [ (t-1),8(t-2), ..£t0) IT,

x’ () = [ w(e-1), w(t-2), .w(en) IT,

Denote the acmal and the estimated AR parameters by a and a(t), respecively, and the acmal and
the estimared MA paramers by ¢ and c(t), respecgvely. Thus

1709 -2 O %0 - ORI S ¥ _ - (41)
Substituting (1) in (41) yields | .
T OO0+ ETORD + %O+ KD -CH S ¥ 42)
where _
aAM=a@®-aand TEO=c@)-¢.
Heace

TR0+ T O S 7+ Ty L+ Tl @
From (18), and the bouhd:dnéss of {w(t) }, it follows that the right hand side of (43) is of O(*).
Sincs OT(t) = [ x,T(0), x,7 (0) I, it follows that

CRGE-GYEely)

whese
BT = (3. T T
Heacs
18 T(t) O OT() 8(r) | < OCr2)
So
t=N
Y mene'nin s or) (a)
lat :

From (35), for all e > 0, there exists N such that forall ¢ > N

13
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() -8+ =il B()-8(t+ DIl <E.

Hence for any finite k _

118(2) - B(ceric) 1= 118(0) - B(ee1) + Berl) - B(er2) + . + B(trk-1) - B(ewk)
Appiying The Minkowsk inequality yields _

180 - 0+ I S [IB() - Bew1) b 1 B(ee 1) - B(t+2) e+ 1 B(trk-1) - B(tc) 1)

S Q) (45)
Using Lemma A-1, (see appendix), yields for t > max (N, ,N')
t+N

§)), 0o’ m 180 s Oa’)+0e)

l=¢
And substtuting (34) yields
im 87w 8w < o®)

{ =t

and hence (37) follows.

Remark: To summarize, the covergence analysis has shown that if the process is stable and if the
driving noise is bounded then the a posteriori prediction errors are bounded. In addidon if a
sufficient richness conditon is imposed on the regressor vector, then the @ priori predicton errors
are bounded and the parameter estimates are asymprodcally conmiined within a neighborhood of the
fTue parameters.

V SIMULATION RESULTS

Simuladons have been performned t investigate the performance of the EOBE algorithm vis a vis
the ELS algorithm. In this paper, we present simuladon results for two examples- 2 broad band
ARMA (3.3) process and a narrow band ARMA(2.2) process where the indices p. q in an
ARMA(p,q) process refer to the orders of the A(q™!) and C(q"!) polynomials, respecdvely.

Exampie 1. Broad band ARMA (3.3) process
The ourput dama (y(t)} is generated by the foilowing difference equaton

y(t) = - 0.4 y(t=1) + 02 y(t-2) + 0.6 y(t-3) + w(t) - 0.6 w(t-1) + 02w(t-2) + Q.4 w(t-3)

The noise sequence {w(t)} is generated by a pseudo-random number generator with a uniform
probability diszibudon in {-1.0, 1.0]. The upper bound 2 was set equal © 25.0. The parameter
estimates were obtained by applying the EOBE algorithm o 100C point data sequences. One
hundred runs of the algorithm were performed on the same model but with different input noise

14
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sequences. The average squared parameter error L(t), is computed for the AR coetficients
according to the formula

where [, (1), the squared AR parameter error at time t for the j'th run, is defined by

lj(t)=2(a-‘(t)-ai)z

i=l

with 3; and a;(t) being defined by (1) and (6), respectively. The averafe squared parameter error for
the MA coefficients is defined analogously. Figure 2 displays the average squared esumadon errors
for AR and MA parameters using both the EOBE and the ELS algorithms. The curves show that the
performance of the two algorithms is comparable. It may be noted that the AR parameter estimates
have markedly lower variance (about the true parameters) than the MA parameters. The average
aumber of updates for the EOBE algorithm was 139 for 1000 point data sequences. Thus less than
15% of the samples are used for updates, as compared to the ELS algorithm which updares at
every sampling instant.

The effect of different choices for the upper bound Y* on the performance has also been
studied. For each value of 4, the asymptotic average squared parameter srror T, was computed
over 15 runs of the algorithm, according to the formula

- L

T=E;ﬂ ,(1000) - 6"
where Gj(IOOO) is the parameter estimate at the 1000'th iteradon, in the j'th run. The second
column of Table I lists the different values of T obmined when 72 is varied from 0.1 to 200. It is
clear that the algorithm is insensitve to the value of 2, since both the @p error and the average
number of updates are almost constnt. [t was seen that for low values of ~, even though the Tue
parameter may fail outside the bounding eilipsoid, it is caprured in subsequent iteradons.

The performance of the algorithm, when the noise sequence {w(t) has gaussian dismibution,
was evaluated in a similar fashion. A constant value of ¥* =25 was used and the sandard deviaton
of the noise was varied. The results for 25 runs of the algorithm are shown in Table [L. It is clear
that even though the unbounded noise does cause the ourput to exceed the bound, the etfect on the
parameter estmates 1S marginal.

Finally, the macking capability of the EOBE algorithm(with a=0.2), was compared with that of

15
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the ELS algorithm (with forgetting factor=0.99). The same mode! was used (o generate 400 dama
points. The parameters were then changed by 150% and the next 400 points were generated.
Finally the last 200 points were generated by using the original parameters. The average squared
parameter error was evaluated over 25 runs and is shown in Figure 3. Even though the formuiadon
of bounding ellipsoids is based on the assumption that the parameters are constant, the simulation
results show that the algorithm is able o accomodare changes in model parameters. Analysis of the
tracking ability of the algorithm is currently under investgation.

Example 2. Narrow band ARMA (2,2) process
The ourput dara (y(v)} is generated by the following difference equarion

y(©) = 1.4 y(t-1) - 0.95 y(t-2) + w(?) - 0.86 w(t-1) + 0.431 w(t-2)
The noise sequence is uniformly diszibuted in [-1.0,1.0], as in the first exampie. The upper

bound ¥ 2 was set equal to 20.0. The average squared parameter errors are caiculated over 100 runs
and plotted in Fig.4. The average number of updates was 385 for 1000 point dam sequences.

For this example too, different values of the upper bound y 2 were used and no significant
difference in the quality of esdmates, number of updates or convergence rate was observed. Thus,
it is verified once again thar a precise knowledge of the upper bound is not a prerequisite for
satisfactory performancs of the algorithm.

Example 3. Non SPR ARMA(3,3) process
The output dam (y(t)} is generated by the following difference equation

y(0) =-0.6 y(t-1) - 0.58 y(t-2) - 0.464 y(t-3) + w(t) +0.2 w(t-1) + 0.6w(t-2) + 0.2 w(t-3)

The noise sequence is generated as in the first example. The upper bound ¥ * was set equal to
3.25. The maximum values (taken over 25 runs of the algorithm), of the squared residual errors, at

each ireration are displayed in Fig. S. Note that the squared a posterior: predicdon errors are weil
within the upper bound 2 even though the SPR condition is violated.

16
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VI CONCLUSION

A recursive parameter estimation aigorithm has been extended for ARMA parameter estimarion.
The main features of the algorithm are 2 membership set theoredc formulaton and a discerning
update swrategy. Convergence analysis of the algorithm has been performed under the assumptons
thar the process is stable and that the noise is bounded. The main results of the analysis are that the
algorithm yields bounded a posteriori prediction errors without SPR or persistence of excitation
type condidon. With a persistence of excitation condidon on the regressor vector, boundedness of
the g priori predicton error can then be established and the parameter esumates are shown
converge to a neighborhood of the rue parameters. Simulation results show that the performance of
the algorithm is comparable to the ELS algorithm while requiring far fewer updates.
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APPENDIX

Lemma A-1  For the EOBE algorithm of (10), if for any € > 0, there exist positve N. N, , k
and f' such that for t> N,

® 18(0) - Be+k) 1 < OCe) (A-1)
(i) OIS v, ly(®lsSy (A-2)
t=N
@ 25 mene'min < oy’ (a3
l=t
Then
-7 t+N
370, s o' mI80 < ow’)+0Ed) (At
l=t
Proof. Define
[dy D dy @ dy, 1T =8 ()
(r @500, .t (O] = @)
Then
z~N~ t+N naer 1
DT mepoTnin = Y (D corm] (a-5)
la=t lat a3l

Foranyle [, t+N ], we have
n<er ner ner

2 d0L® £ D dhe® + D Id@-dO! it a6

1=l i=1 i=]

By assumpton (A-2), Ir, (1)l <v. Hence applying the Schwartz inequality t the last term of (A-6)
yields

1
1 -
n+«r et - e 2
2 dELd S Y, d4OL® +r@s0’ { Did0-a0f ) )
1=l =]l 1=l
Hence by assumpton (A-3), it follows that
4D < ), dL® + 0@ (A-®)
im] i=l
It can be shown similarly that
Ner ner
4OLD S ) OGO + O (A-9)
tm] t=l
Thus
19
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lir ¢Or® - an o0l s 0@ (A-10)
i=| is
Using the fact that Ibi-lal < la-bi forany a,b e R yields
IE: dorml < |E‘: dmrml + oE
Consequendy ! !
lﬂz*r ‘:L,(t)ri(l)l2 < zlir <1l(1)r.l(1)l2 +2 O(ed) (A-11)
iml iml

And finally (A-4) is obrained by using (A-11) in (A-5).
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F. — — —— . A - < v — -
TABLEI e
Upper bound Average mp etror  Average number Toai numberof  Number of dmes

Y?- T of updates ames ly(t)i >y 8"is out of ellipsoid
0.1 1.12x10°2 154 20207 2935
R - 0.5 .11 x102 154 14539 2600
) 1.0 1.09 x102 154 10814 6
5.0 1.07 x102 154 1728 0
15.0 1.08 x102 153 12 0
_ 25.0 1.14 x10°? 154 0 0
50.0 1.45 x102 156 0 0
200.0 1.15x102 156 0 0

TABLE O
: Standard deviation Average mp error  Average number Total number of  Number of dmes

: of noise T of updates dmes ly(! > 8"is out of ellipsoid
0.25 027 139 0 0
0.3 024 133 0 0
1.0 029 128 136 0
1.3 0.24 122 2705 0
2.0 022 1! 5968 0
3.0 027 118 10728 1573
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ELS algorithms - Time varying case.

Figure 3.
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Fi;ure 4. . Avenge squared parameter sur for the EOBE and
ELS algorithms - Example 2,
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Figure 5. Maximum residual ezror over 25 runs for
a Non-SPR mode! - Example 3.




