
i~ I

co

<fl

A TAXONOMY OF ADVANCED
LINEAR PROGRAMMING TECHNIQUES
AND THE THEATER ATTACK MODEL

THESIS

Jack A. Jackson Jr.
Major, USAF

AFIT/GST/ENS/89-7

ELECTE f
9 MAR 1989D

DEPARTMENT OF THE AIR FORCE ME

AIR UNIVERSITY

AIR FORCE INSTITUTE OF TECHNOLOGY

Wright-Patterson Air Force Base, Ohio

____-_-_ _ 89 3 29 028



AFIT/GST/ENS/89-7

A TAXONOMY OF ADVANCED
LINEAR PROGRAMMING TECHNIQUES
AND THE THEATER ATTACK MODEL

THESIS

Jack A. Jackson Jr.

Major, USAF

AFIT/GST/ENS/89-7

DTIC
S ELECTE

2 M A R 1 9 8 9

Approved for public release; distribution unlimited



AFIT/GST/ENS/89-7

A TAXONOMY OF ADVANCED

LINEAR PROGRAMMING TECHNIQUES

AND THE THEATER ATTACK MODEL

THESIS

Presented to the Faculty of the School of Engineering

of the Air Force Institute of Technology

Air University

In Partial Fulfillment of the

Requirements for the Degree of

Master of Science Operations Research Accession For

nTIS GRA&I
DTIC TAB
Unannousced 0
Justificatio

Jack A. Jackson Jr., M.S.
By , ..

Major, USAF Distribution/

Availability Codes
[Ave ~m or

Diot Speolal
March, 1989

Approved for public reiease; distribution unlimited



Preface

This study considers advanced Linear Programming techniques and their usefulness

for reducing the solution time for large-scale models; specifically the Theater Attack Model.

The results suggest that time savings of 10-40% are not unreasonable, with the opportunity

to reduce this specific model's CPU-time by 67%.

A number of agencies license products used within this study. MPS III is licensed to

Ketron Incorporated, SCICONICS is licensed to SCICON Limited, MINOS 5.0 is licensed

through Stanford University, KORBX is licensed through AT&T, and the X-System is

copyrighted by Insight Incorporated. All of the above agencies are trademark names, as

are IBM and ELXSI.
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lating a mainframe under stress. Without the support of MAC/AG, principally Major Jim

Hill who arranged my training on the KORBX system and Captain Steve Wichmann who

burned the late night oil for me, this analysis would certainly be incomplete. Without the
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I cannot thank my mentors, Major Joseph Litko and Dr. James Chrissis, enough.

They provided needed encouragement, direction, wisdom, and kept a dumb fighter pilot
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Abstract

-" The Theater Attack Model (TAM) is a large-scale linear program (LP) used to aid se-

nior decisionmakers in making the tough buaget and procurcment decisions for the United

States Air Force. TAM, as .urrently configured, can generate matrices with 9 million

variables. The CPU-time to run this model is enormous. Advanced LP techniques are

examined to reduce TAM's CPU-time.

A taxonomy of advanced LP techniques results from a review of major characteristics

of these techniques. Promising opportunities to reduce TAM's solution time are tested

and compared to a standard simplex benchmark. Karmarkar's algorithm on the KORBX

(AT&T) system is tested and compared with simplex-based techniques through an absolute

comparison of solution time and a relative comparison based on machine capabilities.

--Recommendations for reducing TAM's CPU-time are outlined with the hope of saving

the government money in computer time. J

./7 ,

. -p'V.'



A TAXONOMY OF ADVANCED

LINEAR PROGRAMMING TECHNIQUES

AND THE THEATER ATTACK MODEL

I. INTRODUCTION

1.1 General Background

Annual decisions concerning procurement of aircraft, munitions, and spare parts are

of enormous interest to senior military decisionmakers. Currently the-UR-rited -States Air

Force tSA4F) uses the Theater Attack Model (TAM), a large-scale linear program'(LP),)
4

to evaluate theater level tactical air operations in support of procurement decisions. The

Air Force Center for Studies and Analysis (AFCSA) maintains TAM and uses it to con-

duct trade-off analyses by examining the impact of the following factors: budget changes;

aircraft and munitions effectiveness; target values; attrition rates; the costs of current and

forecast aircraft, munitions, and spares; existing force structure of aircraft and munitions;

weather; length of mission; and length'of conflict. Currently, AFCSA is examining ways

to expand TAM to include airbase operability and electronic countermeasures. . .

AFCSA runs TAM approximately 500 times each year. The model is being exported

to analysis agencies and major commands interested in enhancing their understanding of

the impact of budget constraints and the marginal values of different operational capabil-

ities. The sheer size of TAM (generally 3500 rows by 250,000 columns) makes it one of

the largest LPs run on a regular basis at the Pentagon. TAM, as currently configured, can

generate matrices as large as 5000 rows by 8.75 million columns when considering classified

global war situations. Current solution of the model requires 20-200 minutes of computer

time (CPU-time), which ( iates to about 1-18 hours of clock time. In many instances,

TAM must be rerun to obtain realistic operational answers; often, this is awkward due to

time constraints and TAM's long CPU-time requirement.
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1.2 A Short History Lesson

A review of the past will help put in perspective "how we got where we are." TAM

is a relatively new model, but quantitative analysis has a long history within the weapons

procurement process of the Department of Defense (DOD). The early days of linear pro-

gramming started during and just after World War II with Project SCOOP, a military

applications effort sponsored by the USAF and guided by George Dantzig. Within the

procurement area, as early as the mid-1970s the British were using LP to optimize their

weapons acquisition process (RAF CSNM). The DOD has been using linear and nonlinear

techniques since the early seventies with the Navy's PHASER and NAVMOOR models

and the USAF's family of models: SABRE MIX, FAST ATTACK, and HEAVY AT-

TACK [5] [23] [301 [47]. Several departments of the Air Staff, principally AF/XOXFM

and AF/XOXJW, have ties with the Naval Postgraduate School, dating back to the early

seventies in working these issues.

TAM grew out of an attempt in the mid-1980s to move away from strict weapons

effectiveness studies on a micro scale to large, theater-level, parametric analysis [31]. Un-

aware of the previously mentioned work in this area, LTC Robert J. Might, the originator

of TAM, created a model to measure the value of a particular weapon system or munition in

the context of an entire conflict in a theater war. lie identifies simple one-on-one weapons

analysis as inadequate and suggests a senior decisionmaker needs insight to deeper issues:

-How much of a weapon system's effectiveness can be covered by

other systems? Which other systems?

-How would attrition affect a current or proposed weapon system?

-How effective is every weapon system and munition combination

against every available target type?

-How often will a particular weapon system and munition combi-

nation be turned in a war? How many of these sortie types can

we realistically support?

-How long will a weapon system and munition combination remain

effective?

1-2



-If a new weapon system is not selected for production will its

lost marginal effectiveness be replaced by another weapon sys-

tem/munition combination?

-Would a new weapon system's entrance into the inventory remove

all need for an older weapon system?

Might makes the point that these critical issues cannot be examined through strict

weapons effectiveness studies where a weapon system is matched against a few others.

There is a need to consider the entire context of the theater war, therefore TAM was

conceived to consider a multi-period conflict, across multiple weather bands, over multiple

sortie distances evaluating:

-effectiveness of each aircraft and munition combination against

each target type,

-expected attrition of each aircraft against each target type,

-daily sortie rates for each weapon system,

-current inventories of aircraft, munitions, and spare parts,

-the numbers and values of enemy targets, day by day, including

the effects of replacements,

-procurement costs of new aircraft, munitions, and spare parts,

-the value of spare parts to increase, decrease, or maintain sortie

rates [31:55-63].

A current TAM formulation is included in Appendix 1.

Output from TAM allows parametric analysis of munitions and weapon systems so

as to determine the marginal value of any single category and it's contribution to total

operational effectiveness. Further, TAM is capable of solving the same problem with new

or perceived budget adjustments to answer the questions about where the next dollars

should be spent. Future add-ons to the model include the capability to consider airbase

operability and the effectiveness of electronic countermeasures to aircraft survivability.
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1.3 Research Objective

The research objective is to identify advanced operations research techniques that

will reduce TAAMs CPU-timc by 251%. Advanced linear programming techniques will be

surveyed for application to TAM. The advanced techniques that appear promising will be

tested against TAM problems. While the research effort examines the TAM problem at

AFCSA, the need to export any improvements to the wider USAF community will be kept

in perspective when making recommendations. Any outstanding opportunities to reduce

the CPU-time through computer hardware and software changes will be mentioned as ap-

propriate, though specific hardware and software fixes were not direct research objectives.

While the 25% criteria is an arbitrary goal, this research effort will endeavor to reduce the

run time as much as possible.

1.4 Limits of the Research

The research effort considered a number of viable operations research (OR) tech-

niques for reducing the run time of TAM. A taxonomy was formed with each technique

assigned to a subset according to similar characteristics that categorize similar operation.

The following is a complete list of advanced techniques considered as possibilities for ap-

plication to large-scale LPs:

1. Special structures and basis factorization methods: initial basis crashing meth-

ods (sometimes called block pivoting), Dantzig-Wolfe decomposition, simple upper bounds

(SUB), generalized upper bounding (GUB), generalized networks (GN) and pure network-

ing (NET) techniques;

2. Interior methods: Karmarkar's algorithm, Khachian's ellipsoid method, Marsten's

dual-affine interior point algodithm,

3. Restructurin - methods: reformulation of the problem, goal programming, and a

method from linear programming folklore.

The TAM model provided for study by AFCSA was the "small theater war" form of

the model and uses unclassified input and output. The use of the smaller version of the

model and selection of smaller TAM problems for testing were requirements dictated by

1-4



the lack of capability to handle extremely large bodies of classified data on the Air Force

Institute of Technology (AFIT) computer systems. The largest of the TAM problems

selected for testing was approximately 1/20th the normal TAM size. It is assumed that

application of these techniques to smaller scale TAM problems will generate similar results

on large-scale TAM problems. This appears to be a conservative assumption since larger

TAM matrices would be very sparse (on the order of .1% dense) and several of these

techniques expect to be relatively more effective on the sparser TAM problems. TAM comes

in many forms depending on the specific theater under study, generally the modifications

are to the data base supporting the model.

TAM, as currently configured, consists of 15,000 lines of FORTRAN 77 code that

form a pre-processor, an interface to the MPS III linear programming system, and a post-

processor. The pre-processor is a matrix generator that takes the data base and problem

formulation and generates a file containing the problem matrix in MPS format. This file

is passed to the linear programming system where the problem is solved and the solution

is returned to the post-processor. The post-processor is essentially a report writer that

compiles the results into a useable format for the analyst.

1.5 Computation Time

The research literature indicates several avenues to pursue when dealing with solution

time and large-scale LPs. A number of researchers identify the number of rows contained

within the matrix as the key to LP speed of solution. Dantzig reports the number of

iterations is usually less than (3m/2) and rarely rises to (3m) where m represents the

number of rows in the matrix [16:160]. Chvatal suggests for a fixed number of rows the

number of iterations rises as a logarithm of the number of columns [14:45-51]. Bradley,

Brown, and Graves suggest computations in the simplex method grow proportionally to

m 3 and that certain structures allow this number to be efficiently reduced by a factor

of nine through partitioning (basis factorization) and taking advantage of certain special

structures that occur quite often in large-scale LPs [6:506-5071.

Beale provides a detailed explanation of the calculations performed at each iteration

of the primal simplex and product form of the inverse methods. He identifies several

1-5
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computational advantages the inverse method has including:

-possibilities to exploit structure,

-compact representations of the basis inverse,

-flexibility concerning the transfer of data back and forth from

computer real memory to computer storage,

-and flexibility about requirements to recompute the basis inverse.

Beale considers the use of a matrix generator key in dealing with large-scale LPs. Ile

discusses in detail their positive contributions and concludes that very little CPU time is

required to gain these benefits [2:66-961.

Garey and Johnson present a detailed discussion of the complexity issues that char-

acterize the difficulty of problems and the efficiency of algorithms used to solve them.

They provide a framework for classifying problems and algorithms. The following terms

are defined in their work and are used throughout this paper:

Polynomial - (good) a class of problems that can be solved in

polynomial time, therefore they are probably easier to solve than

the following types of problems,

Exponential - (bad) a class of problems that cannot be proved to

be solvable in polynomial time,

NP-complete - (bad) a class of problems that are considered hard

(intractable), often these problems can be solved in exponential

time [211.

There is much conjecture that the complexity of a problem is a good gauge of its

intrinsic diffculty, and that an exponential algorithm (for instance) should not be necessary

to solve a polynomial problem. This is the central thrust of criticisms of the simplex

method (exponential) used for LP (polynomial). However, there is no definitive proof that

the polynomial problems are, in fact, distinct from some classes of problems suspected

of being harder (e.g.NP-complete problems). It is currently fashionable to establish the

complexity class of a problem, or an algorithm, and leave the interpretation to the reader.
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Perhaps someone will eventually prove that polynomial and NP-complete problems are

distinct, perhaps not.

Given these comments, standards were developed to judge each method and any

resulting benefits:

1. Total CPU-time will be the measure of effectiveness (MOE). Due to Beale's

comments, TAM was unhooked from it's pre- and post-processors and matrix generation

time is not considered in this research. The times reported compare the time for the LP

solver to read in the problem file, solve the LP, and write the solution out to a file.

2. Though not an MOE, the number of iterations required for solution will be

mentioned as appropriate. The amount of computational time required for an iteration in

many advanced techniques varies, but often the number of iterations can provide insight

for comparable techniques. Because certain techniques can increase the work associated

with a single pivot (Karmarkar's method for example), it is possible to reduce the number

of iterations yet increase total CPU time. Throughout the research, the (3m/2) and (log

n) guidelines were used as preliminary estimates to determine the feasibility of a method

for reducing the CPU-time.

3. In the same manner, though also not an MOE, the tractibility of the solution

technique ala Garey and Johnson will be used to consider an algorithms theoretical solution

speed.

4. To scientifically measure increased performance a benchmark is required. An

absolute comparison is a difficult, maybe impossible, task with different algorithms run on

different computer hardware. Generally, a simplex benchmark was sought on the same piece

of hardware; where this was unavailable the results are shared and absolute comparisons

are made; relative comparisons are attempted, based on respective computer capability.

1.6 An Overview

The remainder of this paper presents the research and results. Chapter 2 is a lit-

erature review of the various OR techniques considered for this task. Each method will

be described briefly before being applied to TAM. If a method was not applied to TAM

1-7



the reasons for it's non-application will be made clear. Chapter 3 covers the application

of the selected techniques to TAM sample problems, outlines the actual tests run using

selected techniques, reviews the results of the test runs, and makes observations from the

results. Chapter 4 compares the best alternatives with respect to absolute solution time

and relative solution times irrespective of the computer hardware used to solve the LP.

Chapter 5 concludes the research with an examination of the best alternatives, their costs

to implement, and closes with recommendations for AFCSA. Appendix A contains the

AFCSA formulation for TAM and Appendix B is a suggested reformulation covered in

Chapter 3.
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II. OPTIONS

2.1 Introduction

A complete list of the advanced OR techniques considered for application to TAM

will be examined in this chapter. It is the custom in academia to mention successes and

not identify the bad detours research has covered. However, the lessons learned through

disaster are often more valuable than successes because the "learner" has firsthand expe-

rience to remind him of the paths that bore no fruit. Often these side trips are excellent

ideas awaiting the right opportunity. In this spirit, a taxonomy of possibilities is offered

for attacking large-scale LPs so others can choose the right "tool".

A clear understanding of the simplex method is necessary to start. A complete

description can be found in many basic texts on the subject (excellent tutorial choices

include the texts by Chvatal [14] or Bazaraa and Jarvis [3], while Orchard-Hays [39] gives

a detailed professional account). Throughout this paper small italicized letters represent

vectors and capital italicized letters represent matrices. Terminology differs among authors

and the choice of whether to maximize or minimize in canonical form is not standardized.

TAM is formulated for "maximization" and the following discussion will proceed from that

point of view.

In simple terms, the simplex method marches around the outside edges of a convex

set, looking for improvement in the value of the objective function. The method terminates

when it reaches a vertex (sometimes referred to as an extreme point, a point that cannot

be formed from the convex combination of any other two points in the set) from which no

further improvements can be made. Simplex problems can be expressed in matrix standard

form as:

Maximize (or minimize) Ej cizj (the objective)

such that: , aijxj bi (i = 1,2,...,m) (constraints)

with all Xj 0 (j= 1,2,...,n) (2.1)
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The aij coefficients can be represented by the matrix A. The simplex method starts

from the origin whether feasible or infeasible by introducing an auxiliary variable for each

constraint yielding

Ax + Is = b (2.2)

where the identity matrix I is the same order as the number of rows in the original

problem and is appended to the A matrix. The original variables x are decision variables

and at the start are called non-basic. The new variables s are added to the vector x, are

known as slack varibles, render the constraints strict equalities, and are called basic. The

variables that are basic are said to form a basis for the convex region identified by problem

2.1. A basis is a linear combination of a set of vectors that can produce (span) all other

points within the region. For convenience, the A matrix, the x vector, and the coefficients

c in the objective function can be redefined to accomodate the new slack variables, and

can be subdivided by association with the basic or non-basic portion of the x vector (i.e.

AN, 4 B, ZN, XB, CN, cR). Therefore, problem 2.1 is equivalent to:

CNXN + CBXB

ANXN + ABXB = b

ZN,B > 0 (2.3)

Tradition identifies the basic portion of the A matrix as B, and, therefore B will

be used in place of AB . At any point in the simplex method the basic variables can be

defined as a function of the non-basic variables:

ZB = B-b - B-1ANXN (2.4)

and the current solution designated by z can be defined as a function of the beginning

problem and the non-basic variables:

z = CBB-b - (cN - CBB-'AN)XN (2.5)
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where B-'b represents the current value of the basic variables XB.

After initialization, the simplex method executes a series of steps that together are

termed a pivot (iteration, by some authors). The next step of the simplex method identifies

a variable from the non-basic set to enter the basis. This is accomplished by checking the

non-basic XN for a positive Ce - (CBB- 1 AN) value. This step is known as pricing. Many

rules exist in practice to identify the entering variable, but selection of an entering variable

indicates an improving direction for the objective function. If no entering variable is

identified, then stop, the current basis is optimal.

After the entering variable is identified, a search is conducted to identify a variable

from rB to leave the basic set. The controlling factor is the restriction that all values of the

z vector must remain non-negative. A single variable among XB will block the amount the

objective function may improve. This variable is the leaving variable. At this point a pivot

is initiated to exchange the entering and leaving variables. An iteration is completed when

the required mathematics to update the current state of the problem are complete. The

basic and non-basic portions of the problem can then be reordered to reflect the current

status of the problem, and the process is started again to identify L_ aon-basic variable to

enter the basis.

A number of potential problems exist but only the problem of degeneracy will be

discussed in this paper. Degeneracy occurs at a vertex where a variable is available to enter

the basis and provides no increase in the objective function. This occurs because a number

of constraints intersect at a particular vertex and the simplex method can have difficulty

resolving which direction to move. Klee and Minty [29:159-175] constructed problems that

show the simplex method is capable of cycling (failing to resolve which direction permits

an improvement), but in practice this very seldom occurs. Wolfe discussed degeneracy and

concludes that it is not a problem and that perturbations caused by numerical computation

are generally sufficient to resolve these possibilities [48:205-211].

Basically the simplex method continues to search along the edges of a convex region

in hyperspace. Once the solution to the LP becomes feasible it remains so. The intersection

of two or more edges in hyperspace is known as en extreme point; it is at these points that
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the simplex method checks for an improving direction. The simplex method terminates

when a check for further improvement of the objective function suggests any change in the

current basis will allow no further improvement in the objective function.

2.2 Special Structures and Basis Factorization

The growth of Linear Programming has been tied to the advances made in computers;

without the machine the technique would not be practical. Improvements in LP have often

been related to smarter computer applications increasing LP capability and reducing the

CPU-time required for the simplex method. The standard simplex method updates the

basic and non-basic partitions of the A matrix, current feasible solution, and computes

the basis inverse at each iteration. Compact inverse methods were introduced to reduce

the simplex method's computational load and take advantage of specific computer storage

techniques. Among the methods capitalizing on special structure and/or a compact inverse

are the revised simplex met!,.jd (product form of the inverse), pricing and suboptimization,

basis crashing, Dantzig-Wolfe decomposition, generalized networks (GN), pure generalized

networks (NET), simple upper bounds (SUB), and generalized upper bounding (GUB).

The revised simplex method from the product form of the inverse (Dantzig and

Orchard-Hays) demonstrates the growth of the simplex technique with the growth in com-

puter technology. Its basic philosophy is to compute current prices and entering column

coefficients only as needed. The product-form inverse methods provide a simple way to

update B 1 by post-multiplying the current basis inverse by an eta matrix. The eta matrix

E is a compressed identity matrix with a single column altered to record the actions taken

in a single pivot. Post multiplication of the current basis inverse by E accomplishes a pivot

of the simplex method.

The Revised Simplex method does not execute every step of the simplex method at

each pivot. It prices the columns, selects the most promising, saves the change in basis

through an eta matrix, and stores the eta matrices in an eta file along with the initial basis

until a predetermined limit of eta matrices are reached. At this point, a reinversion occurs

and the current basis, current feasible solution, and current basis inverse are updated
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through knowing tile initial problem statement and the series of eta matrices that reflect

the history of pivots [17:64-671.

Beale identifies three benefits the revised simplex method uses to reduce the CPU-

time required to solve an LP. Though the standard simplex method has fewer calculations

per iteration, the revised method saves computational time on large-scale models when

a large number of the elements of the matrix are zeros. Typicaliy, the density of non-

zero elements in large-scale models is on the order of 0.1%. The computational savings

occur in conjunction with pricing techniques (multiple or partial, covered later in this

section) by not executing all of the simplex operations at each iteration-principally not

computing c, - (ctHB - ' AN) for all XN. Secondly, the revised simplex method reduces tile

substantial computer memory required by packing B- 1 into a smaller array. This allows

a larger matrix to be worked on in real memory and when paging (computer retrieval of

information from disk storage to the working memory) occurs, a smaller array is passed to

and from main memory. The third benefit of the revised simplex is that it allows control

over the representation of B and how it will be manipulated in the computcr. This

control further reduces paging back and forth from real memory to disk storage within the

computer.

A final benefit related to accuracy is the revised simplex method allows mathematical

calculations to be accomplished which reliably detect round- off error and permits rein-

version so that numerical inaccuracies are not accumulated and carried forward. Current

large-scale computer programs use some form of the revised simplex method and refer to

the primal simplex method which includes both a phase I (search for feasibility) and a

phase 2 (search for optimality) [2:66-96] [3:194-195].

Orchard-lays, in his classic work on LP computational techniques, describes mul-

tiple and partial pricing as techniques to capitalize on revised simplex column pricing by

selecting a subset of promising vectors for inclusion in the basis. Multiple pricing selects a

best subset of the cv - (CBB - 'AN) vector, performs simplex operations on them one at a

time, and suboptimizes the current problem. Partial pricing selects several columns from

CN -(CBB-'AN) and enters them into the basis all at one time. Early in the solution of a

large system most of these more promising columns represent movements in an improving
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direction. Therefore, forcing their entry into the basis all at once can lead to computa-

tional savings and reduce the infeasibilities of the problem. These techniques allow for a

return to the primal simplex method when preconditions are met which indicate pricing

(partial or multiple) will no longer be effective. Note that the effort expended in pricing

is generally rewarded in fewer iterations, however there is some trade-off in terms of total

CPU-time between greedy pricing with many iterations and scrupulous global pricing with

few iterations [39:109-1141. Most modern LP solvers maintain an automatic capability to

introduce partial and multiple pricing.

McBride generalizes many of the following techniques under the banner of "factoriza-

tion". The main points of these methods include implicitly carrying portions of the inverse

basis that can be generated from a reduced explicit basis that is used for all operations.

lie suggests the following advantages of these methods:

-good initial bases (starting points),

-reduced computational workload as a result of operating with a

reduced basis,

-further CPU-time savings through reduced core storage require-

ments and less paging to and from disk storage [33].

The following methods are based on findiag specific structures within the TAM ma-

trix, taking advantage of these special structure in the primal simplex method, and specific

techniques for handling the basis inverse.

2.2.1 Crashing the Basis (Gaining a Good Initial Basis). Olchard- Hays identifies

crashing the basis (block pivoting) as an attempt to maximize the early steps toward the

optimum without regard to the infeasibilities that may be introduced. Cooper outlines the

concept as based on selecting a set of legitimate contenders from the non-basic set and

using these to replace current basic (slack) variables. The objective is to select and replace

as many slack variables as can be rapidly handled. If, at the outset, it can be determined

that a portion of the matrix is always basic or a subset of variables is generally basic, then

crashing these subsets into the basis might reduce the total number of iterations required as
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well as the mathematical overhead at the start of the normal simplex application [39:136-

139] [15:144-151].

Nazareth points out that the suggested starting basis needs to be well conditioned

(non-singular) and as close to feasible as possible [36:163). Wolfe and Cutler's research

identifies a specific formula for selecting a good initial basis. They conclude that the

initial basis should be selected from singletons first (variables which appear in a row as

the only non-zero entry), then from slack variables with a positive value on the right hand

side of the linear constraint, and finally from slacks with a zero right hand side. Their

results suggest that success with crashing is a function of each specific LP - bad crashes
are tetble, good crashes are great [48:177-200].

2.2.2 Dantzig- Volfc Decomposition. With the growth of LP as an accepted ana-

lytical technique in the 1950s and 1960s, many large linear programming problems arose

which could not be accommodated by computers of that day. Dantzig and Wolfe devised a

computational technique to take advantage of special structures that often occur in prac-

tice. This technique decomposes the original problem into sub- problems represented by

the smaller matrices along the diagonal.

In practice, many large-scale LPs are formulated by linking a series of smaller sub-

systems together with a set of master constraints that bind the small problems together

into a larger whole. Decomposition separates the common constraints from the portion of

the matrix containing the special structure. The special structure is characterized by no

subsystem having any relation to any other subsystem apart from the common constraints.

The constraints common to all columns remain to form a master problem. The master

and the sub-problems are then linked through rewriting the sub-problems as weighted,

convex combinations of the extreme points of the sub-problem feasible regions. A modified

problem is then formed based on these weighted proposals to the master problem; this new

problem is called the restricted master problem. The restricted master problem is formed

with fewer rows, but has a columns section that can increase dramatically.

Transfer of information between the sub-problems and the master problem occurs at

each iteration through to solution. The sub-problems form new proposals for allocating the
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Figure 2.1. Block-Angular Matrix Structure

BLOCK-ANGULAR STRUCTURE (MASTER)

(SUB-PROBLEMS)

variables comprising the minor iterations of the method, and submit this information to the

master problem. The major iterations occur as the master problem considers the proposals

from the sub-problems and reprices the variables. As information is passed between the

master and sub-problems they tend to converge until the optimal value of the objective

function is found.

Dantzig identifies a popular economic interpretation arising from decomposition.

Viewed as subsystems (sub-problems) striving for scarce economic resources provided by

headquarters (master problem), the initial plan of the subsystems is fed to the master

planner who weighs the proposals. He assigns new prices for the scarce resources forcing

the subsystems to revise their initial plans. The subsystems evaluate the new prices, create

new proposals, and input these to the master planner who continues the cycle. When mod-

ification of the inputs or prices is no longer required, the system has reached optimality

and, in turn, the original LP is solved [16] [19:101-111].
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Though the decomposition principle has interesting theoretical value, and still to

this day is used when computer memory is over-taxed by an enormous problem, it does

not generally lead to quicker solutions. Beale suggests that as long as the common row

section is maintained between 50 and 100, this method could lead to quicker solution times

[2:169-170]. The literature suggests this technique should be viewed as a complement to

the simplex method and it is best suited to situations where computer memory and size

limitations are pushed to the limit. Therefore, Dantzig-Wolfe decomposition was not ap-

plied to the TAM problem. It remains the best method for dealing with oversized problems

that tax the limits of a computer's memory allocation, especially when reformulation is

not appropriate.

2.2.3 Embedded Pure (NET) and Generalized (GN) Networks. McBride suggests

factorization of the basis (isolating portions of the A matrix with known special structures)

as a comprehensive framework to view computational methods of large-scale LPs. He

proves factorization is useful for reducing the computational workloads of large-scale LPs

[33]. Factorization techniques include :

Simple bounds - rows with a single non-zero coefficient.

Generalized Upper Bounds - a set of rows for which each column

contains at most a single non-zero coefficient.

Generalized Network Rows (GN) - a set of rows for which each

column contains at most two non-zero coefficients. If the nonzero

coefficients are restricted to be a (+1), or a (-1), or both, then

the structure is known as an embedded pure network (NET). This

section considers the latter technique.

Brown and Wright, in two articles on identification of embedded networks and ex-

traction of embedded networks, identify the structures mentioned above as possibilities

for exploitation that lead to quicker solution time in large scale LPs. The identification

of maximum subsets of these is itself an NP- complete problem. Therefore, Brown and

Wright suggest heuristic search methods that provide maximum or near-maximum GUB,

GN and NET subsets. These methods are modifications of the heuristic search mentioned
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in the GUB section and identify these special structures in very short periods of time. The

articles conclude with a series of samples tested for GN and NET structures and positive

test results [10:41-46].

Olson gives a complete description of these methods and reports the results of GN

and NET testing on TAM sample problems. His dissertation provides a good general code

for discovering a GN or NET structure, exploits this structure during solution, and reduces

the time required to solve problems with these .zpecific structures [38].

2.2.4 Simplex Method for Boundcd Variables. In LP variables are often bounded

having constraints of the form:

li < Xj < uj (j =12,.. ., n) (2.6)

Slack vectors can be introduced for the upper and lower bounds, but this increases

the size of the problem to (m + 2n) constraints and (3n) variables. If lj = 0, then we have

the standard non-negativity constraints. Since xj < uj is a series of normal LP constraints,

the simplex method for bounded variables by Dantzig was devised to efficiently deal with

this specific problem.

With upper bounded constraints, it is determined beforehand that any set of variables

xj that has an upper bound will be non-basic whether at 0 or at its upper limit. To ensure

this a new set of variables x" is introduced and defined as xj' = (uj - xj). This forces the

new variable to equal zero whenever the original variable is at its upper bound and vice-

versa. Three cases arise during the implementation of SUB worth mentioning in relation

to constrained variables as they become targets for entering the basis:

Case L If x' reaches it's upper bound, then a substitution is made

replacing x' with (u3 - xj). No variables enter or leave the basis.

Case II. If x increases to a point were it causes a basic variable to

leave the basis, then x' enters the basis in the place of the variable

that was forced to it's lower bound. The variable replaced becomes

non-basic, hence a normal pivot.
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Case III. If x increases to a point where it forces a basic variable to

it's upper bound, then x' enters the basis and the variable forced

to it's upp'r bound becomes non-basic at it's upper bound and we

perform the Case I substitution on the leaving variable [161.

As Case I requires no change in the basis and Case III accomplishes a basis change

with reduced computations, this method can produce situations where the number of itera-

tions (basis changes) remains nearly constant with a decrease in the number of calculations

performed and a subsequent decrease in CPU-time.

2.2.5 Generalized Upper Bounding. The GUB special structure of Dantzig and Van

Slyke requires that a set of rows have at most a single non-zero element in each column

[18:213-2261. The key to GUB is recognizing that at least one of the columns with a

nonzero-element in a GUB row must be basic, this column is the key column. Generally,

the non-zero elements are scaled to unity aiding the computational efficiency of the method.

Chvatal estimates that if 30% of the rows have a GUB structure then this method will

be faster than the revised simplex method. When the number of rows exhibiting a GUB

structure reaches 80% the GUB method requires one-tenth the time of the simplex method

[14:416].

Chvatal description of GUB considers a problem where there are m rows and n

columns. If the GUB structure has p rows then the GUB method maintains a working

basis B of at most dimension m' = m - p. The bookkeeping for the basis B' will be

substantially reduced when the GUB structure p is large relative to the total number of

rows m. The GUB structure permits partitioning of the basis in a special manner:

Note that the submatrix A contains m' rows and p columns and, along with the

identity matrix I, form what are called the key columns. The submatrix B called the

kernel of the GUB method is m' by m'. The bottom half of the matrix are the GUB

rows rearranged to form the submatrix I, an identity matrix of order p. The submatrix C

then contains the remaining columns of the GUB row set. It can be shown that a reduced

working basis of B' = B - AC. The advantages of the GUB method are a novel method

of updating the reduced basis, reduced storage requirements by operating with a reduced
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B A

B' =

C

basis, and the reductions in computations required at the expense of extra bookkeeping.

Given this structure for the basis, it can be shown that at each iteration of the GUB

method one of three possible cases can exist:

Case 1. If the leaving column is not a key column; then replace the

leaving column with the entering column and multiply the current

working basis by a suitable eta matrix.

Case 2. If the leaving column is a key column and some column of

the working basis is equivalent to the leaving column in the GUB

row section, then insert the entering column in the place of the

leaving column, multiply the current working basis by a suitable

eta matrix, and multiply the current basis by a p-order identity

matrix with a row updated.

Case 3. If the leaving column is a key column and no column of

the working basis is equivalent to the leaving column, then replace

the leaving column with the entering column.

After a number of iterations the basis inverse is simply a partitioned matrix of the

original working basis inverse multiplied by a series of eta matrices

B - 1 = (B- A. C)EIEE 3 ... (2.7)
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Solution times are shorter because the reduced computational workload afforded by a

reduced working basis compensates for the extra bookkeeping effort required to remember

which columns have switched in and out of the key column section [14:415-424].

2.3 Interior Methods

Two recent developments in the field of linear programming, Khachian's ellipsoid

method and Karmarkar's algorithm, have stirred interest with the promise of solving large-

scale LPs in polynomial time. These interior methods have spawned an entire generation

of articles and research in their application. A third technique considered in this section,

Marsten's dual- affine interior point method, is an expansion of these ideas. While the

verdicts on Karmarkar's algorithm and Marsten's method are still out, experience has

shown that the simplex method is superior in almost all situations to Khacian's ellipsoidal

technique.

Many of the specifics of Karmarkar's and Marsten's methods and the machines the

algorithms run on cannot be reported as they are maintained as proprietary secrets. Re-

search does indicate that both of these methods run on parallel vector processing machines.

Most computers function by carrying out a single computation at a single instant in time,

this process is known as sequential processing. Vector processors belong to the growing

class of parallel processing machines that conduct simultaneous or concurrent operations.

Vector processors operate on entire vectors instead of calculating each computation one

element at a time. When this is done with parallel co-processors, this reduces computa-

tion time and the algorithms can be adjusted to take specific advantage of the hardware's

numeric characteristics [43:357-382].

2.3.1 Khachian's Ellipsoid Method. In 1979 at the Mathematical Programming

Symposium in Montreal a translation of Khachian's method was first presented. He caused

quite a stir by proposing a method for solving convex programming problems using a series

of ellipsoids to iteratively converge on the optimum in polynomial time [28]. As LP is a

special case of convex programming, there were immediate predictions that this technique

would make the simplex method obsolete, since the best known bound for the simplex oper-
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ation is exponential. Although simplex- based methods may in theory require exponential

time, in practice they are solved much quicker than that.

Predictions of the death of simplex were premature as experience shows the simplex

method to be more robust and almost always significantly faster than Khachian's method.

Khachian's method did however prove to be a significant discovery in the sense that the

LP problem is established as polynomially complex, the easiest class of problems, in terms

of pure mathematics. Since the simplex method is exponential, it is in theory, at least,

an inefficient method for LP and a fertile field from which researchers have launched new

projects in applied mathematics [14:443-454].

Periodical literature is peppered with numerous studies spinning off from this method.

With further research and revision it may yet provide a breakthrough for solving convex

(and therefore LP) problems significantly quicker. Because the weight of current research

suggests this method will not solve an LP problem faster, and because no excellent com-

puter codes applying this technique are commercially available, this method was not at-

tempted.

2.3.2 Karmark-ar's Algorithm. Karmarkar's algorithm is a new theoretical innova-

tion that, starting from an interior feasible point, proceeds through the interior of the

convex region to successive points converging to the optimum. This method has been

proven to have polynomial time complexity for LP. From the inner point a projective

transformation maps the convex region into a similar region in another convex region with

dimensionality increased by one. At each step the method searches for the most promising

direction of improvement; a line search is conducted to detect the maximum step size in the

direction of the gradient; and some portion of this step size is taken as the real improve-

ment in the current solution. The method stops after successive steps return sufficiently

small changes in the objective function value. The reason this method has drawn so much

attention is that the repeated application of projective transformations optimized over the

inner sphere creates a series of points that converge to the optimum in polynomial time

[26].

The main steps of the method (from Strang) are:
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Figure 2.2. Projective 72ransformation

PROJECTIVE TRANSFORMATION

1. Identify a point interior to the convex region. An artificial variable is added to

the matrix so that a point P0 is found, where all original variables (xz , j = 1... n), are

equal to 1 and Po is interior to the convex region.

2. A check is made to determine if the current objective function value is within some

distance 6 of the optimum (the KORBX system determines b by a check of the difference

between the primal and dual optimal solutions). If yes, then stop; else continue.

3. A diagonal matrix D is constructed such that

D - 1Txj = (1,1,...,) = E (2.8)

4. Using D, compute the projection

P = Dc - DATY (2.9)

5. Find a step size s such that E - s(P) = 0.

6.. Reduce the step size s by some factor so that the step remains within the feasible

region rather than on the boundary (say 0.90).

7. Compute the new initial vector xj+l by

xj+l = xj - sD(P) (2.10)
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The new vector xj+l represents the new point which remains within the interior of

the region. At this point return to step 2 and continue.

The keys to Kariarkar's method are the rescaling and the transformation projection.

The transformation projection produces most of the computational work in this method.

The compelling geometric argument for this method is that the rescaling presents a better

view of the constraints for better global convergence [44:405-410].

2.3.3 Dual-Afine Interior Point Algorithm. Dr. Roy E. Marsten and an inter-

national group of researchers conducted research into a dual-affine method based on the

paper of Adler, Karmarkar, Resende, and Veiga [1]. Due to the proprietary nature of the

product, no citations or discussion of the general mathematics involved is available.

A few general comments are:

-The method is an interior point algorithm which handles simple

upper bounds, ranges, and free variables.

-During execution of the method variables headed for zero are fixed

there, and rows with slacks bounded above zero are removed.

-Initially the Big-M method of Bazaraa and Jarvis is used to gain

feasibility.

-At optimality the simplex method is used to gain an optimal basis.

This portion of the algorithm appears to take the largest part of

the computation time.

This method was not tested on TAM problems due to logistical problems with sending

and receiving computer tapes through intermediaries at MAC headquaters.

2.4 Restructuring TAM's Matrix

The methods of this section are related indirectly in that each requires structural

changes to TAM. These methods would necessitate changes to the underlying FORTRAN

code of the matrix generator. In some cases the changes are minor but others could

encompass a wholesale revision. This would not necessarily be a bad thing since the
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10,000 lines of code are poorly documented, replete with undefined variables, and basically

unreadable to even the trained analyst. A complete rewrite could accomodate future

expansion of the model and bring the following techniques to bear on the problem of

speed. An alternative is the use of the new programming languages that would do away

with MPS format (eg. GAMS, AMPLE, EML etc...).

2.4.1 Reformulation. This addresses the value of remodeling TAM and the theater

war process, with the aim of reducing CPU-time. Essentially, this usually means reducing

the number of rows and columns, thereby reducing the number of iterations (remember the

(37n/2) and (log n) relationships). Tomlin identifies possible side benefits from reformu-

lation in a study he conducted on scaling. These include rescaling the matrix coefficients

to prevent numerical problems during the solution, reducing the possibilities of singular

matrices, and perhaps reducing the solution time. He concluded the major benefit was

increased numerical accuracy during the LP, particularly in poorly formulated models.

His results dealt with models created by professionals and he was unable to identify any

specific trends toward time savings [45:147-165]. TAM appears to be weli thought out;

therefore, proposed changes would include slight reductions in the structure, removals of

redundant sections, and checking for possibilities to rescale the A matrix coefficients.

Reformulation may also be viewed as an opportunity to enhance certain characteris-

tics of the LP. For instance, given a code that took advantage of GUB structures it would

be advisable to rewrite the model to enhanc, this portion of the matrix structure. Study

in this area has made apparent three rules to keep in mind before formulating a large-scale

LP:

1. Know your computer hardware, it's limitations and capabilities.

2. Know your software code, it's limitations and capabilities.

3. Formulate and use the matrix generator to take maximum advantage of these

pluses and minuses.

2.4.2 Goal Programming. This method is used in situations when competing ob-

jectives or goals exist, and there is a need to resolve ties or rankings among the separate
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objectives. Currently, AFCSA uses this method with TAM to analyze goals other than

maximizing the Target Value Destroyed (TVD). Goal programming, historically, has not

reduced the solution time since it adds constraints to a problem as it introduces a new

objective function and is used iteratively to resolve rankings among objectives. A notable

exception is the special elastic simplex algorithm by Brown and Graves [8].

Winston has an excellent chapter on the application of goal programming and it's

relation to multi-attribute theory. A hierarchy among the goals is established through

the use of penalties and/or ranks. The method assigns penalties to the objective function

for deviations from the goal, or ranks the goals and iteratively runs the simplex method

introducing new goals at the start of each new simplex run, much like Phase 1 and Phase

2, continued for more phases. After each run of the simplex, the goals that are reached are

inserted into the new LP as equality constraints that require these values as aspirational

levels. Then the next hierarchial objective function is added and the simplex method is

reapplied. Future simplex runs do not change the values of higher priority goals already

maximized. This guarantees that each successively less important goal will not move the

simplex solution away from previous optimal results for the more important goals. The

simplex terminates when improvement in the objective function can only come as a result

of lowering the value of a higher priority goal, or when the hst of new goals to add to the

model is exhausted [46:609-621].

Goal Programming can be used to restrict TAM for short-suspense analysis jobs

where appropriate models do not exist and there is no time to construct a new model.

Currently, AFCSA uses this technique by fixing the value of Target Value Destroyed (TVD)

and adding a new objective function. As this method adds constraints to the matrix any

reduction in time is through sheer luck, not wisdom. This technique can be expected to

increase TAM's solution time, and was not tested.

2.4.3 The Folklore Approach. Due to natural curiosity and a belief in "old wives

tales" a method by Charnes et al [12] was tested. This method is mentioned in the conclu-

sions as an example of the ability to forget good ideas that work, while searching for new

improved ways that do not work. The entire knowledge found on this subject is contained
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within a single paragraph of the report:

"Finally, in the earliest days of LP computation oil company computer
groups observed that they got excessive times in general LP calculations when-
ever there were zeros in the right hand side vector. Computability solution:
Introduce a new variable and equation constraint, z, + 1 = 1 and add mul-
tiples of it to the constraints with zeros to knock them out. Result: great
improvement in computation time. Although this device is part of the folklore,
many newcomers to computation are still unaware of it." (Charnes)

Beale mentions a technique similar to this one in a discussion on degeneracy. The

difficulty was encountered with large-scale LPs with numerous zeros in the right hand side

vector, lie suggests changing the constant terms slightly and restoring the values of the

constants after solution [2:18]. This technique, known as perturbation, is often sighted by

other authors as a method to overcome degeneracy [48].

Wolfe, in his study of pivot selection rules, states that degeneracy has little affect

on modern codes, since when it is detected, the algorithms elect to pivot based on the

size of gain. The concept of selecting the pivot based on the greatest gain does little

to change the total number of pivots but helps to maintain numerical accuracies, along

with other frequent reinversions of the basis and controls of round-off error [48:205-211].

Harris developed new criteria for selecting the entering basic variable based on dynamic

weighting factors to estimate the maximum gain. Her results on large-scale LPs show an

improvement in numerical accuracy and improvement in the total number of iterations.

11er method does cost in terms of extra calculation per iteration but seems to introduce

more of the final basis earlier and therefore results in overall savings of 50% [24:30-57].

2.5 Summary

The literature has suggested a number excellent avenues to pursue towards a reduc-

tion in the computational time taken to run TAM. A review of the best possibilities to

reduce the total time taken to run and solve TAM suggest that the following techniques

should be tested on TAM sample problems:

1. Basis Crashing

2. Simple Upper Bounds
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3. Generalized Upper Bounds

4. Pure Network (NET) techniques

5. Karmarkar's Algorithm

6. Reformulation

7. The Folklore Technique

The next chapter considers the specific application of these techniques to TAM.
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III. APPLICATIONS AND RESULTS

3.1 Introduction

This chapter outlines the experiments performed on TAM and the test results. Back-

ground material will be covered on the specifics of the TAM model, the sample problems

selected as test cases, and the numerous computer hardware and software details important

to understanding the tests and their results.

3.1.1 The TAM Modcl TAM's large-scale matrix is "very wide and not very deep".

This is because the rate at which the number of variables grows is far more rapid than

the rate at which the number of constraints do. The main decision variables Xijklm,

represent sorties where aircraft i, with munition j, is assigned to target k, in time band 1,

in distance band in. under weather band n. Since there are 20 aircraft, 58 munitions, 86

targets, 4 time bands, 4 distance bands, and 6 weather bands, there could be 8.75 minion

different variables. The other decision variables ( NAC, NMN, and NSPR ) represent

the number of new aircraft, munitions, and spares purchased respectively. A short version

of the formulation is listed here with the expanded version in Appendix A.

Objective function:

Maximize TVD = ZEZZ ,-'Xijklm,,' YLDijkIl, . TGTVALklr, - BAF(3.0)
i k 1 rn n

Subject to:

z zz Xijkln EAC.m + NACim for each i,m (3.1)
k I nTSijklmn

EACil < STARTACi • FILLil for each i (3.2)

EAC <_ STARTAC, + E FILLim + E NAC,, - E ATTRIT,m for each i, m, n
m m-I rn-I

(3.3)
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zzzXijklypin <PCT-SAT~+ FLi,+:AiTS,jklmn ISATC + m A~r

- rn- ATTRITmJ for each i, m, n (3.4)

EI E1 E E E -1Xjklmn, LOAD 31 = EMI N, + NMfN, for each j (3.5)
i k Im n

EM INj: <STATMNj each j (3.6)

KIL Lklm E Z Xikmn, Y ILDijkimn for each k,1, m (3.7)

KILLklr 5 TGTkjm for each k, 1, m (3.8)

TGTkll = STARTGTkII for each k, 1 (3.9)

7 GTTk,1 . TG7'kI(fl,,-) - AIiLLkL(m.Ij) + REGENklm for each k, 1, n> 1 (3.10)

Z Z(NA('m ACCOST) + Z(NMIN3 MNCOST,) +
rn i

Z ~(NSPRmpSPRCOSTp) :S BUDGET (3.11)
im p

ZATTRIT, !K MAXATT, [STARTACi + E FILLi,~ + 1: NACm] for each i
m m rn

(3.12)
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1[EAC, + NACtrnI > MINSORTn [ZSTARTACj + Z:JFLL,,

+ j:ZNACm - Ej ATTRITm1 for each m (3.13)
Sm rnM-1

E KILLklm ! MKILLkn for each k, m (3.14)

NMJKUN o ahj(.5

NM N,! U MN, for each j (3.16)

1: NACm UACi for each i (3.17)
m

E NACim LAC, for each i (3.18)
rn

BAF Ea.EZNACim +em.Z ENMN, +e, EEZNSPRimp (3.19)
Sm m p

ATTRITmi. Xijkimn ,aikhm, for each i, m (3.20)
j k!I

NOTUSED (3.21)

rn-1

REGENklm E bkzm -KILLkl, for each k,1, m > 1 (3.22)
Z~1

E Xiklmn = NSORTm for each i, m (3.23)
3k I n
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Z Z Z Xijklm = PRCNT,. NSORTm for each i, m, n (3.24)
j k I

TI'D "-Z y: ZZ E "Xijkmn, .YLDijkimn .TGTVALkI, (3.25)
i j k I m n

EKILLkm _ MKILLkm for each k,m (3.26)
Im

Z ATTRITm _ MAXATT for each i (3.27)
m

ZZ.ijkmn = AGSORTm for each i,m,j = 58, k = 86 (3.28)
I n

Z Z EXjk1mn = AASORTim for each i, m,j = 58, k = 86 (3.29)
1 n

Z Z Z Z X+iklmn :5 Z(INSPRm, + NSPRmp)
SkI n m

-E E E ZE Xijkmn for each i,m,p (3.30)
j k I m- n

NSPRimp _ UPPSPRip for each i,p (3.31)
m

E NSPRimp _ LOWSPRiv for each i,p (3.32)

From the condensed formulation observe that:

-constraints 3.1, 3.2, 3.3, 3.13, 3.23, 3.24, 3.27, 3.28, and 3.29

represent aircraft and sortie availability restrictions,

-constraints 3.5 and 3.6 represent weapons availability restrictions,
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-constraints 3.7, 3.8, 3.9, 3.10, 3.14, 3.22 and 3.26 represent target

availability restrictions,

-constraint 3.11 is a budgetary restriction,

-constraints 3.12, 3.20 and 3.27 reflect attrition considerations,

-constraints 3.15, 3.16, 3.17, 3.18, 3.31 and 3.32 represent upper

and lower bounds on the decision variables,

-constraint 3.19 calculates the budget awareness factors, constraint

3.25 is used in goal programming situations, and constraint 3.30

represents sorties restrictions due to spare parts.

3.1.2 TAM Sample Test Problems TAM comes in several scenarios with different

databases for major combat theaters. Due to the magnitude of the standard TAM matrix,

representative smaller models were selected reflecting the structure of the normal problems.

TAMI contains numerous optional constraint blocks that are "turned on" depending on the

specific analysis project. Table 3.1 gives a view of the normal size problems and presents

several normal scenarios.

Table 3.1. Representative TAM Problems

NAME VARIABLES CONSTRAINTS
TAM ORIGINAL 8.5 million 5287 Global War
NATO SENSICAL 1.8 million 3676 Theater War
WEAPONEER 180,000 3676
OPTIONAL

CONSTRAINTS 180,000 3576 (50%)
NO EXTRA

CONSTRAINTS 180,000 3037
WITHOUT

CONSTRAINT #7 180,000 2077

Major Nick Reybrock of AFCSA provided expert assistance in selecting several sam-

ple problems for research. The problems reflect standard TAM matrices on a smaller scale.

Table 3.2 identifies each problem and outlines pertinent data about the problem.
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Table 3.2. TAM Test Problems

PROBLEM ROWS COLUMNS NON-ZERO DENSITY
NAME ELEMENTS

PROBLEM.1 91 116 1,011 9.58%
PROBLEM.2 180 664 6,774 5.67%
PROBLEM.3 269 2,076 22,035 3.95%
PROBLEM.4 211 694 6,788 4.63%
PROBLEM.5 438 9,217 98,232 2.43%
PROBLEM.8 420 4,844 51,592 2.54%
PROBLEM.12 629 15,906 172,310 1.72%

The problems chosen for analysis in this report cover several standard options avail-

able to the modeler at AFCSA. Problems 1, 2, 3, and 5 are models where the problem

number indicates the number of aircraft, munitions, and targets within the model. These

are examples of smaller TAM versions used to analyze effectiveness of certain weapon sys-

te: is compared to like systems. This application mirrors standard weapons effectiveness

studies, matching a limited number of systems against each other. Problems 4, 8, and

12 are examples of models that conform to the standard large- scale modeling done with

TAM. This application is TAM's major reason for existence. In all of these cases, the ratio

of aircraft to munitions to targets is 1:2:4, with the problem number identifying the total

number of targets [41].

3.1.3 AFCSA Computer Hardware and Software Considerations AFCSA uses MPS

III (Ketron Inc.), a commercial linear programming package to solve TAM on an IBM 3084

mainframe. Smaller versions of TAM are solved on a VAX 11/780 using the SCICONICS

software package (Ketron Inc. is the USA distributor for a British firm, Scicon Limited).

The agencies to receive an export version of TAM use the SCICONICS package on a VAX

or equivalent machine. SCICONICS is a reliable primal simplex implementation that uses

the Forrest-Tomlin updating technique for added speed [20:263-278].

MPS III, available for large IBM mainframes, contains several packages for LP and is

the current industry standard for solution speed. It contains a basic primal simplex system
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which uses a matrix inverse packing technique to take advantage of sparse structure in the

basis inverse. MPS III has capability tc add-on a GUB module for use with large LPs

that contain the appropriate sparse structure. AFCSA, at this time, has not purchased

the GUB module. The current purchase price of the GUB module is $36,000.

MPS III's in-core optimizer, WHIZARD, uses a refined matrix inversion technique

and basis update scheme to minimize: fill-in of the basis, growth of the eta file, and

the internal representation of the basis inverse. WHIZARD accomplishes the packing

of the matrix through a series of checks for redundant portions of the matrix. These

redundant portions are systematically removed thereby reducing the original problem.

Bradley, Brown, and Graves outline the majority of these reductions and offer results

showing the time savings of these approaches [6]. Ketron's president, Mr. Carroll Nelson,

estimates that GUB is always preferable to the basic optimizer and preferable to the in-

core optimizer WHIZARD in problems where the row/column dimension exceeds 16,384

by 125,000. He also estimates WHIZARD to be superior to GUB until the GUB ratio

reaches 80% of the rows or until the maximum dimensions of WHIZARD are reached [37]

[27].

3.1.4 AFIT tlardware and Software. The bulk of this research was conducted on

the AFIT mainframes, principally on an ELEXSI 6400 multi-coprocessor using tile MINOS

5.0 software [34]. MINOS is a general-purpose code for linear and nonlinear optimization.

MINOS is a stable, reliable LP package and uses a revised Bartels-Golub update procedure

[40:55-69]. By industry standards, MINOS is considered somewhat slow, but it's main

drawback for this analysis is the use of a primal simplex implementation that does not

create a basis inverse at each pivot of the simplex method.

Therefore, methods that use a basis inverse (GUB,GN,NET) could not be tested

locally. Outside assistance for these and other techniques was identified as a necessity at

the outset of the research project. This assistance will be mentioned in the appropriate

application sections. Each section will report in two parts, the application to TAM and

results of the test runs.

3-7



3.2 Application of Reformulation to TAM

Much of TAM was written to provide clarity to future maintainers of the model, which

is an admirable objective in this day of undocumented models. On closer inspection of the

AFCSA formulation, numerous blocks of constraints can be identified that are algebraically

repetitive. For example, consider constraint blocks 3.7, 3.8, 3.9, 3.10, and 3.22 and note

that all of these constraint blocks could be combined to form two constraint blocks B.4

and B.5 in the revised formulation located in Appendix B. Combining eqn. 3.7 and 3.8

yields:

ZX Z Z Xjkl , " YLDijktmn < TGTktm for each k, 1, m (3.33)
i n

Substituting for TGTk1m by replacing with eqn. 3.9 and 3.10 yields two equations:

E ZZ Xijktmn" YLDijkmn < STARTGTkil for each k, l,m = 1 (3.34)
ti n

_Xijklmn 1'LDjklmn TGTkl(m-l) - KILLk(m.._l) + REGENkm
i J n

for each k, l, m > 1 (3.35)

the right side of eqn. 3.35 can be adjusted by replacing REGENklm with the contents

of eqn 3.22 leaving two constraint blocks B.4 and B.5 in Appendix B.

This situation occurs several times in the current formulation. In fact, the current

32 blocks of constraints can be collapsed into 17 constraint blocks (and three of these

are simple bounds) with no loss of purity in the model. MAJ Nick Reybrock of AFCSA

concurs with this point and concludes such changes would result in a reduction of 30-45%

in the total number of constraints [421. Since the number of rows is a the major factor

in the number of iterations and length of computation time, this change should produce

considerable time savings.

Viewing the TAM formulation, several minor adjustments suggest themselves. Re-

ferring to Appendix A, the budget awareness factors (BAF in constraint 3.20) adjust the
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Figure 3.1. The TAM Matrix

MAIN TAM MATRIX

SORTIES

LINK NG CONS RAINTS

objective function for procuring new aircraft, munitions, or spares but are in the wrong

units for the objective function. The terms subtracted from Total Target Value Destroyed

(TVD) in the objective function are not target values, but represent some arbitrary small

factor applied to new purchases. These terms are similar to penalties applied in goal

programming; they are supposed to force the use of current weapon systems prior to pur-

chasing new weapons systems. The objective of TAM analysis is to answer procurement

questions, not try to optimize sortie allocation in a war. If the output says buy more F-16s,

then let the model output indicate to buy more F-16s. These terms should be dropped

from TAM as they force the model to compare apples and oranges.

A big picture of the current matrix of TAM, given in Figure 3.1, reveals a block-

angular structure with a single large block and several smaller overlapping blocks appended

to the bottom right side. The overlapping blocks contain almost all of the redundant

constraint blocks and in a reformulation would become largely extinct.

Other reformulation options include:

1. Reduce the range of options over which a summation occurs. Consider the weather
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bands and their use in the model. Currently, they allow TAM to optimize sortie allocation

across all weather bands. This is an unrealistic operational goal, since only GOD knows

the real weather. No commander in the field could expect his staff to perfectly allocate

required sorties in this manner. Therefore, if the number of weather bands can be reduced

from 6 to 3 then the number of possible variables in TAM can be reduced from 8.75 million

to 4.4 million. Or, more realistically, the average weather could be used and the maximum

number of variables could be cut to 1.5 million.

2. AFCSA currently uses a deletion program as part of the matrix generator to

remove unrealistic aircraft, munition. and target combinations (Reybrock). If this option

were expanded, TAM could be recoded to reflect actual combat sortie types. This can

be done by removing the sections of code that generate large portions of the matrix, and

replacing these sections with a database of the exact sorties we expect to use in a war (e.g.

F-111 aircraft would only be matched with current munitions against targets the war plans

have them attacking). These changes would provide realistic reductions in the number of

variables and generate savings through reduced input/output time of the matrix to the LP

package. Note: if the size of TAM can be reduced to remain inside WHIZARD's limits,

radical time savings will occur. Major Reybrock estimates the total time to run versions

of TAM that fit within WHIZARD is 2-3 hours [41].

A drawback of reformulation is blindly removing portions of TAM's matrix which

would effectively eliminate viable alternatives based on operational biases. This will con-

found the results of a TAM output, but this tends to occur now, albeit on a limited basis,

through iteratively running TAM to reach operationally acceptable answers.

Examination of the matrix and the documentation allowed a portion of the redundant

constraints to be identified. A manual search of the MPS files (industry standard format

for most major LP software packages) showed a capability to remove about one half of

the redundant constraints. This amounts to an average reduction of 17% in the number

of total rows.

3.2.1 Reformulation Results. Table 3.3 displays sample results comparing solution

times of normal TAM problems with reformulated problems after portions of the redundant
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structure were removed.

Table 3.3. Reformulation Results

PROBLEM ROWS COLUMNS DENSITY SOLUTION NUMBER
(PCT CHANGE) TIME OF PIVOTS
PROBLEM.1 91 117 9.58% 16.Os 139
REFORM.1 77 112 11.46% 14.Os 98

(85%) (96%) (88%) (71%)
PROBLEM.2 180 664 5.67% 34.0s 494
REFORM.2 152 656 6.75% 31.Os 418

(84%) (99%) (93%) (85%)
PROBLEM.3 269 2076 3.95% 88.Os 941
REFORM.3 227 2064 4.69% 69.Os 647

(84%) (99%) (78%) (69%)
PROBLEM.4 211 694 4.63% 35.Os 488
REFORM.4 171 678 5.79% 26.Os 296

(81%) (98%) (74%) (61%)
PROBLEM .5 438 9217 2.43% 527.Os 3051
REFORM.5 371 9197 2.88% 343.0s 1862

(85%) (100%) (65%) (61%)
PROBLEM .8 420 4844 2.54% 262.Os 1723
REFORM.8 340 4811 3.13% 364.Os 1433

(81%) (99%) (139%) (83%)
PROBLEM.12 629 15906 1.72% 916.Os 4798
REFORM.12 509 15855 2.13% 762.Os 4568

(81%) (100%) (83%) (95%)

Several trends are apparent when viewing the results of reformulation:

-The number of rows is reduced 15-20%. Remember, the possibil-

ity exists to reduce the number of rows by 35-40%.

-The number of columns is not reduced appreciably in the test

problems. The number of columns would not change much, even

if all redundant constraints are removed.

-As redundant constraints are removed the density of the prob-

lem increases. A problem could be more difficult to solve due to

increased overhead associated with increased density, but TAM
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problems are very sparse (on the order of 0.1% dense) and this

should not be a factor.

Reductions in the number of pivots and in the solution time average about 19-20%

overall. In none of the problems did the number of pivots actually increase. A noticeable

exception is REFORM.8, with a 139% increase in solution time. The computer system

manager suggested this might be a result of specific computer hardware thresholds causing

paging back and fort h from real memory to disk storage. Monitoring the computer activity

during subsequent runs failed to substantiate this theory. However, the solution times for

REFORM.8 were erratic compared to all other problems using MINOS on the ELEXSI

6400. This problem could possibly have an ill-behaved matrix or extreme degeneracy

problems.

In conclusion, it appears that reformulation of TAM to reduce the number of rows

can reduce the solution time. Added benefits to be gained from further reductions of

redundant constraints should continue to decrease CPU-time. If values dropped from

the formulation are required for analysis reporting, a modification to TAM could handle

the required computations. This would be superior to executing several thousand more

iterations of the simplex method.

3.3 Application of Crashing an Initial Basis to TAM

AFCSA uses a crashing technique with a sequence of TAM models of increasing size

approaching the desired problem size. Using MPS III, a very small problem is solved and

the final basis is saved. Then a step up to a slightly larger problem is made and the

previously saved basis is used as the initial starting point; in essence, crashing a block

of variables into the basis at the very start of the second problem. This procedure is

repeated as the problem size is increased to the level dictated by the current analysis

project. AFCSA reports this procedure requires 12-24 hours to accomplish with NIPS III,

but experience shows this is superior to starting TAM from scratch on a large problem

and still having no solution in sight after 36-48 hours. Note that MPS III does not require

specification of a complete basis, it accepts an incomplete smaller basis as an input and

selects the rest of the starting basis on its own [42].
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Examining the basis of several small problems made it clear that a particular subset

of variables is almost always included. Further research identified several large blocks

of columns and rows that were 75-80% basic in all of the small test cases. Preliminary

research indicated the possibility to identify 50-70% of the basic columns and rows prior

to solution. Given the possibility of starting at an infeasible extreme point, it looked

promising to identify a large portion of TAM's optimal basic solution.

MINOS, however, was not as capable as MPS III in this regard. MINOS required

identification of an exact set of basic columns and rows. It would not accept a partial list

and identify the remaining 30-50% of the basis required. MPS III accepts a subset from

a previous smaller problem and selects further entries intended to reduce infeasibilities.

Using MINOS, experiments were conducted with the most promising subsets and a best

guess from the remaining available choices. A dozen attempts were made with different

combinations of promising blocks of columns and rows. In each case the rest of the basis

set was completed with a set of best guesses.

3.3.1 Crashing Results. The preliminary runs with this technique were plagued

with errors indicating the matrix was singular and no attempt was made at solution by

MINOS. In adjusting to a strategy that provided MINOS a complete non-singular basis,

the experimenter was forced away from the most promising combinations of rows and

columns to a strategy that guaranteed only 40-50% of all possible basic entries. Still, this

should have provided enormous benefit.

MINOS accepted the initial basis in these cases, but took longer both in terms of

time and number of iterations to run to an optimal solution. The final runs were a mixture

of pressing singular errors and trying to get a large percentage of good prospects for the

final basis. The experimenter succeeded in reducing the time and iterations only once. The

reduction was not substantial; approximately 1.5% of the total CPU time and 7 iterations

on a problem requiring 140 pivots.

A capability that MINOS does have is to select an all slack basis as a starting

point. This was attempted with each of the test problems and the results showed a general

reduction in CPU-time of 20-25%. This suggests that a thorough knowledge of the problem
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matrix and a clear idea of software capabilities can allow "tuning" the algorithm to suit

specific needs.

It appears through communication with AFCSA that due to the added capability

with MPS III, basis crashing still offers some hope of reducing the run time. They are

continuing to attempt to apply this technique on some of their larger problems based

on this analysis (Reybrock2). A final note: many of the rows and columns identified as

generally basic are located in the redundant constraint section and would be removed by

reformulation.

3.4 Application of the Simplex Method for Bouided Variables

Most modern LP packages have the capability to exploit upper bounds, lower bounds,

and ranges for variables (certainly both MINOS and MPS III do). TAM has a series of

explicit constraints which are actually simple upper and lower bounded variables. These

constraints are easily identified as rows with a single non-zero element. The lower bounds

are always zero in the "small theater war" version of TAM and the simple upper bounds

were selected as an opportunity to test this method.

A computer program was written to check the TAM matrix for rows containing a

single non-zero coefficient. These rows were checked for removal from the TAM matrix

and entrance into the special format for upper and lower bounded variables in MINOS.

The appropriate rows were then removed from the TAM matrix and the bounds section

was modified accordingly.

Because of the very short CPU-time required to alter the TAM matrix using this

technique, no statistics were taken on the length of time to locate and modify the matrix.

It is assumed that if this technique shows promise, the TAM pre-and post-processors can

be altered and the matrix generator would simply write these items to the bounds section

instead of the coefficients section of the MPS file. There would then be no appreciable

cost in CPU-time due to removing the simple upper and lower bounds compared with

the current method used. MPS III and WHIZARD have pre-reduce features that may

automatically identify simple bounds, but it is always better for the modeler to do this
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work himself.

3.4.1 SUB Rcsulls. At the Naval Postgraduate School, sample TAM problems were

tested for SUB and GUB structure. The search for rows meeting either condition was

conducted as part of the GUB tests mentioned in the following section. Table 3.4 outlines

the results of examining TAM for SUB and GUB structures.

Table 3.4. Results Of Heuristic Search for SUB and GUB Rows

PROBLEM ROWS COLUMNS SUB GUB UNSCALED
NUMBER ROWS ROWS GUB ROWS

PROBLEM.1 91 117 10 22 47
10.9% 24.2% 51.6%

PROBLEM.2 180 664 20 44 92
11.1% 24.4% 51.1%

PROBLEM.3 269 2076 30 66 138
11.2% 24.5% 51.3%

PROBLEM. 1 211 694 24 60 75
11.3% 28.4% 35.5%

PROBLEM.5 438 9217 47 107 110
10.7% 24.4% 25.1%

PROBLEM.8 420 4844 48 121 150
11.4% 28.8% 35.7%

PROBLEM.12 629 15906 72 181 225
11.4% 28.8% 35.8%

Reviewing th tests for SUB and GUB structure a few points are noteworthy:

-the percentage of SUB rows holds nearly constant as the prob-

lems increase in size and complexity. The percent of SUB rows is

constant at about 11%.

-the percent of GUB rows within the matrix also holds nearly

constant between 25-29%, with scaling this appears to reach a

maximum of 36%.

A benefit from removing SUB rows is the additional efficiency gained by the increased

percentage in GUB structure. The SUB rows tend to be part of the GUB structure of the
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original problem. Their removal allows the heuristic search for GUB rows to identify

another set of rows for GUB operation. In all cases tested this would result in the same

number of rows available for GUB structure as before, but now in a matrix reduced in

size. For instance in PROBLEM.1 there are 91 rows. If we remove the 10 SUB rows from

the structure and reapply the heuristic search for GUB structure we again find 22 rows

with the appropriate structure. Now the 22 GUB rows form 27% of the remaining matrix

instead of 24% of the original structure. The benefits of GUB structures within the TAM

matrix will be covered in the next section.

The TAM sample problems were originally run on MINOS with the straight simplex

application. The TAM sample problems were then adjusted for the SUBs and rerun on

MINOS using the simplex method. This adjustment reduced the number of rows but

did not change the number of columns. The density of the matrix was increased in each

problem in the SUB runs. For the smallest problem the increase in density was as large

as 1.07. For the largest problem in the SUB run the increase in density was 0.33%. Table

3.5 displays the results of the SUB tests.

Table 3.5. SUB Test Results

PROBLEM SIMPLEX PIVOTS SUB SUB PIVOTS
CPU-TIME ROWS CPU-TIME

PROBLEM.1 16.Os 131 10 15.Os 107
10.9% 94% 82%

PROBLEM.2 34.Os 494 20 33.0s 523
11.1% 97% 106%

PROBLEM.3 88.Os 941 30 67.Os 610
11.2% 76% 65%

PROBLEM.4 35.0s 488 24 32.Os 407
11.4% 91% 83%

PROBLEM.5 527.Os 3051 47 369.Os 2136
10.7% 70% 70%

PROBLEM .8 262.Os 1619 48 235.0s 1714
11.4% 90% 99%

PROBLEM.12 916.Os 4798 73 882.Os 5178
11.4% 96% 108%
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The results from the SUB tests have some slight inconsistencies but suggest some

general trends. SUB reduces the solution time but the variance in reductions is large and

erratic. Most of the reductions are on the order of 4% with an occasional large reduction

of around 27%. In some cases the number of actual pivots performed increased slightly.

The data suggests that when the number of iterations went down, a significant reduction

in time occurred; and when the change in iterations was insignificant or went up slightly,

overall reduction in solution time was insignificant with SUB.

3.5 Application of GUB and NET to TAM

The staff of the Naval Postgraduate School tested TAM for a GUB/GN/NET struc-

ture, using the X-System (copyright 1989 INSIGHT,INC.) software package on an IBM

3033/AP mainframe under CP/CMS. TAM was also subjected to a simple automatic cas-

cading solution technique (e.g. Brown and Graves 1987). The key issues in using these

applications are obtaining a maximum GUB/GN/NET set in the TAM matrix and, if it is

sufficiently large, testing TAM for faster solution through the appropriate method.

Brown and Thomen conducted extensive research in the area of identifying maximum

GUB sets. They conclude that finding guaranteed maximum GUB sets is an NP-complete

problem, and therefore, use heuristic techniques to quickly find near- maximum sets. The

heuristic searches are polynomial-time algorithms and they report good success using these

techniques with the X-System software to handle GUB and similar problems (GN, NET,

etc...) [9].

The tests combined the GUB identification heuristic, a SUB identification algorithm,

and a GUB solver for the LP. It is important to note that any improvements in solution

time must include the necessary CPU-time required to isolate a GUB structure, identify the

GUB rows, communicate this data to the GUB software, as well as actual solution time via

GUB. Benchmark simplex solution times were accomplished with a simplex algorithm of

advanced design in the X-System software. As mentioned, the GN/NET tests are described

by Olson [38].
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3.5.1 GUB and NET Results. The results of the GUB/NET tests on sample TAM

problems are in Table 3.6. The first three problems used the two-pass GUB search while

the last four problems used a single-pass heuristic. The results reported on the last four

problems are for GUB sets slightly less than the values reported in Table 3.4. Respectively

the GUB row counts for PROBLEMs 4-12 are 59, 102, 118, and 177.

Table 3.6. GUB Test Results

NAME SIMPLEX GUB NET
TIME PIVOTS TIME PCT. PIVOTS TIME PCT. PIVOTS

PRO.1 .8s 123 .6s 75.0% 111 .9s 112.5% 120
PRO.2 2.5s 175 2.1s 84.0% 183 2.4s 96.0% 157
PRO.3 21.3s 522 15.4s 72.3% 450 13.1s 61.5% 434
PRO.4 1.7s 230 1.2s 70.5% 196 1.6s 94.1% 228
PRO.5 308s 1801 280s 90.4% 1514 311s 101% 1696
PRO.8 137s 1965 85s 62.0% 1657 87s 63.5% 1204
PRO.12 561s 3233 525s 93.6% 3031 503s 89.7% 2991

A few obvious items from the results of the GUB/NET tests are:

-in each case the time for solution using the GUB technique was

shorter (ranging from 6% to 38%), while the NET technique often

was shorter it seldom outperformed GUB,

-the number of total iterations using GUB was generally less by

10-15%,

-in PROBLEM.2 the number of pivots actually went up but the

total time required for solution was reduced by about 10%. This

is a case illustrating more numerous pivots that actually require

less computational effort,

-the scaling technique was not used which could have identified a

GUB set of 35% of the total number of rows, as opposed to the

25% of total rows shown in Table 3.4.
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A note to this portion of the research is the effect of reformulation on the use of SUB

and GUB. Reformulation of TAM could affect SUB and GUB techniques by reducing the

rows used for both GUB and the SUB methods. In doing this, the matrix becomes more

dense compensating for the removal of the redundar constraints. Therefore 'this technique

eliminates the possibility of using SUB techniques and could reduce the effects of a GUB

strategy. The GUB heuristic would be able to identify new GUB structures, but the size

of the GUB set relative to the new matrix is an open question. Further research into this

possibility would be required. As GUB was generally preferable to NET, NET will be

discarded as a solution to this problem though it's tendency to reduce TAM's CPU-time

is noted.

3.6 Application of Karmarkar's Algorithm to TAM

Military Airlift Command (MAC) Headquarters tested TAM using Karmarkar's

method implemented on the newly-installed AT&T KORBX system. This system is basi-

cally a state of the art marriage of specific hardware and software to form a "more perfect

union." The KORBX machine is a mini- supercomputer with 14 co-processors running

under UNIX.

The application of Karmarkar's algorithm is a blt nd of several techniques and options.

The KORBX system contains four solvers that can be selected based on knowledge of

the specific problem and contains several options for tuning the algorithm to optimize

solution speed. The separate solvers are the Primal, Dual, Primal-Dual, and Power Series.

As previously mentioned, KORBX checks the primal-dual feasibility gap to determine

optimality. At this time no simplex algorithm is run on KORBX and a direct comparison

of simplex and Karmarkar's algorithm cannot be made.

3.6.1 KORBX Test Results. The test results from KORBX are located in Table

3.7. The raw results for all solver methods using KORBX are displayed.

Reviewing the results a few key points are:

-in several instances the KORBX system did not reach optimality,

these cases are identified by having reached an upper limit of 200
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Table 3.7. KORBX Test Results

NAME PRIMAL DUAL PRIMAL-DUAL POWER SERIES
PIVOTS TIME PIVOTS TIME PIVOTS TIME PIVOTS TIME

PRO.1 24 3.Os 26 8.6s 27 3.2s 12 2.3s
PRO.2 29 8.6s 30 7.4s 40 11.4s 21 8.3s
PRO.3 41 22.1s 45 22.3s 64 39.7s 30 26.9s
PRO.4 29 8.5s 31 7.8s 33 9.9s 20 8.3s
PRO.5 66 107.9s 200 240s 107 223.4s 200 597.5s
PRO.8 115 101.1s 200 137s 95 114.9s 51 91.4s
PRO.12 122 313.8s 200 424s 157 555.7s 200 1078s

iterations,

-as the problem size increased the PRIMAL solver was the more

effective and more stable in terms of reaching an optimal solution.

This makes sense as TAM has a large number of columns and the

column section grows rapidly with increased problem size,

-the number of iterations is not comparable with those in the sim-

plex solution techniques,

-in an absolute sense, this method was quicker than the previously

obtained simplex solutions on the larger problems, and slower on

the smaller test cases.

Future references to this method will address the PRIMAL solution technique only.

This is logical since TAM's matrix structure ensures a primal technique will be more

efficient than any dual technique.

A final point- note that no simplex benchmark was available for this technique. The

KORBX system does not contain a simplex- based method and there are no plans to

incorporate one. To adequately resolve which advanced technique is inherently quicker,

this issue must be addressed. Chapter 4 deals with this problem.
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3.7 Application of the Folklore Approach

The Folklore method was tested due to its novelty and because the TAM matrix has

a significant number of zeros in its right-hand side. The TAM matrix was adjusted with

a new variable added, its value fixed equal to 1, and this variable added to the rows with

a zero right-hand side. Use of this technique does not require any further adjustment to

TAM.

Table 3.8. Folklore Test Results

PROBLEM SIMPLEX PIVOTS FOLK. PCT. PIVOTS PCT.
TIME TIME CHG. ClIG.

PROBLEM.1 16s 139 16s 100% 144 100%
PROBLEM.2 34s 494 31s 91% 388 79%
PROBLEM.3 88s 941 78s 89% 792 84%
PROBLEM.4 35s 488 37s 106% 527 108%
PROBLEM.5 527s 3051 449s 85% 2537 83%
PROBLEM.8 262s 1722 252s 96% 1683 98%
PROBLEM.12 916s 4798 982s 107% 5135 107%

The results from the folklore method in Table 3.8 are inconclusive with no real

hope for great gains as suggested in Charnes' report. The method reduced the total time

significantly only one time; generally the method shows no improvement, and often shows

an increase in solution time. Therefore it can be ruled out as a possibility.

3.8 Summary

A review of the test results show that the following methods can be rated as promis-

ing: reformulation, SUB, GUB, and KORBX. The following methods require further test-

ing: basis crashing (as a tuning technique with MPS III), GN, cascading, and Marsten's

method. The results obtained from the reported method from LP folklore suggest that it

can be discarded as an option, and since NET shows no improvement over GUB it also is

discarded.
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IV. COMPARISONS

4.1 Introduction

To evaluate which technique is fastest, a comparison needs to be drawn between

the KORBX system using Karmarkar's algorithm and the simplex-based methods. As

mentioned, in an ideal world this testing would be accomplished under similar conditions

on the same computer hardware. As this was not the case, two avenues of comparison

present themselves: an absolute comparison without regard to computer architecture and

capability or a relative comparison that removes the confounding effect of the computer

architecture and capability.

4.2 Absolute Refcrence

One way to compare dissimilar algorithms executed on different computer hardware

is direct examination of the total CPU-time taken to reach termination. A direct coparison

of the three systems using selected techniques are compiled in Table 4.1. This comparison

reveals that on the smaller problems the X-System software using GUB (on an IBM/3033

mainframe) was the quickest while on the larger problems the KORBX system using Kar-

markar's algorithm was the fastest. A break point seems to occur around the relative size

of a problem similar to PROBLEM.8.

Table 4.1. Comparison with an Absolute Reference

PROBLEM KORBX X-SYSTEM MINOS
NAME PRIMAL SIMPLEX GUB SIMPLEX SUB

PRO.1 3.Os .8s .6s 16s 15s
PRO.2 8.6s 2.5s 2.1s 34s 33s
PRO.3 22.1s 21.3s 15.4s 88s 67s
PRO.4 8.5s 1.7s 1.2s 35s 32s
PRO.5 107.9s 308s 280s 527s 369s
PRO.8 101.1s 137s 85s 262s 235s
PRO.12 313.8s 561s 525s 916s 882s
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In no case was the MINOS software faster, and in most cases it compared very poorly

with the winner. MINOS ranged from 3 to 20 times slower than the fastest implementation.

This occurred consistently no matter what technique was applied with MINOS.

The data seem to suggest that as the problem size grows, the KLP-solver on the

KORBX system reaches a point where it crosses from being rather inefficient to being

more efficient. In the largest problems the increase in speed was between 50-60%. Figure

4.1 displays the concept in visual terms.

The data does not prove the AT&T implementation will continue to grow in effi-

ciency relative to simplex-based methods. Both the X-System and MINOS recover on

PROBLEM.12 and close the gap created on PROBLEM.5; initially they were slower by 3

to 5 times on PROBLEM.5 and they are only 1.6 to 3 times as slow on the larger problem.

Further testing would be required to verify this situation. In any case, it does seem that

as problem size increases, the KORBX system provides the faster solution technique.

4.3 Relative Comparisons

To adequately examine the respective efficiency of an algorithm, testing should be

conducted on the same machines under similar conditions. Due to the wide sweep of this

analysis, that was impossible. As mentioned, no simplex implementation is on a KORBX

machine, nor is any proposed. Nevertheless an attempt was made to remove the effects of

hardware and examine the efficiency of respective algorithms apart from the machines on

which they run.

Many different techniques are used to measure the respective speed of different com-

puters. One need only listen to any vendor to hear numerous statistics thrown about that

will indicate the various benefits of their own machines in terms of performance. Several

good measures are likely candidates:

MIPS- millions of instructions executed per second,

MFLOPS- millions of floating point operations performed per second,

VAXMIPS- a number representing the relative speed a machine

has with respect to a VAX. For instance if a machine is rated at
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Figure 4.1. Hypothetical Efficiency of Karmarkar's Algorithm
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3 VAXMIPS this indicates it can process a million instructions 3

times as fast as a standard VAX.

WHETSTONES- a comparison of speed operating on a series of

standard problems. This measure has lost much of it's allure as

some manufacturers have optimized their hardware for this test

and it is no longer considered a reliable measure.

Whetstones and MIPS were discarded as possibilities since more data was available

on the other measures. In the case of KORBX and the IBM/3033 at the NPS information

on VAXMIPS was also not available. Discussions with the system managers at all sites

confirmed a rule-of-thumb in the industry for computing VAXMIPS based on 75% of

the vendors' MIPS rating. This measure is often inflated or represents peak efficiency

rather than standard operating capability. The KORBX machine is rated at 40 MIPS and

therefore was assigned a value of 30 VAXMIPS. The IBM/3033 at the NPS is rated at 4.7

MIPS and was assigned a value of 3.5 VAXMIPS. The ELEXI 6400 at AFIT is rated at 7

VAXMIPS.

MFLOPS was selected as a second criteria based on it's availability from all sources.

The KORBX is rated at 94 MFLOPS, the IBM/3033 is rated at 10-12 MFLOPS, and the

ELEXI 6400 is rated at 2 MFLOPS. Being slightly skeptical of these measures, a small

test was run at AFIT using the TAM sample problems to compare the ELEXI and a VAX

11/785 (the VAXlI/785 is rated at 1 VAXMIP and 1 MFLOPS). The VAXMIP rating

reflected correct speed relationships between the two machines, but the MFLOPS rating

for the ELEXI appeared to be grossly in error. The ELEXI MFLOPS rating was monitored

throughout the comparisons of the algorithms. In all cases, the ELEXI MFLOPS rating

distorted the comparisons which, otherwise, were very stable. The calculations indicated

that MINOS was faster than the competition by some 20-30 times. Since this result is

totally unbeleivable, the ELEXI/MINOS MFLOPS ratings are not included.

The results in Table 4.2 were computed by setting the KORBX system as the stan-

dard; that is a comparison was made between the speed rating of each machine relative to

the KORBX. A factor was then applied to the results from the X- System and MINOS to
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compensate them for operating on slower hardware. For instance, the VAXMIPS for the

KORBX are 30, the VAXMIPS for the IBM/3033 are 7, the rating of the IBM was divided

by the rating for the KORBX, and this factor was applied to the X-System results to show

a relative comparison. The factors applied in each case were:

- X-System factor = 3.5/30 = .117 for VAXMIPS

- X-System factor = 12/94 = .127 for MFLOPS

- MINOS factor = 7/30 = .233 for VAXMIPS, and the MFLOPS

rating was not used.

The results of this analysis are displayed in Table 4.2. In each case the first line

in the chart reflects the VAXMIP comparison for a specific problem, and the second line

reflects the MFLOPS comparison.

Table 4.2. Comparison with a Relative Reference

PROBLEM KORBX X-SYSTEM MINOS
NAME PRIMAL SIMPLEX GUB SIMPLEX SUB

PRO.1 3.0 .09 .07 3.7 3.5
3.0 .10 .08

PRO.2 8.6 .58 .25 7.9 7.7
8.6 .32 .27

PRO.3 22.1 2.49 1.80 20.6 15.7
22.1 2.72 1.97

PRO.4 8.5 .20 .14 8.1 7.4
8.5 .22 .15

PRO.5 107.9 35.9 32.7 123.0 86.1
107.9 39.3 35.7

PRO.8 101.1 16.0 9.9 61.3 54.8
101.1 17.5 10.9

PRO.12 313.8 65.5 61.3 213.7 205.8
313.8 71.6 67.0

In light of these results (remembering the lowest number across any row indicates the

hypothetically fastest algorithm) the KORBX implementation of Karmarkar's algorithm

fares less well. In general, MINOS keeps pace with it, and the X-System appears to be
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5-20 times faster on the smaller problems and 3-5 times faster on the larger problems.

These results suggest two posibilities; the first is that the problems selected are too small

to adequately test Karmarkar's algorithm and the KORBX system. The test castcs force

KORBX to operate in a region were it cannot display a speed advantage and, therefore,

the simplex-based methods appear more efficient. The other possibility is that simplex-

based methods are more efficient than Karmarkar's algorithm, and if they were coded for

a supercomputer with the advantage of parallel-vector processing they would show even

faster absolute times than Karmarkar's algorithm and the KORBX system.

4.4 Summary

The KORBX system and Karmarkar's method, while slower on small problems, ap-

pears faster than the simplex algorithms tested on their respective hardware. When respec-

tive hardware is taken into account, the simplex-based methods are faster than Karmarkar's

algorithm on problems of this size. Further tests should be run by AFCSA testing larger

classified problems on the IBM/3084 at the Pentagon vs. the KORBX system at MAC to

definitely answer whether problem size is an issue.
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V. RECOMMENDA TIONS

5.1 Summary

A recap of the first four chapters shows that there are many ways to implement Linear

Programming. A taxonomy has been presented to classify the major techniques according

to similar characteristics. Major categories included special structures and factorization,

interior point algorithms, and restructuring techniques. Within these categories, a num-

ber of techniques have been considered for reducing TAM's CPU-time. These included

basis crashing, Dantzig-Wolfe decomposition, cascades, GN, NET, SUB, GUB, Khacian's

ellipsoid method, Karlnarkar's algorithm, Marsten's dual-affine interior point method, re-

formulation, goal programming, and the folklore approach.

A number of these techniques were not selected for application to TAM due to poor

prospects of reducing the CPU-time, these included: Dantzig-Wolfe decomposition, Kha-

cian's ellipsoid method, and goal programming. Some techniques could not be tested due

to logistical problems, among them are: GN, cascades and Marsten' method. The NET

and LP folklore method test results suggested they could be discarded as'considerations.

The remaining techniques either reduced CPU-time when tested or require further research

(basis crashing).

An examination of these techniques revealed that the KORBX implementation of

Karmarkar's algorithm was fastest on large problems, while the X-System using the GUB

technique was fastest on smaller problems. A relative comparison between methods con-

sidering the effect of computer hardware suggests that simplex-based methods are faster

than Karmarkar's interior point method.

Given these details, the remainder of the research is devoted to identifing the best

alternatives for AFCSA to reduce TAM's CPU-time.

5.2 Computer Time ($ pcr CPU-minute)

The Pentagon estimates the value of IBM/3084 CPU-time at $420.00 per hour. If

TAM is run 500 times each year, with each run taking 20-200 CPU minutes (the mean
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time being approximately 2 hours), then a rough estimate of the money spent to run TAM

is 500 • 2 - $420 = $420, 000 for computer time each year. Given the 25% criteria at the

start of this research, we are then trying to save AFCSA about $105,000 of computer time.

These calculations will be useful for judging possible alternatives for saving money and

time.

5.2.1 KORBX at MAC. As this capability resides only at Scott AFB, Illinois it

would require considerable travel on an annual basis. If TAM needed to be run 20 times

each for 25 analysis projects throughout the year, this would require 25 trips to MAC/HQ.

Assuming the details of occupying the KORBX system for a solid week could be worked

out, the approximate cost to send a officer TDY at $1000 a trip for a 5-day week would

cost $25,000 in TDY funds. If the KORBX system could solve TAM in one-third the time

taken at AFCSA. then a net savings of (.33 • $420,000) - $25,000 = $114,000 would be

realized. Note this does not include the time to generate the problems, download those

problems to a disk drive, and cut a tape. These items, though not considered, are by no

means trivial or without cost.

Several other problems exist with using KORBX to solve TAM. Computer time

savings are realized at AFCSA but at a cost to MAC/HQ. The question arises whether

this is a savings to anyone (i.e. the USAF) or merely creative bookkeeping. Another

difficulty is that every agency operating TAM would be in the same position of migrating

to MA\C whenever they needed to run TAM. Finally, an additional 25 weeks TDY on a 5-7

man Air Force office each year would be a hardship. A secure high-speed phone capability

would alleviate the last two difficulties; however, no modem capability exists at this time,

and none is foreseen in the future. Given these drawbacks, this option is best viewed

as an interim measure due to several points suggesting it could be unreasonable. If the

high speed modem capability could be worked out, then this alternative becomes more

attractive.

5.2.2 MPS III and GUB,'GN/NET. This option would require the outlay'of an

additional $36,000 to purchase a GUB module, that according to Ketron, will not reduce

TAMI's CPU-time. TAM, as currently formulated, has a GUB set of 25-98% of the available
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rows, and the MPS III GUB module requires a problem with an 80% GUB set to show a

time benefit. Since this technique would cost extra money and not produce results it is

discarded as unreasonable.

Since no commercial code exists at this time to take advantage of GN/NET sets, and

TAM's current formulation does not provide a substantial GN/NET set these possibilities

are also discarded.

5.2.3 Basis Crashing. Though not a viable technique with MINOS, basis crashing

could be a possibility with MPS III. Mainly this would be a function of tuning the algo-

rithm's parameters to take advantage of TAM's special structure (i.e. starting with an

all slack basis, using partial pricing to reduce the column search space for entering basic

variables and reducing the number of degenerate pivots, applying any scaling features, and

adjusting the feasibility tolerances for entering variables and for optimality). Application

of these tuning features, to effectively crash the basis, would be algorithm-specific and

would need to be done by personnel familiar with SCICONICS and its specific tuning

features.

This technique would require no extra funds, but would require further experimen-

tation with TAM on MPS III. There is no way to predic how effective crashing techniques

would be and it is not considered in the recommendations pending further testing.

5.2.4 SUB. Estimates suggest that an excellent FORTRAN programmer would

need a month to implement SUB with the current TAM code. This would require a search

for SUB rows prior to matrix input to the solver and flagging these items so that MPS

III will handle these variables as simple bounds. MPS III during the pre- solve phase

may identify these items, but it would save some effort if these items were coded as part

of the model. If MPS III does not identify these rows itself, then a time reduction can

be expected (10% in the tests with MINOS). The 10% expected savings translates to a

savings of $42,000 in computer time each year at AFCSA. This does not approach the goal

of $114,000 but for a minimum of effort it seems a significant return for good modeling

practic-. A similar savings could be expected with SCICONICS at the other agencies.
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5.2.5 Reformulation. This method offers the most hope of reduced time savings

for minimum dollar expense. Estimates suggest it would require two excellent FORTRAN

programmers and an OR analyst a year to recode TAM. Model development could be

accelerated through use of newer matrix generation techniques. The redundant portions

of the matrix could be dropped, the SUB rows could be identified, and TAM could be

restructured to take advantage of specific tuning capabilities of MPS III and SCICONICS.

Possibly the biggest benefits would come from reducing the TAM model so that it

fit within the constraints of WHIZARD. AFCSA analysts acknowledge TAM runs in 2-3

hours for models that fit within WHIZARD's constraints. This translates to solving TAM

in 1/6 the normal time requirements, or, a savings of $350,000 in computer time each year.

This could be done with TAM by reducing the number of weather bands used within

the LP from 6 to 3 or even to 1. Using 3 weather bands instead of 6 reduces the normal

TAM scenario from a model that is 3500x250,000 to a model that is 3500x125,000, a size

that would just fit within WHIZARD. If the average weather were used across the entire

model then the number of variables would be reduced to 1/6 the current number. The

average TAM mdtrix would then contain about 45,000 variables, and have room to expand

when the proposed ECM and airbase operability features are added.

5.3 Final Recommendations

The recommended courses of action in ranked order are:

-above all else, reformulate with a view to reducing redundancies,

reducing the model size, and using SUBs,

-flagging the SUBs, it cost very little to do this,

-interim consideration of travel to and from MAC/HQ to utilize

the KORBX system,

-spending money for new GUB software with little chance of ben-

efit,
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-spending big money for new hardware. If you duplicate MAC's

$5-6 million purchase, then you should expect speed .

-verdicts are still not in on a few longshots: basis crashing, GN,

cascades, and Marsten's method.
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Appendix A. AFCSA Formulation of TAM

A.1 Introduction

The Theater Attack Model (TAM) is a large scale linear programming (LP) model

designed to run using commercially available LP software packages. TAM was developed as

an analytical tool for determining the impacts of budget, attrition, force structure, target-

ing decisions, and munitions inventories on warfighting capablility in a theater scenario. To

perform the MAST (Munitions, Aircraft, Spares Trade-off) study the model was modified

to allow the inclusion of spares supportability for sorties flown. In this configuration the

model is capable of providing insights into the best allocation of additional budget dollars

for procurement of aircraft, spares and munitions to enhance our capability to destroy

targets given appropriate limitations on the above resources.

A.2 Formulation

A.2.1 Subscripts. The subscripts utilized in the formulation descriptions are as

follows:

i = aircraft type. Aircraft types may be entered with each type being either a

new/different aircraft or a special capability on an existing aircraft, e.g. F-16's with wild

weasel capability.

j = munition type.

k = target type. Targets are distributed across the available distance bands.

1 = distance band. Distances are measured in nautical miles starting at the political

border. Targets do not move between distance bands during the war. Distance is used to

capture aircraft range differences, standoff weapons used as range extenders, target spatial

distributions, and variations in target value based upon positioning. Four distance bands

were used in the MAST formulation of the model. Due to the specific model formulation,

more than four distance bands are difficult to implement.
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m = time bands. Time is measured in days with attrition and target values varying

between time bands. The MAST formulation used three time bands. More than four time

bands requires extensive modification of the ,-odel.

n = weather bands. Each weather band is described by cloud ceiling and visibility.

The best delivery profile for each weather band is selected based on the aircraft, munition,

target combinations. Expected attrition and effectiveness are calculated based on the

delivery profile selected. These calculations occur off-line and are an input to TAM.

p = spares resource. Different resource types are available for each A/C. Cost is

the main driver for the different resources. Spares resources are identified as an expected

useage rate per sortie flown. Spares inventories represent the expected number of sorties

supported by spares.

A.2.2 Objective function.

Maximize TVD=-- -- E Xijk,,n. YLDijkmnTGTVALktm-BAF (A.O)
i j k I m n

Where: TVD = target value destroyed. Total value of all targets destroyed as a

result of the optimization.

Xijklmn = sorties. The Xijklmn are the primary decision variables, each sortie is

identified as a specific mission consisting of aircraft i carrying munition j against target k

located in distance band I during time m and weather condition n.

YLDijkt,,n = yield (fractional target kills) per sortie, calculated based on the ex-

pected mission effectiveness and attrition.

TGTVALk,, = target value, assigned by target type, time period, and distance

band. Used by TAM to prioritize targets attacked, TGTVAL represents the value of one

target of type k at distance I and time m.

BAF = buget awareness factor, a small adustment to the objective function which

forces sensitivity to existing inventories of munitions and aircraft during the optimization.

See constraint 19.
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A.2.3 Constraints The Theater Attack Model was developed to provide an alter-

native methodology for the determination of munition requirements. However, the model

also has the flexibility to address other analysis issues, such as; trade-offs between dol-

lars spent on force structure, spares, and munitions; attrition management; and capability

assessment.

The constraints imposed on the objective function provide the flexibility which allows

the analyst to customize the model formulation for each analysis task. The contraints cur-

rently available are detailed below. Among these constraints are a set of "core" constraints

which maintain the validity of the model. The "core" constraints are identified with an

asterisk and must be used in any formulation. To enhance the ease of use of the constraints

in various formulations each constraint is numbered and selectable from the Job Control

Language. The numbers in parentheses are associated with this JCL selection table.

z Xijkmn = EACim + NACim for each i,m (A.1)

j k I TSijklmn

For each aircraft type this constraint ensures that the total aircraft used during each

time period equals the sum of existing aircraft used plus any new aircraft purchased.

TSijkmn = maximum number of sorties that could be flown by one type i aircraft

during time period m against target k using munition j in weather band n to a penetration

depth 1.

EACi, = the number of existing type i aircraft used during time period m. The

available pool of existing aircraft consists of starting aircraft (those in place on D-Day)

plus filler aircraft from the previous and current time period&, plus new aircraft purchased

during previous time periods, minus aircraft which have been attrited during previous time

periods. (See constraint 3.)

NACim, = the number of new type i aircraft purchased for use starting in time period

m.

EACi _< STARTACi • FILLil for each i (A.2)
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For each aircraft type, this constraint ensures the total existing aircraft used during

time period one does not exceed the aircraft stationed in theater on D-day plus any fillers

which arrive during this time period.

STARTACi = the number of starting aircraft of type i.

FILLi = the number of type i aircraft arriving during time period one. Filler

aircraft are available for use during the entire time period, therefore if the aircraft are

scheduled to arrive part way through the time period a reduced number of fillers are added

during the current time period and the remainder in the following time period.

EACim < STARTACi + Z FILLim + E NACim - Z ATTRIT,m for each i,m,n
m M-I m-I

(A.3)

For each aircraft type, this constraint ensures the total existing aircraft used during

a time period does not exceed the aircraft available at the beginning of the time period

plus any fillers which arrive during the time period. For example, aircraft available at the

beginning of time period two are equal to starting aircraft plus time periods one and two

fillers plus time period one new purchases minus aircraft attrited during time period one.

ATTRITm = = the number of type i aircraft attrited during time period m.

1 Viklmn < PRCNT. [STARTAC, + FILLim +
j k I m]

SNACim- ATTRITim for each i,m,n (A.4)

For each aircraft type, this constraint ensures the aircraft usage across the weather

bands is consistent with the expected weather distribution. This constraint can cause

the problem to go infeasible if the mission file does not contain missions with effective-

ness greater than zero for each aircraft type and weather band. This can occ,,r due to

operational constraints (ie. an aircraft type that is not used during bad weather). To

regain feasibility it is necessary to add a dummy mission to the mission file. The dummy
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mission should have low effectiveness in the necessary weather band, no attrition, and

carry a dummy munition. (If constraint number 23 is used, then the appropriate weather

constraint is number 24.)

PRCNTn = the percent of the time that type n weather is expected to occur.

E Z EZ EEZ Xijklm. -LOADjj = EMNj + NMNj for each j (A.5)
i k Im n

The total munitions used throughout the war must equal the sum of the sorties flown

with that type munition times the load (number of munitions carried on that sortie). The

loads change with aircraft type and distance to the target.

LOAD 2, = the number of type j munitions carried on aircraft type i to distance

band 1.

EM , = the number of existing inventory munitions used.

NMNj= the number of additional type j munitions purchased.

EMNJ < STARTMNj each j (A.6)

Limits the number of existing munitions used to the starting inventory.

STARTMNj = the starting inventory of munition j.

KILLktm = Xijkmn YLDijkIm, for each k,l,7n (A.7)
i ,fn

The number of type k targets destroyed in distance band I during time period m

must equal the number of missions flown against those targets times the effectiveness of

the missions.

KILLkl, = The number of type k targets killed (destroyed) during time period m

in distance band 1.

KILLki. <_ TGTkjm for each k, 1, m (A.8)
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Limits the number of kills to the number of targets available.

TGTkl, = The number of targets available in distance band 1 during time period m.

Available targets consist of targets that have never been killed plus those which have been

killed during previous time periods and have regenerated (as a result of repair action or

replacement).

TGTkjl = STARTGTkjj for each k,I (A.9)

Sets the number of targets available for attack during time period one equal to the

initial target set.

STARTGTkjj = initial target set.

TGTklm = TGTkl(m.l) - KILLkl(m-) + REGENkm for each k,l,m > 1 (A.10)

Sets the number of targets available for attack during time periods two and later

equal to the number of targets surviving the previous time period plus those that regenerate

during this time period. (Note: constraint 22 must be used for REGENkm to be greater

than zero.)

REGENktm = the number of previously damaged/destroyed type k targets which

become operational due to enemy repair or replacement activity during time period rn.

Targets regenerate in the same distance band they originate from.

Z-Z1-(NACim . ACCOST) + Z_(NMN,. MNCOST,) +

_=:9 NSPRmp.SPRCOSTp) :_ BUDGET (A.11)
i M p

Limits the procurement of additional aircraft, spares, and munitions to a specified

budget level.

ACCOST, = cost to procure an aircraft of type i.
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MNCOST = cost to procure a munition of type j.

NSPRimp = the number of spares resource type p necessary to support additional

sorties for aircraft type i during time period m.

SPRCOSTp = the cost to procure spares resource p for each additional sortie flown

by aircraft type i.

_ ATTRI7i, _ MAXATT [ STARTACi + >J FILLam + )_ NACim for each i

(A.12)

Limits attrition for each aircraft type to a specified percent of the force. The per-

centage is typically calculated using Air Force planning factors and is input through the

aircraft file. (See constraint 27 for an alternative maximum attrition constraint. If con-

straint 27 is used then 12 cannot be used.) This constraint can cause the problem to go

infeasible when used in conjunction with constraints 13, 14, or 26. See section dealing with

loss of feasibility due to constraint interactions.

MAXATTi = the maximum percentage of available type i aircraft which are allowed

to be attrited during the war.

>[EACi+NACm] > MINSORTm'] STARTACi+EJ:FILLi+

Z-Z NACm-- ATTRITim foreachm (A.13)
i Mi -1

Forces the model to fly a minimum percentage of available sorties by time period.

This constraint can cause the problem to go infeasible when used in conjunction with

constraints 12, 14, 26 or 27. See section dealing with loss of feasibility due to constraint

interactions.

MINSORTm = the required percentage of sorties which must be flown during time

period m. This percentage applies to the sum of all aircraft sorties flown during time

period m.
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KILLkIm > MKILLkm for each k, m (A.14)

Forces the model to kill a user specified number of type k targets during each time

period. (See constraint 26 for an alternative forced kill constraint.) This constraint can

cause the problem to go infeasible when used in conjunction with constraints 12, 13, or 27.

See section dealing with loss of feasibility due to constraint interactions.

MKILLk, = the minimum number of targets of type k which must be killed during

time period m

NMNJ < UMNj for each j (A.15)

Production constraint, procure no more than some maximum number of munition

j. This constraint is used to keep weapon procurement below production line maximum

capacities.

rAINJ = upper bound on munition j procurement.

NAINj > LMN, for each j (A.16)

Production constraint, procure at least some minimum number of munition j. This

constraint is used to force buys of specific weapons to keep production lines open.

LA!Nj = lower bound on munition j procurement.

' NACim :_ UAC for each i (A.17)
m

Production constraint, procure no more than some maximum number of aircraft i.

UACi = upper bound on aircraft i procurement.

Z NACim _ LACi for each i (A.18)
m

Production constraint, procure at least some minimum number of aircraft i.
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LAC, = lower bound on aircraft i procurement.

BAF= ea -- NAC, +e, . NMNI + e,. NSPRimp (A.19)
i m i m p

Calculate a budget awareness factor (BAF) using some small epsilon times the num-

ber of aircraft, spares, and munitions resources purchased. BAF causes the model to use

existing aircraft and munitions prior to purchasing a new like item.

eaeres = small multipliers, typically in the 0.001 to 0.00001 range.

ATTRITm = ' -E 1 Xijklmn 'aijklmn for each i,m (A.20)
j k I n

Calculate the experienced attrition for aircraft type i during time period n?.

aijklmn = the expected attrition for a single mission using aircraft i, carrying munition

j, against target k, in distance band 1, during time period m, and weather state n.

NOTUSED (A.21)

rn-I

REGENklm = E bkzm KILLkz for each k,l,m > 1 (A.22)
z=1

bkzm = the regeneration rate for each target type. The b's are calculated based on

intel estimates of the enemy's repair capacity for that target type and the number of days

in the time period. b = .5 means that half the type one targets destroyed during time

period one will regenerate and be operational in time period two.

E E E - Xijklmn = NSORTim for each i, m (A.23)
jk I n

Forces the model to fly a fixed number of sorties during each time period by aircraft

type. This constraint may cause a loss of sensitivity to attrition. Used with constraint 24

to provide sortie distribution across the weather bands.
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NSORTi, = a fixed number of sorties to be flown by aircraft type i during time

period m.

Z -Z Xijkmn, = PRCNTn.NSORTim for each i, m, n (A.24)
k

Forces the model to distribute the fixed sorties across the weather bands. (See

discussion with constraint number four.)

TVD = Z Z Z ijklmn YLDijklmn, TGTVALkIm (A.25)
i jkl m n

Forces the model to destroy a specified amount of target value. Developed for use

with alternative objective functions to explore model sensitivities.

Z KILLUm MKILLk, for each k,m (A.26)
1 rn

Forces the model to kill at least a specified number of type k targets by the end of

time period m. The targets may be destroyed in any time period up to and including the

current one. ( See constraint 14 for an alternative forced kill constraint.) This constraint

can cause infeasibility when used in conjunction with constraints 12, 13, or 27. See section

dealing with loss of feasibility due to constraint interactions.

Z ATTRIT,, < MAXATT for each i (A.27)
m

Limits attrition for each aircraft type to a specified number of aircraft. (Constraint

number 12 limits attrition to a specified percentage of the force available.) This constraint

can cause infeasibility when used in conjunction with constraints 13, 14, or 26. See section

dealing with loss of feasibility due to constraint interactions.

Xijklm, = AGSORTim for each i,m,j = 58, k = 86 (A.28)
-n
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Forces the model to fly a specified number of sorties against a generic ground based

threat oriented target (k = 86). The sorties are specified by aircraft type and time period.

Munition 56 is a dummy munition load with no cost.

AGSORTim = input number of sorties flown by aircraft type i against ground threat

targets during time period 7n.

Sxijkm, = AASORTim for each i, m,j = 58, k = 86 (A.29)
I n

Force the model to fly a specified number of sorties against a generic airborne threat

oriented target (k = 87). The sorties are specified by aircraft type and time period.

Munition 56 is a dummy munition load with no cost.

AASORTm = Input number of sorties flown by aircraft type i against airborne

threat targets during time period m.

Z Z Z ZXijkI-n Z(INS.Rnp + NSPRmp) -
j k I n m

Z Z Z Z E Xjkmn for each i,ni,p (A19)
j k I m-1 n

Limits sorties during each time period to those supportable with spares.

INI'SPRj,,p = inventory of type p spares resource available for use on aircraft type

S(luring time period m. Inventory unused during time period m roles over into m + 1.

This inventory represents the spares supported sorties available at no additional cost.

NSPR,, = new type p spares resource procured during time period nz for use on

aircraft type i.

YNSPRmp < UPPSPRp for each i,p (A.31)

Upper bound. 'imitb the procurement of additional spares resources based on pro-

duction constraints or availability.
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UPPSPR,p = upper bound on total new type p spares resource procurable for use

on aircraft type i.

NSPRmp > LOWSPRp for each i,p (A.32)
m

Lower bound. Forces procurement of at least some minimum number of spares re-

sources. Typically set to zero to prevent selling spares back to procure additional munitions

or aircraft.

LOWSPRimp = lower bound on total new type p spares resources procurable for

use on aircraft type i.

A.2.4 Constraint Interactions The current formulation of tie problem contains

several constraints which are used to force the solution to attain some operational goals

while staying within budgetary limits. In most cases these goals can be fully attained

when taken one at a time. However, the problem being solved often requires attainment

of several of these goals simultaneously which can lead to unresolvable conflicts or, in LP

terminology, an infeasible solution. This section will briefly explore the operational goals

which are modeled, their associated constraints, their interactions and methods of reducing

conflicts between goals.

First let's look at a notional set of operational goals which can be modeled using

TAM. To attain some operational objective (achieve air superiority, win the war) we need

to satisfy the following goals: 1) We must fly at least 90 percent of the available sorties,

2) suffer no more than 30 percent attrition over the duration of the war, and 3) destroy at

least 80 percent of the assigned targets. These goals are specified in TAM as constraints

which must be satisfied. For example, constraint 13 would require that at least nine tenths

of the available force structure be used during each time period (MINSORT, = 0.9).

This equates to flying 90 percent of the available sorties. Similarly constraint's 12 and

27 restrict the number of each type aircraft that can be lost to attrition during the war

(max attrition constraint), and constraint 's 14 and 26 force at least a minimum number

of target kills by target type and time period (min kill constraint).

A- 12



From an operational perspective it is clear that these goals interact with each other,

i.e. as you fly additional sorties, you can destroy more targets but you also suffer attrition

consistent with the target defenses. The operational goals dictate certain levels of target

destruction to attain the objective of winning the war. The time period necessary to

achieve this objective is frequently dictated as well, and is often set to the initial week or

two of the war. Unfortunately, resource limitations, aircraft, munitions, spares, etc. often

do not allow for attaining these objectives and conflicts between the constraints arise. It is

then necessary to determine the level of destruction which is possible given the rcesources

at hand. In TAM this equates to reducing the min kill constraint to an achievable level.

Once this level of destruction is identified, it is then possible to determine if increasing the

allowable level of attrition will significantly improve the solution. It is also at this point

in the analysis where increasing the budget available provides insight into the marginal

benefit of buying additional aircraft, munitions, or spares resources.

Care should be taken when analyzing the results of the model to ensure that the

problem is not unconstrained (too many resources for the job). If all of the targets are

destroyed, or part of the budget dollars available are not spent, or aircraft are not fully

utilized, then the results of the analysis need to be carefully looked at to ensure there are

no flaws in the way resources are being utilized. For example if the budget provides the

capability to destroy all the targets, then it is possible that aircraft and munition loads

are being used incorrectly (less effective missions) just to fly the sorties required by the

miniium sortie constraint. Similar conditions can exist which will cause higher attrition

missions to be selected due to an excess of aircraft.
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Appendix B. Suggested Reformulation of TAM

B.1 PARAMETERS:

i - a = aircraft I to 20

j - m = munitions 1 to 56

k - k = targets 1 to 86

1 - d = distance bands 1 to 4

m - t time bands 1 to '4

n - w = weather bands 1 to 6

p - s spares 1 or 2 for each aircraft

B. 2 Decision Variables:

Generally everything is now reduced in terms of the decision variables:

-(X) sorties with aircraft a, carrying munition m, to target k, in distance band d,

during time band t, in weather w.

-NAC new aircraft purchased

-NMN new munitions purchased

-NSPR new spares purchased

B..3 Objective Function:

MAximize TVD (Target Value Destroyed) =

E E ZZ 1:E Xamkdtw YLD.amkdt. TGTIIALkdt -
a m k d t w

(e0. ZXNICt) - (em, Z1NMN,) - (e , .ZZZyINSPR) (B.0)
a t m a t a

This objective function combines the original objective (1) with constraint 20. As

mentioned in chapter 1 consider removing the budget awareness factors from the model.
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B.4 Constraints:

Represent blocks of constraints that are selected by the analyst depending on the

analysis to be done.

1. Total aircraft constraints per period. This block of constraints combines the

original constraints 2,3,4, and 21.

z z z Aamkdtw < STARTACa + E FILLat + E NACat
k d t t-i

1iI (E E Y: 1i Xamkdtwt-1 M k d w

for each a,t (B.1)

2. Optional constraint to force sorties to fly across all weather bands. This constraint

combines old constraints 5 and 21.

E -z E Xamkdtw < PRCNTw'[STARTAC, + 1: FILLat +
m k d T 3amkdttj t

1 NACat- Z(Xamkdtw " aamkdtw) for each a, t, w (B.2)
t t-1 1

3. Total munitions used across the war must be less than starting inventory plus

those newly purchased. This constraint combines old constraints 6 and 7.

Z-Z Z Zyxamkdtw.LOADamd <STARTMNm+NMNm for each m (B.3)
a k d w

4. Total targets constrained per distance and time band. These constraints combine

old constraints 8,9,10,11 and 23.

Z ZZ amXdtw 'LDmjkdtw <STARTGTkdl for each k, d,t = 1 (B.4)
a m Wt
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iZ .Z ,,kdw I'LDmktw _< STARTGTkd(t=l) - KILLkd(t)

t-1

Zbkzt" KILLkda for each k, d, t (B.5)

5. Budget constraint. Remains unchanged from the original formulation constraint

12 except for the subscript changes.

6. Maximum attrition rates per aircraft. This constraint combines old constraint

blocks 13 and 28. Either old constraint 12 (unchanged) is selected or this constraint is

used to limit attrition.

EZEZZ (Xamkdtw'aamkdtw) < MAXATT'(STARTAC +
a t d w

Z FILL, + Z_ NACt) for each a (B.6)
t t

7. Minimum sorties per time period that must be flown. This constraint replaces old

constraint 14.

-'(EACat + NACat) >_ MINCOSTt [STARTAC, +

1: FIL Lat + E Z(Xamkdtw aakf)
a t L t-1 j

for each t (B.7)

8. Minimum targets killed per time period. This constraint is a choice between old

constraints 15 and 27.

9. Minimum aircraft sorties per weather band. This constraint combines old con-

straints 24 and 25. It is used in place of constraint 3 to force a fixed number of sortie types

to fly across a wather band.

E E Xamkdtw = PRCNT . (NSORTat) for each a,t,w (B.8)

m t d
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10. Specifies Target Value Destroyed, this is used with alternate objective functions

to explore the sensitivity of other items of interest. This constraint duplicates old constraint

26.

11. Fixes a specific number of air-to-ground sorties. This constraint duplicates old

constraint 29.

12. Fixes a specific number of air-to-air sorties. This constraint duplicates old

constraint 30.

13. Limits the sorties flown during a time period to those supported by spares. This

constraint duplicates old constraint 31.

14. Upper and lower bounds on procurement of aircraft, munitions, and spares.

These constraints replace old constraints (16,17), (18,19), and (32,33). These constraints

can be handled through the bounds section or through the ranges section and need not be

explicitly stated.

LAIN.. < NMNm < UMNm for each m (B.9)

LAC, < NACa < UACa for each m (B.10)

LSPRs < NSPRaz < USPRas for each a,s (B.11)
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Abstract

The Theater Attack Model (TAM) is a large-scale linear program (LP) used to aid se-

nior decisionmakers in making the to:gh budget and procurement decisions for the United

States Air Force. TAM, as curently configured, can generate matrices with 9 million

variables. The CPU-time to run this model is enormous. Advanced LP techniques are

examined to reduce TAM's CPU-time.

A taxonomy of advanced LP techniques results from a review of major characteristics

of these techniques. Promising opportunities to reduce TAM's solution time are tested

and compared to a standard simplex benchmark. Karmarkar's algorithm on the KORBX

(AT&T) system is tested and compared with simplex-based techniques through an absolute

comparison of solution time and a relative comparison based on machine capabilities.

Recommendations for reducing TAM's CPU-time are outlined with the hope of saving

the government money in computer time.


