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Let k be a differential field in one variable of characteristic zero.
The derivation operator of k into itself will te denoted by ', that is, the
derivative of x is x'. Elements of k of derivative equal to zero are
called constants; they form a subfield of k called the subfield of
constants and are denoted by C(k).
Let K be a differential extension field of k such that K = k(t) for
some t € K. t is called elementary over k if the field of constants C(K)
is equal to C(k) and t is such that:
(1", t' = a'/a, for some a ¢ k*. In this case, we write t = log a
and call t logarithmic over k.
(2") t' = a't for some a ¢ k. In this case, we write t'= exp a
and call t exponential over K.
For a differential extension field K of k such that K = k(wlt) for two
elements t and ¢y ¢ K, t is called dilogarithm.2 over k. If C(K) = C(k),
and t, y are such that:

L) 1 - |
3 aek {0,1}, t! = --%r ¥, where y' = £TT—:j%%'.

Wwe write t = zz(a) and call t dilogarithmic over k. Also, we assume that
C(K) = C(k).

Remark: We observe that the above definition does not imply that
t' € k since ¢ is not assumed to be an element of k. A differential
extension field of a differential field is said to be dilogarithmic-
elementary if there exists a finite tower of intermediate fields starting
with the given small field and ending with the given extention field,
such that each field in the tower after the first is obtained from its
predecessor by the adjunction of a single element that is elementary over
the preceding field or by the adjunction of two elements t and t', where

Lt = lz(a), and a is an element of the preceding field.




If K is a differential extension of k such that K = k(t) for some
t e K, and t' = a ¢ k, we call t primitive over k and write t = [ a,
And, finally, if k is a differential field of characteristic zero,

K is a differential field extension of k such that K = k(t,é,y), and:

1 at 1 (1 - a)!
tl.—E—a-¢+§—(T—:—;)—¢, aek {0,1}
where: ' = lgT;Eiz%L and  ¢' = %}

we write in this case:

1

t = 22(a) *3

log a log(1 - a) = D(a)

and we assume also that C(K) = C(k).

We recall now a version of 0Ostrowski's theorem which is useful in all
the upcoming proofs.

Theorem: (Ostrowski [__]. See also Kolchin [__J].) Let k be a
differential field of characteristic zero and let K = k(log V,seesrlog vn),
where v; e k (1 {1 ¢ n) and C(K) = C(k)., Assume that log v,, ... , log v,
(0 { r { n) are algebraically independent over k and that K and
k(log v‘,...,log Vr) have the same transcendence degree v over k.

Then, there exist iy € C(k) (1 <igr,r<j<n), 8y € kK (r<j<mn)
such that:

r

log vy = E cyy log vy + sy, forje {r+1,...,n}

i=1
and if r = 0, log vg €K for all s ¢ {1,...,n}.
Definition: Given two differential fields k K, we say that K is a

Liouville extension of k if there exist tl,....t ¢ K such that

n
K = k(tl,....tn) and each ti is either algebralc, elementary, or primitive
over k(tl,...,t1-1).

We recall now a useful lemma due to Singer [__J.




Lemma: Let k K be differential fields of characteristic zero with
the same field of constants C supposed to be algebraically closed. Assume
that k is a Liouville extension of C and that K is algebraic over k.

Suppose that ¢ ,...,c, € C are linearly independent over Q, that

n

U ,yeeol € K*, v ¢ K, and that we have:

n
L]
n Ui
z Ci _+ e K
1'1 ui

Then, v ¢ k and there i3 a non-zero integer N such that u? e k,
i =1,...,n,

Definition: Let k be a differential field of characteristic 0. We
call an expression S a simple elementary-dilogarithmic expression over kK
if:

S~g+ 151 ¢y log wy + JZ [s; log(1 - hy) + ty log hy + d;D(hy)]

where I and J are finite sets, g, w, Sy» tJ, hj € k, and ¢y, dJ are
constants.
Lemma 1: Let k be a differential field of characteristic 0, which is
a Liouville extension of its subfield of constants assumed algebraically
closed. Suppose that we have an expression of the form:
[ f =g+ 151 ¢y log w; + JEJ [sJ log(1 - hJ) + tJ log hJ + dJD(hJ)J
(1.1)
where I and J are finite sets, f ¢ k, sJ, tJ, g, and w; are algebraic
over k, hJ € k, and Cy» dJ are constants.
Then, we can write f f = S, where S is a simple elémentary-
dilogarithmic expression over k. (So, we get g, Wi sj, tJ in k instead of

being algebraics.)




Proof: Let K be a finite normal algebraic extension field of k that
contains g, w; ({1 e I), 84 tJ (J € J) (the smallest normal extension
k(g,w‘,....wi,....sl,...,SJ....,t‘,...,tJ)). Consider the vector space E
over k spanned by the vectors 1, log hl, ses , loOg hj. ee. 5 log(1 - hl),
eee 5 log(l - hj). ««. « Then, we choose among these vectors a k-basis
(1'31""'eN) for E. By Ostrowski's theorem, we can write:

N -
mghjsma 3jmey * Py 3jp € C, Py € K
(*)

N
log(1 - hy) = m£1 Bjmem * Ajs  Djp €C, a5 €K

We claim that 1,el....,eN are still linearly independent over K.
Otherwise, and by Ostrowski's theorem, there exist constants % (2 ¢<m < N)

and Q° € K such that:

N N
e, = mzz openm * Q, = e: = mZZ “meé + Q; (1.2)

By assumption, ey = log Hp (1 < m < N), where Hy e {(1 - h)),...,h,...}.
Let Y, = 1.Yl,...,Yr be a vector space basis for the Q-span of

1'“2""’°n' and write:
r
ap = Ll Mgy
i=0

with each n,; € Q. Replacing each Y; by Yi/LCD(“mi) if necessary, we can
assume ny € Z (where LCD means least common denominator).

This implies that 1 = n vy , so we can write (1.2) as:

n, nz2i,n3i nNi

(HY M) r w23t Ny
o e T I Y n2i n3i T Q,
HY 1=0 HD2tN3E

which can also be written as:
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(H,"HR 2. g0 E (h20u03L, g NLye
Y + Y + Q. =0 (1.3)
° =Ny Nae NNO 1 n2i n3g nNi o
H, " 'H, ... Hy i=1 H,""H, .o Hy
Using Singer's lemma, we deduce that Q e k. Investigating (1.1) again,
we get:
N
e, = ) omén * Q,
m=2
with Q € k, X € k C =C. This is a contradiction, since the en
(1 {<m ¢ N) and 1 were assumed to be linearly independent over k.
So, 1,e1,...,eN are linearly dependent over K,
Now, we write (1.1) in terms of the relations (*):
N
f=g,* 1 rpeqg* .Z d;D(hj) + _2 c; log w; (1.4)
m=1 Jed iel
{where g, € Kl, Pm € K.
Taking the derivative of the previous relatiosn, we obtain:
L L}
' wg N . N . hy
£ =g, + ey o+ I rpem * L Tpem - 3 ‘Z dy 7o log(1 ~ hy)
iel 1 m=1 m=1 jed
1 (1 _hj)'
+= 7 d — log h (1.5)
2 jed A hj) J

Using again the relation (*) for log(1 - hj) and log hj, and assembling

coefficients of (1.5) according to the K-basis (1,el,...,eN), we obtain:

] Z w;. % ' 1 ): h_'j
f =g + Cy = ¢+ rm€m = > d, — q;
°qer TY oqm ™M 25 Jhy

] (1 - hj)'
5 ) dy —/—————0p
2 jed J O hy) °J

+

(1.6)

(the above is the coefficient of the vector 1), and:
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h, (1 - h,)
Py - JEJ%“Jme%‘ JEJ%dJaJm IERNE nJJ.> =0 TimsN (.7
(the above 1s the coefficient of the vector ep).
From (1.7), we deduce that rm €K (using Singer's lemma and exactly
the same argument used in the above proof).
Assume that M = [K:k]. For any ¢ ¢ Awt(K/k), we have (using 1.6):
, o(w;)! N , | hi
£ = off) = o(g,) + rzl ¢y jﬂzaj- + mz1 Tmém ~ 3 ng dy ﬁ; qj
(1 - h))
'%JEJ 4 1= hJJ-) P
Taking the sum over all the g¢'s in Awt(K/k), we obtain:
olwy)!
e g &) * izl s L o(wy)
N h; (1 - hy)
*M [m§1 Fen - %JEJ 959 Hj‘ *%JEJ YRy TR rfj) ]
which implies that:
Tr(g,) ey N(wy)!
el ) LW wey
el i
N h; (1 - hy)'
L Fnen '%JEJ 4593 B‘j‘*%JEJ UPy T nfj) =0 (1.8)
where Tr( ) and N( ) are the trace and norm maps, respectively, from
K to k.
Now, multiplying (1.8) by 1 and each (1.7) by Cp» adding them using
again relations (*), and integrating, we get:
Tr(g,) cy n
Ir -— .2 T Log N(wy) + 1 Tpep * L d;D(hy) (1.9)
iel m=1 Jed




Note that Tr(g,)/M € k and N(w;) € k, and also &n = log Hy, where
Hy € {h,yh,peeey1=h ,1=h,,...}. So, the right~hand side of (1.9) is a
simple eleﬁentary—dilogarithmic expression over k, which is what we wanted
to prove.

Definition: Let k be a differential field of characteristic zero.
K is a finite algebraic extension of k,» and log h,,...,l08 hm are

logarithmics over k (that is, h,,...,h e k). Assume that

m
C(k) = C(K(log h ,...,108 hp)). We call L a linear logarithmic expression
over K(log h ,...,l08 hm) if:
m
L= ] cyloghy +r
i=1
where the cy are constants and r ¢ K. L is said to be dependent on log hJ

Proposition 1: Let k be a differential field of characteristic

zero which {s a Liouville extension of {ts field of constants C assumed
algebraically closed. Suppose that f e k; hl,...,hn e k; K a finite

algebraic extension of k; 8,7000,8

m € C; dl,...,d

n € C; and Lx”"'Lm
are linear logarithmic expressions over K ( log(1 - h ),...,log(1 - h) ).
Then, if:
n m
{r - 1 dye,(hy) - I aj; log Ly e K(tog(1 = h)),...,l08(1 = hp))
3=1 1=1
(1.10)
Z f is a simple elementary-dilogarithmic expression over k.
Proof: Let r = trans-degree K ( log(1=h,),...,log(1-h_) ) over k.
If r = 0, then, by Ostrowski's theorem, log(1 -~ hj) ek (1 £J < n) ==
K ( 1og(1 = h),...,l0g(1 = h)) ) =K, and Ly e K (1 g i ¢m). So, (1.10)

implies that:
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n m
[ £ - 7 djzz(hj) + ) aj log Ly +8 geK, Ly eK
3= 1=1
n m :
N I f = ng dJD(hJ) + g+ 121 a; log Ly -3 ) dJ log(1-—hJ) log hJ

So, if:

sy = --% dy log(1 - hj) € k, we get:
K m n
l f = 321 d;D(hy) + g + i§1 a; log Ly + j§1 sy log hy,
sj € k, g € K, Li € K

So, by lemma 1, f f i3 a simple elementary-dilogarithmic expression
over k and the proposition is proved for r = 0. Let r be greater than 0O
and assume without loss of generality that log(1 - h ), ..., log(1 - hr)
are algebracially independent over K so that by Tstrowski's theorem again
we find constants jp such that:

r
log(1 = hy) = p§1 cyp log(1 = hy) + Ry,
where: RJ ek, r<j<n (%%)
so, K ( log(1 - h,), log(l = h,), ... , log(1 = h)) ) =K ( log(1 - h,),
1og(1 = h,), ... , log(1 = h.)) ).

Let K; =K (log(1 - h), ..., log(1 = hy ), log(l = hy )y ..o,
log(1 = h.) ) (1 $1,¢r). Clearly, ty, = log(1 = hio) is transcendental
over K1° since we have assumed that log(1l - hJ) (1 ¢ 3 <r) are
algebraically independent over K.

For each i € {t,2,...,r}, let I be the subset of'{l,...,m} such
that, for all { ¢ I, Li is dependent on tio = log(1 - hio)' Then, (1.10)

implies that:
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n m
[ £ - 3 djzz(hj) - 1 a;logly e Kio(tio) (1.11)
J=1 i=1
We want to prove that:
1]
! a; log L =0
151°
and that:
n
l £ - 1 dye,(hy) - ] 3y logly ek [t ] (1.12)
J=1 1€,

Once (1.12) is proved for each index i, e {1,...,r}, we deduce that:

n
£ - ) d,e(h,) - § a; logly e Ki(t, ]
[ g Ty P,y D te

oo
= Kt ,,t,,..0,ty]

where I _ 18 such that, for all i eI Lj is nct dependent on any

oo?

tJ = log(1 - hJ), for all j ¢ {1,...,r}. So, L; = K for all 1 ¢ I,,, and:

n
[t - z djlz(hj) - ) Z ai lOg Li = P(tl'...'tr‘)
J=1 iel,,

where P i3 a polynomial.

So, let K, = Kio = K(tx""'tio_,'tio,l""'tr) and t = ti,' Then,

if L1 depends on t, Li - bit MRS where ry € Ko, and bi is a constant,
by = 0. By assumption, we had:

m

n
l £ - 321 dy2,(hy) - 21 a; log Ly = g(t) e K (t) (1.13)

i
If K° is a finite normal algebraic extension of K, where g(t) splits into
linear factors, we write:

r

g(t) = go(t) + Z @8 , Pog € K°, Ta e K°, B e N*
a,8 (t - T)B
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a and B range over a finite set of integers, and go(t) e K°[t].
(1.13) yields:
n h' m L' r'
i ’
£- 7 djh—JlogU-hJ)- y aiL—-g;(t)— ] —28
j=1 3 ie i a8 (t - T8
1]
Br L (t* - T)
Ly 8 S .0 (1.14)

- g+1
(t - T,)
The key idea in the on-going proof is that, when we use the relations (¥*#)

on page (8), the expression:

0
£ - d; == log(1 - h.)
a1 J hy J

is a linear polynomial in t over K . Also, g;(t) is a polynomial in t

since t' =.(1 - h1 /(- hy ) £ k. So:
0 ]

' ' Py '
Ly Ta,8 Bra.B" Ta)
2 ai-[_,_- z B‘ B+1
Ly depends ! q,8 (t - Ty) (¢ - Ty

on t
must cancel.
Let I, = {1 such that L = b;t + r;, by = 0} and I = {1,...,m} =~ I.

{(1.14) then becomes:

] ] ]
n h r (byt' + ry)
J 1 i i '
£ - ) d,=1log(1 -hy) - § —- T a - g, (t)
gu1 31y . eI "1 tel, (gt +ry °
] 1]
r gr . (t' - T))
-] — B g8 —- -0, where: ry ek, (1.15)
a8 (t - T,)E (t - 18"

First, t' - T; » 0, otherwise we would have t' = T;; and for each
o € AWt(K°/K ) we have t' = o(T )" ==> (K%:K Jt' = Tr(T )" ==>
t = 1/[K°:K°] Tr(Ta) + C, where C is a constant and 7r is the trace map
from K° to K, But this gives a contradiction since t was supposed to be

transcendental over Ko.

—
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So, If we look at the partial fraction decomposition we have in

(1.15), we deduce that ra.B = 0 for all q, B8, and we get:

oo o
£ - d, = log(1 - hy) - ay —
PRI e

(byt' + r;)

1

a; ———— - g (t) =0
i .

ieIt (blt * ri) °

which also implies that:

(bjt' + r;)

] 8 = 0
iSIt (bit * ri)

(by looking at partial fraction decomposition). Also, g, € K°[t] K, (t)

=a) 80 € Ko[t], and:

! a; log L; = constant
lely

By induction on t = t; ¢ {log(! - h),...,log(1 - h,)}, we deduce
0

that:

n
g8t seenrty) = [ f - 21 dje,(hy) = ] a; log Ly € K[t,,...,t.]

] Lel,,
and Ly e K (1.16)
We claim that g is a polynomial of degree 2 with constant coefficients, for

ai or
all the terms in t1'°"'tr of degree 2, In fact, let Aa,a,...upt! eestn

be one monomial in the leading homogenous term of g, with Aa a ar 0.
l z.l.

Then:

a ar, '
A tT, ..t "= A t
( al...ar. ) QpeeesQr 1

a1 tal"
r

r
'L aj=1 ar
L Raeoap@ybytitee tfdTlo e
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Assuming:
r
T ay 22
gm0
and noticing that the derivative of the right-hand side of (1.16) is of
degree 1 in tl,...,tr, we deduce that:
]
Qpeeap = 0 =) Aax...ap is a constant
If:
r
X a; > 2
J=1 3
then there exists i  such that o; = 0. The coefficient of
0
t?’...t?i°-1...tgr must be zero in the derivative of g(t,,...,tn).
]
So:
A t, + A
al'-naruio io Qlazcnoaio—lo-our
1 1
==> t; = - — A
i, Aar"ar @, @0zee+0f,=1e--Ip
where C is a constant. But this is a contradiction since t is
transcendental over K.
So, we deduce that g is a polynomial of degree 2 with constant
coefficients, for all the terms in t ,...,t, of degree 2. That is:
r
B(tyseeestp) = A+ T Atp ¢ T Ay gtitg
p‘1 G.B
B2a
where t , tB € {tl....,tr}, and Aa,B are constants.
L} r ] r L
8'(t,,eeastn) = Ag v I Apto s T Ajty
p=1 p=1
t 1)
) Ay gbabp * ) Ay, gtata (1.17)
a, B a, 8
B2a B2a

and:
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L 1
n h m L
' J i
g'(t,,eeenty) = £+ ] dy=1log(t - hy) - ] ay = (1.18)
j=1 hy i=1 !
Using the dependency relations (*¥*) (page 8), we obtain from (1.17)
and (1.18):
r n h'
' ' J
f-a,- Y At - ) d; =R
° p=i PP Jarst th J
L ]
r hp E hJ ,
= 5 {d, —- —-+2At+ZAt+At
oot | Php yare ®3pY3 pp¥p T, epTa TP P
(where Aup - Apa if a > p).
From the above, we deduce that:
h n h,
' ' p ’ J '
2A t. + J At =-d —- ] c;dy=—-A
PP°P D ap’a P hy Jar+] JpjhJ p
and, by integration, we get:
At + ¥ 1
ppp 2
’
1 n
=35 | - dp log hy - ) cypdy 1og hy = A | + Cp (1.19)
J=r+
where Cp is a constant.
Notice that we can write:
r r 1
B(t,peeesty) = A+ ] Aptp * ) Apptp * ) 5 Agpta | tp
p=1 p=1 awp

and, using (1.19) and (1.16), we get:
n r ; T
[r ) sz,(hJ) * A, ] Aptp = 3 ) Aptp * ) cptp
J=1 p=1 p=1 :
n

r m

1

+ = 1 d.logh + )] c¢,.d, logh t, + L a; log Ly
2 o0 [ p P are Jp™J J ] P

which gives:




P
‘r- [z(hj)+—(108h)t ]
P

=l
n ' r
+ ¥ d £.(hy) + T oeq.t log h
Jar+1 J 277 p=1 Jp°p J
1 E r m
= At .+ ¥ c.t,+ ) a, logl
v2 ot PP L R LT i
But we had:
r
p=1
for j ¢ {r+1,...,n} and tp = log(1 - hp). So:
I E n 1 r
f = d,D(h,) - '} d,R; logh, +A += 7 A_log(l - h))
ja1 37 Jarel 3 J o 2 D=1 p p
r m
L) cp log(l = hy) + 1 ay logL;
p=1 =1
RJ € K, Ao'Ap e K, Li e K

and, by lemma 1, f f = S, where S {s a simple elementary-dilogarithmic
expression. This completes the proof of proposition 1,

If we go back and look at the definition of t dilogarithmic over k we
observe the following fact: ¢t is defined up to a constant multiple of a
log, or, more precisely: if t' = - a'/a y, where y' = (1 - a)'/(1 - a),
¢ is defined up to a constant. So, w; = (1 - a)'/(1 - a) ==> gy, =c +y,
where ¢ is a constant, and this implies that t' = - a'/a (y, - ¢) =
- a'/a ¥y, *c a'/a ==> t is defined up to ¢ log a.

This motivates considering the dilog as defined mod the vector space
generated by constant multiples of logarithms over k, We denote from now
on this vector space by M, for any differential field k of characteristic

zero,
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Lemma 2: If k is a differential field of characteristic zero, then
D(1/¢) ®» - D(f) mod M.
Proof':
1
1-F)
1 1 £ 1 " f
plg)=raFerz—i ¢
f
1 v 1 4
(I-F) (F) £
where: ¢' = and g' = = - ==
1- 1 1 £
f f
So:
IR S LI )
(1-°) f
1 1 £
--)D'(F)’ET(lOg('l-f)‘lng)
S R Gt & L - '
5 ( T =F) 7 ) log & mod M
1 11 1 (1 =-1) '
== ! — — - - e c————— = - t
> D (f]-zflogﬁ f) N log f D'(f) mod My

==> D (-% ) & - D(f) mod M

(M' is the space of derivatives of M, ).
k k

Proposition 2: Let k be a differential field of characteristic zero,

and let 8 be transcendental over k with k(@) being a differential field.
Let r(8) ¢ k(8) and K be the splitting field of f(8) and 1 - f(9). We
define, if a is a zero or a pole of f(g), ord,f(8) to be the multiplicity
of (@ - a); this is positive If a is a zero of f(g) and negative if a i3 a

pole. Then, there exists f, € k such that:

D(£(8))  D(£,) + [ ordy(1 = £) ord,f D (22) mod M g (A)
a,b

where a and b are the zeros and poles of f and (1 - f), respectively.
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Proof: Let f(e) = P(8)/Q(9), where £ ¢ k, and P(8), Q(8) are
relatively prime polynomials over k which are monic. We can also assume
that deg P(6) 2 deg Q(8), otherwise, using lemma 2, we replace f by 1/f.

Q(e) - £ P(e) R(9)
1= £(e) = S 10) * &, q(o)

where g, € k, and R(8) is a monic polynomial relatively prime with both P
and Q.

First step:

D'(£) = -%f—'logﬁ B RS S it DX

3 > -TT_:_?T_ log £

is well-defined mod Mé(e). We can check easily that, if a = b and a,b ¢ K,

then:
Dt (o) ey (L - B2 ) iog(e- a)
SY R
+‘% ( 9; = :' - 9; — g' ) log(b - a) mod Mé(e)

(This is because log gh = log g + log h + constant, and log 1/g = - log g
+ constant.)
Second step: Consider the set I,= { (a,b) | a is a zero of P or
of Q, b is a zero of R or of Q, but whenever one of a and b is a zero
of Q the other is not ]. (So the set (a,b), a zero of Q and b zero of Q,

is excluded.)

We have:
P(6) R(8)
fo qley * 8o q(w 7 ®
<==> f P(8) + g R(8) = Q(0) (€)

Let us compute:




1 b' - a'
3 ) + ord,f ord,(1 - f) e log(e - a)}

(a,b)eIl
? - L
+ 1 ) ordf ord (1 - £) 2 2 log(g - b) mod My
2 a b b-a K
(a,b)eIl
We call the above quantity or sum S :
1 | - L}
S,=-3 I ordf 3 ord, (1 = f) 9——71- log(e - a)
a zero b zero of b a
of P | (1 - £)
1 b' - a'
-3 z or‘daf‘ Z Or"db(l - f) <5 - log(s - a)
a zero b zero of
of Q | R
t - ]
+-;. I ordy(1 - f) I ord,f ib-f% log(e = b)
b zero a zero of
of R f
L -
1 b' - a'
t5 1 ordy(1 - f) ) ord,f =————— | log(® - b)
b b-a
zero a zero of
of Q | P J
since (a,b) ¢ I,.
Now, (B) above implies, if a is a zero of P, that:
8'
R(a) ° R'(a) _Q'(a)
& "' ™ TR W 0
but, as we can easily check:
8'
t - 1 ] (]
I o - IR LTS - .- 2 (2.1)
b zero of &0

(1 -¢£)
(where a is a zero of P).
Also, if b is a zero of R, we have, using (B) above:
]
f
o . _Pp'(b), Q(b)
£, P(b) Q(b)

~f~

b
b = 1 =m)

L}
[ o] f=o)
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So we get:
f'
b' - a' P'(b) _ Q'(b) 0
) ord,f ———— = - - - = (2.2)
a zero of a b-a P(b) Q(b) £,
f

(where, in the above, b is a zero of R).

Now, we look at the sum:

! - ]
S, =~ %- ) ord,f ) ordy(1 - f) -8 log(g - a)
b-a
a zero b zero of
of Q R J
1 bl - al 1
+5 ) ord (1 -7°) ) ord,f ——— | log(g - b)
2 b a® b-a
b zero a zero of
of Q P J
t o v
> S, .-% ) ord,f ) - ordy(1 - r) EE—:{E-
a zero b zero of
of Q R
! - 1
+ Z or‘dbf‘ -b—b—_—a log(e - a)
b zero of

P

But the relation f P(e) + g R(8) = Q(e) implies, if a is a zero of Q,
that:

£ P(a) + g R(a) = 0

=) r—o + P! (a) - -g—o- + R'(a)
f, P(a) g, R(a)
vy M@ R B0 T
P(a)  R(a) g, f
and:

(203)
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[ _ b! - a' _ R'(a)
. ) ord (1 - f) -3 " Ry
b zero of
R
if a is a zero of Q
b! - at P'(a)
+ ) ord, f -
b zero of b ® a P(a)
P

(2.3) and the above imply that:

1 [}
S, =3 I ordyg [8° fo] log(e - a)
s 2.0 -
2 2 a zero of €, f°-
Q
which {3 exactly:
L
1 f°
S, =-3 )) ordy(1 - f) =— log(e - b)
b f
zero of o
Q
!
1 &o
+ 3 ) ord,f — log(g - a)
a zero of €
Q

(2.1) and (2.2) imply, respectively, that:

. ! - L
--;- ) ord,f ) ord,(1 - f) bb—_:— log(e - a)
a zero of "] b zero of
P (1 -1¢)
L
1 €,
-3 )X ord,f = log(e ~ a)
a zero of °
P

This sum will be denoted by S,

r - [ 4
. ) ord, (1 - f) ) ordr 2 -3 log(s - b)
2 b a’ p-a
a zero of a zero of
R f
L
1 fo
-3 ) ordy(1 ~ f) 7~ log(e - b)
© zero of °
p

This sum will be denoted by S,
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Now, Sl = Sz + S3 + S“, and by regrouping the terms in S,, S,» and S“
we deduce that:
1
1 €,
S, = *+3 ) ord,f — log(e - a)
a zero or pole &,
of f
!
1 o
b zero or pole °
of (1 - °f)
Now, consider the four following sums:
= t ]
z, .4~% )) ord,f ) ordy(1 - f) log(b - a) d 2
6 - a
a zero of b zero of
P (1-1) J
- ' - '
z, .- ): ordb(l - f) Z ord_f log(b - a) L - »
2 a 8- Db
. b zero of a zero of
R £ J
-1 ' - ]
L,=+% I ordf I ordy(1 - £) log(b - a) | &30
6 - a
a zero of b zero of
Q R -
T [ . v
-712- ) ordy (1 - f) ) ord,f log(b - a) ee_-g—
b zero of a- gero of
Q P B
and: I,=L,+L,+L,
It follows immediately that:
1 el - al e' - b' -
L, = 3 5 ord,f ordy (1 - £) ( = " 55 ) 1log (b - a)

(a,b)el,
Now, and as before, integrating (2.1), (2.2), and (2.3), we deduce:

)) ord,(1 - ) log(b - a) = log R(a) ~ log Q(a) + etc.
b zero of
(1 -¢)
(2.11)

= - log g, *+ etc., where a is a zero of P
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) ord,f log(b - a) = log P(b) - log Q(b) + etec.
a zero of
f
= - log f + etc., where b is a zero of R (2.2")
) - ordy(1 - f) log(b - a) + ) ord,(f) log (b - a)
b zero of b zero of
R P
= log g, - log £, + etc., where a is a zero of Q (2.3")

Plugging (2.1'), (2.2'), and (2.3') in L,, L, and I,, respectively,
and regrouping, as we have done for computing S:' we obtain:

e' - a'
) ord,f ————— 108 g,

...
nj—-

a zero or pole
of f

1 - bt
+-;- Z Ol‘db(l-f)eT_-—g—
b zero or pole
of (1 -1°)

log fo mod Mk(e)

(This is because we had constants in relations (2.1'), (2.2'), and (2.3').)
Third Step: We compute D'(f(8)) mod Mk(e)' which can be immediately
verifed to be:

D' (£(0)) = 3 [- I ord,f ordy(1 - f) H)—'-

a,b

log(o - b)

+

) ord,f ord,(1 - f) L8 - b) log(e - a) ]

ard (e - b)
21 (6 - a)' 1 - (8 - b)!
Zzordat’ s a) 198 g°+zgordb(1 £) <5 =gy o8 f,
] ]

1y d(1—t‘)r°l( b) + = § a.f = 1og(s - a)
Fl L ord, 3 og(e > L ord, g, og(e

] t
-11’0 180 £ dM'
-2-—103 go'fz—log 0 mo K(g)

{where axb runs over all zeros and poles of f and 1 - f, respectively,
1

g runs over the zeros and poles of f, and g runs over the zeros and poles

of (1 ~1)).




The term:

(6 - a)'
- a bZ)éI [Ol‘daf Of‘db(7 -f) -(—e—_—;—)— log(s - b)
’ 1

- {6 - b)!'
+ Or‘daf Or‘db('l f) TB_‘F)— log(e - a)]
is zero since a and b run over the roots of Q.
So:

f

|
]

, 1 1 &
D'(f(e)) ®» - E'?: log g, + 5-—: log £,
- ) L ord,f ord, (1 - £)
(a,p)er, 2 20
(6 - b)' - _ (8 -a) -
(=7 log(e - a) - S=—%3 log(e - b) ]
+ L, +S, mod Mg g (by (2.4) and (2.4'))
(2-5) =)

D' (f(8)) = [ )

Now, we distinguish 3 cases:

Case 1:

deg P > deg Q (strict inequality)

==> deg (Q(8) - f P(8)) = deg P(8) ==> g, = -f,
And:
log -f, = log g, = log f, + etc.
So:
1 f, 1 g, '
- gf—olos g, * 58—0 log f, ® 0 mod My (g

and we take f in proposition 2 to be a constant. So D'(f ) = 0.

22
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Case 2: If deg P = deg Q (and f, = 1), then the leading coefficient

of Q(8) -~ £, p(e) is 1 - f ==>g =1-7
1] [}

. 1 L 1% et

ZF 18 8, * 3 og

=) -

and we take f‘ in proposition 2 to be fo.
Case 3: deg P = deg Q and fo = 1.

Let I = { (a,b) | a pole or zero of f, b pole or zero of (1 - f) }|.

Then, I ~ I, = { (a,b) | a zero of Q, b zero of Q }. But:
D (22 )m-p (2ZZ2) modM
z~-a z-b K(#8)
==) z ord_f ord, (1 - £) D ( z2- 0 ) w0 mod M
a b Z - a K(8)
(a,b)el-I,
So:
) ord,f ord,(1-f) D ( 2==2)
a b zZ - a
(a.b)EIl
Z-b>
. ) ord,f ordy(1 - £) D 2 ) mod Mk () (2.6)

(a,b)el

Now, deg P = deg Q, and ro =1 ==

1-¢ "QLQ%REEFLQL -=> deg [ Q(8) - P(8) ) < deg Q(8)

But, since:

D(f) ® - D(1 - £) #D (=) mod Mg
and:
z-Db
)) ord,f ordy(1 - £) D — )

(a,b)el,

is unchanged if we replace f by 1/(1 - f), we are again in case 1,
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But, by the results of case 1 and case 2, and relations (2.5) and
(2.6), proposition 2 is proved.
Lemma 3: (Risch, Kolchin.) Let k be a differential field of

characteristic zero. Assume that u,,...,u, are logarithmic over k and

n

v exponential over k, and assume also that k(v,ul,...,un) and k have the

same field of constants. Then, if V,u,,...,u, are algebralcally dependent

n

over k, there exists an integer n « 0 such that v ¢ k (not all ¢, are

zeros) and constants ¢ ,...,c

n such that Ciu; € k.

Proof: See Kolchin [_ ].

Corollary 3.1: Consider k(v,u‘,...,un), defined as above. Then, if

v is transcendental over k, it is transcendental over k(“;:""un)°

Proof: If not, then by lemma 3 there exists n =« O such that vl ek
==> v 13 algebraic ==> contradiction,

Lemma Y4: (Ostrowski.) Under the assumptions of lemma 3 concerning k

and U pees,rU let t be primitive over k and assume that t,ul,...,u are

n? n

algebraically dependent over k. Then, thefe exist ClreeesC constants and

n
S € k such that t = I cyu; + s,
Proof: See Ostrowski [__].

Proposition 3: Let k be a differential field of characteristic zero,

8 primitive, and transcendental over k. Let a,,...,a, €K (°1 * ay ir
i «3), UiseeerUy € k, and assume the existence of constants CrreeesCpo

dx""'dm such that:

n m
Yy ¢, log(e - a;) + I d, log u; € k(8)
o1t Yoga I

(where k and k(e8) (log(e - a,)s...,108 u,,...) have the same field of

constants). Then, ¢, =¢C, = ... =c, = 0.
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Proof: As in the proof in proposition 1, by considering partial
fraction decomposition (or see Rosenlicht [1]).

Proposition 4: Let k be a differential field of characteristic zero,

p exponential, and transcendental over k. Let a,,...,a, € K (ai * ay if
i=)J, and a; = 0 for all i), U,»e+e, Uy € Kk, and assume the existence of

constants ¢, ,...,Cp, dl.....dm such that:

n m
1-21 ¢y log(e - a;) + 321 dj log uj e k(8)

(where k and k(@) (log u,,...,log u ,log(e - a,)y...,108(A = ay)) have the
same field of constants). Then, ¢, =c, = ... =c, =0.
Proof: This is also a classical result. See Risch [1] or

Rosenlich@-[1].

Corollary 3.2: 1In the conditi~re of propositions 3 and 4,

log(® ~ a,),...,108(8 = a;) (a; = 0 for all i if 3 exponential) are
algebraically independent over k(6) (log u, ,...,lo8 ug).

Proof: If log(® - a,),...,lo8(8 - a,) were not algebraically
independent, and since log(e - al).....lﬁg(e - a,),108 u,s...,108 uy
are plog's over k(@8), we deduce by Ostrowski's theorem that there exist

CiseeesCp not all zero, and constants d,,...,d, such that:

m
n m
121 ¢y log(e = aj) + JZ1 dj log uj € k(@) ==> c, =c, = ... =c, =0

by propositions 3 and 4 ==> contradiction.

Proposition 5: Let k be a differential field of characteristic zero.

Let 6 be transcendental over k and k(8), k have the same field of

constants. Let s8(8) ¢ k(@) be such that s'(8) € k. Then:
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(17) If ¢ is primitive over k, s(8) = cg + v, where ¢ is a constant
and v ¢ k.
(2") If ¢ is exponential over k, s{(8) e k.

Proof: This is again a well-known fact. See Risch (1] or
Rosenlicht [1].

Now we are ready to prove the main theorem in this paper. We recall
first the definition of a dilogarithmic-elementary extension of a
differential field k, which is a differential field K such that there is a
tower of differential fields k = K, K, cen Ky = K all having the same
constant field and for each i = 1,...,N we have one of the following three
cases:

(m) Ky = K1_1(ei), where §; is logarithmic over K;_,.

(2m") Ky = Ki-1(91)' where @; is exponential over K;_;. We also
assume 6; transcendental over K;_; in this case.

(3") Ky = K1_1(ei,91), where 6; = %,(a) for some a € Ki_q-

Remark: In (3"), 8; is defined up to a constant multiple of an
element ¢;, such that ¢; = (1 - a)'"/(1 - a), which is always in K; since
e; e Ky.

The number N will be called the length of K over k.

Theorem: Let k be a differential field of characteristic zero, which
is a Liouville extension of its subfield of constants assumed algebraically
closed. Let f e k and suppose that there exists a dilogarithmic-elementary

extension K of k such that:

[ f ek

Then, [ f is a simple elementary-dilogarithmic expression over k. That is:
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m n
[ f =g+ Z h log vi o+ )) dJD(hJ) (n,m are positive integers)
J-] J=1

where g, Si» Vi hJ € k, and the dJ's are constants.

Proof: It is by induction on N, the length of K over k. If N = 0,
then f f = g8 € k and the theorem is proved. If N > 0, we apply the
induction hypothesis to f ¢ KA and the tower K, K, e KN = K,

to obtain:
m n
[ f=g+ ] s;logvy+ .Z dj D(ny)
i=1 j=1
where g, Sir Vo hj € Kl. and the dj's are constants.
We want to modify equation (3.1) in such a way that g, Si» Vi and hJ
are in k = K.
For this we consider 3 major cases.
Case 1: K, = k(@) and § logarithmic over k. 6 = log a, a € k. If @
is algebralic over k, then, by lemma 4, 8 ¢ k and there is nothing to prove.
So, we assume 6 transcendental, and factor Vis hJ. 1 - hJ over k. So
we will be working over k°, the splitting field of these quantities which

we assume normal.

By proposition 2:

D(hy(8)) ® D(H;) + ] ord,hy ordy(1 = hy) D ( 2 ~ Z ) mod M (g)

where Hy € k, b,a ¢ k° a ab.

So, (3.1) can be written as:

r
[ £ = g(e) + ] s,(0) log(e - a) + ) sp(e) log £
a p=1
. ? dD(H) + J d, oD (2= ) moam (3.1")
J J B, Y 8- 8 k(o) *

J" B’Y

where dg y is a constant, Y,8 € k®, Y = 8, t‘p.HJ € K.
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Now, we order the g's and the Y's in the following way. We write this

set as a,,...»a, 80 that (a; = ay 1 = J):

0~ Y
3 dg D (—=)
8, Y B, Y 6 -8
8~ a 8 - a, 8 - a,
lan(e_az)+d”D 9‘a3J+' +D(e-an)
8~ a, o~ a, - a,
+d“D(e_ua)+d“D(e_a“) e +D e-a.n)
; (L)
+ d;; D
i -
8 = apy
*dn-_1,nD(—eT;'n—)
+ constant (3.2)

(This 1s possible because: D ( (8 - a;)/(6 - ay) )
® ~D ( (e-aj)/(e“ai) ] mod Mko(e)o)
We call the above expression reduced, that is, (3.2). For example:

8 - a, 8 -~ a, 8- a
dlD(e_az)+dzD( ) +d, D (

6 - a,
is reduced, while the expression:
0~ a 8~ a 0~ a

) +d, 0 (=) +d,D(

3 1

d, D (

8- a,
is not reduced.
So, (3.1') becomes:

n r
[ £ wg(e) + J S;(8) log(e = a;) + ) sp(e) log f

1a1 p=1 P
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I L a0 ()
. d, D(H, ) + dy D (— (3.3)
3,1 Joo el o M 89

(with aq; = ay for all i = j).
Now, we take the derivative of (3.3), to get:

n (8 = a;)!' n

£ mg(e)+ ) S(8) —————+ J S;(8) log(e - «)
I CCTO '
o2 T
+ 8.(8) — + s (9) log f
NI p
m H, (1 - Hy )
1 Jo 1 Jo
+ ) d [--—103(1 Hy ) + log H ]
J°'1 Jo 2 HJ Jo 2 (1 HJO) JO
n-1 e' - ay a; - q;
« I 1 d [l( ) 1og(e - ay)
{=1 J>1 J 2 8 ai (!i J J

- — ) log(e - ay)

g' - u' o' - u!
J_ i

1 -
+ F ( 8 - ay 8 - o ) 108(01 GJ)] (3.4)

Identifying the term which multiplies log(8 - a,), we get:
a' - a' g' - a'
1
S:(e)+z%(a-aj-e-aj
i 1 J J

) dyy =0 (3.5)

This is because the log(e “1) (1 <1 £ n) are algebraically independent
(=] ° -

over k°(8) ( log Hy (1 €3, ¢m, log(1 - Hy ) (1 <3, <m), log £,

(1 $pgr), logla = o) (1 <) ), by corollary (3.2).

Now, (3.5) implies:

S,(8) ng'% ( 108(a, - ay) - log(e - ay) ) dyj * constant = 0

which, by proposition 3, gives d1J =0for j>1, and S,(8) =8, is a
constant. By induction we prove easily that d1.j = 0 for all i{,J and that

S;(e) = s; is a constant.
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n r m
f - + - + !
g(e) 1 s; log(s = q;) ) 3,:8) log fj + ) dy D(Hy )
i=1 p=1 J o=
(3.6)
[+ ]
where dJo’ 8; are constants, aj € k~, and fp, HJo € K.
At this point, we distinguish two cases:
Case 1-a: 8 is algebraic over k° { log f, (1 s p <r), log Hy
—— 4]
(1 <3, £m), log(l - HJo) (1 <j, <m ). So, by lemma 4, we get:
8 =1 e, log £ + ) cj, log Hy + ) aj log(l - Hy ) +8g
where ¢.., ¢; , a are constants, and g ¢ k°.
p Jo Jo
So, Ly = 8 - a; is a linear logarithmic expression over k® ( log £
ver y lOg Hy o oee log(1 - Hy ) ), and (3.6) can be written as:
]
‘ . ? m r
r - d, &,(H; ) = J 0eg (1 =Hy)- § 0.2 (1=1¢)
Jo 277 2 J 2 p
J°'1 0o 0 J°’1 ) p=1
- Isglogly eF
which implies, by proposition 1, that [ f is a simple elementary-
dilogarithmic expression over k and our theorem is proved in this case.
Case 1-b: 0 is transcendental over F = k° ( log f, 1 <pgr),
log HJ° (1 <3, $m), log(t - HJo) (1 <3,<$m ). (3.6) can be written
as:
m ' n
- I dyD(Hy ) | =gle) + ] s; log(e - a)
3 =1
r
+ p§1 sp(e) log f, (3.8)

From this, and as {n the proof of Liouville's theorem, we deduce that
Sy = 0 for all 1 < i < n.
Also, by proposition 5, we deduce that there exists ¢, a constant, and

v ¢ F such that:
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r
g(e) + ] s,(8) log £y =ce+ v (8= 1loga)
p=1
S0:
‘ n m r
£ - 3 dy 2,(Hy ) - 3 0en,(1 - Hy ) - I 02,01 -¢£)
Jo=1 ° ° 3= 0 p=1 P
- clogacetF
~=> by proposition 1 that [ f is a simple elementary-dilogarithmic
expression over k, and the theorem is proved in case 1,
Case 2: K, = k(g,0') and & = 2,(a), where a ¢ k. Let
k, = k ( log(1 - a) ). So, @' ek,. If g is algebraic over k,, then, by
lemma 4, ¢ € k,. So, writing (3.1) again, we have:
m n
f=g+ [ sylogvy+ ] dyDd(hy) (3.9)
i=1 J=1

where g, Si» Vi hJ € kl.

Then, using case 1 (the logarithmic case), we deduce that f f is a
simple elementary-dilogarithmic expression over k.

So, we consider the case ¢ transcendental over K. As in the previous

case, (3.9) can be written:

n r
[ £ =g(e)+ I sy(e) logle - a) + [ sy(e) log f

i=1 p=1 P
m n-1 8- a;
* Joz-l G Py ) L LAy (5=, )
where f, Hy, €k g = oy, 1w, and a; € k}, a normal finite extension

of k containing the roots of v,, hj, and (1 - hJ) for all i,J.
Now, we use the same argument as in case 1 (¢ = log a) and

proposition 3 to deduce:
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n r
[ f=g(e) + ] s log(e=- o) + } s,(0) log f

1a=1 p=1 P

KE
+ d; D(H; )
J°’1 Jo Jo

]
where fp, HJo e k., aj € kx, and Sy, dJo are constants.

1

We also distinguish two cases:

Case 2-a: o is algebraic over F, = k) { log £y (1<pgr), log(Hy )

0
(1 $J,$m), log (1 -Hy) (1<3, <m ).

We apply again the same argument as in case 1-a (using lemma 4), and
obtain: S f is a simple elementary-dilogarithmic expression over k, ==> by
case 1 and since f ¢ k that [ f is a simple elementary-dilogarithmic
expression over k.

Case 2-b: 6 is transcendental over F, = k; ( log £y (1¢$pgsr),
log Hy (1 <J,<m), log (1 -Hy ) (1<J,<m ).

] ]
Then, from (3.10) and as in case 1-b (8 = log a), we deduce that:
sy = 0, for all 1 {1 N
and that there exists ¢, a constant, and v ¢ Fl, such that:
r
g(e) + ) s,(8) log fy =ce+ v (8= 1,(a))
p=1
(3.10) ==>
n m r
£- 1 dy e, (Hy) - § 0eR,(0-Hy) - ] 0,01 1£))
Jo™1 Jo=1 p=1
-ct,(a) e F, = F, ( log(1 - a) )
(since log(1 - a) ¢ k,) ==> by proposition 1 that [ f is simple elementary-

dilogarithmic over k, ==> by case 1 that J f is simple elementary-

dilogarithmic over k.
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Case 3: K, = k(8), 8 = exp a, a € k, and ¢ transcendental over k. As

seen before, we can write (3.1) as:

h-1 r
f f =glg) + ) Sy (8) log(e - a5) + )) sp(e) log f

i=1 p=1 P

only (n - 1) terms

b T3 (k)
s d; D(H, ) + d;, D (3.11)
gomt Jo e L s Y 87 o

(a € k°).
In this case, we assume that ay = 0, and log 0 € k (a1 « 0 for i = N).
The derivative of (3.11) is exactly (3.4), from which we extract the

coefficient of log(e - “x) and use corollary (3.2) to obtain:

, P T T o
R e R S TRECTHE L SEX
jen

==> §,(8) + }
I
J=N

-;- ( log(a, - @) - log(e - ay) ) dyy

1 1
+ E’d1N log @ -3 d1Na = constant
(since log 8 = a ¢ k) ==> (by proposition (4):

d1J =0, for all J > 1, J =N

and:
o
s\(6) = 3 dyp (%—a—:)
By induction on i, we can now deduce that:
dij =0, for all { and for all § > 1, j = N
and:
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Ay
Si(e)- d1n(2-"—)

5 a (1 <1 < n-1) (3.13)

So, (3.11) becomes:

n-1
[ £ ®g(e) + Z S;(8) log(e - ay) + Z sp(@) log f

i= p=1 P
? nET ( 8 - ay
+ D(H; ) + d,. D )
J o= T2 jop 0

(8 - a;)° n

«=> f = g'(@) + Z S;(8) 'T"""" Z s (8) log(6 - q)

f=1
f' r
+ Z sp(@) F— + 7 sy "(9) log fo
p=1 p p=1
m T 3 i (1 - Hy ) "
Tl G | Ty s S Hy) ey e Hy,
(-]

\J

n-1 1 6"'(!1 ay
*Zdin E(F—q—‘a—i)(a*'c)

(3.14)

(c is a constant such that log 8 = a + ¢). In the above expression, the
coefficient of 10g(8 - a;) is zero, as we have seen before.

Now, by corollary 3.1, 0 is transcendental over:
Fo=k® (log ay (1 <1 < n-1), log Hy, (1S3, <m), log(t - Hy )
(1<J,¢m, log £y, (1 $pgr) ).

On the other hand, we choose the log fp (1 < p<r)in such a way that
they are linearly independent and transcendental over k°. Then, by lemma 3

and corollary (3.1), they are algebraically independent over k°(8).
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From (3.14), we deduce that there exist subsets J Ip, T, such that:

p’ p

]

H (1 - H; )
' 1 Jo 1 Jo
sp(@ + I (-3g2dy, )+ 1 ey o
P Joer 2HJ° Jo Joelpz (1 Hjo) J

' - a'
1 8 _ 1y,
+1€ZT 34, (5 e-ai) 0 (3.15)

p

(this is the coefficient of log fp; jp, Ip, Tp exist because log a,,

log HJ°- log(1 - HJo) could depend on log fp).

By proposition U, we deduce that dj, = 0 for all i T So,

p.
s;(e) € K == sp(e) = sp e k by proposition 5 (for all p).

So, (3.14) becomes:

(6= o))" r g, o,
r-g'(e)+Zsi(e)W+p§sF—+ ’z logfp

m
-1 Jo - 1l Jo
+ 1 djo[ zH, 080 “Hy ) v s )1°3HJ0]
3 o= 3o Jo

] )
n-1 e"'(!i ay ' 9"01
+de[%( -—](a+c)+%—[—e—~——)loga1

{=i e - Gi (!i 8 e - Gi
(3.16)
But, from (3.13), we had:
(] 1 o' af
as) 31(9) - %'din (a - log “1) + ey, ¢; is a constant (3.17)

So, Sy e Fy = k® (log o4 (1 $ i < n-1), log Hy (1 <3, gm),
log(1l ~ Hy ) (1 <3, <m), log £, (1 < pgr) ).

Computing the coefficient of (g - “1)'/(9 - “i) in (3.16), we get:

n-1 : Y
g+ 1 (S rzdnl(ave)-loga | )goemer,
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Considering the partial fraction of g(e), we can prove, as in the
proof of Liouville's theorem, that (since ay = 0):
Sy *+ %’din [ (a+c)-log af ] =0, forallig¢n-1 (3.18)
Comparing with (3.17), we deduce that:
dj, [ @a-10og a; ] = constant, for all i ¢ n - 1 (3.19)
We claim that d;, = 0, otherwise we would have:
' '
a* -VS% -0 - X --;f <0 > oy, & Mol
(3.20)
where N, = [k°:k], and Norm is the usual norm from k° to K.
So, (3.20) implies:
( Vo Norm(a) )' = 0 ==> oNo ¢ k ==> contradiction
and:
din = 0, for all 1 <1 < n~t
which implies that S; = O by (3.18) ==> S, = constant ==>
. y nil (8 = ay)' r f; ro
=g 9)+1.1817-—”_a1 #p-z1 sp—p+p,§1 splogfp
m H, (1 - Hy )
+ 302-1 dy —-'2-%:103(1 - Hy ) +%TT—HJJL°)—103 Hy )

Let F,, =k ((log £, (1 < p<r), log Hy, (1 <3, < m), log(q - Hy )
(1 ¢ Jo § m) ). 8 is transcendental over F,,» and, as in the proof of
Liouville's theorem, we get S1 = 0, for all i. Also, we get

g(e) = g ¢ F ,, by proposition 5.




m m
a=) { f - z dJozz(HJo) - Z 0'22(1 - HJO)
J

o=1 J o=

r
- 1 0, (1 -f)=geF,
p=1
==> [ f is a simple elementary-dilogarithmic expression over k by

proposition 1, so the theorem is proved.
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