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Sieves, Signal Extraction, and Design (Unclassified)

1. Summarv: See DD 1473, item 19.
2,3. Research objectives, status of work: 1In the description that
follows, citations indicated ov (1], 2], etc., refer to the iist

given in item (4) below.

a. Sieve estimation for Gaussian processes.

Let X = (X_, t € T} be a Gaussian process with mean function m

and covariance function R. The PI has developed sieve estimators m

and R to estimate m when R is known, and R when m is known. The
construction and properties of these estimators allow T to be an
arbitrary set. Thus this method has very wide appliicability.

In the case of estimating m, the only special assumption needed
is that m beiong to a Known countabliv-dimensioned subspace of the

reproducing kernel Hilbert space (RKHS) #(R). For the estimation of
R when m is known, an additional assumption is needed concerning the
bivariate expansion of R. In either case the data consists of n

replicates (trajectories) of the process. A discussion of this as a
design constraint is given in {7}, an extended version of [4].

In both cases, the estimators are strongly consistent in a
natural norm as .iong as a sieve parameter d (roughliy, the number of
terms in the estimator) grows as o(n), and are consistent in
probabiliity and in mean sguare localiy if d grows as O(n). They are
also asymptotically unbiased as d goes to infinity. Details are
given in papers [2] and [4]. Paper [1] shows now the two estimators
can be combined, and applilies the method in the Banach space setting.

There is a good deal of latitude in the construction of these
estimators, depending as they do on an arbitrary choice of "basis"
functions in an appropriate Hilbert space. Using this and eiementarv
tools (essentially Gram-Schmidt orthogonaliization), it is easy to
construct an estimator of the mean which is computationally simple

and which requires onliy d t:me "sites" tl, cey td for observing the

process. Computer simulat:ons (still underway) show that this method
ailows one to recover significant features of the underlying mean

function (the "trend" or "s:gna.") easily. {Theory reguires that d
be limited by n, the number of repliicates observed; greater accuracy
can be'attained by using more replicates. The simulation study so
. . . .9
far indicates that d should ve about n'~.)
b. On a zero-one law of JOriscoil, and optimal signal
extraction.

We are given an observablie siqnal Yt = S, + Nt' t € T, where S

~
and N are independent zero-mean Gaussian processes (signal and noise)
with known covariances. Under certain conditions, Driscoll [1975;
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has shown that an optimal method to extract the signal S from X is to
use the process S defined by S, = E(StgAx). where AX
., t € T}, These conditions cnncern the

[

is the
sigma-aigebra generated by (X
topology of T and the continuity of the covariances.

The PI has generalized this framework by letting T be an
arbitrary set and by not assuming any particuiar reliationsnip between

X and S, so that the stochastic signal can be corrupted by noise in a
more arbitrary fashion. Optimality can still be defined as in

Driscoll by requiring that the sample paths S and S Dbelong to a
RKHS #(R) for and appropriate positive definite kernel R. Cioseness
is now defined by IS -S i, using the norm of #(R). To do this, we

take R to dominate the covariance X of S iIn the sense that
#(K) ¢ #(R}; we denote this by K << R. If R n-dominates X (Fortet

n
{19741), we write X << R. The plan is to show:
n
i. If K << R then P(S e#(R)) = 0 or 1, and is 1 iff K << R;
n -
ii. if K << R then P{(S e #(R)) = 1; and
iii. EIIS_—S.iI2 < EHS.—hH2 a.s. for all h e #(R); and to give tne

value for the left~hand side of (*).
Again, in all cases, no assumptions are made on T.

The "zero" part of item (i) has been proved in full genera.lity.
while the "one" part and item (ii) have been proved under a
separability assumption (see the AFOSR technical report Beder
that may not be removable. The value of the left-hand side of
has been derived as the trace of an operator (Beder [1986]), but
inequality remains to be proved.

This work aliso has app.ication to certain stochastic design
probiems; see Ylvisaker (1987].

c. Experimentali Design.

The PI has given & definitive analysis 75] of confounding
patterns in two-factor experiments in which one factor has a prime
number of levels. The existence of a generaliized Hadamard matrix
impiies the existence of an orthogonal decomposition of interaction
of a certain type. Moreovcr, the converse holids at least in the case .
that the prime (number of ievels) is 2 or 3., When the prime is 2, ~" —
then, the problem of confounding is eguivalent to the classicai o
Hadamard matrix conjecture. The method used makes no assumption a

Al
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priori about the algebraic or geometric structure of the set of
levels attached to each factor in the experiment. 3ackground to the
method is given in [8].

It is of particular interest that the probiem of confounding in
the simplest two~factor asymmetric design is eguivaient %to a
difficult combinatorial conjecture, and thus far deeper than the
problem in classical symmetric factorials. This depth is not
revealed by standard methods of analyzing confounding.

The classical Hadamard matrix problem may be viewed as that of
conzst.wcting a maximal set of nxl vectors consisting of 1's and -i's.
Such a maximal set can of course have no more than n elements. It is
known that if a maximal set of size n exists, then n = 2 or n is a
multiple of 4; the conjecture is the converse, namely that if n is a
mulitiple of 4 then there exists a maxima. set of size n. The PI has
shown that if n = 2 (mod 4) then all maximal sets are of size 2.
Also, a computer search routine written by the PI indicates that if n
is a multiple of 4 then the size of any maximali set¢ is also a
multiple of 4. The empirical evidence from this search is for n = 4,
8, ..., 24, values for which the conjecture is known. These results
invoive maximal orthogonal sets of possibly non-maximum cardinaliity,
a new approach. Whether this will shed further light on the
conjecture remains to be seen.

d. Miscellaneous.

Paper 3] and the technical report {6] were aiso compieted
under this grant.

e. References.

Beder, J. H. (1986). Sieves and signal extraction. AFOSR
Annual Technical Report.

priscoll, M. F. (1975). The signai-noise problem - a solution
for the case that signal and noise are Gaussian and independent. J.
Appi. Prob. 12: 183-187.

Fortet, R. (1974). Espaces a noyau reproduisant et lois de

) 1
probabilite de fonctions aleatoires. C. R, Acad. Sci. Paris, A,
t.278: 1439-1440.

Ylvisaker, D. (1987). Prediction and design. Ann. Statist. i5:
1-19.4.
4. Written Publications:
f1] Antoniadis, A., and Beder, J. H. (1989). Joint estimation of

the mean and the covariance of a Banach vaiued Gaussian vector.
Statistics, 20, no. 1 (to appear).

R




(2] Beder, J. H. (1987). A sieve estimator for the mean of a

Gaussian process. Ann. Statist. 15: 59-78.

i3] Beder, J. H. (1988). Estimating a covariance function having an
unknown scale parameter. Commun. Statist. Theorvy and Methods,
Al7: 323-340.

i4] Beder, J. H. (1988). A sieve estimator for the covariance of a
Gaussian process. Ann. Statist. 16: 648-660.

78] Beder, J. H. (1989). The problem of confounding in two-factor
experiments. Commun. Statist. Theory and Methods, AiS, no.2 (%o
appear).

Technical Reports:

16] Beder, J. H. (1987). Simultaneous diagonalization of two
covariance kerne.s.

[7) Beder, J. H. (1987). A sieve estimator for the covariance of a
Gaussian process: Theory and background.

(8] Beder, J. H., and O'Laughlin, M. (1985). The cell-means
interpretation of confounding.

5., Professional Personnel:

Ms. Julie Letellier, a graduate student at UW-Milwaukee,
assisted with simuliation studies during the summer of 1987.

6. Interactions:

a. Papers presented:

(1) "A new sieve estimator for a Gaussian mean,"
Colloguium, Dept. of Mathematics, Statistics, and
Computer Science, University of Iilinois at Chicago,
April 3, 1985,

(ii) "Sieve estimation for Gausslian processes," Joint
Statistical Meet:ngs, Las Vegas, NV, August 7, 1985.
(IMS Abs. 193-50'.

{iii) "Sieve estimatiorn :or Gaussian processes,"
Internationai Svmpos.um on Foundations of Statistical
Inference, Tel Av.v, December 15-19, 1985,

(iv) "Sieve estimation for CGaussian processes," Colloguium,
Dept. of Mathematics, University of California, Irvine,
June 10, 1986,




7.

5
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New discoveries, inventions, patents: none.




