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1. INTRODUCTION AND EXECUTIVE SUMMARY

For the period from 15 May 1986 - 15 May 1988, the project described

in this report sought to develop a more complete theoreticaL framework

for the PLasma ELectron Microwave Source [PEMS) concept (1]. The PEMS

concept is a novel approach to generating intense pulses of microwave

power by transforming energy stored in a mirror-confined hot-eLectron

plasma into Large amplitude whistler waves, propagating paraLLeL to the

static magnetic fieLd that confines the hot-eLectron plasma. PEMS

devices can function either as amplifiers of externaLLy Launched whistler

waves or as osciLLators, depending on the beta and temperature

anisotropy of the hot-eLectron plasma, where beta is the conventional

ratio of plasma kinetic pressure to the magnetostatic pressure of the

static magnetic fieLd.

The main objectives of the theoretical research undertaken in this

project were to estimate Limiting values of the plasma energy that could

be stored efficiently in mirror-confined hot-eLectron plasmas and the

fraction of that stored energy that could be transformed into RF field

energy. The method of hot-eLectron plasma generation investigated

here is electron cyclotron heating (ECH) including advances such as Upper

Off-Resonant HeatingUORH) (2) in which energetic electrons are heated

preferentiaLLy. ALternative methods for creating the hot-eLectron plasma

using pairs of oppositeLy-directed co-Linear steady-state electron beams

are aLso under active investigation at AMPC. Here our concern is

primarily with [1) the Limiting values of hot-eLectron energy density set by

instabilities; and [2) the aspects of whistLer-wave growth in anisotropic,

hot-eLectron plasmas affecting the gain and output power of PEMS

amplifiers and osciLLators.



The report consists primarily of two technical sections describing

results achieved in each of these two aspects of the problem: Section 2,

"Formation of Stable, High-Beta, Relativistic-ELectron PLasma Using

Electron Cyclotron Heating" [3), has been published recently in Nuclear

Fusion. Section 3, "AmpLification of Whistler Waves Propagating Through

Inhomogeneous, Anisotropic, Mirror-Confined Hot-Electron PLasmas" [4],

has been published in Physics of FLuids. The most recent resuLts

achieved in this project which have not yet been submitted for

publication are reported briefly in Section 4. The remainder of this

section provides a recapitulation of the main results using the standard

format for finaL reports.

A one-dimensional, steady state, relativistic Fokker-PLanck model of

electron cyclotron heating (ECH] is used to anaLyze heating kinetics

underLying the formation of two-component, hot-electron pLasmas

characteristic of ECH in magnetic mirror configurations. The model is first

applied to well diagnosed plasmas studied experimentally in the past and

then used to simulate the efficient generation of relativistic-electron

plasmas by Upper Off-Resonant Heating (UORH) as has been demonstrated

empirically [21. The characteristics of unstable whistler modes and

cycLotron maser modes are then determined numerically for

two-component hot-electron plasmas sustained by UORH. Cyclotron

maser modes are found to be strongly supressed by cold

background-electron species, while whistler growth rates are reduced by

reLativ:6tic effects to Levels that may render them unobservabLe,

provided the hot-electron pressure anisotropy is below an

energg-dependent threshold. A fully relativistic Local dispersion relation

for whistLer waves is solved at closeLy-spaced points along the magnetic

2



field Lines of a 2:1 magnetic mirror in which anisotropic,

spatiaLLy-inhomogeneous, hot-eLectron plasmas are confined. The

Limiting plasma parameters for convective [spatiaL) growth are

determined numericaLLy and used to identify plasma conditions Leading to

maximum ampLification of microwave signals introduced into the plasma

in the form of whistler waves. The maximum gain has been evaluated

numericaLLy for a range of values of the hot-eLectron plasma parameters

within which aLL known stability criteria are satisfied. Very high gains (up

to 40 dB) are indicated over the range of plasma conditions examined.

1.1 RESEARCH OBJECTIVES OF THE PROJECT:

(1) Obtain seLf-consistent reLativistic-eLectron distribution functions for
optimized eLectron cycLotron heating using anaLyticaL and numericaL
soLution of suitabLe Fokker-Planck equations.

(2) Test the distribution functions obtained in (1) for violations of
equilibrium and/or stabiLity criteria to identify plasma processes
Limiting the maximum achievable stored energy density.

[3) Determine the effect of spatial inhomogeneities on the propagation
and growth of whistLers in the interior of the pLasma.

[4) EvaLuate the quasi-Linear behavior of unstable whistLer waves in the
interior of plasma.

(5) Model the wave processes governing the refLection, transmission
and conversion of whistler waves at the plasma surfaces.

3



1.2 ACCOMPLISHMENTS AND PROGRESS TOWARD THE OBJECTIVES

(1) Both one- and two-dimensional Fokker-PLanck models of relativistic
ECH have been solved for a wide range of plasma and magnetic fieLd
configurationaL parameters, incLuding toroidaL magnetic geometries
as weLL as simple open-ended magnetic mirrors. Fundamental ECH
and Upper Off Resonant Heating results from experiments in ELMO
and SM-1 are simulated in aLL major respects by the Fokker-PLanck
modeL.

(2) EquiLibrium distributions obtained from the Fokker-PLanck models
have been analyzed in detail for stability against eLectromagnetic
modes driven by pressure/temperature anisotropy, specificaLLy the
so-caLLed "cycLotron maser mode" and unstabLe whistLer waves. In
both cases onLy waves propagating paraLLeL to the static magnetic
field have been analyzed, even though the cyclotron maser mode
achieves its maximum growth rate for normal propagation. It is
found that these modes are compLeteLy suppressed by the
coLd-eLectron component that is invariably present in ECH plasmas.
The whistler wave growth rate is governed by the degree of
pressure anisotropy, the hot-eLectron beta, and the degree to which
the hot electrons are affected by the relativistic increase in mass.
HighLy relativistic hot-eLectron plasmas are found to exhibit very
smaLL whistler growth rates. The condition for existence of
equilibria (within the anisotropic guiding center fluid theory) has been
evaluated numericaLLy and shown to Limit the degree of pressure
anisotropy more stringently than the condition for absoLuteLy
unstable whistler waves for values of hot-eLectron beta
(perpendicuLar greater than 15 - 20%.

(31 A fuLLy reLativistic Local dispersion relation for whistler waves
propagating paraLLeL to the magnetic field has been solved at
cLoseLy-spaced points along the field Lines of a 2:1 magnetic mirror in
which anisotropic, spatiaLLy inhomogeneous, hot-eLectron plasma is
confined. The Limiting plasma parameters for convective [spatial)
growth are determined numericaLLy and used to identify plasma
conditions Leading to maximum overaLL amplification of microwave
signaLs introduced at one axial edge of the plasma in the form of
whistler waves. The maximum gain has been evaluated numericaLLy
for a range of values of the hot-eLectron plasma beta and
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temperature anisotropy, within which the major stabiLity criteria are
satisfied. OveraLL (gLobaL) gains of 40 dB or more are indicated over
the entire range of beta vaLues investigated. Bandwidths in excess
of 15 - 20% are obtained at Low beta; and much Larger bandwidths
are found in the more reLativistic cases with higher betas.

(4] In anticipation of rather sophisticated numericaL studies of the
nonLinear evoLution of spatiaLLy growing whistLer waves, aLmost
certainLy requiring numericaL simuLation techniques, we have carried
out preLiminary estimates of the maximum energy that can be
transformed into wave energy using thermodynamic bounds
deveLoped by T.K. FowLer (5). FowLer defined a type of free energy
that is appropriate for pLasmas capabLe of sustaining microturbuLent
phenomena, such as the growth of high-frequency waves. The
magnitude of the free energy, together with the dynamicaL
constraints associated with the VLasov kinetic equation Leads to a
bound on the maximum ampLitude of the unstabLe waves. In the
present case, FowLer's estimate for the Limiting ampLitude of the RF
eLectric fieLd energy is directLy proportionaL to the hot-eLectron
pLasma energy and the degree of temperature anisotropy reLative to
a marginaLLy stabLe case. The estimated fraction of the hot-eLectron
stored energy that can be transformed into wave energy for the
cases examined to date can range up to 50%.

(5) We have identified a promising spatiaLLy varying pLasma
configuration that offers the possibiLity of minimaL internaL
refLection of whistLer waves Launched at one end of the pLasma.
The hot-eLectron pLasma is confined in a 2:1 magnetic mirror with an
arbitrariLy Long fLat fieLd centraL region. The effective axiaL
boundaries of the hot-eLectron pLasma are taken to be the
fundamentaL ECH resonant surfaces; within this centraL region coLd
pLasma is generated uniformLy through ionization of incident neutraL
gas. The coLd pLasma fLows freeLy aLong the Lines of force and
expands in the region beyond the magnetic mirrors, where the
magnetic Lines of force diverge. Since the propagation veLocity of
whistLer waves approaches the speed of Light as the pLasma density
decreases by virtue of the diverging magnetic fieLd Lines, we
anticipate efficient coupLing to outgoing vacuum eLectromagnetic
waves.
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SECTION 2

FORMATION OF
STABLE, HIGH-BETA, RELATIVISTIC-ELECTRON PLASMAS
USING ELECTRON CYCLOTRON HEATING

G.E. GUEST, R.L. MILLER
Applied Microwave Plasma Concepts, Inc.,

Carlsbad, California,
United States of America

ABSTRACT. A one-dimensional, steady-state. relativistic Fokker-Planck model of electron cyclotron heating
(ECH) is used to analyse the heating kinetics underlying the formation of the two-component hot-electron plasmas
characteristic of ECH in magnetic mirror configurations. The model is first applied to the well diaenosed plasmas
obtained in SM-I and is then used to simulate the effective generation of relatiistic electrons b% upper off-rcsonant

heating fUORH). as demonstrated empirically in ELMO The characteristics of unstable "%hitlcr modes and cyclotlon

maser modes are then determined for two-component hot-electron plasmas sustained by UORH C~clotron mascr

modes are shown to be strongly suppressed by the colder background electron species. while the grossth rates of

whistler modes are reduced by relativistic effects to leels that may render them unobserable. proiided the
hot-electron oressure anisotropy is below an energy dependent threshold.

i. INTRODUCTION Torrus device (see. for exatmple, Ref. 131): this ,ttimt-
lated widespread interest in the futdantcntal properties

Early experiments on electron cyclotron heating of these remarkable plasmas (ee. for example.
(ECH) of plasmas confined in magnetic mirrors [I] Ref. 141). Recently proposed applications for these hot-

using CW microwave power at a single frequency electron plasmas include stabilization of localized
created an unusual plasma containing two distinct modes in heliacs 151 and tokamaks 161. as well "

populations of electrons. The majority of the electrons energy storage for subsequent conversion to high-
remained at a temperature that was typically below power microwave pulses.
100 eV, while a small fraction was heated to average It has required the efforts of many wo rkers to

energies above 100 keV. Rather broad regimes of evolve reasonably satisfactory theoretical models of the

stable operation were found to be limited by the onset steady state equilibrium produced in F(I expcrirttettt. .

of several dominant modes of instability, such as the The basic characteristics of the interaction of individual

mirror mode, the flute mode and unstable whistler electrons with microwave electric fields were derived
waves. Later experiments in the ELMO facility 121 very early (for a discussion of early theoretical work.

showed that the energy stored in the hot-electron see Ref. 171) and useful formulas were obtained for the

component could be greatly increased by using upper resulting heating rate under a wide range of conditions

off-resonant heating (UORH), in which microwave (for a description of later work. see Ref. 181. Sub-
power at a frequency above the cold-electron gyro- sequent development of geometrical optics codes scc.

frequency was added to the fundamental ECH power. for example. Ref. 191) made it possible to describe the
In addition to increasing the relative density of the hot propagation and absorption of microwaves in specified
electrons, UORH also enhanced the stability of the plasma media. Progress was accelerate(] bN the forrula-
plasma, even for values of beta in excess of 50% (beta tion of a relativistic Fokker-Planck thcor\( of ECH b\

is the conventional ratio of plasma kinetic pressure to Bernstein and Baxter 1101. Hamasaki and co-\Norkers

magnetostatic pressure). IIII took mnoment- of the Fokker- Planck equation,.
The stable, high-beta. hot-electron annulus revealed using trial ditribution ftnction., in an altettl to

by the ELMO experiments led to the successful use of predict the powver required for ftitt;ttiot of (tie

these plasmas ('ELMO rings') to stabilize a scalar FLNIO rings. Other %,orkcts 1121 dcslorcd ntmtical

pressure core plasma confined in the ELMO Bumpy techniques for a direct solution of the Fokker- 'lnck

NUCLEAR FUS'ON. Vol 2R, No I tQ 6



GUEST and MILLER

equation, these are now implemented in large computer 0

codes 1131. Ultimately, these codes are expected to
provide a detailed, self-consistent picture of high-beta -2 0

hot-electron plasmas formed by ECH.
Nonetheless, there is an immediate need for a

reduced model that can be used to search over the -4.0

wide range of parameters characterizing an ECH ,
experiment. It is not practical to carry out such a 60
search with two-dimensional Fokker-Planck codes:
this would require broad, time consuming parameter
searches to overcome the general lack of experimental -80

measurements of such essential parameters as the
strength of each RF electric field component present in -100 ,,

the plasma. We have addressed this need by evolving a 0 250 500 750 1000 1250 1500

Fokker-Planck model for the steady state distribution KINETIC ENERGY (keV)

of electrons in energy: this model includes in a heuristic FIG. Ia. [c(tron dtreihuw,,n in ctwrult fit a aw" rlpial 'l ihr

way the phenomena that depend essentially on the soiglc-ficqucncv heating eycrncuar it-p,,rcd oi Ref 1151

electron orientation in a gyrotropic, two-dimensional
velocity space. This model has been described in

considerable detail in Ref. 1141.

In order to model a complex physical situation in a 6.0
relatively simple way, the power balance issues affecting

the formation of a relativistic electron tail have been 4 0
considered primarily and not the particle balance
issues, except in so far as a significant associated 2 0
energy loss occurs, as in the case of non-adiabatic

scattering of high energy electron,; into the loss cone. )0 ,

For a more detailed justification of this approach, see "

the Apnendix. Thus, we have chosen to conserve -20

particles while accounting for the energy loss by -20

converting the non-adiabatic loss term into a dynamical 4
friction term, as described in Appendix C of Ref. 1141. - 0

This choice has the desired physical effect of sharply
reducing the hot-electron distribution function for -60 250 50n 75n --00 1250 i5,00

energies above the threshold for violation of adiabatic KINET. IC E NE RGY ( eV)

invariance, as is clearly evident in Figs Ia and lb. The
hot-electron distribution in energy is shown in Fig. Ia FIG lb. (ha, ai crli iu rat' entermv, 'r lta the hcatrtg klie

(fri iiithp) elc'troci /heat,, rate due lti (H paii 'r, /c it',,r)

fo r p la sm a s ty p ic a l o f th o se re p o rted in R e f. [15 ]. t hier iahi a tu , , It p C au h ih ta/ ir ii i i t /I c ald(', e /c t,i,, n.

Figure Ib shows the four rates accounted for in the .snehrorran radiatuii,. and e,,erfe I,, h\ mn-adia/htti (arie ti

model: the quasi-linear heating rate, the Coulomb tf har electrons , fie-h(". %i,. coni.

thermalization rate. the synchrotron radiation cooling
rate and the energy loss rate due to non-adiabatic
scattering.

Here, we first apply this reduced model to the SM-I shown to be critical to an effective formation of the

experiments 1151 in order to demonstrate the success of hot-electron component. Furthermore. b\ exploitinp
this model in describing the hot-electron plasmas the sensili\ itv of the hot -electi on heating ratc to the

studied in SM-I. The results of this demonstration are parallel microwave electric fields€. \\c are able to wc

presented and discussed in Section 2. They clarify a the reduced Fokker-Planck E(CH model to deonstrate

number of features of ECH experiments that had not the impact of non-adiabatic scatteiinu 1161, xshich hws

been fully understood previously. In particular. the been conjectured (or soime time to limit the nisLimnum

role of microwave electric fields parallel to the static temperature of the hot electrons in most ECH c\peri-

magnetic field (ordinary mode of propagation) is ments to date.

7 ' 1 W11 ,,.I R . I ORO,



STABLE. HIGH-BETA. REIAT IVISiIC-L~ RON PI.-W s

We then apply the present model to the UORH TABLE 1. SM-I REFERFINCE CASE" (Rct. 1151)
experiments in ELMO (1,J where the model displays
the same striking increases in stored energy with Stored enere W 20).
increasing UORH power that were observed in ELMO. Raiiw (nif~
Finally, the model is used to obtain high-beta hot- Radial A~idth 2-1 5 8 l
electron equilibria suitable for subsequent stability AIa egh1 2 12I and 18 cil
studies. Although the reduced model cannot provide Annlu lenied- 0
information on pressure anisotropics or other two-Ants oircV I2.10i

dimensional properties of the equilibria, it does relate Mirror ratio oin axi% I

the relative temperatures and densities of the two Coil separation 1 71 cmr
electron species and provides a much larger degree of Mirror ratio at r,~ N1 3
iraternal consistency than was heretofore available. Mirror ratio at resonance NI: - 2

In Section 3. we analyse the stability of the hot- ECH posmer P ,I k
electron plasnmas to transverse waves propagating along MjIcrop\ase freqiuenc f 1 5 G117
the static magnetic field, namely whistler waves 1171
and the cyclotron maser modes (see. for example. Batkgromnd planm

Ref. 118a] and the excellent set of references cited knite ii rar 1, 0- C c
therein-, for more recent results, see Ref. I I 9b)). It has tiemetrncmpnn
been known for many years [191 that relativistic effects Hot-elcro n,~oco 3 - 0' Lil
generally reduce the growth rates of unstable whistler tenipe rawre1. 35- 1k\

waves, but specific results depend on the assumed
equilibrium. Here %ke use the Fokker-Planck model to
obtain equilibria that ate consistent ssilth ECH kinetics
and demonstrate the relauiv-istic suppression of ,shistler
growth rates. The cyclotron maser modes are found to 7ation of a relatix el\ small concentration oif energetic
be completc ly stabilized by the cold-electron elect rotis "se adopt .1 I itwariied . test pa Ilicc framec
component. ssnt4. 'file relalktic h (lint clct:(11 aib 11L.11wt

Finally, we note in passing that our understanding regatid as a disiuct specie,, sshoepatial densil\ il,
of flute modes in high-beta hot-electron plasmas has is mnuch smaller than the deflsii oif tie othct plastna
not been considered here and i-~nainN incotmplete. species All oif these *field' PeCOL a Zrc assurt11cil 110 he
although fully- electromagnetic kinetic tmodels oif li ne is otropic. thermtal . and at a ittcfh e icitliper atm ce
tying 1201 have helped ciprify finite-length effects than thle hot electrons This niodel Ic lertnir,5 -s thc
There is an active effort t( predict the stability of these response of a smnall relatis e-denisits . hirlh-enetgi,
high-beta plasnias to flute-ike modes 121 II . itch ss eec roIC101 1,311 1o theC ttdltit 1ttict h\ ' pis
hope will he aided by. niore detailed descriptions if includitig tile dotnt'atit d\ ti tit-alproesss
realistic equilibria. Discussion and coitclttsioin are linear healing. jte; ttrah7:iion 1,\ Coutlomb scaiterinc oin
found in Section 4. cooler electrons. ss nefirotroti radratroti. and direct loss'

bys non- ad tabat tc scaitetinv Spetcificll.\. ,hw model
predicts the electron distribution tn eni-rgs resiltitig

2. FORMATION OF from RV- electrtc fields ss ith spc,:ifid adloes oft
HOT-ELECTRON PLASMAS USING ECH freqtienc\ , amplitude and polarm/atioti. Itciden'lltimpun a

hatkrmtu ptPmsttr1d of1 sRC (ftell dttvl~jt\ dild Iettlpcta-
In this section wNe describe the resUlts (if a1pplying ttt e . conf ined inl at prc'chd ut 1rot-I1k ik alinet.

the reduced Fokker-Planck ECH model tol FCH fild~
experiments in the mirror devices SI- 1 1151 and] We take il our SNI -I -feiencc aellt: 201 J
ELMO 121 before using the model to Obtaiti high-beta equltitbritini discussed at len * ch i n Ref 1151 and
equilibria for stabilit\ analysis. Tile Fokker- Platick N1omru1ariied in J able I AsNicir h, eatOI~ (rllet - tlLic ate0
moidel is described in great detail in Ref. 1141 and tno direct trreasureIretilt, f tire %1tr110t(th oflit, Vlito
references cited there. C5i Veetic fields, and \se ttmit ism .t sr all

Briefly, we., use a one-diniensional . stead, -state. plaible \;tie" of both cotrplits lt. : itnd I k\ 0 do
bounce-as eraged Fokker- Planck model of tile V(11 11h1 h\ s-peif 17 '~ Vo I!w rat in I-, I of the () mond', a1rid
process.- Since our primary concern is, with the thermal i- Vimode field sityenevlhs a nil sear.hmnv thel fil aloes if
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!0 vectors k for the ECH ss ases. An illuistiatiC Ccase is

shown in Fig. 2a. which displaNxs E_ T, and fp1 l

versus the background electron teitiperature T1 for
EP/E; = 2. [hle characteristic scale length of thec static

5- -VC magnetic field has been wet at L, 30 cmn for thiis
L1 Vm' case. a choice that we will discuss at length in the

Th 00 following. Note that the RF power density required to

sustain this equilibrium is around 20 mnW-ci

(IOMW.CM 3)accounting for roughly 250 W of RF powker. This does
not include the fundamental ECH power necessar\ to

2- sustain the background plasma. If the energy expended
in creating each ion-electron pair is roughly 50 e'v., we
estimate this fundamental ECH power requirement at
25 mW -cm - for an ambient hy'drogen gas pressure of

_j ----- -j5 x 1 0 'b torr. Since the cold-plasma volume is
0 2n O estimated at 25 L in Ref. 1151. as mnuch as 625 W of

V. fundamental ECH power may be required simply to

FIG. 2a. Perpendicular comnponent of tcc iiroccic electric fleld. sustain the background plasma and onlv 250 X tnas be
Aaverare encrg% of IJIC hot c'lectronc. T,. and total RFpo~r required to sustain the lint-electron component. The

densit, Pp,. versusc background picinta temperature. 7. -for an variation of E. . Tb and RF Awith the ratio E1/E ,is
asrumned ratio o f 0-niccl1c to X-ociode field sictrt I, F, 'F - 2, shown in Fig. 2b for a background electron tempera-
In the SM-I confi curc,i ion sumnniarized in Tab'le 1 7The relative ture T, =30 eV. Note the rapid rise in RF power
hi-elcctro cim to ?I, n ~f 0.!J. decisity for E,/E, > 10, in which N1, tncreases Five

times while the as erage energy oif the hot electrons

_____________________remains almost constant. The saturation of T, despite a
subtntil icrese n RFpowr idictethe rapid

increase in the m in-adiabiatic SCattlittig rate. If these,
calculations are repeated for diffetent values of the

M nmagnietic seal e length L,. we obtain the strikini! results
shown tn Fig. 3a. It is especiall\ instructise to dis play
the Lt dependence of the saturated value of the hot-

102 electron average energy and the corresponding salues
of the electron g~ roradius:

p, .L7 x 10 C; -c in , (:(2 + Bt1

%N hee Th i,' and B is the magnetic intensity.

101 inc werequre :5kL, fer adiabatic conftnement of
ElF electrons. we can evaluate k by plottir' p,., versus L,.

The value of k obtained from Fig. 3b is 0.06. sshich
FIG 2h V'ariatiocn of E -. Th and RF pollc denscim P%,ith agrees, reasonably, w ell with the conventional result cited
F,T, fc'r a bccckgrccuncd plaima trepatur, 11 =3.0 cI'ancd b ikn16.Fo h ausotie u ,.t
ii, n = 0, 1 by- knIIfl rmtevau, ba dfrT ,i

appears that L, = 24 cmn is a r-atccnable value oif the
magnetic scale length in the hot-electron region of
SNI - I Fronm a parabolic fit to theC vacum macneItIC1

E_ required to sustain the observed relatis e hot- intensit\ wve wkould estimate L, = 21 cm, in reasonable
electron density . n,/n = 0. 1: this s ields the observed agreement. Note that this, is mu1LCh less than R . the
hot-electron average energy Tb and the RE- po'.scr radius; of curs ature of the 1mgnetcl' field l1ines inl t111
density I RF requ ired to sustain the equil ibriuon. Si nte ree ion. \s bich is c~t inmated tio be awound oil Lini
the microwave power is launchedJ priniarily in ordlinar\ Fon farce s aloes oft I . . parlicularl\ at hiehcr
nindes, and is nutItipl\ re flected from the casritv walls,, macnletic fields, .\mr tih tn iadiat ion bccine a
we assumne an essentially is;otropic distribuiun of ,kase dominant loss mnechanismn in thlticimdel This loc', i
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800 circumvented in the case discu,sed here bh spccif ing
values of L, similar to the ELMO. (high field) experi-

ments: L, = 10 cm (ELMO).

600 5 Another important feature of the dependence of T ,

30cm- on E,/E, is the rapid initial increse in Th. with fp,

constant or even decreasing. This behaviour makes

25cm clear the substantial benefit of increased microwave
integrity of the vacuum chamber. If E/E 1  10 can
be sustained in a suitably designed cavity where wall
reflections do not rapidly convert ordinary modes

200 to extraordinary modes, Th can be increased by
roughly 100 keV or more. Since the value of E,

40 80 0required to achieve this level of heating is approxi-

PAR mW cm3) mately 102 V cm - ', while the power density dissi-
pated in the plasma is around I W-cm -1 , the effective

FIG. 3a. TA versus PR, for different values of the magnetic scale quality factor must exceed 300. The ELMO device 12]
length L1. utilized a very high-Q cavity together with UORH

power to obtain exceptionally efficient heating of

relativistic electrons. The frequency of the UORH

power is chosen to be above the cold electron gyro-

frequency throughout the entire cavity. This power

is therefore absorbed primarily by the relativistic

electrons and only negligibly h the background

electrons. Even for the hot electrons, the absorption

rate is small: thus, if the cavity has a large quality

600 factor, the electric field strength can increase to large
enough values to render the heating rate (and hence the

absorption rate) appreciable. Since heating rates are
4 400 quadratic in electric field strength, they can be large

enough to sustain high energy electron populations at
levels below I00 V-cm - '.

200 -The Fokker-Planck simulation of early ELMO

experiments on UORH (21 are shown in Fig. 4. Here

the fundamental ECH is at a frequency of 10.6 GHz
S 20 L 0(cm 3 0 while the UORH source has a frequency of 35.7 GHz.

These results compare favourably " ith the empirical

results displayed in Fig. 4 of Ref. 121. The background
plasma density and temperature are 2 x l0'' cm -

3 and 50 eV, respectively, and we have arbitrarily set

Ed/E, = 10 for both sources. In the absence of

UORH power, the relative density of hot electrons is
2 roughly 2.5%. sustained by an RF power density of

less than 6 mW cm - This relative density increases

to 64% and the hot-electron beta approaches 507 as

the UORH poer is increased.
Having calibrated our m(odel on SM- I and HlM().

0 0 20 30 4 it is of interest to see how much hot-electron enere.

L,,(cn) can be stored in comparably si7ed de\ices by optimi/ing

the parameters. B using UORH at higher frequencies

FIG 3h Saturated talue of T, ... and corrcp,ndinr alue of the (60!90 GHi) in a device that i, similar in ph\ sical

ateraRe hot-electron R\roradiw p,,,, tcrtut L, The owhd line i fr scale to ELNI(), we can obtain Fokkcr-Pilanck

p_ = 0 06 L, equilibria %kith average hot-electton henergie, above

NUCLEAR FUSION SnP 2 N,, 1I QR) 10
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T3, SI ABIIII Y ANALYSIS
60006 FOR TRANSVERSE WAVES

PROPAGATING PARALLEL TO
THE STATIC MAGNETIC FIELD

As discussed in Section 2. the first task addressed in
400 04 this work was to obtain high-beta equilibria from the

rcduccd one-dimcnsional Fokker-Planck model ol the
ECH process. Guided by the empirical results of

Dandl et al. 12) on UORH in the ELMO experiments,
we found a corresponding regime in the Fokker-Planck

200 02 analysis that yields high-beta. relativistic-electron
equilibria ideally suited to a stability analysis, namely
beta values around 50% and relativistic-electron
temperatures above 500 keV. Our one-dimensional
Fokker-Planck model cannot provide any information

00 0.2 04 06 08 10 0 on the temperature anisotropy that is characteristic of

PUORH (W cm*) hot-electron plasmas formed by ECH and which plays
a dominant role in the stability of these phasmas 122].

FIG. 4. Average hot-electron energy, TA, relative hot-electron den- F to-dies al o fkerePeanck ECH codes

sitv nh/n, and plasma beta. 0. versus power densitY from the Fully two-dimensional Fokker-Planck ECH codes

UORH .source. P,,RH. Te parameter.s describing the background are now available and will eventually provide two-

plasma and the heating configuration are given in the tcXt. dimensional equilibria. These numerical equilibria can
be expressed analytically as a supcr;position of the

equilibrium distribution functions de,,cribcd b\ Guest

nmc2. The relativistic effects on plasma stability can be and Dory 123):

clearly examined in this hot-electron temperature
range. In these studies, we have again specified the
background plasma density at n = I x 10" cm ' and
varied the background electron temperature T, from
250 to 3000 eV. We assume that optimal background
electron temperatures can be maintained by a suitable 80

level of fundamental ECH power, depending mainly on
the confinement properties of the configuration. For 40

the Fokker-Planck model of the hot-electron population 0 3o
we reduce the fundamental ECH electric field strength
to a negligible level: 10 - times the UORH field 20f
strength. We then vary T, over its range to determine
the values of UORH power density PRF required to 10%

sustain specified relative densities of hot electrons. The
Fokker-Planck model evaluates Th for specified values
of the various system parameters, such as the magnetic 5
field scale length L,. here set at 10 cm. as in ELMO. 4

These results are displayed in Fig. 5. Note that. since 31

these curves are deduced for constant hot-electron 2 20".
densities 6, = nh/n. the resulting value of beta is tX

simply porportional to T. The RF power density (Q

exhibits a broad minimum that moves from 500 eV to Iov ., ' ,

800 eV as the hot-electron density ratio is increased U
from 10% to 40%. The associated beta values Rl pi, qtri ed 1t- -11- 1011, "1
approach 50/ and the hot-electron average energy is tfi.. d,1d 11 S of,, ,, , 11' t d, ,,rIF tj'P1111

around 550 keV. These are the equilibria whose h, A, rount le, ,,, te ,, , ,t,, 7 7 ?( t hOe t,''ie'erll, ',

stability will be studied in the following sections. de,,i,, 1c I (" fni l the (Ol flu, , f ,H ,PO 6,c ece,! O) (H17

1 ], ' t't(I I NP I% I M f~l "1, 1,, ', , ,14011,
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fuj( u ) f,(r . t, t) i2 dt'

2 2 _U[2 kun ) afo, kup at(, lOf 2 2 u au2

x x - i~ Q ( -Y W 0
8j( -YW

x u,(Ee -"' + E-e'6)

wheref '0. , ,2 ..., and i = F/m is the momen-

tum per unit rest mass. Here, we examine our one- where 0 is the polar angle. In the uniform magnetic
dimensional equilibria for stability against transverse field assumed here, the unperturbed electron orbits are
waves propagating parallel to the static magnetic field, given by z = z,, + Unt/-y and 0 = + eBt/-,m, with
with the temperature anisotropy 71 = T/T, and the given by z C zo + ut a = 0, wiui, and u1. constant. Choosing zo = 0 at t = 0, we
loss-cone index f set at arbitrary values. We single out obtain
the whistler mode 117, 19, 24J and the cyclotron maser
mode [18, 24] because of the relative stringency of the
stability criteria for electrostatic and whistler modes, as f1(z=0, 7. t=0) = -i' 5 u1 (elm)

discussed by Guest and Sigmar 1221, and because the
cyclotron maser mode was omitted from consideration (Y lou a f +  ku, f,,
in Ref. 122].

In what follows, we describe an efficient and [ k ui + u

very rapid numerical technique for solving the fully
relativistic dispersion relation for right-hand, circularly x ('e + E e)

polarized, transverse waves propagating parallel to the ku, - - cB/m ku, - "fv + eB/n
equilibrium magnetic field. The derivation of the
dispersion relation is sketched here for completeness:
more detailed discussions are readily available 1251. From Faraday's and Ampcrc's laws.

The relativistic Vlasov equation for electrons is
V x (V x F) = -po(81Ot)l' + E0(OE,/at)]

(8flat) + (7/1Y)(af83F) or

- (e/m)[E + (6 X i)/-fl(Of/Oli) = 0

where -y2 = I + u2/c2 is the Lorentz factor and the Since k . = 0 for transverse waves, E and j must
velocity is 1 = r. The perturbed distribution satisfy
function, associated with a wave whose electric and
magnetic fields are E and B = k x Elw, is given by |kc/0 - lIE = (i/h. 0 )j

' For the right-hand, circularly polarized component, the
fm(, U, t) e dr resulting dispersion relation is

kc 2 
- I -- 27r U, d K dul

For purely transverse waves propagating parallel (t - ku, afu u .

to the equilibrium magnetic field, with components X
E. = (E, ± ilE./2, this expression becomes ku, - -+ cl. in

NUCLEAR FIUSION. Vn 29. N,, A MM 1 2
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for the class of equilibrium distribution functions where Z is the conventional plasma dispersion function
discussed by Guest and Dory 123J, the numerator of 126]. From this, we obtain:
the integrand can be rewritten conveniently as

l(c,., k) = "du c tl;>. \/-eRn( u 1 _8 fo + ku1  8fo k kca,
-YW aul 'YC& au 2

x F(w%,,u 2 w~k) + dU2 -U1 ft1 du1p e-"!T.

fo ku, p al o _

2 2)

-- L Y- 
.1 all - - I

2 ku, - -yw + eBim ku - yw + eB/ml

A With the singularities removed in this manner, the up
integral can be evaluated using the Gauss-Hermite

Since the Lorentz factor -y appears in the resonant quadrature [27]:

denominator and since we are concerned with strongly
relativistic plasmas with -y Z 2, it is necessary to du Of. 2T a,~u,
evaluate the integral numerically. We now consider du, e- u -(O--(l,

integrals of the general form

Similarly, the u, integral can be evaluated using the
Gauss-Laguerre quadrature [261

I(w, k) = du2 eula du, 2 2l

0' du 2 eU-c~ - q,1 J(u .

X ku y BmTo evaluate the dispersion relation for given values of

w and k, we then choose a value of s (s 12 ty pically)
and for each of the s prescribed values of u,2.

For complex values of w, and k, there may be zero, 0i = 1..s) we evaluate the corresponding root or

one or two solutions to the relativistic resonance roots of the relativistic resonance condition, up., = w,.

condition kul - -yw + eB/m. which we denote such that
by up, (i = 1. 2). We denote each solution for
uI(w,k,u2) by w and the corresponding values of -y k,%%,i j,w, + eB/mn = 0
by -f? = I + w /c2 + ul/c'. Now consider the
following integral: The Gauss-Hermite formula is then used to calculate

du e~/Y~ F(w,,u., W,k) G(,k,kuj) du, e~gt
duo Cu ku. yiw + --eB/m

'J /~'c~- 2/ F(,. u' . k)
- ia )F(wJ~u>2 w.k) X ku 0 .\( + (u2/c) + (u c2) + eBn/

-1~ - eB/m

for Im I-- ~ - --- >
\ kof1  U1 ' , f, .u. W.

1 3 1 P I it -,O %.,I 7R N, AI19



STABLE, HIGH-BETA, RELATIVISTIC-ELECTRON PLASMAS

5XlO 3  like/loss-cone aspect of the mirror-confined relativistic-
pi=100 - electron equilibria 1281. Of particular interest for the
Y-3 present studies is the stabilizing effect of a cold-

electron component on the cyclotron maser mode.
Since our Fokker-Planck ECH equilibria consist of a
minority population of relativistic electrons in a

103 majority population of much colder background
Yelectrons, cyclotron maser modes are anticipated to be

strongly suppressed. This is illustrated in the results
shown in Fig. 6, where we fix the beta value at 50%
and 100%, and the relative density of hot electrons

01t 50% at 30%. The hot-electron distribution has a loss
cone index f - 2, and a temperature anisotropy
1/ - T,/T0= 3. The peak temporal growth rate wi
normalized by the (non-relativistic) electron gyro-

":3 frequency w, is plotted against the total electron
0 .4 1.0 20 4.0 density, specified through the ratio of electron plasma

PC CC and gyrofrequencies, (wP0e wc) 2 . For the parameters of

interest, the peak growth rates are less than 10-1 times
FIG. 6. Densir ' dependence of cyclotron maser mode growth the gyrofrequency. Figures 7a and 7b demonstrate the
rate for fixed values of beta. The plasma parameters are specified fundamental dependence of the cyclotron maser modes

'in the text.
on the loss-cone index f, rather than the temperature
anisotropy. For these cases, the hot-electron beta is

standard routine is used to evaluate the plasma fixed at 30%, the total density at w 2= W 2

dispersion function, and the Gauss-Laguerre quadrature relative density of hot electrons at 50%.

is used to evaluate the u2 integral:

0.10-
1(w, k) = du, e-U'/0

- 0.06

x [ -vri-Z (5,j0 - eB/mkt F(w,.u], w,k) 0.0

[k kat1  / 10
0 2 4 6 8 1o

+ (w, k, u,] = WLp _-201 P. w, k)
p=I FIG. 7a. Demonstration of the independence of the cyclotron

maser mode growth rate with respect to temperature anisotropy.

With this algorithm for evaluating the velocity-space
integrals, we can use standard root-finding routines to 0.12
solve the dispersion relation for fully relativistic hot-
electron plasmas. In this way we can evaluate the 0.08
threshold conditions and growth rates for unstable
whistler and cyclotron maser modes in the high-beta
hot-electron plasmas obtained from our Fokker-Planck 0.04
model. As has been pointed out by Chu and Hirshfield
[18a],whistler waves with phase velocities below the 0 . ...... .

speed of light are destabilized by the temperature 0 4 8 ( ? 16 20

anisotropy, while the cyclotron maser mode, (, 3)

corresponding to waves with phase velocities greater FIG. 7, Dependence of tire c'clotrotr pnowr mode growth rare on
than the speed of light, are destabilized by the beam- the lo+.t-cone ind,,e f

NUCLEAR FUSION. Vol 2R. No 3 (1991 1 4
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0.12- 4. DISCUSSION AND CONCLUSIONS

We have demonstrated several points in this paper.
First of all, using the classical Fokker-Planck model of
ECH, it is possible to reproduce all ot the features of

0.08 the SM-I experimental results that can be compared
with the reduced one-dimensional model. In particular.

.there is no need to invoke collective processes, such as

0.030
0.04

1 " 0.1

0.020
1.0 0.8 0.6 0.4 0.2 0.0

(1.35) (1.438) (1.583) (1.875) (2.750)Ah (Y)\
(},) 3-

FIG. 8. Stabilization of the cyclotron maser mode hY background 0.010 0
cold electrons. The relative density of hot electrons iS Ah = nh/In.-" 0.4

Finally. Fig. 8 shows how the growth is suppressed 00.6 - - 1.0 2
by decreasing the relative density o, hot electrons, Ah. F kc
In this particular case, stabilization is complete for

Ah - 40%; here, 3 = 30% and w, k.o 0.5. Tsang FIG. 9a. liusticr oodc growth ratc( fiped anisatropy t = 3.

124] considered this effect, but only for large values of and differen 'alus f tie average" It-eletron energy. 1Te plasma

Ah where he did not see complete stabilization. parameters are specified in the tet.
By comparison, the whistler waves can have growth

rates that are larger by two orders of magnitude if the
anisotropy exceeds a critical value, which is about
three for parameters characteristic of hot-electron
plasmas formed by ECH. Indeed, whistler growth rates
can be reduced to low values mainly by increasing the
average energy of the hot electrons and decreasing 0020
the temperature anisotropy. These two effects are
illustrated in Figs 9a and 9b, in a single-species hot-
electron plasma with = , j7 = 3 and/3 = 30%. -_

The average perpendicular energy is expressed as 3

e= Th/mc2; in Fig. 9b, e, = I. Finally, we evaluate 0.010
the whistler growth rates in a two-component
equilibrium obtained from the Fokker-Planck ECH
model: Th = 527 keV, Ah = 30%, T, = 800 eV, n '3 4 5 6
oA/0pel = 0.5 and 0 = 31%. The temperature
anisotropy has been varied (i = 3. 6. 10, 20) to show 0
the rapid decrease in growth rate for decreasing 02 0.4 06

anisotropy. as displayed in Fig. 10a. For the weakly kc/wc
unstable whistler waves the growth is convective. It is FIG. 9b. 1 7mtler rood" ivotiih ittrt l fi d, l toa,'ec hot

thus of interest to evaluate the spatial amplification clt fron encrN. f, = I. and dtfft Ptt alut'. -1 the tetttperaftse

rates k,, as illustrated in Fig. lOb. attiSotrop%

1 5 N I 1 1 A R I I t IfN % ,,I tt N I Pi 5
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unstable whistler waves, to provide a self-consistent 0.03

picture of the hot-electron distribution in energy and
the RF power density required to sustain it. This 0.02
property of the present Fokker-Planck model is in v 10
contrast to the moment approach of Hamasaki et al.
f I], as one might expect from the non-Maxwellian
character of the hot-electron equilibrium distribution.
An interesting possibility is suggested by these results, 0
namely that a different class of test distribution func- kc/ 060
tions, similar to those obtained here, could be used in
the moment approach to obtain useful analytic descrip- FIG. 10a. Whistler mode temporal growith rates for a Fokker-

tions of ECH equilibria. Planck ECH equilibrium with ad hoc values of the temperature
anisotropy.

The numerical description obtained in the present

work also contributes to clarifying the role of non-
adiabatic scattering in limiting the hot-electron energy 0.025 0.5
and it reveals in quantitative terms the importance of
the microwave integrity of the cavity in which the
ECH is carried out. For single-frequency heating it is
apparently ac r to have a high enough cavitymoe l 03
quality factor to permit the arhighrenough field t0015 0

strength to exceed by a large factor the extraordinary -/
mode electric field strength. Similarly. UORH can /!
only be expected to yield the high energy densities /
observed in ELMO if the UORH field strengths can 0005 /01/
approach values of the order of 102 V cm -', while the /
corresponding absorbed power densities remain around 00. . 0..

I W-cm - 1 or less. 005 015 025

These results are of practical importance in designing "Ce

experimental ECH approaches to achieving relativistic- FIG. lb. WhTistler mode spatial growth rates and propacation

electron plasmas, but they also suggest that the vector for the Fokker-Planck ECH equilibrium with j = 3.

reduced Fokker-Planck model can provide a useful
simplified description of other plasmas in which ECH
may occur, such as magnetospheric plasmas. around 100 eV. The cold-, warm- and hot-electron

For our immediate purposes, the reduced Fokker- densities are roughly equal and are in the range of
Planck model provides a detailed. self-consistent (1-2) X 10l" cm -. Garner's thesis contains an
description of hot-electron plasmas that can be analysed interesting speculation regarding the observed stability
for stability. In keeping with a large body of empirical of the hot-electron group that is not predicted by his
observations, we find that whistler waves are likely to analyses, namely that, if stochastic heating can occur
be unstable unless the temperature anisotropy is at energies above the predicted threshold for super-
reduced and the hot-electron energy is increased, adiabatic electron behaviour, the resulting distribution
Cyclotron maser modes are shown to be suppressed by of hot electrons might indeed be stable at high temper-
the cold background electrons that normally make up atures. Our kinetic model of the relativistic heating
the majority species in an ECH plasma. process assumes that stochastic heating is maintained

In a recent PhD thesis. Garner 1291 has studied the by the overlap of relativistic, Doppler-shifted
characteristics of microinstabilities in an ECH plasma resonances, and our analysis of the resulting equilibria
produced in a magnetic well configuration by single- demonstrates the relativistic stabilization of v histler
frequency heating. Garner finds that the hot-electron waves as %%ell as the cold-electron stabilization of the
component. whose temperature is 400 keV. is remark- fast-wave branch of the electromagnetic mode. The
ably stable; the observed unstable whistler 'saves are distinct warm-electron component can be minimi7ed
apparently driven by a distinct group of warm electrons or even eliminated by the use of 0-mode heating or
at a temperature around 2 keV. The third electron UORH. as shown by the present Fokker-Planck
component is a cold population at a temperature results.

NUCLEAR FUSION. Vol 29. No A (199R) 6



GUEST and MILLER

APPENDIX For typical values of the ECH electric field.
ERF 10-20 V cm - , the central magnetic field.

In brief, our picture of particle balance in mirror- B,, 3 kG. the electron density, n, ;: 5 x 10'' cm U
confined ECH plasmas is as follows: the overall mirror ratio, M = 2. and the mirror ratio

at the test electron turning point. M, - 1.7. the criti-

A-I. Low-energy processes cal electron energy for runaway, fl. can be just above
100 eV. (Here. K is the elliptic integral associated

At energies e :< 100 eV, particle balanct is main- with the electron bounce motion.)

tamined by three dominant processes, namely (i) ioniza- Simultaneously, with ECH. small-angle Coulomb

tion of ambient neutral gas, (ii) free flow of cold ions collisions scatter heated electrons into the loss cone at

along the magnetic lines of force and out the ends of a rate given by

the magnetic mirror, and (iii) electrostatic confinement
of electrons in an ambipolar potential well whose (dO 2  1.5 X 10- 6 n, in A eV 32 cm 3

depth 4' is governed by the electron heating rate i and dt 1 102 s

the cold-ion escape rate.
Equating the ion and electron confinement times The corresponding rate of pitch-angle diffusion

yields associated with ECH is given by

e4, = LU/vi
(adO '_ 7r eEF ( M , Y

where vi is the cold-ion flow velocity and L is the dt JRF 8 B0  M, -
length of the plasma column. Furthermore, the escape
of these electrons and cold ions is balanced by ioniza- K-' ( M-t
tion, so that KIM\ M( M- I ) '" r,

vi/L = no(Oion veioV eV,(N,-I

where no is the density of neutral gas in the plasma. where Mre, is the mirror ratio at the resonant surface.
Under typical conditions, the characteristic rates for Since ORF - (-'. while 6c,, - (- .2 RF-driven pitch-
these three processes are around 5 x i0' s'. angle diffusion may dominate at high energies. ( > (,

= 10 keV, typically. In the intermediate energ range,
A-2. Intermediate-energy processess E _5 E Z C2, Coulomb scattering is typically the

dominant loss process. The resulting pitch-angle
In the energy range 100 eV ! ( < 10 keV, the displacement of an electron with initial pitch angle 0,

dominant dynamical processes are Coulomb scattering can be estimated from
and ECH. The Coulomb scattering causes both
slowing-down and pitch-angle scattering of heated A6 2 -0 d
electrons. For energy balance, the slowing-down must RF

be offset by ECH for energies above a relatively low
critical energy t Z (- 3e4': Since RF is almost independent of energy in this

range, we have

AO 1.5 x 10 - n, In A
Using rudimentary formulas for each rate, we obtain - , 

-  
ERF

weE2F ( N-I 1/2 ( M,-_I eV' cm' 2
- K -1 M - x - df f.1

n,n A eVY2 cm'= 3 x 10 n, In A CV- e_ cm,
1.3 x I0 2  1 0e

17 N1 I I t1Q1N \,.l 2 ' \
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Typically, (A0/0i) 4 1, provided the heating rate is ACKNOWLEDGEMENI
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SECTION 3

Amplification of whistler waves propagating through inhomogeneous,
anisotropic, mirror-confined hot-electron plasmas

G. E. Guest and R. L. Miller
Appliedt .hcrouav, Plajsma Concepts. inc. Carlsbad, California 92009

(Received 15 April 1988; accepted 18 August 1988)

A fully relativistic local dispersion relation for whistler waves has been solved at closely spaced
points along the magnetic field lines of a 2:1 magnetic mirror in which a highly anisotropic,
spatially inhomogeueous, hot-electron plasma is confined. The limiting plasma parameters for
convective (spatial) growth have been determined numerically and used to identify plasma
conditions leading to maximum amplification of input microwave signals introduced in the
form of whistler waves. The maximum gain has been evaluated numerically for a range of
values of the hot-electron plasma within which all major stability criteria are satisfied. Very
high gains ( -40 dB) are indicated over the entire range of beta investigated.

I. INTRODUCTION After a single transit through the plasma, the wave arrives at

It is well known that whistler waves can be unstable in the axial position z = L with amplitude E0 ,. Since this pro-
mirror-confined hot-electron plasmas because of the pres- cedure will yield the desired gain only if the unstable growth
sure anisotropy inherent in magnetic-mirror confinement. ' is convective, we have carried out a detailed numerical eval-
Indeed, the phenomenon of unstable whistler waves has of- uation of the threshold conditions for absolute growth and

ten been invoked to interpret spontaneous rf emissions from restricted the range of plasma parameters to lie entirely with-
laboratory2 and space plasmas,' and has recently been pro- in the convectively unstable range.
posed as a way of transforming the energy stored in mirror- Apart from transients at the beginning and end of each
confined hot-electron plasmas into giant pulses of high- pulse, the input wave amplitude is assumed to be constant in
powered microwave radiation." The proposed time throughout the pulse; and the spatial and temporal be-
transformation results from the amplification of whistler havior of the wave can be determined using Fourier and La-
waves propagating along magnetic lilies offorce and passing place transformed equations in the conventional way.'throughthe a long ngci li ofHfre d pasing When inverting the transformed variables it is necessary to
through the anisotropic, hot-electron plasma. Htere we in-

vestigate the maximum gain that a whistler can undergo in a displace the Laplace integral path to the real-w axis while
spatially inhomogeneous plasma, confined in a magnetic- deforming the Fourier inversion path to prevent any zeros of
mirror field of finite spatial extent. the dispersion relation from crossing the deformed path of

Because the whistler instability mechanism depends on integration in the complex k plane, where k is the (parallel)
the kinetic properties of the hot-electron equilibrium, par- wavenumber. As is well known, this procedure is only possi-hle iinti proeree whste wave growthtr isiibim covctv;intecaeo
ticularly the distribution of electrons in velocity space, theo- ble if the whistler wave growth is convetave; in the case of
retical analyses ofthe growth typically use idealized, spatial- absolute growth, two poles from opposite halves of the com-
ly uniform models of the plasma in order to treat the plex k plane merge.
velocity-space issues realistically.' Under these idealized To ensure that we consider only convectively unstable
conditions, growth of thle whistler wave can be either con- cases, we have evaluated the threshold conditions for abso-
vective or absolute, depending on the plasma parameters." lute (temporal) growth for the hot-electron equilibria under
Absolutely unstable or temporally growing waves are ex- investigation. For hot-electron plasmas created by electron
pected to spread throughout the unstable plasma and grow cyclotron heating (ECH), the convective/absolute bound-
in amplitude until quasilinear or nonlinear processes balance ary can be conveniently represented in two dimensions by
the destabilizing conditions. By contrast, the growth of con- fixing some of the plasma parameters in ways that reflect
vectively unstable or spatially amplifying waves may be lim- fundamental properties of the ECH process. Thus, for exam-
tied by the finite transit time of a wave packet across the pIe, the total plasma density is usually limited by microwave
finite spatial extent of the unstable plasma as well as by the cutoff so that o4,./w, 1. Here o) and a), are the electron
spatial nonuniformity of the confining magnetic field, rather plasma and microwave frequencies, respectively. Moreover,
than quasilincar or noiiniear nlechaiiiis. the relative density of hot electrons n,/n -A may be limited

In tile present study we use linearized theories to deter- by the onset of flutelike instabilities in simple magnetic-mir-
mine the overall gain, G(rv), experienced by a pulse of mi- ror configurations; although no such limitation occurs in
crow4asc power launched at one cd of a mirror-confined, magnetic "well" configurations with favorable curvature of

hol-electron plasma and propagaling along the magnetic the magnetic lines of force. Even in such a flute-stable config-
lines of force i tihe form of whistlcr waves: uration, however, the plasma pressure may be limited by

equilibrium conditions such as the so-called "mirror mode,"
G(o) -L, (,,,,z l1)1/I E.2, (,z )- ). and the value of hot-electron beta,/3 = 21,,PB 2, may be

limited in inverse proportion to the anisotropy.' Here B is
I lere ( is the (radian) frequency ofthe wave launched at the the magnetic intensity and a,, is the permeability of free
axial posit11on z = - - L with rf electric field strength E,,,. space.
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If no other stability criteria are violated, the gain G(a,)) maximum gain predicted in the lincar thery arivs onh%
can be evaluated up to the threshold conditions defined by i, eakly with heta and remains large in ph %%ist,, ,,ilt high
the C/A boundary in a straightforward way; this is the main eneigy densities, where satufation lecls Of oUtplut po%,cr
objective of the work described here. The gain is then given might be expected to be very high.
directly by

G(w) = e - 2 f , (wz) dz) II. THE MODEL EQUILIBRIA

where k, is the imaginary part of the wave vector corre-
sponding to solutions of the local dispersion relation with in this section we summarize the way in which the equi-
real frequency o. librium properties of the plasma depend on (litance along

In order to account for the z-dependent equilibria con- the magnetic lines of force. Local properties (of election cy-
fined in finite sized magnetic-mirror configurations we clotron heated hot-electron plasmas hae been discussed ex-

adopt simple model equilibria with hot-electron distribution tensively,' and a few studies ha e attempted to model the
functions mapped along magnetic field lines through adiaba- axial dependence in nonrelalivistic formulations of the hot-

tic invariants. The properties of these equilibria are summar- electron dynamics. Here we follow the conventional ap-

ized briefly in Sec. If. A fully relativistic dispersion relation proach to mapping relativistic-electron equilibria along

is then used to evaluate the C/A boundary for whistler magnetic lines of force assuming the invariance of the total

waves. The dispersion relation, while fully relativistic, can energy c, and the magnetic moment pi:

give only a local evaluation of the wave properties. since it is f c( I ) mc' (I - (u"/c - II
derived under the assumptions of spatial uniformity. This
procedure is expected to yield a valid description provided
the scale length for variation of the plasma equilibrium is Pt p (" )/(2B).

much greater than the wavelength of the whistler waves. In these expression. 7, is the relati6,islic I oreni7 factor and u
Since we are primarily interested in quasioptical systems is the momentum per unit rest mas with coimponents u, and
with scale lengths much larger than wavelengths, this condi- u perpendicular and parallel, respccti, ely. to the magnetic
tion is not particularly restrictive. In effect, we are construct- field B. Here in is the electron rest mass and c is the speed of
ing a WKB solution from numerical solutions of the local light in vacuum.
dispersion relation within plasma parameter ranges for The relatise intensity of th. slcady, magnetic field is as-
which the unstable growth is guaranteed to be convective. sunied to vary along the line of force of interest as follows:
The numerical analysis of the dispersion relation and typical
results are recapitulated in Sec. Ill. The gain is then evaluat- B (,If I (f I )C0s(L
ed from real-n) solutions of the dispersion relation in a way b = B - 2 L I
that is discussed at some length in Sec. IV. Several cases are
presented there in which the temperature anisotropy and iere z = 0 defines the so-called "midplane" on which the
hot-electron beta are varied so as to move along a particular magnetic intensity reaches its mininum alue h - I, while
C/A boundary (corresponding to a fixed relative hot-elec- z =- L defines the so-called "mirror throat," where B reaches
tron concentration, A = 30%). Substantial values of the its maximum value h M, the mirror tatio.
gain are indicated for hot-electron plasmas of typical labora. The cold-electron co nponen, . hich typically conains
tory dimensions. the majoritV of eciiions, will hc modeled as an i'ropic,

The major findings are summarized in Sec. V, and the pressureless fluid whose density is independent of: By con-
nature of these findings is discussed. In particular, the unre- trast, the hot-electron component is assumed to be aniso-
solved issue of the role of quasilinear or nonlinear processes tropic and relativistic and described by a distribution func-
is given some emphasis because of the indications that the tion of the form'

22 YC j---_ exp - (L + (b--I)- + , outside (if the loss cone,f,(U" 1 )= l ' , C bu",)(11bil b

0, inside the loss cone.

If u,, is the momentum per unit rest mass evaluated at the u, = 211,,/m . u /h. (3)
midplane z = 0, then in terms of the constant-, of motion.

.211- 2 ,,m = u' (z + (b - I u" W ]/h ( ere u,,, and ii,,. are the components of ,, parallel and per-
(2) pendicular. respectively. to the statlic magnetic field

and A z-dependent loss cone in u spacc is defined b> setting
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u(L) = 0: n.(Z W a'(z W a/ /A )

U 2 (L) = u7 - 2pB ,,,/M = 0 n' (0) (1 kY id (I (Z) 1) /(.if I)j

= u' (z) + U (z) - u, (zB,,1,B(z), b 0fI-b)(9

or 77(b - 1) 1 I fA

B _I = A- -. (4) Art illustrahtie casc is sloio ) intI ig. I liti a imirtor r;Itiot

MIBz)- Af = 2 arnd two different temperaturc anis1otropics, q 5
If we now collect terms in u'(z) in the exponential factor we and 20. The z-dependcnt relatike magnetic intens ity b' is
have Lshown, together with the z-dependent relative hot-electrort

2 densities for the two different terniperat tite artisotropi.-s. 'Ihle
f(U'1,u~z) = C, exp - figure indicates thie degree to wkhich higher temperature ani-

"J ', a p a;z) sotropy is associated with increasedpkigothht-l-

" 2 tron density at the midplarie. This property of the equilibria
if U1 <M 5 will be shown to have a major inmpact on th'e overall gain of a

u', b -I whistler wave propagating along the magnetic line of force.

24 In quantitative terms, the z dependence of hot-electron den-
= 0, if ->b- sity is given by

where d n,,(z) db (3 -I -') _ ( b)

a'(zW = (a-,,ab)I a", (b - I) + a2 dz n, (0) dz K1-- 1(b - 1)J 1' I I

Inz=r , a /[ 1 b H) 1J 6 2 ,, OW I l) 0f- h) I + 1 0h

db h0
The z-dependent hot-electron density is now% giver) by (Izk(I I sh-i I)

n,,() = u11  K)Although it is not included in Fig 1. the lempeiature ant-
1 ~a' isotropy also decreases %it h distance fromn the midplarie as

U2 U a I(Z)

x',f du'( Zexp( - -;:~) (7) 1 1 4 t~

and for the simple bi-Gaussian distribution., 0. we hase so that

da' a, 71h'(1
n' (Z) =ir" a, C,"''{f + (a1a;z))-dz 11 4 il(b- 1 )1-'11

x [ b /(Mf - b) 1 } '2 () Thus both temperature arnisotropy arnd the relative hot-elec-
or tron density decrease with distance away from the midplane.

so that maximtim amplification will occur at the midplane.
In contrast to this strong z dlepcieiece of the hot-elec-

tron density, the cold-electron dnitl% is, ex~pected to remain
nearly constant in z, except for the spatial coniprssioiri a-so-

.0 20 ciated with the increasing magnetic intensity. The real 'alue
of k(wo) is determined mairnly by the cold-plasma density

08 18 and the magnetic intensity, and is slo%% ly %varying along the
magnetic field lines.

1:20 5 b
S06 16

Ill. CONDITIONS FOR MAXIMUM GAIN
-0 14 The maximum amplification oif ant exterrally launtched

whistler wave is likely to be achie. ed in hot-electron plasmias

02 _12that are just below the threshold for absolute or temporal
02 2growth. This threshold is frequently referred to ase the C /,1

boundary, which is a hvperslirface in a %pace spanned by the
00 ~ - 06-. -- Iplasma parameters. On one side of this hondarN o0n Lon-

0 2 0 6 08 1 0 vective or spatial growth is possible. ss bile on the opposite
ilL sideof the boundary. ahsolute or temporal gross Ih occtir

FIG I Variationnof relti'.e hni-etecuronndemiiy and mag~netic infenmiiy. h. Thus, in order to explore the msinxitin gain that can be
with disrance along a magnetic fietd tine achiesed. it is first necessar% to defime the C/A h oinidatN ill
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termsofequilibrium parameters representative ofphysically Herel 2,, 1 ' h/(M - h) detiiesthelossconeat the pointZ
realizable plasmas. This section summarizes the results of a where the local magnetic intcnsitv is R- bB,, Note thit
numerical determination of the C/A boundary for unstable L12,, -0 as .l-- . If we use the bi-Nlaxwellian distribution

whistler waves in hot-electron plasmas whose local proper- function corresponding to/ = (P and evaluate the derisatisc

ties are modeled by the class of infinite, homogeneous, rela- ofp, at the midplane, we obtain from the mirror criterion
tivistic-electron distribution functions cited earlier, namely, -- - I ( 4 I _ -"

C, L -' C(-.) 2 e ' eu" (A'! - I )(;-I L( 5.r '$1 I) 3?1 '/8 (4L- 0 a, ) ( 14)

The general methodology adopted here for determining where r7-a'/a2. We have evaluated the limiting %alue of
the C/A boundary has been discussed at length by Briggs' /3, (?7) forM 2and displayed this boundary in Fig. 2. Note
and consists ultimately in locating simultaneous solutions of that as M- co this criterion approaches
the dispersion relation and its derivative with respect to k,
the (complex) wavenumber, for real values of the frequency / ( - I ) < !.

wo. This general methodology is implemented in our case In Fig. 2 we show the value ofanisotropy on the convec-
through novel numerical techniques appropriate to the class tive/absolute boundary q;, . as a function of/3, for condi-
of distribution functions used here. These techniques have tions that are appropriate to an ECII-generated hot-elect ron
been fully described by Guest and Miller.'  plasma. We have set w, ,./ o . = I and A = 0.3. and varied ,"

It has been well established by many investigators' that to cover the indicated range of values of f?. The associated
the growth rate of unstable whistler waves increases with values of y are shown by the curve labeled 7" - I. Here 7" is
increasing values of the temperature anisotropy and the hot- the average of yover the equilibrium distribution function.
electron beta. where beta is the ratio of the kinetic pressure Eq. (5), in which only the / = 0 component is retained. The
n T to the magnetostatic pressure B2 /2p,,. For hot-electron approximate mirror instability criteria 13(7 -- 1I )= I and
plasmas created by electron cyclotron heating (ECH), sev- r = 0 are also shown here; note that the C/A boundary lies

eral fundamental aspects of the heating and confinement slightly above the equilibrium limit for/3, > 10%-20%. The
processes limit the physically accessible values of beta and nonrelativistic C/A boundary given by liyoshi et a/. ' is also

anisotropy in ways that can usefully restrict the range of shown for comparison with the fully relativistic numerical

plasma parameters to be considered here. 7' For example, results. For a given value of13, the relatisistic expressions

effective penetration of the ECH power typically limits the indicate that slightly higher values of anisotropy are re-

maximum (total) electron density to values such that quired for absolute growth.
2 ( ),, whereto,, is the angular frequency ofthe ECH pow- The C/A boundary shown in Fig. 2 satisfies the condi-

er. Typically, the relati e fraction ofelectrons heated to high lions for physical acccssibility identified here for fl, • I0% -

energies, A _- nh/n, is much less than unity. Idealized theo- 20% and thus will be used to estinate the maximum gain

ries of flutelike instabilities have been used to estimate criti- that can be achieved at lower values of beta. The results of

cal values of A set by thresholds for occurrence of flutelike or
ballooning modes: A,,., -0.3. Relativislic effects appear to

increase this substantially, but we will usually assume
A <0.5. In small magnetic mirrors. nonadiabatic effects can
limit the maximum hot-electron energy to values such that o.
p<0.OSL. Herep is the (relativistic) electron gyroradius and
L is a characteristic scale length of the magnetic geometry. s0
The condition for equilibrium, sometimes referred to as the i7-01100

mirror instability criterion, limits the product of anisotropy , 1-0:1
and beta, roughly as /3(77 - I) < I. For the anisotropic, hot- 20 (nu--")

electron distribution functions used in the present work, a
more accurate estimate of the beta limit corresponding to the j,*t11oshi.$I all

mirror criterion can be obtained from the more general con- "e0

dition for existence of equilibria"':

I Idp, oa hthl
(12)

1441 B dB

In the nonrelativi tic approximation, p, thecomponent 2 A .

of plasma pressure perpendicular to the static magnetic field,
is given by

00' MO 005 )1 0~ 05(l I'0

P1 = mn(v'= mnn(uv) = nn(l,',/2)L ;i~~ ~~ t (; 2 \.rI;l,,,r f n,.C V I bri fn'l~l,ll )I , . tl e;Ig

= 1r dtil I vl df, i (l ', )pria . ( 11) hn(-elcclrni ene ,, i. ,,ilht f it, i .,., -,r ct .1, hI,, c I,,, hlN lit-r.

f.,, .,/1' - I and A 0 k A so Q %,h ,%,n ! ' n l, m-so i i it l Irh ihc,hold
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thi' -v .uation of gain are described in Sec. IV. 00-

,Ve conclude the present section "sitI one furlher set of
results on the local wave properties of unstable vhistlers at 50 ,7/0t
the C/A boundary shown in Fig. 2. These are displayed as ,
functions of /3, in Fig. 3, where we see that both the real and
imaginary components of the propagation %cctor, together
with the wave frequency, are decreasing functions of beta. 20 -

This decrease reflects two underlying facets of the C/A
boundary along which the parameters are evaluated, name- N(
ly, that the maximum anisotropy for convective growth is 0
decreasing with increasing values of beta, and that, in the
present case, beta is being increased by increasing the aver- 5
age electron energy and hence the relativistic mass shift. The
relativistic effects can be removed by holding the hot-elec-
tron energy fixed and varying beta by varying A. This proce- 2 y :1 4

dure has been followed in generating the results shown in 2 / 2 I
Figs. 4 and 5.

Figure 4 again shows the anisotropy at the C/A bound- I00' 002 005 00 00 050 00

ary as a function of beta, together with tie corresponding
values of A and the mirror instability criterion for 7' = 1.4.
This value of y corresponds to an average hot-electron ener- FIG. 4 The C/A boundary for fixed 7, y 1.4 and tie relatie hot-electron
gy just above 100 keV ( T= III keV). Note that absolute densit. A. together with the mirror imtahilit, criterion

growth is only possible for fl, 0.10 corresponding to
A = 0.155, and that the C/ 4 boundary drops below' the mir-rorst.155,ndtab y thIA b.oundrydropshelw tep ir- gral along magnetic field lines of the imaginary part of theror stability lim it for/3 , > 0. 17 or A > 0.27. T he %% me param - p o a a i.o e t r
eters along the C/A boundary are shown in Fig. 5, and here propagation vector:
reflect only the decreasing value ofanisotropy, as well as the In G((o) = - k, (, .z)dz. (15)
increasing value of A. In the range that satisfies the mirror fI
stability criterion, the wave parameters decrease only slight- This procedure is valid provided the growth is convective.
ly, suggesting that relativistic effects are mainly responsible We will examine a sequence of cases in which the plasma
for the large decrease in wave parameters shown in Fig. 3. beta is increasing, and for each value of beta we %ill assume

the maximum anisotropy for which the whistler growth is
IV. EVALUATION OF MAXIMUM GAIN convective. Since the plasnia density and anisotropy are

We now estimate the maximum achievable gain for var- greatest on the midplane. it is the midplane values of plasma
ious plasma parameters by numerically evaluating tie inte-

2 k c lwte 2

05 05

02 603002

of Ce woe /C*

00' 002 005 eO 01 050 1O0 0. 002 005 01 NO 05001 05 1

FIG 3 Wave parameters versus3 for q,, on the C/4houndir) shown in :I; 5 'a'. paran er, ;|tong the tl /.4 ;oinii , forhttin l eds s, slui r i Ill

Fig 2 :ig 4
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and wave parameters on the C/A boundary that determine 008 . . . .

the maximum anisotropy and the corresponding wave fre-
quency for each value of beta. The anisotropy and densily
are readily determined at each point along the magnetic field
line; and the dispersion relation is then solved locally to ob-
tain the complex propagation vector at that point for the 006
frequency specified at the midplane. Thc gain integral is then
evaluated numerically.

We have carried out this evaluation of the gain for 13,
--5%, 10%, 15%, 20%, and 25% in the case shown in Fig. .Z

2:w , /w = 1, A = 0.30, and / = 0. The magnetic geometry
assumed was a fixed M = 2 magnetic mirror: and thus no
attempt was made to relate the equilibrium value of the an- -
isotropy to the shape of the magnetic field. We return to this -,'o 0 2

point in Sec. V. The midplane parameters for the cases exam-
ined are tabulated in Table I. The series was terminated at/13 0.1

= 25% since the mirror instability criterion was not satis- 002- 0.05

fled at the C/A boundary for greater values of fl.
The last column of Table I gives the value of

f0 I c (dz) ___

The gain is then given by 070 080 090 in 1 120

G(w) = exp[ 4(Lw,,, /C)I I. W/Wcenlft

For typical conditions, the applied microwave power reso- FIG 6 he. frcqriciic.-dcpcndcIt gain fat',i r., h.' . )d:I.. fr

nates with the second harmonic of the local electron gyrofre- %hitfler wac ,nf %ar~ing frequticric" in hut-l(ctrwn t'quufla tf % f01 -
perat ure an irnpie

.  ne'ar he cuiii cli' e, abs liiue tuuui rd, r . indt 1?

quency at the m idplane. Thus 10";. and 2 "(1 Iplaina and - a i c paiaincl er, fi, ' tfi lt el t a r,,t ' st ed

0c o = Trf, in Table I.

and we can estimate the scale factor as follows:

4Lw,, 4rLf, 41TL absolute boun(arN for the center ftcqticnc, of fhc ut stablc

c c A, frequency hand. Illustrative cases of/. r- 5". 17,, and

where A,, is the free-space wavelength of the microwave 20% are shown in Fig. 6, where the dimensionles gain fac-

heating power. In order of magnitude, L /A,, )O( 10) for tor,

typical existing experimental devices. The indicated values k,c)dz
of gain are then, again, in order of magnitude, ,

G(w) 0( 104) -. 40 dB. is plolled against the fiequcn.N nornali7.ed to ie center frc-

In addition to the peak growth rates shown in Table l we quency. Note that the handI idth increaes as li increases,

can readily estimate the effective bandwidth by calculating i.e., as the a~erage hot-electron energy increases. I he full-

the total gain for whistler waves of varying frequencies prop- width at half-maximum %aries from roughly 0.15 at /3.

agating through a particular anisotropic, mirror-confined, = 5% to more than 0.25 at /3 = 20%.

hot-electron equilibrium. For definitiveness, we again Thus the linear theory suggests that %ery high gain is

choose the plasma parameters to be near the convective/ possible. It should be emphasized that the linear theory can-

TABLE t. Summary of the wave and plasrma paranreler, at the C/A hbtundary for %arying %alue of/i For all I hc"r caser, "0., 1 ad A 0 10

5 15.26 ( W 8 1 623 07267 t (1-)1 007(,

tO 11 83 0 5769 1 1t h 0 5064 1t 07 0I 0-

15 61 ( 4941 1 (r) (I 5t5 O f 1125 () "711

20 7 972 0t .1i'"5 ti 0157 0447 t 4 17, (1067

25 6 65 0I) 1-194 0 II') ( 1Q42 "2 511 064

30 5.724 0 2Q77 0 7097 0 1-10R5 "11

35 4.899 ft 2562 ft 6290 0 ;1 IO, It (

40 4426 0 2220 (1 5617 t 27R7 2 ( 1
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not provide any indication of the maximIIum out put power or, of the saturation of whistler growthI is teqtiirud to addi ess
equivalently, the saturation value of the input power. These this issue.
must beobtained from quasi linear or nonli near models of tile Existing quasilinear stutdies. (if unvtahle x.~hist icr %'. i'. s
energy transformation process. in infinite homogeneous plasmas ha'.e indicated that. %%~ithinl

It is, in fact, most striking that the gain decreases only that highly idealized model, roughly 10" of the hot-electronl
very slowly with increasing beta; one would expect that the energy can be transformed into '~.'cenerg\ before thle
maximum output power would be proportional to beta. As growth rate is reduced to 7ero. If Ihese estiniates. pro'. de a
we remarked earlier, the fact that the spatial growth rate valid indication for finite, inhortogeceocis. mirror-confinled
decreases with beta is in part attributable to the somewhat plasmas, it would appear entirely feasible, by operating at
arbitrary assumption of fixed A. Beta is then proportional to higher values of beta in high field strength mnagnetic fields to
the average energy of the hot electrons, and relativistic ef- achieve very high output power levels. In fact, it may %.%ell he
fects reduce the growth rates. Perhaps more important to the that the infinite homogeneous (luasilinear mnodel pros ides an
weak beta dependence of the gain is the fact that at low beta underestimate of the saturation power. since resonant ekec-
the C/A boundary permits very high anisotropy. High an- trolls can escape a real magnetic mirror after giving a sub-
isotropy, in turn, leads to very large spatial growth rates near stantial fraction of their perpendicular kinetic energy to thle
the midplane. Although lower anisotropy does lead to less wave. In effect, a nearly constant level of anisotropy is auto-
peaking of the density near the midplane, the growth is matically maintained in anl actual magnetic mirror, whereas
greatly reduced away from the midplane by the increased the infinite, homogeneous quasilinear model allows the ani-
local magnetic field strength: w/w_ is too small to permit sotropy to decrease as a result of thle wave growth.
large local growth rates. ACKNOWLEDGMENT
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In Sec. IV we demonstrated that the amplification of an C-0055.
externally launched whistler wave can exceed 40 d13 over a 'R N Sudan. Phys. Fluid,, 6. 57 (11161): R Z qSagdces and V D. Shi-
relatively wide range of values of beta, 5% -13, <25%, for franov.So'. Phys.)E7P12j 3f(lQ6l);N.1* Gladd.Phis Fluid'.26.974

typial CH pasm paametrs:w~ / = , =( 1993 ). and reference%. cited therein,typial CH lasa pramters &) le)2 A nIn See. f'or exampte,1 1i Ikegami. 11 1 kci.' N I Flr,o.a. K l::k.1aam. o
=0. 3, and 1. 1 f i y 1. 6. The correspondi ng limi ting val ues of S.]I anaka. Ph),;s. H id, 11. 10(61 ( 1969). If .1 tto-'.. W 1) (,eiis. R NI

temperature anisotropy were 15--y, , > ~6. These values of Gitgenhach, aiid R. K. Jong. ibid 28..3t166 ( 109~5 1.and refere,,cctcd in
aniotrpy remuch larger than expected in a typical ECIu these i%%n %ork'.

ani~strop are'C F Kennel and It. E. t'eli'ck.J I(eopt:w Re.. 71. 1 ( f (66),e wc A,
plasm a con fi ned in a 2:1 ma gnet ic miirror. I11)(1 hid I s pro- It~a0 iid V ) 11 t rA luti i t, , i ii R, ,.i'. ,f I/ri ... la Pht ,,' %. vir,.
posed thle use of adiabatic compressioni to inicrease 71 to tile hN fit A I f1.e ich I(,'nsnliati,i I1iirN;:ii N Nei~ rk. H96X I \.t t10. 1,

C/A boundary value. We have not attempted to include t155. for an eelevit reuiewid ..uhstan,:iaa bhliograrliy or the Sos cie t.

adiabatic compression in the present studies.The gain calcu- tr Ranture Ptn o. ~ 22(2Nart QS

lation included the strong spatial variation in hot -elect ron 'A V (,apomis-(rcktlom. V P61 61igote . awd N' N ui I aktiieuige t'. %(I%
density and anisot ropy, toget her wit h hbespatial variation in tPh * s. iFI P 53. t1t46 ( 1052)

the underlying 2.1 magnetic-mirror field. We conclude from 'Sec. for exampte. R J Hriggs. ElI~iron Streati I,,irra, tio', With rboa'na

these findings that strong amplification is possible for repre- (MIT Pjc-%, Cambridge. MA. 1M63)
'See. for example. G E Guest and D I Sigimar. Nuel. Fukion tt, 15tsentative hot-electron equilibria in the linear regime; i.e , for (1971)

input signals below some power level at which quasilinear or 'G E, Guest and R R tDorN. 'hNs H-Iinds R, 195, ( 1Q6(5)
nonlinear effects will saturate the growth of the whistler 'G. E. Guest and R 1. Miller. Nuct Fusion 28, 419 (t1988)

wave. Clearly the linear theory cannot provide an estimate of H. Grad. Phys. Ftuids 9. 225 (tI96f6)
"A H, liyoshi. H. Yamalo. and S Yoshrikawa. Ph)s Ftuid, 10. 749this critical parameter; some type of quasilinecar calculation 16.

Phys Ftuids, Volt 3 1. No '2. December I19oo 26 G F Go pest nod R I Mille,



4. RECENT RESULTS

In this section we surnmarize the most recent resuLts achieved,

incLuding a preliminary estimate of the maximum fraction of the pLasma

energy that can be transformed into RF energy, and a brief discussion of

the propagation characteristics of whistLers in candidate PEMS devices.

Work in both of these areas was undertaken in anticipation of intensive

research into the non-Linear Limits on the PEMS concept and the

geometricaL optics issues that must be resoLved to ensure efficient

coupLing of the output microwave fieLds.

THERMODYNAMIC ESTIMATES OF THE MAXIMUM FRACTION OF THE

HOT-ELECTRON ENERGY THAT CAN BE TRANSFORMED INTO

MICROWAVES

Thermodynamic techniques deveLoped by C. S Gardner (6), T. K.

FowLer (5] and others can be used to estimate the maximum fraction of

the mirror-confined hot-eLectron kinetic energy that can be transformed

into microwaves. Here we recapituLate the essentiaL eLements of the

thermodynamic approach and appLy it to the PEMS concept.

The microwave energy within some voLume V is given by

F = Jd 3x ({oE2/2 + B2/21io}
V

fdx EQE2

V

FoLLowing FowLer (5] we define a free energy for the anisotropic,
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hot-eLectron pLasma:

A a 1/2 J'd3x Jfd3v (G(f -G(g) mv 2(f - g)/2) + F
V

where

G~h) E h Ln [h/C) - h

and the reference distribution function, g, is given by
gE C exp[-mvJ

corresponding to thermal equilibrium. The parameters C and T are

chosen to minimize the vaLue of A(O] at an initial time when the

microwave energy is negLigibLe. It can be shown ( I that AO) is an upper

bound on F; and in particuLar, if the equilibrium hot-eLectron distribution

function f is the L = 0 bi-MaxweLLian case assumed in most of the

studies reported here,

F ( nT. V T. - T, 2
4 T1

Thus, averaged over the plasma voLume V,

F/V = £E2 ( T 1-12

The total kinetic energy stored in the mirror-confined hot electron is

given for this distribution function by

W - nT, (1 + }

28



Thus, the maximum fraction of the totaL hot-eLectron kinetic energy that

can be transformed into microwave energy is given by

W 4y y + 0.5].

In the Limit y oo, this fraction approaches 25%; the Limit is 20% for y =

11.6 and 10% for y = 3.1. Thus, over the range of vaLues of temperature

anisotropy examined in this report, 10 - 20% of the hot-eLectron energy is

expected to be transformed into microwave energy in an individuaL

microwave puLse. It is important to recognize that the energy remaining

in the hot-eLectron pLasma is not Lost, and can be utilized in succeeding

puLses. In fact, the repetition rate of the puLses can be much greater

than the inverse of the initiaL buiLdup time of the hot-eLectron pLasma

preciseLy because of the energy remaining after each pulse; it is only the

energy transformed into microwave power that must be repLaced. The

average conversion efficiency can therefore be very high, provided the

rate of energy repLacement [by UORH) exceeds the rate at which hot

eLectrons are Lost from the magnetic mirror by CouLomb scattering into

the Loss cone. These Losses can be very smaLL; the dominant power drain

is LikeLy to be that which is associated with the continuous throughput of

Low-temperature pLasma. This power is suppLied through fundamentaL

ECH.
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GEOMETRICAL OPTICS OF WHISTLER WAVES

IN CANDIDATE PEMS GEOMETRIES

We have carmed out a preliminary study of the propagation properties

of whistler waves Laurched at one end of a PEMS device and extracted

from the opposite end. Since the wave propagation is governed mainly

by the colder pLasma component, we can obtain a preliminary view of the

wave characteristics by making two pLausibLe assumptions regarding the

variation of coLd-pLasma density along the magnetic Lines of force.

These are

1. within the magnetic mirror region the coLd-pLasma pressure and

temperature are constant; and

2. in the region outside the magnetic mirror, the plasma fLows aLong

the diverging magnetic field Lines, and Local ionization is negLigibLe.

The first assumption impLies that the dimensionless ratio of eLectron

plasma and gyrofrequencies, owpe/cwc, varies inversely with magnetic

intensity, B:

We/wce cX B- 1.

The second assumption Leads us to expect the exterior coLd-pLasma

density to vary as B4; since

n - N - N - B4 for constantN.
V. B-4

We appLy this approach to the AMPHED magnetic fieLd operated in its

fLat-fieLd configuration.
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Guest and R. A. DandL, 1988, IEEE International Conference on
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AnnuaL Meeting of the Division of PLasma Physics of the American
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Technical Presentation, 15 October 1987, at a Program Review of
PLasma Defense TechnoLogy, Los AngeLes, CaLifornia incLuding a
formal presentation, "Laboratory SimuLation of the ALfven Maser
Concept".
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