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I. EXECUTIVE SUMMARY

This report summarizes accomplishments and overall progress made during the

period of May 1, 1987 to December 31, 1988. It is the final project report for the

research project sponsored by the Office of Naval Research under Contract N00014-87-

k-0284. It enlists publications and professional activities of the Principal Investigators
during this period. A selected subset of the Principal Investigators' publications is

included in the Technical Appendices.

Recent advances in integrated circuits and signal processing technology have

prompted the need of algorithms with higher degrees of modularity and pipelineabil-

ity, resulting in higher degrees of concurrency and machine perception. It is generally
believed in the research community that higher degrees of concurrency and machine

perception will bring forth many breakthroughs in many signal processing areas, par-
ticularly in adaptive systems, speech and image processing and recognition.

The objective of this research project is to develop an adaptive signal processing

architecture with important features such as modularity, pipelineability, and intelli-

gent use of information. The ground work upon which this research project rests is
a recursive parameter estimation algorithm, i.e., the so-called OBE algorithm, which
features a discerning update strategy. This discerning update is in sharp contrast to
the continual update used by most existing algorithms.

-- The estimation algorithm has been developed with a set-theoretic framework. In

particular, starting with the assumption that the underlying noise (of the system

being studied) is bounded in magnitude. a recursive least-sqaures type of estimation

algorithm was obtained with a discerning update strategy. An important outcome of
such discerning updates is that the resulting algorithm can be implemented with two

modules: an information processor followed by an updating processor. The former
decides whether an update is needed, and the decision is based on the'evaluation of

the "information quality" of the input data, the prediction error, and the noise bound.

It is essential that the informaLion evaluation involves very little computational effort,
which is the case here. The latter then updates the parameter estimates when the

information processor decides that such is needed.

3imulation results have shown, in general. that only less than 20% of the input
data are used to update the parameter estiindtes This is tr,,e for most practical

systems that can be modeled by autoregressive processes with exogeneous inputs
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(ARX) or autoregressive moving average (ARMA) processes whose order is less than

ten.

Conceptually, thanks to the modularity and to the fact that only less than 20%
of input data are used to update the parameter estimates, an adaptive signal pro-

cessing network may be constructed. The network will consist of a number of such

modular recursive estimators, each of which is comprised of two modules, namely, the

information evaluator and the updating processor. As such, the idling time of both
the information evaluator and the updating processor can be reduced, Lhus the data
throughput rate will be increased. In addition, the reliability of signal processing can
be improved greatly. In essence, this type of adaptive networks will be able to pro-
cess multi-channel adaptation and filtering, improving reliability and data throughput

rates. One of the important applications for this is adaptive array processing in sonar

systems.

In this project, several fundamental issues associated with the development of this

type of networks are investigated. These issues include modelling, statistical analysis

of the underlying estimation algorithm, theoretical studies on convergence issues, and

finite word-length effects.

Modelling of the pipelined concurrent networking structure was investigated with

the aid of discrete event models. In particular, we have devised a time-sharing type

of network structure and employed Petri nets to model the data flow. Timing, syn-

chronization, and routing of the underlying arithmetic operations and propagation of

data are shown to be easily modeled by timed Petri nets. It was seen that the virtues

of the adaptive network structure include improvements of data throughput rates.

cost reduction of signal processing hardware, and improvements of reliability.

Statistical analysis was also performed for the estimation algorithm in its appli-

cation to ARX parameter estimation. This study is important in the development of

routing strategy of data flow and performance analysis of the network. Asymptotic

unbiasedness of the -,timates and boundedness of estimation error covariance have

been established under very general conditions, such as whiteness and zero mean for

the underlying noise.

An extension of the OBE algorithm (the EOBE algorithm) has been developed to

deal with ARMA parameter estimation. The results are particularly useful for appli-

cations such as spectral estimation. The algorithm retains the feature of discerning

update strategy and is shown to yield bounded a posteriori prediction errors without
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the premise of the strictly positive real (SPR) condition. This is in sharp contrast to

the conventional algorithms such as the extended least-squares (ELS) algorithm.

It is well known that the SPR condition plays a crucial role in the analysis of the

ELS algorithm. Specifically, without the SPR condition, the ELS can only be shown

to have bounded mean-square a posteriori prediction error. In addition, simulation

results have shown that performance of the EOBE algorithm is comparable to that of
the ELS, in terms of the asymptotic bias of the estimates, a posteriori prediction error,

and a priori prediction error; even though the EOBE used only less than 20% of the

input data to update the estimates. An important point here is that implementation
of the EOBE requires only that the underlying noise is bounded in magnitude. The

development of this EOBE algorithm will help us in the application of the adaptive

network to spectral estimation.

Implementation on finite word-length processors has been studied via simulations.
In particular, the effects of roundoff error accumulation and numerical stability were

studied with fixed point simulations. Based on these preliminary results, it has been
seen that the OBE and the EOBE appear to be superior to the RLS and the ELS,

respectively. One of the possible reasons for such encouraging results is the discerning
update strategy which updates parameter estimates less frequently, thereby accumu-

lates less roundoff errors. Another reason is imbedded in the update equations which

may require more detailed analysis. Nevertheless, these results further verify our

conjecture that eliminating redundant use of information, contained in the received

data, would reduce the effects of roundoff errors.

In summary, our studies showed that the proposed adaptive network structure
is viable. The concept of discerning update, on which the OBE algorithm and its

extension (the EOBE algorithm) are based, is appealing in practice as well as in

theory. The progress made in the project not only demonstrated the OBE algorithm

as a viable scheme for parameter estimation, but also opened some new avenues in

the subject area. The algorithm is applicable to a large class of systems for which

no a priori statistical information is availabe and the resulting parameter estimates
are assured of good quality. The only assumption made in the implementation and

analysis of the algorithms is boundedness on the magnitude of the underlying noise.

Due to the discerning update strategy of recursive estimation, the resulting adaptive

system features a higher level of machine perception, higher degrees of modularity,

and is less susceptible to finite word-length processing.
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In addition to the above accomplishments, our experience in adaptive signal pro-

cessing using algorithms with discerning updates have facilitated studies on artificial

neural networks. In particular, a learning algorithm in neural networks with selective

updates has been developed as an additional accomplishment of the project. The

resulting algorithm is the so-called selective update back propagation (SUBP).

Recent resurgence in the field of artificial neural networks has called for much

attention to learning algorithms. Learning capability of artificial neural networks

may essentially be responsible for distinguishing those networks from conventional

computing and data processing methodologies.

A commonly studied learning algorithm is the so-called back propagation (BP)
algorithm for perceptron-like networks. The back propagation algorithm is believed to

have the most potential to date for generalization. It bears a great deal of similarity to
the least-mean-squares (LMS) algorithm in adaptive systems. It updates continually

regardless of the benefit of such updates.

As shown by many simulation studies, learning with BP appears to be rather
inefficient as the algorithm often fails to converge. As a matter of fact, in some

practical pattern classification problems, it can be shown that using BP to train the
network will take it farther and farther away from the desired results. We suspect

that the continual updating used by the BP algorithm, which results in redundant

use of data that may not be informative, is a handicap of the learning procedure.

The SUBP algorithm, employing the concept of discerning updates, appears to

have good potential for circumventing these difficulties. Further investigations on

SUBP will be needed.
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A MODULAR RECURSIVE ESTIMATOR
FOR

ADAPTIVE SIGNAL PROCESSING

Y.F. Huang
Department of Electrical and Computer Engineering

University of Notre Dame
Notre Dame, IN 46556

Abstract - This paper addresses a newly developed recursive estimation algorithm which
features a discerning update strategy for parameter estimates. This is in contrast to conven-
tional algorithms' continual update of parameter estimates. Of particular interests here is its
higher degree of modularity, as a result of the discerning update strategy, and its potential for
pipelined adaptive signal processing architecture.

INTRODUCTION

Effectiveness of recursive estimation is known to be extremely critical in the design and
implementation of adaptive systems. Issues such as accuracy of parameter estimates, speed of
convergence, and numerical stability of recursive estimation algorithms have received a great
deal of attention throughout the years with numerous books and journal articles on these sub-
jects, see, e.g., [1-7]. Recently, due to the advent of the very large scale integrated (VLSI) cir-
cuits technology, there have been intense interests on constructing more efficient signal proces-
sors to be compatible with such technology f8-1 I). Algorithms which can be implemented
with higher degrees of modularity and pipelineability (hence higher degrees of concurrency)
will be very much in demand. In addition, to further improve the effectiveness of data pro-
cessing, estimation algorithms which can extract information intelligently will prove to be prac-
tically appealing for adaptive signal processing _;stems. There exist immediate applications of
such algorithms to many modern communication systems, such as ADPCM for speech nrocess-
ing and adaptive echo cancellation in telecommunications.

A common feature of most, if not all, existing recursive estimation algorithms is the con-
tinual update of parameter estimates without regard to the benefits provided. Thus even if a
new measurement contains no fresh information and even if its use fails to result in any
improvement in the quality of estimation, the update does not cease. A classical argument for
that is to assume that the underlying signal sequence is an independent one. It thus implies
that some innovative information can be acquired from each new measurement. In practice.
this assumption often fails to hold as data from many natural sources, such as speech processes
and underwater signal processes, have exhibited dependent characteristics. Another issue of
much concern is that of numerical stability. Experience in digital filter theory over the last two
decades has shown that special attention must be paid to problems arising from finite word-
length implementations [9]. Typical such problems are propagation of round-off errors,
overflow oscillations, and limit cycles. The continual update stritegy usually involves more
computational complexity, thus is more likely to result in numerical instzbility. In addition.
the time delay due to updating may result in deviations from the presumed model on which the
estimation process is based. This not only destroys the purpose of estimation, but could also
cause instability of the entire system.

In short, the continual update strategy of existing recursive algorithms is not only redun-
dant, but is often detrimental. Recently, a recursive estimation algorithm with a discerning
update strategy has been developed (12-15). The fundamental concept of the algorithm is
based on the realization that, in reality, not every received datum contains sufficient innovative
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information to yield improvements on the parameter estimates. Thus at every data point, a
decision is made on whether the received data contains enough fresh information to improve
the parameter estimates. As shown in Fig. 1, the resulting estimator consists of two modules,
an information processor followed by an updating processor. The former evaluates the infor-
mation content of the received data and decides whether an update is necessary. The updating
processor thus computes a new parameter estimate only when the information processor
decides that an update is needed.

PROBLEM FORMULATION
Many processes commonly encountered in the area of digital signal processing can be

formulated by the following autoregressive exogeneous input (ARX) model:

y= ay (1)

The above equation can be simplified as

y=O' X + Vk (2)

where *T 6[as ... a%, b0,bj .... b,] and XT __ [' - ... yk, Uk .... uk_ ]. The problem
of recursive estimation is essentially concerned with the evaluation of an estimate of 0, at
every time instant k, with the given measurement (vk,xk) and the estimate at time k-I.

The algorithm proposed in [12] and its extensions [14,151 are derived on the basis of a
boundedness assumption on vk. In particular, assuming that

,j <- j for all k. (3)

then (2) and (3) together yield

(y' - o " 
x) 2

Y (4)

Let SA be a subset of R" * '' defined by

S, = {: (Yk- @xk) 2 < ,yR" " (5)

Note that Sk is a convex polytope in R"A". At any instant k, consider the intersection of the
sequence of the polytopes S1 . ... Sk. It must contain the modeled parameter 0". However,
formulation of this intersection set is analytically complex. A better alternative is to consider
ellipsoids which bound it. Clearly, such ellipsoids must also contain 9".

Another type of processes also commonly encountered can be modeled by the following
autoregressive-moving-average exogeneous input (ARMAX) model:

Yk- ay. + , • " + a,,i. + bluk_! + * • " + buk_, + vk + C1Vk_ + + cv_, (6)
where (vk) is a white noise sequence. Similarly to (2), (6) can be rewritten as

Vk = yk - 0' r  '' (7)
where O" ,A [a,, ..., a.b. b,,, cl . . c,j. is the vector of true parameters. At time k if an

estimate of O is available, vk could be estimated by Ek according to:

Ek = yk - o'r ' (8)

with

x', Y-I ... Yk-w k-,, U -k .... U&It. .... Ek_,]

and O'k being the estimate of the true parameter 0". As such. one may obtain analogous
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formulations for the convex polytope as (5), as well as for the bounding ellipsoids.

TIlE ALGORITHM

Recursive algorithms have been derived based on both the ARX and the ARMAX
models. The recursive algorithm is initialized with a sufficiently large ellipsoid which covers
all possible values of 9'. After (yl, x1) is acquired, one is to find an ellipsoid which bounds
the intersection of the initial ellipsoid and S1, and which is in some sense "optimal". Such an
ellipsoid is denoted by El. By the same token, one can proceed to obtain a sequence of
optimal bounding ellipsoids (OBE) (El}. The estimate for 0, at the k' instant, is defined to
be the center. Thus the problem of recursive estimation is converted to one of finding a
sequence of OBE's. The striking feature of this procedure is that, in general, the OBE needs
to be updated only when a new observation set intersects it in such a way that the resulting
intersection set is "significantly smaller' than the previous one. As shown in [12], the decision
to update is based on the result of the optimization procedure. This essentially results in an
"information evaluation procedure", a$ shown in Fig. 1.

The OBE may be chosen to be the one which has the minimum volume [12,13]. On the
other hand, one may also choose the OBE as the one for which a normalized bound on the
estimation error is minimized 1141. The information evaluation procedure involves much less
computation, compared to updating of the parameter estimates. In fact the information evalua-
tion of [141 involves even less computation than its counterpart of [121.

DISCUSSIONS

According to our simulation experience, only 20% of received data are needed for updat-
ing estimates and the results are as accurate as those of the recursive least-squares. This is true
for almost all cases in which the number of parameters to be estimated is less than ten. This
result demonstrates tremendous redundancy involved in conventional recursive estimation alg-
rithms. Other features of the algorithm include a better tracking capability [14] for slowly
time-varying parameters, as well as cessation of updating thus improves numerical stability and
the accuracy of the final estimates.

As a result of the modular structure, there exists a great potential for constructing a pipe-
lined architecture. Furthermore, due to the simplicity of computation needed by the informa-
tion evaluation procedure, one may be able to increase significantly the data-throughput rate by
constructing a time-sharing type of processor networks. This is a subject of some on-going
research projects.
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A HIGH LEVEL PARALLEL-PIPELINED NETWORK ARCHITECTURE
FOR ADAPTIVE SIGNAL PROCESSING bo

Y.F. Huang and R.W.iu PLi
Department of Electrical and Computer Engineering as

University of Notre Dame
Notre Dame, IN 46556

Abstract In general, the continual update strategy results in algo.

This paper investigates a recently developed modular recur- rithms that are numerically intensive. It is thus more likely to
sive estimation (MRE) [1,2] algorithm using discrete event result in numerical instability. Furthermore, the time delay due
models (DEM). It also proposes a concurrent, pipelined adaptive to updating may result in deviations from the presumed model on
signal processing architecture based on parallel networking of which the estimation process is based. This not only destroys
these MRE's. The main feature of the MRE is a discerning the purpose of estimation, but could also cause instability of the whe
update cr-ategy for parameter estimates, in contrast to the con- entire system. the
tinual update strategy of conventional algorithms. Not only does In addition to the virtues discussed above, an outgrowth of dei r
this discerning update strategy result in a higher degree of modu- this modular recursive estimation (MRE) is a parallel-pipelined
larity, but also does it facilitate more effective use of data infor- networking structure. Note that many data samples will be
matrion. rejected by the information evaluation (IE) procedure. Our simu.

lation experience has shown that, for lower order systems (say.
I. INTRODUCTION eighth order), only 20% of the received data are used for updat.

The growing need of high speed digital processing of large ing parameter estimates and the results are as accurate as those
volumes of data has resulted in a great deal of interest in signal of the recursive least-squares. In fact, this number could even be
processing algorithms which possess important features of modu- smaller in some applications [8].
larity, pipelineability, regularity, and flexibility. The advent of As shown in [1,21, it can be designed so that the computa-
the v ry large scale integrated (VLSI) circuit technology has tional complexity of IE is much less than that of the updating
made available low cost signal processors with higher degrees of (U PD) procedure. As a result, both the IE and the UPD could
concurrency in computation. Design and implementation of involve a good amount of idle time. A viable idea is thus to
adaptive signal processing algorithms will undoubtedly benefit consider a parallel, pipelined network configuration of such
from such progress. modular estimators to (multiplex) process signals from multiple sith

Much work has been done to improve modularity and con- channels. In this case, issues of data throughput and those of
currency in the computational aspects of signal processing algo- routing (or queuing) of parameter estimates become complicated 'alue
rithms, see, e.g., [3-7]. Little was done to devise modular algo- and have be addressed. be u-
rithms at the "higher" level. Recently, Huang 11,21 proposed a The purpose of this paper is to investigate these aforemen- Id idt
recursive estimation algorithm which features a modular struc- tioned issues, and effectiveness of the parallel, pipelined netmot a a ye:
ture, as depicted in Fig. I. In particular, the process of recursive architecture. Realizing that data throughput and routing in signal
estimation is carried out in two steps: information evaluation of processing are sequences of discrete events, we investigate the
the received data first, and then updating of parameter estimates. potential of DEM to facilitate our study. In
The latter proceeds only if the former decides that an update of vesug
parameter estimates is necessary. In addition to higher degrees II. A MODULAR RECURSIVE ESTIMATION ALGORTIM a I
of concurrency, this sort of schemes also have the benefit of This section summarizes the estimation algorithm proposed are
better numerical stability, in [1,2]. Consider the following auto-regressive exogene3CR 111ton

A common feature of most, if not all, existing recursive input (ARX) model:
estimation algorithms is the continual update of parameter esti- 1-1,Ure
mates without regard to the benefits provided. Thus, even if a Yv = as yk + J buk.. + vk ( for

new measurement contains no fresh information and even if its /i= r.0 NO
use fails to result in any improvement in the quality of estima- = *

" X -*V- vt
tion, the update does not cease. A classical argument for that is rta
to assume that the underlying signal sequence is an independent where 81T [at -... a. b0 b ... b ] *kd
one. It thus implies that some innovative information can be -T 9. [Yk- '" Yk-P .k '" uk-]. The problem of ecw'a -lI si
acquired from each new measurement. In practice, this assump- estimation is essentially concerned with the evaluation of am ha,
tion often fails to hold as data from many natural snurces, such mate of 0, at every time instant k, with the given ne"SG % s
as speech processes and underwater signal processes, have exhi- (ytz D and the estima. at time k-I.
bited dependent characteristics. be

INFORMATION PROCESSOR UPDATING PROCESSOR

S-'t / r----------------------
Rcwd Data I Inf ormation Y CoMPiS

Waeom an rUpdate rel Now O/PWaveform Sanpler Evaluation Estimates I .

L---- ----- J L~- - -
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Figure 1: A modular recursive estimator.
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The algorithm proposed in [1,2] is derived on the basis of a is shown in Fig. 3, which also shows Chat such an operation
boundedness assumption on vk, namely, elapses 'T+ic time units.

Z 2, for all k. (3) An ETPN model for a complete cycle of the MRE process

is depicted in Fig. 4. Note that conflicting transitions, such as ri
parameter estimates resulting from this algorithm is formulated and t22, t23 and t25, etc., are used to model decision making for-
as follows: mulated by Eqs. (5) and (6). Thus, given a set of data samples,

ek = ek-1 + X Pk Xt 8 (4a) the sequence of events in IE and UPD and the corresponding

P/--1 xklJ Pb-i timing can be obtained easily from Figs. (4a) and (4b). Note
P = [P - 7I (4b) that the time consumed by each cycle of IE and UPD is deter-

1-44 l4. G~ mined provided that the routing of data flow is given.

_ + '.-7 -. DS (In Fig. 5, an ETPN is used to depict the MRE at the higher
(l-X+.a + .kGk (4c) level. It is seen that transitions t, and t3 are conflicting, and that

where Ok is the parameter estimate at time k, 8k YA - xTt Ok- is r4 is a randomly timed transition whereas t5 is deterministically

the prediction error, and Gk 2 4 Pb-l xk. The variable XA, is timed. Routing of data flow depends on probabilities of
defined as follows: occurrences of event t, and (3, which may be determined from

the sampled data and the underlying system characteristics. Ran-
(i) If' y> oj t + 8k then -4  0. (Sa) domness of r4 is a result of routing as seen in Fig. 4(a). Its

(ii) Otherwise, Xk = min(c., uk); where (5b) firing time is a discrete random variable which assumes one of
only three values, depending on the decisions formulated by

if 82 = 0 (6a) Eqs.(6).

Examining Figs.(4) and (5) reveals that completion of one
l-pt if 0 1 (6b) cycle of I.E needs c. +1%t(K+ ). and completion of UPD requires

2 5T,+Ca(K+l) + T, where T is the random transition time of r4 in
I G Fig.5. In general, one can expect that the average value of T is

_- k if Pk(Gk-I)+I> 0 (6c) in the order of 3t1,,+Kta. Thus if all sampled data proceed
l-Gk lk(G71) 1through both IE and UPD, the latter will become a bottle-neck of

a if 0(G-I) + I < 0 (6d) the estimation process while the former will have a significant
amount of idle time. On the other hand, if a large percentage of

with 13
k k ( - o)18. data stops at the completion of I-, the LPD may frequently be

Note that the decision of update or not depends on the idle. Considering either scenario, one sees the inefficient use of

value of X evaluated by Eqs. (5). In general, the algorithm can the signal processors. Furthermore, in sor. practical cases, the

be initialized with O0_ and Po1=I/E, where 0 and I are null vector sampling rate may be greater than the data throughput rate of IE
and UPD. In such a situation, real-time signal processing may

and identity matrix of appropriate dimensions, respectively; and e be seriously handicapped. One of the possible methods to

is a very small positive real number. resolve such - fficiency and handicap is a parallel-pipelined
architecture to - discussed in the next section.

!II. A DEM FOR THIE MRE

In this section, it is shown that DEM are employed to IV. DESIGNING A PARALLEL-PIPELINED
investigate the data flow and timing of event sequences associ- ARCHITECTURE FOR MULTI-CHANNEL
ated with computation involved in the MRE. In particular, Petri ADAPTIVE SIGNAL PROCESSING
nets are used to model events and states corresponding to corn- The objective of this section is to investigate design metho-
putation at three different levels. These models provide a clair- dologies which may improve data throughput rate and which
voyant pictum of blocks of computation that can be carned out may result in more efficient use of signal processors. We also

concurrently. They also show propagations of data computation hope to examine the power of DEM as an aid to the design pro-
in information evaluator and updating processor. cedure. The architecture proposed here is shown in Fig.6. It is

Note that the models used here are the so-called (extended) assumed here that signals are received from N, different chan-
timed Petri nets 19-111. In these Peti net models, there ar nels, and that N2 IE's and N3 LPD's are available. In general, it
essentially two types of transitions: immediate transitions and may be desirable that both N2 and N3 are less than N1 for cost-
timed transitions. In our study, immediate transitions signify effectiveness purposes. Nevertheless, such may not be the case
events such as shift, compare, or simply synchronization. On the if higher throughput rates and reliability are more critical.
other hand, timed transitions stand for computations, such as
additions or multiplications, which take non-negligible amounts Consider the following scenario: All signals are received at
of time. Depending on the level of modeling, this transition time the same sampling rate which is much faster than data
may be deterministic or random. These models are shown in throughput rates of both IE and UPD, and only a small percen-
Figs. 2-S, in which bars stand for immediate transitions whereas tage of samples proceeds through the UPD. Assume that sam-

rectangles are timed transitions, pled data and parameter estimates for all channels can be stored

Figure 2 depicts propagation of data computation in It. Let in buffers A and B. Thus all IE and UPD will be transparent to

t, and T. denote the times needed for each addition and for each different channels. In essence, both buffer A and buffer B are

multiplication of two real numbers, respectively. It is assumed queues of customers which are sharing and competing for a lim-

here that an unlimited number of multipliers and adders are ited number of resources. An important issue here will be the

available concurrently and that memory access and data transfer design of the numbers N2 and N3 as functions of N1, sampling

are events which consume no time. Thus, as shown in Fig. 2, rates, data throughput rates, channel statistics, and other applica-

with concurrent multiplications IE can be accomplished in tion constraints. In practice, this is often an issue of tradeoffs, as

2:,. + %[l+-], where ic is the integer satisfying K-l.Iog52 n!SK opposed to optimality. Also, the queueing discipline of buffer A

with n-=p+q4l. A building block of matrix-vector multiplication and buffer B need to be designed as well. In particular, there
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may be different priorities, in terms of the desperateness for [51 S.K. Rao and T. Kailath, 'VLSI arrays for digital signal pro-
parameter updates, for different channels. Tracking of variations cessing: Part I - A Model identification approach to digital
of parameters and system characteristics should also be of much filter realizations," IEEE Trans. Circuits and Syst.,, Vol.
concern, especially in the content of overall system stability. CAS-32, pp. 1105-1118, 1985.
These issues will be further complicated if sampling rates for (6] H.H. Lu, E.A. Lee, and D.G. Messerschmitt, "Fast recursive
different channels are different. filtering with multiple slow processing elements," IEEE

The virtues of this type of signal processing architecture are Trans. Circuits and Systs., Vol. CAS-32, pp. 1119-1129,
improvements of data throughput rates, cost reduction of signal 1985.
processing hardware, and improvements of reliability. If some of [71 E.A. Lee and DO. Me- '.chrtutt, "Pipeline interleaved pro-
the IE's or UPD's fail, the network -will still be able to functionproerl. I wold lsobenfitfro eficint se f irornaur, grammable DSP's: Architecture, IEEE Trans. Acoust.,
properly. It would also benefit from efficient use of information Speech, Signal Processing, Vol. ASSP-35, No. 9, pp. 1320-
contained in the received data, a potential for interplay of adap- 1333, 1987.
tive signal processing and artificial intelligence. [8] Y.F. Huang and M. Yeh, "Adaptive hybrid balancing based

Accomplishments of these design problems will certainly on a novel recursive estimation algorithm and spectral
rely on effectiveness of the modeling tool available. State-of- analysis," IEEE Trans. Acoust., Speech, Signal Processing,
the-art models, such as finite state machine (FSM), Petri nets Vol. ASSP-35, No. 3. pp. 397-399, 1987.
(PN), and finitely recursive processes (FRS), will be investigatedas to their suitability to this signal processing design problem. [9] C.V. Ramamoorthy and G.S. Ho, "Performance evaluation

for asynchronous concurrent systems using Petri nets,"

V. CONCLUSIONS IEEE Trans. Software Engrg., Vol. SE-6, No. 5, pp. 440-
4-19, 1980.

The propagation of data computation and timing of a modu-

lar recursive estimation algorithm are examined using a discrete [10] M.K. Molloy, "Performance analysis using stochastic Petn

event model. The key to the MRE algorithrm is a decision- nets," IEEE Trans. Computer, Vol. C-31, No. 9, pp. 913-

making regarding the information content of the received data. 917, 1982.

As a result, it features modularity at the higher level, as opposed [11] G. Balbo, S.C. Bruell. and S. Ghanta, "Combining queueing
to the computational level. This feature enabled us to consider a network and generalized stochastic Petri net models for the
parallel-pipelined architecture for adaptive signal processing net- analysis of some software blocking phenomena," IEEE
work which makes more efficient use of signal processors and Trans. Software Engrg., Vol. SE-12, No. 4, pp. 561-576,
will facilitate achievement of real time signal processing. 1986.

[12] C.A.R. Hoare. Communicating Sequential Processes.
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RECURSIVE ARMA PARAMETER ESTIMATION WITH A DISCERNING
UPDATE STRATEGY. FINITE PRECISION EFFECTS

Ashok K. Rao Yih-Fang Huang
University of Nore Dame University of Notre Dame

I.ntodun, The performance of adaptive filter algorithms in finite precision environments
has received a lot of attention in the past few years. The problem is important because a practical

implementation of these algorithms will impose constraints on the word-length, which may cause
significant degradation in the performance. For example, some of the fast least-squares algorithms,
though appealing in theory, have been found to be unstable in finite word-length implementations [I].
Round-off and quantizat.sn errors affect different adaptive algorithms in different ways. The
accumulation of -"und-off errors in the recursive least-squares (RLS) algorithm can cause the inverse
of the associated estimated covariance matrix to become indefinite and the algorithm to diverge fairly
.arly, especially if the order of the filter is large[2,31. This effect is pronounced if the data is ill
conditioned, i.e., the data autocorrelation matrix has a large eigenvalue spread. On the other hand, it
can take millions of iterations before the effect of quantization errors becomes noticeable in the widely

used LMS algorithm[4].
In this paper we first study the effects of roundoff errors in a fixed point implementation of the

so-called Optimal Bounding Ellipsoid (OBE) algorithm(5]. This algorithm estimates recursively the
coefficients of autoregresive with exogenous inputs (ARX) processes. One of the main features of
this algorithm is a discerning update strategy. This feature, obtained by the introduction of an

information dependent updating/forgetting factor, yields a modular structure thereby increasing the
potential for concurrent and pipelined processing of signals. The presence of such a forgetting factor
also gives the algorithm the ability to track time varying parameters.

The OBE algorithm belongs to a broad family of algorithms known as membership set parameter
estimation algorithms [61,17].[81. These algorithms are particularly useful when the statistical
properties of the noise sequence (v(t)} are unknown, but instantaneous bounds on its magnitude are
available. In the past few years. there has been a resurgence of interest in these algorithms. However.
the key issue of finite precision effects has not received much attention. We have found that in small
word-length situations, the performance of the OBE algorithm is superior to that of the RLS algorithm
(with and without forgetting factor). The EOBE algorithm, which -is an extension of the OBE

algorithm to ARMA models[91 is studied next and simulation results also indicate that the EOBE
algorithm has better numerical properties than the extended least-squares (ELS) algorithm(seel3)for

details of the RLS and ELS algorithms).
This paper is organised as follows: The first section introduces the concept of membership-set
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parameter estimauion and describes in fuller detail the OBE algorithm. The next section presents the
extension of the OBE algorithm for parameter estimation of ARMAX processes.The simulation

procedure and the simulation results are presented in the following two sections.The paper concludes
with discussions of the simulation results.

The ORE Alvorithm. Membership-set parameter estimation is concerned with the
determination of sets of parameters which are consistent with the measurements, model structure, and
noise constraints. The model and noise representations commonly used are

y(t) _ go T ~t) + V(t), Iv(t)l S rtnt)

where (y) is a sequence of scalar observations, 0* is the parameter vector to be identified, D(t) is a
n-vector of variables known at time t. (v) is the noise sequence and ± r'1(t) are the time varying noise

bounds. Given a sequence (y(i),O(i)1, i,,l..k, the optimal membership set
Vj} k (,j k,01 Si

where
S- (8: (y(i)- 9T (i)) 2 Sr(i), E R n ]

From a geometrical viewpoint, Si is a convex polytope in RI and contains the true parameter vector.

Finding Wok is often computationally intractable and it is therefore necessary to approximate w0 k by
some set which approximates it closely and which can be described and updated economically. The
different membership-set algorithms differ in the way the optimal membership set is approximated and
in the method used to obtain an optimum(in some sense) set.

The OBE algorithm estimates the coefficients of ARX processes described by

y(t) - a y(t-1)+..+ ay(t-n) + b0 u(t) + b, u(t-l) -..+ b. u(t-m) + v(t)
where y(t) is the output, u(t) is the input and v(t) is the noise contaminating the observations.

The above equation can be recast as
y(t) 90 TO(t) + v(t)

where
9 -[a 1 a2 . , b0 .b . bm r

is the vec ofr me parametrs, and

0(t) - j y(t-l), y(t-2), .. y(t-n), u(t), u(t-l), .u(t-m) jT

is the regesor vector. It is assumed that the noise is uniformly bounded in magnitude. i.e.,
there exists T O, such that

v 2(t) S YO2 for all t, hence
(y(t) _ OOT'O~t) )2 < .YO2

Let St be a subset o(the euclidean space R"'', defined by
S'_, (g@: (y(t)_ - eO(t) )2 :g y02 , eRRn.m.l )

The OBE algorithm starts off with a :&rge ellipsoid, E0 , in Rn" * t which contains all possible values
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of the modelled parameter e. After the first observation y(1) is acquired, an ellipsoid is found which

bounds the intersection of E0 and the convex polytope St. To hasten convergence, this ellipsoid must

be optimized in some sense, say minimum volume(7] or by any other criterion[5,10]. Denoting the

optimal ellipsoid by Et, one can proceed exactly as before with the future observations and obtain a

sequence of optimal bounding ellipsoids(OBE) J Et ).

The center of the ellipsoid Ecan be taken as the parameter estimate at the t-th instant and is

denoted by 0(t). If at a particular time instant i, the resulting optimal bounding ellipsoid would be of a

"smaller size ", thereby implying that the data point y(i) contains some " information " regarding the

parameter estimates, then the parameter estimates are updated. Otherwise E is set equal to E1.j. and

the estimates are not updated. In essence, the recursive estimator consists of two modules, an

information evaluator followed by an updating processor. At each data point, the received data

proceed to the updating processor only if the information evaluator indicates that some fresh

information is contained in the data.

Specifically, let the ellipsoid Eld at the (t-l)-th instant be formulated by

for some positive definite matrix P (t-1) and a non-negative scalar a2 (t-l).Then, given y(t). an

ellipsoid which bounds E,., n St "tightly" is

(0: (l0 -. ) ( 0-0 (t-I)) P'(t-1)(e-e (t-l) ) + X, (Y(t)-09T (t)) 2

where the forgetting factor Xt satisfies 0 A, S t <i, with a being a user chosen upper bound on the

forgetting factor. The size of the bounding ellipsoid is related to the scalar oa (t-1) and the eigenvalues

of P(t-1). The update equations for 0(t). P(t) and e(t), derived in [5], are as follows

e(t) - 0(t- 1) + K(t)8(t) (2a)

8(t) - y(t) - OT(t-l) 0(t) (2b)

K(t) U0(2c)I-),.t+ X,,G(t)

G(t) = OT(t) P(t- 1) -(t) (2d)

P(t) I [- . K(t)oT(t) ] P(t-1) (2e)
I-At

where 0(t) is the regressor vector which contains present and previous input and output samples.

The optimal ellipsoid which bounds the intersection of E,., and S, is defined in terms of an optimal

value of X. For the OBE algorithm of [5), the optimum value '*, is determined by minimization of

02 (t) with respect to at every time instant. The minimization procedure nesults in a discerning
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update procedure. In particular, .*t is set equal to zero (no update) if
+z(0 + 82(t) S y0

2(t) (3)
On the other hand, if (3) is not satisfied, then the optimal value of Xt is computed as follows:S

nt mn (a, v) (4)
where

a if 2(t) - 0
1-O3(t)0)if G(t) = l

S[G(t) if P(t) (G(t)-l) + 1 > 0
1-G(t) I+ P(t) ( G(t) -1)

Siff 3(t) (G(t) - 1). 1 0
and

82(t)

The above recursions(2), and the selective update criterion (3,4), along with the initial values
P'1(0) a I,. 0 (0) - 0 and cy2(0) a l/e with E <<I

form the basis of the OBE estimation aigorithm. Note that the OBE algorithm is similar in form to the
weighted recursive least-squares (WRLS) algorithm, with the information dependent updating factor

acting as a weighting factor on the observations. Note also that the complexity of the information
evaluation procedure (3) is much less than that of the updating procedure (2).

The Extended ORE algorithm. An ARMA (nr) process is of the form
y(t) = a y(t- 1)+..+ %n y(t-n) + w(t) + c, w(t. 1) +..+ c, w(t-r) (5)

where y(t) is the output and w(t) is the input noise which is assumed to be uncorrelated and unknown.
If w(t) is assumed to be bounded in magnitude by yo, then the OBE algorithm can be extended to this

ARMA parameter estimation problem, if estimates of w(t-1), w(t-2)..,w(t-r) are available[9]. The
algorithm is essentially the same except for the following changes:

(i) The regressor vector is now given by
0(t) - [ y(t-1), .. y(t-n), E(t-l), ... £(t-r) I T

where

C(t) - y(t) oT(t)p(t)

is the a posteriori prediction error and the parameter estimate 0(t ) is the estimate of the aj, i - 1,2,..,n

and c1, j w 1,2,..,r.
(ii) The io in (3), which is the upper bound on the noise, is replaced by y, an upper bound on the
magnitude of the output y(t).

374



27

It is easily shown that, for the EOBE algorithm, minimizing o2(t) with respect to X, at every time

instant yields the same updating criterion (3) and the same algorithm for determining the optimum

value of the forgetting / updating factor *, , as in [5]. The algorithm thus retains the discerning update

strategy and the modular adaptive filter stuicture.

SiMu a.ton Setu. A fixed point implementation of the OBE algorithm was simulated by

performing the operations in integer arithmetic. The input and output observations, which are

generated as floating point numbers, are converted to integers by the formula

INT( X. 2j
bit + 0.3) . A > 0

Xquant

INT( x. 2 ib
it 
- 0.5) , x < 0.

where ibit is the number of bits assigned for the integer representation of the fractional part of the real

number x. In the simulations, since an integer is stored in 32 bits, all registers and word sizes are 32
bits. Multiplication is performed by forming the product in a 48-bit word, scaling down by 2"i', and

then rounding off to the nearest integer. Inner products are formed similarly by accumulating the

products in a 48-bit word, scaling down and then rounding off.
The upper bound a on the forgetting factor, has to be chosen with care in the fixed point

implementation of the OBE and EOBE algorithms. If ca is chosen greater than 0.1, then the elements of

the matrix P often increase rapidly in magnitude and overflows can occur. The reason for this is that in

the initial stages, the optimum value of the forgetting factor X, equals ct fairly often. Consequently,

since I- X appears in the denominator of (2e), the magnitude of the elements of P can increase and
cause overflows. On the other hand, if cx is chosen too small then the algorithm takes more iterations

to converge and the number of updates increases. A value of cz =0.1 was found to yield a satisfactory
convergence rate and inhibit overflows in the update equation for P(t).

In addition to ai, the initial value Y2 (0) has to be chosen small enough to prevent overflows in the

subsequent calculations of .*. This is because if, at any time t, o2 (tl) is large and 82(t) is small
then p = (1 2-a 2 (t-))/ 6 2(t) can become a very large negative number and the product P3(G-l) can

overflow. However, if overflows can be detected and a saturation value is used for 3, then the

calculation of .* will not be affected. Since j3 is negative and large in magnitude, I+P3G-I) is a large

positive or negative number, depending on whether G is greater than or less than unity. In case

l+O(G-l) is positive, then it can be seen from (4) that v, is greater than unity, and consequently X*=
a. On the other hand if I+O3(G-l) is negative then X*= ct from (4). Thus large values of o2(0) can be

used if care is taken to account for overflows in the algorithm for calculating X*. In our simulations,
the initial (unquantized) value taken is a2 (0) = 100.

For the RLS algorithm, the initial value P(0) is also importanL Since the bias in the estimates is

inversely proportional to P(O), P(0) should be large. However large values can cause the Kalman gain
vector K to overflow, and the parameter estimates to grow exponentially in the initial stage I I.
Therefore a compromise value P(0) - 10 1, where I is the identity matrix, was chosen.
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Simulation Rjiuts. To compare the performance of the OBE algorithm vis a vis the RLS and

EWLS algorithms, simulations were performed with an AR(4) and an ARX(4,4) process

Example I. AR(4) process
y(t) - -0.6 y(t-l) -1.58 y(t-2) - 0.464 y(t-3)- 0.5576 y(t-4) + v(t)

The noise sequence (v(t)} is generated by a pseudo-random number generator with a uniform
probability distribution in [-1.0, 1.0]. The upper bound yI was set equal to 1.0. The parameter
estimates were obtained by applying the OBE and the RLS algorithms to 500 point data sequences.
Twenty five runs of the algorithm were performed on the same model but with different noise

sequences. The number of bits used for the fractional part, ibit, was varied from 16 down to 8 bits.
The average squared parameter error L is computed for each value of ibit according to the formula

L =-If 9.O-0 )T(ej- _ ).

where Oj is the final parameter estimate in the j-th run and 0* is the true parameter. The average tap

error for the OBE, RLS and exponentially weighted RLS(EWLS)with forgetting factor X --0.99, is

plotted against ibit in Fig.l. It can be seen that the performance of the OBE algorithm appears to be

constant as the number of bits varies from 16 to 9. In contrast, the performance of the RLS algorithm

degrades substantially as the word-length decreases. The performance of the EWLS algorithm is even
worse. The RLS and EWLS algorithms overflowed for ibit < 8. The OBE algorithm overflowed for

ibit: <7.

Examole . ARX(4,4) process
y(t) - 0.Sy(t-1).0.4y(t-2)+0.6y(t-3)+0.2y(t-4) + u(t)-0.29u(t-1)+0.Su(t-2)-0.7u(t-3) + v(t)

The input and noise sequences are generated by a pseudo-random number generator as before. The
average tap error L., for the OBE, RLS and EWLS algorithms is plotted against ibit in Fig. 2. As

before, the average tap error of the OBE algorithm appears constant as ibit varies from 16 to 7 bits.
The RLS and EWLS algorithms do not work well for ibit S 8.

Simulations were also performed for an ARX(10,10) model. However the large order seems to

have caused greater accumulaton of round-off errors in both the RLS and OBE algorithms and

consequently overflows occurredL

EUMWLI.
The performance of the EOBE algorithm was evaluated by simulating an ARMA(3,3) process

y(t) - -0.4 y(t-) + 0.2 y(t-2) + 0.6 y(t-3) + w(t) - 0.6 w(t- 1) + 0.2 w(t-2) + 0.6 w(t-3)
The noise sequence (w(t)) is generated by a pseudo-random number generator with a uniform

probability distribution in [-l.0. 1.01. The upper bound y2 was set equal to 25.0. The average

parameter error L is plotted for the EOBE and ELS(with forgetting factor X -1 and X =0.99)

algorithms in Fig. 3. As in the previous case, it can be seen that while the performance of the EOBE
algorithm is fairly constant over a range of word-lengths, the ELS algorithm does not perform
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properly for ibit < 9. The performance of the ELS algorithm with a forgetting factor of 0.99 was

worse. The algorithm overflowed for ibit < 13.

,scuiqau. The superior performance of the OBE (EOBE) algorithms, as compared to the
RLS (ELS) algorithms, is quite encouraging. One of the reasons could be the selective update strategy
of the OBE algorithm. Such an update strategy may be responsible for a slower accumulation of
roundoff errors on account of the updates being performed infrequently. Hence, if the RLS(ELS) and
OBE(EOBE) algorithms operate on large sets of data, then the OBE(EOBE)algorithm could be less
prone to divergence, simply because it does not update as often.

The difference in performance could also result from the differences in the update equation for P(t).
The update equation for the RLS (ELS)algorithm with a forgetting factor X is

P(t) = I Pt-00<(t)'rt) ] P(t.1) (6)

X. + e)(t)P(t - 1)0()( j X

The corresponding equation for the OBE(EOBE) algorithm is (2e), which can be rewritten as

P(t) ] P-- 1) (7)

- + e(t)P(t-l)0(t)

Since 1- X, plays the same role in the OBE algorithm as does X in the RLS algorithm, the only
difference between (6) and (7) is that the factor (I- X, )/ X, appears in the denominator of the term
within braces in (7) as opposed to the corresponding term X in (6). The degradation of performance
occurs primarily because the term within braces becomes indefinite(has positive and negative
eigenvalues) on account of round-off errors. Since X, is usually much smaller than unity, the term
which is being subtracted from the identity matrix in (7) is much smaller than the one in (6). Thus P(t)
in the RLS(ELS) algorithm has a greater tendency to become indefinite than the P(t) in the
OBE(EOBE) algorithm. This observation has been confirmed by examining the eigenvalues of P(t),
for runs in which the RLS algorithm performed poorly.

The failure of the RLS algorithm when the order is large(>10) is well known and there exist several
methods like the UDU' [2.3) and QR factorization [4) methods, to make the P update numerically
stable. For the OBE algorithm, a recenlty proposed systolic array implementation( 121 may have better
numerical properties. The derivation of other numerically stable recursions for the OBE algorithm is
currently under investigation.

ranclusins. The finite-precision performance of the OBE and the EOBE algorithms has been
studied through simulations. The performance of these algorithms in small word-length environments
is superior to that of the well known RLS and ELS algorithms . The improvement is attributed to
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differences in the resursion of the matrix P(t) and less number of updates of the OBE algorithm. For
large order processes, both the RLS and the OBE algorithm did not work properly when the
word-length was small and hence more numerically robust algorithms may be required for such

situations.
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Abstract
This paper inv.vitigatilt. a £tw la' vr ujritlt nil iwt lt Ptrtir,rk whir h ,,t ,if ,mt

hidden layer of second order neturons and an output la.%er o].Jirst order neurons. IIle Aecund
order neurons yield conic-surface type of decision regions such as ellipses and parabolas. A
simulation example is presented. It is shown that such networks yield more flexibility than
first order ones. Analysis on the mernor. capacities of single.layer and two-layer networks is
presented.

INTRODUCTION regions such as ellipses, hyperbolas and hylperplanes, instead of just
A feedforward neural network could have one or several the hyperplane decision regions available with the first order neuron.

hidden layers of neurons and a single layer of output neurons, An advantage here is that, with such conic-surface type of decision
Information flows upward from the lowest hidden layer, which regions, one can obtain smoother regions with less number of hidden
receives the inputs, to the output layer of neurons from which the neurons.
outputs of the neural network are retrieved. Typically, the output of Simulation Example
each neuron in the network is a semi-linear function of the inputs The characters A, 'C', 'E', and '0' are reprenented by a
formulated by 3-by-3 matrix of one bit pixels and each character is presented to a

single-layer feedforward network as a 9-by-I vector (or pattern). The
Oj= (Ijii' () single layer network is composed of two output neurons. The

network is then trained to recognize a character by giving a two-bit
where 0- denotes the output of the j-th neuron, ca- is the weight for decision using the two neurons. Figure 1 shows the estimated root

r Omean square error of the first output neuron versus the number ofthe connection from the i-th to the j-th neuron, and Oi' is the i-th input iterations (number of presentations of the character-set), Figure 2
to the j-th neuron. The function f(.) in (I) is typified by the sigmoid shows the same plot for the second output neuron. Both figures
functaon demonstrate that second order neurons can be trained faster than first

I order neurons.
f(x) (2) 5 of first output neuron(l+e- )

The sum -iwojii+Oj is often referred to as the discriminant function.
The concept of first and second order discriminant functitns

arise quite naturally in classification problems of statistical pattern -

recognition [2]. Assun'e that it is desired to classify a d-dimensional I
input pattern x as either of class A0 or of class A1 . given that the 2M
conditional probability density functions p(xlA 0 ), p(xA l) are 100C.1

Gaussian with mean vectors ,'0 and ll and covariance matrces R0
and RI. respectively. t i

This problem can be formulated as one of a simple hypotiheis ,
testing. Using the Bayes or the Neyman-Pearson test. we obtiin the 0 4 0 o no
following second order discriminant function.

T -i T -t I T t 5 IifliAlT(x)=(grRl t-poRo t)x +- I (R; -R1)x >A t: (3),,,,,
<A Figure I: RMSE of first neuron vs. number of iterations
<A

0

where z is some appropriate threshold. If the distributions of the
classes A0 and A 1 have the same covanance matrices, (i.e.. R0 =R 1 rse. of second output neuron
then the discriminant function in (3) defines a hyperplane tn
d-dimensions, When the covanances are not equal. (i.e.. Ro*R ..

then the discriminant function is of second order. 05 0

SECOND ORDER NETWORKS "
High order generalizations of (I) can be obtained by 04 .0- :N ,,,

considering high order discriminant functions as follows, 131 .0- s,,

X=XW(,O'+ ()jikOi'Ok'+..+0 j  (4)
i i.k

where x is the argument in the sigmoid function, (2). We can see that
there are morm degrees of freedom in a higher order neuron and this
will increase the capabilities of the neuron, at the expense of 01 0 o 0 40 6n 90 ,:0
increasing the number of weights needed per neuron.

The second order discriminant function for a second order #,ff"ttom
neuron is obtained from (4) by excluding all terms higher than second Figure 2: RMSE of second neuron vs number of iterimon,,
order, hence

( ' To achieve a m ore general deLi ion rc iau. "e 'ould
.rpro, mate a given decision region is J. ol L1cioi t ClIh[pk' ,rld

tai.k tlke the union of these elliptical deciion recrois F.ch cLiiitt&Assuming that there are d inputs to the neuron, then there are decision region can be formed with a sinile second order I ' ar,, and(d+l)(d+2)/2 weights per neuron. This is considerably more than the the final decision region is found by iakin, the mum, (jar ", ( )R
conventional (first order) neuron. However. secnnd order operatlon) of the elliptical decision rcglion, .t il ihe 'cctonl mTlcr
discriminant ftnctions can define conic-surface types of decision neurons.
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The above can be achieved with a two-layer feedforward neural We next look at the memory capacity of the Madaline network
network composed of first order output neurons and a single layer of [61, which is a two-layer feedforward neural network composed of a

hidden second order neurons, as shown in Figure 3. single output neuron, m hidden neurons and d inputs.
Theorem 2

The memory capacity of the Aladaline network is K such that
K - md.

Remarks(1I) "lie pr(m) ue;I n maIaitsIhrcsI nI~lll

(21 lifte ;iisivc re,4lt ;igroos willh (ie rIl(rirlve iliotl(t I (it
increasing the number of hidden neurons increases the computational
ability of the neural network.

The memory capacity of a two-layer feedforward neural
network composed of N output neurons, m hidden neurons and d
inputs is stated in file next theorem.
iheoreVn 3

The memory capacity of the two-layer feedforward neural
network is K such that

md/N S K 5 md.
Remarks

(1) The proof uses Theorem 2.
(2) The second order discrir-.;ant function can be viewed as a

mapping from d-space into (d+l)(d+2)/2 -space, which increases the
Figure 3: Proposed feedforward network dimensionality of the inputs. Hence. making the stronger assumption

Simulation examples using the proposed network can be found in [4]. that the 'new' fundamental memories that are mapped from d -space

are in general position, we apply the previous theorem to theEXTENSIONS OF BACKPROPAGATION ALGORITHM proposed network and obtained,
The backpropagation algorithm [51, is easily extended to the

proposed two-layer network. Given the inputs and the desired m(d+l)(d+2)/2N<K5m(d+l)(d+2)12
outputs, [Xiu),(Viu) respectively, the objective here is to minimize Thus, using second order discriminant functions increases the

memory capacity of the two-layer feedforward neural network. This
the following cost function is achieved, however, at the cost of increasing the number of synaptic

E = c--Oi)
2  (6) weights needed per neuron.

i CONCLUSIONS
where u denotes the u-th pattern of input/output vectors to be learned, A two-layer feedforward neural network is presented which
and Oi is the actual output of the i-th output neuron. Using the consists of first order output neurons and second order hidden

neurons. Analysis on the memory capacities of the single-layer and
negative gradient of e as a descent direction we obtain tik o-layer feedforward neural networks was presented and applied to

the proposed network.
(i) For weights associated with the output neurons

O0(I---O)(V-O,) (7a) Acknosledgement: This work has been supported in part by the
Office of Naval Research under Contract N00014-87-k-0284, and in

coji(k+1) = coji(k)+T1Oi'81  (7b) part by the National Science Foundation under Grant MIP-87-11174.

(ii) For weights associated with the hidden neurons

8i= O -j_.01 k# (9a)
k [I E B. Baum, "On the capabilities of multilayer perceptrons.

Here, the index k refers to the output neurons. Proc. IEEE Conf. Neural Info. Proc. Sys., Denver. 1987.

wji(k+l) = aji(k)+lOi'8j  (8b) 121 S.T. Bow, Pattern recognition, Marcel Dekker Inc., New
York, 1984.

Wji(k+l) =ojim(k)+TIOi'Om'6__i (8c) [31 T Maxwell, C. L. Giies, Y.C. Lee and H.H. Chen.

MEMORY CAPACITY OF NETWORKS "Non-linear dynamics of artificial neural systems,' AIP Conf.,
We next examine the problem of how much information can be Snowbird, 1986.

stored within a feedforward neural network.
To begin with. define fundamental memories as the [4[ V C. Soon and Y F. Huang, "Artificial neural networkc with

input-patterns to be implemented and associated memories as the second order discr.minant functions," Proc. Conf. Info. Sci.
corresponding output-patters and Syst., Princeton University, 1988.
Definition The memory capacity of a given neural network is the
maximun value of K, such that the neural network can map any [51 D E. Rumelhart, G.E. Hinton and R J Williams. "Learning
K-set offndamental memories to any K-set of associated memories internal representations by error propagation,' in PDP '.el 1.

We make the additional assumption that the K-set of eds. D.E. Rumelhart and JL. McClelland. MIT Press.
fundamental memories are in general position, i.e., no (d+ 1) of the Cambridge. MA. 1986.
fundamental memories on the same (d-l)-dimensional hyperplane.

Then, we examine the memory capacity of a single-layer [61 B. Widrow, "(jeneralization and information storage in
feedforward neural network with N output neurons and d inputs, networks of Adaline neuron,"' in Self Organization S ,tems.
Theorem 1 eds. M.C. Yovits, G.J. Jacobi and G.D Goldstein, Spartan.

The memory capacity of the single -layer feedforward neural Washington D.C., 1962.
network is K such that

K - d+l.

(1) The proof follows from our definition of memory capacity
and by looking at a single neuron in the network.

(2) In the case where the K-set of fundamental memories are
not in general position, the capacity K is upper bounded by d+l,
(i.e., K S d+I).
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E5.,1O
STATISTICAL PROPERTIES OF A NOVEL RECURSIVE ESTIMATION

ALGORITHM WITH INFORMATION-DEPENDENT UPDATING

Ashok IC Rao and Y. F. Huang
Deparment of Electrical & Computer Enpineering

University of Note Dame

Notne Dame. IN 46556

ABSTRACT where y(t) - OT(t) 6 + v(t) (2)

Statistical analysis of a recursive parameter estimation e*(t) - (al(t) , &2 a,). (t) ,bo (t), b, (t),. bm (t01 T
algorithm is performed. Ile algorithm has been used for the is the vector of system parameters and
estimation of parameters of ARX prcse with bounded 0(t) - ( y~-) y~-) _yt-) u(t). u(t-1), ...U(t-M)] T
noise. Previous analyses of algorims used in the bone is th rerso vetr Give the input and output sequences
noise situation have been essentially deterministic.
Unbiasedness of the estimates is shown under the assumption and an upper bound y on the magnitude of the noise, the OB E
that the noise is white and zero mn. An upper bound on the algorithm can be used to estimate the parameters a, .., a.
covariance of parameter estimates is derived. An improved bo....b..The key equations defining the OBE algorithm of [31
version of the algorithm is proposed which yields smoother ar
estimate and grease resistance to outliers P't(t) -(1-X) P(t-1) + x~twewt (3a)

INTRODUCTION e)(t) 0 (t-1) + )LP(t)O(t) 5(t) (3b)

The optimal bounding-ellipsoid (ODE) algorithm ( 1-31, is
a recursive parameter estimation algorithm which ilcorporabes 8(t) -y(t) - T(t-l)40(t) (3c)
information-dependent updating. It has been used for
estimating the parameter of autorepressive prcess ih (l)tC2t_) t x (I.\ SX 6(t)
auxiliary inputs and bounded disturbances (AR pocsWWss. &t 1 T) 2 tl (3d)
T'he key featur of the ODE algorithm is that at every time step,. 1-)h.+ XiG(t)
a decision is made whether or not to update the parameter
estimattes. Simulation results have shown that the algorithm, P. 1(0) - I and 0(0) -0, ce2(0) a lIe, e << 1 (3e)
on the avenge, updates only 20% of the time. T1his fact makes wher
it eminently suitable for processing multiple channels 0t)=(). t) t)b(t,..b()IT
simultaneously as it makes a time-sharing type of signal 0 (t a,(t), a2 (t . a.()"o(t,'i() b t
processor feasible. Another advantageous feature of the ODE is the vector of parameter estimates anti
algorithm is that after the algorithm converges the parameiter G(t) _ 4VT(t) p(t- 1) 4V(t)
updating stops. This is particularly useful in adaptive control
applications where non-cessaton of parameter updating may In this paper, the information dependent updating factor is

leadto nstbilty. he DE l tin as ben used for determined by mninimization of the non-negative quaty (t
adaptive signal prcsin a lctions such as spectral
est-matlon and adaptivehybrijbaancing [4]. In this pa, at every time instant. T'he optimal value of X, could be zero,
some properties of the OBE estimator will be investigated. thus implying that the data point (y(t). u(t) I contains
The analysis of bounded error algotithmns [1,3,6] has been insufficient information, and consequently the estimates would
essentially deterministic. The statistical propeties presented not be updated. Further details and applications of the
here provide a better undersanding of the algorithm and also agrtmcnb on n[,1
facilitate the performance analysis of the algorithm. In agrtmcnb on n(,1
addition, a modification of tl~e algorithm which improves itsUN AS NSSO TH ETI TS
pefornssce will be propound. NISDE O TH ETMA S

THE ODE ALGORITHM The following analysis assumes that the noise sequence
(v(t)) is white and is Zero mean. From (3a) and (3e) it is

Consider die ARX model formulated by easily shown that

y(t) - Raiyt-) + a2Y(t-2) ....+ ay(t-n) + bou(t). +tt' (1 7jlt .1 ~q0i Ti

(I (t) i-I±q,0i ei 4

where y(t) is the measurable output, u(t) is the measurable where
input and v(t) represents the unknown but bounded
disturbanceat timeinstant t. The ARX equation can be recast qt f( X.)

as 
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Substiting (3a) and (30) in (3b) yields ASYMPTOTIC COVARLANCE

P'l(0(t) - (0,.) P'(t-l)0(t.l). ).LO(t)y(t) (6) The asymptotic covariance of the estimates is a good
measure of the steady stage performance of recursive

Hence estimation algorithms. Finding an exact expresion for the
covariance of the OBE estimates is a formidable task because

P-t)0(t) - ±%&() y(i) + (1- ,.t)..(1.;.p 4(0)0(0) (7) of the presence of the factor qj in (9). This factor is related to
the dam in a highly non-linear fashion. However, after making
a few simplifying assumptions, an upper bound for the

Since the initial value 0(0) - 0 the second term in (7) vanishes, covariance can be obtained.
Substituting for y(i) from (2) yields

% t 0+ t 0 V (With the same assumptions as before (9) can be reduced to

e(t) = P(t)± (i)T(i) tt) -+ 0 P(t) t , 00) v(i) (11)

Using (4) in (8) yields i-I
,.t. Let T(t) - (t)- 9. then since P(t) = PT(t)

0() 6-P(t) 11( I- L) 9° + P(t),jqO(i)v(i) (9)
i-I i,,(t (t) = P(t) "" qO(i)OT(j) v(i)v(J P(t)

s Since 0!;, I . it is generally tre that for large t. i i.1

E t,[.. , (I- ) ) is very smalLThus the second term in the - P(t) it t q %q0i) OT(j)v(i) v(j)] P(t)

right hand side of (9) can be neglected. Consider the i.t j,.i

subsequences of ch ,.O(i) and v(i)obtained by considering 2
only those instants for which Xand hence 6is non-zeroThe + P(t) qit1

( i) TO) v (i) P( t)

third termin (9) can be replaced by a summation over these
subsequences of length t' t. Taking expectations on both
sides yields + P(t) Z qj q40(i) o(j) v(i) v(j) P(t) (12)
ft E(0t 0*+E(Pt qk0ivi)() j- i-j+l

B('+ {P(t 0O(v( (10) It is assumed here, u befoe, that for large t the factor qt. at

Xi 0O the updating instants, is uncorrelated with v(j) foralliandj,

It has been shown [3] that if the input is "persistently exciting" and that P(t) tends to a constant P asymptotically. Also since

then ) tends to 0 and P(t) is bounded asymptotically. It MM iswhit.00is uncorrelatadwithvo) foralljai This

follows then that P(t) tends to a cunstant, say p would imply that in (12), the term (qk qjO(i) TJ) v(i) ) is
asymptotically. To simplify the above equation it is further uncorrelated with v(j) for all j > i and the term (q, qj 0(i)
assumed hem that v(i) is uncorrelated with g(i) and t.. for OT(j) v(j) ) is uncorrelated with v(i) for all i > j. Taking

time instants when Xi is non-zero. Simulation studies expectations on both sides of the above expression yields
confirmed that the correlation coefficient between che and v(i) Lim E ({(t)eiTt)]=
is very close to zero. A possible explanation for this is that q'
which is actually the product of X,. (I.- X,.1 ). .... ( 1l-Xt.) islr

dependent on the data se (y, ...yt as X, depends on y(i), himE P qq00(i) (jtv(i)P) E(vQ))

y(i-l)..... y(l). A change in v(i) will not really affect the
calculated value of q., as long s t and t' a large enough. ET q' (i) PE(T~(i) ~p 0
In addition, 0) and v(i) muncoenuied. as (v(i)) is a white +
nose sequence Therefore

S( q (i)v()) - E q0(i)) ( v(i)) P q q (i) o) v) E ( v(i) (13)
From (10) it follows that J-1 i-qv

-where C2 is the variance of the white noise sequencefv(i)).
lrn E(0()} = '+E(P2 qj.O(i) ) E(v(i)} Since (v(i) )is zero mean, the first and last terms of (13)

Xj-I0 vanish an thus

ad s nce (vi is zero mea n E ( i(t) 0 T(t)} - O ( P q, qj 0(i) T(i) P
lim E[((t)} = )- 

ii.

I- -. Since qm 0(i) OT(i) is positive semi-definite and since
Thus the esdnator is shown to be asympsodcally unbiased.
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0 at 9 , where a is a user chosen upper bound on X, it value of X calculated at each iteration by a scaling factor M(t),
follows din which is small for isolated updates but close to unity for aseries of successive updates. A possible choice for the scaling

lim E(() T(0) f , zt E{P q,' P} factor isM = (17)

t- - i-I

From (4). for sufficiently large t. with•J_ s a user Chosen constant in the range 0 < s < 10, and

50(i) T(i) - P'(t) nup(t) 0 if Xt a 0
| i = totherwise

and since P(t) -- P, this would imply that P- (t) -- 4 P1. fup(t) =nup(t-) + I

Hence for inly imp t If there is a string of updates, as would be the case if the
E jt) i T(t)} a eoE{(P }  (14) algorithm is trying to track the parameters, then only the firstor X in the sting would be decreased significantly and the rest

or would be decreased marginally. Thus isolated updates which
may be due to noisy observations are reduced significantlyE (tf[0(t) Tt) } <t o, E (tr[P] I (15) thereby reducing the "random" fluctuation in parameterIf the input sequence is persistently exciting, it can be shown estimates. The modified algorithm thus has greater resistance
to oudiers. A similar scaling factor has been used to reduce the

[31 that there exists a constant g such that P S g I. Therefore steady state mean-square prediction error in the exponentially
from (14) weighted least-squares algorithm [5].

t-- ElOt) (t)} S Gt O id It must be emphasized that the choice of the scaling factor
t mp used here is somewhat arbitrary. A scaling factor is required

It must be emphasized that this upper bound is rather which will be small for nup(t) :5 2 and will be close to unity
conservative, because the maximum value of %jj will actually for larger values of nup(t), The scaling factor used here
be much lower than a satisfies these requirements. Simulations have been performed

to test the effectiveness of the scaling factor and the results are
IMPROVED ALGORITHM presented in the next section.

In some applicationsthe parameter estimates obtained by SIMULATION RESULTS
applying the OBE algorithm fluctuate excessively. This
naturally causes the algorithm to have a larger steady state In order to verify the above analysis. Monte Carlo
error and parameter covariance as compared to the recursive simulations were performed. The ORE algorithm of [31 was
leut-squares algorithm. These fluctuations are highly applied to 100 different data sets generated by the following
undesirable. A possible explanation for this unwanted AR (2) model
property is presented below. y(t) - -0.4 y(t-l) -0.85 y(t-2) + v(t)

The OBE algorithm of [3] has the property that the where (v(t)J is an i.i.d, sequence having a uniform
quantity 0 2(t), which is related to the size of the optimal distribution in ( -1.0. 1.0 ]. Each data set contains 1000 data
bounding ellipsoid E. , is monotone non-increasing, When points. For each dam set, the estimate vector obtained at each
the size of the ellipsoid Et does decrease, thus decreasing the iteration was subtracted from the true parameter vector. The
size of the region in which the estimates am constrained to lie, sample bias defined by
the prm ter estimates themselves which correspond to the
center of E may shift considerably. This shifting of the center f ie (t)-8-1of the optimal bounding ellipsoid accounts for the fluctuation 10 1of parameter esima was computed fort -I to 1000. In Figure 1. this average i

plotted against the iteration index t As the number ofFor the OBE algorithm, the parameter estimate update iterations increases, the bias becomes closer to 0. thus
equation is experimentally verifying the asymptotic unbiasedness of the

0(t) = 0(t-1) + %I Pt)*(t) 8(t) estimator.

Thus the amount of variatios of the estimates is directly The sample variance for each component of the estmatevector defined as
propornonal to r Hence one way to reduce the fluctuation is v

to reduce the value of;, Howeve if 1, is reduced by the
same amount for alk t , then the tracking ability of the 100 61
algorithm deteriorates and the bounding ellipsoid at every where 0
Iteration t will no longer be optimal in the sese that (2 (t) is w (,:) is the 'th copns onent of the estmate of the ottdata set at time instant t. is calculated for t going from Ito
MinituM.Therfort a compromise value of ).t is required 1000. The sample variances for each component am added
which does redue the amount of fluctuation and also retains and plotted in Fi . 2 against the iteration index t . Tbt
the tracing property. A possible solution is to multiply the asympttic value ofP0 is obtained as

2438



39

ng 100 6

where P1 0 (i) is the the matri P(1000) obtained from the
i'th dam set The upper bound is computed using (15) with
a - 0.5 and a,2 - 0.33 . T'he computed upper bound is .
tqual to 0.84.

The OBE algorithm of [3], with and without the scaling3
factor, was applied to data generated by the aboe AR (2)
model. A scaling factor with 3 - 2, (c.f. (17) ), was found to .

ie yield good results. The normal and smoothed parameter
estimates are plotted against the iteration index t in Figure 3.
It is clear from the plot that using a scaling factor on X

hreduces tne amount of fluctuation ana yields smootner -9.1
parameter estimattes. 4M ~ S

r CONCLUSION

We have performed an analysis of certain statistical
properties of a new recursive estimation algorithm. The
estimator is shown to be asymptoticaly unbiased and an upper
bound on the asymptotic covariance of parameter estimates has
been derived with so- reasonable assumptions. The analysis 41
has been verified through Monte Carlo simulations of a
particular AR(2) model. Finally an improved algorithm has
been proposed and shown to yield smoother estimates. .
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ABSTRACT

Recently, there appears to be a resurgence of interest in the area of membership-set
parameter estimation. One such algorithm, the so-called Optimal Bounding Ellipsoid (OBE)
algorithm, proves to be appealing in theory and practice. The algorithm, which features a
discerning update strategy, was first derived for the recursive estimation of parameters of
autoregressive with auxiliary input (ARX) models. This paper investigates an extension of the
algorithm to ARMA parameter estimation. The convergence analysis is complicated due to the
discerning update strategy which incorporates an information dependent forgetting factor. It is
shown that if the input noise is bounded and if the process is stable, then the a posteriori
prediction error is bounded even without the SPR condition. This is in sharp contrast to the
crucial role of the SPR condition in the ELS and output error algorithms.

I. INTRODUCTION

The autoregressive moving average(ARMA) parart.eter estimation problem arises in many
adaptive signal processing applications such as speech processing, seismic data processing and
channel equalization. Typically, samples of the measured signal y(t) are modeled as the output
of an IIR filter driven by unknown white noise w(t) [11. The ARMA model is described by the
temporal recursion

y(t) = a, y(t- 1)+..+ a. y(t-n) + w(t) + c, w(t- ) +..+ cr w(t-r) (1)

Fitting this ARMA model to the measured data ytt), t =1..T , requires the estimation of the
parameters al .., an, c1 .., cr. Recursive schemes like the extended least-squares (ELS), the
recursive maximum likelihood (RML) and multi-stage least-squares algorithms have been used
to estimate ARMA parameters [2,3]. The ELS algorithm uses the a posteriori prediction error
(t), as an estimate of w(t). The regressor vector is formed from y(t-1),.., y(t-n) and E(t-1)...,

E(t-r). The standard recursive least-squares (RLS) algorithm is then employed to update the
estimates. The algorithm is conceptually simple but restrictive in the sense that convergence of
the algorithm can be assured only if the underlying transfer function H(q- 1 ) = I/C(q" )- 1/2
is strictly positive real (SPR), with q-1 being the delay operator and

C(q- ) = I + cI q-1 + c2 q-
2 + .. + cr q-r

The RML algorithm, which u es a filtered version of the regressor vector used in the ELS
algorithm, does not require H(q") to be SPR. However the estimates have to be monitored
and projected into a stability region to ensure convergence[2].

In addition to the aforementioned least-squares based methods, there exists a different class
of estimation algorithms that estimate membership sets of parameters which are consistent with
the measurements, model structure and noise constraints [41-[8]. These algorithms are
particularly useful when the noise distribution is unknown but constraints in the form of
bounds on the instantaneous values of the noise are available. The model and noise
representations commonly used are

y(t) = 0* T 0(t) + v(t), Iv(t)l 5 r" 2(t)
where (y) is a sequence of scalar observations, 0 is the parameter vector to be identified, 0(t)
is a n-vector of variables known at time t, (v) is the noise sequence and ± r12(t) are the time
varying noise bounds. Given a sequence (y(i),0i)). i=l..k, the optimal membership set
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where- S i  B { y(i) _ OT  (D(i) )2 < r(i), 9 E Rn }

From a geometrical point of view Si is a convex polytope in Rn and contains the true Parameter
vector. Finding Yok is computationally intractable and it is therefore necessary to approximate

W,0k by some set which encloses it tightly and which can be described and updated
economically [9]. The different membership-set algorithms differ in the way the optimal
membership set is approximated and in the method used to obtain a tight enclosure.

Among these algorithms based on membership sets, a seminal recursive algorithm is the
so-called optimal bounding ellipsoid (OBE) algorithm[6-81. One of the main features of this

algorithm is a discerning update strategy. This feature, obtained by the introduction of an
information dependent updating/forgetting factor, yields a modular structure thereby increasing
the potential for concurrent and pipelined processing of signals. The presence of such a
forgetting factor also gives the algorithm the ability to track time varying parameters. The
algorithm has the advantageous feature of automatic asymptotic cessation of updates in the
fixed parameter case.

In this paper, we extend one of these OBE algorithms[8] to the ARMA case. For the
ARMA parameter estimation problem, the OBE algorithm cannot be applied in its present form.

However, by assuming that the input white noise is bounded in magnitude, the OBE algorithm

can be extended in a manner similar to the ELS algorithm. The convergence analysis of the

resulting algorithm, as opposed to that of the ELS algorithm, is deterministic and is performed
under the assumptions that the process is stable and that the noise is bounded.The a Posteriori
prediction error is shown to be bounded without imposing any SPR condition. This is in

contrast to the convergence analysis of the ELS or output error algorithms in which the SPR
condition is used to prove boundedness of the prediction errors and convergence of parameter

estimates[ 10]. By imposing a persistence of excitati,n condition on the regressor vector, the a
priori prediction error of the extended OBE algorithm is shown to be bounded and the
parameter estimates are shown to converge to a neighborhood of the true parameter vector.

The paper is organized in the following manner. In Section II, a brief review of the OBE

algorithm and its properties is presented. In Section III, the algorithm is extended to AR.MA
parameter estimation. Convergence analysis of the extended algorithm is performed in Section
IV. The performance of the algorithm is compared with the ELS algorithm through ,imularlon

studies in Section V. ! ection VI concludes the paper.

It. THE OBE ALGORITHM

Consider the ARX model described by
y(t) = a, y(t-1)+..+ an ytt-n) + b0 u(t) + b, u(t-1) +..+ bm u(t-m) + vtt)

The above equation can be recast as
y(t) =* T (t) + v(t)

where
(0* = [at ,a, . ... an  , b 0  , b l  .. bm  iT

is the vector of true pararmeters and
(D(t) =- [ y(t- 1), y(t-2) .. y(t-n), u(t), u(t-l1), .. u(tm) ] T

is the regressor vector. It is assumed that the noise is uniformly bounded in magnitude. i.e.
there exists yo a 0, such that

v 2(t) < y02  for all t, hence

(y(t) - BI 0(t) )2 < 2

Let S t be a subset of the euclidean space Rn mn i defined by

4 S= (0: (y(t)- OT  (t)) 2 < y0
2 ,eeRn+m +I
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The OBE algorithm starts off with a large ellipsoid, E0 . in Rn "'I t which contains all possible
values of the modelled parameter 0*. After the first observation y(l) is acquired, an ellipsoid
is found which bounds the intersection of E0 and the convex polytope St.This ellipsoid must
be optimal in some sense, say minimum volume[6-7] or by any other criterion[6-81, to hasten
convergence. Denoting the optimal ellipsoid by E1 one can proceed dxactly as before with
the future observations and obtain a sequence of o'ptimal bounding ellipsoids { E, ). The
center of the ellipsoid E, can be taken as the parameter estimate at the t-th instant and is
denoted by 8(t). If at a particular time instant i, the resulting optimal bounding ellipsoid would
be of a" smaller size ", thereby implying that the data point y(i) conveys some " information "
regarding the parameter estimates, then the parameters are updated. Otherwise E, is set equal to
E14 and the parameters are not updated.

Let the ellipsoid Et. at the (t-l)-th instant be formulated by

Et.= { 0: (0-0 (t-1) )T Pl (t-1) (0- e (t-l))< y2 (t-l)
for some positive definite matrix P (t- I) and a non-negative scalar a 2 (t- 1). Then, given y t).
an ellipsoid which bounds E,. I St "tightly" is

0 (1 -X) (0-8 (t-l))T P -(t-1) ( 0 - 0 (t-l) ) + X" (y(t) - (T0(t) )2

< (1-X.)O2(t-I) + tY20 } (3)

where the forgetting factor .(t) satisfies 0 5 X(t) <1. The size of the bounding ellipsoid is
related to the scalar c2 (t-l) and the eigenvalues of P(t- 1). The update equations for 0(t), P(t)
and a 2(t) are derived in [8]. The optimal ellipsoid which bounds the intersection of Et 1 and St
is defined in terms of an optimal value of X. For the OBE algorithm of [81, the optimum

valu X s dterine byminim 7~tion ofa,(t) with respect to tat every time instant. The
minimirzation procedure results in X beingsteulozro(opde)i

C2(t) + 52(t) !5 ),(t) gsteult eo(oudt)i
If (4) is not satisfied, then the optimal value of Xt is computed. The parameter estimation
procedure is depicted in Fig. 1. An outgrowth of the modular recursive estimation procedure is
a parallel-pipelined networking structure 1 11. The algorithm is such that the computational
complexity of the information evaluation (IE) procedure is much less than that of the updating
procedure (UPD). Since, in general, a good number of data samples would be rejected by the
IE, both the IE and the UPD would involve significant amounts of idle time. A viable scheme
then is to configure a parallel-pipelined network comprising of such modular estimators to
process signals from multiple channels. Apart from reducing hardware costs, such a scheme
would offer increased reliability since the failure of one UPD processor would not cause any
of the channels to fail, in contrast to a system with a dedicated UPD processor for each
channel.

INF MAT:CN ='-CCESSCR uF'A7NG P.CCESSCR
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I. EXTENSION TO ARMA MODELS

The ARMA model described by (1), can be rewritten as
w(t) = y(t) - 0*TV '(t) (5)

where 8* is the vector of true parameters and is now defined bya, a. an I C2 ....I c, I

Here again, w(t) is assumed to be bounded in magnitude by yQ. Since the values of the noise
sequence (w(t) ) are not available, the regressor vector (D (t) is not known exactly. If,
however, at time t, an estimate of *,

0(t) =[al(t), .. a (t) c1 (t), ... Cr(t) IT (6)
is available, w(t) could be estimated by its estimate E(t) according toE(t) y(t) -OT (t)(D(t)

where (D(t) = [ y(t-1),. y(t-n) , e(t-1) ,. ... E(t-r) I T !7)

It follows from (5) and the boundedness of I w(t) I that
( y(t) - 8 *T ,'(t) )2 < yo2

Hence if (t) w(t), then ('(t) = (D(t) and for a suitable y > 0, such that y2 > y02

( y(t) - 8*T4(t) )2 < y 2  18)
Thus 8* E St , where St is d -fined by

S= (8: (y(t)- OTO ( t) 2< y 2 ,0e R n~ }

Hence if the difference between E(t) and w(t) is small, applying the OBE algorithm will yield a
s-quence of bounding ellipsoids { E in the parameter space. If (8) holds for all t and O'E E91
then it is easy to see that 0* E E, for all time instants t. The optimal bounding ellipsoid E, s
described by

E,={ ER n + , " (-(t)) T P (t)(0-E(t)) 02(t) !9)

and the update equations which follow directly from [8] are

P'1(t) = - Xd P'(t-1) + Xt (t) :T(t) :0a)

0(t) = 0(t-1) + )'t P(t)D(t) 3(t) 1ob)

8(t) = y (t) _ OT (t 1) ( (t) 0c)

2(t) = (1- Xt) a;(t-1) + k 1-k I C()10d)

where
G(t) = DT(t) P(t-l) 0(t) l Oe

The above recursive relations along with the initial values
P-1(0) =I, 8(0)=0and <Y,10)= l/e withe<<l

form the basis of the extended optimal bounding ellipsoid (EOBE) estimation algonthmtl(.
The matrix inversion lemma can be used to obtain the recursion for P(t)

P(t) = I- P(t-IIP- 
1

1" Xt  I" .t + XtG(t)

It is easily shown from (10d) that for the EOBE algorithm, minimizing a 2(t) with respect to A.

at every time instant yields the same updating criterion (4) and the same algorithm ,or
determining the optimum value of the forgetting / updating factor X* , as in [81. The algonthrn
thus retains the discerning update strategy and the modular adaptive fiter structure
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Choice of 1 2

Finding a value of y 2 to ensure that (8) holds for all time instants is not easy. Instead. we
will show in the next section that choosing y 2 to be an upper bound on the square of the
magnitude of the output y(t) will ensure that the parameter estimates obtained by applying the
EOBE algorithm converge to a neighborhood of the true parameters.

If the ARMA process is stable then if Iw(t)l is bounded so is ly(t). The output process y(t)
can be expressed as

y(t) = h(t) * w(t)
where * denotes discrete convolution and h(t) is the equivalent impulse response. Stability of
the process implies that there exists a finite M such that

I h(i) I S M <:0 (12)
1=0

and if Iw(t) 1 <y0 then

I y(t) I I h(i) I I wlt-i) 1 !5 M y = Y  (13)

1=0

In order to obtain a value for y, the user would therefore need the bound on lw(t) and an
estimate of M. Or alternatively, the outputs could be monitored and a bound on ly(t)l could be
obtained before starting the actual parameter estimation procedure. A loose upper bound on
either M or the magnitude of the output would suffice since simulations have shown that using
values for y that are several times larger or smaller than the actual bound on lv(t)l has no
deleterious effects on the quality of estimates or convergence rate.

IV. CONVERGENCE ANALYSIS

We will first show that if the updating factor sequence is that which minimizes c;2 at every
instant ( denoted by [ k* } ) then the parameter estimates converge. To show that, the
following lemma will be needed.

Lemma 1. If the magnitude of the noise wlt) is upper bounded and the process is stable then
a2(t), defined in (lOd), is always non-negative provided that the initial values 0(0), P 1 (0) and
(;'(0) are chosen such that oT(o)p-i( 0 )O(0 ) _ a5 (0)

Proof. From (10a), (lOb) and (lOc)

T .1T - 2 p t)pt D)I0 T(t) P () (t) 0 (A " 0 T(t- 1 ) PI - 1 0 (t - I -+ ), y2(t) - 8 2(t) (1 . Tt ~)(I)t

(1- . ))( 1-T ) l-,. (0) P (0) 9 (0)
t2

+ qt[ y2(i) - 6-i) 1 (DTi) P(i) D(i) ) ]

where

qt= X (l-X.. 1 )...(1 - . t  > 0 Vi,t.

Since the process is stable and (w(t) I is bounded, there exists a y 2 such that y 2 (t) < y 2
The positive serri-definiteness of P (t) will therefore imply that
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St t

X7I j)~ eT(o)p-(o)e(o) + y' -6 ..It-ki (i) PWi 06)i) )J 0 (4

But from (IV)
X.GO(i)

Xi T(i) P(i) 0(i) =(15)
I- Xi + X i G(i)

Using (15) in (14) yields
t~ i  oVo,,()OO +E [ y 2- 2() 1 > (16)

r 10 X= ,OP'( o + 1 1- Xi + Xi G(i)

From (lOd), a non-recursive expression for &Y2 (t) can be obtained as

2 -, t 2 2(i) ( i

21 2

a2(t) e 21 If -2 .. t1 (0) + L, q, t[ X] (17

expresio l (18) should 1 - tki + t G(i) that

Since oY2 (0) a 0T(o)P-1((O)0(b), (17) implies that o2 (t)ic- 0 for all t. This result will hold
for any sequence of forgetting factors of t with 0 rg st < 1.

Theorem 1. If the assumptions of Lemma are satisfied then

Ir. i m is t s as t, yoi

2. lira CY(t) E [0, -Y ] (191

Proof. See [ 13).

Note that throughout this section; expressions like (18) should not be taken to mean that
LiMt._,¢2(t) exists but rather that E-Wt becomes asymptotically less than or equal to y:.

The next lemma relates the positive definiteness of P(t) to the richness of the regressor vector
(D(t).

Lemma 2. If there exist positive m, and N such that for all t

I NO(i) oTo) [ t > 0 (20)

I=t

then there exists a positive ct, such that
P-1(t) >_ CC4 1 > 0

Proof of the lemma is the same as that of Theorem 4.1 of [91, it is thus omitted here.

Remark. The positive definiteness of P-1(t) implies that the eigenvalues of P(t) are upper ;

bounded.
Theorem 2. If assumptions of Lemma I are satisfied and (20) holds then the EOBE

algorithm ensures:

(a) Parameter difference convergence
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Urn II O(t)- 0(t-k) II =0 (21)
t ...,

for any finite k.

(b) Bounded a priori prediction errors

lim 52(t) 6 [0,y21 (22)

(c) Bounded parameter misadjustment

lir 110(t)-0"112 < My2 < 00 (23)

for some finite M.

Proof.
(a) From (10b) and (11)

X 2 or(t) P2 (t-2) D(t) 82 W

( 1- Xt + Xt G(t) )2

< erna{ P(t-1) ) )2 (24)
(1- X + X G(t)

If (20) holds then by Lemma 2, ea x f. P(t-l) ), the maximum eigenvalue of P(t-1), is
bounded for all t. The other term on teight hand side is shown to tend to zero in the proof of
Theorem 1. Thus

11 0(t) - 0(t-1) II - 0 (25)

Applying the Minkowski inequality to II 0(t) - 0(t-k) 11 and using (25) completes the proof of
(21).

(b) From (0e) and (13) it follows that

G(t) S em,, (P(t-1) [ ny2 + r max E 2(i) ] (26)
t-r !5 1 -I

where n is the order of the AR process and r is the order of the MA process. If (20) holds then
e { P(t-1) }, the maximum eigenvalue of P(t-1), is bounded. Since {E(t)) is bounded by

Teorem 1, {G(t)}is bounded. Then it can be shown (see Theorem 3.2 of [81 ), that the a
priori prediction errors satisfy (22).

(c) Since w(t) and y(t) are bounded by y and E(t) is aymptotically bounded by Theorem 1, it
can be shown that for large enough t

4 0 T(I ) (1T() 0(1) < O(y 2 ) (27)

where 0(t) = 0(t) - 0*(t), and N is given by Lemma 2. Then the result follows by using (21)
and (20) in (27) and performing some algebraic manipulations.

Remark: To summarize, the above analysis has shown that if the process is stable and if the
driving noise is bounded then the a posteriori prediction errors are bounded. In addition if a
richness condition is imposed on the regressor vector, then the a priori prediction errors are
bounded and the parameter estimates are asymptotically contained within a neighborhood of
the true parameters.
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V. SIMULATION RESULTS

Simulations have been performed to investigate the performance of the EOBE algorithm vis
a vis the ELS algorithm. In this paper, we present simulation results for two examples- a broad
band ARMA (3,3) process and a non SPR ARMA(3,3) process where the indices p, q in an
ARMA(p,q) process refer to the orders of the A(q" 1) and C(q -1) polynomials, respectively.

Example 1. Broad band ARMA (3,3) process
The output data (y(t)) is generated by the following difference equation
y(t) = - 0.4 y(t-l) + 0.2 y(t-2) + 0.6 y(t-3) + w(t) - 0.6 w(t-1) + 0.2w(t-2) + 0.4 w(t-3)

The noise sequence {w(t)] is generated by a pseudo-random number generator with a uniform
probability distribution in [-1.0, 1.01. The upper bound y 2 was set equal to 25.0. The
parameter estimates were obtained by applying the EOBE algorithm to 1000 point data
sequences. One hundred runs of the algorithm were performed on the same model but with
different input noise sequences. The average squared parameter error L(t), is computed for the
AR coefficients according to the formula

L(t) = .I Ej (t)

where I (t), the squared AR parameter error at time t for the j'th run, is defined by
n

li (t)= (a (t) -a )2
1=1

with a. and ai(t) being defined by (1) and (6), respectively. The average squared parameter
error ?or the 1MA coefficients is defined analogously. Fig. 2 displays the average squared
estimation errors for AR and MA parameters using the EOBE and ELS algorithms. The figures
show that the performance of the two algorithms is comparable. It may be noted that the AR
parameter estimates have markedly lower variance (about the true parameters) than the MA
parameters. The average number of updates for the EOBE algorithm was 139 for 1000 point
data sequences. Thus less than 15% of the samples are used for updates, as compared to the
ELS algorithm which updates at every sampling instant.

The tracking capability of the EOBE algorithm(with ao--0.2), was compared with that of the
ELS algorithm (with forgetting factor=0.99). The same model was used to generate 400 data
points. The parameters were then changed by 150% and the next 400 points were generated.
Finally the last 200 points were generated by using the original parameters. The average
squared parameter error was evaluated over 25 runs and is shown in Figure 3. Even though the
formulation of bounding ellipsoids is based on the assumption that the parameters are constant,
the simulation results show that the algorithm is able to accommodate changes in model
parameters. Analysis of the tracking ability of the algorithm is currently under investigation.

Example 2. Non SPR ARMA(3,3) process

The output data {y(t)} is generated by the following difference equation
y(t) = - 0.6 y(t-l) - 0.58 y(t-2) - 0.464 y(t-3) + w(t) + 0.2 w(t-1) + 0.6w(t-2) -0.2 w(t-3)

The noise sequence is generated as in the first example. The upper bound y 2 was set equal to
3.25. The maximum values (taken over 25 runs of the algorithm) of the squared residual
errors, at each iteration were computed and were well within the upper bound y 2 even though
the SPR condition is violated.

VI. CONCLUSION

A recursive parameter estimation algorithm has been extended for ARMA parameter
estimation. The main features of the algorithm are a membership set theoretic <ormulauon and a
discerning update strategy. Convergence analysis of the algorithm has bee, crformed under
the assumptions that the process is stable and that the noise is bounded. ;he results of the
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analysis are that the algorithm yields bounded a posteriori prediction errors without SPR or
persistence of excitation type condition. With a persistence of excitation condition on the
regressor vector, boundedness of the a priori prediction error can then be established and the
parameter estimates are shown to converge to a neighborhood of the true parameters.
Simulation results show that the performance of the algorithm is comparable to the ELS
algorithm while requiring far fewer updates.
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ABSTRACT

This paper investigates an extension of a recursive estimation algorithm (the so-called OBE

algorithm) [9- 11], which features a discerning update strategy. In particular, an extension of the

algorithm to ARMA parameter estimation is presented here along with convergence analysis. The

extension is similar to the extended least-squares algorithm. However, the convergence analysis is

complicated due to the discerning update straegy which incorporates an inforation-dependent

updating factor. The virmes, of such an update snategy are : (i) More erfiEcent use of the input dam

in terms of information processing, and (ii) a modular adaptive filter struciure which would

faci"litae the development of a paralfel-pipelined signal processing architecure. It is shown in this

paper that if the input noise is bounded and if the process is stable, then the a posteriori prediction

errors are bounded even without the SPR condition. This is in sharp conaast to the cracial role of

the SPR condition in the analysis of the ELS and output error agorithms. With an additional

persistence of excitation condition, the parameter estimates are shown to converge to a

neighborhood of the true parameters and the a priori prediction error and and the parameter

misadjustment are shown to be asymptodcally bounded. Simulation results show that the

parameter estimation aer for the EOBE algorithm is comparable to that for the ELS algorithm.

- This work has been supported in part by the National Science Foundation under Grant
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I INTRODUCTION

En many adaptive signal processing applications such as speech processing, seismic dam
processing and channel equalization. a signal y(t) is often considered as the output of an IIR filter
driven by unknown white noise w(t) (1]. The signal y(t) can therefore be modeled as an
autoregessive moving aveage( ARMA) process of the form

y(t) - a1 y(t-L)+..+ a. y(t-n) + w(c) + cl w(t-l) +..+ c. w(t-r) (1)

Fitting this AIMA model to the measured data y(t), t =1..T , requires the estimation of the
parameters a, .., a., cl., cr . Many methods for the estmanon of ARMA parameters have been
proposed in the litera rp a lay from the spectal estmaton viewpUL Among the mor
recent are Cadzow's overdeterained ranonal equation method (21, the specal matching technique
of Friedlander and Porat (3], and the extended Yule-Walker method of Kaveh (4]. A common
fea-ure of these methods is the use of the sample autocorrelation sequence of the output process
y(t). In the context of system identification, the extended least-squares (ELS), the recursive
maximum likelihood (RML) and multi-stage least-squares algorithms have been used to recursively
estimate ARMA parameters (5,61. The ELS algorithm uses the a posreriori prediction error E(t), as
an estmate of w(t). The regressor vector is formed from y(t-1),... y(t-n) and e(t-l).... e(t-r).The
standard recursive least-squares (RLS) algorithm is then employed to update the estimates. The
algorithm is conceptually simple but restnic:ive in the sense that convergence of the algorithm can be
assured only if the underlying transfer function H(q t ) = t/C(q-1 ) - 1 is stricty positive real
(SPR), with q"I being the delay operator and

C(q- t) = I + c, q- + c q-z +.. + Cr q

The RML algorithm, which uses a filtered version of the regressor vector used in the ELS
algorithm, does not require H(q " ) to be SPR. However the estimates have to be monitored and
projected into a stability region to ensure convergence(5).

In addition to the aforementioned least-squares based methods, there exists a different class of
estimation algorithms that estmate membership sets of parameters which are consistent with the
measurements and noise constraints [71-fil. These algorithms are partic'ularly useful when the
noise distibution is unknown but constraints in the form of bounds on the instantaneous values of
the noise are available. To the best of our knowledge. none of the algorithms has been applied to
the problem of ARMA parameter esumation. Among these algorithms based on membership sets, a

m mm m ~ m mllllllA'Am I' 1



group of seminal recursive algorithms are the so-called optimal bounding ellipsoid (OBE)
algorithms(9- 11. The OBE algorithms had been developed using a set-dteoretic formulaton and
are applicable to autoregressive with auxiliary input (ARX) models with bounded noise. One of the
main feanrus of these temporally recuzive algorthmas is a discerning update stategy. This feature,

obtained by the introduction of an information dependent updating/forgerring factor, yields a
modular saucture thereby increasing the potential for concurernt and pipelined processing of
signaLs. The presence of such a forgetting factor also gives the algorithms the ability to track slowly
time varying parameters. The algorithms have the advantageous feature of automatic asymptotic
cessation of update& If aloose upper bound on the noise magnitude is known, and if the input is
persistently exciting and sufficiently uncorrelated with the noise, then it can be shown that the

parameter esumates converge asymptotically to a neighborhood of the true parameter vector.

tn this paper, we extend one of the OBE algorithms(I 11 to the AILMA case. For the ARMA
paramet estimation problem, the OBE algorithm cannot be applied in its present form. However,
by assuming that the input white noise is bounded in magnitude, the OBE algorithm can be
extended in a manner similr to the ELS algorithm. Convergence analysis of the resulting algorithm
is performed under the assumption that the process is stable and that the noise is bounded.The a

posterori prediction error is shown to be bounded without imposing any SPR condition. This is in
contrast to the convergence analysis of the ELS or output error algorithms in which the SPR
condition is used to prove boundedness of the prediction errors and convergence of parameter
estimates(12). By imposing a persistence of excitation condition on the re-essor vector, the a
priori prediction error of the extended OBE algorithm is shown to be bounded and the parameter
estimates are shown to converge to a neighborhood of the true paramete. vector.

The paper is organized in the following manner. In Section II, a brief review of the OBE
algorithm and its properties is presented. In Section i the algorithm is extended to ARMA
parameter estimation. Convergence analysis of the extended algorithm is performed in Section IV.
The performance of the algorithm is compared with the ELS aigorithm through simulation studies
in Section V. Section VI concludes the paper.

[I: THE OBE ALGORITHM

Consider the ARX model described by

y(t) = at y(t-)...I a y(t-n) b0u(r) -bt u(t- 1) 4-.. b., u(t-m) -v(t)

2
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The above equation can be recasc as

y(t) "@86¢(C) 4.v(t) (2)
where

9G = [a I , ...a - ban b ..... bm

is the vector of tue paamemrs and
cD(c = ( y(t- 1), y(t-2).. y(t-a). u(t), u(t-l),, u(c-m) I T

is the regressor vector. A key assumption here is that tie noise is bounded in magnitude, i.e.,

there exists a '! -0 ,such that
v 2 t) 5 Y02  for all, hence
y(t) - e*' (t) )2 < y2

Ler St be a subset of the eucldean space 1 m"P-, defined by
St - 18 : ( y(t) - or 0(t) )2 5 Yoz , e 6 1 11 * M 4t 1

From a geomenic point of view, St is a convex polytope in the paramezer space and contains the

vector of true paratete. The OBE algorithm starts off with a large ellipsoid. E0 .in % tR~

which contains all possible values of die modelled pammeter 0. After the irs observation y(l) is

acquired. an ellipsoid is found which bounds the intersection of E0 and the convex polyope

SVThis ellipsoid must be optimal in some sense, say minimum volume9,10] or by any other

criterion(9,11], to hasten convergence. Denoting the optmal ellipsoid by E,. one can proceed

exactly as before with the future observanons and obtain a sequence of optmnal bounding ellipsoids

{Et }. The center of the ellipsoid Et can be taken as the parameter estimate at the t-th instant and is

denoted by 8(t). If at a particular tine instant i, the resulting optnial bounding ellipsoid would be

of a " smaller size ", thereby implying that the dam point y(i) conveys some " information

repgrding the parameter estimates, then the parameters are updated. Otherwise Ej is set equal to Ej.

and the parameters are not updated. It can also be shown [11] that all the ellipsoids ( Ft I contain

the ire parameter @*, provided that E, does.

Let the ellipsoid E,. at the (t- I)-th instant be formulated by
-F = (: (8- (t-t))T p- (t-) ( 9 - 0 (t-1)) 2 O"t-)

for some positive definite mamx P (t- 1) and a non-neganive scalar a; (t-1). Then, given y(t). an

ellipsoid which bounds E n St "tightly" is

T -I T9 e. (1-.) (a - a (t- .) )' P, (C- .) ( 9 -9 (C- 1)) + Xt ( /(t) - 9 0,(t) )

(I -X) a (. + k;, o (3)

where the forgettng factor .(t) satisfies 0 : X(t) <L The size of lie bounding ellipsoid is related

to the scalar a2 (t- ) and he eigenvalues of P(t- 1). The update equatons 5or 9(t), P(t) and ar(t) are

derived in (:1Il. The optimal ellipsoid which bounds the intersecion of -.4 and St is derined in

3
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UI EXTENSION TO ARMA MODELS

The ALMA model descibed by (1), can be rwrive 33

w() = y(0 - * '(t) (5

where 8* is the vector of true paromers and is now defined by
9* = [at, ...__ am, C1 , CZ __, C' ]T

0'(r) = [ y(t-1) , .., y(t-a) , w(t-l) , _,w(t-r) I T

Here again. w(t) is assmed to be bounded in magnitude by 70. Since the values of the noise

sequence (w(t) I are not available, the regressor vector '(t) is not known eacdy. If, however, at

die t. an estime of 89,
8 ( t ) = (a, (t). ... an (t) c, (t). ...C' (t) ]T(6)

is available, w(t) could be estmated by
e(t) = y(t) - (t)0(t)

where
0(t) = [y(t-), .. y(t-a) , e(t-), . e(t-r) ] T (7)

It follows from (5) and the boundedness of I w(t) I that

(y(t) - O*T VW(t) )2 7o2

Hence if (t) - w(t), then 0'(t) - 0(t) and for a suitabley 0, such dm, y2 > yo7

(y(t) - @*9 (D(t) )2 < 2 (8)

Thus 8* r St , where S is defined by
St= ( -(y(t) - @T e(t) )2} < , 8 e Ra' +

Ia essence, if the difference between E(t) and w(t) is small, applying the OBE algithm will yield a

sequence of bounding elipsoids (E. Iin the parmeter space. If (8) holds for all t and 9*E E., then

it is easy to sm at 9* e F. for ail ime instants . The optimal bounding ellipsoid E t is described

by

Et= ( 9 Ra ' r  ( 9 - 9 (t))T P-I (t) ( 9 -9(t)) at) 3 (9)

and the updam equatons which follow directly from (11] am

P(t) = (1- X P'(t-1) + )E0 o T(t) (10 a)

8(r) = 8(t-1) 4 it P(t)o(t) 8(t) (10b)
8(t) = y(t) - OT (E-l) 0(t) (10C)

5
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( I- = (1-'IE) t-t) + \.,2  - i-x. ItG(O (od)

e ,(c = (rO P(t-1) ow (1o)

Th above recorsive relations along with die initial values

P'(O) -1, e(0)=Oand o (O)=ls.with e<4

form the basis of the exteded optimal bounding ellipsoid (EOBE) estimation algorithm& 141. The
mawix inversion lemma can be used to obtain the recurion for P(t)

~P(t) = -L It P(t-1) - k t P~t ' l ) V( 'r t) P~t-l) (100'

1A 1X + It o(o)

It is easily shown from (lOd) that for the EOBE algorithm minimizing .t) with respe= to at

every time instant yields the same updating ritcerion and the same algorithm for determining the

optimum value of the forgemdng / updating &= *t as in (1 1]. In partcular,

If al(t)+52(t) S -F(t) then t =0 (11)

otherwise

t =min (cr, v) (12)

where1.
a if 82(t) =0 (12a)

1-04) if G()= 1 (12b)
2

V t -=

- [I- # - G- t _ 1 if 5(t) (G(t)-1) + 1 > 0 (12c)L 7~t 1+ 5(t) (G(r) -)

if (t) (G(t) - ) + 1 5 0 (12d)

and

0( t) 4 -a (t'1) (12C)

e(t)

The algorithm thus retains the discerning update strategy and the modular adaptive filter

smucmr e(l 1,131.
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Choice of y Z

Finding a value of y Z to ensure chat (8) holds for all time nstans may nor be easy. Instead, we

will show in the next section that choosing y to be an upper bound on the square of the magnide

of the output y(t) will esure that the paramzr es imates obtained by applying the EOBE algorithm

converge to a neighborhood of the tue paramets.

It is easy to see that if lw(t)l is bounded so is ly(t)1, as the output y(t) is reiated to the input

according to

Y(z) = c W(z)

A(z4 )

where Y(z) and W(z) an the z-wansforms of y(t) and w(t), respectively, and

A(z1)= 1 + a1 z - + a z "2 +.. +anz 4 ,

C(z ) = I+ z - -+ z' + .. C "

The output process y(t) can thus be expressed as
~y(t) = h(t) * W(t) ,

where * denotes diste convolution and h(t) is the impulse response of the filter C(v l) / A(z'-).

Assume that the process is stble, then there exists a finite K such that

I h( iI < K <0
i=O

and iff w(t) 1 - -0 then

I y(t) 1 I h(i) I I w(t-i) 1 S5 K;'0 = y (13)
'I i-O

In order to obtain a value for 7, the user would therefore need the bound on Iw(t)l and an

estimate of K. Aternanvely, the outputs could be monitored and a bound on ly(t)l could be obtained

before startng the actual parmeter esnmanon procedur. A loose upper bound on either K or the

4 magnitude of the output would suffice since simulations have shown that using values for y that

am several times larger or smaller than the actual bound on ly(t)l has no delterious effects on the

quality of -sumnates or convergence rae.

7
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IV CONVERGENCE ANALYSIS

We will rst show chat if the updating factor sequence is tmc which minimizes a at every

instant ( denoted by ( t ) then the paramer estimaes converge. To show that, the following

lemma will be needed.

Lemma L If the magnitude of the noise w(t) is upper bounded and the pocess is stable then

0'(t), defined in (lOd), is always non-nega ve provided that the inidal values 9(0), P'*(0) and

C ao) a chosen such that 9T(o)p-( 0)e(O) 5 o (0)

I

a T(t) P'(t) a (t) (1-) 9 T (t-) P 4(t-1) 9 (t-1) + J y2 (t)- 67t) (1- ).r(t P(t) 0(t))

(- ) (1- X ) _(_.L,) 9 T(O) '0) 9 (0)

'2.4

+ q,, y(i) - ei)(I-iyL (i)MP(i)0i) I

where

q, (I- .,.)...(I-x.? 0 Vi, L

Since the process is stable and (w(t) I is bounded, them exists a 7 2 Such that y 2 ():5 7

The positive semi-definiteness of P(t) will the-'fore imply that

J1(1- X ) eT(o)P'(o)e(o) +I qI 8-(i) (I- T(i)P(i) (i) a 0 (14)

But mm (lOf)

4rl)~k G~i)i)
S Thi) P(i) 0(i) = Gi) (15)

L L

Using (15) in (14) yieLds

J l-X ) eT(o)p4(0)0(°) + (,-1 - 8 ( 1 20 (16)

Lu1- L + LG(i)

From (IOd), a non-recm sive expession for a (t) can be obtained as

r , 8(i). ( -GL)
2 t

__== ==_ I I )(



Sine: a'- (0) Z 8T(0)p1(0 )8 (0 ), (17) implies that a' (E) a 0 for al C. This result will hold for

any sequence of forgettng factors ( with 0 r I < 1.

Remark: The fact that ar7 (t) is non-negaive and non-increasing will play a crucial role in the

subsequent convergence an.lysis. It also guarantees that the elip did .e non singular (non epty)

sets.
Theorem L If the assumptions of Lema= I are satisfied then

S. U l a (t) e [ 0.- (1)
t-. 4W

Note that throughout this section, expressions Like (18) should not be taken to mean that

li-...e2() exsts necessarily, but rather that s(t) becomes asymptotcally less than or equal to

Proof. It is easily shown from (lOb), (10c) and (15) that the aposeriri and a priori predicton

erosare related by

0t) = 8(t) (20)1 u + X.cG(t)

Note that the non-negativeness of G(r) implies that St:(t) 82(t). Substituting (20) in (10d) and

using he fact that 0 < It < a <1, yields

2() W a(t-1)+ -X ( 1 lX "GE) (21)

Since G(t) is non-negative

kt) < a2(t-) + .'- (r)I

or
22

- e (t) ] al(t) - a (- 1)

The right hand side tends to zero since az (t) is a non negative, non increasing sequence. Thus

InX12e2 (22) 6(0

Thisrhe case if and only if either

1. tim e z(t) (0, 721 in which case (18) is established. (23a)

or

9
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2. am X = 0 and tim XNr) = 0 (23b)
t-W t-W

Let the f'orgetng factor which minimizes c (t) at eery instant t be denoc by X*t. then

if > 0, then d < 0 (24)Xtd ~t  X t =  Xt

Taking derivatves with respect o .in (1Od), and using (24) yields

St t 2(r-) (25)

The non-negauvity of M" (t) tbefow impiies
' 8:(f) G(i) 1:5 c )- (t <0o(6

Hence
x, 3. 2 (t) G(t)

tn = (27)
I-X- ( L t tG ( ) 2

Denote the optimal forgeting factor by ) for ease of notatio. Substiruting (20) in ('7) yields

X' G(t) 4t) -+ 0 (23)

Thus if (23b) holds, then for all A > 0, theree edsts N1> 0 such that for all t > N,
x < a. (29a)

t) A (29b)
)32 G(t) e:(t) < A (29c)

Consider the four cases of (12) applicable to this simaton

Case 1. 62(t) = 0. Then e2(t) : 8-(t) < -S .

Case 2. G(t) = 1, Xt= (1-0(t) )/2 < A . Hence P(t) > I - 2 A . It then follows from the
defon of 0(r) thm e(r) :-.

Case 3. P(0 (G(t) -1) + 1 S 0. If A < a, then (11) has to hold and so (t) S .
Case 4. 3(t) (G(t) - 1) + I > 0. Define

2 2

y-'(t) ) (30)
e 2(r)

Then

10
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2 (31)L-L.

For this case the following relaton between ;t and (t) can be derived from (12c), exactly as in
[111.

1-c 24 *(G(t) -1) - 21t 32
t( (302)

Substitutng (32) into (31) and multiplying by t) yields

2 2Gt 6t
St ((33)(1- \.)

Substmtng (29) into (33) gives

I -a(t)1) a-.-.-

z 2(t 2(1-\)z

Thus
82,t + 2 + o(,

and since A can be arbitaily small (18) is satisfied. Furthermore, from (10d)

a sE ": (1 - x )( a(-1) -'7 )
And from (11), It > 0 if c72 (t) > This, together with Lemma 1, would imply that

Urn 2o(t) 6 [0,
E -,iP som

Hence G) is also satisfied

Remark. Boundedness of e(t), the a posieriori prediction error, has been shown without

imposing any persistence of excitation conditions on the reressor vector. Furthermore, in

contrast to the E. algorithm, the SPR condition is not reuired.

Boundedness of 32(t), the a priori prediction aror and convergence of the parameter estinates

ta neighborhood of the true parameter can be assured, by requirng the regressor vector obe

peristendy ecing. The next lemma relates the posinve def=teness of P"t) to the richness of the

repessor vector 0(t).

11



Lemma 2. ff rc-e exist positive a and N such ha for ail t

o 0 ( 1i) ! 0 > 0(34)

then here exists a poswve (z. such that

P '(t) >- (X4 1 > 0

Proof of the kemm is the same as that of Thnm= 4.1 of [111, it is thus cmited hb

Remark. The positive definiteness of P1 (t) imples that the eigenvalues of P(t) ae upper

bounded.

Theorem 2. If assumptions of Lem I e satiired and (34) holds then the EOBE alg'orithm

ensum :
(a) Prumemr diffence convergence

Urn II (t) - 8(t-k) 1 = 0 (35)
t -M

for any finit k.

(b) Bounded a priori predicton errors
r 8 (t) 6 [Oy7] (36)

(c) Bounded pammermr misadjusnnent

Um 11e(t)-ei 2  : My < (37)
C- -,

for some finite M.

Proof.

(a) From (1Ob) and (10f)
Xc D oT(t) Er(E-t1) 0(t) 3 z t)

I 8(t) - 8(-l)II 2 z =

( + G(t) )

SeM( P(t-1) } , ' 2 (38)
(1 - X. + )t (C) )

If (34) holds then by Lemma 2 emax { P(t-1) ), the maximum eigenvalu of P(t-l), is bounded

for all t , and hence by (.)

11 8(t) - 8(t-t) if - 0 (39)

Applying the Minalowskd inequality to I 8(t) - 8(t-k) It and using (39) completes the proof of (35).

12
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(b) From (10) and (13) it follows h

G(E) : a= (P(t-) 1 aY r M= P6) 1 (40)
C-r s is "-

where a is te oncL" of the AR prott and r is the order of the MA procss. If (34) holds then
e=ax ( P(t-l) 1, the maximum eigmvalue of P(t-I, is bounded. Sine (e(t)i is bounded by
Theorem 1, (G(c))is bounded. Then it =n be shown (see Theorem 3.2 of [11] ), that the a porin
predicton er:rs saisfy (36).

(c) From (18) we onc udethat them mists N, uchthat for all t > N1, I r(t) 1 <y.
Define

J~~X W () A[yt-1), yAt-2), ..y-t-n) IT.,

x2 (t) = C e(t- OtgC-2), ..,t-r) ]'r,

X3 (t) = ( w(t- 1), w(t-2), ..,w(t-r) IT,
Denote the acmal and the estimated AR pamme's by a and a(t), respecively, and the acmal and
the estimaed 'MA parme=s by c and c(t), respemdve!y. Thus

* Substiutng (1) in (41) yields

TtXt+ (t) X~.,t) + w( t) + Tr- I t) T (2

wh'e

.(t)=a(t)- a and Z(t) = c(t)- c.

Hence

Is T(t )x(t) + c (r) x~t) 1 :5 - + [W(t) 1-44 c x,() I +I CTt 1..(43)
Fr'om (18), and the boundedness of (w(t) }, it follows that the right hand side of (43) is of 0(t).
Since DT(t) = XtT (t), Xj (t) ]T, it follows dat

IO1r(t K0I < (y')

I(t= C (t), (c ]r

t T((t) P T(0 I(t) I 0-[zHence
I j T(t) (c) (DT() W(t) 1 :5 O~ 2

So

Ta)(O G 8): O('t) ("4)tatM

From (35), for ail e > 0. them cdaY s4uch dfor all c >

13
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Hence for any finite k
11 E(t) - 6(t+k) It = I 9(t) - i(ti..) + 6(t+ ) - (t+-) + . 9(-t+k-t) -9(+ic) ii

Applying The Minkowski inequality yields

II B(t) - W(t+k) It s [ 11 6(t) - 8(t+l) 11+ 11 8(t+i) - 8(t+2) It+-+ iI 8(t+k-1) - 8(t k) Iq

:S 0We (45)

Using Lemm A- 1, (see appendix), yields fort > max( N, ,N')

9Tt (D)(l) -( ) :S O&'Y + 2(F

And substituting (34) yields

liM T (t) (t) s0Ott)
t-4m

and hence (37) follows.

Remark: To summarize, the covergence analysis has shown that if the process is stable and if the

driving noise is bounded then the a posteriori prediction errors are bounded. In addition if a

sufficient richness condition is imposed on the regressor vector, then the a priori prediction Wors

are bounded and the parameter estimates ae asymptotically contained within a neighborhood of the

true parameter.

V SIMULATION RESULTS

Simulations have been performed to investigate the performance of the EOBE algorithm vis a vL

the ELS algorithm. In this paper, we present simulation results for two examples- a broad band

ARMA (3.3) process and a narrow band ARMA(2,2) process where the indices p. q in an

AR.MA(p,q) process refer to the orders of the A(q-') and C(q-1) polynomials, respectively.

Example 1. Broad band ALMA (3,3) process

The output data (y(t)) is generated by the following difference equanon

y(t) = - 0.4 y(t-1) + 0.2 y(t-2) + 0.6 y(t-3) + w(t) - 0.6 w(t-1) + 0.2w(t-2) + 0.4 w(t-3)

The noise sequence (w(t) I is generated by a psoudo-random number generator with a uniform

probability distbution in (- 1.0, 1.03. The upper bound 12 was set equal to 25.0. The parameter

estimates were obtained by applying the EOBE algorithm to lOUW point data sequences. One

hundred runs of the algorithm were performed on the same model but with different input noise

14
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sequences. The average squared parameter error L(t), is computed 'or .he AR coefficients

according to the formula

L..(t) = 00 . i (C)
10j-L

where Ij (t), the squad AR paramete rr ime t for he j'th run, is defned by

11 (c) = (1 (c) - a1 )
i 

L

with ai and ai(t) being defined by (1) and (6), respectively. The averale squared parameter error for

the MA coefficients is defined analogously. Figure 2 displays the average squared estimation errors

for AR and MA parameers using both the EOBE and the E.S algorithms. The curves show that the

performance of the two algorithms is comparable. It may be noted that the AR parameter estimates

have markedly lower variance (about the true parameters) than the MA parameters. The average

number of updates for the EOBE algorithm was 139 for 1000 point dam sequences. Thus less than

15% of the samples are used for updates, as compared to the ELS algorithm which updates at

every sampling instant.

The effect of different choices for the upper bound y2 on the performance has also been

studied. For each value of 9, the asymptotic average squared parame error T. was computed
over 25 runs of the algorithm, according to the formula

2-5

T = 9_-. I0(l000) - 6" 11
25

jut

wh e j(1000) is the parameter estimate at the 1000'th iteration, in the j'th run. The second

column of Table I lists the different values of T obtained when 7' is varied from 0. 1 to 200. It is

clear that the algorithm is insensitve to the value of 9 , since both the mrp error and the average

number of updates are almost constant. It was seen that for low values of 9, even though the tue
parameter may fall outside the bounding ellipsoid, it is captured in subsequent itemons.

The performance of the algorithm, when the noise sequence (w(t))has gaussian distribution,

was evaluated in a siilar fashion. A constant value of/ 9 =25 was used and the standard deviation

of the noise was varied. The results for 25 runs of the algorithm are shown in Table II. It is clear

that even though the unbounded noise does cause the output to exceed the bound, the effect on the

parameter estimates is martnaL

Finally, the aac.:ig capability of the EOBE algonrhm(with ct0.2). was compared with that of

15



the ELS algorithm (with forgetting factor=0.99). The same model was used to generate 400 dama
points. The parameters were then changed by 50% and the next 400 points were generated.
Fmaly the last 200 points were generated by using the original parameters. The average squared
parameter eror was evaluated over 25 runs and is shown in Figure 3. Even though the formulation
of bounding ellipsoids is based on the assumption that the parameters are constant, the simulation

results show that the algorithm is able to accomodae changes in model pmete Analysis of the
|racng ability of the algoithm is cmzently under invesigo.

Example 2. Narrow band ARMA (2,) process
The output dam (y(t)) is generated by the following diff ence quaion

y(t) = 1.4 y(t-1) - 0.95 y(t-2) + w(t) - 0.86 w(t-1) + 0.431 w(t-2)

The noise sequence is uniformly distributed in [-1.0,1.0], as in the first example. The upper
bound 7. was set equal to 20.0. The average squared parameter errors are calculated over 100 runs
and plotted in Fig.4. The average number of updates was 85 for 1000 point dam sequences.

For this example too, different values of the upper bound y 2 were used and no significant
difference in the quality of estimates, number of updates or convergence rate was observed. Thus,
it is verified once again that a precise knowledge of the upper bound is not a prerequisite for
satisfactory performance of the algorithm.

Example 3. Non SPR ARMA(3,3) process

The output data (y(t)) is generated by the following difference equation

y(t) -0.6 y(t-1) - 0.58 y(t-2) - O.,6, y(t-3) - w(t) + 0.2 w(t-1) + 0.6w(t-2) + 0.2 w(t-3)

The noise sequence is generated as in the first example. The upper bound 7 was set equal to
3.25. The maximum values (taken over 25 runs of the algorithm), of the squared residual er, rs , at
each iteration ae displayed in Fig. 5. Note that the squared a posreriori prediction errors are well
within the upper bound 72 even though the SPR condition is violated.
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VI CONCLUSION

A recursive parameter' estiaton algorithm has been extended for AIMA parameter esumanon.

The main featres of the algorithm are a membership set theoretic formulaton and a discerning

update srgy. Convergence analysis of the algorithm has been performed under the assumptions

that the procCss is stable and that the noise is bounded. The main results of the analysis are that the

algorithm yields bounded a posteriori prediction error without SPR or persistence of excitation

type condition. With a persistence of excitaton condition on die regressor vector, boundedness of

the a priori prediction er can then be established and the parameter esumares are shown to

converge to a neighborhood of the tue parameters. Simulation results show that the performance of

the algorithm is comparable to the ELS algorithm while requiring far fewer updates.
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APPEND 1(

Lemma A- I For the EOBE algorihm of (10), if for any a > 0, there eist positive N. Nt , k

and *r such that for t > Nt

(i) 11 8(t) - 8(t+k) 11 < O(e) (A-1)
CW le'td) 01 , 13,(01 < Y (A-2).

(iii) E " ) (:l) 4(1) e') < 0(,2f) (A-3)
lot

Then

t4-N

lot

ProoL Define

d ,1 (t), ,(), .... ra r() t = (0)
r , ( ) r ). . ]" . T r = O t

Then

S(jr,'I (I d.()r ,) (A-5)

li- lac cul

For any I r ( [ t+N ], we have
nl "- r nl -* r -t

i (ri, 1 :i (1 i() + I I( t 1 11r A 6

By assumption (A-2), !r, (1)l 5"1. Hence applying the Schwartz inequality t the last term of (A-6)
yields

- (A-7)
= i i t i =

Hence by assumption (A-3), it follows that

d.(t) r(1 1 1)r.(G) + 0(e) (A-8)
iI

It can be shown similarly that

dk(r(1) 5 di (t)r.(1) * O(E) (A-9)
im La 1

Thus
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di r() r, X d.()) 1 0S(e) (A-10)
juL 1.1

Usingthe &a c Ibl- aI : la-b forany abe Ryields

Consequently

I~d(t) r,() 2 5 211 d.(1)r.(1)1 +20(e) (A-I11)

And finally (A-4) is obtained by using (A- I) in (A-5).

I
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TABLE I

Upper bound Average mp error Average number Towi number of Number of ames

y" T of updams dimes ly(t)l > y 8 is out of ellipsoid

0.1 1.12 xI(0"  154 20207 2935

0.5 1. 11 Xl0 "2  154 14539 2600

1.0 1.09 xI0 "2  154 10814 6

5.0 1.07 xIO"2  154 1728 0

15.0 1.08 xIO-2  153 12 0

25.0 1.14 x10-2  154 0 0

50.0 1.45 xl0 "z  156 0 0

200.0 1.15x10 ". 156 0 0

TABLE II

Scandard deviation Average mp ar Average number Total number of Number of times

of noise T of updams ines ly(c)l > y 9 is our of elpsoid

0.2.5 0.27 139 0 0

0.5 0.24 133 0 0

1.0 0.29 123 4.36 0

1.5 0.24 1:2 2705 0

2.0 0.22 11,9 5968 50

3.0 0-7 118 10723 1573

21
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