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FUNCTIONAL OCCUPATION MEASURES AND ERGODIC
COST PROBLEMS FOR SINGULARLY PERTURBED
STOCHASTIC SYSTEMS *

Harcld J. Kushner®® Division of Apphed Mathematics
Brown University
Providence. R.1.. (2012 U.S A

ABSTRACT.
Functional occupation nicasures are an extension 1o occupation measures
oni the path space of the usual definition of occupation measures for stochas-
tic processes They are used te get hmit and approximatior. theorems fc:
average cost per unit titne problems for many types of controlied or uncon-
U lied random processes A this paper. we deabwills diffusions rofiocp 2
difiusions. and singularly perturbed controlled dnﬁusnons There are exten-
sions 1o wide bandwidth nowse driven systems and to many other models
The metnoc provides a convement and powerful way of characterizing the
processes associated with the weak limits of the occupation measures and
with the sample hmits of the average cosis per unit tunie. as the varous pa-
rameters of the problem go to their limits. The method can be used 1o get
appreximate optiniality theorems and similar resulte for processes wiich
are oniy approximated by jump difiusions and are of interest over a long
ume perioc.

~ ‘ /’ < -

INTRODUCTION.
Ir. this paper we develop a powerfu! too! for dealing with limit problems
anc approximations for controliec or uncontrolie€ processes which are of in-
teres: over & long perioc ¢f time. The basic applications of interest cornzerr.
ergadic cost problems for processes governed by either singularly perturoed
stoinastis Gifferential cquations Or WiGe LanhiC NOISC GIiven SYSIEms (Wi
sintularly perturbed or noty We want tc snow that certain “averaze
"LmitT sysieme carn be used tc gel gooc ipproxumations to the opiima.
ue funcuions anc controis for the "phvsica!” svstens as wel as ic chat-
azierize the "averaged” systems. Due tc space limitations we concenira:«
or. ine singularly periurbed diffusior. mode! anc orn refiected diffusions It
will be apparant that the general techniques of averaging and of the use of
the "{unctional occupatior. measures” which are emplovec in this paper are
reacCuyv usable for & wide variety of problems.

The fundamental mathematica! technique involves a way of character-
1Zing processes associated with the limits of certain occupation measures in

* This research was supported in part by contracts ARO DAAL-
03-86-K-0171 and AFOSR 89.0015

** The author wouid like to acknowledge his appreciation for many helpfu:
ciscussions with Prol. Mauro Piccioni of the University of Rome




8 way that is mathematically interesting and readily usable. The occupa-
tio: measures which have been used to date in weak convergence analyses
are essentially occupation measures over the state space of the process.
They measure the relative amount of time that the sample paths spend in
the sets on the state space. The functional occupation measures are occu-
pation measures over the sets in the path space. Their main use here is
in the characterization of the processes which yield the pathwise limits of
“ergodic averages”. They have been used in the large deviations literature
(12]. but in very different ways and with very different purposes. In this
paper. we treat the background ideas, and illustrate some of the results
which can be obtained.

For each ¢, let () denote a process with values i I, Luciidcar r-
space. and let (loosely speaking) u®(:) be a control process for z¢(-). For
bounded and continuous k(-), define 95 = frT k(z(s). u‘(s))ds/T. The
(-} might be, for example, a singulariy perturbed diffusior. or a2 wide banc
noise driver svstem. In the singular perturbation case. the ¢ indexes the
singular perturbation. In the wide band noise case, the ¢ indexes the inverse
of the bandwidth. We are interested in the himits 9 of the 97 as ¢ — ( anc
as T — oc, and in the approximation of z°(:) by “simpler ™ processes
z(-) which are useful for approximating the values of functionals of z(.)
for smal! ¢ and large T. These simpler processes are stationarv and have
mean average cost per unit time 4. In the controlled case. we want controis
that are “good” or nearly optimal for z(-) to be “good” or nearly optima!
for the z°(-) for small ¢ and large T. The functiona! occupation measure
method facilitates the characterization of these simpler processes. It uses
weak convergence techniques connected with the sequence of functiona!
occupation measures for the z¢().

Ir. order tc introduce the ideas in a simple wzn, we star wiih th
classica! occupatior. measures anc use the following assumpions

LA

ALl b).o(-) are continuous functions with ¢ erouth ¢! most hinecr
cs iz — o,

Let w(.) denote & standard vector-valued Wiener process. Define the
process r-) as the solution to

dr = b{z)+c(z)du.z € R". 1.1
Let £ denote the difierential generator of z(-).

Al.2 {z(1).1 < &} is bounded 1n probability.

A28 /2.1 kas @ unique tnremant measure pl-).

,
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If the state space of z(-) is not bounded, then conditions such as (A1.2)
are usually verified via a stochastic Liapunov function method. Let B(S)
denote the Borel sets of the metric space S. Define the occupation measure
Q) by
Q'(B) = Iis(«))(B), BE(R).

and the normalized occupation measure

T
Q:(B):%/o Q'(B)dt.

t (C{ LY denote the continuous real valued functions on S. Ci(S) the subset

of t;ounoed funcuions, Co(S) the subset of functions with compact sujpport.

and CZ(R") the further subset of functions whose mixed partia! derivatives
arc continuous-up to second order, when § = R".

1t is well known that [1} under appropriate conditions, the sequence
of measure-valued random variables {Qr(-)} converges in probability (in
the weak topologv) to the invariant measure p( ), as T — oc: 1.e.. for eacl
f(-) € G(R). [ f(z)Qr(dz) — [ f(z)u(dz) in probability as T — oc.
Various extensions of this result tc problems in stochastic control theory
were used in [ 2] to prove the existence of an optima! feedback contro! for
an ergodic cost problem for a controlled version of (1.1). They were used ir.
[3} and [4; to get many approximation and convergence results for ergodic
cost problems for wide band noise driven systems operating over a very
long time interval.

In this paper. we take a point of view whick is more general and whick
which has numerous practical advantages. Let D"[0. oc) denote the space
of R’ -valued functions which are right continuous and have left hand hmits
anc which i1s endowed with the Skorohod topoiogy {3. Chapter 5.0 . The
space D" [0.oc) is complete anc separable. and we let ¢{.) denote its generi:
eiement. For o(-) in D"[0,oc). define the shifted function () = (¢ = -).
Define the shified process z,(-) = z{f—). anc define the occupation measur:
Pty P8 = Iz, (B) and the functional occupation mecsure

1T
¢

Under (A1.2). {Pr(-).T < oc} is a tight sequence of measure-valued
random \anables (see Sections 2 and 3 for the exact definitions and proof«)
Let P;(.) denote the sample value of Pr(-). For almost all w'. Pr()is
measure on B5{D"[0.oc)), the Borel sets of D"[0, oc), and hence mduce= a
process with paths in D°[C.oc). Let P(.) denote a measure-valued ran-
dom variable which is a2 weak limit of 2 weakly convergent subsequence of
{Pr(),T < oc). Suppose that the Pr(-) and the P{.) are defined on the
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same sample space with generic variable . Let P( ') denote the sample
value of P(-). Then. for almost all u, the measure P (-) also induces &
process on D’ [0,ec). It turns out (Theorcm 3.2) that this process, which
we write as 7°(-), is a stationary diffusion of the form (1.1). Since « in-
dexes the sample value of the measure P() it indexes the entire process
r(-). and not the sample values of that process. The necessary probability
bachground appears in Section 2. The proofs are developed in Section 3.
We spend a lot of time on the simple case (1.1), since it allows a relatively
unencumbered treatment of the basic ideas of the functional occupation
measure method. Section 4 gives the details of an application to a control
probiem for & controlled form of (1.1). Applications to the singularly per-
turbed control problem on the infinite time interval are dealt with in Section
5. Here the P'{) are for a singularly perturbed controlled diffusion. and v.¢
shiow that the limit of the samples of the Pr(-) induce stationary controlled
diflusions for an "averaged system”. Then various approximate optimality
theorems are proved. An extension of the results of Section 3 to a refiected
diffusion appears in Section 6. The aim is to outline some of the possibili-
tics. Further apphications will appear in [(].

2. PROBABILITY PRELIMINARIES.

Definitions. Let £ denote a metric space with metric d{-). and for each set
A € B(S). define the set A = {z : d(z,y) < ¢ for some v € A}. Let P{S)
denote the collection of probability measures on (S,B5(S)). The Prohorov
metric [5,p 96} #(-) on P(S) is defined by

r(P,P') = inf{c > 0:P'(A) < P(A) ~
for all compact A € B(S)}

A set {P, (")} € P{S) is saic to be tight if for each € > (. there is
a compact set Ny € B{S) such that sup, P, {z € K.} < & We sav the:
{P (1)} in P{S) converges weakly to P(-) in P(§) anc is writter. P, = F
‘Po . f1= [ f{zVPe(dz) — (P. f) for all f) € Gi(S). We Lave

Theorem 2.1. [4.p101). If (S,d{:)) 1s complete and separable ther
sc 15 the metric space (P(S).%(-)).

Theorem 2.2. [4. p104;. (Prohorov’'s Theorem) Let S be complete and
separcble. Then a set M C P(S) 1s relatively compact iff MY 1s tight. Alsc.
P, = P 1s equivalent to #{P,. P) — 0. If S 1s compact, then the topology of
weck convergence 1s equivalent to the topology under the Prohorot metrc.

Random vaeriables. Let X, and X be S-valued random variables with
associated measures P,(-) and P(:), resp. We use the terminology tight-
ness of {X,} and weak convergence of X, to X (written X, = X) inter-
changably with the terminlogy tightness of {P,(-)} and the weak conver-
gence P, = P. The sense of the usage of the words tightness and weak
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cenvergence depends on whether the objects in question are measures or
random variable., and the abuse of notation should cause no problems. The
following “Skorohod representation” will be very useful.

Theorem 2.3. {4,p102]. Let S be separable, and let P, (.) and P(-)
be the measures of the S-valued random vermables X, and X, resp.  Let
Xe = X, Then there erists o probabihty space (Q P f) uz!h S-ralued
random variables {X, ) and X defined on 1t, such that X, and X have the
distributions of X, and X, resp., and d(Xo, X) — 0 u.p.J.

We will use the Skorohod representation quite frequently since it sim-
plifies the calculations by allowing us to assume that the weak convergence
1s actually w.p.1 convergence in the appropriate topology. In order tc sim-
pity the notation. when using the Skoroliod representation we will e
use the “hat” symbol for the new sequence, but will retain whatever the
original notation was for the sequence.

Measure- valued random variables and processes. Let S¢ be a complete
and separable metric space. Then P(Sg) = S, is a complete and separable
metric space. Let Q. and Q be S)-valuea random variables. Their proba-
bility distributions are, of course. elements of P(S;). Suppose that {Q, } is
tight (in the sense of a sequence of random variables) and let Q, = Q. If
Q is 2 measure-valued random variable, then we write the sample value as
Q“ or as Q“(-). Suppose now that the Skorohod representation is used sc
we can assume that {Q,(-).n < oc,Q(:)} are defined or: the same sample
space and that the generic variable of the space 1s «. By the weak cornver-
gence and the Skorohod imbedding Q% (-) — Q“(-) for almost all w in the
topology of S;. le

Q.. Q") —0 (2.1
for almost all . For each w, the value Q= (.) is a measure or. S¢. Le:
w¢ denote the canonica! point of Sg. Thexn. for each o, Q4 1) induces an
Se-valued random varizble which we denote by X'* and whose values are
denoted by XZ(w¢). Note that the « anc n index the measure. Wite.
the measure Q% () given. w¢ gives the sample vaiue of the rendem 1cmctle
cssocicted with tho! measure.

Now. Theorem 2.2 and {2.1) imply that for almost all w

Mo =2 AR

By (2.2). we car use the Skorohod representation for the set ¢f random

veriables ({X=}.X*) for each fixed u not in some null set and suppose

that they are defined or. some sample space with generic variabie w;. Then
{or almost all v,

d(X8 (wo), A (wo)T — 0. (2.3)

For our purposes it will usualiy be sufficient tc work with each «. and then

£, 0

the relatior. (2.3} wili be quite useful. The foliowing theorem provices &




useful way of proving that a sequence of P(Sp)-valued random variables
{Qo }IS Ughl

Theorem.2.4. Suppose that there are compact S, 1 S; such that
: 1
h:nsur» P{Qu.(S - S.) > ;} =0 (2.5)

or, egunalentiy

h'm sup £Q, (Sc - S.) = 0. (2.6)

Then {Qo ) 1s tight (as ¢ sequence of random vanables).

Proof. G € > (. we need to find a compact set A, i PSS suzh
that sup, 7{{ € ¢} < & By (£.3) for each ¢ > 0 there is a compact set
S, such that

sup P{Qo(Sc =S )2 ¢} L e

< _ <t

1= —

Let ¢, — (anc ¥ ¢ < oc. Given € > 0, choose my such that 5
Define the precompact set

Ki={Q€&P(Sc):Q(Sc—S5.) .12 my}.
Since sup, P{Q, € N;) < ¢, the proof is completed. Q.E.D.

3. LIMITS OF OCCUPATION MEASURES FOR DIFFUSIONS
We returr tc the special case of Section 1. where the svstem is (1.1). anc
Pr’) is defined by (1.2). Define S = D[0.oc). Theorem 3.1 give: &
critenorn for the tightness of the normalizeC occupatiorn micasures.

Theorem 3.1. Assumc (Al.1; end (A1.L, Then PrijiwePS i
ralued rendom 1ematic. and {Pr(-). T < oc) 1s tight.

Proof. FTor eact. B € L. Sy) the measurabiiity of the process
implies the (= f)-meesurability of the function with values P*(«.B). Thus
FPr(-}is & rancom variable for eack T. By (Al.1) and (A1.2). the secuence
of processes {z,(-)} is tight. Thus for each € > (. there is a compact set
Fiin 8 suzh that P{z,l-) € S¢ = K¢} < € all 1. This implies that

- , 1 /7T - '
E 7{51-1\'é}=?A EP{S; - K,}dt < ¢,

and the tightness of {Pr/-).T < oc) follows from Theorem 2.4° Q.E.D

A remerk or netctien. Let {Pr, (-).n < oc} be & weakly convergent
subsequence witl limit denotec by Py-). Let & be the generic varizabie on
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the sample space on which z(-) is defined. Then on this sample space, for
each &, we have the representation

.. 1 7
0

] T
Pr(G) = ?/o I (Gt (3.8)

Now, let us use the Skorohod representation for {Pyn,n < ocl:"’()} and
let the generic variable of the common sample space be w. Then. using the
same notation {Pr,(-).n < oc.P(-)}{or the imbedded random variables,
(o h) continues te hiold in that the distributions of the two sides are equal
for eacki T and G. Let =T denote equality in the sense of distributiorn,

Theorem 3.2 Assume (A1.]). (Al.2) and let T, — oc tndez ¢ weakly
convergent subsequence of {Pr(-),T < oo} with him:t denoted by P{-).

Assume that the Skorokod representation 1s used and that o denotes
the generic varable of the sample space on which {Pr (-).2 < oc. P{:)) arc
defined. Then, for almost all w, the sample value P*(-) of P(:) induccs o
stationary diffusion process I (-) en Sy with differential operctor A. Let
g“ () denote the stafionary measure of 2°(-) . Let K () denotc a boundcd
and continuous real valued function on Sg. Then

1 [, : oy
Py c
= ER{(z°()). (3.2)
Fork:Ye Gi'R)
N
— / kix{sjics = /k(\z)[x(c'z), (g.o
de Jr .

uvhere [.-) 1s the measure volued (on the Borel sets of R ; randeom ve=icli:
vith values [ (o) Under (A1.3,. for almost all w

-t

B )= ).
ard the subsequence 1s trrelevent.

Proof. Statiencrty. We use the Skorohod representation for {Pr, ().
n < o¢. P{-)} all through the prool. Let G € S;. and define its left shift
Ge=1{0.):¢.() € G}. Then

- T 1 T
PriG=t 2 [ 1{3,_,3.(G¢)d1=?/ Ieo 1 (Gld
C

+

)




- . ] [T+ 1 €
chc)-Pr(GF”f'/r 1{=.(>)(G)d‘-ej—/o lis,()(G)at.

Thue Py (G) - Pr(G.) — Cas T — 0 for all « and G. This and the weak
convergence implies that P*(G) = P*(G.) for all « and all sets G with
P=18G) = (. Tws. in turn. implies the stationarity.

li. the rest of the proof,we will only characterize the process induced
by the values P"() of the lLimit P( ). By the definition of the sample
occupancy measure P,( ). for each real-valued, bounded and measurable
function Fo(-) on Sp, we have

T
/Fc(cll (de)= —/ Folz, ()t (54
c

Ir. fact. (3 4) completely determines Pr(-).
Let L ) be a bounded and continuous real valued function of 1ts™ ar-
guments. let ¢ be an arbitrary integer. and let 1,. 7.7 + s be such that

;, <7< r=s1i<g Let f(:) € C{(R"). Define the function F(-) by

Flo(-)) = hi{o{t,).1 < q)[f(o(r+5))~ f(d>(f))-/ Af(o(u))du. (3.5)

The functior F{-) is measurable but it is not continuous at al! points ¢ ).
It is continuous at each () which is continuous [€, p121).

Since the processes induced on S; by the }3; (-) are continuous for
eatt « and 7. the sample values P“(.) of the limit measures alsc hLave
their support on the set of continuous functions in S;. Hence. even though
the functior. F{-) 1s not continuous at every point in S(. it is continuous
w 7.1 reiative te P+ .) for almost all o since it is continuous at eack poui
¢ -1 whict 1s & continuous functior.. Due te this fact and the Skorohoed
representalion {7, pd.1).

“

/F\O}P" (de) /F P (do/).

—
(%

{or &l ~.Le: B and 2“(-) denote the expectation with respect 1c
Piia he process whick is induced by P“(-). resp. The result (3.2} is
Just & consequence of the weak convergence. By the definition of F{.). the
igr.t hand side of (3.4), evaluated at w equals

o
3
0
m
pv

[Flo)B=d0) = E-hiz(t.).i < g)
i T+s
fE =gl g@e) - [ arewies e

&




It will be shown below that (3.7) equale zero for almost all «.. Thus. ow ing
to the arbitrariness of h(:), 7,7 + 5,¢.1,, f(-), for almost all < the process
7*(-) must solve the martingale problem for the operator A.
Let A(o()) = k(e(0)). Then, for almost all w, K (-) is continuous
w.p.1 relative to the measures P*(.). Note that

T/ (s)ds = —/ K(z,()ds=P jh(mp,(do)

/L (c)P 7 (de) —/Ix(c P"(do = /k(c:(O)}-"'(dc‘(O)).

Lot by the stationarity of 2¢() for almost all o, this Jast expression orn
the rignt equals (for almost al} o) fk(.r “(dz).

Proof that (§.7) equals zero for almost allw. By Ito's Formula and the
representation (3.4), we can write

/r(o)ﬁ;(dm="

%/(T (Mae)i <ol [ etwote(w)du(u)) o

] Ve ? s
=?A d/ g(v)du(r)

for some bounded and non-anticipative ¢g(-). This expression goes to zerc
i probability as T — oc. This fact together with the weak convergence
implies that (3.7) equals zerc for almost all w. Q.E.D.

4. THE CONTROL PROBLEM.
Definttions In order to present tne results in e relatively simpie wai. v
work with stochastic relexed controis [3]. [8]. Let I, the space of values
for tne controi. be & compact set in some Euclidean space. Let 7. ge-
note & filiration anc u{-) a standard vector-valued F,-Wiene: process. Le:
My (U x [0.oc)) = S¢ denote the space of measures /(-) or. Bi{" x [{.2¢})
with the following property: v(I7 x [0y = »{'.¢) = {. ali ¢. Such v{")
are called (deterministic ) relezed controls. On S¢ we put the “compaci-
weak” topology: i.e.. v () ~ v(:) ifl (¢.ve) — (0.v) for eack ¢(:) in
Coil" x TO oc)) Under this topology, S¢ is a complete and separabie metric
space. If v(-) € S{. then there is a dervative v (-) suck that 1,(:) 1s &
measure o B(L') for each t. 1, (C) is t-measurable for each C € B({"). arnd
vidad!) = 1 (da)di. Define S = Sg x S¢'.

Arn admassible stochastic relazed control m(.) is an S{-vaiued random
variable such that m{C.1) i1s F,~adapted and m(C.:) is measurable for
eack C € B"). The derivative my(-) can be constructed sc that for each

G




C € B(U'). m(C) 1s Fi-adapted. If w(-) is ar F,— Wiener process. we
sometimes say that (m(-).w(-)) is admissible or that m(.) is admissibie
with respect to w(.).

For adnussibie {m{-). w(-}) the controlied SDE is written as

dr = / bir.a)m,(da)dt + o(z)du, (4.1)
; ]

We use the following replacement for (A1.1).

A4l o(-) and b{-) are continvous, o(-) and b(-,a) have af most ¢ linear
grovth ¢s (7' — o¢. unifermly 1n a.

Let A° dencte thie differential generator of (4.1) with the contro, fined
at o € l". For an admussible stochastic relaxed control m{-). let A™ aencie
the differential generator of z(-). Then, acting on smooth functions of r at
ume 1, we can write A7 f(z)(t) = [ A° f(z)m,(da). Define the “shiftecd”
stochastic relaxed control A,m(.) = m(t + ) — m(t). The relaxed control
A,;m!.) is the one that is actually used on the shifted process z,(-) since
(A;m),{-) = my,,(-) and

dz.(s) = ds/ b(z,(s). 0)m ., (de) + o(z,(s))du, ().
v

Define the occupation measures P*(-) and Pr(-) by
P (B: x Cc) = iz, (33 (Bo)iaum( 13 (Ce).
. 1 77 .
Pr()== Pi(-)dr.
r(:) T J, ()
Bere. Cc € B{S{} and B € F{&}.

Theorem 4.1. Assum¢ (Al.2j end (A{.]). Then {FPr(:).T < x 1
¢ tight set of P{S:)-rclued rendom vamables. Let P(.) denote the himat of
some weakly convergent subsequence (indezed by T, — oc,. end surposc
thet the Skorokod representction 1s used for {Pr_(-).n < oc. Pr{-}}. Ther.
for almost all w, P“(-) mduces a process (2 (-).m*(-)) on 5S¢ and the dis-
tratution of the shifted parr (Z7(:). A (1)) does not depend on t. Fer
ecch o there 1s ¢ filtration 7 and an F -standard vector-valued Wiener
process u* (-), suck that m*“(-) 1s admissible (with respect to u*(-), and

5 =/ b(F*,0)me (da)dt + o (7% )du™.
t'
Define the random variable K with values

E/ /k(s“(.«).o)fn:(da)ds.
o U
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Then r
1 " ‘
f/o ./z_ k(z(1).a)m,(da)dt = K (4.2)

Proof. The proof is similar to that of Theorem 3.2. The set of pre-
cesses {A,m{-).1 < oc} is tight and so is the set {z,(-).t < oc}. This
imphies the tightness of {Pr(-),T < o<}, and we need only characterize the
limits of the weakly convergent subsequences and explain (4.2). Let T,
index a we' xly convergent subsequence, with limit denoted by P(-). Let
(z“(-).m* (-)) denote the process induced by P (‘). The asserted station-
arity 1s proved as in. Theorem 3.2. Let ¢(:) and v, (+) be in Co(U7 x [0 o)
and define (v.v), = [, [ ¥(s.a)wldads) = . [l (s 0),(do)ds. Ci wose
b-). J{-).¢.t,. 77 + & as 1u Theorem 3.2 aud let p be an arbitrary antege:
Define the function F(-) on Sg by

Fle.vy= hlo(t), (v, . v}, 1 £ 9,5 < p)S(a(r+ )= fleir))-

/ /A°f(c»("nv(dadu)j.
; v

By Ito's Formula and the definition of }37(-).

. 1 (T .
/F(O-,U)Pr(dc'dvhn-?:/ F(z,(:).Aym(.))dt = (4.2
o}

1 T ) T+ , o . )
:/ h(z,(i,),(t',..’.\,m),..i <¢.% P)dt/ fe(z:(u))e{z, {v))du. fui
o] -

-

Let us use the Skorohod representation. By the same argument used irn

Trecrem 3.5 we have. for almost ali «.

/F(o.u)ﬁ(dodu) = (. (4.4

Ecuivalentiv. for almost all w. and with £ denoting the expectelion witk
respect tc P ().

Eenr(@ (). (¢, m) i L qj S p)f(E (7= &)= flE 7))

/ / A° f(7* (u))m* (dadu). = 0. w.p.l.
L4 U

Aralogous tc the situation in Theorem 3.2. the process z° () solves the
martingale problem with operator A™" and with respect te the filiration
B{z“ (s).m“(-.s). s < t). All the conclusions except the representation or
the right hanc side of (4.2) follows from this.

1




Define the functior. K'() on S¢ by

1
1\'(0.1/):/ /k(o(s).o)u(dsdo).
¢ JU

The rnight hand side of (4 2) is obtained by noting that the limit of the left
hand side of i(4.0) equals the hmit of

1T )
-f-/( 1{(:1(')9&1"1('))(“:1)/K(¢,V)Pr(d¢du),
QED

5. SINGULARLY PERTURBED CONTROL PROBLEMS:
LIMIT AND APPROXIMATION THEOREMS

In thie secuon. we work with the siugularly perturbed diffusion mode!

on
—
~—

dr' = [/G(z'.;'.o)m;(do)]dt +o(z°,2)du;. (

(%)

edz® = H(z*, :°)dt + Vev(z*,:")dus, (

a(z.z) = o(z,:2)c'(z,2).

on

The u,i-) &r¢ standard vector valued Wiener processes with respect to some
filtration F,. and m*{-) is ar. admissible relaxed control (always with respect
tc F, oor (u.”).ws{-))). The contro! takes values in a compact set [, The
mode! (5.1). (5.2}, is the most commor one used for stochastiz contro!
problems under cmguia' perturbations [6].[9;.[30.. The mode} wili aliow &
reiztively simple anc generlc development of the averaging methods

Definvien. We say that the solution te (5.1), (5.2) is umigue . the
vech sense1f the cisttinunion of (m(0). u, ) uz(-)) determines trhal of

ENUENOR (HORTIQRTEIO)

We use the anaogous definition in the absence of a coniro.  We use

ET, to denote the expectation under the control m(-). an¢ witk the initial

cencition (z.z). Tne distripution of (z°(:),2°(-)) actually depends or the

Jount distribution of (u; (). wo(-). m*(-)). but we omit the Wiene: processes
from some of the notation for simplicity.

The fized-z. rescaled "fast process”. We exploit the time scale differ-
ences betweer z°{-) aud = (‘) in order to approximate (5.1) by a simpler “av-
eraged” syslem. D ne the “stretched out” processes z{(!) = (). z¢(1) =
z{c) Ther

Lo)mildo) dt = Vee(zh. 2l )du; (

o
o

AR

Y

I

1

—

"
~~
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d:f = H(zf. z5)dt + v(zg. 55)diiz. (5.4)

where the u,(-) are standard Wiener processes. In fact. u,(t) = w,(et)/\ /.
Since z§(-) is “nearly constant” over “long” time intervals for small ¢, (5.4)
suggests that. on the appropriate long time intervai. we can treat z§(-) as
though z§(-} were fixed. and use this fixed-z process tc average out the
the =(-). Witk this in mind, we define the fired-z process zg(iz) (written
simply as 20(-) if the parameter is known) by

dzo = H(z,20) + v(z. 20)duiy. (5.5)

Let AL denote the differential generator of the fized-z process with pa-
remcter .0 AT the differentse! generstor of (2°0).2°0)). and A% that of
Tol hozp ) We will use thie foliowing assumption.

A5l For each mtia!l condition and each z, (5.5) has ¢ unique weak
sense solutier Ter each 7. :p{-i7) hes @ unique mrermant meesure pu ().
There 1s ¢ confinuovs matrir 6(-) such that

cz)ir)=a(x) = /a(z‘:)a'(z.:)p,(d:).

Tue factorizalion. assumption or a.-) 1s a convenience for the notation,
since 11 allows a simpie and concrete representation of the averaged process.
but it 15 not necessary for the validity of the basic results.

The averaced system. Define the averaged functions and system by

Gzar= /Glr.:,o)p_.(c':). -(z.o_)=/k{:r.:.o)u,(d:).

2
cr=dt' [ Gz ain coi —¢&.118u EEE

Here m '} 1 an admissibie rejaxec control with respect tc th

(a3
"
[
0.
o~
s
o1

vestor-ve.ueC Wiener process u o |

1]

A8 denete the dificrentic! genergtor of [5.€ wrth contrel! fired cf

AL D Gz :a0)=Gpz.:)=G.'z.0)
bz :ao)=klz.z)=k; 2.0y
The ¢y and the G, 1 are continveous and have at most ¢ linear grouth 1,

recs 7 —x urtfermiyvmma .z The k() ere bounded end continuous

AS.S Hi.) end v’} are continuous and hcre af most ¢ hinear grovth
oz untfermdy an o




Go(a) = [ Gola.2hualde). kele) = [ etz huata)

The cost function. Define the pathwise and mean costs:

] T
ar{z.z,m’ w; uz) = —/ / k(z'(s).2°(s).a)m(da)ds,
T 0 v
2 (z,2,m" wy wy) = hmsup Eqp(z.2,m" u;, uy), (5.7)
T

2)

ylr.2) = nf BN € AR TR TE
adn: controis

T
r(z,muw)= %-/c /L k(z(s).a)m’(de)ds.

¥(z.m,u) = limsup Evr(z,m, w), (
T

e
~

e

2o{z) = inf{ ¥(z,m. u).
o) adm. controls ( )

We keep the arguments m*, w;,uy in 4° since the value depends on the

Join: distribution of the triple m*, uw;.u: and not just on m*. I{ the initia!
conditior. z is omitted it 9¢(z) or in y{z,m,w), then the values dc not
depend on z.

Note that neither 797 (-) nor 27 involve expectations. They are sim-
ply pathwise averages. The main results are Theorems 3.1 and 5.2 beiow
Loosely speaking. we wili show that as ¢ — 0 and 7 — oc. the patnwiss
everage cost 75 (z.2.m u;.uy) wili converge to the mean cost per unn
time for arn averaged probiem. where the system is (3.6) and the cost s
~'z.m.u ). Alsc, unde: broad conditions. giver, ¢ > ( there will ve scme
secuence {m‘(-)} suck that 97(z.2. m’. u;.w2) converges in probability 1<
withir € of the infimum 4¢ of the costs for the averagec problem. ernc ther
is nc admissible {m ()} for whick the limit is less thar ~;. The wzy thz:
¢ — (anéd T — oc wili not be important. Such results help 1o justis s
use of the averaged problem ever or the infinite time interval We wil, use
the condiuorn

A 4. For each € > (0 and ¢ > 0, there 1s 6 é—optame! (for the ces:
functionc!~*(z. 2. m  u; . uz)) admissitle m*(-) suck that the corresponcing

)

secuemnce
{7082t < o e >}

s ticht




The condition (A5.4) implies that there are é—optimal policies for
which the systems (z°(-). 2*(-)} do not explode as t — oc and ¢ — 0
We follow the terminclogy of Secuon 4. Define the functional occu-

pantion measures P'(-) and Py () b

P (B Co) = &gy W(BE ame( 3 (Co)

. 1 (7.
P’()-—-T— Pr()de.

Theorem 5.1. Assume (A5.1)to (A5.4). and use the relazed controls
cOSAT L Jor seme £> 00 Then the seguence of T(Sc)-valued randem
tariglics {17\ o> 0T < ox ) oas tight Let P ) druote 6 weak et (v
some sequence ¢, — 0,7, — oc) with taluu P"(~). For almos? all o
P () mduces 6 &lahr»n("t process (I°() m* () or Sc mn the sensc thet
the distrbution of (22 (-). A,m*(-)) does not depend on 1. For almost all o
ther as ¢ standard tectnrq,alucd Wiener process d* () such that m*{.y 1«

clrusaalle vath respect te U= (-) and (F°(-) m{-).u“()) setachr [0

(2.2, m' " uguy) = (M, 0

F{mt e // (7°(s).0)m? (da)ds.

Remark. In the last equation +(m* . u*) is the cost for the stationar)
probiem. where the initia! conditiorn. 2* (0) 1s the random variabie with e
stationary cistribution

Proof. Tre {z/{ )t < o¢c.¢ > [} 15 tight due to (AS.2) anc (AS 41 Thue
A, P < ac e > (s alwavs tight These facte imply tre ascerieg
niness of {r;’-} e > (.7 < oc}. analogousiy 16 the case of Treoren. 00
tFo) k)t v g 7. s beasarn Theorem 4.1, and led E; denote ¢
expeIlallon will respect o r;’;"'t). Tner anaicgousihy to the tal el
ir. Theorem 4.1, by Itc’s Formule and the definition of }3, 7.) we have

/F'\‘L ) Pridudi=F
t

./d‘ EMIANEN AR RS NESINIENCE IO

—fizi{z)) = / f;(z;(u))G{z:(u).:,'(u),o)(A,m')‘(do)
. U
—%/ du trace fy.(z{(v)i-a z{(x). 2{(v)) |
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) T v+ ) .
=_/ dt du(h(z:(t,),(A,m',¢';)x.~’S9-.7 S")
T ¢ -

25 (u))er (2 (v). =5 (u)dus (u)). (58)

It can be shown that, by using the averaging method of Theorem 3.2

we can replace the G(+) and a(-) in (5.8) by G(-) and &(-) without changing
the hmits as ¢ — 0 and T — oc. Only a few of the details will be giver.
Consider the term (5.9) which is & component of the third line of (5.8)

[ nwnGatew. i (5¢)

Let ¢« = nf for an integer n and € > 0. and rewrite the integral as

L) 1 catbud
S [ LGl ). < (w)du (5.10)
= el

Define thic shified rescaled processes rfo(u) = (1 + eu).2{ = 2°({ = cu)
Now take one of the summands 1o (5.10) and change the time scale ¢ — ¢
tc get

¢ ('+|6+5)/r
f?/ » z70(u))Go(x7p(u). 25 (u))du (211
(Tl )fe

We stucy (5.11) as € — ( and ¢/€ — 0. Note that for eact & > (.

sup P{supizf{u) —z(0)! > &) =0 (2124
1< L. ¥
as ¢ — (
Diefine the occupation measures P4 (1) and }" SRSS
iv};,‘-‘_-'. x B} "[ Tl Ll tee )}(.*;)é.l,:.'-.“"-, ’!,_E',,
Brici= 4 P“" \é
T L
Trer (317 equais

/f.ro 0))Geio(0).£(0)) B (dode )

By ar ‘“occupatior measure argument” similar te that used with Thec-
rem 3.2. and using the fact that z{_,_ ,(-) varies arbitrarily Lttie over tue
wterval [(. € ( as imphec by (5.12)). we car show that as é /¢ — ( anc
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¢ — (. the diflerence between P"/f() and the measure whose z-component
1s concentrated on 7], ...:(") and whose z-component is concentrated on
the stationary fixed-z z0(-) process with parameter z{_,,,(0) converges

weakly to zero. This convergence 1s uniform in (t.7). Thus

¢ (rvil+é)/e
E.’Z[ Je(250(u))Go(2{o(u), 37p(u))du~

LE JT ST

/f,'(;r,'(r +18))Go(z; (T + £&), :)u,:,.‘.“(d:\' — 0.

umformuyan 7.1 Thus we can replace the nght hand part of the thirc e
of (5.8} by
b X
/ Iz tu)Gizt(u). o)A ido)du.
e L
Sinularly for the a{z.z) term in the fourth line of (5.8).

Arnalogousiy tc the case of Theorem $.2. the right hand sice of (I %)
goes to zero in probability as ¢ — ( and T — oc. We can alsc replace the
k(-) in the cost function by k(.) without changing the limits Thus the cost
functional has the same hmits as those of

/[/‘/I:(cx(s).o)u,(do):udlf’,'-(dodu).
U JC

The rest of the proof is no different than that used for Theorem 2.0 ancd
the details are omitted Q.E.D.

We define a é—oruma! feedhack control for the crercced susfem ¢ Lt
any measurctle [-valued feedback contro! for whiek the creracec sycten
(8.6, has ¢ wnicue ueak sense solution and @ wnigue mmrenen! meesur cr.¢
sueh that for eny z.2' end edmussible (m() w()). ~r vy <~z m v ~
£ We nou stete the “epprozimate optimehty theerem”.

Theorem 5.2. .issume (AZ1,-fAZ.8). end consider the cremre?
system (7 €0 vith cost function a{z.m.w). For each £ > (. let them
be ¢ continuers E—optima! feedback comtro! u'i.) with the prepery tnee
fxe0dy 2y e> (Lt < o) as taght. Then

¢ é

~rir.zu .ur;.u;)—-'r(u‘)sn-.-( {51234

. probelility unifermiv in eack compecet (z.2)-sel as ¢ ar.d T oo 10 thar
hmats For grny €. > 0 and sequence of admissible m*(.) satisfyine (A4

hmsep Pi{-2lz cm u u) < =&)=¢( (2.15)

e, T
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Proof. (5.13) foliows by Theorem 5.1, with the m*(.) replaced by v!().
1£ (5.13) is not true. ther there is a & > 0 such that the imsup is greater
than &, Choose a weakly convergent subsequence of {Pr( )} with the
limit measure having the values P (.) and with (* (-). 7" (-)) denoting the
induced process. Then

P{w i y(m®,0°) <9 = 6] 2 .
a contradiction to the &-optimality of u*(.) for small enough ¢ Q.L.D.

6.REFLECTED DIFFUSIONS

We vill do the anaicg of the method of Section 3 for a refiected diflusen
The "Skorohoc problem”™ model of the reflected diffusion will be usec i}
The resulis of Sections 4 and 5 can readily be extended tc this case We
will use the foliowing assumption.

(AC.1) T ac the closure of 6 bounded epen set R wath ¢ turce conton-
vously dificrentictle boundary 6T, Let n{z) denete the ovtuard norme! tc
6T af z. and let B{z) denote the refiection direction. Suppese that [3.7) 1
the restriction to 0T of a function which 1s twrce continuously dificrentialic
i ¢ newghlcrhood of 8T end et there be g > 0 such that =53'(z¥n'z > o:.
all r € 6T

The Skorchod problem. Let wi-) be a standard vector-valued F; Wiere:
process. We say that z{-) solves the Skorohod problem if it 1s F.-adaptec.
coplinuous. anc there is ar - -adapted function Y'() such that for z € T

ey .= Y ofo= [ 1L, (6T)d Y e ¢
-t
Yitv= [ Jzendd s
Je
Define the sh.mes funcnzn Ay Y= Yt =) = 1Y Define the cc-
cupation measure Py lfr' the pal of processes (z,(-). 5, Y|i-1i. anc ther

gefine Fr -0 asn \1.2). Io order tc get the needed tightness in the thec-
rem below we wil. neec the foliowing result {11.Theorem 4.1°. Let C7{{. T,
denote the space of cortinuous R —valued funcuions on the interval [¢c.
with the sup norm topology.

Theorem 6.1. Assume (A€.0) and, for each T < oc cemsider the
Skorokod protien.
iz flit)=k(t). 1< T¢. €.21
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vhere fi) and k{-) are i C[C.T] and

1
k(f):/ H{z(&))d k(<)
(4

1
I”(” = '/( I(:u)}(“

If f(-} 18 1 6 compact set, then (2(-). k(-),|k|(-)) are 1n @ compact set 1n
C T

Theorem 6.2.Assume (Al.1) and (A6.1).Then {z,(). A, Y|(-).1 <
x) and {Pr{).T < oc} are fight Let P} dencte the hmit of ¢ weakly
conrergent subsequence of {Pr(-).T < oc) Then, for almost all o the
samepde el iy mduces e stehienar process 30 satisfrmme 0] Al
sS850 Lelds

£).

Proof. Tie prool is similar e that of Theorem 3.2. The tightness of
{z,00. 6 Y 11 < o) e & consequence of Theorem €.1. anc the Ughiness
of the sequence of processes

{/l:j:,(u)}du,/c(:,(u))du.(u).-‘ < o)
( 4

The tightness of the sequence of measure-valued random variables {oliows
from the tighiness of the above set of processes. Let P\ ) denote the lim. of
& weakly convergent subsequence of {Pr(-). T < o). and let (#“(-). "Y1/ )\
denote the process induced by the value }3"() The 3“{) anc 'Y«!..) are
continuous processes anc (1) € T for all t. Also 137“ |(-) car increase oniy
wher ¥°i?y € &I The stationarity of the limit processes 1¢ provec e i:
Theorem & 2
We neec criv characterize the himits z2“(.). Let ¢/-) denote the gener.c
.

M LY f o ey ‘ “a ' ~ - - . - oo
pathoan 070 acasstiated with the process 2¥ (1) anc yl-d the genenc pat

. te

im0 oc i assacizted with the procese Y1) Redefine the funcuion Foo

used beiow (3.3, &s foliows

Foyvy =hetjvin, i<¢ fo-=s)=Fcmi-

\

/ Aflou)idu = flov)don)dy )

e function 1s definec for ali ¢ -) € D7{C. ) enc for all v ) ar D7i
wricr are of vounaed variation If v'-) 1 neot of boundec variatior.
the value of the functiorn equal tc some very large vaiue. Define Fr =

B ze(e) Ve ji£). s 1) Then

]

P

fize () =-f1z(0)) - / Af(z°(u))du

- / FIEe (u)) 33 (u)id ¥ )




1s an F,-martingale Thus implies that there is ar ¢* () such that the triple
(z°(:).Y " (). u* () sausfies the Skorohod problem (¢ 1) Q.ED.
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