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Chapter 1

Introduction

In [15] we have presented an analysis of a practically important form of the regularized

Navier-Stokes equations. We also presented a theorem for the convergence of the solution of

such system to the solution of the conventional Navier-Stokes system as the regularization

parameter approaches zero.

In this paper we will present an analysis of the structure of the attractors associated

with the regularized system. We will present in particular theorems for stable and un-

stable manifolds associated with each periodic solution and establish their analyticity and

invariance properties. The main machinery needed for these invariant manifold theorems

are the analyticity properties of the nonlinear semigroup and its Frchet derivative and

spectral theorems for the monodromy operator. These results are established in section 3.

In the section 4 of the paper we establish the existence of a global attractor for the

system and prove its compactness. We also note certain bounds on the attractor which are

uniform on the size of the regularization parameter. We then prove the existence of global

(inertial) invariant varieties containing this attractor. Such a global invariant manifold

theory is proposed in 16) for certain class of semilinear evolution equations. Motivation

for such study of course comes from the famous paper of E. Hopf [8]. We then study the

regularity of the inertial manifolds and obtain sufficient condition for them to be C'.



Chapter 2

Governing Equations and Functional
Framework

In this chapter we will briefly outline the mathematical framework used in this paper.

For detail proofs of the relevant theorems see [15]. We regularize the conventional Navier-

Stokes equations by adding a fourth order operator (Laplacian square) with an artificial

dissipation parameter e. In addition to the prescribed initial field u0 and Dirichlet bound-

ary condition, we also prescribe the Laplacian of the velocity field at the boundary to be

zero. Let f] C R", n < 6 be a bounded open set of class C", r > 4. The problem is to find

(u,p) fl x (0,oo) --* R ' x R such that

Ou
- + EAu-vAu+ (u.V)u+Vp=f , in l x (0, oo), (2.1)

V u=O, in n x (0, oo), (2.2)

ul0n 0, Aulan = 0, (2.3)

u(x,O) = Uo , in fl. (2.4)

Here v > 0 is the coefficient of the kinematic viscosity of the fluid and f is a prescribed

vectorfield.

Let us introduce the following function spaces:

j(fl) = {u: fl -- *; u E C 4(n), ulan = 0, Aulan = 0, div u = 0},

H = {u fl R"; u E L'(0), div u = 0 u., lo = 0},

V = {u : 0 - ; u G H 2 (n), div u = 0, ul0n = 0}.
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Here we denote by H'(f2), the Hilbertian Sobolev space of (square integrable) vector-

fields whose distributional derivatives up to order m are square integrable. These spaces

are endowed with the inner product

(U,V)Hw(n) = Z (Dau,DaV)L2 (n)
I&I<M

and the norm

I I -I I .-.c1nD) 1 1 2 (niD l i ., ) ) 1 / 2 .

jal<m

It can be shown [15] that the spaces H and V are respectively the completion of j(fl) in

the norm L2 (12) and H 2(f1).

The space H is endowed with the inner product (U,V)L2 and norm ul (u,U) j 2 . One= JL2. ~

can easily verify that the norm induced by H 2(1) and the norm IIAUHJL2(n) are equivalent

in V. We then denote IlulI = llAullL2(n) v(u,u)v as the norm in V derived from the

inner product

492u a 2V

Let us now characterize a linear self adjoint positive operator A (which we call the

dissipation operator) using the following fundamental linear problem : Find (u, p) : f1 --

R' x R such that
A2u + Vp f in n ,

V = 0 0 in n , (2.5)

Ulan 0, Auln = 0.

This equation characterizes a linear operator relating u to f and is defined on j(fl). Let

us denote the Friedrich's extension of this operator as A. This operator can be defined as

follows: We define a positive definite, V-elliptic symmetric bilinear form a(.,-) : V x V --+ R

by
a<(, V,,) = a2

ax ax ax

Then by Lax-Milgram lemma we obtain an isometry A E £(V; V') as

< Au,v >v'xv= a(u,v) =< f,v >v,xv, V E V,
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and Au f E V'- (V;R). We then define D(A) as follows: for f E H c V',3 u E V

such that

a(u,v) = (f,,,)H, V V G V.

We then denote u G D(A). We thus have A E £(D(A);H) l C(V;V'). The operator A

defined above is closed with D(A) dense in V c H. From this it is easy to conclude that

A is self adjoint. Since the continuous form a(-,.) is positive definite we deduce from a

theorem of Lions [13] that D(A 1/2 ) = V and

a(u,v) = (A'/ 2 u, A'/ 2 v) Vu, v G V.

This implies,

I1 11 -- a(u,u) = A1/ 2 ul 2  Vu CV.

We have in fact A = AjA 2 : u -* f so that A is an isomorphism from D(A) onto H

with A, the Stokes operator and A 2 the Friedrich's extension of the Laplacian operator[15].

This gives

u G D(A) = {u E H4 (n);ulan = O, Aul 0n = 0, divu = 0}.

We also have the following estimate for solution (u, p)

ItlulHH(n) + IIPIH'(O)/R < c011i11H •

In consequence of the relationship Au = f, 301,32 E R+ such that

I3 111UHH4(O) -< Aul < 3 2IU11HH(C) , V u G D(A). (2.6)

By Rellich's Lemma [1] A - ' as a mapping in V' (or H) is compact. Hence the spectrum

of operator A consists of real eigenvalues jp. of finite multiplicities and can be ordered as

0 < Alx < A2 < -. , jL2 -- + o as j -- +oo,

with accumulation possible only at infinity. The self adjoint operator A possesses an

orthonormal set of eigenfunctions {Oj}9Z1 complete in V' (or D).

A~j = tbj 2, Oj E V(or D(A)), Vj. (2.7)
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If we identify H with its dual H' using the Riesz representation theorem then we get

the following continuous dense and compact embedding structure

D(A) c V c H = H' c V' c D(A)'.

Let us now define the trilinear form b(-,.,.) associated with the inertia terms:

n !

b(u, v, w) = E uiDivjwj dx, Di =

It can be easily shown by applying the divergence theorem and noting that v and w have

zero trace,

b(u, v,w) = -b(u,W,V), V uvw C V

and

b(u,v,v) = 0, V u,v C V.

By the application of H6lder inequality and Sobolev embedding theorem we can show

that b(.,-,.) is trilinear continuous on H '(fl) x Hm2+l(fn) X Hm (fQ), mi > 0:

ib(u, v, w)l < COIIUIIHm(n)IIVIIH-2+1(f)IIWH-m3(f)

m 1 + M 2 + m 3 > - if mi n t# = 1, 2, 3 and
22
n n

rMI+M2+M3> 2- if mi= - for somei. (2.8)

In particular, for n < 6, b is a trilinear continuous form on V x V x V. When fl is bounded,

the following interpolation inequality holds [14]:

UIIuH1.-#)m1+#m2 < CIlQtJ-JIle1m, V u E H m 2(fl), mI < in2 , 0 C]O, 1[. (2.9)

From the above we will derive in particular,

jb(u,v,w)l :_ cilul "juiiuj' 2 iivII"2 IAvlV/'2 wI, Vu E V, E D(A),w G H (2.10)

Ib(u, v, w)I 1 c2IuI'/lU11 11/2 1Iv/2 11v11/ 211wIj, V u,v,w G V, (2.11)
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where cl, c2 are positive constants. By virtue of (2.8), we know that the above inequalities

are valid for space dimension n < 6. The estimate (2.8) enables us to define (using Riesz

representation theorem) a bilinear continuous operator B from H m ' (f2) x H"12+l (Q) into

(11m3(A))Y. In particular, for u,v,w C V, B(u,v) G V' will be defined by

< B(u,v),w >v,×vz- b(u,v,w) , V w C V. (2.12)

Let us note that a linear operator A1 from V onto H can be defined as

(AIu, v) = (Vu, Vv), V u, v e V (2.13)

and Alu = -PHAU, Vu E V. In fact A, is the Stokes operator associated with the

conventional Navier-Stokes equations. PH is the orthogonal projector in L2 (fl) onto H.

6



Chapter 3

Local Invariant Manifolds

In this chapter we will establish the hyperbolicity of periodic solutions. Existence

theorem for the periodic solutions is provided in [151. Here we will study the orbits nearby

each periodic orbit. We will prove in particular the existence, uniqueness and analyticity of

stable and unstable manifolds. Such results for conventional Navier-Stokes equations have

been proven in [20]. Let us consider a perturbation about a general time dependent smooth

and bounded field (U(x, t), P(x, t)). We assume that this basic field satisfies the governing

equations and the boundary conditions. Let us introduce u = U + v and p = P + q in

(2.1)-(2.4). Then the perturbation solution (v,q) satisfies.

av + EA ', - A V + (v .-v)V + (V. -v)v + (V. -V)V + Vq = 0,at

V V = 0, in fl x (0, oo), (3.1)

V130 0 Avln = 0,

v(x, O) = vo, in fl.

Let us now rewrite this system as an equation of evolution in the Hilbert space V. This

can be achieved by applying the projection operator PH on the system (3.1). Noting that

PH(Vq) = 0, we get the evolution equation for v:{ dv-+ EAV + vAlv + Lu(t)v + B(v, v) =0, t > 0,
(3.2)

V(o) = Vo E V.

Here A E L (V; V') is the dissipation operator defined earlier and A C L (V; II) is the

7



Stokes operator. We can use the Riesz representation theorem to characterize Lu(t) and

I(., .) as

< L(t)v.w >vxv= b(U(t),v,w) + b(v,U(t),w), Vw G V.

and

< B(v,v),w >vxv= b(v,v,w), V w EV.

3.1 The Cauchy Problem and Associated Semigroup

In this section we will derive few useful properties of the semigrolip generated by the

dissipation operator -EA. These estimates will be used to resolve the nonlinear semigroup

associated with the regularized Navier-Stokes equations as well as to establish certain

results concerning the invariant manifolds.

Let us consider the Cauchy problem:

Problem 1 Find v c C(0, oo);V) C'(0, oc;V') such that

{ -/+ Av = 0, t>0,
t>0

v(O) = v0 E V.

Before studying the semigroup S(t) : vo -- v(t) associated to the above problem, we will

document certain relevant properties of the resolvent of -EA.

Lerrima 3.1 Let B, and B 2 be two Hilbert spaces defined below such that the embedding

B, C B 2 is continuous and dense. Then the resolvent of the dissipation operator -(A

satisfies

1

(i) iR(A;-cA)ijC(B,.o2) < A-, for A, 0 0, where A, = ImA , (3.3)

I(ii) l R(A; -cA)! %(B2;B2) < for AR > -E/il , (3.4)

11 _ AR + E/11

M
(iii) l R(A; -cA)Ij1(B 2 ,B 2 ) < M + r E6, A € -ca (3.5)

where E26 - {A; jarg(A + ca) < 7r/2 + 6,0 < 6 < 7r/2} and 0 < a < p,,pi is the smallest

eigenvalue of the operator A. Here we will take the spaces B, and B 2 as either
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(a) B, = V, B2 = V'

or

(b) B, = D(A), B2 = H.

Proof: (i) let us write u in B 1 as an expansion of the eigenfunctions of A:

00

U 1 Z(U, k) B2  k.
k=1

Since Ok are orthonormal,

,}R(A; -EA)u2 2  = (u, 4k) 2 12 <  IIUI12 (3.6)

A= + E,1Lkl2 IJ7 BUi~

Here we used the fact that

1 11<_ < Vk, A = AR + iAt.

(AR + Ek)2 + A11 2  1A, 1
2 V

Thus, the resolvent of -cA in B 2 satisfies

[[R(A;-cA)JL(B;B 2 ) < for A, 4 0.

(ii) Similarly, it follows from

1 1

(AR + Ejk()2 + 1A,1
2 - (AR + VL)'k,

that for AR > -E(Al,
1

IR (A;- EA) L CBZ;B ) <-A #

_ AR + (l 1

(iii) Combining (i) and (ii) we get for 0 < a < IL

IIR(A;-A)cL( 2 ;B) < IA+-a I , with AR> -ca.

From this we show by analytic continuation that

M
jJR(A; -EA)IIC(B2;B) -- A+ca' for AC E6, A$-ca. (3.7)
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Theorem 3.1 -cA generates a C' semigroup S(t) such that:

(i) HS(t) jcjf( ;B ) < e - t t > 0

(ii) IIS(t)Ie(B2;Bi) < t , t > 0,

where 0 < a < A, and c depends on E. Moreover S(t) can be extended as a holomorphic

semigroup in the sector As--{z : jargzj < b,6 = tan - 1  , Rez > 0}.
ec

Proof: (i) The spectrum of the operator -eA lies on the negative real axis, thus the

resolvent set p(-EA) will contain the positive real axis and from the estimate on the

resolvent in Lemma 3.1, we have

1

IIR(A; -cA) IlC(B 2 ;B2 ) < for AR > -ca, a < I'.
AR +,

Hence by the Hille-Yosida theorem [16], -EA generates a strongly continuous semigroup

S(.) in B 2 and

IIs(t) C£(B2 ;B2 ) < e -at t > 0

(ii) Using the estimate (iii) of Lemma 3.1, We can represent S(t) as an integral

S (t) -2= r eAR(A; -EA) dA
2 7r i Jr

where F is a smooth curve in E6 consisting of two rays xeie and xe - 'e , 0 < x < oo and

7r/2 < 0 < r. r is oriented so that A, increasing along F. Differentiating the integral with

respect to t, we get

S'(t) 1 \reAtR(A)dA.
2 7ri r

From (3.5), for A :, -ca and t > 0

Me-catf (C M )e - cat
]ez cos e dx = e c E7rt 0 7r cos0 _ c e

Consequently,

EIIS(t)IlC(B,;B,) = cIjAS(t)11 (B;B2) = flS'(t)IC(B;B2 ) < _e-'°, for t > 0.
1t
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Now due to the differentiability of S(t) fort > 0 and S(n)(t) = (-cAS(t))" = (S'(t))n,

n n
we have

1I~)t ,c n -ec-at.
n! ()L(B2;B2) <-

To extend the semigroup S(z) in some sector, we consider power series for S(z) around t

S(z) = S(t) + s-(t)(z - t)

This series will converge in £(B 2; B 2) for

iz-t k( k , for k<1, t>O.

Hence S(t) can be extended to a holomorphic semigroup S(z) in the sector As {z :

1
Iargz I <6,6 =tan-'- l ,Rez> 0}.

ce

Using the estimate (iii) of Lemma 3.1, we can define the positive as well as negative

powers of A. Since A- ' is compact, the spectral resolution of the self adjoint operator A

can be used to define its fractional powers in a simple way. We thus write, Va > 0
00

A'-u = E A' (u,)q Vu G D(A'),
k=l

with D(Aa) = {u E H such that Ekl it" i(u, 0kk)I' < o0}.

Lemma 3.2 For a > 0 and t > 0, the bounded operator A'S(t) satisfy the estimates:

t--M for 0 < t < a

IIA'S(t)He(B 2 ;B2) < Gi1j f #e - 'U t for t > a

where M = (-)

Proof: Note that any element u in B 1 may be represented as

00

U F, Z(U, k) B2 Ok.
k=l

11



Hence we may write
00A'S(t) u = i #e-1,10( u , OJ)B Ok.

k= l

Thus,
IIA'S(t)JI(CB2 ;B) < max(,4e - Oskt)

k>1k

a
Note that the right hand side of inequality admits maximum when k =-. This

proves the lemma since pi > 0 is the smallest eigenvalue.

El

Let PN be an orthogonal projector in V' onto the finite dimensional subspace of

span{f 0, '", O} and QN = I - PN. Note that PN and QN commute with A'. The

following lemma is useful in a later section and can be proved in a similar way to the

previous lemma.

Lemma 3.3 For a > 0 and t < 0, the bounded operator AaQNS(-t) satisfy the estimates:

for aIIAQNS-t)lcs2; ) (_) for ----+ < t < 0,

flAaQNS(-t)le(B 2 B2 ) < 0EJLN+1

II,+1 e4EAN+ It for -oo < t < - -CIIN+1

where M = (e).

El

Since semigroup S(t) is holomorphic we have for t2 > tl > 0

S(t 2) - S(t) = ftt2 dS(t) dt = f:2 (-A)S(t)dt.S~t2)- S~tL)=, dt t

This gives

HIS(t 2 ) - S(tl)IIl(H;V) < t2 IIAS(t)llC(H;v)dt = E IIA 1 2S(t)IIC(H;H)dt.

By applying Lemma 3.2 with a = 3/2 and B2 = H, we obtain

1 1
IIS(t 2) - S(tl)lC(H;V) < CI1(.1 t 1 2,) t2 > tl > 0. (3.8)

tl

12



3.2 The Characterization of the Monodromy Opera-
tor

We will now characterize the evolution operator Z(.,.) associated with the Cauchy's

problem obtained by linearizing the regularized Navier-Stokes equations about a smooth

time dependent basic field. Let us consider the

Problem 2 Find v E C([O, oo); V) n C((O, oo); V') such that

d- + A + Av + L(t)v -- , t > O, (3.9)

v(0) = V0 C V .

We will show that the Problem 2 is equivalent to the following integral representation

for v(t):

Problem 3 Find v E C([0, oo);V) such that,

v(t) = S(t)vo - j S(t - r)[vA1 + Lu(r)lv(r)dr, (3.10)

v(O) = Vo V V .

Theorem 3.2 Let the basic field satisfies U E C([0, oo); H'(f()) and be bounded. Then

the Problem 3 resolves the Problem 2.

Note that the Stokes operator A 1 is a linear continuous operator from V onto H. Further-

more, the linear operator LU (t) is characterized by

< LU(t)v,w >voxv= b(U(t),v,w) + b(v,U(t),w), Vw C V.

By virtue of (2.8) we obtain the following lemma.

Lemma 3.4 If U E H(f), Lu CJL(V;H).

13



Proof: Recalling the estimate for b(-,.,.) in (2.8), we take m, = 2 and M 2 = m3 = 0 to

get

Ib(v,U,,t,)l < clllvllH2(c)UH(n)HiiwL2(n), VW CH.

A similar estimate holds for b(U, v, w). Thus

I(Luv,W)L2(n)l < (c1 + c2)llVUlH(O)flWL2(o) , V H.

Here we note that the norm induced by H 2 (f2) is equivalent to the norm in V. Setting

w = LUv E H we get,

IILuvL2r(n < (c, + C2)fllUIH,(Ol)VlV.

In order to prove Theorem 3.2, we need first to establish certain properties of linear

operator K defined as

[Kv](t) S- S(t - r)[vA1 + Lu(r)]v(r)dr.

Lemma 3.5 Let K be the linear operator defined above. Then for sufficiently small T1,

K is a contraction in C([0,Ti);V). Moreover, K can be extended as a contraction in the

Banach space B defined as: B = {t --+ v(t);v(t) continuous in V for t E]0, T] and tl/2V(t)

bounded in V }, with norm

IlvlB = sup 1t12 v(t)jv.
tE(O.T,)

El

Lemma 3.6 For v G C([0, Ti); V), the time derivative [Kv]'(.) C C((O,Ti); V'). Moreover,

when v E B the map t -- [Kv]'(t) is continuous from ]0, T1) into V'.

The proofs for the above two lemmas are similar to those for the conventional Navier-

Stokes equations [20]. Note that [Kv](t) E C([O,T1);V) and it has continuous right

derivative [Kv]'+(t) G C((O,T);V'). This implies [Kv](t) is strongly differentiable and

[Kv]'(t) = [Kv]t+(t) for t E (0, TI) (see Zaidman [23]).

14



Proof of Theorem 3.2: We have shown that the strong derivative [Kv]'(t) exists and

jKv]'(t) = -EA[Kv](t) - [vAj + Lu(t)]v(t). This gives

[Kv]'(t) + EA[Kv](t) + [vA1 + Lu(t)]v(t) = 0,

with [Kv](0) = 0 which implies the representation (3.10) in Problem 3 satisfies the differ-

ential equation (3.9) in Problem 2. Moreover, due to the properties of the linear semigroup

S (t) established in previous section we have,

S(t)vo c C(QO, cc); V) n C1 ((O, oc); V').

From Lemma 3.5 and 3.6, we can conclude that

f S(t - r)[vA1 + Lu(r)]v(r)dr c C([O, Ti); V) n Cl((OTi);V').

Let us now characterize the evolution operator associated to the linear differential

equation in Problem 2. From the definition of linear operator K, we can rewrite (3.10) in

Problem 3 as

[(I -K:)t =s(t)vo.

Then for small enough T1, the operator (I-K) is invertable in C([O, TI); V) and in B since

K is a contraction in these spaces. We obtain a convergent series in C([O, T 1); V) as

v(. = ,[K"S](.)vo. (3.11)

n=O

Hence, the solution of Problem 3 can be denoted by v(t) = Z(t,O)vo. We call Z(t,O) the

evolution operator. Note that the convergence of this series ensures the uniqueness of the

solution to Problem 3 (and hence to the Problem 2.) Let us now study the evolution for

t > - by prescribing the initial data at t = r in Problems 2 and 3. The evolution operator

obtained(as a series) in this manner is denoted Z(t, r) with t - r < T1. Here T1 is taken

15



small enough to ensure the convergence of the series. Let us consider for 0 < q <7 r < t,

v(t) = Z(t,r)v(r) with v(r) = Z(r,r)vo. That is

v(t) = Z(t,r)Z(r, r7)vo.

Due to the uniqueness of the solution we have

v(t) Z(t, 7)vo =Z(t,T)Z(r,1)vo.

That is

Z(t, 7 ) = Z(t, T)Z(7-,l), 0 < 7 < T < t.

Iterating this kind of arguements we can extend the definition of Z(t 2 , tl) to t2 - tl E [0, co).

El

The next series of lemmas provide useful regularity and compactness properties of

evolution operator Z(., .). These lemmas can be proved using the same methods used in

the context of conventional Navier-Stokes equations [20]. Note that here the initial data

is prescribed in V for the evolution problem. This means we need to characterize Z(., .)

as an element in L£(V; V). Moreover, the bilinear operator characterizing the inertia term

has the property B(., .) (V x V; H). Hence we need to extend Z(-,-) as an element in

L(H;V).

Lemma 3.7 For 0 < - < t the evolution operator Z(t, T) satisfies the following estimates:

(i) IIz(t,-)llC(V;V) _< C3e °' ' - ) ,
1 ea2(t_ )

(ii) 11Z(t, 7-)ICCH;V) C4 {1 + (t- r) 1 /2 e

Here c3, c4 > 0 and Ol,a 2 > 0.
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Lemma 3.8 For 0 < tj <_ t2 < o we have as t2 --* t+ ,Z(t , ,t x) --+ I strongly in C (V;V).

For t > r the map t -, Z(t,r) is continuous in the uniform operator topology of £(V; V) n

,C (H; V) and for r < t the map r --+ Z(t,r) is continuous in the uniform operator topology

of f2(V;V) n C (H; V).

Lemma 3.9 For 0 < r < t the operator Z(t,r) E £(V;V) n C (H;V) is compact.

El

Note that the evolution operator Z(t 2 , t 1 ) : H - V is compact and hence the spectrum

of this operator is discrete with finite multiplicity and accumulation possible only at the

origin. Moreover, they are the same in H and V.

Let us now specialize our study to the case where the basic field U is T-periodic in

time.

Lemma 3.10 Let the basic field be T-periodic in time. Then

(i) Z (n T, 0) = Z (T,0)"- , Vn > 1,

(ii) The spectrum of Z(T + to, to) is independent of to > 0.

We will call the operator Z(T,O) the Monodromy operator.

3.3 The Nonlinear Semigroup

In this section we will characterize nonlinear semigroup associated with the nonlinear

syatem (3.1). We will define in particular the time T-map which relate the initial data v0

to the solution v at time T. In addition, we will prove that the uependence of v in the

initial data is Fr6chet analytic. This last result will be used in next section to establish

the analyticity of the local invariant manifolds. Let us now consider the evolution form of

the regularized Navier-Stokes system.
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Problem 4 Find v E C([O, o); V) n C'(0, 00; V') such that

dvd- + fAv + vAzv + Lu(t)v I B(v,v) = 0, t > 0, (3.12)

v(O) = vo E V.

Here the bilinear operator B(.,.) is defined using the Riesz representation theorem as

< B(v,u),w >v,×v = b(v,u,w), Vw E V.

The evolution Problem 4 can be derived by simply applying the projection operator PH

onto the system (3.1).

Let us consider the following integral representation for the solution of (3.12):

Problem 5 Find v E C([O, oo); V) such that

v(t) = Z(t,O)vo - j Z(t, j?)B(v(q7 ), v(27))di , (3.13)

V() =0 V ,

where Z(-, .) is the evolution operator described in preceding section.

Theorem 3.3 Problem 5 resolves Problem 4.

Proof: First note that the representation (3.13) in Problem 5 formally satisfies the evo-

lution form (3.12) in Problem 4. From the regularity properties of the evolution operator

Z(t, 0) we have,

Z(t,O)vo c C([O, o);V) n C1 (O,oo; V')

Hence if we set,

Y(t) =- Z (t, ,7)B(v(7),v(7))d,7, (3.14)

then we only need to show that Y(.) E C([o, oo); V) n C'(0,00; V'). Let us first show that

Y(t) is bounded and continuous in V.
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Note first that B(-,-) E £(V x V; II). In fact from the estimate for b(.,.,-) in (2.8) with

m, = 2,m 2 = 1,m 3 = 0 we get

Ib(u,v,w)l < collllH2()IIVIH(fl )IIWlL2(), VU E V , W C tI.

Hence by the Riesz representation theorem we can write

b(u,v,w) = (B(u,v),w)H-H ,Vw C I.

By setting w - P(ti v) C H, this gives

fIB(u,v),, < collullvilvilv.

Thus B(v, v) C C([0, ro); H) for v E C([0, 00); V).

Let us now estimate (3.14) as,

IlY(t)llv < 10 IIZ(t, ,7)1C(llv)IIB(v(?7), V(7))llHd,.

Now using the estimates for the evolution operator Z(t, T) obt tined in the previous chapter

we get,

IfYllccqoT');V) < y1 (T2) IV IIC oT 2);)

Let us now consider,

Y(t + h) - Y(t) f -[Z(t + h,,q) - Z(t,,7)jB(,(,7),,,(,7))d,

f Z (t + h, Y7)B( v(q), v(1))dn.

Estimating this we get,

IIY(t + h) - Y(t)llv < {f IIZ(t + h, ji) - Z(t,i?)llC(H;v)dt1
rt+h

+ jjZ(t + h, ri)lIi(H;v)dY7} IIB(v, v)lc(oT,;H)

Again using the results of the previous chapter we get

iiY(t + h) - Y(t)llv 5 y2(t,h) llVl1 2
19([O,T2);V)



with Y2(t,h) -4 0 as h - 0. We hence conclude that Y E C([O, T2);V). Now,

Y(t + h) - Y(t) - (Z(t + h, t)Z(t f th h )ozt )~(), )

-Z(t+1h, t)-f Z(t, 77)B(v(?I), v(?))d77.
h ,

Taking the limit h - 0 we get due to the continuity results of the evolution operator Z(.,.)

obtained last chapter

Y+(t) = -[EA + vA 1 + Lu(t)]Y(t) - B(v(t),v(t))

Here Y+ (.) is the right derivative.

For v C C([O, T2);V) we have B(v,v) C C((O, T2);H) and Y G C([O, T2);V). Since A is

an isomorphism from V onto V', we have AY G C([0, T2); V') and [AI + Lu(t)]Y C

C([O, T2); H) due to the estimates on the trilinear form b(.,-, .). Hence we conclude that

the right derivative exists and Y+(-) E C(0, T2; V'). From this as before we conclude that

the strong derivative Y'(.) G C(0, T2; V'). Thus

Y'(t) + EAY(t) + vA 1Y(t) + Lu(t)Y(t) + B(v(t),v(t)) = 0,

which implies that Y(t) is a solution of Problem 4 with Y(O) = 0. This proves the Theorem.

The existence and uniqueness aspects of the solution can be established using the meth-

ods used in [9]. Here one shows that for a fixed time interval there exists a neighborhood

such that there is a unique solution for each initial data in this neighborhood. The time in-

tcrval can be taken to infinity by choosing this neighborhood sufficiently small. (However,

see remark.)

We will now establish an important result regarding the dependence of the solution on

the initial data. Let us rewrite Problem 5 in the form Y(v,vo) = 0. Here the map

C(0, T2 ;V) x V -4 C(0, T2; V)
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is defined by

(v,vo) = V - Z(t,O)Vo + M(v,v) , (3.15)

with
with M(v,)v) =Z(t,)B (v (7), (1))d.

Here the bilinear operator M(.,.) : C(0, T 2; V) 0 2  o C(O,T2; V) satisfies

M(O, w) M(w, O) = 0, V w G C(O, T2; V)

and Z(t,O) G £(V,V) for fixed t.

The following theorem is a consequence of the analytic version of the implicit function

theorem [51. Results of this type for the conventional Navier-Stokes system is given in

Sritharan [20].

Theorem 3.4 For fixed T* > 0 there exists a neighborhood of the origin B 26 C V such that

for vo E B 28, there exists a unique solution v e C(O,T*;V) to the problem 5. Moreover,

the dependence of v in the initial data vo is Frichet-analytic.

This means there exists a map

W(t,0;.) B 26 C V - B16 C C(, T';V)

such that v(t) = W(t,0; vo) and W(t,0; .) is F-analytic in this neighborhood. That is v(t)

can be written as a power series in the initial data in the following way:

v(t) M= W(t,O;vo) E n ,(Vo,.. ,vo;t). (3.16)
n>1

The n-linear maps

,,( ... : B In- Bib continously

This series representation converges in the neighborhood defined above. One can verify

easily that MI(vo; t) = Z(t,O)vo. We finally note that due to the uniqueness theorem,

W (t,0;vo)=W(t, t;W(t1,0;2vo)), for0< t . t < oo,
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and W(O,O;.) I.

If the basic flow field U(t) is T-periodic then

W(2T, O;vo) = W(T,O;W(T,O;vo))

and in general

W(nT, 0;.) W(T, 0;.)n, for n > 1. (3.17)

As noted earlier in the previous section, the Frech6t derivative of the solution map (DW)(t,

0; .) = Z(t, 0) satisfies a similar relationship as in (3.17).

Remark: The nonlinear semigroup characterized above is defind (when P = oo) only in

a neighborhood of the origin. However in [15] we have proved the global existence and

uniqueness of strong solution in V using other methods.

3.4 Local Invariant Manifold Theorem

Let the spectrum of the monodromy operator Z(T, O) E C(V; V) splits into two disjoint

sets cu and Cs such that or(Z(T, 0))= au u us and

bs = sup AIl < inf AI] = bu'. (3.18)
AEas ,Eau

Let Pu and Ps be the spectral projectors defined by the Dunford's integrals,

PU - 2 fr __ R ( A) ; Z ( T , 0)) ) d X

and Ps f R(A;Z(T,O))dA.an s-27ri ,s

Here R(A; Z(T, 0)) is the resolvent operator and Fu, Fs encircle cu, us respectively. Note

that Ps + Pu = I , PsPu = Pu Ps and Ps, Pu commute with Z(T, 0).

Theorem 3.5 (The invariant cone theorem) Let the basic flow be T-periodic in time

so that the solution map satisfies (3.17).

(i) If the spectrum of the monodromy operator Z(T,O) lies inside the unit disc (spectral

radius < 1) then the basic periodic solution is (locally) exponentially stable: there exists
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p > 0 such that Vvo E B"(0) C V, W(t,O;vo) , 0 exponentially in the norm of V.

(ii) Let the spectrum of Z(T,O) satisfy (3.18) with but < 1, then there exists a double cone

K c V and a ball B (O) c V such that Vvo C Bb(O) ni K\{0}, there exists n C )V for which

I'(nT,0; vo) 'v > 6. That is the basic solution is Lyapunov unstable. Here double cone is

defined by

K - {v c V such that IIPsv[jv < -jHPuvlv, - > 0}. (3.19)

Theorem 3.6 (The invariant manifold theorem) Let bs,bv < 1. Then in a neigh-

borhood B,(O) C V, there exists two unique, analytic manifolds Ms and All which are

respectively the graphs of the maps, Os : PsV -* PuV and Oq : PuV -+ P5 V. The maps

Os and Ou are analytic with,

1. - O(0) = OS (0) = 0;

2. DOU(0)= DOs(O) = 0 (tangency condition;)

3. manifolds Ms and Mu are locally invariant under the solution map W(T, 0;.)

W(T,O;MunB,(O)) CMu and W(T,O;MksnB,(O)) c As;

4. stable manifold Ms satisfies

Ms n B.(o) = {v , BT(O) F!!.h that Vn > 0, W(VnT,0; v) C B,(O)

and - 0 as n - oo};

5. Unstable manifold Mu satisfies,

Mu n B,(0) {v E B,(O) such that W(T, 0; .)nv is defined Vn < 0

and tends to zero as n -- > -oo};

6. if v V Ms then there exists 6 > 0 and p C N such that, jjW(pT, O;v)flv > 6;

23



7. dist(Mu,W(T,O;v)) < dist(Mu,v) for v c B,(O) (exponential attractive property

of the unstable manifold;)

8. dist(Ms,W(T,O;v)) > dist(Ms,v) for v C B,(O) (repelling property of the stable

manifold.)

Proofs of Theorem 3.5 and 3.6 are similar to those for the conventional Navier-Stokes

system and can be found in detail in [20].
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Chapter 4

Global Invariant Varieties (Inertial
Varieties)

Foias, Sell and Temam proposed in [6] the concept of inertial varieties for certain

class of semilinear evolution equations. In this section we will study the existence of such

global invariant varieties modelled on the invariant subspaces of A. These manifolds will

be invariant to the action of the W(t, 0, .). In section 4.5 we will extend the general theory

in 16] to analyze the regularity of the inertial manifolds. Let us first obtain certain overall

bounds for the solution in various norms and show that the dynamics is characterized

by a compact global attractor. The global manifolds to be constructed will contain this

attractor.

4.1 Overall Bounds for the Solutions

We can get a weak formulation from the system (2.1)-(2.4) by taking duality pairing

with w E V,

au
< au,w > +f(Au, Aw) + v(Vu,Vw) + b(uu, w) =< f,w > VwEV (4.1)

We will first consider the energy estimate by setting w = u and using the fact that

b(u, u, u) = 0,
1 d lul + ellull2 + vIVuj 2 =< f,u >. (4.2)
2 dt
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Using the Poincar6's Lemma [Vu 2 > tiliul2 and the fact IluH2' > igllu2 we get

d ul 2 IIf11dul' + (c,4 + 2vt~j)Jul <

Here we denote t/ as the smallest eigenvalue of Stokes operator A 1 . We then set a

epJ + 2vti 1 and pg2 = llfll2V, to obtain0 Cat

Ju(t) 2 < u()I 2e-t +pgo[1 -Pe-], a > 0. (4.3)

We note that in the case of Iu(x, 0) 1 > p0 , the energy estimate in (4.3) show that Iu(t) Iis

bounded by a monotone decreasing exponential funtion. On the other hand, if Ju(x,0)I <

p0, then Iu(x,t)l < p0 for Vt E R+ .Hence for any ball BR = {u(0) C H; Iu(0)l _ R}, there

is a ball Br, in H centered at origin with radius r0 > Pa such that
R2 - p2>In(,~ R .p (4.4)

W(t,0;BR) C B, for t > to(BR) n-n R p(o

The ball B,, is said to be exponentially absorbing and invariant [iO,11,6] under the

action of the map W(t, 0;-).

Let us now proceed to get other estimates. Notice that from energy estimate if u0 E BR

and t > to(BR), by integrating (4.2) from t to t + 1,

ft+1 IU12 1,d < E r 1 + llfll =1o. (45)

To prove uniform bounds on different norms we use the uniform Gronwall inequality [6,15]:

Lemma 4.1 (Uniform Gronwall Inequality) Let g, h, y be three positive locally inte-

grable functions for t* < t < +00 which satisfy

dy < gy + h V t > t and
dt -

ff+1t+1 
t+1

g(s)ds < a, , h(s)ds < a 2 , y(s)ds < a 3 ,

for all t > t*, where a, t 2 , af3 are positive constants. Then

y(t + 1) < (a 2 + a3 )exp(aj) , V t > tV. (4.6)
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Let us now suppose that f G H and set w = Au in (4.1),

2-I uIj'AuI 2 + iIVA 2uI <cilul"2flttflIAuI/ +1If I AuI.
2 dt

Here we have used the estimate in (2.10) for trilinear form b(u, u, Au). Using the Young's

inequality, we obtain the following differential inequality after dropping the positive term

i/IVA 2 U 12

+~ EIAuI cJU 2 11UIII + 21f (.7
dt E

We showed earlier that any solution will enter an absorbing ball B,0 in H for t > to(BR).

Thus

d IJJ2< C )II4+ 211f12
dlllI 1 (ro)lH +

This result together with the estimate (4.5) allows us to apply the uniform Gronwall

inequality with y = IJI2g = c'(r 2) 11U112 adh =2f . we get

IIU(t)112 < (cro + 2 ) exp (c' r 2 O), for t > Jo(BR) + 1,

where to(BR) is given in (4.4). This means that there exists an absorbing ball B,., of

radius rl in V such that all the solutions will enter this ball after certain time:

W (t, 0; BR) C B7 , for t> to(BR) + 1.

Since Br, is compact in H we conclude that W(t, 0;.-) maps bounded sets in H into compact

sets. Note that it follows from (4.7) that for t > to(BR) + 1,

fjtl Au12 dr < ![c'r 2r'+ 2 If12 a.(4.8)

Now, let us set w = A 2 U in (4. 1) to get

ld IAu 2 + EjIAu 112 < vjAuI IlAull + C21UI lJUll IlAull + 11f111 IlAull.
2 dt'

Since any solution will be absorbed by balls B70O and B7-, after time t > to(BR) + 1, this

becomes
d 12v2 1~u2 + 122(2)( 2) + 12 12.

dtlul E E E
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Hence, we can apply the uniform Gronwall inequality again to conclude that

12 . l 2iA-
Au(t)j2 < [a, + --(C2ror + 11f11l2)] exp( 2 ), for t > to(BR) + 2.

That is, there exists an absorbing ball B,2 of radius r2 in D(A) such that all the solutions

will enter this ball after time t > to(BR) + 2:

W(t, 0; BR) C B7,, for t > to(BR) + 2.

Note that

closure of U W(t, 0; BR)
t>to(BR)+l

is compact in H. Now, the compactness of the operators W(t, 0; .) in H implies that there

exists a compact attractor A which attracts every bounded sets in H. In fact, A is the

global attractor for the operators W(t, 0; -) and it is also the w-limit set of absorbing set

Br2, i.e. A = w(B,2). This means if we denote W(t, 0; B,) = B,(t) then

A= nl c kU Br2(-r))

Note that the global attractor A must be contained in the absorbing balls in H, V and

D(A):

A C Bo n B,, n B, 2.

In addition one can show that if W(t, 0; .) is injective then in A, W(t, 0; .) will be defined

for all t E R [19]. Such a result for 2-D conventional Navier-Stokes equations has been

proven by Ladyzhenskaya [10]. In the appendix we prove the time analyticity of the map

W(t, 0; .) which implies injectivity.

Remark: Note that if we assume f E H, then from the energy estimate we also get

d --.2 1__d U 2+ (2~ ,+ 1/71)lu 12 < V
dt 11

By setting a'= 2 ciz, + v7 and pO, = 2 f 2 we obtain

lU(t)12 < u(0)2e-.'t + p 2 [1 - e-t] a' > 0. (4.9)
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Notice that the above estimate is uniform in E. Let us denote W(t,0; B,.) = B,, (t) and

note that (4.9) implies that the absorbing ball B,,(t) will shrink as t increase. That is

B,(t 2) C B,,(tl), for t 2 > t1 .

Note that from energy estimate we can also deduce,

vI} dr < 1 Itr + - 0 fort> to(BRI).

Let us now set w = Alu in (4.1),

1 dIvul2 + EIVA 2UI2 + vLAiu 2 < CljUI1/2IVUj jAlu13/ 2 + If!!AiuI. (4.10)
2 dt-

In the above we have used the following estimate for trilinear form b(u, u, Aju) which is

valid only for n = 2:

Ib(u, u, Aiu) < cIlu1 21VuIAiu131/2.

Using the Young's inequality in (4.10) and then dropping positive terms cIVA 2U12 and

vjAiul2 , we get
d 4 IU12V-II +211f2I-I <_2  cIu--V-l

By applying the uniform Gronwall inequality again to obtain

IVu(t)I2 < (u0 + 21f12) exp(c' r" O0), for t > to(BR') + 1.
V10

Note that the estimate is again uniform in E. This means that there exists an absorbing

ball Br' in V* = {u E H'(Q); divu = 0} such that

W(t,O;BR') C B,,, for t > to(BR,) + 1.

Let us denote the global attractor A, as w-limit set of absorbing set B,,. This means if

we denote W(t,O;B,;) = Br(t) then

AN,_nl (U .()
O t>r
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Note that since W(t, 0;-) maps a bounded set in H into compact set in H, A, is compact

in I. (This is due to the compactness of embedding V* in H). All the estimates used

above are uniform in c. Such results will be useful in establishing the limit of A to the

attractor A* of the conventional Navier-Stokes equations as E --* 0. Special cases of such

limit solutions were established in [15].

4.2 Formulation of Inertial Varieties

Let us now consider the system (2.1)-(2.4) as an equation of evolution in Htilbert space

V:
+ Au + vAju + B(U) f, t >0,

dt (4.11)

u(O) = U0 C V.

In the sequel, we will assume f C H.

In the previous section we observed that although absorbing balls exists in H, V and

D(A) spaces, the positive invariance property can be established only for the H-ball B,0.

However, we are interested only in the dynamics in a neighborhood of the attractor. We

will thus devise a method to restrict our investigation to the dynamics inside the absorbing

ball B7,. We will use a smooth cut-off funtion 0 : R' -- [0,1] and 0, (r) = 0(r/r) such

that
0()= 1, for 0< <1

0( )=0, for >2

0'( )<2 for 0,

to modify the equation (4.11):

+ EAu + Or,(lul)R(u) = 0,

where R(u) = vAju + B(u,u) - f.

The absorbing property of this modified equation can be shown by taking inner product

with Au to (4.12). Let us consider the solution starting outside the ball B2 ,1 in V, i.e.
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1lull > 2rj. Then we obtain the following simple differential inequality since 0,,(llull) = 0

1d Hut1 + (fH + 7l7)JI,,1 <_ 1 lull2 + EIAu 2  + ,lVA 2ul2  = 0.
2 dt 2d

Here we have used the fact that g, tllull2 < Au 2 and ,7,lull 2 < IVA2uI'. This leads to

jju(t)l12 < Ilu(0)112e-0,  with / 2(fft1 + v771).

Notice that if Iiu(0)ll > r3 with r3 > 2rj, then the solution orbit will converge expo-

nentially to a ball B 3 of radius r3 . If 1lu(0)Jl <_ r3 , then solution orbit will stay inside the

ball B 3 and never leave this ball. That is, there exists an exponentially absorbing and

invariant ball Br 3 in V for this modified equation (4.12). In addition, from the definition

of the cut-off funtion 0, we have 0,,(lull) = 1 for ljull <- r, (i.e. u c Br,). This means that

the original equation (4.11) and the modified equation (4.12) are identical in the neigh-

borhood of the global attractor. Thus th,. the dynamics of (4.11) are exactly represented

by system (4.12) after a certain time.

We shall define the solution operator uo -* u(t) associated to the modified equation

(4.12) as Wm(t,0;.). The operator W,,(t,0;.) is defined for all t > 0 and all u0 E H.

The existence of the absorbing invariant ball Br 3 C V implies that Wm(t, 0; u0 ) E B 3 for

t > T,(uo) for any initial condition uO E V. We will thus construct the inertial variety

)M with a compact support in B 3. According to Foias, Sell and Temam [6], the formal

definition of inertial variety is as follows: A set t C V is called an inertial variety of

(4.12) if

1. .M is a finite dimensional Lipschitz manifold;

2. X, has a compact support and is invariant under the solution operator Wmn(t, 0;.),

i.e., W,(t, 0; M) C M for all t > 0;

3. all orbit. of the solution of equation (4.12) in V are attracted exponentially to .M.

Remarks:
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(a) We begin with this formal definition given in [6, and then study the smoothness of

such manifolds in section 4.5.

(b) Note that the condition 3 implies that A C .M. In fact, if UA C A, then since A is

its own w-limit set, for each t > 0, 3 VA C A such that utA W,(t, 0; vA). Now

dist (ua, .M) = dist (W, (t, 0; V), M))

< e-tdist(v, .M),

where a is a positive constant. Taking t - co, we conclude that dist(uA, .M) has to be

zero. Since .M n B is closed, we conclude that UA G M.

Let us now define p = PNU and q = QNU for u E V. By applying the projection PN and

QN to the equation (4.12) we obtain evolution equations for PNV and QNV respectively.

dpd- + cAp + PNF(U) 0, (4.13)
dt

dqd-+ eAq + QNF(U) =0, (4.14)

where

F(u) = 0,,(luI)R(u).

Let us construct .M as the graph of the Lipschitz function P : PNV -+ QNV with 4

belonging to the class Hbl defined below.

Definition 4.1 Let Hbl be the space of Lipschitz maps 1 from PNV into QNV which

satisfy

(i) IIlt(p)lI < b, b > 0, V PC€ PNV,

(it) [[I(p,) - 1(P2)H1 5 I jP1 - P211, Vp1,p 2 E PNV,

(iii) supp t C {p C PNV: JpJ < r 3}.

Note that ttb,L is complete with the metric

dist (V, ') -t - -11H,, = sup [14(p) - ,(P) 1.
PEPN V
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Let - E Hbj and po E PNV, then p(t) will be determined by the following initial value

problem: Ip+Ap+ PNF(p+ 1D(p)) =0

p= pt) -- pt; po) (4.15)

p(0) = P0
Let us first note that the modified nonlinear term F(u) is globally bounded and Lips-

chitz.

Lemma 4.2 For 0 G Hbj and P1 ,P 2 E PNV, we have

(i) IF(u)I < di, (4.16)

(ii) IF(u) - F(u 2) < d2 (1 + l)llp 1 - P21, (4.17)

where d 2 -= 2r-'d, + v + 4cor, and di = 21/r, + 4cor + fj.

Proof: (i): Note that we have the following estimates for A, and B(u, v)

IAjuj < Ill, V u c V. (4.18)

IB(u,v)l < collll IIvl, Vu,v G V. (4.19)

This gives

IF(u)I < o,,(luhI) [vlIAiu + IB(u, u)l + If 1]

< O', (hIuhI) [LI1U1I + coIIlUl 2 + Ifl]

< 2/r, + 4cor, + IfI = di, (4.20)

where d, is independent of time.

(ii) We write,

R(ui) - R(u 2) = vAj(uj - u2) + B(ul,u, - u2) + B(u1 - u2 ,u 2).

Using (4.18) and (4.19) we get

IR(ul) - R(u 2)I < vL[uI - U211 + cohlu1il I(U - U211 + COILI - U211 I*2,,l.
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That is,

JR(ui) - R(u 2 )f < (v" + CoIlulir + coiiu21I)Hu l- U211. (4.21)

Let us investigate

F(ul) - F(u 2) = 0,,1 ([jui)R(u,) - 8,j (flu2)R(u2)

for the following three cases.

1. 1IUliU, lLu2j > 2ri,

2. Iluill < 2r, < IlU21l or lU211 < 2r, < HUill,

3. IU1I , , JIU211 < 2r.

In the first case, since both 0, ,(I]",I) = 0 and Or(huI) 02 0 we have

F(u) - F(U2 ) = 0. Now if ljuill < 2r, : IU211 then since Or,(fU 2 1) = 0 we have F(u) -

F(u 2) (0., ([ujll)R(uj). Thus

IF(ul) - F(U2 )I ]0r,(flU11f) - Or(]l-L2 )l IR(uj)j

" 2r'1 1{*1{ - IU21l I lR(u,)j

" 2rj dillu, - U2 1l, (4.22)

where di = 21/r, + 4c 0rl + f 1. A similar result can be obtained for 1lU2 I1 < 2r, < Iuil}1. For

the last case we have

F(u,) - F(U2 ) = [On (l I11) - 0Y, (11lU2) ]R(ul) + 0rj (IIu211)[ R(ul) - R(u 2)].

From (4.21) and (4.22), we get

If(u,) - F(U 2)1 < { 2r-ld, + v + 4cor, } lu1 - u211

< d2flu1 - U21, (4.23)

with d2 = 2rj'd, + v + 4corl.
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Let us estimate

U1 - U2  Pl - P 2 + ["(PI) -"(P2)].

as,

1lU - U211 (1 + WI f P211-

Combining this with (4.23) gives

IF(u1) - F(u2)I : d2 (1 + ')11p 1 - P~2I-

El

In consequence of (4.17), we have

IPNF(pl + 4 (pl)) - PNF(P2 + D (P2))1 < d2(1 + 1)lp 1 - P2 1, Pl,P2 PNV

This means PNF is a mapping from PNV into PrH and satisfies global Lipschitz condition.

From a uniqueness theorem for evolution equations in finite dimensions [2,3], there exists

at most one solution p(t) = p(t; 4, po) for the Cauchy problem (4.15).

Let us now integrate (4.14) from C to t to get

q(t) = QNS(t - C)q(C) + QNS(t - r)QNF(u(r))dr.

Notice that (4.16) implies that QNF(p + 1(p)) is a bounded operator such that QNF

PNV -- QNH. Hence, there exists a unique solution q(t) = q(t; -b, po) that stays bounded

as -- -co. This can be seen as follows: from Lemma 3.3

JJQNS(t - C)q(5)11 <5 ,,/2N' + Co-tHQ St )q _f iN+( ) -- o a . -* -o.

Also it follows from (4.16) that

J JQNS(t - T)QNF(u(T))Ildr00
_ J QNS(t - r) IC(QNH;QNV) [QNF(u(r))Idr

00

" dJl - QNS(t - T)%I (QNH;q Nv)dr

" d1CgN+j for t G R. (4.24)
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We now take = -co

q(t) 0 J QNS(t - T)QNF(u(,r))dT. (4.25)

Here S( ) is the holomorphic semigroup generated by -EA described in section 3.1. Since

q(t) is continuous and bounded for all t C R, we choose t = 0 so that po C PNV will be

related to q(O) =- q(O;D,po) by

q(O) - QNS(-)QNF(U(T))dr.

We thus seek the (unique) uniformly bounded solution of (4.11) on (-0o,0] with u -

p + 1) (p). We will now define a mapping T: p0 -4 q(0) as

[T](p0 ) =- 0 QNS(-r)QNF(u(7))dr, ¢ E HbL, (4.26)

where u(r) = p(r; ,po) + -(p(r; ,po)). Notice that the condition that u = p0 + q(O)

belonging to M is equivalent to the existence of a fixed point for the map T:

q(O) = D(po) = TD(po), V po C PNV.

4.3 Inertial Manifold Theorem

We will establish the existence of inertial manifold using contraction mapping theorem.

For this purpose we must prove the following:

Lemma 4.3 For D E HbL, if 1/2 -12 > AN d 3 and I < 2 then the T maps Hbj into
, IN+l - --

itself:

T : Hb - Hbj,

where d3 = 2d 2 (1 + l)1-1 and I is the Lipschitz constant for 4D

Proof: We first note that,

Lemma 4.4 For c1 E Hb6 ,, we have

suppTt C C C PNV : IL~fl <r3 }, where r3 _ 2r1 .
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Proof: We need to show for jip011 > r 3 we have TI)(p 0 ) = 0 for all (I C ib,1. Notice that

tt PNP + QN'1(P) since Pk = PN and Q' = QN. Now A'/ 2 u : PNA 1/ 2p + QNA1 / 2
4(p)

since PN, QN commute with A 1 / 2. Thus, Ilul12 = pl 2 + !jI(p)112. Hence for 1pl > 2r, we

have Ilul > jjP > 2ri. This implies 0,(llull) = 0 for Ipl > 2r,.

Let us consider the initial point outside the ball B 3 such that Jlp0f > r3 > 2ri. We

can then find a time t such that ILp(t)]I > 2ri, for r < t < 0 and hence 0,(1luj ) = 0. Thus

(4.15) becomes, { p + eAp = 0

p(O) = p0.

By taking inner product with Ap for above system and using the fact Apt2 > illpl 2

we get

d '+ 2etI ~p 2 < 0.
dt

This gives us
}p(0)/ _< SIp(r)le " '1 _ 1l(r) 1, r < 0.

Since 11p011 > r 3 > 2r,, we have Ilp(r)lI > r3 > 2r 1 . This means that u(r) always stays

outside the ball B, for all r < 0. Therefore, 0,,(hju]]) = 0 for all r < 0. This gives us

F(u) = 0 and thus TO(po) = 0.

Dl

Let us show that T is globally bounded in V.

Lemma 4.5 If p0 G PNV, then (TDI(p 0 ) C QNV and

I TI(p 0 )[ < b,
1 , 1/2 ,- 1/2

with b = 2dije- 12N+i

Proof: From the definition of the map T it is obvious that T(po) C QNV and

ITZD(pO)j < o I QNS(-r)llC(Q,";QV) IQNF(u)Id.
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Recalling the estimate for HIQNS(-r)C(QNH;QNV) from Lemma 3.3 (with a 1/2) we

get

IIQNS(--)IC(QNH;QNv)dT < 2c- e-1/2,N1- (4.27)

It follows from (4.27) and (4.16) that

HTD(po)I < 2dc-le-1/21,IL 1/ b. (4.28)

El

Let us now prove the global Lipschitz continuity of the map [T-I](-).

Lemma 4.6 If
, 1/2

6 N = E(AN+I - AN) - d 2(1 + 1) M N > 0,

then for 4 E Hb, and for POI, P0 2 E PNV we have

11 [TD] (pol) - [TI](Po2)II ' 11Po1 - p0211, (4.29)

1 / - 1/2 UN N

with I' = d2 (1 + [1E-1 ' e - 1/ 2 exp 2(4.30)

and N- A N , N E + d2(1 + I)AN 1 .

IN+1

Proof: Let 4 be a fixed element in HbL. Let p, = p,(t) and P2 = P2(t) be two different

solutions of the initial value problem (4.15) with pl(0) PO, P2 (0) = P0 2 respectively.

d- + cAp + PNF(ul)= 0
dt (4.31)

Pi (0) = Pol

and
n dP2 

+ EAP2 + PNF(U2 ) =0
dt +E 2 (4.32)

P2 (0) = P02,

where u, = p1 + 4D(p,) and u2 = P2 + D(P2 ). By subtracting (4.32) from (4.31), we get

dpd- + EAp + PNF(ul) - PNF(U2 ) = 0, (4.33)
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where p(t) = p(t) - p 2 (t) and p(O) = Po - P02.

We take inner product of Ap with (4.33) and use estimate (4.17) to get

ldd 1jpll2 + EIAp12 < IPN[F(ul) - F(u 2)]I IAp
2 d

< d2 (1 + I) PII JApI.

By using the fact jAp1 2 < 1NIIpJI2 we obtain

1PIld > - [E4N + d2(1 + N) j 2] Ilv112,

which implies

dJPI +/tN N JJPII > 0, where N E+dd2(1 + /

This leads to

I1Pl(T) - p2 (r)I 1 IlPol - P02 l exp{--tNbNr}, Vr < 0. (4.34)

Now, using the Lipschitz condition on F(u) given in (4.17), we can estimate

ITI(pol ) - T-,(Po2)II-00 IQNS(--)IC(QNH;QNV)IQN[F(uI) - F(u 2)lldr

< d2(1 + 1) IIQNS(-T)Il(QNH;QNV)I P1() - P2 (r)lldr

By applying result (4.34) we get
r /2[ exp[CANr ]dr

IT4(po,) - TO(Po2)11 < d2 (1 + 1)HP 01 - p0211 xA ,+ exp[bNr7

+ (--)l/2f JT-1/2 
2 exp[ -NNT]dr},

--1 f /2cUZN+l

_ n, ,~/2Noeta

where 5N = E(MAN+X - AN) - d 2 (1 + ->1/2 Note that
1/= 2 oE ; N + , 1 1 / 24 .3 5)V I

1/2eNdr < e- - (E - ONN) - e 2,AN+1-- 00 -N+1'4.5

with 5N > 0 and aN = A.N/IAN+1. Also
f1 -, -,0-12/2A-1/2 'v1

2e) ] 1/ 2 PN+ 1 Ir -/2 Me--NA N dr < C e I /N+1 e 2, (4.36)
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We thus get,

Tt(pol) - Tt(p0 2) < 1' HPoi - P0211,

with

1' d2 (1 + 1 ' NN) e" exp 2E

Now in order for the transform T to map Hb, into itself,- we must have I' < 1. An

elementary calculation shows that sufficient conditions for P < are
1/2

-ld 3  i - N+I' with d3 = 2d 2(1 + 1)1-' and
1/2 -1/2

Ea1 2 + d3 pN+ , with I < 2.

Combining above two results,
1l/2 ,1/2
N+ - AN > E-ld3 , with d3 = 2d 2(1 + 1)1- 1 and I < 2.

1/2

Lemma 4.7 For qt e Hb,g, if N+l E d 4 and I < 2 then the transform T is a strict

contraction on Hbj. Here d4 = 2d 2 (2e - 1/2 + 1).

Proof: We will first show that for "D 1, 4D2 E Hbj and po E PNV,

11 [T4I(P0) - T'02(Po)] 11 L j1 - 0211"

Consider two elements 01 and 02 in Hb.1. We take ul = p1+01(p1) and U2 = P2 +02(P 2)

with same initial condition po. Then analogous to (4.33) we get

dp+ cAp + PNF(,,I) - PNF(U2) = 0

p(0) = 0.

By taking inner product with Ap and again using the fact jAp12 < 1NpJ12 we get
d . /2 14
-Hpll + N&JNNIPI H- -2 N -

p(O) = 0,
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where N = f + d2 (1 + 1)AN1/2 > f. This gives us

H[1 (r) - p2 (r)fl _ _.2 N/2 fi - t2 11 exp{-pgAN NT}. (4.37)E

In addition, we have

u1 - U211 < (1 + ')llv - P211 + lIDI - t21H. b,.

Thus combining with (4.23) we get

IF(ui) - F(u 2)I < d2 [(1 + 1) Ip1 - P2 1 + II'1 - '2l1 ]" (4.38)

This gives

IIT~I(po) - Tt 2(po)l _

d2 fo IIQNS(--)IcCN(QH;QNV)[ (1 + 1) 11p(r) - P2(r)I + I11- 2 ]dr.

By applying the estimate (4.37) we get

TI(po) - T 2(p0 )II _<

d2 lli - 't211 IIQNS(-r)jCQNHQNV)[1 + d2 A/2(1 + l)e--NNr]dT"

_ 00

From (4.27), (4.35) and (4.36), we finally get
S9 -/2 - 1/2 121

IT-l(po) - Tt 2(P0 )II < -1 d2 ( 2e-1 AN+ + -/2')1 -+N2

=L I11 - 4N11,

where I' is given in (4.30).

In order for T to be a strict contraction we must have L < 1. Let us choose

=,,1/2A--1/2 -/

L d2 c-(2e- N+ + 1/2 1') 2 .

Since 1' < 1 and _2 i 1/2 a sufficient condition for L < 1/2 is

1/2 > ld 4  with d4 = 2d 2 (2e - 1/2 + 1) and 1 < 2.
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Let us now establish the existence of the inertial manifold for (4.12).

Theorem 4.1 Let D C Hb,L with 0 < I < 1 and b be given in (4.28). Let N* be given and

for R = r 3 + b, along with 0 < -y < 1 - 1, there exist constants d3 , d4 depending only on

1, rl, v, f and Ql such that the following three conditions are satisfied:

(i) N > N';
(ii) A'/2 > E-ld,

#N+ 1 -4

(iii) 1/2 1/2 > Cld
k"') IN+l - AN - 3.

Then the transform T has a fixed point 4 E Hb,,. The manifold .M defined by the graph of

is an inertial manifold for (4.12).

Proof: From Lemma 4.3 and Lemma 4.7, we see that the transform T maps Hb, into

itself and is a strict contraction. Thus there exists a unique fixed point V E Hb., such that

TV" = -* by the contraction mapping theorem.

We note here that by construction the manifold M is invariant to the action of the

nonlinear evolution operator Wm(t, 0; .). To see this we first write the relationship T*

(I * as

() f QNS(-r)QNF(u(r; *p))d (4.39)

with u(r, po) = p(r; D,po) + *(p(r; *,po)).

Let p(t) = p(t;,O*,po) be the solution of (4.15) that is defined for all t E R. Then we

need to show that q(t) = '*(p(t)) is a solution of (4.14). Let us consider D*(p(t)) and

using the fact u(T, p(t)) = u(r, W,(t, 0; po)) = u(7 + t; po) to get

0= - QNS(-r)QNF(u(r,p(t)))dr
00f_0

= - f QNS(-)QNF(U(r + t,po))dr
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By setting r = 77 - t and from (4.24), (4.25) one has

(P(O) J - QNS(t - 17)QNF(tipo))d7, for all t G R.

By making use of Leibnitz rule formally, we find that

d-(t) + EAQN[ - t QNS(t - r7)QNF(U(?, po))dr]J + QNF(u(t, po)) = 0.
dt 00

This gives
d *(t) + EAQN4*(p(t)) + QNF(p(t) + -1)*(p(t))) = 0

dt

Clearly, we see that (p(t), ,*(p(t))) is a solution of (4.13), (4.14). Hence u(t) is a solution

of (4.12) with q(t) = D*(p(t)). This proves the invariance property W,(t,0; .M) C M.

We shall now establish exponential attractive property of the manifold M. Let us recall

a theorem on the squeezing property of solution orbits [15].

Theorem 4.2 Let W,(t,O;uo) and W,(t,0;vo) be two solution of (4.12) with Uo, Vo E

BR C V. Then there exist constants C 1, C2 depending only on R, T, f,

E, v, -y and Q such that for every - > 0 and every t G [0, T], we have either

IQN[(Wm(t, 0; uo) - Wm(t, 0; Vo)]fl IIPN[Wm(t, 0; uo) - Wm(t, 0; vo)]I1

or

II Wm(t, 0; uo) - Wm(t, O; vo)I < C, exp(-C 2 E AN+It)IIUo - VoIf (4.40)

for every N > 1.

We will now show that this property implies that the manifold M be globally exponen-

tial attracting. For convenience we choose N* such that

2C2 6 to
- log(2C1)

This gives

fIQN[ Wm(t,O; Uo) - Wm(t,O; vo)IHI <_ I IIPN[W,,(t,O; uo) - W,(t,O; vo)]HI (4.41)
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and

IIWm(t,O;tuo) - W,(t,o;vo)l! ___ 1 fluo - voll (4.42)

for to < t < 2to.

Let us denote the distance between any point w in the absorbing ball Br3 in V and the

manifold M by

dist(w, Mv) = inf{Iiw - vi: v E .M}.

Let vo C .M so that vo = PNvo + D(PNvo) and that iluo - voll = dist(uo, .M). Moreover, it

can be shown that IiPNvoi r 3 for vo E .M. Hence for -' E Hb~r, it follows at once that

Ilvoll < iIPNvoll + ii't(PNvo)ii < r3 + b.

hence we can choose R = r 3 + b such that Uo, vo G BR. Let us now apply the squeezing

property stated above. We shall first establish the attracting property in to < r < 2to

using either one of conditions (4.41),(4.42).

Using (4.42), we get

dist(W,(t, 0; uo), .M) < iiWm(t, O; uo) - W.(t,o; vo) i
11_ 1 lluo - Voll =-- dist (Uo, M).

22

Note that vo will always stay on the manifold for to < r < 2to.

Let us consider a point u(t) which has evolved from uo E BR. That is u(t) =

W,,(t,O;uo). Then there is a point on the manifold .M which can be represented as

v PNW,(t, 0; uo) + 4t(PN W,(t, 0; uo)). It follows from (4.41) that

dist(Wm.(t, 0; uo), M) < IiWm(t, 0; UO) - v'ii

< IIQNW.(t, 0; Uo) - "D(PNWm.(t, 0; uo)) ii

< iiQNWm(t, 0; Uo) - QNWm,(t, 0; vo)i1

+ II D(PN W.m(t, O; Vo)) - 4t(PNW,.(t, 0; UO)) I[.
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Since M is invariant to the action of W,,.(t, 0; .), we have QNW,,(t, 0; Vo) -(PNW,(t, 0; Vo)).

Note that we also have

II6(PNW.(t, 0; Vo)) - 'D(PNW.(t, 0; Uo)) I

< 1 IIPNW.(t, 0; Vo) - PNW,(t, 0; Uo)jj.

From this it follows that

dist(W. (t, 0; Uo), .M) _ (I + 1) IIPN W.,(t, 0; VO) - PNWm(t, o; uo)I

(7 + 1) 11 Wm(t, 0; Vo) - W'm(t, 0; uo) I11< 1I[Uo- VoI = dist(uo, M).
2 2

Here note that A.N _ AN+1 and -y + 1 < 1.

From the semigroup property of Wm(t, 0; .), we can deduce that

dist(W ,(tO;uo),M ) <_ 'dist(uo, M).

Suppose we write t = nr with to r < 2to, then

dist (W,,,(t,0; uo), M) <_ e- 2o dist(u0, M).

This means that

dist(W,,(t, 0; u 0), .M) - 0 exponentially, as t --* oo.

4.4 Spectral Growth Rate

Let us now discuss the spectral gap condition for operatorA. As established in the

previous sections, a sufficient condition for the existence of inertial manifold is

1/2 _1/2> (4.43)
AN+ - N - C4 3 , 4.3

for each c > 0.

45



Let us consider the following two eigenvalue problems:

(4.44)

and

V. 0= (4.45)

0130 = 0, A'Olan = 0

The eigenvalues VN of (4.44) can be obtained by the minimization problem:

IdN inf (Au,Au) Au uE ,
UEMk_, (uU) UEMj_, lul

where V = {u E H 2 (2),Ulan = 0} and MN-1 = span{(l,-.. ,VkNI}. Similarly, for

eigenvalues jLN of (4.45), we minimize the Rayleigh quotient with u restricted to the space

V. Since V is a subspace of V , by First Monotonicity Principle [22] we can conclude

AN > N.

It can be shown that the growth rate of the eigenvalues V-N of (-A)2 for an arbitrary

smooth bounded domain fl C R ' are [4,17]

L'N - 167r4  as N --+ oo.

Here V is the volume of 1 and Bn is the volume of the unit ball in R . Since MLN > t N,

we also have

AN -C N 4/ n  as N -* oo.

Here tN is eigenvalues of dissipation operator A = PH(-A) 2 and n is the space dimension.

In particular, for space dimension n = 2, we have AN -c N . It is easy to see that for

sufficient large N we get

1/2 1/2.MN+1 - MN

d3
This indicates that there exists an inertial manifold only for C > d instead of each c > 0.

Notice that if eigenvalues MN - c N2+' as N --+ oo, then the large spectral gap condition
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in (4.43) is satified for every c > 0. This will be true if A = PH(-A)2 , b > 0. Hence the

dissipation operator A associated with regularized Navier-Stokes equations in arbitrary

two dimensional domains, the spectral gap condition is marginal. However the spectral

gap condition for A is satisfied for the following case.

Let us consider problem (4.45) with periodic boundary conditions. Using Fourier series

we get the eigenvalues as
167r 4  

4Li67-- /, with k= (k,"-,k,,).

In particular, for n = 2 we have

1 6 7 r 4  
2 2 2

, -4 (k1 + k2) 2 .

Lt us now set S(k,,k 2) = k + k , thus I'(k1 ,k 2 ) = ckk 2 ) with c = 167r4/L 4 . According to

magnitude of S(k,,k,), we can rewrite S(k,,k 2 ) in a sequence as S1 < S 2 < ... and this will

establish an ordering of the eigenvalues as t < A2 < " ' with AtN =c S 2 . Since SN is sum

of two squares, we can apply a number theoretic result by Richards [18]:

1/2 1/2 = 1
'N+1 -- N =c l/(SN+1 - SN) > - log SN as N -* oo.

4

Here we note that when fl is periodic, A has a zero eigenvalue. Hence, in order for the

earlier theories to apply we should modify A by A + f, 0 > 0.

4.5 Regularity of Inertial Varieties

In this section we will study the regularity properties of inertial manifolds M. We will

obtain a sufficient condition for the inertial variety to be C 1 . We will prove in particular

that once the existence of inertial variety is established then higher dimensional manifolds

are automatically C'.

Definition 4.2 Let H 1 be the subspace of HbL and satisfy:

(i) lD- (P)jC(PNV;QNV) < bl, b1 >0, VpE PNV,

(ii) lO4(pl) - D4 (P2)1C(PV;QV) < llllPl - P2fl, VPlP 2 C PNV.
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Note that H' is complete [12] with the metric

dist(' , ') = sup 1[ (p) -- '(p)[.
PEPN V

In the Lemma 4.2 we established the global boundedness and Lipschitz continuity for

the modified nonlinear term F(u). We will now show similar properties for the Fr6chet

derivative [DF](u).

Lemma 4.8 For - E Hb, and P1 ,P 2 E PNV, we have

(i) I [DF](u) hi < Kl1h H, for fixed u E V; V h E V. (4.46)

(ii) [DF](ul) hj - [DF](U2) h2

< (1 + 1)(K 2 hillh + coflh 2 H) H1P1 - P211 + K[1h, - h 2 11,

VU1 ,U 2 e V; Vh l ,h 2 E V. (4.47)

Proof: (i) Note that the Fr6chet derivative [DR](u) of R(u) is

[DR](u) h =vAh + B(u,h) + B(h,u) for fixed u E V. (4.48)

From (4.18) and (4.19), we get

I [DR](u) hi < vjAhl + IB(u,h)I + IB(h,u)I

< (v + 2collull) IlhH.

This gives

I [DF](u) hi < O,,(iiuj) I [DR](u) hi

< (V + 4corl)Ilhil, Vh C V.

Thus for fixed u E V, 11 [DF](u) 1rC(V;H) < K1 with K, = t + 4corl.

(ii) For any hl, h2 E V, We have from (4.48),

[DRI(uI) h, - [DRI(u 2) h 2 = vA,(h, - h2) + B(ul - U 2 , hi)

+B(u 2 , hl - h 2) + B(hl - h 2 ul) + B(h 2 ,U 1 - u 2 ).
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It follows from (4.18), (4.19) that

[DR](ul) h, - [DR](u 2) h 2l

< (V + ColU2 1 + coluill) IIh - h2 11 + co(flh 1 1 + Hh2 11) llu - U2.11

Now, let us consider

[DF](ul) hi - [DF](u 2 ) h2 = 0,, (flujl)[DR(uj) hi - 0, (llu, II)[DRJ(u 2 ) h2,

for the following three cases. First suppose that uill, flu 2 11 > 2rj, then we immediately

have [DF](ul) hi - [DF](u 2) h 2 = 0. If fluifi < 2r,_ < ,uz!2, then 0r(Hu 2 1, ) =-0. This gives

,I(DF](ul) h, - (DF](u2 ) h2 1 ' (7 (l1ul1) - 0,.(1lu2 l)11 [DR](u,) h,

< 2r-'K ilu- U211 1hill.

For the case 1lu 1 11, Ilu2 1l < 2r1 , we have

S[D!(u 1) hI - [DF1(U2 ) h21

10,% (0(u l) - 0, (1u211)1 I[DR](u1 ) hi1

+07,,(IuH) I [DR](ul) hi - [DRI(u 2) h2 l

< [(2r,'1K, + eo)flhjfl + coflh 2fl] HIu - u2 l + K 1Ih, - h2 1j.

Combining these results gives,

I [DF](,,,) h, - [DF](u 2 ) h2 l

< (KHhllfl + cojh 2I ) JlJU - u21l + K1Clh, - h 2 11, (4.49)

with K 2 = 2r-i K1 + co.

Writing u 1 -u 2 = pl-p 2+[I(pJ -'c(P2)] for - E Hbj, we get Iu-u2[ < (l )p 1 -p 2 i.

Hence, for any hl, h2 e V, (4.49) becomes

I [DF](ul) hi - [DFI(u2 ) h2 j

< (1 + l)(K11hill + collh 2 1l) 11p, - P211 + K 1 11h, - h2 jl,

49



In order to prove the existence of finite dimensional C' variety M using contraction

mapping theorem, we establish the

1/2 .1/2> E-Lemma 4.9 For 4 E HbJ, if jN+ -g AN > '-lK7, 'N+1 - A2N e 2 K 6 and I < 2 then T

maps Hb' into itself:
T: :H H-H

b,1 -- b,1

where K7 = max{d 3 , K 3 , K 5 } and K 6 = KK 4 (1 + bl).

Proof: Let us first show that D(Tt)(po) is globally bounded in £(PNV;QNV) with

respect to po E PNV.

Lemma 4.10 If 4 E H,1 and po E PNV, then [D(T4)](po) E £(PNV;QNV). Moreover,
. /2

if 61N = E('N+I - AN) - K1(1 + >)pN > 0 then we have

Jj[D(T't)](po)I11C(PNV;QNV) :_ Ml)

where M, = Kj(1 + bl)- 1/2 [- 1 + (E _ N lN)-l e1/ 2 exp 2cN n

6N = E + K,(1 + b) pN1 /2

Proof: From the definition of T4(po) in (4.26), we have Vh E PNV

[D(Tt)](p0 )h f - QNS(-r)QN[DF](u) o (I + [DI](p)) o [Dp](p 0)h dr.

Note that from Lemma 4.5, we have (Tt)(po)E QNV. This means (T)(.) is a nonlinear

mapping from PNV into QNV. Hence the Fr6chet derivative, [D(T)](p0 ) G 1(PNV; QNV)

for fixed po G PNV. By the definition of [D(T)](po) given above, such result can be

shown as follows: Note that p(t) =- p(t; 0, po) implies p(.) : PNV -+ PNV. Thus Fr6chet

derivative of p(t) at p0 is [Dp(po) E C(PNV;PNV). Now note that D(.) : PNV -- QNV

implies [D-[(p) C L (PNV;QNV). We get

[Dp](po) + [DtI(p) o [Dp](po) e C(PNV;V).
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Since F(.) maps V into H, we obtain [DF](u) r C(V;H). Consequently, we have

QN[DF](u) E £(V;QNH). Combining all the above results:

QN[DF](u) o(1 + [D~](p)) o [Dp](po) E C(PNV;QNH).

Recalling the pro,.erties of the holomorphic semigroup S(-r) described in section 3.1, we

have QNS(-T)(.) : QNH -+ QNV. Hence D[T-](po) G C(PNV;QNV).

Let us now set 0 = (I + [DIO(p)) o [Dp](po)h E V, then we get

Hj[D(T4)](po)hI < J IIQNS(-r)IC(QNH;QNv)IQN[DF](u)OI dr. (4.50)

First we need to estimate IQN[DF](u)01. Since 0 G V, we have from (4.46) and the

estimate 1[DI[D (p) 1IC(pV;QNV ) < bi,

I [DF!(u), < K1 1 (1 + [DJ(p)) o [Dpj(po)hjj

< K1 (1 + b1 ) 11 [Dp](po)hI.

Let us consider g = [Dp}(pG)h E PNV, for h E PNV. Taking the Fr6chet derivative

with respect to p0 in the following evolution equation

pt + EAp + PNF(U) = 0

PWt --P(t; DP0),

we obtain
gt + cAg + PN[DFI(u)1 = 0

O h( 
4 .5 1 )

Taking inner product with Ag for (4.51) to get

ld
2dtl91 + c[Agl 2 < Kd(1 + b1)J~gll IAgi.

Then, by using the fact that jAg[ 2 5 AN11911' we obtain
d

1101 - jj _ -,'CAN + K 1 (1 + b)u l 2.

This implies

d 1 1+ N6lg1 ? 0, where c + KI(1 + b)ju-1 /2
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Integrating from r to 0 gives

Jjg(r)jI < g(O)]jexp{-sNg T }

< IlhII exp{-tN 1Nr}, V T < 0. (4.52)

Consequently, we have

I [DF](u)i < Kj(1 + bj)jh[jexp{-N yr}, VfI r <0 . (4.53)

By applying result (4.53) in (4.50) we obtain

I[D(T<D)](po)hII Kj(1 + bl)IHhHj 0 IIQNS(--T)II(QNH;QNv)e -INd r

Kj(1 + bj)IIhII {p 1/2 12CN+1 65N d
( ) 1/2 -1

+ Ih 1/2{N+-

Note that here we have similar estimates as in (4.35), (4.36). i.e.

1/2 12qLN + 1/2 L-112 (E- - 1 ' IN
AN+ eo T6NdT < e- UN+I

with 6  N E(gN+I - AUN) - KI(1 + bj)4/2, UN = N/zN+ and

T)1/2I~I~d _ 
1 -1/2 - 1/2 UNCIN

I N/2cN+ -- e N+I exp 2c

We then have

II[D(T,)](po)hl < M, LhII, Vh C PNV,

with M, = K,(1 + bl)g 1 2 [E-' + (E - UN IN)-] e - 2 exp 2 Thus

11 D(T-')Il (PO)ICpNv;QNV) < MI.

Let us now prove the global Lipschitz continuity of map [D(T-I)](.). Note that here

[D(T0)](.) defines an operator valued map PNV -4 L(PNV;QNV).

52



Lemma 4.11 C 6N LIEtN+1 - IAN( IN + N) > 0 then for 4 G H', and po1 , po2 C PNV

we have

[D(TD)](pO) - [D(TD)](P 0 2 )11r(PNV;QNV) - lIlPoI - P ,

with

1 C3 [ + + Kj(I +b) N

x {/N+ [- ' + (E-N(N + 1/ 2 exp rN(IN+ N)

Proof: Let (P be a fixed element in H 1L. Let p,(t) and p2(t) be two different solutions

of (4.15) with pl(0) = Poi and p2(0) = P02 respectively. Let us first consider the term

I[DF](ui),b - [DF](u 2)0 21, from (4.47) we have

[DF](ul) 0, - [DF](U2 ) 021

< (1 + 1)(K 2l11kli + CoIl211) IP1 - P211 + Kifli/' - 0211, (4.54)

with 1 = (I + [D4](pj) o [Dpj](poj)h C V and 2 = (I + [D](p 2)) o [Dp 2](po2)h E V,

V h C PNV. By setting g, = [Dp1 ](poj)h E PNV and 9 2 = [Dp 2](pP2)h E PNV, we

immediately have

II01ll (1 + bl)1g,11 (4.55)

and 1102l- (1 + bl) g2 l. (4.56)

Since 0 - 2 (g1 - g 2 ) + ([D4Ij(pj)gj -[DI)](P2)g2),

IIIP - /211 - 11g1 - g211 + 11 [D4,](p 1 )g - [DeDJ(P2)g211,

where

I [DOj(pj)gj - [D4a](p 2)g211

11 H [Dt](pj)(gj - 92)11 + 11 ([D-I(pi) - [DID](p 2))g92 1

- buIhg, - 92 11 + lIllpI - p 2111 19211.
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This gives

I11 - 0'2 1 -< (1 + b1 )llgj - g11l + l'11p - P21 11g 2 11. (4.57)

By applying (4.55), (4.56) and substituting (4.57) into (4.54) we get

I[DF](u1 ) 01 - [DF](u 2 ) 1021

< (c1 11g1 1 + c2 11g2 11) IP, - P2 11 + Kj(1 + bj)Hjgj - g2 11,

where cl = K 2 (1 + 1)(1 + bl), c 2  cO(1 + )(1 + bl) + K111. From (4.52), note that we also

have the following estimates:

jjg 1 (T) _< exp{-UN IN'} IHhl, VT < 0;

1192(')ll < exp{-LNe1Nr} 1lhH, Vr < 0;

IIpi(r) - pI(T)I < exp{-N Nrj}pO1 - poS1 V T < 0.

Now, we need to estimate 1g 1-g 2 1. Let us consider the following two evolutionary problems

for gl(t) and g2 (t) respectively:

ilt + cAg I + PN[DF](ul)ij = 0
(4.58)

7 1() = h, Vh E PV,

and { g, + cAg 2 + PN[DF(u 2 )102 = 0
(4.59)

9 2(o) = h, Vh E PNV,

with u, = Pi + (p) and U2 = P2 + C(P2). By subtracting (4.59) from (4.58), we get

(gt + EAg + PN[DF](ul)Ol - PN[DF](u2 )l 2 = 0 (4.60)

gt) = g1(t) - 2 (t), (0) = 0.

Taking inner product of Ag with (4.60) to get

1ld 2
ld[gII2 + cAg12

I [DF](ui) tPi - [DF](u 2 ) '21 [Ag[

<- [Cl3 pol - P0211 Ilhl e-IAN(fIN+fN)t + K1(1 + bj)Ijgj] /I'A21glI,
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which implies

+~~~ P f ~- 02 11 H1hfl,

with C3 =C1 + C2 . This leads to

1191(r) - g2(r)HI - N3*~/2l - P02 11exp - AN ( N + &N)r}Hh I Vi T <0.

Hence,

[DF] (ui) 0, - [DFI (U2) 0/21

<- C3 [i + KI(1 + bj)EG1,.L1 2]I e-AN(flN+CN)t 1PO1 - P021 11~j (4.61)

From (4.61), we obtain

11 [D(T-4)](p 0 1 )h - [D(T-1)(P 02)hjj

< 11 HQNS(-T) 1 e(QNH;QV) I [DF] (ul) 01 -- [DF] (U2) tk2 1

- C3 11 + K1 (1 + bl)E-1 A /2 ] H1PO1 - P02 11 H1h~

X f HIQNS(-r) £I(QNH;QN V)e-AN(RN +eN )r dr,

where

J IHQNS (-)IC(QN H;QN V)e -N( N+CN)T dr

1/2 ( (N~ + eN) e 1 /2 exp CN( lN + eN)

< N1I+ (- NI+ 2E

with fA~ =EN+1 - I'N( 1N + &N) > 0. Finally, we get

11 [D(T-1fl(p 0 1 )h - [(DD')I(P02)hjj 5 1~I1  - P02 fifhfj, V h EPNV,

with

C3 [1 + Kj(1 + bi)E-1 A -N /2 ]

--1/2 F- 1 i. .y-]-1/2~... UN(elVN+ eN)
X I #N+1 If + (E - CN( 1N + &))NJ ] e- ex 2c

Thus,

[1 D(T4t)](p0 1 ) - [D(T4)](P 2 )1C(P1V;QNV) 11 PO1 - P21
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Now in order for the transform T to map H' into itself, along with the hypotheses in

Lemma 4.3 we must also have M1 - b, and l < 11. An elementary calculation as before

show that a sufficient condition for M 1 < b, is

1/2 ,1/2 wh-
N+l- AN >-- K 3, with K 3 = 2K 1 (1 + bl)b 1

,  (4.62)

and for l < ll is

1/2 1/2 > C'K 5 , withKsz=max{K4 ,K(1+bi)±d2 (1+l)}
'N+1 - AN - 4, with +2

(4.63)

1N+1 - AN > 2K 6 , with K 6 = K 1 K 4(1 + b1), K 4 = 4c 3
1.

Combining above results (4.62), (4.63) with the hypotheses in Lemma 4.3 we get{ 1/2 1/2
'N+1 N > C1K7 , with K 7  max{d 3, K 3, K5}

IN+1 - AN > E 2 K 6 .

El

In previous section, we have proven that T is a strict contraction map on HbL. Since

Hb is a closed subspace of Hbl, this immediately implies that T is also a strict contraction

on Hb1 . Together with the Lemmas proved above, we can conclude that there exists a

unique fixed point 4* E H 1 such that T-(D* = V* by the contraction mapping theorem.

Hence we have the following theorem:

Theorem 4.3 Let 4 G HJ1 and with the hypotheses be given in Theorem 4.1. There

exist constants d4, K 6, K 7 depending only on l, 11, bl, rl, v, f and f such that the following

conditions are satisfied:

(i) N > N';

(iii) /, /2 > 2 E --K
/N+1 - 4

(iii) tz'+ - AN > EC'K 7 ;

(iv) AN+1 - A'N > E-'K 6.
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Then the tranform T has a fixed point - E H'L. The finite dimensional C' manifold M

defined by the graph of D is an inertial manifold for (4.12).

Let us now compare the spectral gap conditions for Theorem 4.1 and Theorem 4.3.

Notice that for a fixed e > 0 there exist infinitely many choices of N such that the conditions

in Theorem 4.1 are satisfied. Let us assume now that No is the smallest number for which

the conditions in Theorem 4.1 are satisfied. Now, for the existence of a C' inertial manifold,

additional conditions (iii) and (iv) in Theorem 4.3 are needed. Note that condition (iv) in

Theorem 4.3 can be written as

1/21 1/ M (1/2 1/

(AN/2 -A/) (AN+1 + 1/2) 6.

Since AN+1 - AN, we obtain

1/2 1/2 >( K 6
AN+1 - AN - 1/2 "

NE 2 N+1

For a fixed E > 0 and every N > No, we have

1/2, 12> (K 6 ) 1 (K 6 e

1/2 22w h/2fNo-t1

MN+1 N - 8  K8  max{~NK 71

1/2 1/2 K6

N+1 - 'K 8 .

Such result implies that the higher dimensional inertial manifolds are automatically C'.
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Appendix A

Time Analyticity of Strong Solution

In this section we will show the time analyticity of the strong solution using a method

introduced in [21] for the conventional Navier-Stokes equations. Let us first recall an

existence thporerm provided in 151] ' r the evolutionary equation of (4.11).

Theorem A.1 Let n < 6 and uo E V, f E L'(O,T;H) be given. Then there exists a

unique solution of problem (4.11), which satisfies u C L 2(O, T; D(A)) n C([O, T]; V) and

u' E L 2(O, T; H).

Let us denote C as the complex plane and HC, VC, D(Ac) be respectively the com-

plexification of the spaces H, V, D(A).

Theorem A.2 Let f be an Hc-holomorphic function on D (a neighborhood of the positive

real axis R+) and is bounded from D into HC. Then, the unique solution u in Theorem

A.1 is an Hc-holomorphic function in a neighborhood of the positive real axis.

Proof : By considering projection of (4.11) in PNHC we get the complex differential

system

dUN () + EAUN() + vPNAlUN() + PNB(uN(),uN()) = PNI (A.1)
d

UN(O) = PNUO. (A.2)
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The above system is equivalent to a finite system of complex ordinary differential equations.

Such a system has a unique solution tLN( ) which is holomorphic in a neighborhood of the

origin [3, Theorem 8.1, Chapter 1]. Let us now obtain an estimate on the size of this

neighborhood in the c-plane.

By taking inner product of (A.1) with AUN( ), we get

I-d-IIUN(se)j + E cos0jAuN(se6) 2 +F V cos0IVA2 LN(Se') 12

=:-Re{e16(B(UN(seB), UN(se")), AUN(se"))} + Re{e"(f, AUN(se'6))}. (A.3)

The rilght hand side of above equation has following estimates:

2 I(f, AUN(se"0 ))~ I 2 If I AUN(se 6 ) I

< o 0 JALN 12 + 2 IfI 2.
- 2 1ECos 0

The estimate for trilinear term of real case in (2.10) can be extended to the complex case

V u E Vc, v c D(Ac) w C IHc.

This gives us

2 J(B(UN(.se'),UtN(sete)), AUN(Se'))l

< 2c' 1sei)1/2 u(.e) 1uvs')3/2

1E Cos 0 JAuN(sej6) 12 + C'2 4U(ei)1 IU~e)1
2 (COS 0)3

E Cos '0 (Cs 0)IUN(se 0) 116.

Thus equation (A.3) becomes

djIUN(Se) 1i + c os 0JAUN(se'6) 12 + 2Lucos0JVA 2UN(se'*) 12

iE os (CoO )3 HU(C



We can drop positive terms EcosOAUN(Seo)I and vcos 0VA 2UN(ei8)12 to obtain a dif-

ferential inequality,

dIUN,(Se,0)12 < 2 2+

ds 2 cos" (coS )3
1 1uN(se)lI

- e (cos[0) [ + juN(se") l1] , (A.4)

where c' = max(c',21f I./c) and ifjo 1f.ifL (O,T;HC). Then, by integrating the differential

inequality (A.4) from 0 to s we get

lIUN(se")l <_ 1 + 2 juofl 2

with

0 < s < a(cos) 3 ,

and

3 1
O = 8 c4(1 + IIUO112)2 "

This show that the Galkrkin solution UN( ) is uniformly bounded in the region AD(O)

of the complex plane C. Here,

AD(O) =D n A(O), A(O) se'o, 0< s < a(cos 0), 101< 7.

Therefore, the domain of holomorphy in time can be extended from the neighborhood of

the origin to AD(0). Moreover, for any " = seia E AD(O), we have

sup IUN() II1 < k,, ki = ki(l0uo1l). (A.5)
E AD (0)

Let us now consider the passage to the limit of the solution UN( ). From the estimate

(A.5) and the compactness of the embedding V0 C Hc, we conclude that for E AD(0),

{UN( )}-= 1 belongs to a compact set in HC. Hence, by the vector valued version of

the Vitali Convergence Theorem [7, Theorem 8.2.1], there is a subsequence {uN, (}flj} of

{UN ( )}N=I that uniformly converges to Hc-holomorphic function u* ( ) on every compact

subset of AD(O). Notice that the restriction of UN( ) to the positive real axis will concides
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with the Galerkin solution UN(t). Hence, it is also true that the restriction of u*( ) to

the positive real axis concides with the unique solution u(t) described in Theorem A.1.

Therefore, u* ( ) can be viewed as a holomorphic extension of u(t) to the region AD(0). This

implies u*( ) is unique as well in the holomorphic region AD(O). Due to the uniqueness of

u*( ) on AD(0), the entire sequence {UN( )} =1 should converge to u*( ) in Hc uniformly

on every compact subset of AD(O). We will thus denote u*(O) = U(0

Let us now consider the inequality in (A.4) for 0 < to < a and s > to. Integrating the

differential inequality from to to s we obtain

KUN(Se°)1 < const., with to < s < to + a(cos 0)3.

This implies that UN( ) is holomorphic in the region AD(to) of the complex plane C, and

AD(to) = Dn A(to), A(to) se ,to <s < to + a(cos ) -, }.
2

Iterating this argument, we can conclude that u(g) is an Hc-holomorphic function in

the region A of the complex plane C, with

A UADtO.

That is, u( ) is an Hc-holomorphic function in a strip containing the positive real axis.

61



Bibliography

[1] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975.

[2] Garrett Birkhoff and Gian-Carlo Rota. Ordinary Differential Equations. Blaisdell

Publishing Company, Waltham, Mass., 1969.

[3] E. A. Coddington and N. Levinson. Theory of Ordinary Differential Equations.

McGraw-Hill, New York, 1955.

[4] R. Courant and D. Hilbert. Methods of Mathematical Physics, volume 1. Interscience

Publishers, Inc., New York, 1953.

[5] J. Dieudonne. Foundations of Modern Analysis. Academic Press, New York, 1969.

[6] C. Foias, G. R. Sell, and R. Temam. Inertial manifolds for nonlinear evolutionary

equations. J. of Differential Equations, 73:309-353, 1988.

[7] E. Hille. Method in Classical and Functional Analysis. Addison-Wesley Publishing

Company, 1972.

[8] E. Hopf. A mathematical example displaying the features of turbulence. Comm. Pure

Appl. Math., 1:303-322, 1948.

[9] T. Kato and H. Fujita. On the nonstationary Navier-Stokes system. Rend. Sem.

Univ. Padova, 32:243-260, 1962.

[10] 0. A. Ladyzhenskaya. A dynamical system generated by Lhe Ntvier-Stokes equations.

J. Soviet Math., 3(3):458-479, 1975.

62



ill] 0. A. Ladyzhenskaya. Mathematical analysis of Navier-Stokes equations for incom-

pressible liquids. Annual Rev. of Fluid Mech., 7:249-272, 1975.

[12] 0. E. Lanford. Bifurcation of periodic solutions into invariant tori, volume 322 of

Lecture Notes in Mathematics, pages 159-192. Springer-Verlag, Berlin-Heidelberg,

New York, 1Q73.

[13] J. L. Lions. Espaces d'interpolation et domaines de pussances fractionnaires

d'operateurs. J. Math. Soc. Japan, 14(2):233-241, 1962.

[14] J. L. Lions and E. Magenes. Nonhomogeneous Boundary -Value Problems and Appli-

cations. Springer, Berlin, 1972.

[15] Y.-R. Ou. Analysis of regularized Navier-Stokes equations. PhD thesis, Uni-ersity of

Southern California, Los Angeles, October 1988.

[16] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential

Equations. Applied Mathematical Sciences, 44. Springer-Verlag, Berlin, Heidelberg,

New York, 1983.

[17] A. Pleijel. On the eigenvalues and eigenfunctions of elastic plates. Comm. Pure Appl.

Math., 3:1-10, 1950.

[18] Ian Richards. On the gap between numbers which are the sum of two squares. Adv.

Nfath., 46:1-2, 1982.

[19] G. R. Sell. Topological Dynamics and Ordinary Differential Equations. Van Nostrand-

Reinhold, London, 1971.

[20] S. S. Sritharan. The invariant manifold theory for hydrodynamic transition. submit-

ted to Acta Math., June 1988.

[21] R. Temam. Navier-Stokes Equations and nonlinear functional analysis. CBMS-NSF

Regional Conference Series in Applied Mathematics. SIAM, Philadelphia, 1983.

63



[22] Hans F. Weinberger. Variational Methods for Eigenvalue Approximation. SIAM,

Philadelphia, 1974.

[231 S. D. Zaidman. Abstract Differential Equations. Pitman Advanced Publishing Pro-

gram, San Francisco, London, Melbourne, 1979.

64



j Report Documentation Page
1 Report No 2 Government Accession No 3 Recipient's Catalog No.

NASA CR-181801
ICASE Report No. 89-14 i

4 Title and Subrtite 5. Report Date

ANALYSIS OF REGULARIZED NAVIER-STOKES February 1989
EQUATIONS- 11I-

EN6 Performing Organization Code

Author~s) 8 Performing Organization Report No

Yuh-Roung Ou 89-14
S. S. Sritharan 10 Work Unit No--

9---------_ __-~and505-90-21-01

9 Performing Organ'zation Name and Address

11 Contract or 6
rant No

Institute for Computer Applications in Science

and Engineering NkS1-i6iAU5
Mail Stop 132C, NASA Langley Research Center 13 Type of Report and Per-d Covered

Contractor Report
National Aeronautics and Space Administration 14 SponsorngAgencyCue

Langley Research Center

Hampton, VA 23665-5225

15 Supplementary Notes

Langley Technical Monitor: Pacific J. of Mathematics
Richard W. Barnwell

Final Report

16 Abstract

A practically important regularization of the Navier-Stokes equations have
been analyzed. As a continuation of the previous work, we--udy in this paper ,.
the structure of the attractors characterizing the solutions. Local as well as
global invariant manifolds have been found. Regularity properties of these
manifolds are analyzed.

17 Key Words (Suggested by Author(s)) 18. Distribution Statement

I-Navier-Stokes equations, 64 - Numerical Analysis
invariant manifold; global attractor 34 - Fluid Mechanics &

Heat Transfer

Unclassified - Unlimited

19 Security Classif of this report20 Security Classif (of this page) 21 No. of pages 22 Prce

Unclassi fied Unclassified 68 A04

NASA FORM 162M OCT 96
NASA-Langley, 1989


