
i4

... .. - TUIC PAGE

3OCUMENTATION PAGE 0"I No. 7-ov

A D -A206 681 1 l. RESTRICTIVE MARKINGS

3. DISTRIBUTIONIAVAILABILITY OF REPORT

Approved f' ^- ii,1ic -elease;

APR 1 3 1989 fstri'cut ion un ; i'ted.

4. PERFORMING ORGANIZATION RE MBER(S) S. MONITORING ORGANIZATION REPORT NUMBER(S)

6b!dACOMR-7Y- 89-0 432
6a. NAME OF PERFORMING ORGANIZATION 6b. FICE SYMBOL 7a. NAME OF MONITORING ORGANIZATION(if applicable)

Massachusetts Inst. of Tech. AFOSR/NM

6c. ADDRESS (City, State, and ZIPCode) 7b. ADDRESS (City, State, and ZIP Code)

77 Massachusetts Avenue Building 410
Cambridge, MA 02139 Bolling, AFB DC 20332-6448

S& NAME OF FUNDING/ SPONSORING 8b. OFFICE SYMBOL 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (If applicable)

AFOSR NM AFOSR-87-0167
Vlr ADDRESS (City, State, and ZIP Code) 10. SOURCE OF FUNDING NUMBERS

Building 410 PROGRAM PROJECT TASK WORK UNIT

Bolling, AFB DC 20332-6448 ELEMENT NO. NO. NO. SSION NO.

I 61102F 2304 A7
11. TITLE (Include Security Classiflcation)

A Dilogarithmic Extension of Liouvillels Theorem on Integration in Finite Terms
12. PERSONAL AUTHOR(S)

Professor Joel Moses
13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) IS. PAGE COUN

FiWal FROM-, ;a&-=2 -- 4 . 5. CM OUN

1. SUPPLEMENTARY NOTATION

17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
FIELD GROUP SUB-GROUP

19. ABSTRACT (Continue on reverse if necessary and identify by block number)

The result obtained generalizes Liouville,s Theorem by allowing, in addition

to the elementary functions, dilogarithms to appear in the integral of an elementary
function. The-basic conclusion is that an associated function to the dilogarithm,
if dilogarithme appear in the integral, appearslinearly, with logarithms appearing
in a non-linear way.

20. DISTRIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
IMUNCLASSFIED/JNLIMITED 0 SAME AS RPT. 0 DTIC USERS UNCLASSIFIED

22a. NAME OF RESPONSIBLE INDIVIDUAL 22b. TELEPHONE (Include Area Code) 22c. OFFICE SYMBOL
Dr. Abraham Waksman (202) 767- 5027 NM

O Form 1473, J Previousedtions are obsolete. SECURITY CLASSIFICATION OF THIS PAGE

r'14



A Dilogarithmic Extension of Liouville's Theorem

on

Integration in Finite Terms

by

Jamil Baddoura

Massachusetts Institute of Techno!.ogy

Cambridge, MA 02139

- ,/(( 2 ~ fZ;( & i ,7-,/G#

Abstract

) The result obtained generalizes Liouville's Theorem by allowing, in

addition to the elementary functions, dilogarithms to appear in the

integral of an elementary function. The basic conclusion is that an

associated function to the dilogarithm, if dilogarithms appear in the

integral, appears linearly, with logarithms appearing in a non-linear way. ' '

Accesion For A

NTIS CRA&I
DflC TAB Q3
Unannounced 0

Approved for public release Justification . . ..

distribution unjimited. _

BY
Distribution I

Availability Codes

Avail andlor
Dist Special

Imm i l I I II I I I I0 
I



-''

Let k be a differential field in one variable of characteristic zero.

The derivation operator of k into itself will be denoted by ', that is, the

derivative of x is x'. Elements of k of derivative equal to zero are

called constants; they form a subfield of k called the subfield of

constants and are denoted by C(k).

Let K be a differential extension field of k such that K = k(t) for

some t e K. t is called elementary over k if the field of constants C(K)

is equal to C(k) and t is such that:

(1", t' - a'/a, for some a c k . In this case, we write t - log a

and call t logarithmic over k.

(2") t' - a't for some a £ k. In this case, we write t:- exp a

and call t exponential over k.

For a differential extension field K of k such that K - k(*,t) for two

elements t and * c K, t is called dilogarithm-i over k. If C(K) - C(k),

and t, * are such that:

=-a' wee -(1 - a)'3 a E k (0,11, t' - -- 4, a)'
a 0 a)

we write t 2 £2(a) and call t dilogarithmic over k. Also, we assume that

C(K) - C(k).

Remark: We observe that the above definition does not imply that

t' e k since * is not assumed to be an element of k. A differential

extension field of a differential field is said to be dilogarithmic-

elementary if there exists a finite tower of intermediate fields starting

with the given small field and ending with the given extention field,

such that each field in the tower after the first is obtained from its

predecessor by the adjunction of a single element that is elementary over

the preceding field or by the adjunction of two elements t and t', where

t - 1 2 (a), and a is an element of the preceding field.
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If K is a differential extension of k such that K - k(t) for some

t £ K, and t' - a c k, we call t primitive over k and write t - f a.

And, finally, if k is a differential field of characteristic zero,

K is a differential field extension of k such that K - k(t,,), and:

t I 1 a_ L 2L 1 (I1 a)' , a e k (0,11
2( - a)' a'

where: ,' (1 - a)'and at
S a) aa

we write in this case:

1
t = I2(a) + I log a log(1 - a) D(a)

and we assume also that C(K) = C(k).

We recall now a version of Ostrowski's theorem which is useful in all

the upcoming proofs.

Theorem: (Ostrowski [-]. See also Kolchin [-I.) Let k be a

differential field of characteristic zero and let K - k(log v1,...,log Vn),

where vi e k (1 i n) and C(K) - C(k).. Assume that log v1, ... , log vr

(0 r n) are algebraically independent over k and that K and

k(log v,...,log vr) have the same transcendence degree v over k.

Then, there exist cii e C(k) (1 i r, r < j 5 n), Sj E k (r < J n)

such that:

r
log v1 - X cii log vi + Si, for J e {r+1,...,n}

i-I

and if r - O, log v. E k for all s {1,...,n}.

Definition: Given two differential fields k K, we say that K is a

Liouville extension of k if there exist t ,....,tn  K such that

K - k(t1 ,...,tn) and each t, is either algebraic, elementary, or primitive

over k(tr, .... ti e)n
We recall now a useful lemma due to Singer[_]



Lemma: Let k K be differential fields of characteristic zero with

the same field of constants C supposed to be algebraically closed. Assume

that k is a Liouville extension of C and that K is algebraic over k.

Suppose that c1,..., Cn e C are linearly independent over Q, that

Ul. .un  K*, v E K, and that we have:

n U1
i  - -i + V ' : k

Then, v e k and there is a non-zero integer N such that ui e k,

I - 1,...,n.

Definition: Let k be a differential field of characteristic 0. We

call an expression S a simple elementary-dilogarithmic expression over k

if:

S a g + I c i log wi + [sj log(1 - hj) + tj log h1 + djD(hj)]
iCI j

where I and J are finite sets, g, wi, sj, tj, hj E k, and ci, dj are

constants.

Lemma 1: Let k be a differential field of characteristic 0, which is

a Liouville extension of its subfield of constants assumed algebraically

closed. Suppose that we have an expression of the form:

f - g + I ci log wi [sj log(l - hj) + tj log hj + djD(hj)]
1 €I J EJ

(1.1)

where I and J are finite sets, f c k, sj, tj, g, and wi are algebraic

over k, hj e k, and cj, dj are constants.

Then, we can write f f = S, where S is a simple elementary-

dilogarithmic expression over k. (So, we get g, wi, sj, tj in k instead of

being algebraics.)
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Proof: Let K be a finite normal algebraic extension field of k that

contains g. wi (i e I), sit t1 i (j J) (the smallest normal extension

k~gw,,...9wi .. Il'..'st ...tit... t Consider the vector space E

over k spanned by the vectors 1, log h1, , log hj, ... , log(l - h)

log(1 - h j)........Then, we choose among these vectors a k-basis

(1,elt...,eN) for E. By Ostrowski's theorem, we can write:

N
log h~ - M~ ajmem + pit ajm E C, pj E:

N
log(1 h ) I bm+ q3, bjm E: C, qj k

We claim that l,el,...,eN are still linearly independent over K.

Otherwise, and by Ostrowski's theorem, there exist constants %m (2 m n N)

and Q. c K such that:

N N(1 2

m-2 m-2

By assumption, em - log Hm (1 mn N), where Hm e (1 - h1) ,...,h 1, ....

Let Y.- 1,Y1 .... Y'r be a vector space basis for the Q-span of

1'a 29..$n and write:

r

with each %,~ c Q. Replacing each y, by Yi/LCD(nmi) if necessary, we can

assume nmi £ Z (where LCD means least common denominator).

This implies that 1 - n1y0, so we can write (1.2) as:

(nl), n2 nHlif~ HfNi'),(H r ( 2 H31. HNI
- n - IY nl2i NI
Hnl 0 - H 2  H 331 ... i

which can also be written as:
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n In o. nN),n21 n3 .HNi),(H-n Hnla...HNO) '  r (H2 H,

0 nn i-1 Hn21Hn31 .. Ni  - (1.3)
1i 2 ... N Jl H2 H3 .. N

Using Singer's lemma, we deduce that Qo E k. Investigating (1.1) again,

we get:

Nel I amem + Qo
m-2

with Q. c k, % c k C = C. This is a contradiction, since the em

(1 m N) and 1 were assumed to be linearly independent over k.

So, l,e,...,eN are linearly dependent over K.

Now, we write (1.1) in terms of the relations (*):

( N
go + rme m + diD(h) + I c i log wi  (1.4)

m-1 jEJ i CI

(where go e K1 , rm e K).

Taking the derivative of the previous relation, we obtain:

w N N h

f - go + I ci I + I rme' + I rmem - dj -log(1- hi)
idl i rn-1i rn-1i jcJ ih

1( - h.)'
+ d 1 - h log hj (1.5)

2 jcJ h j )

Using again the relation (*) for log(1 - hi) and log hi, and assembling

coefficients of (1.5) according to the K-basis (1,e ,...,eN), we obtain:
I I

w N hjt i c~W,+ I rmem -- d _ qj
f ' i CI 0 m-1 jJ

1 d ( 1 h ( 1 .6 )
2 j J - h.)

(the above is the coefficient of the vector 1), and:
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- Z djbjm .. + j a (1 - h.) 0, 1 < m N (1.7)
jcJ J j 3

(the above is the coefficient of the vector em).

From (1.7), we deduce that rm e k (using Singer's lemma and exactly

the same argument used in the above proof).

Assume that M - [K:k]. For any a c Awt(K/k), we have (using 1.6):

, O Nw i  N , Ihjf = O(f) (g o ) + I c i o(w) N 1 r qj

r0 l (Wi) m1 j

(I - h)
+ I I dj pj

2 j (1 - hj)

Taking the sum over all the a's in Awt(K/k), we obtain:

Mf - I o(g) + I Ci I a(wi)

a i I G W)

+re-- g q hM r 1 j (i - h j) 1[L~ Jm-1 JEJI mm hj 2 - j~ (1 -hj)

which implies that:

f Tr(g) 
c 1 N(wi)'

Nhj (0 hj)

r em dj qj h 2I d~ (1 - i~ 0 (1.8)

where Tr( ) and N( ) are the trace and norm maps, respectively, from

K to k.

Now, multiplying (1.8) by 1 and each (1.7) by cm, adding them using

again relations (*), and integrating, we get:

S Tr(g o ) Ic i  nf - M + -M- og N(wi) + rme m + I djD(hj) (1.9)

id m-I j EJ
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Note that Tr(g,)/M e k and N(w) e k, and also em - log Hm, where

Hm e {h1 ,h2t... 91-h 1 ,1-h2p... 1. So, the right-hand side of (1.9) is a

simple elementary-dilogarithmic expression over k, which is what we wanted

to prove.

Definition: Let k be a differential field of characteristic zero.

K is a finite algebraic extension of kit' and log hi i.... log hm are

logarithmics over k (that is, hit ... hm c k). Assume that

C(k) - C(K(log hit . ... log hm)). We call L a linear logarithmic expression

over K(log hit,....,log hm) if:

m
L ci logh, ~r

where the ci are constants and r E K. L is said to be dependent on logh

(1 i M) if cj *0.

Proposition 1: Let k be a differential field of characteristic

zero which is a Liouville extension of its field of constants C assumed

algebraically closed. Suppose that f e k; hi .... *hn c k; K a finite

algebraic extension of k; a,...,pam c C; di ...* ldn c C; and Lit...,Lm

are linear logarithmic expressions over K ( logl - hi),.*..,log(l - hn))

Then, if:

( n m
f d, 1 1 (h J) - ai log Li E K(logl - h,),...,log(l - hn))

(1.10)

Z f is a simple elementary-dilogarithmic expression over k.

Proof: Let r - trans-degree K ( log(l-hj),...,log(1-hn)) over k.

If r - 0, then, by Ostrowski's theorem, log(I - h ) E k (1 -~ j n) -->

K ( log(1 - hi), ...,log(1 - hn) J=K, and Li E K (0 i in). So, (1.10)

implies that:
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In I
f - I d 2 (hj) + [ a t log L, + g, g e K, Li c K

> n mI
=-> f - . diD(hi) + g + a, log L1 - d log(1 -h) log h

SO, if:
1

S - dj log(1 - hj) e k, we get:

k m n

f I diD(h ) + g + a i log L, + I sj log hi,
Jai i- j -I

sj E k, g E K, Li E k

So, by lemma 1, f f is a simple elementary-dilogarithnlc expression

over k and the proposition is proved for r - 0. Let r be greater than 0

and assume without loss of generality that log(1 - hi), ... , log(1 - hr)

are algebracially independent over K so that by Dstrowski's theorem again

we find constants cip such that:

r
log(1 - hi) - I c1 p log(1 - hp + Rip

p-

where: Rj c k, r < j n (*)

So, K ( log(1 - h), log(1 - h 2), ... log(1 - hn) ) - K ( log(1 - hi),

log(1 - h 2 ), ... , log(1 - hr) ).

Let Kio - K ( log(1 - h), ... , log(1 - h io-) log(1 - hi 0),.

log(l - hr) ) (1 io  r). Clearly, t, - log(; - h i ) is transcendental0 0

over K1 since we have assumed that log(; - hJ) (I I r) are
a

algebraically independent over K.

For each 10 c {;,2,...,r}, let I. be the subset of {I...,m} such

that, for all i e Io, Li is dependent on t, - log(1 - hi ). Then, (1.10)
i t0

implies that:
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n m
f- X di 1 2(hj)- 7 a i log Li e Ki (t i ) (.11)J-1 i-1 i

We want to prove that:[ 1 ji~i'=Sa i log Li  -0

and that:

n
f - I d 9X2 (hj ) - a i log Li c Kt0[t i ] (1.12)

J-1 i I 0  0

Once (1.12) is proved for each index i0 E 1,...,rI, we deduce that:

n
f - I dJ 2 (hj ) - a i log Li e Ki[t i ]

J-1 i CI 0 0  i 0 E ... r} 0

. K[t,,t2P,...,t r ]

where I.0 is such that, for all i c I00 Li is not dependent on any

t- log(1 - hj), for all j c {l,...,r}. So, Li E: K for all i E Ioo, and:

f - dI d t(h) - at log Li - P(t ,...,tr)
j-i iI 00

where P is a polynomial.

So, let K o a Ki 0 K(t1,....tio-1' ,t ...,tr) and t - ti.* Then,

if L, depends on t, Li - bit + ri, where ri e K0 , and bi is a constant,

bi 0 0. By assumption, we had:

n m
f - I d, 2 (hj) - [ a log Li - g(t) E Ko(t) (1.13)

J-1 1-

If K° is a finite normal algebraic extension of Ko where g(t) splits into

linear factors, we write:

r

g(t) - go(t) +, c K0, T K0, N*
a,( (t - Ta )a '
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a and 8 range over a finite set of integers, and g0 (t) E K
0 [t].

(1.13) yields:

n h m Lr
f - dj log(1 - h)- X a1 L g(t) - I, _

J-1 i-I a, (t - Ta)a

Br ,8(t' - Ta)
+ ( = 0 (1.14)

(t - T ) 8+1

The key idea in the on-going proof is that, when we use the relations (**)

on page (8), the expression:

n h
f - I dj - log(1 - h1)

J-1

is a linear polynomial in t over K .. Also, go(t) is a polynomial in t

since t' ..(1 - h i )'/(1 - h i ) E k. So:
0 0

L ro Br T')t ai -a- a,
LL depnd LI I +1

Li depends i , (t - Ta) 8  (t - t
on t

must cancel.

Let It - {i such that L - bit + ri , bi 0 01 and 1,...,m} -I t .

(1.14) then becomes:

n hj r i  (bit' + ri)
f -- 1 dj : log(1 - hj) - I r t a3 (bit + r - g(t)

t t

r., Br 0(t' - Ta)
- c, + + .- 0, where: ri E Ko  (1.15)
, t (t - Ta)) t -

I I

First, t' - Ts a 0, otherwise we would have t' - T and for each

a c Awt(K°/Ko) we have t' - o(Ta' -> [K°:Ko t' = Tr(Ta)' ->

t - 1/[K0 :Ko] Tr(Ta ) + C, where C is a constant and Tr is the trace map

from KO to K .  But this gives a contradiction since t was supposed to be

transcendental over Ko.
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So, if we look at the partial fraction decomposition we have in

(1.15), we deduce that ra B - 0 for all a, 8, and we get:

n h j r i
f - d - log(1 - h) a1 -

j-1 hi i I:* ritI

(bit' + ri )
- ai  (bit + - gt) - 0

which also implies that:

(bit' + r i )

Sai -1  =0aI (bit + r i )T

(by looking at partial fraction decomposition). Also, g0 E K0[t] KO(t)

==> go e Ko[t], and:

I ai log Li - constant
iEI t

By induction on t ti  e {log(l - hi),...,log(1 - hr)} , we deduce

that:

g(tt...,t r ) f - I dj t2(h J  -( aI log Li £ K[tl,...,tr]
j 1 1EIoo

and L, E K (1.16)

We claim that g is a polynomial of degree 2 with constant coefficients, for

all the terms in tl,...,tr of degree 2. In fact, let A tat t...tr

be one monomial in the leading homogenous term of g, with A * 0.mlm 2 •. mr

Then:

(A taI...tar) ' - A tat... tarat ... ar al... r  I " ' r
1 tr-1 m

r
+ I A ajtjtl I... 1 tar

j -1 a , . * * r
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Assuming:

r
j l j 2
,j-1

and noticing that the derivative of the right-hand side of (1.16) is of

degree 1 in ti,..., tr, we deduce that:

A- 0 -=> Aa,...Cr is a constant

If:

r

X aj > 2
ji-i

then there exists i o such that a, a 0. The coefficient of

t, ... t ...loO-1 tar must be zero in the derivative of g(t , . . . ,t r ) .

So:
9 1

A, raiti + Ac 0a l • r 0 a a 2 . ..a 1 o - 1 ...a r

> tl 0 7-1 1 A + C
Io A l caa2 ... i o-1 ". r

where C is a constant. But this is a contradiction since t is

transcendental over K.

So, we deduce that g is a polynomial of degree 2 with constant

coefficients, for all the terms in ti,.. ,tr of degree 2. That Is:

r

g(t,,s ... ,t r )  A o + I Aptp + I Aa'Bt Ct

where ta, to (tit,...,ltr}, and A are constants.

r r

g1- A0 + A t + I A It~
pal 

p ,,1

A t t8 + I A tat (1.17)
c,,B a 8 a, , a a(.7

and:
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n h m LI
g'(1Di ltr I f +l I dl j loO( - hj ) I- a

i  
(1.i18)

it. . rj =1 i= 1 1 1 -L

Using the dependency relations (**) (page 8), we obtain from (1.17)

and (1.18):

r n h
f A. I Aptp' I d Rj

p1 J- =r+1

I 9

dp h; cjpdj + 2Apt + I At + A th -jr+1 h ci p J
(where Ap CI A pa if a > p).

From the above, we deduce that:

I I

hp n hj
2 Apptp + I Aapt(,= - p - cpd d - A;

ClpP J-r+1 J

and, by integration, we get:

I
Appt + 1 .1 Apt

1n1
T dp log hp - cp d log hj - Ap + Cp (1.19)

j=r+1

where Cp is a constant.

Notice that we can write:

r r [
. AO + I Aptp + + 1 1 Aapt tp

p= p-i ap

and, using (1.19) and (1.16), we get:

n r 1 r r

f I d 1 2 )(h + A O  +
J- p.i p-1 p-i

+ r1 dp log h p + cjpdj loghj tp + a i log Li

hichJgr+ives:

which gives:
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f I d Z (h+ (log h ) tp

2Pp1 p

r r m

+ A=+ Aptp + =I cptp + =I a, log Li+ °+2" 1 p 1 i 1

But we had:

r

p Cjptp - log(1 - hj) - Rj

for j £ {r+l,...,n} and tp = log(I - h p). So:

f - I djD(h) - d dR log h + AO + I Ap log(1 - h )
J -1 j-r+1 pl

r m
+ L Cp log(1 - hp) + Z ai log Li,p-i i =1

Rj c k, AO,A p e K, Li c K

and, by lemma 1, f f - S, where S is a simple elementary-dilogarithmic

expression. This completes the proof of proposition 1.

If we go back and look at the definition of t dilogarithmic over k we

observe the following fact: t is defined up to a constant multiple of a

log, or, more precisely: if t' - - a'/a *, where 4' = (1 - a)'/(1 - a),

* is defined up to a constant. So, *: - (1 - a)'/(1 - a) - > - c +

where c is a constant, and this implies that t' - - a'/a , - c) -

- a'/a *, + c a'/a --> t is defined up to c log a.

This motivates considering the dilog as defined mod the vector space

generated by constant multiples of logarithms over k. We denote from now

on this vector space by Mk for any differential field k of characteristic

zero.
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Lemma 2: If k is a differential field of characteristic zero, then

D(1/f) n - D(f) mod Mk.

Proof:

1 1f 2 f' 2

ff

where: '- 1 and e' =  1 -
1If
iff

So:

( - f)' f'
( -if) f

..> D' [ - ) • - ( log(o - f) - log f )

1 (I - f)' mf'- . ( (- f) f )log r odMk

7~~~~ (1 - T 0

I> DI log((I -f )'f ) log f - - D'(f) mod Mk

w-> D (I" ) a - D(f) mod Mf Mk

(M' is the space of derivatives of Mk).

Proposition 2: Let k be a differential field of characteristic zero,

and let e be transcendental over k with k(e) being a differential field.

Let f(e) e k(e) and K be the splitting field of f(e) and 1 - f(e). We

define, if a is a zero or a pole of f(e), ordaf(e) to be the multiplicity

of (8 - a); this is positive if a is a zero of f(e) and negative if a is a

pole. Then, there exists f, E k such that:

D(f(e)) a D(f,) + I ordb(I - f) ordaf D e - b mod M (A)Ib- a ()
a,b e sa

where a and b are the zeros and poles of if and (1 - f), respectively.
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Proof: Let f(e) - f0 P(B)/Q(B), where f0 c k, and P(e), Q(8) are

relatively prime polynomials over k which are monic. We can also assume

that deg P(e) deg Q(6), otherwise, using lemma 2, we replace f by 1/f.

1 - f(e) - Q(e) - foP(o) R(O)

Q(e) g 6-

where go e k, and R(e) is a monic polynomial relatively prime with both P

and Q.

First step:

1 f' 1 (1 - V),

D'(f) - - '- -log(1 - )- log f

is well-defined mod MK(e). We can check easily that, if a * b and a,b e K,

then:

DI a '- b b - a ) log(e- a)

2 ' - a' 8' - b'

alog(b - a) mod MK(e)

(This is because log gh - log g + log h + constant, and log 1/g = - log g

+ constant.)

Second step: Consider the set I , (a,b) I a is a zero of P or

of Q, b is a zero of R or of Q, but whenever one of a and b is a zero

of Q the other is not }. (So the set (a,b), a zero of Q and b zero of Q,

is excluded.)

We have:

P(o) R(e)fto 7 + goo " e 1 (B)

<-> f oP(8) + goR(e) - Q(e) (C)

Let us compute:
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+ ordaf ordb(1 b? - at log(e - a)- L (a,b)i1 a J
°rda ° b(1 f) b - a

I(a,b)cIi
+.1 ordaf ord( - b' - as log(e - b) mod M'2 a(b(b -Ifb b - a K

We call the above quantity or sum S,:

1b' - a'
_, ordaf °rdb(1 - f) b - a log(e- a)S- 2 a zero b zero of

of P (1 - f)

b' - a' o_ 2_. ord f  0 - f) b- a log(e- a)
2 b zero b zero of

of Q R

+I Ordb(1 - f) F ordaf b - ] log(e - b)

2 b zero a zero of

of Q P

since (a,b) e II.

Now, (B) above implies, if a is a zero of P, that:

R(a) go R'(a) Q'(a)go 1 -, -- + Ra) 'a 0

but, as we can easily check:

ordbfI)b' - a' . R' (a) Q'(a) go (2.1)
b1- f) b - a R(a) -Q -

b zero of ba
(1 - f)

(where a is a zero of P).

Also, if b is a zero of R, we have, using (B) above:

R(b) fo P'(b) Q'(b)

o Q(b 1 M> T P(b) + Q(b)

I I I I I II I I0
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So we get:

b' - a' P'(b) Q'(b) (22arda b (2.2)a zero of
f

(where, in the above, b Is a zero of R).

Now, we look at the sum:

1 ordfb' - a'

S 2  rd af ordb( - f) b a log(e - a)
a zero b zero of

of Q R

+ l ordb(1 - f)' - b

b zero a zero of b - log(e b)

of Q p

1 [ b' - a'
" $ 22 raf ordb(1 - f) b- aa zero b zero ofof Q R

+ ordbf b ' log(a - a)I b b -ab zero ofb a
P

But the relation foP(e) + goR(e) - Q(6) implies, if a is a zero of Q,

that:

foP(a) + gR(a) - 0
9 I

fO P'(a) go + R'(a)
> T Pa - g 7 R(a)

9 I

P'(a) R'(a) go fo0
:(2.3)

and:
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ordb(0 - f) b - at Ra)
b zero of

R
if a is a zero of Q

+ ordbf b - a' P(a)
b zero of b

P

(2.3) and the above imply that:

S ord [ f o log(e - a)2 2 a zero of ra o _
Q

which is exactly:
1 fo0

S2  - - b ordb(1 - f) o log(e - b)
2b zero of b" ff

Q
go

O grdf- log(e - a)
a zero of a 0

Q
(2.1) and (2.2) imply, respectively, that:

2 X ordaf Ord f) b - a'a
a zero of " b zero ofIIr L(1 -f)

I go

-2 ordaf log(e - a)
a zero of

P

This sum will be denoted by S,.

1.d I - f) bOrdf -og( - b)
2 a zero of j a zero of b - a

R f
f

2 - ordb(1 - f) ?log(e-- b)
b zero of b

P

This sum will be denoted by S .
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Now, S1 - S2 + S3 + S, and by regrouping the terms in S2, S , and S4

we deduce that:

I g
+- + ordf - log(e - a)2 a zero or pole ag

of f

2 ordb(1 - f) f- log(e - b)b zero or pole o
of (0 - f)

Now, consider the four following sums:

ES +1 I [ I °rdb(1 - f ) log(b - a) - a'
a zero of b zero of a

1 (R f)

Z I orda( o rd f log(b - a) 1 b _ b ,

2 2-b zero of a zero of - a
R f I

12 +. I ordaf Ordb(l - f) log(b - a)1 a,2a zero of b zero of 0 a

Q R

-1 Ordb( f) Ordaf log(b -a) 81' b'

2 b zero of a. zero of Jv

Q P

and: E, ,E2 +E 3 +Z

It follows immediately that:

£,2 ra Orb(1 _ ) a' - ' -'
I I ordford e -a 6 -b j log (b - a)

(a,b)l 2

Now, and as before, integrating (2.1), (2.2), and (2.3), we deduce:

I ordb(I - f) log(b - a) - log R(a) - log Q(a) + etc.
b zero of
(1 - f)

- -log g. + etc., where a is a zero of P (2.1')
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Ordaf log(b - a) - log P(b) - log Q(b) + etc.

a zero of
f

- - log fo + etc., where b Is a zero of R (2.2')

- Ordb(l - f) log(b - a) + I ordb(f) log (b - a)
b zero of b zero of

R P

- log go - log fo + etc., where a is a zero of Q (2.3')

Plugging (2.1'), (2.2'), and (2.3') in E., E., and E2, respectively,

and regrouping, as we have done for computing SO we obtain:

1 a ord of a log goa zero or pole

of f
1. rd b ___f)_

+ 1ord( - - b log fo mod MKCO)
b zero or pole

of (1 - f)

(This is because we had constants in relations (2.1'), (2.2'), and (2.3').)

Third Step: We compute D'(f(8)) mod MK(,), which can be immediately

verifed to be:

1 [- ) ordaf ord(1 - f) (e- a)' log(e - b)D'(t()) a b (0 a)

+ab °rdaf °rdb1- ) (8~- b)' log(e - a)1a~b

1 X ordaf -a)' l1 ordb(1 - f) (e - b)' log f
- a(8 - a)' log go (8-a)(- 2
2aa a) (8-b) 0

1

fo 1 go
Ord 0 f) - - log(e - b) + ordaf - log(e- a)2 b fa f 0(
ba g

1 log 10g go . log fo mod MK(C)

(where E runs over all zeros and poles of f and 1 - f, respectively,a,b

E runs over the zeros and poles of f, and E runs over the zeros and poles
a b

of (1 - )).
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The term:

-rda ordb(1 - f)(e - a)'d(e - a) log(e - b)

(a,b)RIl

+ erdaf Ord (e - b)' -a ( )(6 - b) lge-a

is zero since a and b run over the roots of Q.

So:
I I

f 1 go
D'(f) log g0 + -- 1log

) 2 fo 2 g o

I - ord f ordb(1 - f)
(a,b)EI 2 a b

( 6- b)' log(8- a) - (e- a)'
(e - b) (e - b) log(e - b) )

+£, + S 1  mod MK(e) (by (2.4) and (2.4'))

(2.5) -- >

D'(f(e)) o ( ordaf ordb (1 - f) D ( b

ItI
o1 go

- log go + - - log f o  mod MK(e)

Now, we distinguish 3 cases:

Case 1:

deg P > deg Q (strict inequality)

no> deg (Q(e) - foP(e)) - deg P(e) > go -fo

And:

log -fr log go - log fo + etc.

So:
I I

fo 1 go

-2 f- log g oo - log f a 0 omod MK(O)

and we take f, in proposition 2 to be a constant. So D'(ft) - 0.
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Case 2: If deg P deg Q (and fo  1 1), then the leading coefficient

of Q(q) - top(8) is 1 - f => go - fo

* I If

1 fo 1 go 1 0o
- f f log go + - log fo 2 - o

I a

110- if+ '(1 - f ) log f0

and we take f, in proposition 2 to be fo"

Case 3: deg P deg Q andf . a 1.

Let I - { (a,b) J a pole or zero of f, b pole or zero of (1 - f) J.

Then, I - I, - { (a,b) I a zero of Q, b zero of Q J. But:

DC z bD a mod MK(e)Z az bK()

r ordaf ordb(1 - f) D ( b 0 mod MK()
(a,b)cI-I a b

SO:

I ordaf Ordb(z-f) D z b

(a,b)cI, a a

I a I ordaf ordb(1 - f) D z b mod MK(q) (2.6)
(a,b)cI a lz a

Now, deg P - deg Q, and f. - 1 ==>

1 - f Q(e) - P(e) > deg (Q(8) - P(e) ) < deg Q(8)Q(e)

But, since:

D(f) * - D(l - f) a D ( f ) mod MK(e)

and:

ordaf ordb(1 - f) D ( z b-
(a,b)aI,

is unchanged if we replace f by 1/(1 - f), we are again in case 1.
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But, by the results of case 1 and case 2, and relations (2.5) and

(2.6), proposition 2 is proved.

Lemma 3: (Risch, Kolchin.) Let k be a differential field of

characteristic zero. Assume that u, ...,un are logarithmic over k and

v exponential over k, and assume also that k(v,ui,...,un) and k have the

same field of constants. Then, if v,u ,,...,un are algebraically dependent

over k, there exists an integer n * 0 such that vn £ k (not all c1 are

zeros) and constants c, ...,cn such that E ciui e k.

Proof: See Kolchin [ ].

Corollary 3.1: Consider k(v,ui,...,un), defined as above. Then, if

v is transcendental over k, it is transcendental over k(ui,...,un).

Proof: If not, then by lemma 3 there exists n * 0 such that vn e k

--> v is algebraic --> contradiction.

Lemma 4: (Ostrowski.) Under the assumptions of lemma 3 concerning k

and ui,...,un, let t be primitive over k and assume that t,u,...,u.n are

algebraically dependent over k. Then, there exist c ,...,cn constants and

s e k such that t - E ciui + s.

Proof: See Ostrowski [_].

Proposition 3: Let k be a differential field of characteristic zero,

a primitive, and transcendental over k. Let i ,...£n c k (ii * ctj if

i 0 J), ul,...,u m c k, and assume the existence of constants ci,...,Cn,

di,...,d m such that:

n m
Z ci log(e- + dj log uj c k(e)

(where k and k(e) (log(e - cx),...,log u1 ,...) have the same field of

constants). Then, c, a c2 C n 0.
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Proof: As in the proof' in proposition 1, by considering partial

fraction decomposition (or see Rosenlicht [l]).

Proposition 4: Let k be a differential field of characteristic zero,

e exponential, and transcendental over k. Let a,,.. Dan E: k (a, * a if

i * J, and aj * 0 for all i), u,,...,um e k, and assume the existence of

constants c, .... ant dip ... od such that:

n m
I ci log(e - a1) + I d i log u~ E k(e)

imi j.1

(where k and k(e) (log u13...,log u n,log(e al c),... ,log(14 - an)) have the

same field of constants). Then, c1 a c 2 ' .. ' - c n =0.

Proof: This is also a classical result. See Risch E1] or

Rosenlicht f 1].

Corollary 3.2: In the conditi-'- of propositions 3 and 4,

log(a - al ),...,log(a - an) (a1 * 0 for all i if e exponential) are

algebraically independent over k(e) (log u1,...,lcg u m)

Proof: If log(O - a1),...,log(e - an) were not algebraically

independent, and since log(e - a1), ...,# log(6 - %n),og ut1 ...11og Urn

are plog's over k(e), we deduce by Ostrowski's theorem that there exist

Clit ... 'n not all zero, and constants dl,...,dm such that:

n m

i~ ci log(e - a 1) + d~j log uj £ k(O) --> ci - c2  an. -c 0

by propositions 3 and 4 -- > contradiction.

Proposition 5: Let k be a differential field of characteristic zero.

Let 8 be transcendental over k and k(B), k have the same field of

constants. Let s(e) e k(e) be such that s'(e) c k. Then:
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(1") If e is primitive over k, s(e) = ce + v, where c is a constant

and v e k.

(2") If e is exponential over k, s(q) e k.

Proof: This is again a well-known fact. See Risch lI] or

Rosenlicht [I].

Now we are ready to prove the main theorem in this paper. We recall

first the definition of a dilogarithmic-elementary extension of a

differential field k, which is a differential field K such that there is a

tower of differential fields k = Ko  Ki ... KN - K all having the same

constant field and for each i 1 I,...,N we have one of the following three

cases:

(1") Ki = Ki. 1(ei), where a, is logarithmic over Ki1..

(2") Ki = Ki_ 1(Oi), where 01 is exponential over Ki1 . We also

assume ei transcendental over KiI in this case.

(3") Ki M Ki-.1(ei,ei), where 8i  2 (a) for some a e Kii.

Remark: In (3"), ei is defined up to a constant multiple of an

element i, such that i (1 - a)'/(1 - a), which is always in Ki since

e1 E KI .

The number N will be called the length of K over k.

Theorem: Let k be a differential field of characteristic zero, which

is a Liouville extension of its subfield of constants assumed algebraically

closed. Let f c k and suppose that there exists a dilogarithmic-elementary

extension K of k such that:

f c K

Then, f f is a simple elementary-dilogarithmic expression over k. That is:
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M n
f - g + si log v1 i + djD(hj) (n,m are positive integers)

where g, s i , Vie hj e k, and the dj's are constants.

Proof: It is by induction on N, the length of K over k. If N - 0,

then f f - g e k and the theorem is proved. If N > 0, we apply the

induction hypothesis to f e KA and the tower K, K2  KN a K

to obtain:

( m n
f . g + I s i log v, + I dj D(hj)

i-I j-1

where g, si, v, hj e K,, and the dj's are constants.

We want to modify equation (3.1) in such a way that g, si, vI, and hj

are in k - KO.

For this we consider 3 major cases.

Case 1: K1 - k(8) and a logarithmic over k. 6 - log a, a c k. If 0

Is algebraic over k, then, by lemma 4, 8 c k and there Is nothing to prove.

So, we assume 0 transcendental, and factor vi, hj, 1 - hj over k. So

we will be working over k0 , the splitting field of these quantities which

we assume normal.

By proposition 2:

D(h (8)) q D(H) + Ordh j Ord(1 - hj) D ( e ) mod Mko(e)

where Hj c k, b,a c ko, a * b.

So, (3.1) can be written as:

( r
f a g(e) + I sa(e) log(e - a) + I Sp(e) log fp

a p.1

+ djD(Hj) + I d , Y D ( Y ) Mod Mk(e) (3.1')
j-1 B,Y

where dB,Y is a constant, Y,B E ko, Y * B, fpHj k.
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Now, we order the B's and the Y's in the following way. We write this

set as ai,... ,cr so that (ai , a, J):

O d ', yD 8e 
- T

B3,Y

8-a 2-a 8- an
1 2 D8-a - +D 2 D-

d-d 2  D e a3 8 - an
iD(8-a 2  in 8- a2  ' 8 -a 2

O8- ai
+ I d1i D (J>ie-

8-
+ dn-l,n D ( - n

+ constant (3.2)

(This is possible because: D (0 - ai)/(e- aj)

a - D ( (8 - aj)(8 -- ai) m mod Mko(e).)

We call the above expression reduced, that Is, (3.2). For example:

8-a 8 - a1  8- a2

di D ( e- a, + d 2 D ( - a, + d D -a3

is reduced, while the expression:

8- a1  8- a 8- a 2

di D ( e- a) + d2 D ( - + d D l-

is not reduced.

So, (3.1') becomes:

f a g(e) + Zi SI log(e a,) + s p(e) log f p
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m n-i - ai
+ I d 0D(H ) + I D ( ) (3.3)

Joi i-I J>i -

(with ai * aj for all i , J).

Now, we take the derivative of (3.3), to get:

n (0- ai)' n

f- g'(e) + I si(e) (e - a) +  S (e) log(e )
i-I i-I

r fp r (

+ I sSpe)I () logfp

p-if Pal -i p

m o g H 1 Jo 0
+ d d_ log(1- H + - j log H

+ i nail

n-1 i i 0 a i a

i+ Ja, - ci i i ) log( 6 j)

2 o--1j Il

I I

n-1 I- e aJ ) log(e - )

2 e(

Identifying the-term which multiplies log~e - ad,. we get:

a i e O'j ) ' -l j
I I

8' - e

S+) + I I ( e(- -3.)
J>1 I d1 i

This is because the log(e - %) (I 1 i n) are algebraically independent

over k*(e) ( log Hj (l J0  m), log(l - Hj ) I Jo m), log fp

(1 S p r), log(x - Gj) (i < j) ), by corollary (3.2).

Now, (3.5) implies:

S,(e) + 1 - ( log(a1 - aj) - log(O- aj) ) dlj + constant - 0

J>l

which, by proposition 3, gives dlj 0 for j > 1, and S (e) - s, is a

constant. By induction we prove easily that dij - 0 for all i,j and that

Si(e) - s, is a constant.
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f ~,,n r m
f"i g(X) + s i log(e " + I sp,8'6) log fp + djoD(H J)

i-1 p.1 J o-l

(3.6)

where die, si are constants, Mi E ko, and fp, Hj E k.

At this point, we distinguish two cases:

Case 1-a: 8 is algebraic over ko ( log fp (I k p < r), log HiJ

(1 s j0  m), log(1 - Hie) (1 j, < m) ). So, by lemma 4, we get:

8 I p log fp + I jo log Hjo + aj0 log(1 - HjO) + g

where cp, cjo, ajo are constants, and g £ k° .

So, Li - 6 - a, is a linear logarithmic expression over k° ( log fpt,

log H , ... , log(1 - Hj0 ) ), and (3.6) can be written as:

mm r
r I 01  . ( J ) - '( - HJO) 1 2(l -

- S sK log Li c F

which implies, by proposition 1, that f f is a simple elementary-

dilogarithmic expression over k and our theorem is proved in this case.

Case 1-b: 0 is transcendental over F k k ( log fp (1 5 p r),

log He (1 0 Jo $ m), log(1 - HJ) (1 5 Jo < m) ). (3.6) can be written

as:

1' n
f - l dJoD(Hjo) I g(e) + s t log(O - at)

I '=1i-1

r
+ I SP(8) log fp (3.8)

p.1

From this, and as in the proof of Liouville's theorem, we deduce that

s i - 0 for all 1 5 i n.

Also, by proposition 5, we deduce that there exists c, a constant, and

v c F such that:
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r
g(e) +  sp (8) log f ce + V (B - log a)

p=g

so:

( n m r
f - I dj0 Z2(H - 1 0.9.2(0 - HjO) - I 0. 2(0 - fp

- c log a c F

-- > by proposition 1 that f f is a simple elementary-dilogarithmic

expression over k, and the theorem is proved in case 1.

Case 2: K, - k(e,e') and 8 = Z 2(a), where a e k. Let

k i - k ( log(1 - a) ). So, 8' £ k,. If e is algebraic over k,, then, by

lemma 4, e e k,. So, writing (3.1) again, we have:

( m n

f - g + s, log vi + djD(hJ) (3.9)
i-I j =I

where g, sI , vi, hj e ki.

Then, using case 1 (the logarithmic case), we deduce that f f is a

simple elementary-dilogarithmic expression over k.

So, we consider the case e transcendental over k,. As in the previous

case, (3.9) can be written:

(n r
f a g(e) + X si(e) log(e - ai) + Sp(e) log fp

i-i p=1

m n-1 8- a
+ I djoD(HJo ) + I I dij D (

j 0 =1 i-1 J>i

where fp, Hj e k1, aI * aj, i * j, and ai e k£ , a normal finite extension

of k containing the roots of vi, hi, and (1 - hi) for all ij.

Now, we use the same argument as in case 1 (e - log a) and

proposition 3 to deduce:
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(n r
f "g(e) + S t log(e - ai) +  I s p () log f p

i-1 p-1

m
+ I dj oD(H )

j 0.1

where fp, H £ c ki, a, e k£ , and si, dj are constants.

We also distinguish two cases:

Case 2-a: e is algebraic over F, - k ° ( log fp (1 p r), log(Hj)

(1 J m ), log (1 - Hj) (1 j0  m) ).

We apply again the same argument as in case 1-a (using lemma 4), and

obtain: f f is a simple elementary-dilogarithmic expression over k, .-> by

case 1 and since f e k that f f is a simple elementary-dilogarithmic

expression over k.

Case 2-b: 8 is transcendental over F, - k ° ( log fp (1 p r),

log HJ (I Jo m), log (I - Hj ) (I Jo m) ).

Then, from (3.10) and as in case 1-b (8 - log a), we deduce that:

Si - 0, for all 1 i N

and that there exists c, a constant, and v e F,, such that:

r
g(e) + I sp(e) log fp . ce + v (e - 2 (a))

p-1

(3.10) -- >

n m r
f - I ( ) -2 (H J(II- Hj)- Z 0 - f )1 o "I o1 o w l o P a l

- c1(a) e - F, ( log(1 - a) )

(since log(1 - a) £ ki) --> by proposition 1 that I f is simple elementary-

dilogarithmic over k, an> by case 1 that f f is simple elementary-

dilogarithmic over k.
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Case 3: K1 - k(e), e - exp a, a e k, and e transcendental over k. As

seen before, we can write (3.1) as:

h-1 r

f o g(@) + Si(e) log(q - ai) 1 3 sp(e) log fp
i-1 p=l

only (n - 1) terms

m n-1 8 - a,
+ djD(H ) + I I dij D ( i (3.11)

0o1 i-I j>i - j

(a, e ko).

In this case, we assume that oW - 0, and log e c k (a * 0 for i * N).

The derivative of (3.11) is exactly (3.4), from which we extract the

coefficient of log(e - a) and use corollary (3.2) to obtain:
I I I I

a - a a'
s'(8) + ) d( +J )d d __ _ _ ).

J>1 2 ,, aj 0-J I j JL 2in a i a "

J on

"> S,(e) + . . ( log(a - cj) - log(e - aj) ) dlj
J>1
j ON

SI dn log a1 -- dINa - constant

(since log e = a c k) --> (by proposition (4):

dIj = 0, for all J > 1, j * N

and:

1 nS1 (e) - n din ( e a,)

By induction on i, we can now deduce that:

dij - 0, for all i and for all j > 1, J * N

and:
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1 ) d cjl (S2(e) dln (i ) (1 i-i) (3.13)

So, (3.11) becomes:

n-1 r
f a g(e) + s 51(e) log(e - )  SpCe) log fp

J -1 p-i

m n -1 e - a,

+ I d jD(H ) + dln D)
.101 1-1 e

n ( - i)' n
a-> f - g'(e) * S s'(6) log(e- ai)

r Cp r
+ 1 sP(e) -+ I sp(e) log f

p-i P p-i

m1I 2 og~ 1 (1- -jo),

d log(1 - £14) + lo (I H log
j 0 1  o o.. 2 H "J

n-1 1 '- a1
+ djn -i ) (a + c)

i--Ii n 2' ' - a 

+ ( 1 11 e'. }  8og(e - ai) + ( 2. - at log i

(3.14)

(c is a constant such that log e - a + c). In the above expression, the

coefficient of log(e - ai) Is zero, as we have seen before.

Now, by corollary 3.1, e is transcendental over:

F0  k ( log a, (1 1 i n-l), log (1 1 J m), log(I - H )

(1 jo m ), log f p (1 p 5 r) ).

On the other hand, we choose the log fp (I 5 p 5 r) in such a way that

they are linearly independent and transcendental over ko. Then, by lemma 3

and corollary (3.1), they are algebraically independent over k0 (8).
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From (3.14), we deduce that there exist subsets Jp, Ip, T p such that:

1HJ H (1- Hj)'
s-'dJ) + } -- d.(

p ,e 2 Hj Jo (I- Hj) d

+ 'd1 n ( 8 - 0 (3.15)

iET p -

(this is the coefficient of log fP; jp, Ip, Tp exist because log a1,

log H . log(1 - H ) could depend on log fJO O p

By proposition 4, we deduce that din a 0 for all i E Tp, So,

sp(e) e k --> sp(e) - sp e k by proposition 5 (for all p).

So, (3.14) becomes:

(- i)' r f rf 91(6)+ S 6)7T7-t) IS p ?_+ 1 3 p log f p
g'(e) + si(e) (e- a) p-1 + pal

"£ Iog( - Hj ) + I--jJ°0L 2 Hj J 2 (1 H j oHjo H]
Jo=(1 -oHo

n- ' - (ia i e' e' -_ i

" n din a a (a + c) + 2, e 6-a log a,
i-ii

(3.16)

But, from (3.13), we had:

Qd, I 08' i21 8  i 8 al

on> S1(e) -1 d (a - log a,) + c,, c1 is a constant (3.17)-- 2 1 8  - dn ii

So, S FO - ko ( log ai (1 I n-1), log Hj (I Jo M),

log(1 - HJo) (1 0 Jo M), log fp (l p r) ).

Computing the coefficient of (e- ai)'/(e - ai) in (3.16), we get:

n-1 I' -

g'(e) + X ( S1 + din [ (a + c) - log ai ] ) - £ F1-1 e o
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Considering the partial fraction of g(e), we can prove, as in the

proof of Liouville's theorem, that (since ai * 0):
1

S + . din [ (a + c) - log a, ] - 0, for all i n - 1 (3.18)

Comparing with (3.17), we deduce that:

din [ a - log ai ] - constant, for all i n - 1 (3.19)

We claim that din - 0, otherwise we would have:
I I

a, of al 8 Norm (a) 1
a' - - - 0 - - - -- 0 -- > N 8'

ai 8 ai 0 e Norm(a)

(3.20)

where No - [k:k], and Norm is the usual norm from ko to k.

So, (3.20) implies:

( ONo Norm(a) B - 0 -- > cNo £ k -- > contradiction

and:

din - 0, for all 1 i n-i

which implies that Si - 0 by (3.18) --> Si - constant -- >

n-1 (e- al)' r fp r l
f-g'(e) + Si (e a) Pl +p p

i-ip- P pai

m H (1- Hjo)'
+ Z da ( J2 H log(, - H ) +2 (1 - -log Hj )Jol o H o 2 1 jo

Let F., k( log fp (I p r), log Hjo (I Jo m), log(q - HJO)

(I ., o m) ). e is transcendental over Foo, and, as in the proof of

Liouville's theorem, we get Si - 0, for all i. Also, we get

g(e) - g c Foo, by proposition 5.
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f - [ djD(Hj) ] 3 g + I Sp log fp

-- > f-~ [ dj 0 . 2 (Hj  - 02.2(I - Hj )M o

j o"I 0.1'

r
I O- 0"6( - fp - g Foo

p.1

-- > f f is a simple elementary-dilogarithmic expression over k by

proposition 1, so the theorem is proved.
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