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CHAPTER 1

FINAL REPORT ON
MODELING AND CONTROL OF FRICTION

1 Objective and Summary of Research

The broad goals of this project, sponsored under Air Force Contract F49620-86-C-0051 and
initiated three years ago, were to develop new mathematical models of friction that were
consistent with experimental data and could be used in the calculation of the dynamics and
control of structures subjected to contact and frictional forces. This general line of research
was inspired by our work in earlier phases of this same project, when studies at COMCO
revealed that a simple, normal cuinpliance law for rough interfaces could be used that would
not only produce a tractable mathematical theory, but also produce results that explained a
long list of experimental results and that resolved several paradoxes that appeared to exist in
experiments on dynamical friction, particularly long-held misconceptions on the nature and
effects of the kinetic coefficients of friction. In the short time since their appearance, these
friction laws have already had an impact on calculations in nonlinear structural dynamics,
and have been incorporated in a number of codes to model dynamic friction effects.

These previous studies had also clearly indicated that the progress in understanding and
realistic modeling of contact and friction would require combined effort toward developing
new models of contact and friction of rough surfaces, developing dynamic models and meth-
ods of numerical analysis of mechanical systems with friction, experimental validation of
theoretical and numerical predictions as well as continuous development of solid methemat-
ical basis for modeling and control of systems with friction.

Thus, the scope of work in this project was broad, covering virtually all aspects of friction
modeling from a detailed study of the micro-mechanics of surfaces and their contribution to
frictional phenomena, a critical evaluation of a large volume of experimental and empirical
work, the translation of these micro-mechanical observations into a workable mathematical
theory, the use of such theories to characterize the constitution of interfaces prevalent in
structural dynamics problems, the thorough numerical study of static and kinetic friction and
phenomena of dynamic friction, the study of the mathematical properties of the formulation
with particular emphasis on a mathematical tractability of the problem, well-posedness
(existence and uniqueness of solutions and dynamical stability of the systems), and work on
control theory (do controls exist for such systems with frictional forces?).




Of particular interest were classical frictional effects on structural response, such as stick-
slip motion, self-excited oscillations, frictional damping, and damage of contact surfaces
brought on by frictional forces and cyclic loading. Since, in practice, the effect of lubricants
are also of interest, one important component of the present study also focuses on a mathe-
matical and numerical analysis of the highly nonlinear Reynolds-Hertz elastohydrodynamics
lubrication problem for non-Newtonian lubricants.

The particular problems resolved during three years of work on this project are:

1. A detailed study of the implications of the friction model on mechanisms responsible
for apparent static and kinetic friction;

o

A numerical modeling of frictional behavior, in particular self-excited oscillations. of
real sliding systems and quantitative comparison with experimental evidence;

3. A continued development of new methods of homogenization. including a statisti-
cal method of randomly distributed asperities which captures the principal micro-
mechanical mechanisms responsible for friction damping and adhesion, and particu-

larly those mechanisms which validate the macro-models developed during the first
year cf the effort;

4. Use of the new mathematical models of friction in studies of optimal control of elastic
and viscoelastic structures;

5. Mathematical and numerical analysis of elastohydrodynamics problems for non-New-
tonian lubricants.

To resolve the first problem, a finite element code for studying nonlinear response of
structures with friction effects was developed. The macro—friction model developed by Oden
and Martins earlier in this effort was used to model friciional effects on dry elastic metallic
surfaces. A very detailed study of the effects of compliant asperities on real and apparent
coefficients of friction was conducted. Once again it was confirmed that for elastic interfaces.
the apparent reduction in the coefficient of friction is due to a separation of the compliant
contact surfaces, due to transverse momentum components incurred during the motion. A
study of these effects has led to a lengthy paper on the subject, which will possibly be
published in monograph form. An abridged version of this work is included as Chapter 2 of
this report.

In Chapter 3, the generalized Oden-Martins model of friction is applied in modeling of
various phenomena of dynamic friction, in particular self-excited oscillations and the kinetic
coefficient of friction. The particular objective of this effort was to model both qualitatively
and quantitatively the behavior of real experimental pin-on-disk apparatus. Towards this
end a special theoretical formulation and numerical program was devised for the analysis of
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two-body contact with long distance sliding (pin sliding on a disk). In the course of numeri-
cal anal_ sis, the mechanism of self-excited oscillations was clearly identified and parameters
affecting their occurrence were studied. A strikingly good agreement with existing experi-
mental evidence was observed, which confirms applicability of the Oden-Martins model and
general methodology presented in this repcrt to the modeling of frictional behavior of real
engineering systems.

Another important development in the general area of friction was the constructior of
the micro-asperity-based model for deformable interfaces. This has been shown to leac to
precisely the sanie macro-model used in all of the numerical experiences. However, because
these micro-models address the particular micro-mechanical mechanisms responsible for the
deformation of asperities, it is now possible to extend these theories to include thermal
effects, viscous effects, plasticity, and damage. While sume additional studies in this area
have been made (and two papers on this s.bject have been accepted for publication this
year), attention very recently has focused on the introduction of damage effects in the asperity
model. Inclusion of damage in the model should provide a reasonable siinulation of friction on
brittle material surfaces and also provide for modeling the degradation of frictional resistance
due to damage of material interfaces.

Also during this contract reporting period. work on the control of dynamical systems
with friction has beer completed. The basic issue is this: for a deformable viscoelastic body
subjected to frictional forces, is it possible to define the program of applied surface forces on
the body that will produce a given motion? Stated in another way, when frictional forces are
present, is it possible to control the motion of a deformable body by any reasonable program
of applied forces? This, until recently, was an open problem in distributed control theory
and in the theory of partial differential equations. The principal source of difficulty was
a tractable friction model itself; with Coulomb’s law the mathematical issues are virtually
intractable. On the other hand. we have recently shown that with the introduction of the
Oden-Martins’ law. a complete and tractable mathematical theory of optimal control of
structures with friction can be developed. An interesting aspect of the results is that the
presence of some viscous damping in the structure itself, i.e., viscoelasticity, appears to be
needed to ensure well-posedness of the optimization problem. A summary of this work is
given in Chapter 5 of this report.

Finally, in Chapter 6 our work on theory of lubrication is summarized. The strongly
nonlinear Reynolds-Hertz equations and the classical free-boundary problems of elastohy-
drodynamic lubrication were formulated in a variational inequality framework and then
regularized with the penalty method The existence of the solution to this problem is proved.
A penalty method was introduced to control the free boundary of cavitation and relevant
finite element codes were generated. The numerical results show that the penalty method
works excellentlyv in locating the free boundary. Further study cotfirmed the convergence of




the penalty method and the finite-ditnensional approximations. Morcover. an a priore error

estimate for finite €'ement solutions was proposed and an adaptive refinement scheme was

developed for generating optimai meshes.

In the next section, we list papers that have been published and presentations made
Auring the period of this project.

2

The

2.1
1

-1

Publications and Presentations

following publications and presentations have been made during this report period:

Publications

J. T. Oden, “New Models of Friction for Nonlinear Elastodynamics Problems.” Engi-

neering Science Reprints, October, 1987.

. J. T. Oden. "New Models of Friction for Noulincar Elastodynamics Problems.™ Journal

de Mechanique Theorique et Appliquee. Special issue Supplement. No.1. to Vol 7. pp.
47 54, 19Y88.

S. R. Wu and J. T. Oden, “A Note on Applications of Adaptive Finite Elements to
Elastohydrodvnamic Lubrication Problems ™ Communications in Applied Numerical
Methods, Vol. 3, pp. 435-494, 1987.

S. R. Wu and J. T. Oden, "A Note on Some Applications of Adaptive Finite Elemonts
to Elastohydrodynamic Lubrication Problems.” International Journal of Engineering
Science. Vol. 25, No. 6. pp. 631-653, 1987.

. S. R. Wu and J. T. Oden, “Convergence and Error Estimates for Finite Element

Solutions of Elastohydrodynamic Lubrication,” Computers and Mathematics with Ap-
plications, Vol. 13, No. 7, pp. 583-593, 1687.

P. J. Rabier and J. T. Oden, “Solution to Signorini-Like Contact Problems Through
Interface Models, Part [: Preliminaries and Formulations of a Variational Equality.”
Nonlinear Analysis, Theory, Methods and Applications, Vol. 11. No. 12, pp. 1325-
1350, 1987.

. P. J. Rabier and J. T. Qden, “Solution to Signorini-Like Contact Prohblems Through

Interface Models. Part II: Existence and Uniqueness Theorems,” Nonlinear Analysts,
Theory, Methods and Applications, Vol. 12, No. i, pp. 1-18, 1987,

. L. W. White and J. T. Oden, “Dynamics and Control of Viscoclastic Solids with

Contact and Friction Effects.” Journal of Nonlinear Analysis. (to appear).




9. J. T. Oden, “Dynamic Friction Problems”, in Contact Problems in Elasticity, SIAM
Publications, pp. 451-470, 1988.

10. J. A. C. Martins, J. T. Oden, and F. M. F. Simdes, “Static and Kinetic Friction,”
Wear, (in review).

2.2 Presentations

1. J. T. Oden, “Paper at AFOSR/ARO,” Conference on Nonlinear Dynamics, Sta-
bility and Dynamics of Structures and Mechanisms, Virginia Polytechnic and
State University, Blacksburg, Virginia, March 23-25, 1987.

o

J. T. Oden, “Progress on Models of Friction and Contact,” Seminar, Air Force
Office of Scientific Research, Bolling Air Force Base, Washington. DC, May 4,
1987.

3. J. T. Oden, “New Models of Friction for Nonlinear Elastodynamics Problems,” 25th
Meeting cf the Society of Engineering Science, University of Utah, Salt Lake
City, October 21, 1987.

3 Other Remarks

During the report period, the principal investigator, Dr. J. T. Oden, was assisted by the
following COMCO Engineers and Consultants: Dr. J. M. Bass, Dr. T. H. Miller, Dr. W.
W. Tworzydlo, Mr. Chris Berry, Dr. L. W. White and Dr. P. J. Rabier. Dr. White
collaborated with Dr. Oden on the work on optimal control theory discussed in Chapter 3,
while Dr. Rabier has collaborated with Oden on several mathematical aspects under study,
including the one listed in publication 6, and more recently, on modeling of damage models
for metallic interfaces.




CHAPTER 2

A STUDY OF STATIC AND KINETIC FRICTION

1 Introduction

Most experimental studies on friction and wear are concerned with finding qualitative and/or
quantitative relationships between friction and wear data and various governing parameters
and conditions, for example: the properties of bulk and surface layer materials, the rough-
ness of the surfaces in contact, the stress levels, the sliding speed, the temperature, the
environment, the properties of the lubricants and the lubrication conditions. The correla-
tions found in those experimental works are usually assumed to be intrinsic characteristics
of the interfaces tested for the ranges of parameters and conditions considered. Difficulties
on the reproducibility of friction data with different experimental apparati under otherwise
similar conditions, and dependence of the results of wear tests on the dynamic properties of
the equipment have been occasionally mentioned in the literature ([19], [48], [54], [69]), but
only in the last few years has an increasing attention been paid to the experimental study
of these effects ([2], [3], [20], [21], [22], [27], [62)).

It is the objective of this work to present and discuss various numerical studies on low
speed frictional sliding phenomena which strongly suggest that classical interpretations for
these phenomena should be critically re-examined and the role played by the dynamic prop-
erties of the experimental apparati should be carefully taken into account. In most of the
discussions we shall restrict ourselves to dry frictional sliding of metallic bodies and particu-
lar emphasis will be given to the importance of normal (and rotational) degrees-of-freedom
in dynamic friction phenomena.

This work is essentially a continuation of our previous paper (Oden and Martins [56))
where a thorough review of various aspects of frictional sliding phenomena and interface
behavior was presented. a simple constitutive model for the interface was proposed and

some preliminary numerical studies on small speed sliding phenomena were done.




Following this introduction, we review in Section 2 some aspects of low speed frictional
sliding phenomena, particularly those related to distinctions between static and kinetic fric-
tion, the dependence of the latter on the sliding speed and the dependence of the static
friction on the time of stationary contact. In the same section, special attention is given to
the experimental observations and ideas of Tolstoi [74] and Budanov, Kudinov, and Tolstoi
(18] on the fundamental role played by the normal degree-of-freedom in frictional sliding
phenomena.

These observations and ideas have a marked influence on the approach followed here,
particularly on the interface model ultimately presented and discussed in Section 3. As
suggested by the results of the experiments of those Russian authors, we do not make any
distinction between the coefficients of static and kinetic friction.

In Section 4, a simple two degree-of-freedom model is used to simulate stick-slip tan-
gential oscillations induced by normal vibrations. The effect of the normal jumps occurring
during the slip phase on the friction-sliding velocity loops is demonstrated through numerical
simulations.

In Section 5, we continue the study initiated by Oden and Martins [56] on the dynamic
behavior of a three degree-of-freedom rigid body slider subjected to its own weight and re-
strained by a tangential spring and dash-pot arm. A nondimensional form of the governing
system of equations and inclusions is derived and the governing nondimensional parame-
ters are identified. Linear stability analyses of the steady-sliding equilibrium positions are
presented and the regions of dynamic instability in the parameter space are identified. Con-
sequences of the dynamic instability of the steady sliding are then studied. For small driving
speeds, small tangential stiffness and small tangential damping, iow-frequency stick-slip mo-
tions are observed in the numerical simulations. The corresponding plots of the stick-slip
amplitude versus driving speed and frequency versus driving speed are presented and qualita-
tive comparisons with experimental observations are provided. For sufficiently large driving
velocity or for sufficiently large tangential stiffness or damping, “apparently smooth” sliding
motions at apparent values of the coefficient of kinetic friction smaller than the static one are
numerically obtained. The corresponding plots of the variation of the apparent coefficient of
kinetic friction with the average sliding speed are presented and discussed. In Section 5 we
also study the effect of normal perturbations along the stick phase of stick-slip motions on
the measurable value of the coefficient of static friction. The role of the rate of increase of
the tangential force on the computed results is also discussed.

In Section 6, we essentially follow an idea of Euler [33] for an experiment on the distinction




between static and kinetic friction: we consider a body on a fixed horizontal plane acted
upon by a horizontal force equal to the critical force of static friction. Contrary to classical
interpretations, we show that no distinction between the coeflicients of static and kinetic
friction is required in order for the body to have an (at least initially) accelerated motion.

Finally, in Section 7, the major conclusions of this work are summarized.

2 Static and Kinetic Friction. Stick—Slip Motion

2.1 Historical Background

Distinctions between coefficients of static and kinetic friction have been mentioned in the
friction literature for centuries, at least since the work of Euler [33]. Indeed, Euler, whose
major contribution to friction science was his elegant application of the general laws of
mechanics and the available calculus machinery to the solution of various friction problems.
also developed a mechanical model to explain the origins of frictional resistance. In so
doing, he arrived at the conclusion that friction during sliding motion should be smaller
(one-half, he suggested ...) than friction at the onset of sliding. Euler even proposed an
experiment to check the truth of his conjecture and worked out the details of the solution of
the corresponding mathematical problem.

The experiment proposed by Euler involved the sliding of a body down an inclined plane
at slopes close to the critical slope at which sliding initiates. He expected the following
“paradox” to be observed: it would not be possible to give to the inclined plane inclinations
such that the descent would be as slow as desired — either the body would not slide at all
or it would slide very fast. This, of course, would mean that, as soon as sliding initiates, a
drop in friction force occurs, the difference between static and kinetic friction forces being
responsible for the acceleration of the body down the inclined plane.

The distinction between static and kinetic friction was also a major topic of Coulomb’s
[24] detailed experimental study. Coulomb’s work is, in addition, the first major reference
dealing with the increase of the coefficient of static friction with increasing times of repose
(stationary contact before the initiation of sliding). Indeed, for certain combinations of
materials and surface conditions, Coulomb observed distinctions between static and kinetic
friction, a dependence of the kinetic friction on the sliding velocity and a dependence of the
static friction on the time of repose. However, for dry metal-to-metal interfaces all those
distinctions or variations were absent or negligible.

Shortly after Coulomb’s work, Vince 78] also observed that, for a variety of hard ma-




terials, the coefficient of kinetic friction was independent of sliding speeds. Through the
nineteenth century, various authors confirmed the observations of Coulomb for dry metallic
interfaces with regard to the coefficients of static and kinetic friction (Rennie [61], Morin
(55], Hirn [38], and Jenkin and Ewing [44]).

Other authors, however, had different views: Kimball [49] and Conti [23] proposed, on
the basis of their experiments with various dry or lubricated surfaces, that, in general, the
coefficient of kinetic friction would be small and increasing with sliding velocity at low
velocities. Then, at some velocity (dependent on the materials and the normal pressure), it
would achieve a maximum value after which it would decrease with the increase of speed.
But also from Conti’s experiments it was clear that such variations were smaller for the case
of dry interfaces.

As noted by Kragelskii {50], the early experiments on kinetic friction were done at rela-
tively small sliding speeds: Coulomb did not exceed 2.5 m/s; Rennie 2.56 m/s, Morin 4 m/s
and Jenkin and Ewing 0.003 m/s. The application of dry friction in the brakes of railway
carriages prompted the study of frictional sliding at higher velocities. For sliding speeds
in the range of approximately 1-25 m/s Poirée [57], Bochet [10], and Galton [34] observed
decreases of the coefficient of friction with the increase of sliding velocity, consistent with
the results of Kimball and Conti. For sufficiently high sliding speeds it is thus clear that
decreases of kinetic friction with increasing speeds may indeed occur in the dry sliding of
metallic bodies. Kragelskii [50, 51] provides various practical formulae for this situation and
explains it as being the result of material softening due to high temperatures generated on
the contact neighborhood.

However, for the small velocity range that we are mostly interested in, the situation is not
so clear. Conflicting results obtained with various lubrication conditions and the absence of a
clear understanding on the distinction between dry and lubricated sliding added much to the
confusion established during the second half of the past century on the velocity dependence
of the coefficient of friction. Unfortunately, the fundamental advances on the theory and
applications of lubrication by the turn of the century (1880’s to 1910 — see Dowson [29])
apparently were not accompanied by corresponding advances on the knowlege of dry friction
at small velocities.

Well into the twentieth century Bowden and Leben [11] and Bowden and Tabor [12],
while studying the nature of kinetic friction between dry metallic surfaces, observed that the

friction force was not constant during sliding:

“Experiments with dissimilar metals sliding together show that as a general
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rule the frictional force is indeed not constant but undergoes most rapid and
violent fluctuations. The sliding process is not a continuous one; the motion
proceeds by jerks. The metallic surfaces “stick” together until, as a result of the
gradually increasing pull, there is a sudden break with a consequent very rapid
“slip”. The surfaces stick again and the process is repeated indefinitely. When
the surfaces are of the same metal, the behavior is somewhat different. Large
fluctuations in the friction still occur but they are comparatively slow and very
irregular. The average value of the frictional force is considerably higher than
that found for dissimilar metals and a well-marked and characteristic track is
formed during the sliding” (Bowden and Leben [11]).

The stick—slip motions described in the first part of the above quotation have a sawtooth
wave form (see Figs. 2.1. and 2.2) and are the typical friction~induced oscillations observed
at small sliding speeds.

The need to eliminate or attenuate intermittent (“stick-slip”) motions similar to those
described in the first part of the above quotation in various practical applications, has origi-
nated the publication of a large number of studies on the subject during the past fifty years.
These studies have provided most of the recent information on dry sliding friction at small
speeds. The papers by Bell and Burdekin [5], Antoniou, Cameron and Gentle [1], Richardson
and Nolle [64], and Oden and Martins [56], provide surveys of related aspects of the friction
literature and additional references.

Soon it was realized that the stick-slip motion described by Bowden and Leben was a
relaxation oscillation which was influenced not only by the nature of the surfaces in contact,
but also, in a fundamental manner, by the dynamic properties (stiffness, inertia, damping,
...) of the experimental apparatus.

In experiments carried out, using either specially designed apparati or slightly modified
machine tool tables and slideways, it has been observed that the amplitude of the stick-slip

motion decreases when:

1. the driving velocity Uy increases ([15, 47, 60))
2. the damping coeflicient C increases ([15])
3. the spring stiffness K increases ([60])

4. the mass M of the slider decreases ([47]).
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Figure 2.1: Models of two (equivalent) sliding systems which may have stick-slip oscillations.
K = linear stiffness; C' = linear damping; M = mass of the slider; W = normal load; Ur =
driving velocity; u = friction coefficient.
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ur = displacement of the slider; t = time; Ur = driving velocity.




It has also been observed that the frequency of the stick-slip motion increases with the
increase of the driving velocity and that the maximum value of this frequency approaches the
undamped natural frequency of the system ([5], [28]) although in some cases the oscillation
stops at a level well below that natural frequency.

Kaidanovskii and Khaikin [46] and Blok (8] pointed out that such oscillations might
occur if the friction force decreased when the sliding velocity increases, a condition that may
lead to an overall negative damping in the sliding system. The decrease of the coefficient of
friction with the increase of sliding velocity according to some continuous or discontinuous
law has been thus one of the most common assumptions in the studies of stick-slip motion.
The other major assumption used in the literature is the increase of the coefficient of static
friction with the time of stationary contact (Ishlinskii and Kragelskii [42]).

At this point a question arises: if, as noted previously, most early researchers of frictional
sliding with dry metallic bodies could not find significant dependence of the kinetic friction
on the sliding speed at small speeds, or significant dependence of the static friction on the
time of stationary contact, then what are the additional ezperimental results that support the

use of such assumptions in the analyses of stick-slip motions?

2.2 Time Dependence or Rate Dependence of the Coefficient of
Static Friction

Consider a slider resting on a surface with no macroscopic sliding motion relative to the
surface and the friction force L7 increasing at a constant rate d) = ET/lEnI until gross
sliding occurs (£, denotes the compressive normal contact force). Under these conditions, it
can be observed that the value u, of ¢ = E1/|E,| at which the macroscopic sliding occurs,
increases with the decrease of the rate (@) of application of the tangential force (see Fig.
2.3). Observations of this kind can be done in the course of stick-slip oscillations: smaller
driving velocities imply smaller rates of application of the tangential force and, consequently,
the friction force at the onset of sliding becomes larger.

As seen in Fig. 2.3, smaller rates ¢ correspond also to larger times of stationary contact
(t,). This led to the classical statement: the coefficient of static friction (u,) increases with
the time of stationary contact (¢,). And this also led to a physical interpretation analogous to
the one used to explain coefficients of static friction larger than coefficients of kinetic friction:
the strength of the contact junctions would increase with the time of stationary contact.
Indeed, according to the most widely accepted theories on the origin of friction (Bowden
and Tabor [13, 14] and Rabinowicz [60]) the frictional resistence depends on the strength of
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Figure 2.3: Rate dependence of the static coefficient of friction. S, and S; are the points
at which gross sliding initiates; é, and ¢, are the rates of increase of the tangential force
coefficients ¢, and ¢; t,; and t,, are the times of stationary contact; ps and u,p are the
static coefficients of friction.
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the contact junctions formed between opposing asperities of the surfaces in contact; if this
strength increases with the time of contact, then larger times of stationary contact imply
larger coefficients of static friction; furthermore, during sliding, the time of contact between
opposing asperities is much smaller than before the initiation of sliding, which would explain
(Rabinowicz [60]) the occurrence of coefficients of kinetic friction smaller than the coefficient
of static friction. Expressions proposed by several authors for this “time dependence of the
coefficient of static friction” can be found in a survey paper by Richardson and Nolle [64]
and have been used in the analysis of stick-slip motions. See also [16] and [47] for specific
mechanisms proposed to explain the contact strengthening.

However, the experimental work of several authors suggests that these interpretations
were not correct.

Simkins [68] carried out experiments to observe the micro-displacements of a slider before
gross-sliding. He found that higher rates of loading inevitably led to macroscopic sliding at
lower force levels. However, in other experiments designed to assess the influence of the time
of stationary contact on the value of the static coefficient of friction, he could not find any
correlation between the time of stationary contact and the value obtained for that coefficient.

Johannes, Green and Brockley [45] (working with lubricated surfaces) and Richardson
and Nolle [64] (with “quite dry but not grease free” surfaces) carried out experiments in such
a manner that they could vary independently the rate of application of the tangential force
and the time of stationary contact. In those circumstances they found that the governing
variable was the rate of increase of the tangential force and not the time of stationary contact.

The dependence of u, on q.bobtained by Richardson and Nolle is such that, for sufficiently
small load rates, the coefficient of static friction is constant and equal to a value which is the
usually quoted coefficient of static friction. For sufficiently large loading rates the coefficient
of static friction tends to be constant and equal to a value which is usually interpreted as the
coefficient of kinetic friction, although comparative measurements have rarely been made.
For intermediate load rates, the coefficient of static friction decreases with increasing load
rates, providing a smooth transition between the above limit cases.

As a consequence of their observations, Richardson and Nolle [64] suggest that empirical
expressions of u, as a function of ¢, should be recast as u, as a function of é. Although
such a program appears feasible, the implications of those experimental findings are more
profound than that solution suggests: if the coefficient of static friction is not affected by
the time of stationary contact, all the classical interpretations in terms of an increase of the

strength of the junctions with time will no longer be valid. What is then the mechanism
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responsible for the “rate dependence” of the static friction? Although it has been suggested
(Bhushan {7]) that the strain rate dependence of the metal strengths should be taken into
account in this context, to our knowledge no detailed explanation has been advanced and

the whole subject appears to be far from settled (in this respect see also Tudor and Bo [77]).

2.3 The Steady-State Coefficient of Kinetic Friction

For hard on soft metal combinations (steel on indium and steel on lead) coefficients of friction
increasing with sliding velocity in the ranges 107!° to 107%cm/s and 107'° to 1078cm/ s, re-
spectively, were obtained by Burwell and Rabinowicz [19]. For the same metal combinations
the same authors found that the coefficient of friction decreases with the increase of sliding
velocity for velocities greater than about 1073cm/s.

Friction~velocity plots of this type (initially increasing and then decreasing) are consid-
ered by Kragelskii [50] to represent the typical behavior of the steady-sliding coefficient of
friction. The initially increasing portion is attributed by Rabinowicz [60], Kragelskii [50] and
Tolstoi [74] to the creep deformation of the interface asperities. As already mentioned, the
decreasing portion is explained by Kragelskii [50] and other authors as the result of thermal
softening.

These views essentially agreed with the suggestion by Burwell and Rabinowicz [19] that,
for hard metal pairs (aluminum, copper, steel, etc.) an initially increasing portion of the
friction-velocity plots might also exist. The difficulty to provide experiinental evidence of
this at velocities of the order of 10™%m/s(< 5 x 1071%1¢m /s for steel pairs, according to
Tolstoi [74]) is obviously extraordinary (see, however [74]). In any case, since those velocities
are so small, we conclude that for hard metal pairs, creep sliding, if possible at all, will have
a negligible role on most common friction phenomena. This essentially agrees with the view
expressed by Bowden and Tabor (14] on the small part played by creep on the frictional
behavior of ordinary engineering metals at room temperature.

On the other hand, despite the frequent allusions to coefficients of friction decreasing
with sliding speed at small speeds, most of the experimental steady-sliding results available
in the literature apply to lubricated surfaces. A reason for this, in addition to the obvious
importance of the lubricated case, is the difficulty in obtaining, with dry metallic interfaces
and most of the experimental apparati, a smooth steady-sliding (without stick-slip oscilla-
tions) at small sliding speeds ({37]). Despite these difficulties, some steady-state decreasing
friction velocity “characteristics” are reported in the works of Rabinowicz [60] (a small neg-

ative slope for titanium on titanium in the range of 10=7 to 100cm/s, a larger slope for steel
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on steel in the range of 1073 to 100cm/s), Bell and Burdekin [5] (cast-iron on cast-iron for
speeds smaller than 2.54 cm/s down to a nonspecified speed.) In another paper, Heyman.
Rabinowicz, and Rightmire [37] concluded that the limited data obtained by them at that
time suggested that, for most metals, the coefficient of friction was affected very little as
the speed varied in the range 10™* to 10-%cm/s. Rabinowicz [60] states that for hard metal
combinations decreasing u/vr curves are typically found but he emphasizes the smallness of

the slopes of those curves when u is plotted against the logarithm of the speed.

2.4 The Coefficient of Kinetic Friction During the Slip Phase of
Stick-Slip Motions

Whatever the steady-state friction-velocity curve is or is believed to be. it soon became clear
that during the slip portion of the stick-slip cycles the friction force would not follow the
path predicted by such a curve. Instead, experimental results show that the friction force
follows a loop — the friction force during the acceleration portion of the sliding is in general
distinct from the friction force during the deceleration.

Unfortunately, the various experimental observations of these cycles are not conclusive:
different material combinations and different experimental apparati originate loops with
distinct shapes and orientations ([1], [5], [39] and [81]) and. even for the same materials and
the same experimental apparatus, changes on the driving velocity or the dynamic properties
of the apparatus affect radically the resulting loops (see the experimental results of Bell and
Burdekin (5] [Fig. 3, page 549]). This suggests that the friction-velocity plots obtained in
the course of stick-slip motions are not an intrinsic property of the surfaces in contact—they
are greatly affected by all the dynamic variables involved in each particular experimental set

up.

2.5 Memory-Dependent Friction

In view of the complexity of fricton phenomena at small speeds, new ideas were needed which
might give a unified explanation for the apparently disparate experimental observations.
One such idea was advanced by Rabinowicz [59]: the friction force would be determined
not only by the instantaneous sliding conditions but by the sliding history of a preceding
critical distance (of the order of 1073 cm for varicus metal surfaces). This critical distance
concept, suggested by various experimental observations summarized in the same paper.

could be used, according to its author. to give a unified explanation for different aspects of
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sliding at low speeds.

Clockwise loops described by the coefficient of friction during the sliding portion of stick-
slip experiments would be explained in the following manner: assume that, for steady-state
sliding, the friction coefficient decreases with the increase in sliding velocity; then, if the
instantaneous coefficient of friction is determined by the average velocity for the previous
critical distance slid, it results that, when accelerating, the iustantaneous coefficient of fric-
tion is larger than the steady-state coefficient correspon.ing to the same sliding velocity,
the opposite occurring during the deceleration.

Increases of the coefficient of static friction (u,) with increasing times of stick (t,) and
decreases of the coefficient of kinetic friction (u) with increasing sliding velocities (vr) would

be related by using the critical distance (d.) concept:

lor| = d./t, = ts(ts) = pr(lvr)).

Still, according to the same author, the transition from stick-slip motion to a smooth
steady sliding would occur for a tangential stiffness sufficiently large that the corresponding
stick-slip motions would have, under “plausible assumptions”, amplitudes smaller than the
critical distance d..

Although Rabinowicz [59] provided some promising comparisons between tlLe predictions
of his model and experimental results, the absence of a detailed analytical or numerical
study on the behavior predicted by his model precludes a definitive conclusion on its valid-
ity. Furthermore, experimental results published after Rabinowicz’s paper raise some new
difficulties: How can one explain the counterclockwise loops of the friction coefficient ob-
served by Antoniou, Cameron and Gentle [1]? How can one surmount the questions raised
(recall Section 2.2) on the validity of the major physical basis for Rabinowicz’s correlation
between the p,(t,) and pi(vr) curves. i.e., the increase of the streugth of the junctions with
the time of contact?

More elaborate inodels which also take into account memory effects in frictional phenom-
ena, have been advanced in recent yecars by Ruina, et. al. (35, 63, 65, 66, 84], and some
promising results and simulations of geological fault slip phenomena based on these models
have been presented (Tse and Rice [76]). A brief summary and discussion of this current

field of research can be found in Oden and Martins [56].




2.6 The Importance of the Normal Degree of Freedom in Sliding
Friction

Substantially different ideas were advanced mainly by some Russian authors: initially Kudi-
nov [52] for lubricated contacts and later Tolstoi [74] for dry contacts. Tolstoi observed
that the forward movements of a slider during stick-slip motion occur in strict syncronism
with upward normal jumps. Observed decreases of friction during the sliding portions of
the stick-slip motion might be thus the 1esult of a decrease of the average normal contact
force during the sliding and jumping, without the need to consider any reduction on the real
coeflicient of friction. More detailed observation of these upward jumps revealed that, while
sliding, the body undergoes a normal oscillation, the frequency of which (of the order of 10?
Hz) is consistent with the normal interface stiffness properties.

We note that several authors have also done observations analogous to these. In their
early study, Bowden and Tabor [12] measured the interface electrical conductance during
stick-slip motion and observed a marked fall of electrical conductance during the slip phase
of the motion (Fig.9a, 9b, Plate 26, op. cit.). More detailed analysis also revealed that
during those slips the conductance actually oscillated very rapidly with frequencies of the
order 10°Hz (Fig. 10a, Plate 26, op. cit.). These changes in conductance are attributed by
those authors to corresponding changes in the true area of contact and this indeed suggests
the occurrence or normal oscillations of the type observed by Tolstoi and coworkers. Of
course, for clearly distinct experimental apparati, contact geometries and loads, the observed
frequencies were also very different. Sharp decreases of electrical conductance during the slip
phase of (lubricated) stick-slip motions can also be found in the work of Johannes, et al [45].
Direct measurements of the separation of unlubricated and lubricated surfaces during stick-
slip motion were also done by Bo and Pavelescu [9] and by Tudor and Bo [77], respectively.
Other experimental evidence, although less conclusive, of the influence of the normal degree
of freedom on stick-slip motions was presented by Antoniou, Cameron and Gentle 1] and
by Elder and Eiss {32].

Especially important was the experimental observation by Tolstoi that external damping
of the normal free microvibrations of a slider could eliminate the decrease of friction force
with the increase of sliding velocity. No quantitative distinction between static and kinetic
friction could be observed under those circumstances. Furthermore, when normal damping
was introduced, with no change on the driving velocity, during a run that showed stick-slip
oscillations, it was observed that the oscillations ceased and that the value of the coefficient

of friction for the subsequent smooth sliding was even greater than the maximum values
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obtained at the end of the stick periods of the stick-slip motion. The responsibility of the
freedom of normal displacement for both the falling friction force-sliding velocity relation
and the stick-slip motion was corroborated in another manner: sufficiently heavy tangential
damping alone could indeed suppress the stick-slip oscillations but it failed to affect the
negative slope of the friction force-sliding velocity curve.

From these (and other) observations Tolstoi concludes that oscillations normal to the
contact surface play a key role in both “static” and “kinetic” friction.

With respect to static friction, apparent reductions of the measurable static coefficient
at any rate of application of the tangential force, would be the result of microseisms of
amplitudes 0.1 to 10 um commonly observed on the earth crust (Coulomb [25]).

With respect to kinetir friction, Tolstoi and coworkers have proposed the following mech-

anisms to explain apparent coefficients of kinetic friction lower than the static one:

(I) Asymmetry of normal contact oscillations [74]:

An increase in the speed of the slider increases upward components of the impulses exerted
on the slider asperities as they colli¢e with those of the underlying surface; this increases the
amplitude of the normal natural vibrations of the slider which are governed by the contact
stiffness and mass of the slider; due to the nonlinearity of the normal force-penetration
relationship (see Fig. 2.4), the normal vibrations of the slider are highly asymmetric and,
consequently, an increase of the amplitude of the oscillation decreases the mean level of
penetration during sliding; hence, the average area of contact decreases and, as a result,
the friction force also decreases. This mechanism provides thus an explanation for apparent
decreases of kinetic friction with increasing sliding speeds. Tolstoi, Borisova and Grigorova

[75] specifically propose the following “time averaged” law for kinetic friction:
|77 = 4| Sn (a7 (2.1)

where ¥3"" denotes the time average of the friction force, u, denotes the coeflicient of static
friction, a®*" denotes the average penetrating approach and —X, (-) denotes the (nonlinear)

monotonically increasing function that characterizes the normal interface response (see Fig.

2.4).

(IT) High—frequency stick—slip motions [18]

Oscillations in normal contact force induce similar oscillations on the maximum instanta-

neously available friction force so that during each cycle of normal oscillation the slider will
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alternately stick and slide; since the frequency of the normal oscillation is high, its amplitude
small and the average sliding velocity of the body also small, the motion of the body will
be recorded as an apparently smooth sliding; furthermore, the ratio between friction and
normal force for the short periods of sticking is smaller than the coeflicient of static friction,
so that, in average, an apparent coefficient of kinetic friction results which is smaller than
the true static one; also, for larger average sliding speeds, the average time of stick of the
successive stick—slip cycles will be smaller, so that the average apparent cocfficient of friction
will increase with the average sliding velocity.

Taking into account both mechanisms (asymmetry of normal oscillations and high fre-
quency stick-slip motions), the resulting plot of “average apparent coefficient of kinetic fric-
tion” versus average sliding speeds would be, according to Budanov, Kudinov and Tolstoi
(18], of the form depicted in Fig. 2.5.

We remark that the form of the curve coefficient of kinetic friction-sliding velocity de-
picted in Fig. 2.5 is consistent with what has been considered by Kragelskii [50, 51] the
general behavior of the coefficient of kinetic friction (recall Section 2.3). However, owing to
the nature of the mechanisms proposed by Tolstoi and coworkers to explain it, it results that:
(1) the (apparent) coefficient of kinetic friction would be highly dependent on the dynamic
properties of the experimental apparatus used to measure it; (ii) for hard metals, an increase
of kinetic friction with sliding velocity might be observable for velocities that, although small,
would not need to be so small as the validity of a creep sliding mechanism would require; (iii)
decreases of kinetic friction with the increase in velocity might be observable for speeds not
so large as a thermal softening effect would suggest; (iv) all of these apparent variations in
kinetic friction could be reduced or eliminated by appropriately restraining normal degrees
of freedom of the sliding system used.

It is clear from the above exposition that the ideas of Tolstoi aim at explaining in a
unified and simple manner various aspects of frictional sliding at small speeds — apparent
reductions of static and kinetic friction and stick-slip oscillations.

The experimental evidence pointing towards the importance of normal oscillations in
frictional sliding, for a large range of experimental conditions, appears to be irrefutable (see
our previous paper: Oden and Martins [56], for a summary of further experimental results
by various authors).

A difficulty, however, arises when trying to formulate interface models consistent with
Tolstoi’s ideas: equation 2.1 postulates some average behavior in the course of sliding with

asymmetric normal oscillations, but it is not a deterministic model of interface behavior.
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Figure 2.5: Average apparent coefficient of friction as a function of average sliding velocity
according to Budanov, Kudinov and Tolstoi {18]: (1) decrease of kinetic friction owing to
asymmetry of normal contact oscillations (c.f. Eq. (2.1) and Fig. 2.4); (2) increase of kinetic
friction at small average sliding speeds owing to high-frequency stick-slip motion. u, denotes
the coefficient of static friction and v} denotes the average sliding velocity above which the
normal oscillations are insufficient to produce any stick state.
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We emphasize that the difficulty does not consist of obtaining a model of normal interface
response consistent with experimental observations, and that may originate asymmetric nor-
mal oscillations. In our previous paper (Oden and Martins [56]) we used one such model
which we will use again in later sections of this report. The difficult issue is: what phe-
nomenological friction law can simulate the effect that, according to Tolstoi and coworkers,
the shocks between opposing asperities have in increasing the amplitude of the normal os-
cillations with the increase of sliding velocity while, simultaneously, fulfilling the average

requirement of 2.19 This is, in our view, the major open question that emerges from the
work of Tolstoi and coworkers.

3 A Model of Interface Response

It results from the above exposition that, despite the extensive experimental literature de-
voted to the subject and the numerous theoretical interpretations proposed, a clear under-
standing of frictional sliding phenomena at small speeds has not been yet achieved and, of
course, no mode] proposed has gained general acceptance.

In a previous paper [56], we developed a simple model of interface response which takes
into account the normal interface deformation and which assumes that no distinction be-
tween coeflicients of static and kinetic friction exists. With such a simple model we were able
to simulate apparently smooth sliding motions with apparent coefficients of kinetic friction
smaller than the static one and also stick-slip oscillations. The nonsymmetry of frictional
contributions to the equations of motion was shown to be responsible for the dynamic in-
stability of steady sliding equilibrium positions and this produces normal oscillations which
in turn may lead to the above mentioned tangential behaviors. Such numerical results, of
course, gave further support and physical insight into essential aspects of the ideas of Tolstoi
on the importance of normal degrees of freedom in sliding friction phenomena.

In the present study we pursue the same line of inquiry to investigate the role played
by the various physical and geometric governing parameters on the qualitative behavior of
simple sliding systems. To start with, we briefly describe the model of interface response
adopted and briefly discuss its major assumptions and limitations. For further details see
Oden and Martins [56]. For simplicity and since it is sufficient for our purposes in this report
we restrict ourselves to two-dimensional model problems.

Let us denote by 0, and o7 the (nominal) normal and tangential stresses at each macro-

scopic point on the contact interface between two metallic bodies. Let us denote by a the
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penetrating approach (cf. Oden and Martins [56] and Back, et. al. [4]) and by vr the relative

sliding velocity of the interface, respectively.

The normal interface response is characterized by the constitutive equation

—0n = c,d™ + batna

(3.1)

where () denotes differentiation with respect to time; the tangential behavior of the interface

is characterized by the frictional law
—or € cra™Tsgn(vr)

where sgn(-) denotes the multivalued relation

1 if €>0
£€ R—osgn(é)=< [-1,1] if £€=0
-1 if £€<0

(3.2)

(3.3)

In (3.1) and (3.2), caymy, by, 1y, cr,my are interface material parameters to be deter-

mined experimentally. (We remark that in parallel work we have developed micromechanical

models of metallic interfaces that can allow one to compute quantitative estimates of these

parameters in terms of mechanical and geometrical properties of contact interfaces.)

The following remarks provide an explanation and interpretation of these relations:

1. The interface constitutive equation (3.1) combines a nonlinear power-law elastic con-

tribution, c,a™", with a nonlinear dissipative component given by bna'a .

2. The form of the nonlinearly elastic contribution is consistent with experimental ob-

servations on the behavior of metallic interfaces subjected to low nominal pressures

(lon] < 5MPa) characteristic of sliding interfaces. Tables with experimental values of

the constants ¢, and m, for several combinations of materials and surface finishes can

be found in Back, et. al. [4].

3. The nonlinear dissipative term bpaa is designed to model, only in an approximate

manner, the hysteresis loops that result from the actual elasto-plastic behavior of the

interface asperities. Indeed, the constitutive equation (3.1) allows for the approxima-

tion of loading paths of the form presented in Part (a) of Fig. 3.1 by loops of the form

in Part (b) of Fig. 3.1. Thornley, et al [73] obtained experimentally loops of the type

depicted in Part (a) of Fig. 3.1 when the surfaces were allowed to unload completely.
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(a) (b)

Figure 3.1: Hysteresis loops for the normal deformation of the interface (schematic). (a)
Experimentally observed loop, under-static loading conditions. (b) Hysteresis loop modeled
by the constitutive equation (3.1) under dynamic loading conditions.




that is to say, when some, even small, tangential reorientation of the surfaces was al-
lowed. The idea of a similar approximation was proposed by Hunt and Crossley {40]
for vibroimpact phenomena involving macroscopic Hertzian contacts. For small energy
losses, the correlation between the damping coefficient b, and the energy loss per cycle
of contact is readily obtainable ({40]).

. The friction law (3.2) is a slightly generalized local form of classical dry friction laws.

It allows for possible deviations from the Amontons laws, i.e., a possible dependence

of the coefficient of friction (¢) on the normal stress according to

U= Clo'nla with o = mT/mn —1and C = CT/Can/m"

if the normal dissipative effects are negligible (4, =~ 0). If my = m, (and again, b, = 0)

the usual Coulomb’s law of friction is recovered with u = cr/c,.

. In using the friction law (3.2) we assume that there exists no distinction between

coefficients of static and kinetic friction and no variation of the latter with the sliding

speed. We introduce these assumptions because:

(a) The experimental observations of Tolstoi and coworkers summarized in Section
2.6 clearly suggest that at small sliding speeds those distinctions or variations are

not intrinsic properties of the interfaces.

(b) Occurrence of friction-induced oscillations even for sliding speeds in regions where
the slope of the y — vy curve is positive have already been observed [87]. Further-
more, instability of steady-sliding and occurrence of self-excited oscillations with
some systems that have two or more degrees-of-freedom and particular geometric
configurations have been explained without recourse to the classical assumption

of a decreasing p — vr curve (3,30,31,43,67,72].
We wish thus to study how much of the frictional behavior observed at low speeds can
be explained and numerically simulated without invoking those classical assumptions.

The above assumptions also make it clear that neither creep nor thermal softening

effects will be taken into account in the present study.

. Dissipative effects on a metallic interface are associated mainly with plastic defor-

mation of the interface asperities. Of course, such plastic deformation involves both
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tangential and normal motions coupled in a complex manner (cf. Bowden and Tabor
[14]) which we cannot expect to reproduce in detail with the dissipative terms in (3.1)
and (3.2). Related to this is also the fact that the friction law (3.2) does not take
into account preliminary (plastic) tangential micro-displacements known to occur be-
fore gross-sliding (Courtney-Pratt and Eisner [26]). We believe, however, that these
approximations are acceptable because we are not interested in studying the details
of small quasi-static evolutions of the bodies involved, but rather gross motions and
oscillations for which the major contributions of the interface are its normal nonlinear
elasticity and its tangential frictional dissipation, with a comparatively much smaller
contribution of the normal dissipation. In this context we remark that in all the calcu-
lations done by Tolstoi and coworkers to analyze their experimental results, only the
two major contributions mentioned above were taken into account, althouglhi, of course,

those authors were perfectly aware of the existence of the normal dissipation.

. The constitutive assumptions (3.1) and (3.2) are not completely consistent with some

aspects of the work of Tolstoi and coworkers:

(a) The nonlinearly elastic contribution in (3.1) is not of the form experimentally
observed by those authors for the surfaces and loads they worked with, but,
within the range of validity of our model, it leads to normal microvibrations
with frequencies close to those considered by Tolstoi as typical: 103Hz. Indeed,
denoting by W the weight of a body, by A the nominal area of its nominally flat
contact support surface, it results from (3.1) that in the equilibrium position a,
(recall Fig. 2.4)

W = c,Aa]".
The (linearized) normal stiffness of the support at that equilibrium position is
K, = mpc,Aal" ! = m,W/a,

so that, with g denoting acceleration due to gravity, the frequency of the small

free normal oscillations is

for & 1 Koy 1 [mgg
o\ Wig T 27\ a,
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With typical values of m,, in the range of 2 to 3, with g =~ 10ms~? and with values
of a, in the range of 0.3 to 10um (see Figs.1(a), (b), (c) in Back, Burdekin and
Cowley [4]), the frequency of the free normal oscillation will be somewhere in the
range of 2 x 102Hz to 2 x 10°Hz.

(b) The phenomenological laws (3.1) and (3.2) are not consistent with the asymmetry
mechanism (I) in Section 2.6. Indeed, taking, for simplicity, mg = mn,p = pys =
cr/c, in (3.2), and assuming the occurrence of a sliding motion accompanied by
steady normal oscillations and with an average sliding velocity sufficiently large
that no stick state occurs (|v§*"| > v§ in Fig. 2.5), it results from (3.2) that the
average friction force is equal to the product of the coefficient of (static) friction

with the average normal contact force, i.e.,
27 = ps B = s W,

which is clearly different from (2.1). We do not address here what we called in the
previous section the major open question resulting from Tolstoi’s work. However,
we will be able to model their high-frequency stick-slip mechanism (II) and also

other effects that are attributed by those authors to their mechanism (I).

8. Finally, we observe that no time or rate dependence of the static friction are considered
with the law (3.2). Consequences of this on our results will be analyzed and, much in
the spirit of Tolstoi’s ideas on the apparent reductions of static friction, a preliminary
study on the effect of external perturbations on the measurable static friction will be

conducted in Section 5.4.

4 Normal Oscillations And a Stick—Slip Motion With
A Two-Degree-of-Freecom System

4.1 Governing Equations

In this section we study the effect of normal oscillations on frictional sliding by using a
simple two degree-of-freedom model of a body of mass M and weight W, restrained by a
horizontal spring (K, ) and sliding with friction on a surface which moves with a prescribed
time independent tangential velocity U,C (see Fig. 4.1). Assuming that the interface laws
hold, with b, = 0, on the contact surface I'c (of nominal area A), the motion t € [0,T] —
w(t) = [uz(t),u, (1)) € R?, T >0, satisfies, for a.e. ¢,
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% K
Fixed w

L - 707

Figure 4.1: Two degree-of-freedom model of a block sliding wi'h friction on a moving founda-
tion; u; = tangential displacement; u, = normal (penetrating) displacement; U,C = driving
velocity; K, = tangential stiffness; W = weight of the body; T, = normal contact force:
¥+ = friction force.
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M (t) + Koug(t) € —er Al(uy(t)4]™  sgn(i(t) — US) (4.1)

My (t) + e Al(u,(8))4]™ = W (4.2)

with the initial conditions

uz(0) = z_‘roauy(o) = Uy (4.3)
UI(O) = ﬁz‘l’uy(o) = ﬂyl' (44)

A nondimensional form of these equations and inclusion is

u (1) +ue(r) € = - [(uy(1))4 "7 - sgn(us(r) = ) (4.5
suy(7) + [(uy(r))4 )™ = (4.6)
uz(0) = tz0, uy(0) = tyo (4.7)
u(0) = Uz, uy(0) = Gy (4.8)

Here, 7 denotes the nondimensional time, r = wt,w = (1\',/]”)%; () denotes differentia-
tion with respect to 7; u (1) = (A,/W) - u.(t) and u, (1) = (c, A/W )} ™ru,(¢) denote the

nondimensional displacements; f denotes the friction parameter,

cr 7% il
mn

f= a2
cprimn ( A )

s denotes a stiffness parameter which measures the stiffness of the tangential spring relatively

to the (linearized) normal stiffness K, ,

o 1\’3(_%)1/",".

§ = —=
W c, A '
. . s . . . .. . _ _ _ _
U = US - (MK,)7 /W is the nondimensional driving velocity: and i, , Uy, Uz, %, denote
now the initial nondimensional displacements and velocities.

For computational purposes, the multivalued relation sgn(-) is appro.cimated by the func-
tion ¢.(-) defined by

1 if €>c¢

EER—-o(6) =4 (2-EhE i1 jg < (1.9)
-1 if €< —¢
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where the regularization parameter ¢ is a “small” positive real number. The differential

inclusion (4.5) is then approximated by the equation

ui(7) + ua() = —f[(uy (7)) +]™7 - de(uf(r) = U (4.10)
and the system of equations (4.6) and (4.10) with initial conditions (4.7) and (4.8) is solved

numerically using Newmark’s method as described in Oden and Martins [56].

4.2 Numerical Results

The results reported here were obtained with f = 0.3 and m, = m7 = 2. Since m,, = mr
and b, = 0, the friction law (3.2) coincides with the usual Coulomb’s law and the friction
parameter f coincides with the usual (independent of the normal pressure) coefficient of
friction u(f = c¢r/c, = p). The nondimensional initial conditions for the motion are the
following: u,, = 0;1; = U;C;ﬁyo = 0.5;4, = 0, i.e., the body starts its motion stuck
with the driving surface and away from the nondimensional normal equilibrium position
u, = 1. As a result of the latter, normal free oscillations of the body will occur. governed
by the nonlinear dynamic equation (4.6). The normal oscillation of the body produces
variations on the maximum available nondimensional friction force f[(u,)+]* which, in turn.
are responsible for stick-slip tangential oscillations. Note that, if no normal oscillations
existed, the body, after the initial stick phase, would continue to slide, undergoing a free
sinusoidal oscillation. In the first example (Fig. 4.2), the stiffness parameter is s = 3 and the
driving velocity U° = 0.3286. In Fig. 4.2 we presenta plot of the resulting stick-slip motion;

in Fig. 4.3 the time evolution of the nondimensional normal force =X, /W = [(u,).1* and

¥
the nondimensional regularized friction force
Sr/W = - [(uy)o P 6l = UF)
are shown; finally in Fig. 4.4 the evolution of the ratios £+/%, and /W is plotted against
the corresponding nondimensional sliding velocities (u. — U!S).
In the second (Figs. 4.5 to 4.7) and third (Figs. 4.8 and 4.9) examples, the stiffness

parameter is, in both cases, s = 1.911 and the driving velocity is U;C = 2.623 x10~! and

U® = 8.743 x 1072, respectively.

4.3 Discussion

The numerical results presented here show clearly that oscillations in the direc. 'on normal

to the sliding plane may induce a stick-slip sliding. However. this is not at all surprising
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Figure 4.2: Stick-slip motion induced by normal oscillations (s = 3. U/C = 0.3286). Tan-
gential displacement vs. time.
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0 Normal Force -, /W

O Friction Force I /W

Figure 4.3: Stick-slip motion induced by normal oscillations (s = 3. U/¢ = 0.3286). Normal
and friction force vs. time.
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Figure 4.4: Stick-slip motion induced by normal oscillations (s = 3, U’ = 0.3286). Real
and apparent coefficient of friction vs. sliding velocity.
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Figure 4.5: Stick~slip motion induced by normal oscillations (s = 1.911, U = 0.2623).
Tangential displacement vs. time.
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Figure 4.7: Stick-slip motion induced by normal oscillations (s = 1.911, U’ = 0.2623). Real
and apparent coefficient of friction vs. sliding velocity.
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Figure 4.8: Stick-slip motion induced by normal oscillations (s = 1.911, U/ = 8.743 x 10~2).
Tangential displacement vs. time.
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Figure 4.9: Stick-slip motion induced by normal oscillations (s = 1.911, U = 8.743 x1072).

] ] ] L

1 1 L

0.000

0.087 0.175

0.262 0.350

Nondimensional Sliding Velocity

—(3,-09)-(K.M)"*/W

O “Apparent” coefficient of friction X, /W

0 “Real” coefficient of friction - /Iy

Real and apparent coefficient of friction vs. sliding velocity.

40




and cannot explain actual stick-slip relaxation oscillations unless some justification is found
for the occurrence and persistence of the normal oscillation. With the simple model used
here, any amount of normal damping would damp out the normal oscillation and the stick-
slip oscillations would cease. What we do here is not completely new, either: Boyer and
Cameron [85] produced earlier similar stick-slip traces induced by normal motions. Those
authors used a statistical model for the normal deformability of the interface, while we use the
phenomenological normal interface law (3.1) with the same purpose; those authors assumed
a linear relationship between the decrease of normal penetration and the increase of sliding
velocity, while here we simply set the slider in a normal free oscillation.

What we believe to be interesting in our results is the fact that, although we always
assume a real coefficient of friction independent of the sliding velocity, the apparent coefh-
cient of friction (instantaneous friction force/nominal normal load = £ /W) describes loops
qualitatively very similar to those experimentally found by various authors. The clockwise
loop of Fig. 4.4 resembles those obtained by, among others, Bell and Burdekin [5], and the
counterclockwise loops of Figs. 4.7 and 4.9 resemble those obtained by Antoniou, Cameron
and Gentle [1]. We observe that the different types of loops in Figs. 4.4, 4.7, and 4.9,
result from varying the (arbitrarily assumed) values of s and U/C and this is equivalent to
assuming different variations of normal force during the sliding phase of the stick-slip mo-
tion: Compare the portions AB of the plots of the normal force in Figs. 4.3 and 4.6. For
actual stick-slip motions the form (and orientation) of the loops described by the apparent
coefficient of friction will be thus very sensitive to the forms of the associated normal jumps,
and these certainly will depend not only on the interface materials considered, but also on
the dynamic properties of the experimental apparatus used.

One should also observe that the shape and orientation of the coefficient of friction-
sliding speed loops that are most commonly reported in the literature [5, 47, 81] are those
of the type in Fig. 4.4. As seen in Fig. 4.3, this corresponds to a normal force that sharply
decreases upon the initiation of sliding and which remains small during the whole slip phase.
Clearly, this is consistent with Tolstoi’s observations and interpretations on the origin of
stick—slip motions.

From these observations we conclude that plots of the variation of the coefficient of fric-
tion with the sliding velocity, obtained experimentally in the course of stick-slip oscillations,
are essentially meaningless, if corresponding variations of the normal contact force are not
appropriately taken into account and if these variations are significant, as suggested by the

experimental results summarized in Section 2.6.
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Remark 4.3.1. Actually, Antoniou, Cameron and Gentle {1] claim that their coefficient
of friction-sliding velocity plots were obtained by taking into account instantaneous values
of the normal contact force and not by merely dividing the instantaneous friction force
by the nominal normal load. It is not clear, however, how reliable their computation of the
normal contact force is, since they assumed it solely dependent on the normal velocity (which
does not appear to have any possible physical justification) and since no data or study of the
normal oscillation is presented. Furthermore, the tangential and normal displacements of the
slider are not measured directly, but are inferred from the readings of two strain gauges placed
in twe different positions on the flexible arm that supports the slider. The accuracy of the
predicted displacements of the slider (especially the very small normal displacement) seems
thus questionable. In particular, by comparing our computed loops with those calculated
from the experimental data, we suspect that the jump in the friction coefficient predicted
by Antoniou et al. to occur at a sliding velocity different from zero (at point C of their Fig.
8, p-246, op. cit.) is nothing but the result of misplacing the end of the slip phase at which
a discontinuity of the friction force and the tangential acceleration occurs (see, for example,
the discontinuity CD of the friction force in our Fig. 4.6). We note that such a jump has
been observed experimentally (and correctly located) by other authors (e.g. Fig. 9, p. 555

[5) and Fig. 3, p.181 [47]) who measured experimentally the tangential acceleration of the
slider.

Of course, we do not claim that the simple two-degree-of-freedom model employed in
this section can be used, without further coupling between normal and tangential freedoms,
to model actual stick-slip oscillations. The normal motion governed by equation (4.2) is
not affected at all by the tangential motion and this is not consistent with the experimental
observations summarized in Section 2.6.

A simple mechanical system that can capture the coupling between normal and tangential
freedoms, is a rigid body in plane motion. We shall employ it in the studies of the remaining
sections of this report.

Remark {.3.2. For two degree-of-freedom systems, additional coupling between normal
and tangential freedoms may exist if, for example, some restraining spring is inclined rel-
atively to the plane of sliding. This situation has been considered in different forms by
some authors, in particular by Shobert [67], and Spurr [72] (see also the discussion of the
same paper by Rabinowicz) in the context of stability of steady-sliding and occurrence of

frictional oscillations: and by Klarbring [83] in the context of nonexistence or nonuniqueness
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of solutions to quasistatic evolution friction problems. Also, for a two degree-of-freedom
lubricated sliding system, additional coupling between the normal and tangential freedoms
was introduced by Kudinov and Lisitsyn [82] when they considered a lifting hydrodynamic
component for the normal contact force, dependent on the tangential sliding velocity. For
continuum elastic systems, of course, normal and tangential displacements are necessarily

coupled due to the deformability (Poisson’s effect) of the contacting bodies.

5 Low Speed Dynamic Friction Phenomena With a
Three-Degree-of-Freedom Rigid Body Model

5.1 Governing Equations

We consider here a rigid block (see Fig. 5.1) with dimensions L x H x B, weight W, mass
M, moment of inertia with respect to the axis through the mass center I = M(L*+ H?)/12.
restrained by a horizontal arm with elastic stiffness K, (> 0) and damping coeflicient C,(> 0),
and sliding with friction on a surface which moves with a prescribed tangential velocity Uf
The block is supposed to have plane motion, the corresponding degrees-of-freedom being:
the tangential and normal (penetrating) displacements of the center of mass G(u, and u,,
respectively) and the rotation (ug), as depicted in Fig. 5.1. The rotation ug is assumed to
be small so that sin ue = tanue = up and cosug ~ 1. Along the flat candidate contact
surface 'c the contact laws (3.1) and (3.2) are assumed to hold. In view of the geometry
of the present problem it follows from the normal contact equation (3.1) that the vector of

generalized forces X, associated with the normal stresses on ¢ satisfies, at each time ¢,

=Za(t) = P(u(t)) + Q(u(t), u(t))

where u(t) = [us(t),uy(t), uo(t)] € R® is the vector of generalized displacements at time ¢,
and

L/2 0

weR - Pw) = BC"/_L/z[(wy — zwe)4 ™" 1 dx (5.1)

0
(w,) € B x R — Q(w,v) = Bb, [ [(w, = zwe)s]'"(v, - 7o) { 1 }dx (5.2)
-L/2 .
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Figure 5.1: Geometry and degrees-of-freedom of a rigid block sliding with friction on a
moving foundation.
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On the other hand, from the friction law (3.2) it follows that the vector of generalized

forces X7 associated with the friction stresses on I'¢ satisfies at each time ¢

—Xr(t) € J(u(t), u(t) — B(t))

where

-L/2

<

. UE(t)
te[O,T]ﬁtb(t)z{ 0 }
0

For this system the motion ¢t € [0,T] — u(t) € R3 has thus to satisfy, for a.e. t, the
following differential inclusion:

(w,v) € B* x R* - J(w,v) = Bersgn(v, + gv@) { }/L/Q [(wy, — zwe)+ ] dz (5.3)

oin O —

Mii(t) + Cu(t) + Ku(t)
+P(u(t)) + Q(u(t). w(t))
+J(u(t),u(t) — $(t)) 3 F (5.4)

and, at t = 0, the initial conditions

u(0) = o, ©(0) = @. (5.5)

where M, C, K € R’ denote the symmetric mass, linear damping and linear stiffness matri-
ces and F(t) € R® denotes the vector of applied forces at time {. The matrix M is positive

definite and the matrices C and K are positive semi-definite. The form of these matrices

and vector in the present problem is

C. 00 K, 00 0
0 00|;K=|0 00]|:Ft)={ W }.
0 00 0 00 0

In the next sections, we study conditions for the occurrence of smooth or intermittent

sliding motions. For given F € R® and UIC € R — {0} both independent of time, a smooth

M 0 0
M=|0 MO0|;C=
0 0 I
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steady sliding of the slider in Fig. 5.1 is an equilibrium position uy € R? satisfying (set
u=u=0in 5.4).

Kuy+ P uy) + Jy(ug) = F (5.6)

where

E sgn(US) = UZ/IUS1,U7 #0.

Remark 5.1.1. For evary v € Ng(0) = {v € R®: |v,|+]v,|+]ve| < & = US|/ max(1, H/2)}
we have |v; + (H/2)ve| < [US| so that sgn(v, + (H/2)ve — US) = sgn(~US) = —n . and
Y(w,v) € R?® x Ng(0)J(w,v — @) = J,(w), i.e., for (w, v) in a sufficiently small neighbor-
hood in the phase space R® x R® of the equilibrium position (ug.0). J(w,v — i) is single
valued and independent of » (velocity). For m,,,mr, £, > 1 it results that P(-), Q(-,-), J,(")
are continuously differentiable in a sufficiently small neighborhood of the equilibrium posi-
tion.

In a sufficiently small neighborhood of the equilibrium position (ug,0) the diflerential

inclusion reduces to the equation
Mi+ Ca+ Ku + P(u) + Q(u,u) + Jy(u) = F. (5.8)

With m,,mr, £, > 1 and taking w(t) = u(t) — u, we obtain the linearized equation

where
Co ™ C + Cuy) (5.10)
KoY K + K" (uo) + K%u0,0) + K (up) (5.11)

and, for (w.v) in a small neighborhood of (u,,0) € R® x R,
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K" (w) % L p(w) (5.12)
Jw
Kow,0) % L Quue)  C%w) = 2Qw.v)
’ ow ’ ov ’
= 0,ifv =0 (5.13)
d
gy def O
K,)(’w) = 0w.],,('w)
- O%J(w.vﬂv:_(i, (5.14)

Linear stability analysis of the steady sliding equilibrium positions thus leads to the

eigenvalue problem: find A € C,W € C* W # 0 such that
[K¢+)2Cy+ MV M|W = 0. (5.15)

5.2 Steady-Sliding Equilibrium and Linear Stability Analysis
5.2.1 Nondimensional form of the equations

The following nondimensional displacements will be used in most of the future developments

in Section 5:

Uy = u /X, 4, = uy /Y, g = uglL/Y, (5.10)

with
X =W/h,, (5.17)
Y = (W/e,BL)/™". (5.18)

For simplicity of notation, the ( 7 ) over the nondimensional displacement components
(5.16) will be omitted wherever confusion is not likely to arise.
Assuming, for definiteness, U > 0(y = +1). the nondimensional form of the equilibrium

equations (5.6) is thus:




Uzo = f - I (uyo, ue 0) (5.19)
1] (uyo, ueo) = 1 (5.20)

P fhoy
To (uyo, weo) — ——1; (uy0, ugo) = 0 (5.21)

<

where we introduced the nondimensional parameters:

ZI_
f=== (K—) " (5.22)
crr/mn \BL
H
h=— 5.23
7 (5.23)
and the functions
+

(wyvwe) € R = 1wy o) = [ [(w, — €wo), 7w

+ o~
N

(w,,w0) € BE = IF (w,,w0) = [ *[(w, - €wo) ] d¢

-}
2 P +% mn
(1w, wo) € R — I (w,,we) = [ *[(w, - €wo) o™ (~€)de.
-2

The parameters governing the steady-sliding equilibrium problem are thus the powers m,
and mr, the friction parameter f and the geomelric parameter h.

With respect to the eigenvalue problem (5.15), we observe that in the present case Ky.0 =
Kozo = Cyzo = Cozo = M,, = Mg, = 0, so that the characteristic equation for (5.15)
decouples into

K4+ MCo+ XM =0 (5.24)

det( K5+ A"Cl+ A2 M*) = 0. (5.25)

Here, the superscript * on a matrix denotes the submatrix associated with the normal
and rotational degrees-of-freedom.
From (5.24) it is clear that the eigenvalues associated with the tangential motion are

always imaginary (C'; = 0) or have negative real parts (C; > 0).
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In order to study the stability of normal and rotational motions, it is convenient to use
the nondimensional normal and rotational displacements in (5.16) and the nondimensional

eigenvalues

A= 2w (5.26)

where w,o denotes the frequency of the free normal oscillation of the block for the linearized

normal stiffness at the (frictionless) equilibrium position uy = 1, i.e.,

wyo = (Mpc, BLY™ 1 /M)3. (5.27)

The characteristic equation (5.25) becomes then

' _ -
il [a(’(é”m"_l[l—f ff]dg‘%/_t [ao@)]"”‘l[? O—ﬁJdé

. 4} ~ 0
+282 [ a0 €))% [ 1_5 525 } dg + A [ é (14 h2)/12 }) =0 (5.28)

where we have used the notation ag(€) = (uyo — fueo)+ and we have introduced the interface

normal damping parameter

z=

W/M bn %% (fn+1/2)/mn-1
5 e A (31)

It is clear from (5.28) that the parameters that govern the lLinear stability of the steady-
sliding are the powers m,,my and {,, the friction parameter f, the normal damping param-
eter z and the geometric parameter h. It is also clear that the contribution of the frictional

resistance to the eigenvalue problem (5.28) is a nonsymmetric matriz.

5.2.2 Numerical results

In order to study numerically the steady-sliding equilibrium and its linear stability we first
select values for m,, mr and h and solve the problem (5.19, 5.20, 5.21) for increasing values
of f in the range [0, f), where f = f(m,,mr,h) denotes the value of f for which steady
sliding equilibrium ceases to be possible due to the tumbling of the block (for m,, = mr it is
easy to see that f = 1/h = L/H). For each of the values of [ considered and for some [, and
z the eigenvalue problem (5.15) is then solved numerically. Typical resuits for the normal

(uy0) and rotational (ugo) equilibrium displacements as the friction parameter is increased
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are shown in Figs. 5.2 and 5.3. It is clear that, as should be expected, both uy and ueo
grow unboundedly as f approaches f. In Figs. 5.4 and 5.5 we plot typical evolutions of the
eigenvalues A as the friction parameter f is increased, when the normal interface damping
is zero (Fig. 5.4) or different from zero (Fig. 5.5).

It is clear that, in both cases, for some range of f, the nonsymmetry of the friction
contributions in (5.28) originates eigenvalues A with positive real part, and this implies the
dynamic instability of the corresponding steady sliding equilibrium positions.

These regions of instability are identified in the (k, f)-parameter plane (Figs. 5.6, 5.7
and 5.8) for various values of m,, mr, £, and 2. For each h > 0, those regions of instability
are delimited from below by the values (f;) at which a pair of conjugate eigenvalues A starts
to have positive real parts and from above by the values (f;) at which such positive real
parts cease to exist.

Since our numerical results were obtained by incrementing the value of f without search-
ing for the exact values of f; and f;, these values are represented in Figs. 5.6 and 5.7 by the
pairs of endpoints of the increments of f at which the above mentioned transitions occur. For
clarity, in Fig. 5.8, the transitional increments’ endpoints lying inside the instability region
are omitted. When mr # m, the friction parameter f does not coincide with what may
be called the steady-sliding coefficient of friction, i.e., the ratio between the steady-sliding
friction and normal forces (recall 5.19 and 5.20):

po = Uzo = f I (uyo, uoo)

For this reason in Fig. 5.7 (m, = 2, mr = 3) the boundaries of the instability region are
plotted in terms of both f and po. Finally we note that similar computations were also done
for a case (m, = 3,m7 = 2) that corresponds to a decrease of the friction parameter with
the increase of the average normal pressure according to f = (cr/c?/3)(W/BL)~'/3. In this
case, in the absence of normal interface damping, the eigenvalues of (5.28) were imaginary
for all the values of the parameters i and f employed.

We also remark that, if some eigenvalue of (5.15) has a zero real part, no definitive
conclusion on the stability of the equilibrium solution can be obtained from that eigenvalue
problem. Since we are mostly interested in showing that, for some range of the parameters
involved, steady-sliding is unstable, we shall not pursue here the study of what happens
outside the region of instability in Figs. 5.6, 5.7, and 5.8 when 3 = 0. However, if C, > 0 and
b, > 0(2 > 0), the admissable points outside the region of instability in Fig. 5.6 correspond

to asymptotically stable steady-sliding positions.
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of the characteristic equation (5.28) for the admissible range of the friction parameter f €
[0,1/0.45) with m,, = m7 = 2.5, h = 0.45 and 3=0.00 fixed.




(b)

2.0
z o«
gl‘-‘
<
1.5
- + + + + + 4
_‘_‘_H+++++*++ + -}- ++++*+*++N
<+ 1.9
10.S
4'h'""“‘ﬂ»a» +L+ ++¢M
REAL RAXIS
-4.10 -8.8% 0.85 9.10
1.8
(C) R 4 B+ b i
%.*4‘**4,4\.**"*‘ + . . . +++++++"""+pr
g
é 8.5
o
g
L]
REAL AXIS
' + d— + ; ——t
-8.18 -0.05 2.85 0.10
-8.5
::+++++**"* + + M + + o+ ’*4’@4»\":'::b
ettt b 4 R N e o aaanaia b
-1.8

54




-

-
R

(d)

Figure 5.4: Part (d)

55




FRICTION PARAMETER

IMARG AXIS

8.5

Figure 5.5: Part (a). Orthographic projections of the root curves of the characteristic
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m, = mr = £,=2.5, h=0.45 and =0.02 fixed.
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5.2.3 Discussion

We observe that the small rotations assumption adopted in this work (recall Section 5.1)
implies that, for f close to f, the results obtained here do not represent the true behavior
of the system, since, for such values of f, large rotations do occur. We remark that these
limitations on the validity of our results do not affect the fundamental observation of the
previous section, i.e., that for some range of f and appropriate values of the other parameters,
steady-sliding is not stable: it can be checked in Figs. 5.3., 5.6, 5.7, and 5.8 that the
transitions on the nature of the eigenvalues of (5.28) occur when the rotations ugg are still
very small (note that for L in the range 1 to 100 cm and Y in the range 0.3 to 10 um the
physical values in rad of the steady-sliding rotations are obtained from the nondimensional
values in Fig. 5.3 through multiplication by a factor in the range 3 x 1077 to 1073). Only
somewhere above the upper boundary of instability in Figs. 5.6, 5.7, and 5.8, the small
rotations assumption ceases to be valid. Furthermore, we believe that, in practice. the
geometric nonlinearity does not play any significant role in block-on-slideway sliding systems
of the type studied in this section: it is reasonable to expect that no one would operate or
run an experiment with such a system allowing for the occurrence of large rotations. Of
course, the same may not be true in other circumstances, namely with some pin-on-disk
friction apparati having very flexible arms and very small contact regions.

From Fig. 5.8 it can be concluded that, when the coefficient of friction is independent cf
the normal pressure, the specific value of m,(= mr) in the typical range [2,3] does not affect
considerably the boundaries of the region of instability. In the case 2 = m, < mp = 3, if we
consider the stability boundary in terms of the (measurable) po we again see that it is not
much different from the cases with m, = my. The absence of a region of linear instability
for the case 3 = m,, > mr = 2 seems rather interesting and deserving further study. At this
writing, we don’t know of any experimental work correlating stability of steady sliding with
normal pressure dependence of the coefficient of friction, which might provide a basis for a
qualitative evaluation of these numerical results.

In Fig. 5.6 it can be observed that, for small values of the geometric parameter h(= H/L),
the interface normal damping increases the value of the friction parameter at which the
instability initiates, i.e., it reduces the region of instability. However, it is also clear from the
same figure that the normal damping moves up the upper boundary of the instability region.
i.e., it increases the region of instability. Hence, addition of normal interface damping in the
form adopted here may indeed have a destabilizing effect on the steady-sliding equilibrium

for some ranges of values of the parameters involved. Situations of this type. in which
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positive viscous “damping” contributions may have a destabilizing effect, are common in
nonconservative systems. Such effects were first discovered by Ziegler [79] and have since
been analyzed by various authors in connection with the study of critical loads for beams
subjected to follower forces, stability of fluid conveying pipes, panel flutter, etc. (see, e.g..
the books of Ziegler [80], Lei; holz [53], Huseyin [41], Guckenheimer and Holmes [36]). A
detailed discussion of these effects in the present problem falls outside the scope of this work.
Here we only remark that, with a deformable block and with no normal interface damping,
the steady-sliding equilibrium is unstable in the region of the (A, f)-parameter plane where
the destabilizing effects of the normal damping are more significant (the region above the
upper boundary of the rigid body instability); see Oden and Martins [56].

5.3 Low-Frequency Stick—Slip Motion and Apparent Reductions
of Kinetic Friction

5.3.1 Nondimensional form of the equations of motion

We denote by 7 the nondimensional time

T =wt (5.29)

and we choose w to be the frequency of the free tangential oscillation of the block, i.e.,

w= (K, /M)z. (5.30)

Using again the nondimensional displacements defined in (5.16), (5.17) and (5.18) and
omitting again the (7) over the nondimensional displacement components, the governing
system (5.4) becomes

Mu"(7) + Cu'(7) + Ku(r)
+P(u(7)) + Q(u(r), u'(7)) (5.31)
+J(u(r),u'(r) -®)> F

where, now,

o o !
o oo

o o O
S
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Pw)=s [ Mmm{l}@

~£
. 0
q%m=%mm%w/?wmww—@m{l}&' (5:32)
-1 e
sh ! +3
J(w,v) = fsgn(ve + Sv0){ 0 / [a(€)]™Tde (5.33)
sh -3
2
U
qﬁ':{ 0 },U;C:Uf/wx (5.34)
0

0
F = { s } (5.35)
0

Here a(¢) = (w, — fwe)+ , ()’ denotes again differentiation with respect to the nondi-
mensional time 7, and, in addition to the parameters f,h and ? defined earlier, we have

introduced the parameters

K, W

)I/mn (5.36)

C -

Zp = —2——\/]\_4;7\—: (5.37)

The stiffness parameter s has the same meaning as in Section 4.1. Note that when s = m,,
the tangential stiffness K, is equal to the (linearized) normal stiffness Ay, = mpc, BLY ™71
at the (nondimensional) frictionless equilibrium position uyy = 1. The parameter z; is the

(usual) tangential damping parameter. The initial conditions (5.5) become now

u(0) = 1o, w'(0) = u, (5.38)

Finally we observe that, for computational purposes, problem (5.31), (5.38) is regularized
using the procedure employed in Section 4.1. A7, denotes the nondimensional maximui

time step for the numerical integration of the equations of motion (see Oden and Martins

[56]).
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5.3.2 Numerical results and discussion

A complete qualitative study of the system (5.31), (5.38) is not available yet. Here we present
several numerical studies designed to reveal the effect that some of the governing parameters
have on the behavior of the system and, whenever possible, we qualitatively compare our
numerical results with experimental observations.

The physically interesting situations arise when the data is chosen such that the steady-
sliding equilibrium is unstable. In the examples studied in the remainder of this section the

following common data is used

ngmT=ln=2.5
h = 0.45 (5.39)
f=06

Low frequency stick—slip motion and apparently smooth sliding. In the compu-

tations described next we used, in addition, the following data

s =0.01 (5.40)

z; = 0.001 (5.41)

£ =0.01 (5.42)

e/UC <0.1 (5.43)
27 w

p < — 5.44

ATmaz S 100 wyo (5-44)

and various values of the driving velocity U/C as indicated on the figures. The initial condi-

tions were the following

Y _ . Y — P 7 _ . — [4
Uz = Uz0, Uyo = Uyo T+ “Uy, U0 = UE0, U] = 0, (5.45)

where Pu, is a small normal displacement perturbation:
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Py, = -0.01 or -0.001. (5.46)

The values of s and z, considered above are “in the small range” and the initial conditions
correspond to a small normal perturbation of the steady-sliding equilibrium state.
The following remarks give a summary description and interpretation of the numerical

results obtained for the conditions indicated above:

1. Due to the instability of the normal and rotational modes, the normal and rotational

oscillations grow (see Fig. 5.9).

2. The variation of the normal force on the contact produces changes in the sliding friction

force which in turn produce a tangential oscillation.

3. The tangential oscillation may then become sufficiently large that, for small values of
the driving velocity U!C, the points of the body on the the contact surface attain the
velocity U’C and the body sticks for short intervals of time (see Fig. 5.10).

4. With the growing of the normal oscillation actual normal jumps of the body may occur
(see Fig. 5.9).

5. The repeated periods of adhesion have the result of decreasing the average value of the
friction force on the contact and, due to the absence of equilibrium with the restor-
ing force on the tangential spring, the tangential displacement of the center of mass
decreases (see Figs. 5.11, and 5.12).

6. Then, one of the two following situations may occur:

(a) for values of U!C larger than some critical value, the normal, rotational and tan-
gential oscillations evolve to what appears to be a steady oscillation with succes-
sive periods of adhesion and sliding, the average values of the friction force and of
the spring elongation being smaller than those corresponding to the steady-sliding
equilibrium position (see Figs. 5.11 and 5.13 to 5.16).

(b) for values of UC lower than the critical value, and at a sufficiently small value
of the spring elongation, the normal interface damping is able to damp out the
normal (and rotational) oscillation (see Fig. 5.17) and the body sticks (see Fig.
5.12) since the restoring force of the spring is then smaller than the maximum

available friction force.







YU =0.01

+ —.86

+-.10

Figure 5.10: Phase plane plot of the tangential motion of the points of the block on the
contact surface during one period of the low-frequency stick-slip motion.
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Figure 5.11: Apparently smooth sliding for small s, small z,. large U//¢(s=0.01, z, = 0.001
and UL successively equal to 0.025, 0.030, 0.035, 0.0425, 0.05, 0.06).
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Figure 5.12: Low-frequency stick-slip motions for various small driving velocities (s=0.01.
z;=0.001 and U.° successively equal to 0.01, 0.005, 0.0025 0.0005. 0.0001).
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Figure 5.13: Phase plane plots for the rotation degree-of-freedom (s=0.01,
[/€=0.03 and 0.05).
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Figure 5.14: Phase plane plots for the tangential motion of the points of the block on the
contact surface (s=0.01, z,=0.001 and U//=0.03 and 0.05).
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Figure 5.15: Evolution of the normal contact force (
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Figure 5.16: The decrease of the time of stick with the increase of the driving velocity
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5.17: Phase plaue plot of the decaying portion of the normal oscillation of the center
the course of low-frequency stick-slip motion.




Thus, monitoring the spring elongations, as is often done in friction crperiments. case (a)
would be perceived as an apparently smooth sliding with a coefficient of kinctic friction smaller
than the coefficient of static friction and case (b) would be perceived as a (low-frequency)
stick-slip motion.

The role of the normal interface damping. It is clear from the results presented
above that for “small” tangential stiflness and damping, the size of the driving velocity plays
an important role on the occurrence of low frequency stick-slip motion or apparently smooth
sliding motions. It is also clear that when a low frequency stick-slip motion occurs the normal
oscillation that accompanies the sliding phase of the stick-slip cycles is damped out when the
spring elongation is close to its minimum. The role played by the normal interface damping
on the qualitative behavior of the rigid block is made clear in IMigs. 5.18 and 5.19. The
values used in the computations are those indicated in (5.39) to (5.41) and (5.-43) to (5.46).

but now we fix (/¢ = 0.01 and we vary ? as indicated on the figures. In Fig. 5.18 it can he

»

observed that, for very small or null interface normal damping (2 = 0.002 or = 0.000) an
apparently smooth sliding motion is obtained. As the interface normal damping is increased
(2 =0.005, 0.01, 0.02, 0.05) a low frequency stick-slip oscillation is observed. The amplitude
of that oscillation decreases with the increase of 2 as shown in Fig. 5.18. The steadiness of
the normal oscillation when 2 = 0.0 and the intermittency of the normal oscillation when low
frequency stick-slip motions occur (£ = 0.01 and 2 = 0.05) is made clear in Fig. 5.19. The
decrease of the amplitude of the normal oscillation when 2 is increased can also be observed
on the same figure. The phase plane plot of the tangential oscillation of the points of the
block on I'e- when 2 = 0 is shown n Fig. 5.20.

From the observations above we conclude that some normal interface dissipation 1s needed
for the occurrence of low frequency stick-slip motion. In physical terms. this means that
some plastic deformation (penctration) of the interface must occur at the cnd of the sliding
portion/beginning of the stick portion of the stick-slip cycles and it s that plastic de fornation
that s responsible for the damping of the normal oscidlation.

Fig 5.19 suggests another comment: the form of the decay of the normal osaillation at
the end of the sliding portion of the stick shp eveles reveals i a clear manner the viscous
nature of the nonlinear term in (5.1) that as responsible for that dissipation. FExperimien-
tal observations of the same phenomenon with actual metallic surfaces misy suggest more
appropriate forms for that normal dissipative terin,

ftemars 541 The behavionr reported above for very small normal imterface damping

v not always observed. When 2 s very stadl for inll and with some values of the other
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Figure 5.20: Phase plane plot of the steady tangential oscillation of the points of the block
on the contact surface for 2=0.0. (Notc :not all the computed points are plotted.)




governing parameters the tangential motion may be extremely “irregular” with regions of
sliding and sticking alternating in an irregular and unpredictable manner. These irregular
frictional traces are qualitatively very similar to some of those reported in [11, 12, 60] and
described on the second part of the quotation from [11], in Section 2.1. For further details

[1

on these “irregular” numerical traces see [88].

The coefficient of kinetic friction during the slip phase of the low frequency
stick—slip motions. Qur interest here is to obtain the loops described by the apparent
coefficient of kinetic friction when plotted against the sliding velocity during the slip phase
of the low frequency stick-slip motions described earlier.

The instantaneous apparent coefficient of kinetic friction has the same definition as in
Section 4: it is the instantaneous ratio between the friction force (£7,) and the nominal
normal load on the interface (the weight W of the slider). If the tangential linear damping

term in (5.31) is neglected, the apparent coefficient of kinetic friction at time 7 is given by:
Era(7)/W = uz(7) + ua(7)

The high frequency oscillations occurring during the slip phase of the low-frequency
stick-slip motions are, of course, present in the files with the computed values of Sr (7)/W
and of the sliding velocity (u’(7) — U/S). On the other hand, we recall from Section 2.6 that
only detailed and specifically oriented experimental studies allowed some authors to detect
those high frequency oscillations during the slip phase of stick-slip motions. That was not
the scope of most published experimental works and, in some cases, the techniques used
smoothed out any high frequency perturbations.

In order to get plots that might be compared with most published experimental results we
filtered out the high frequency oscillations in the files of the apparent coefficient of kinetic
friction and of the sliding velocity. This was achieved with several passes of those files
through a digital filter based on a simple moving average algorithm.

A typical (filtered) plot of the variation of the apparent coefficient of kinetic friction with
the sliding velocity during one cycle of the low frequency stick-slip motion is shown in Iig.
5.21. This plot was obtained with the data (5.39), (5.40), (5.41), (5.42) and US = 0.01.

The loop presented in Fig. 5.21 has the clockwise orientation most commonly reported
the literaturc.

The effect of the stiffness parameter and the driving velocity on the amplitude

and frequency of the low frequency stick—slip motion. In order to study the influence
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of these parameters, we fixed the data (5.39), (5.41), (5.42) and (5.45) and we assigned to
s and U various values in the small ranges for which low frequency stick-slip motion is
observed. In Fig. 5.22 and 5.23 we plot the amplitudes of the low frequency stick-slip
oscillations against the driving velocities for each of the values considered for the stiffness
parameter. The nondimensional amplitude A, and the nondimensional driving velocity
U!C are used in the plot of Fig. 5.22. In Fig. 5.23 different nondimensional variables are
used: the amplitude A, /s(= Au,/Y) and the driving velocity U/¢/\/s(= US /\/g¥) where
Y is the quantity defined in (5.18) and g(= W/M) denotes here the gravity acceleration.
The plots of Fig. 5.23 represent thus the behavior of the dimensional amplitude Au,; when
the changes in s and UC result from changes in K, and U, respectively, while using the
same body and the same contact surface (the same W, the same M and the same Y). The
decrease of the dimensional stick-slip amplitude with the increase of the tangential stiffness
can be observed in Fig. 5.23.

For the range 0.0004 < s < 0.01 of the stiffness parameter, the amplitude of the low
frequency stick-slip motion decreases only slightly with the increase of the driving velocity,
which appears consistent with the small slopes of the amplitude-driving velocity plots at
small driving velocities, obtained experimentally by several authors ([15, 47, 60]). Also in
agreement with some experimental observations [47, 60] the transition from low frequency
stick-slip motion to apparently smooth sliding is abrupt. For small tangential stiffuesses, the
critical driving velocity at which that transition occurs is not very dependent on the stiffness:
a (small) decrease of the dimensional critical speed US with the increase of the tangential
stiffness is observed in Fig. 5.23, and these facts appear consistent with the experimental
observations in [5, 60].

Finally, we observe that the larger stiffness parameters considered (s=0.025 and s=0.035)
correspond to a transition between the range of values of s for which low frequency stick-
slip oscillations occur at low driving velocities and the range of values of s for which no
low frequency stick-slip motions occur at any driving velocity. For these values of s an
increase of the amplitude of the stick-slip motion with the increase of the shding velocity
can be observed in Fig. 5.22, and this is followed also by an abrupt transition to apparently
smooth sliding motion at some critical driving velocity. Although increases of amplitude of
the stick-slip motion with the driving velocity are not frequently reported m the literature.
we observe that in some cases such phenomenon has indeed been observed: as an example
we mention the work of Brockley and Ko [I7]. (in particular see Fig. 13, page 555 of their

work, for the small velocity range at which the friction induced oscillation has a saw tooth
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wave form).

In Fig. 5.24 a plot of the variation of the nondimensional stick-slip frequency with the
nondimensional driving velocity U/C is presented. The nondimensional stick-slip frequency
is equal to the ratio w*/w where w** denotes the dimensional (rad s™') stick-slip frequency
and w denotes the frequency of the tangential free oscillation (5.30). For the small stiffness
parameters (s=0.0004; s=0.0016 and s=0.01) the log-log plot of the stick-slip frequency
versus the driving velocity is essentially linear, which results from the small dependence of
the stick-slip amplitude on the driving speed (Figs. 5.22 and 5.25) and which also bears
some similarity with the results of Dokos [28]. In Fig. 5.24 it can be observed that the
low frequency stick-slip motion ceases when its frequency is still well below the natural
frequency of the tangential motion. Situations of this type have been reported by Kato
and Matsubayashi [47] but, as observed in Section 2, it is frequently observed that the low
frequency stick-slip motion persists up to the natural frequency of the free tangential motion.
At this point it is unclear if, for some values of the governing parameters, our interface model
and the rigid block considered here may simulate such a behavior. See Section 5.4 for further
related discussions.

The apparent coefficient of kinetic friction—sliding velocity plots for the appar-
ently smooth sliding motions. For “small” stiffness and tangential damping parameters
and with a small driving velocity a low frequency stick-slip motion is obtained while, with a
large driving velocity, an apparently smooth sliding results. It is also known that two means
for obtaining experimentally a smooth sliding at low sliding speeds are: the use of a very
stiff tangential spring or a very strong tangential damping. Here we show that our model
predicts these behaviors.

In Fig. 5.25 the tangential displacements obtained with the data (5.39, 5.41, and 5.42),
a “large” stiffness parameter (s=0.1) and various driving velocities are presented. It can be
seen that these traces consist of a self-excited oscillation (without the typical saw-tooth wave
form) about a constaut average displacement which corresponds to an apparent coefficient
of kinetic friction lower than the coefficient of static friciton.

In Fig. 5.26 similar results are shown but now the stiffness parameter has the “small”
value s=0.01 while the damping parameter has the “large” value =, = 10.

In Figs. 5.27 and 5.28 we plot the apparent coefficients of kinetic friction as a function
of the driving velocity (= average sliding speed) for the three cases of apparently smooth
sliding that have been considered: small s, small z; and large U large s, small z; and

r

arbitrary U/C; small s, large =, and arbitrary U, In the second case (large ), since the
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nondimensional amplitude of the self-excited oscillations is significant for some speeds, we

also indicate those amplitudes on the plot.

The following remarks provide an explanation for apparent coefficients of kinetic friction

that are lower than the coefficient of (static) friction and some additional comments:

1.

o

3.

All the low apparent coeflicients of kinetic friction in our computations result from the
occurrence of a period of stick during each period of oscillation of the body (see Figs.
5.14, 5.15, 5.16, 5.30 and 5.31). The ratio (friction force/normal contact force), when
the body sticks, is smaller than the coefficient of friction, so that the time average of
the friciton force is smaller than the product of the coefficient of (static) friction and
the time average of the normal contact force (the weight of the body). This is precisely
the high-frequency stick-slip mechanism proposed by Budanov, Kudinov and Tolstoi in
[18] (recall Section 2.6).

If the driving velocity is sufficiently small that periods of stick are possible during each

cycle of oscillation the following effects can be observed:

(a) The periods of stick occur in the portion of each cycle for which the normal contact

force has larger absolute values (see Figs. 5.15 and 5.31)

(b) As should be expected. a discontinuity of the friction force occurs at the instant

of each transition from slip to stick (see Figs. 5.15. 5.16. and 5.31)

(c¢) For otherwise similar conditions. larger driving velocities imply larger self-excited
oscillations (compare in each of Fig. 5.13. 5.14, 5.29 and 5.30 the results obtained

with different driving velocities)

(d) Also, for otherwise similar conditions. larger driving velocities imply smaller pe-
riods of stick, relative to the total period of one oscillation (see Fig. 5.15. 5.16
and 5.31).

Increases of apparent coeflicient of kinetic friction with the increase of driving ve-
locity result essentially from the effect (d) above (see Fig. 5.16). This 1s (with the
extra complexity inherent to having a three-degree-of-freedom system rather than a
two-degree-of-freedom system) what Budanov. Kudinov and Tolstoi 18] suggested to
explain apparent coefficients of kinetic friction imereasimg with the average sliding speed

(recall mechanisi (1) in Section 2.6).
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4. Decreases of apparent coefficient of kinetic friction with the increase of driving velocity
are associated with the effects (a) , (b) and (c) above. Compare in I'ig. 5.31, for

the wwo driving velocities considered, the minimum values of the friction force (shding

vhase), the size of the discontinuities in [riction force, and the values of the friction

force at the points of maximum normal force (stick phase).

5. For a sufficiently large driving velocity, no stick state occurs during the oscillation
so that, since we do not take into account any thermal softening effects, the average

coeflicient of kinetic friction is equal to the coefficient of static friction.

6. In the case of the large tangential damping (s=0.01, z, = 10) we can describe our results
using precisely the words of Tolstoi in [74]: “sufficiently heavy damping of tangential
vibrations alone could suppress these vibrations (the low frequency stick-slip motions)
but failed to affect the negative slope of the friction-velocity curve.” In this respect we
note that the decoupling (5.24, 5.25) of the characteristic equation for the eigenvalue
problem (5.15) implies that, for the present geometry, the introduction of heavy ex-
ternal tangential damping does not affect at all the instability of the steady-sliding.
For viscous stabilization of an unstable steady-sliding sufficiently strong normal and
rotational damping are required (see Oden and Martins {56]). This, of course, agrees

with the observations of Tolstol summarized in Section 2.6.

7. Fig. 5.30 contains an important warning to experimental researchers of sliding fric-
tion: a small, apparently negligible oscillation on the tangential displacement trace at
the point where it is being recorded (in our case the center of mass of the block or
the tangential spring) may be the subtle manifestation of a stick-slip motion on the
contact surface. A very misleading point is the fact that the wave form of the recorded

oscillation may be very different from the typical saw-tooth wave form.

8. u — vr plots for apparently smooth sliding motions obtained with different “experi-

mental apparati” (different s and z,) may be clearly distinct (see Figs. 5.27 and 5.28).

9. The initially decreasing portions of the u — vr curves in Fig. 5.27 and Fig. 5.28 are
qualitatively similar to those experimentally obtained by Rabinowicz, Fig. 4.45, page
101 of [60] and by Bell and Burdekin, Fig. 4, page 1078 of [6], or by Watari and
Sugimoto, Fig. 1, page 40 of [86], respectively.
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5.4 Apparent Reductions of Static Friction Due to Normal Per-
turbations

5.4.1 Introduction

In Section 5.2 we studied the linear stability of the steady-sliding equilibrium and showed
that for some range of the governing parameters, steady-sliding could not be stable: conse-
quences of this on the dynamic behavior of the slider were shown in Section 5.3. Here we are
interested in analyzing the effect of normal perturbations on the loading path of the slider —
the stick portion of the stick-slip cycles. In a sense, we should like to determine some sort of
stability statement concerning that loading path: if a perturbation is introduced while the
body sticks, will the body “recuperate” from such a perturbation and keep stuck until the
tangential displacement attains the value at which the unperturbed system initiates sliding
or, on the contrary, will the body initiate sliding “prematurely” with an apparent coefficient
of static friction lower than the true one? We also want to know what effect the driving
velocity (or, equivalently, the rate of application of the tangential force) has on the apparent

value of the coeflicient of static friction at which the perturbed system initiates sliding.

5.4.2 Numerical results

The results reported in this section were obtained with the common data (5.39, 5.40, 5.41,
and 5.42).

First we ran our program with the driving velocity successively assuming the values
UK =25x10735x1073,1x1072,2.5 x 1072,5 x 1072,1 x 1071,2.5 x 10~", and with the
initial conditions @, = oo = Uy = @e; = 0,4 = U, @, = 1, i.e., the body initiates its
motion stuck with the moving surface and no normal perturbation is introduced either at
start-up or during the subsequent motion. In the subsequent motion, the body remains stuck
until the nondimensional tangential displacement attains a value of the order of f at which
sliding initiates. More precisely, sliding always initiates at a value of u, somewhat in excess
of f, due to the inertia acquired by the slider during the stick phase: this excess is almost
imperceptible (~ 107%) for the smallest driving velocities and clearly noticeable (~ 10~2) for
the largest velocities considered. For each of the driving velocities considered, the maximum
tangential displacement of the slider ul®* = u™**(UX) is recorded. Then, for each of
the driving velocities U considered, the program is successively run starting at the time
Tk; at which the unperturbed tangential displacement was equal to successively decreasing

values u;;=0.575; 0.550; 0.525;... The initial conditions for these successive runs are the
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following: the tangential displacement and velocity, the normal velocity, and the rotational
displacement and velocity (uzi,Upy;, Ulyis Uokis Upy;, Tespectively) are precisely the same as
those of the unperturbed system at the time 7 the normal displacement is made equal
to the unperturbed normal displacement at «4;(uy;) plus a perturbation P u,; successively
equal to -0.05, -0.10, -0.15, -0.20. In other words, for each driving velocity U//$ we introduce
a normal displacement perturbation ? u,; at the time 7;; at which the unperturbed tangential
displacement was equal to u,;.

The numerical results obtained show that normal perturbations can produce apparent
reductions of the coefficient of static friction and that a fired level of perturbation has a
“destabilizing” effect that increases with the increase of the driving velocity, i.e., a certain
amount P u,; of normal perturbation at a fixed u,, is more likely to produce a “premature”
sliding if the driving velocity is large than if it is small. We illustrate this in Figs. 5.32 and
5.33.

In Fig. 5.32 we can observe that a normal perturbation Pu,; = —0.05 at u,; = 0.575 is
capable of producing a premature sliding for the larger driving velocities U/S = 5x1073,2.5x
1073, and 1 x 1073, but, for U/ = 5 x 107* the system, after short periods of sliding
immediately after the perturbation, sticks again and the maximum tangential displacement
is essentially equal to the unperturbed uf?*. In Fig. 5.33 a normal perturbation ? u,, = —0.1
at u;; = 0.55 produces a “premature” sliding for U/ = 1 x 107%,5 x 10~ and 2.5 x 107°
but. for U =1 x 1073 the body “recuperates” from the perturbation.

Additional qualitative information can be obtained from the numerical results by search-
ing, for each fixed pair (U$” u,;), the minimum value of u,; at which the normal pertur-
bation considered originates a “premature” sliding. Since actual perturbations are somehow
distributed throughout time, it is reasonable to expect that the accumulation of the destabi-
lizing effects of the perturbations will produce a “premature” siiding shortly after the above
mentioned minimum of u,; is achieved along the (stick) loading path. A difficulty, however,
arises: since the unperturbed system has its maximum tangential displacement at a value
uT?* that js not equal to f and that incrcases with U/ we cannot decide whether “pre-
mature” sliding of the perturbed system occurs or not by simply comparing the maximum
value of the perturbed tangential displacement with f. In the results reported below we
use the following arbitrary criterion: “premature” sliding occurs if the maximum tangen-
tial displacement of the perturbed system (Puli?) is at least one percent smaller than the
corresponding maximum tangential displacement of the unperturbed system (u™2*) for the

same driving velocity U/, i.e., if (um@ — um2)/yms* > 0.01. We also note that. since we
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only considered perturbations at discrete locations uy, = 0.575.0.550.0.525.. .. to sav. for
instance, that u;, = 0.550 is the minimum value of u, at which some perturbation produces
"premature” <hding only means that such perturbation at =, = 0.575 and 0.550 produces
“premati.- " sliding while the same perturbation at u,, = 0.525.0.500. .. .does not produce
“pre-ucoure” sliding.

With these conventions in mind we summarize the results obtained in Fig. 5.31. In
addition to observations made earlicr we observe, as might be expected. that large pertur-
bations produce a “premature” sliding more casily than small ones. We observe also that
sufficiently large normal perturbations can produce apparent reductions of the coeflicient of
static friction even for the smallest driving velocities considered. and this is consistent with
the experimental observation by Toistoi [74] that, as soon as an external normal damping is
imposed on a slider. the force of static friction increases “no matter how slowly the pulling
force has been increasing.”

Using the same driving velocities ['/S. the same locations u,, for the perturbations and
the same conventions, an additional study was done to analvze the effect of the stiffness
of the restraining horizontal arm on the apparent reductions of static friction. In these
computations we used the data (5.39), (5.41). (5.42). a fixed level of perturbation Fu, = —0.15
and the values 0.0016. 0.01 and 0.035 for the stiffness parameter s. For each value of ~ the
driving velocities U')) were sufficiently small that the subsequent motions were low frequency
stick-slip oscillations.

For cach value of s we plot in Fig. 5.35 the minimum nondimensional tangential displace-
ments (ur,) along the stick loading path at which the normal perturbation *u, = —0.15 pro-
duces a “premature” sliding i ersus a measure of the time of stationary contact (7,/+/5). This
measure allows us a qualititative comparison of the computed results with some experimental
ones which were obtained by varying the tangential stiffness K, and the driving velocity (¢
while keeping the same slider and the same interface (¢ = W/M and Y = (W /¢, BL)}/™n
are constants). In these circumstances the nondimensional quantity 74,/\/s = tr\/g/Y is
proportional to the physical time (f,) spent on the stick loading process up to the point
where the perturbation originates a “premature” sliding.

In Fig. 5.35 it can be observed that for cach time of stationary contact. the apparent
cot flicient of static friction increases with the ierease of the tangential stiffness. Such con-
clusion 1s in qualitative agrecment with the erperimental obscrvations of Bell and Burdekin
(Fig. Ga. page 552 of [3]). exception made for the fact that (unlike the conclusions of the

survey [6:1]) those authors do not report a constant coetlicient of static friction for large
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values of the time of stationary contact.

5.4.3 Discussion

The previous results, however suggestive they are, should be analyzed having in mind the ad-
mitted limitations of the model used: preliminary tangential displacements occurring before
gross sliding and the details of the plastic deformation of the interface cannot be modelled
with the constitutive laws (3.1,2) adopted in this work. Since these effects may have some
importance along the quasistatic loading process studied here, the results above should be
viewed only as indicators of what to expect when using more complex models of the interface
behavior.

A question that is important to discuss is the size of the normal perturbations considered.
As we decrease the size of the perturbation, its destabilizing effect of course is reduced (recall
Fig. 5.34). It is easy to anticipate, and we confirmed it numerically, that sufficiently small
normal perturbations have negligible effect on the initiation of sliding. However, we observe
that the size of the perturbations considered here, although “mathematically not small”, is
indeed “physically quite small” and of the order of magnitude of the microseisms mentioned
in Section 2.6. For static penetrations Y = (W/c, BL)}/™" in the range 0.3 to 10um, the
perturbations considered here would be in the range 0.015 to 2um.

Apparent decreases of the coefficient of static friction with the increase of driving velc -ity,
as suggested by the numerical results above, would affect the stick-slip results of Sec: on
5.3.2 (recall that in the computations leading to Figs. 5.22 to 5.24 no reductions of sti tic
friction were taken into account). Smaller stick-slip amplitudes and more pronounced slop s
of the amplitude-velocity curves in Figs. 5.22 and 5.23 should be expected as a result ¢!
the reductions of static friction. On the other hand, these reductions would lead to smaller
periods of stick and consequently to larger frequencies in Fig. 5.24, closer to the natural
frequency of the tangential motion of the system. These effects would certainly improve
on what appears to be an “excessive” sharpness of the transition stick-slip to apparently
smooth sliding in Figs. 5.22 and 5.23 and also on the smallness of the maximum stick-slip
frequencies in Fig. 5.24.

It is thus clear that the “rate dependence” of the coeflicient of static friction plays an
important role on the stick-slip oscillations, precisely as it has been assumed in previous
analyses. The question that we raise here and that needs further study is solely related
with its origin — is it an intrinsic property of the contacting surfaces or is it the result of

a (still not well defined) “instability” along the stick portion of the stick-slip cycles? Much
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theoretical, numerical and experimental work is still needed before a definitive answer to this

question can be given.

6 Critical Sliding of a Rigid Block On a Fixed Hori-
zontal Plane

In this section, we study the sliding of a rigid rectangular—prismatic block on a fixed horizon-
tal plane, when acted upon by a tangential force equal to the critical force of static friction.
These conditions are essentially the same as those suggested by Euler more than two hundred
years ago for an experiment on the difference between static and kinetic friction: a body
sliding down an inclined plane at the critical slope at which sliding is initiated (recall Section
2.1).

6.1 Governing Equations

The equations of motion have the form (5.4) with M, P, Q, and J as in Section 5, but now
we have UIC = 0 (hence, ® = 0), K, = C; =0 (hence K = C = 0), and

—F
F={ W
0

where F is the absolute value of the applied tangential force (see Fig.6.1).

Since K, = 0, the tangential displacement u, does not appear in the governing system
(5.4) and can be computed a posteriori from the tangential velocity and the initial condition
'(.-lrol .

we(t) = o + / ig(0)do,
0

We can thus study the problem in the five-dimensional phase space of the displacements
u, and ug and the velocities v,, v, and vg. The governing system of five first~order differential
equations or inclusions can be written in the form

'l.l' —_ v.
Mb, + J(u*,v) 3 =F
v+ P(u")+ Q(u",v* )+ J (u",v) D F~
where we again use the superscript * to denote subvectors or submatrices associated with

normal and rotational degrees-of-freedom.
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Figure 6.1: Geometry, degrees-of-freedom and forces applied to a prismatic block sliding
with friction on a fixed foundation.
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The singular points [uy0, Ues, vzo, Uyo, Voo for this system, if they exist, satisfy the con-

ditions

'()8 =0 (61)
Je(ug,v0) 3 —F (5.2)
P (ug) + J"(ug, vo) > F~ (6.3)

where, due to (6.1), vg = [vx,0,0]". These singular points correspond to steady sliding
motions of the block towards the left when sgn(v.o) = —1. For that situation (6.2) and (6.3)

reduce to

Jos(ul) = —F (6.4)

Pr(ug) + J(ug) = F (6.5)

where J, was defined in (5.7), and now

ef
] = —sgn(vmo) = +1.

Equations (6.5) determine the normal and rotational displacements for the non-isolated
(because v < 0 is arbitrary) steady-sliding singular points of the system. Equation (6.4)
determines the force F’ required for such a steady-sliding.

We emphasize that, since no distinctions between static and kinetic friction were con-
sidered, when F has the critical value (6.4), steady-sliding at an arbitrarily small speed
(including the limit case v, = 0) is possible, in apparent contradiction with Euler’s re-
marks.

However, we can observe that the two equations of the system (6.5) are precisely the same
as the second and third equations of the system (5.6). Furthermore, for any strictly negative
v and denoting Ns(vo) = {v € R’ : v, — v0| + |1, 4 |ve] < 8§ = Jvzo|max(1, H/2)} the

governing system reduces to

Moy + Jop(u”) = —F (6.6)
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u = (6.7)
Mo+ P (v") + Q(u,v*) + J;(u") = F~ '

for every (u*(t),v(t)) € R? x Ng(vo). It is clear that the system of equations (6.7) is
equivalent to the second and third equations in (5.8). inear stability analysis of the nor-
mal and rotational motions leads here again to the eigenvalue problem (5.25). This means
that all the results of Section 5.2 on the steady-sliding normal and rotational displacements
(uyo and ugo) as well as on the linear stability of normal and rotational motions in the
neighborhood of steady-sliding apply thus to the present problem.

Before presenting numerical results for this problem, we still need to indicate the nondi-
mensional variables used. The nondimensional displacements and time are defined again by
(5.16) and (5.29), respectively. Y in (5.16) is again given by (5.18) but now the choices
(5.17) and (5.30) for X and w in (5.16) and (5.29) are not possible since A, = 0. We adopt
here w = wy with wyo defined by (5.27) and

X=Y/m, (6.8)

With these variables, the nondimensional governing system is again of the form (5.31)
with K =C =0,% =0 and M, P, Q, J as in Section 5.3.1 but with m, replacing the
parameter s in all its occurrences. The nondimensional vector of applied forces is now

—F/W

F = ™My,

0

6.2 Numerical Results

Similarly to Section 5.3, interesting situations arise when the governing parameters (h, f. 2.
m,,, mr and l,) are chosen so that the steady-sliding of the block is unstable.

For each set of parameter values we perform a transient analysis, starting with a small slid-
ing velocity towards the left (@;; = v < 0) and with normal and rotational displacements
and velocities (i, oo, Uy, e1) assuming values that result from the superposition of a small
perturbation (Pu, ue,” v,,” ve) on the steady~sliding state (uyo,ue0.vyo = 0,v00 = 0). Ar-
bitrarily, the initial tangential displacement (i )is assumed to be zero. The initial conditions

are thus

U =0
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Uyo = Uyo +P Uy
tigo = ueo +” ue
Ugl = Vgo < 0
'l_lyl =P Uy

Ue1 =" ve

In a manner similar to the study in Section 5.3, the instability of the steady-sliding
originates a growing normal and rotational oscillation (Figures 6.2 to 6.5) which produces a
variation of the maximum instantaneously available friction force.  As a result, the body
advances intermittently with successive periods of stick and slip. The average contact friction
force for that intermittent motion is smaller than the constant applied force F so that, in
average, the body accelerates as shown in Figures 6.6 to 6.8. As the average tangential

speed of the body increases two apparently distinct types of behavior were observed:

1. for values of the friction parameter f smaller than some critical value, dependent on
the other parameters involved, and after the body attains a sufficiently large average
speed, no more stick states are possible (see Figs. 6.9 and 6.10) and the normal and
rotational oscillations cease to increase and remain bounded (Figures 6.2 to 6.4) while
the body advances with an average velocity that is much larger than its initial value
(Figures 6.6 to 6.8)

2. for values of f greater than such a critical value, the normal and rotational oscillations
keep growing (Fig. 6.5) and the body advances in an irregular manner, jumping and
tumbling; since periods of stick continue to occur whenever contact is established (Fig.
6.11), the body keeps accelerating for all the time spanned by our analysis (Fig. 6.6
for f=0.9 or 1.2).

A precise mathematical characterization of the behaviors described above is not yet
available. We remark here onlv that, in case (1) above, the complexity of the observed

1

trajectories, the “size” and “thickness” of the regions (in the four-dimensional space of the
variables u,, ug, vy, vg) to which the trajectories are attracted depend on the values assumed
for the various parameters. Consequences of this on the tangential motion are illustrated in
Fig. 6.6 (the larger the friction parameter f, the larger the sliding velocity attained) and
in Fig. 6.7 (the larger the normal damping parameter Z, the smaller the sliding velocity
attained). In Fig. 6.8 we show that the final average sliding velocity attained in case (1) is

not affected by changing the small initial sliding velocity or the small perturbations to the
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f=8.6 m =my=2.5 2=0.8 Newmark’s Method (Beta=1/4 Gama=1/2)

Figure 6.2: Phase plane plots of the normal oscillation of a rigid block acted by a tan-
gential force equal to the critical force of static friction obtained with Newmark’s method.
f=06h=045m, = mr = 2.5;2 = 0.0. Motion of the type (1) in the text.




f=8.6 m,=m=2.5 z=8.8 Central-difference Method

’
“y

Figure 6.3: Phase plane plots of the normal oscillation of a rigid block acted by a tangential
force equal to the critical force of static friction obtained with the central difference method.
f=0.6;h=045m, =mr =2.5;2 = 0.0. Motion of the type (1) in the text.
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A
f=8.6 my=mT=2.5 2=0.0

Figure 6.4: Phase plane plot of the rotational oscillation of a rigid block acted by a tangential
force equal to the critical force of static friction. f = 0.6;h = 0.45:m, = my = 2.5; 2 = 0.0.
Motion of the type (1) in the text.
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Figure 6.5: Phase plane plot of the initial part of the normal oscillations of a rigid block
acted by a tangential force equal to the critical force of static friction. for a large value of
the friction parameter f = 1.2; h = 0.45: m, = mr= 2.5; # = 0.0. Motion of type (2) in the
text.
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Figure 6.6: Effect of the value of the friction parameter on the tangential motion of a rigid
block acted by a tangential force equal to the critical force of static friction. h = 0.45:
m, = mr=2.5; 2 = 0.0. For f = 0.3,0.6 the motion is of type (1) and for f = 0.9,1.2 the
motion is of type {2).
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m = mT-ln-E.S
f = 0.6
H/L = 8.15

Figure 6.7: Effect of the value of the normal interface damping parameter (Z) on the tan-
gential motion of a rigid block acted by a tangential force equal to the critical force of static
friction. h = 0.15:m, = my =1, = 2.5: f = 0.6. All the motions are of tyvpe (1}.
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Figure 6.8: Effect of various initial conditions on the final average velocity for a motion of

tvpe (1).

h = 0.45. m, =mqg = 2.5, f=06:2=040
I vyo=-0.01. Pr,= Prg= <001 Pu,= Fuc=0
2 vy = -0.01. v, = -0.01. Pu, = Yun = ‘oo =0
3 v =-0.04 Pr,=-0.0l. Puy = Tue= T =0
4 ;0= —-0.01. Pv, = -0.01. Puy, = Yup = feo= 0
5 vy = =001, v, = Frg= =001, Puy = Tu. =0
6 v, = =0.01. Pry = 0.01. Pu,’ = Yu.= "1 =1
T U0 = -0.01. "(‘(, = —0.0]. 711_\\ - tu o= o=
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Figure 6.9: Computed values of the ratio: instantaneous friction force/instantaneous normal
force (Xr-(t)/|1Z,, (1)) my, = my = 25; h = 045 f = 0.6; # = 0. Motion of the type
(1) in the text. After the initial accelerating phase the body acquires a sliding motion with
continuous contact. Not all the computed values are plotted and, for clarity, no line connects
the successive plotted values.
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Figure 6.10: Computed values of the ratio: instantaneous friction force/instantaneous normal
force (E7.(t) /|Eny(¥)]). m, = mr = 2.5;h = 0.15; f = 0.6; 2 = 0. Motion of the type (1)
in the text. After the initial accelerating phase the body advances with successive periods
of contact and no contact, but sliding occurs whenever contact is established. Not all the
computed values are plotted; for clarity, no line connects the successive plotted values; for
no contact situations, the value zero is arbitrarily assigned to the ratio £r,/|Z,,|.
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Figure 6.11: Computed values of the ratio: instantaneous friction force/instantaneous normal
force (Erz(t)/|Esy ()]). mn =mp = 2.5; h = 0.45; f = 1.2;3 = 0. Motion of the type (2)
in the text. For all the time spanned by the analysis the body keeps accelerating; periods
of stick exist whenever contact is established. Not all the computed values are plotted; for
clarity no line connects the successive plotted values; for no contact situations the value zero
is arbitrarily assigned to the ratio 7. /|, |.
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steady sliding state. Finally, we observe that during the final part of the motions of the type
(1) the observable average coefficient of kinetic friction is equal to the coefficient of static
friction (no thermal softening effects are taken into account in the present analysis).

With respect to case (2) we remark only that, as the normal and rotational oscillations
increase, the problem becomes less and less a problem of sliding friction and becomes more
and more a problem of impact with friction, for which neither the physical assumptions
(e.g. the normal interface law) nor the geometric assumptions (small rotations) used here
are appropriate. Of course, sufficient normal interface damping (2) may transform, with all
the other parameters remaining the same, a behavior of the type (2) into a behavior of the
type (1): see Figs. 6.12 and 6.13.

6.3 Discussion

Although much work has to be done before a full picture of the qualitative behavior sum-
marized above is achieved, the essential point to be retained from the previous examples is
that a rigid block, when acted upon by a tangential force equal to the critical force of static
friction, may have an accelerated sliding even when the coefficients of static and kinetic fric-
tion are equal. The same can be said also about the experiment proposed by Euler [33] with
a block on an inclined plane at the critical slope.

We need to have an idea of the order of magnitude of the sliding velocities acquired
exclusively as a consequence of the effects studied above. Of course, that magnitude depends
much on the geometries of the body and the contact. For the geometry and data in Figures
6.6 to 6.8 the nondimensional velocities u’, are of the order 1 for motions of the type (1).

Since

Uy = \/gY/mat,

we have, for g = 10ms~%,m, € [2,3] and Y € [0.3,10]um, sliding velocities in the range 1 to
7 mm/s. This means that motions of the type (1) can explain initial “jerks” experimentally
observed on the transition from repose to sliding. We observe in this respect that, in their
study on friction at low speeds, Jenkin and Ewing [44] considered a requirement for the
sclection of their experimental apparatus that “the change should be from motion to rest
ratl.er than from rest to motion, so as to avoid any jerk at the instant of passage from one to
the other state.” The importance of this consideration on the success of their experimental
work becomes clear if we notice the small sliding velocities they were able to use (0.06 to 3

mm/s) without the misleading effect of initial “jerks”. On the other hand, motions of the
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Figure 6.12: Effect of the normal interface damping on the resulting type of motion. Phase
plane plots of the normal oscillation. m, = my = I, = 2.5:h = 045, f = 0.9. z = 0.0:
motion of type (2)
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Figure 6.13: Effect of the normal interface damping on the resulting type of motion. Phase
plane plots of the normal oscillation. m, = my = I, = 2.5:h = 0.45; f = 0.9. 2 = 0.005:
final portion of a motion of type (1)
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type (2), together with thermal softening effects after sufficiently large sliding speeds are

attained, can probably explain more prolonged accelerations of the sliding body.

7

Conclusions

. Experimentally observed dependences of the coefficient of static friction on the time

of stationary contact, distinctions between coefficient of static and kinetic friction and
dependences of the latter on the sliding speed at small sliding speeds are not necessarily
intrinsic properties of dry metallic interfaces. Physically small external perturbations
and the geometric and dynamic properties of an experimental apparatus may lead to
the experimental observation of these phenomena even when the coefficient of friction

is a constant independent of sliding speed or time of contact.

. For sufficiently large coeflicients of friction and appropriate values of the other govern-

ing parameters, steady-sliding of a block-on-slideway system is dynamically unstable.
That instability results from the inherent nonsymmetry of the frictional contributions
to the governing equations and it may occur even when the coefficient of friction does

not depend on the sliding speed.

. Instability of steady-sliding leads to normal oscillations, the frequency of which is

governed by the interface normal stiffness properties and the dynamic properties of
the experimental apparatus. The corresponding oscillations of the maximum instan-
taneously available friction force originate a high-frequency stick-slip motion which in
turn leads to apparent coeflicients of kinetic fricton lower than the coefficient of static

friction, precisely as proposed originally by Budanov, Kudinov and Tolstoi.

. Also, as proposed by the same authors, increases of apparent coefficient of kinetic

friction with increasing sliding speeds may be the result of a decrease of the periods of

stick of those high-frequency motions when the average sliding speed increases.

. The same high-frequency stick-slip motions may also be associated with decreases of

apparent kinetic friction with the increase of sliding speed. This is essentially the result
of an increase of the amplitudes of those high-frequency self~excited oscillations when
the driving speed is increased. For some ranges of the governing parameters the high-

frequency mechanism (mechanism II in Section 2.6) may thus lead to effects of the
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type attributed by Tolstoi and coworkers to the assymmetry of the normal oscillations
mechanism (mechanism I in Section 2.6).

. The acceleration of a body down an inclined plane at the critical slope at which sliding

initiates is not necessarily the result of a drop of the coefficient of friction upon the
initiation of sliding. It may be solely the result of the dynamic instability of the steady-

sliding descent of the body and the consequent normal (and rotational) oscillations.

. Experimentally observed loops described by the coefficient of friction during the slip

phase of stick-slip motions are essentially meaningless if corresponding changes on
normal contact force are not appropriately taken into account. Different shapes of
those friction-velocity loops may simply result from different forms of the normal

jumps that accompany the sliding portion of those stick-slip motions.
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CHAPTER 3

NUMERICAL STUDY OF FRICTIONAL
BEHAVIOR OF SLIDING SYSTEMS

1 Introduction

Contact and friction phenomena have been of interest to researchers since the historical works
of Amontons [1699] and Coulomb [1785]. Experimental results on friction and corresponding
theories developed before the early 1960’s are summarized in the books of Bowden and Tabor
(1950,1964]. As a general rule, the explanation of all aspects of frictional behavior has been
attributed to specific properties of the contacting surfaces. In particular, the difference
between static and kinetic friction was assumed to be an intrinsic property of the frictional
interface.

It was not until recently that the importance of the dynamic characteristics of the testing
apparati in the results of frictional experiments was explicitly noted. Although discrepancies
between results of frictional experiments performed on different apparati were observed by
various researchers (see, e.g., Burwell and Rabinowicz [1953], Bodner and Tabor [1964]), the
first clear statement of importance of dynamic characteristics and vibrations of the appra-
tus is due to Tolstoi {1967] and Tolstoi, Borisova and Grigorova [1971). These researchers
analyzed experimentally kinetic friction in the presence (and absence) of vibrations. They
concluded that the interface coefficient of friction does not explicitly depend on sliding ve-
locity, and the difference between the apparent static and kinetic coefficients of friction is
the consequence of microscopic vibrations, inevitably accompanying frictional sliding.

This observation was confirmed by experiments of other researchers, investigating the
influence of vibrations on the static and kinetic coefficients of friction—Weic [1962], Pohlman
and Lehffeldt [1965], Godfrey [1967] or more recently Broniec and Lenkiewicz [1980], Aronov,
D’Souza, Kalpakjian and Shareef [1984] and Chiou, Kato and Abe’ [1987].

Observations and ideas presented by Tolstoi led Oden and Martins [1985] to a new ap-
proach to analysis of dynamic friction. They considered a relatively simple constitutive
model of the interface, with a power law normal response and the coefficient of friction in-
dependent of velocity. This model was combined with an analysis of motion, in particular
of normal vibrations, of the slider, to give apparent kinetic coefficient of friction different—
in general—from the interface coefficient of friction. In their numerical studies Oden and
Martins [1985] obtained a good qualitative modeling of general experimental observations.
Some of their recent results are presented elsewhere in this report (Chapter 2).

The above approach was later studied by Becker and Tworzydlo [1988) who applied it to
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numerical modeling of reduction of static friction by vibrations. The obtained results were
in very good agreement with experimental observations of Tolstoi [1966).

In this chapter we investigate further possibilities of application of the Oden/Martins
mode] to realistic modeling of phenomena of dynamic friction. Our analysis focuses on the
typical pin-on-disk experimental appratus, which is a good representative of a broad class
of mechanical sliding systems. In particular, we study self~excited oscillations of the slider,
identify basic mechanisms leading to these oscillations as well as parameters of the system
affecting their occurrence.

The general objective is to obtain both qualitative and quantitative agreement between
our numerical predictions and experimental observations. As a particular object of our
computations we have selected the representative pin-on-disk appratus, investigated experi-
mentally by Aronov, D’Souza, Kalpakjian and Shareef [1984].

The chapter is divided into two general parts. In the first part (Sections 2 through
5) we present a brief discussion of the most important phenomena, affecting the nature of
dynamic friction and the value of kinetic coefficient of friction. We also present formulation
of a boundary-value problem for two elastic bodies in sliding contact. A specially defined
reference frame is devised to represent the motion of the sliding deformable suface (e.g.,
disk). A variational formulation of the boundary~value problem and two versions of it’s
discretization are presented.

In the second part of this chapter (Sections 6 through 10) we present a study of frictional
behavior of a pin-on-disk appratus. We identify the basic mechanism of occurrence of self-
excited oscillations and analyze the most important parameters of the system which affect
this occurrence (stiffness, damping, angle of attack). Then, by means of transient analysis,
we study the motion of the system in the self-excited zone and the resulting reduction of
the kinetic coefficient of friction.

The theory, numerical approach and observations presented in this report can be gener-
alized to a variety of mechanical systems with friction. Still, further research is necessary in
order to enable more general practical applications. The most important directions of this
research are identified in the last section of the report.
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Part I
Formulation

2 Remarks on the Nature of Dynamic Friction

In this section we will review the most important phenomena, which affect the nature of
dynamic friction, various forms of frictional sliding and the value of the kinetic coefficient of
friction.

In the spirit of our remarks on importantce of the overall dynamic characteristics of the
sliding systems, we will classify each analyzed phenomena into one of the two groups:

A. phenomena resulting primarily from properties of the interface, and
B. phenomena associated with the dynamic characteristic of the system as a whole.

Our review will be based primarily on representative experimental works and numerical
experiments of Oden and Martins [1985], continued and extended by Becker and Tworzydlo
[1988]. Some remarks will inevitably anticipate results presented in Part II of this paper.
All of the phenomena considered in this section are listed in Table 1, which also contains a
brief description and evaluation of each.

2.1 Dynamic Instability of the System

Dynamic instability of the system is a typical phenomenon of group B. The general idea
is that if the system under consideration is dynamically unstable, then any perturbation
of the so-called steady-sliding equilibrium position causes propagation of oscillations and
occurrence of high amplitude vibrations of the systems, called self-excited oscillations and
perceived as frictional noise or squeal.

Different types of these vibrations have been studied experimentally by several investiga-
tors, including Soom and Kim [1983], Ko and Brockley [1967], Bhushan {1980}, and Arcnor.
D’Souza, Kalpakjann, and Shareef [1985]. The first numerical study of this phenomenon was
presented by Oden and Martins [1985], who estimated frictional stability of a rigid block slid-
ing on a rigid surface by the analysis of eigenvalues of linearized equations of motion of the
system (equation 5.10 in this paper). This line of research was continued by Becker and
Tworzydlo [1988], who have identified the mechanism of instability as the coupling between
normal and rotational vibrations of the slider in presence of friction.

The detailed analysis of the problem of dynamic instability and self-excited oscillations
will be presented in Part II of this work.
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Here we will only mention that once the self-excited oscillations have occurred, they can
be the reason of other occurrences, like the reduction of the coefficient of friction, stick-slip
motion or normal jumps of the slider.

2.2 Rate and Time Dependence of the Static Coefficient of Fric-
tion

The time or rate dependence of the static coefficient of friction are typical phenomena of
group A. Historically, the first one observed by researchers was time dependence of the static
friction. It was believed (see, e.g., Sampson, et al. [1943], Rabinowicz [1958], Brockley and
Davis [1968)) that at zero time of stick the static coefficient of friction was equivalent to the
kinetic coeflicient, but then its value increased with the time of stick.

This growth of the coefficient of friction was explained by increase of the real contact
area due to viscoplastic deformations of asperities under the static normal load. Various
formulas expressing the time change of u, were proposed. The one in best agreement with

the experimental observations was proposed by Kato, Sato, and Matsubayachi [1972] in the
form:

ps(te) = oo = (Koo — po)e™ ™" (2.1)
where:
L. - time of static contact,
ks - the static coefficient of friction,
to -  the static coefficient of friction at zero time of stick,

Usoo - the asymptotic value of the static coeflicient of friction after long time of static
contact,

7, M - parameters.

However, more recent experimental works of Johannes, Green, and Brockley [1973] and
Richardson, Nolle {1976] showed that the phenomena assigned 1o the time dependence of the
static friction should rather be interpreted as the rate dependence of the static coeflicient
of friction. From specially designed experiments these authors derived a conclusion that the
final value of the static coefficient of friction depends primarily on the rate of application of
the tangential load, i.e., the higher the rate. the smaller the coefficient of friction.

The typical y, versus ® curve obtained by Richardson, Nolle [1976) is present=d in Figure
1. This curve can be described by equation (2.1), provided that the rate of application of
the tangential load is constant and that there are no interruptions to this loading. For the
more general cases of loading the authors suggested reformulation of equation (2.1) in terms
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Figure 1: The rate dependence of the static coefficient of friction — Richardson. Nolle {197¢]

of loading rate as the independent variable (they did not propose the form of this moditied
equation). In the experimental work which they presented. the authors did net suggest any
explanation of the mechanism of the observed phenomenon, which is of a somewhat different
nature than that of time dependence of static friction. It seems that the most natural
explanation is the visccplastic growth of the area of junctions due to combined tangential
and normal loads, described within the purely plastic range by the early theory of junction
growth of Bowden and Tabor [1964]. Since the process is of viscoplastic nature. one can
expect smaller junction growth, i.e., the smaller coefficient of friction. at high rates of the
tangential load.

In the context of kinetic friction, which is of primary interest in this work. rate dependence
of the static coefficient of friction can be important in the case of stick-slip motion. In this
case rate dependence can strongly affect the value of tangential force, at which the slip
occurs. This. in turn, can influence the nature of motion of the slider, the value of apparent
kinciic coefficient of friction, etc.

2.3 Dissipation of Energy During Normal Oscillations

The normal oscillations of the slider are usually accompanied by severe deformations of the
surface asperities, during which some dissipation of energy occurs.
Generally this dissipation is due to:

1. visco-elasto-plastic deformations of asperities and wear debris. and




2. viscous properties of lubricants.

The main dynamic effect produced by this dissipation is the damping of normal oscilla-
tions of the slider. Moreover, since most of the dissipation occurs when two bodies approach
each other, the additional effect of oscillations is a slight rising of the slider, which in turn
results in certain reduction of the real contact area and of the coefficient of friction. This
effect was observed experimentally by Tolstoi [1966].

It should be pointed out that the viscoplastic deformation of asperities is of a complex
nature and therefore difficult to model exactly in the phenomenological constitutive model
of the interface. However, for the sake of general modeling of vibrations of the slider the
damping effect produced by this deformation can be represented by a nonlinear damping
term in the constitutive law of the interface (see Hunt and Crossley {1975], Oden and Martins
[1985], and Tworzydlo and Becker [1988]). The corresponding model will be presented in
section 4.3 of this paper.

It should be pointed out that modeling of dissipation of energy on the interface by the
damping term only is a very rough approximation of real phenomena. Moreover, due to
oversimplicity of this model and lack of reliable experimental data, estimating values of
coefficients of damping is very difficult. Results of impact experiments (Hunt, Crossley
[1975]) are, due to completely different range of normal velocities, inapplicable in the case
of vibrations accompanying frictional sliding.

2.4 Normal Jumps of a Slider

Normal jumps of a slider are a very specific feature of the dynamic friction and need some
special attention. They can occur in two typical situations:

e in the case of high-amplitude self-excited oscillations,

e at the very beginning of the sliding after the static contact of two surfaces (slip after
stick).

The first type of jumps. which are easily observed in many experiments on frictional
vibrations (see, e.g., Ko and Brockley [1970], Kato, et al. (1970], and Aronov, et al. (1983,
1984]) are caused by the growth of amplitudes of normal oscillations in the dynamically
unstable cases.

The second kind of jumps was observed in the experiments of Grigorova, Tolstoi [1966].
Tolstoi [1967], and Tolstoi, Borisova, and Grigorova [1971], who investigated stick-slip motion
with precise analysis of normal displacements. They observed that “forward movements of
the slider invariably occurred in strict synchronism with its upward jumps.”

These jumps (see Fig. 2) at the very beginning of the sliding phase are significantly
different from the normal oscillations occurring during steady-sliding, which usually do not
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cause loss of contact between the two surfaces. The importance of these jumps results from
the fact that they provide strong initial impulse for the normal oscillations of the slider and
thereby activate most of the other features of the dynamic friction. Therefore it would be
of importance — especially in the analysis of stick-slip motion — to model these jumps
in the numerical analysis, for example in the form of additional perturbation of normal
displacements. Some examples of this approach were presented by Becker and Tworzydlo

[1988).

2.5 Load Dependence of the Coefficient of Friction

Load dependence of the static coefficient of friction, apart from it’s significance in the purely
static friction, also produces some additional effects in the case of dynamic friction or -
more generally - whenever normal oscillations occur. As it was shown by Becker and
Tworzydlo [1988], this effect is as follows: under constant normal load the load dependence
of u, is the reason of change of apparent kinetic coefficient of friction u in presence of
normal oscillations. In particular, if g, decreases with normal load, then in presence of
normal oscillations the apparent coefficient of friction decreases (compared with the static
friction). Reversely, if u, increases with the normal load, the macroscopic coefficient of
friction increases in presence of normal oscillations (in the absence of other effects).

It is of importance to note that at the current state of knowledge taking into account the
load dependence of the coefficient of friction in practical applications is somewhat difficult.
The reason is that load dependence of x, has a different nature for different materials and
types of surfaces. Even for the same material the data obtained by different researchers
can differ significantly and there is no agreement even with regard to the general nature of
load dependence. For example, for steel or iron surfaces some researchers (Wilson [1952],
Bowden and Taylor [1964] and other sources referred in this book) observed a slow decrease
in the coefficient of friction at light loads, rapid fall at moderate loads and then almost
constant value (Fig. 3). On the contrary, other authors suggest slight increase of the
coefficient of friction at light and moderate loads and drop at high loads (see, e.g., Tolstoi
[1967], Nolle and Richardson [1974], Buckley (1977], Bay and Wendheim [1976], Broniec and
Lenkiewicz [1980]). Apart from this difficulty, in the computational part of this work we will
qualitatively illustrate the influence of the load dependence of friction on the value of the
dynamic coefficient of friction (for the particular setup considered here).

2.6 Dynamic Interlocking of Imperfections

The dynamic interlocking of imperfections is a key factor in frictional sliding. It is so not
only because it strongly affects the frictional resistance of the interface, but also because it
provides permanent excitation of normal vibrations of the slider. It is this second role that
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Figure 3: Load dependence of the static coefficient of friction of steel — Wilson [1952]
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we would like to emphasize in this paragraph.

The first researcher to clearly show the existence and importance of the normal motion of
a slider was Tolstoi [1966). Then this phenomenon was studied experimentally by Antoniou,
et al. [1976), Sakamuto, et al. [1980], Soom and Kim [1983 a, b] and Aronov, et al. [1984]. The
explanation of the source of these vibrations by interlocking of imperfections of the surface
and propositions of modeling of this interlocking were presented by Anand and Soom [1984],
Lanchon, et al. [1985] and Soom and Chen [1986). Using sinusoidal and quasi-random
model of waviness of the surface and simple model of the slider they simulated dynamic
effects observed in experiments.

It is of importance to observe that in the case of self-excited oscillations the interlocking
of imperfections provides initial impulse for oscillations, but then vibrations reach much
higher levels than those forced by waviness of the surface only (like in so-called steady-
sliding). Therefore, in this case, which is of primary interest in this paper, there is no need
for precise modeling of excitation due to imperfections of the surface and it suffices to model
only the initial impulse, which triggers further self-excited vibrations of the slider.

3 General Presentation and Formulation of the Bound-
ary—Value Problem

The primary object of our interest in this report is a typical pin-on-disk apparatus, which
is a good representative of a broad class of mechanical sliding systems. The computational
model of such a setup should, in general, be three-dimensional.

However, if one is interested primarily in the motion of the pin and the deformation of the
disk in the vicinity of pin, the behavior of the system can be modeled by a two~dimensional
model of an elastic body A in contact with another elastic body B, moving with a prescribed
velocity U (Fig. 4).

It is of importance to note that we are only interested in deformation of certain part of
body B, which is currently in the neighborhood of contact zone. If one focuses attention on
this portion, it can be represented by a hypothetical frame F, with material matter “fowing”
through the frame with the prescribed velocity. The exact definition of the frame F and
reformulation of equations of body B in terms of deformation of frame will be presented in
the next section. Here we will present the most general assumptions for the model presented
in Fig. 4, which are as follows:

o deformations of bodies A and B are infinitesimal,
e materials of the two bodies are linearly elastic,

e initial gap between A and B is small.
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A more detailed specification of assumptions will be presented in the subsequent paragraphs.

In the formulation of a boundary-value problem for the model of Fig. 4 we will as-
sume that all vectors and tensor fields are well defined and sufficiently smooth, so that all
necessary derivatives are well defined. Our notation corresponds to the general notation
of continuum mechanics. In particular, boldface symbols are reserved for points, vectors or
tensors, and symbols with indices represents their components in certain coordinate systems.
When applicable, capital letters correspond in general to reference configuration while small
letters correspond to (one of) current configurations. Moreover, whenever it is essential, the
configuration will be indicated by explicitly stating the time variable.

Since in our analysis we deal with two bodies and a specially defined frame, objects as-
signed to particular bodies will be indicated by a superscript A, B, or F unless this assignment
is clear from the context.

Detailed explanation of all symbols will consequently be presented in the text.

3.1 Equations for Body A

The body A, which represents the slider, is assumed to be linearly elastic and subject to
small deformations. Therefore the equations of motion for body A are of the standard form:

div T+ b= pa in 04 x [0, 7] (3.1)

a = u and T is the Cauchy stress tensor, calculated in terms of displacements as:
T = E(Vu)

where E is the fourth rank elasticity tensor, satisfying standard conditions of symmetry,
boundedness and ellipticity.

In addition to the above equation one can define a variety of boundary conditions, the
most typical being proscribed displacements up, prescribed tractions f or elastic support
with prescribed displacements ug:

u = up on I'4
Tn = f on I'g (3.2)

Tn = Kg(u-wug) onTl%
Moreover, we need to specify initial conditions:
u(0) = wuy in A

(3.3)
#(0) = wo in Q4
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‘ where p is the density of material, b is the body force vector, a is the acceleration vector
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Figure 4: Two elastic bodies in sliding contact
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It should be noted that, since rigid translation does not change the deformation gradient, the
above equations are also valid in the case of finite translations superimposed on infinitesimal
deformations of body A.

3.2 Representation of the Moving Body B by a Frame F

In this section we formulate cquations of body B in terms of frame ['. "We assume the
following:

1. Strains and rotations in body B are infinitesimal.

2. The body is subject to the overall rigid translation with prescribed, constant velocity
U. The current deformation of body B at time ¢ is a composition of this overall motion
and infinitesimal, dynamic deformations due to contact with body A.

3. Properties of the body B are homogenous along the direction of U.

4. Body B extends infinitely along U and its boundaries in the reference configuration
are parallel to U.

The general idea of introducing the frame F is to extract the above-mentioned rigid
motion from the deformation of body B, so that the frame would stay in contact with body
A and represent the essential deformation of body B due to dynamic contact forces.

To make this idea more precise, consider the system in the reference configuration at
time to = 0 and in deformed configuration at time ¢ (see Fig. 5).

In particular, consider the segment of the body 1§(t0), which at the reference time {5 = 0
is “under” body A. Let us identify frame F (15) with this segment so that

2" (XF,t0) = XF(to) = XB(to) = 2B( X5, 1o) (3.4)

where (X, t) is the current position of a particle X and superscripts B and F refer to body
B and frame F, respectively.

At time t > t; the portion B moves away from the neighborhood of A, but another
segment comes into contact with A. In order to have a reference frame still in contact with
A, we require that at time t the frame corresponds to this new segment, denoted by 5.

This means that we want current position of frame F to correspond to the configuration
of B,

=" (XF t) = 2P (X8 1) (3.5)
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in particular of the material part which is currently in contact with body A. This is guaran-
teed by selecting:

X8 = xF - U (a)
or (3.6)
XF = XB 4+ Ut (b)

Equations (3.3) a1~ (3.6) represent basic kinematic r<lalion between frame F and body B.
The result of such . definition is that the frame F is not an Eulerian frame fixed in space,
but represents the essential part of the motion of body B (like its vibrations), with only the
overall prescribed motion extracted from the velocity field.

The above concept of a frame resembles the so-called Arbitrary Lagrangian-Eulerian
(ALE) description of deformations, developed for the fluid-structure interaction by Kennedy
and Belytschko [1981), Donea, Guiliani and Holleux [1982] or Schreurs, Veldpous and Brekel-
mons [1985]. The basic difference is in our approach to the relation between the two control
systems, given in the references, rather than in the current configuraiton.

3.2.1 Kinematics of a Frame

Relations (3.5) and (3.6) are the basis for the kinematic description of body B in terms of
frame F, in particular relating displacements, velocities and accelerations in the two descrip-
tions.

Displacements of body B and frame F are defined by
uf = £F - XF
uB =28 — XB
which, after application of (3.5) and (3.6) leads to the correspondence
uP(XB 1) = uF(XF,t) + Ut
or (3.8)
uB(z,t) = uF (2, t) + Ut
It is easy to observe from (3.6) that

Ve(:) = Ve(-) (3.9)

where Vg and Vi represent material gradients w/r to particles of a body and frame, re-
spectively. Then from equation (3.8) one can conclude that

Veul = Viul (3.10)
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Figure 5: Motion of body B and frame F
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This means that the strains calculated for the frame are identical as the strains in the body
(the part that currently corresponds to the frame).

Velocities and accelerations of particles of body B are expressed in terms of appropriate
time derivatives of vector fields defined on B, for example a vector field w = w(z?,t) the
time derivative in

D B .
E XBﬁxed 'U)(X ,t)z—a—t(X ,t)

In order to express this material time derivative for fields defined in frame I one can use
chain rule combined with the relation (3.6) to obtain:

D F _ a ’F s ¢

EW(X R t) = E’UJ(X ,t) + (VF’U))U (3.11)
or for scalar fields

—l—)—a(XF t)= —a(X )+ (Vra) - U (3.12)

Dt ’ ot ’

Application of formula (3.11) to positions Z of body B and noting that eB(X5,t) =
2F(XF 1) leads to the following expression of velocities of body B in terms of velocities of
“particles” of a frame F:

vB = oF + (VezF\U (3.13)

If we want to express the above formula in terms of displacements rather than positions of
“particles” of a frame, then with the use of (3.7 a) we obtain the relation

vB =0 + U+ (VpuF)U (3.14)

In an analogous way one can express accelerations of particles of body B, defined by

D
B_ Y B
T =Di IXBﬁxedv
in terms of accelerations of “particles” of a frame, defined as

s D

d
— F _ F F
= DX fixed? T Y (X7.1)

Substitution of formula (3.14) and application of (3.11) yields the final expression:
af = af + AVeoF)U + V((VeuFUU (3.15)

This formula shows that accelerations of material particles depend on both the velocity field
and deformation (curvatures) of frame F.
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3.2.2 Conservation Laws in Frame Description

In this paragraph we will derive basic conservation laws for body B, expressed in terms
of the reference frame F. In our derivations we will consequently use the assumption that
the derformation of body B consists of infinitesimal deturmation superimposed on rigid
translation.

Prior to evaluation of conservation laws let us observe that deformation gradients for
both body B and frame F can be presented as:

FB =14+ Vguf, FF=T4+vViuf

Recalling observation (3.10) from the previous section, we conclude that the deformation
gradients for body B and frame I are equal

FB - FF (3.16)

and for small gradients of displacements they are arbitrarily close to the identity tensor.
This also means that
FB = FF = I 4 o(Vpu®) (3.17)

det FB = det FF 1 (3.18)
In view of the above result, conservation of mass for body B takes the form:
p(X5,0) = p(=®,1) (3.19)

where €8 = 2B(X 58 1).
It is easy to observe that from (3.5) we have p(z?,¢} = p(zF,t). Moreover, from (3.6) one
can easily deduct that for homogenous distribution of density along U, p(xB,0) = plzF 0.
Then the final form of conservation of mass in the frame descrip.ion is:

p(XF,0) = p(=F 1) (3.20)
The equation of momentum for body B is of the form:
divgTB + b® = pBab

where, in view of (3.17) and (3.18), T® is a Cauchy stress tensor, b2 is the density of body
forces in the current configuration, and a? is the acceleration of particles of body B in the
current configuration.

If we observe that:

e current configurations of body B and frame F are identical,
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o corresponding deformation gradients are identical (3.16),

o physical properties for corresponding particles of Body and Frame are the same (by
the assumption of homogenity along U,

and use (3.15), then we arrive at the equations of motion in the frame description

div ¢ T + 8F = pFla” + 2(Vro)U + Ve((Veu")U)U] (3.21)

3.2.3 Boundary Conditions for Body B

Boundary conditions for body B depend on the actual system to be modeled. However, due
to specific motion of this body, one can formulate a general type of boundary conditions
applicable in this case.

In general, since body B is constantly sliding, its boundaries parallel to the direction of
motion can be supported by a variety of rollers or bearings; rigid, elastic or with damping
properties. The corresponding equations expressed in terms of deformation of frame are of
the form (compare with Fig. 4)

uf -n=0 on T{x [0,7]
(TFn) n=—ku-n on I'E x [0,T) (3.22)
[ (TFn) n=—-dvF-n on T'f x [0,7)

It was generally assumed that body B extends infinitely along direction of U. However, we
would usually model only the segment of body B in the vicinity of the contact zone. Then
the simplest boundary conditions for boundaries perpendicular to U would be

uf =0 on I'F x [0,7)

which means that particles of B have velocity U on these boundaries.

3.3 Model of the Interface
3.3.1 Definition and Assumptions

The interface beiween the two bodies A and B is — in our approach — the uypothetical
medium of very small thickness, covering surfaces of contacting bodies. It represents proper-
ties of asperities, oxide and containinant layers on the surface of real bodies. The boundaries
of the surface layers may, for example, correspond to surfaces passing through the tops of
higher asperities and bottoms of the deepest grooves on the surface (see Fig. 6).

The most important assumptions for the contact surfaces and interface are the following:
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Figure 6: Continuum model of the frictional interface

1. All surfaces (I'4,T4",TE T2") are smooth (C!)

2. Thickness of both layers is small compared to the dimensions of the body

HA a
I + max (7,?’%) =1 forA=AF

where p? is the local radius of curvature and L is a typical size of the body

3. Changes of thickness are small

oH?4

1+ EIEY

~]1 forA=AB
where S parameters the contact surface.

Moreover, we will assume in this work that the initial gap between the surfaces 1s small
and known a priori (for details of calculation of gap one can refer for examples to Kikuchi.
Oden [1988] and references therein).

After applications of loads on the system the two surfaces come into contact, so that
sections of I'4", T8 Lecome a common contact boundary Tc.

The important conclusion of all the above assumptions and the assumption of small
rotations of bodies A and B is that in the contact zone the normal vectors to both sides can
be considered to be identical:

NAXA0)=n?(X41)= -NB(X5B,0)= -nB(XxB1) (3.23)
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where particle X? is located opposite particle X in the current configuration.

Moreover, from the macroscopic point of view we can identify the surfaces 2, I'? and
[c in the sense that various objects can be referred to any of these surfaces and that the
surface integration can be carried out on any of them.

3.3.2 Kinematics of the Interface

If one takes into account the assumptions presented in the previous paragraph, then approach
(or penetration) on the interface can be calculated as:

a(XA4 1) = uR(XA 1) - G(XH) (3.24)
where U is the relative normal displacement of body B with respect to body A:
uR(XAt) = uR( XA 1) - n?

with

uf(XA,t) = uB(XB 1) — uA( XAt
where X2 is the particle opposite X on I'C. The sliding vector is defined as the projcction
of the relative dispiacement on the surface parallel to I'c:

d(X4t) = ul( XA 1) —uR( XA, t)n?
and in our two-dimensional case represented by the scalar
d=uf =uf{(X4 1) ¢ (3.25)

where t is the vector parallel to ['c. In our description, which represents body B by the
frame F, we should use formulas (3.8) to express penetration and sliding distance in terms
of displacements of a frame.

Application of (3.8) and observing that by (3.23) n# is orthogonal to U. renders the
following expressions:

a(X*,t) = (uF (X7, 1) —ut (XA, 1)) -0t - G(X4) (3.26)
d( X4 t) = (uF(XF t) —ud (XA 1) -t + Ut (3.27)

In the constitutive equations of the interface we will also use rate of approach @ and sliding
velocity d, which are calculated as appropriate time derivatives. Before carrying out these
calculations it is important to observe that for fixed X4 location of XF which is opposite
to X# changes.




If we recall our basic assumptions (small strains and rotations, small initial gap, orthog-
onality of  to U on I¢) and locate XF by means of normal projection of X* on T'¢,
then:

dXF(X4t) . g

—g = (or—vr)t
where v, vf are tangential velocities of particles X4, X¥. Then the time derivative of u’
in (3.27) and (3.27) can be expressed as

dxt
dt

duf (X7, 1) ouF(XT 1)
dt - ot

+(Veuf)

where duf /6t = vF.
Using the above formulas we obtain the following expressions for the rate of approach
and relative sliding velocity:

@ = (v,’:, - v,’\‘,) + (vg - v’T‘) (VF’U,F) t-nt (3.28)
d=(vf —vf) (1+ (Vrul)t-t) + 10| (3.29)

Moreover, if we recall in (3.29) that gradient WV pu’ is small (in the sense of norm of linear
operators) then we obtain simplified expression for d

d=(Vf - V) + U] (3.30)

We cannot, however, make this simplification in (3.28) because we do not know a priori
the proportion between normal and tangential velocities of body A and frame F.

3.3.3 Constitutive Relations for the Interface

When formulating constitutive equations for the interface one should observe that the inter-
face consists of two separate layers, often of different properties. Therefore, in the general
approach, constitutive properties should be estimated for each layer separately, and the
overall equations of the interface should be based on these properties.

On the other hand, we are usually interested in properties of interface as a whole, and
moreover, such is the nature of experimental results. Therefore one can define material
constants which represent the interface as a whole, remembering that for dissimilar materials
one should define these constants for each pair of materials separately.

The constitutive equations of the interface applied in this work are based on the O-
den/Martins model and consist of two basic equations:

e normal interface law,
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o friction law.

The normal response law is of the form
—on = —cya™ + bya'Na ' (3.31)

which corresponds satisfactorily to experimental observations at moderate loads, reviewed
by Back, Burdekin and Cowley [1973].

The first term in this equation represents elastic response of the interface, while the
second damping term models dissipation of energy during normal osdcillations. As mentioned
earlier, the nature of this dissipation is fairly complex and the above term is only supposed
to model the overall damping effect produced by the viscous propertics of surface asperities,
contaminants and lubricants. The coefficients by, Iy are usually assumed to be constant —
see Hunt and Crossley [1975] and Oden and Martins [1986]. However, since the energy is
dissipated mostly in the approaching phase of normal motion, it may be more realistic to
assume by dependent of the phase of normal motion, e.g., in the simple form:

by(a) = by, Ha>0
(3.32)
bv(a) = by, ifa<O.

At this point it is important to emphasize that so far there exist no methods of evaluating,
even approximately, the value of the coefficient by (Iy is usually assumed to be equal to my).

An attempt to estimate a reasonable range for the coefficient by was presented by
Tworzydlo and Becker [1988]. In this work some of these results will be used.

The next constitutive equation of the interface is the friction law, which in the applied
model is of the form:

ifa<0thenor=20

if @ > 0 then |o7| < cr(a)™T and
(3.33)
lor| < er(a)™T = d =10

lor| = cr(a)™T = d = Aot (A > 0)

where index T refers to the direction tangential to the contact surface.

It is important to observe that the friction force is the function of the normal approach
of the two surfaces which, in turn, depends on the normal force. The actual value of the
static coefficient of friction can be expressed in the form:

o= &T jimr-my) (3.34)
CN

144




so that if my = my, this model represents the Coulomb friction law with g = L.
In terms of normal stress on the interface the equation (3.34) can be recast in the form

c fidds o -
= g (—on) ™ (3.35)
en™

where it was assumed that a = 0 (static friction). From equations (3.34) and (3.35) one can

easily observe that there are at least two ways of modeling load (or penetration) dependence
of the coefficient of friction

1. by considering my # my. However, in this case y at loads decreasing to zero will
either decrease to zero (for mz < mp) or grow to infinity (for my < mpy).

2. by assuming m7 = my and ¢y dependent on normal load (or penetration). This
approach seems to be more general and will be used further in this work.

Another important observation is that within this model the value of friction force is not
uniquely defined in terms of displacements (in particular tangential displacements). In order
to avoid difficulties resulting from that fact, the friction law is usually regularized. One of
the possible regularized forms of friction law is (for two-dimensional problems):

or = cnal7 P (d)

where

(2-|'§')§ if [{] < e
(&) =

sgn ¢ if [€] > €

™

(3.36)

is the regularization function.

The details of regularization of the friction law are discussed elsewhere in this report

(Chapter 2).

4 Variational Formulation of a Boundary—Value Prob-
lem

It is useful, for the sake of numerical solution, to recast the boundary problem formulated
in the previous section in a weak, variational form. Since, as it was mentioned, friction force
in (3.33) is not uniquely defined in terms of displacements, the corresponding variational
formulation takes the form of variational inequality (see, e.g.. Oden and Martins [1985].
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Kikuchi, Oden (1988, Panogiatopoulos [1975], Bohm [1985], Duvaut and Lions [1976], and
many others). If, however, the regularized version of friction law (3.36) is used, then the
variational formulation becomes an equality of a form similar to the principle of virtual
power. For our model the variational problem with regularized friction law is:

Find u(t) : [0,7] — V such that:

< #(a(t)),w > +e(u(t), w)+ < k(u(t)),w > +

(4.1)
+ < c(v(t)), w > + < p(u(t), v(t)), w > +
+ < gJ(u(t),v(t)),w >=< f(t),w > YweV
with initial conditions:
u(0) = uy in{d
(4.2)

v(0) = v inf

In the above formula V is the space of admissible displacements V = {weH'(Q), vo(w) = 0
on 'p, wy = yn(w) =0 on TR} where Q@ = Q4 UQp, v and vy are relevant trace maps
and the symbol < -, - > represents duality pairing on V' x V.

The exact form and meaning of consecutive terms in (4.1) will be explained below. For
the sake of clarity we will not distinguish bodies by extra superscripts — this assignment is
defined by the domain of integration. The consecutive terms denote:

< i(a),w >=/ pa-wdz-{-/ pa®? - wdz
4 Qp
- virtual power of inertia forces, where a® is expressed by (3.15),
e(u, w) =/ T - (Vw)dr
Q
- virtual power of internal stresses,
< k(u),w >= / Krpu- wds + / _kunwnds
ra re
- virtual power of supporting springs,

< c(v),w >= /F coywyds
rD
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- virtual power of supporting dashpots,

<p(u,v),w> = /FaN(u,v)w,{‘,ds

c

= /rF on(u, v)wkdA — /r;f on(u, v)wids

- virtual power of contact normal forces on the interface.

: F Co A
< j(u,v),w >= _/I‘{ Or(u,v)wypds — /I‘g Or(u,v)wrds
- virtual power of friction forces on the interface

<p(t),w>=/b-wdz+ p - wds
Q e
- virtual power of external loads.
The symhols used in the above formulas are defined in the preceding sections.
It can be shown by standard procedure that the above problem is — for sufficiently
regular fields — equivalent to the original boundary-value problem with regularized friction.
The question of existence and uniqueness of a solution to the problem (4.1) will not be
addressed in this work, and we will focus on a numerical solution of its described form.
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5 Discretization of the Boundary Value Problem

5.1 Finite Element Discretization

For the sake of solving the variational problem (4.1) using a finite dimensional model, we
approximate displacements, velocities and accelerations by the functions from space V* C V,
expressed in the form:

ul(e,t) = i u'(t) V()
I=1
N
vh(z,t) = Y k v/(t) ¥(x) (5.1)
J=1
N
at(z,t) = ) a'(t) ¥(z)

[
it
-

where N is the number of discretization nodes in the domain, u"(z,t)...a"(x,t) are dis-

placements, velocities and accelerations of nodes, and ¥/(z) is the shape function associated
with node I.

For such defined approximation of displacements the discretized version of (4.1) is of the
form:

Find uh(t) : [0,T) — V* such that

< i(ar(t)), wh > +e(ul(t), wh)+ < k(uh(?), w" > +

(5.2)
+ < e(v™(t)), w" > + < p(ul(t), vh(t)), w" > +
+ < J(uh(t), v (1)), wh >=< f(t),w* > Vwh e V"
with initial conditions:
ub(0) = ub in QF
(5.3)
v*(0) = vt in Q"

By the standard procedure, namely using divergence theorem in a(u"(¢), w") and requir-
ing that (5.2) be satisfied for every w", we obtain equivalent form of (5.2):

MR(t)+(C+C)R(t) + (K + K)R(t) + (5.4)
P(R(t), R(t)) + J(R(t), R(t)) = F(t) (5.5)
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with initial condition:

R(0) = Ro
(5.6)
R(0) = Ro
In the above formula:
R, R, R the column vector of nodal displacements, velocities and accelerations,
M,D. K standard mass, damping and stiffness matrices.
C.K damping and stiffness matrices resulting from additional inertia terms for
frame F,
F consistent nodal load vector,
P.J vector of consistent nodal forces due to normal and frictional response of the
interface, respectively.
The components of vectors P and J for each element can be calculated from:
€pp = — Lm onndU8i(A)ds A= AF
(e) (5.7)
JIA] = - [) O’thlpgl(A)dS A = A,F
e FC
where
1 if A = A
i(A) = (5.8)
-1 if A = F

while components of additional element matrices ¢)C, (VK for elements covering frame F
are given by

©OCr = 2/(;)0,; pU Y Uy 640d92,
(e) )

Kiu = [C)QFP\I)IWJ,anmUnékldQe (5.9)

= _/ p\pl.n\pJ,mUmUnékldQe
()QF
It is of interest to note that the matrix C is nonsymmetric.
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5.2 Incremental Equations of Motion

The semidiscrete equations of motion, presented in the previous section, are—due to non-
linearity of response of the interface—generally nonlinear.

However, for the sake of analysis of infinitesimally small vibrations around some pre-
scribed configuration of the system, defined by Rg = 0, Rg = 0, one can use the linearized
version of 5.5:

MR+(C+C+C"+CR+(K+K+ K"+ KT)(R- Rg) = AF  (5.10)

where R — Rp is the infintesimal increment of displacements, M, C,C, K have the same
meaning as in 5.5 and matrices KV K7, C" C7 can be calculated as derivatives at Rg:

N _ OP
K" = 5gr
T _ aJ
K = 7gm
(5.11)

cv = 2P
oR

T _ 0J
¢ = OR

with the use of formulas presented in Section 4.

5.3 Rigid Body Model

In our numerical analysis of an experimental setup, which will be presented in Part II of
this paper, we will use a relatively simple model consisting of three rigid bodies connected
with elastic springs and linear dashpots. The use of such a model will be justified in Part
II, where we will briefly present forms of equations of motion (5.5) and (5.10).

The model, presented in Fig. 7 and representing experimental setup shown in Fig. 8
consists of two rigid bodies, A and C, and a rigid frame F. Body A corresponds to the
pin, body C represents the heavy block on which the pin was mounted, and rigid frame F
represents the moving disk (body B). The dimensions of each body are length L and height
H.

Each of the bodies has three degrees of freedom: displacements of center of mass U, U,
and counterclockwise rotation 6. s s s

Frame F and body C are supported by elastic springs of stiffnesses K ., Ky, K9, A = F,C,
and body A is connected with body C by means of three springs I\’f‘C,K;“C, K=, For
each of these springs there may exist a corresponding dashpot.
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Rigid body model of an experimental pin-on-disk apparatus.

Figure 7




Regarding kinematics of the model, we will assume, in agreement with the general model
presented in Section 3 that displacements are basically infinitesimal, with a possible large
translation of assembly A U C along the disk F.

The initial configuration of our model is presented in Fig. 7. However, in order to model
different angles of attack, we will permit some initial rotation 8 of frame F. This rotation is
assumed to be moderate in the sense that cos@ ~ 1 and sin 6 = 6.

Since the original pin used in the experiment was of the circular cross-section, we allow
variable destribution of thickness of the pin b%(s),s € [~L4/2,L*/2] (this is important in
calculations of response of the interface).

The approximation of displacements for each rigid body can formally be written in the
form similar to (5.1).

uz(X,Y,t) = Up(t) + (cos 0(t) — 1)(X ~ X) +sin0(t)(Y - ¥)

uy(X,Y, ) = Uy(t) —sin0(t)(X — X) + (cos 8(t) — 1)(Y — Y) (5.12)

where u-(X,Y,t) is the displacement of any point in the body, U.(t), U,(t), 8(t) are discrete
displacements defined in the center of mass, and )o( , Y is the reference position of the center
of mass (of the given rigid body). Approximation of velocities and accelerations can be
obtained by appropriate time differentiation of the above formula.

For such defined discretizations the equations of motion are of exactly the same form
(5.5) as for the finite element model, with the displacement vector

R={U2, U} 6%,---0°)T. (5.13)

and loads:

F={FAF}NFP- FOY (5.14)

The mass matrix for this model is of the diagonal form:
M= [MA MA 1A, I°)] (5.15)

and the stiffness matrix K is:
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[ KA-C 0 0 0 0 0 -Kp° 0 ~-DEKA-¢ 1
0 Kp-° 0 0 0 0 0 -K}C 0
0 0 KM 0 0 o0 0 0 —Kpc
0 0 0 KF 0 0 0 0 0
0 0 0 0 KI' o 0 0 0 (5.16)
0 0 0 0 0 KF 0 0 0

~-KA-¢ 0 0 0 0 0 Ko 0 DKA-C

0 -K}¢ 0 0 0 o0 0 Ksgs 0

| —DKA-¢ 0 -K#=¢ 0 0 0 DKA°C 0 Koo |

where D = dA=C and K77 = KC+ K2~% Kgg = KC 4+ KA=C, Ko = K§ + K#~C + KA-C D2,

Since the body B is rigid, the additional stiffness matrix K is zero and the additional
damping matrix has only two non-zero elements Css = 2UMF, Cys = 20 MFOF. The two
vectors P and I, representing normal and frictional response of the interface, are of the
form:

P = {PA P PA PF, PF PF 0,0,0}

T v ,
(5.17)
I = {1212 18,1F,1F I ,0,0,0}
where the consecutive components can be expressed in the form
P} = /rg b4(s) [cNa(s)"'” + bN(d)a(s)”"d(s)] ds
P} = —pP}.68
Pf = / b (s) [ewal(s)™s + by(a)a(s)¥a(s)s] ds
PF = —pA i = z,y,0
(5.18)
JA = —@c(d')/r b3 (s) er(a)a(s)™ds
(o}
Jp o= Jp-68
J¢ = JpoHD
T 2
JF = —J# 1=1z,y,0
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In the above formulas s spans the “bottom” of the pin and I'Z is the line of actual contact

between pin and disk, determined by a(s) > 0. Approach a can be calculated from a formula
consistent with (3.24):

a(s) = UyF - U: — 564 + sFaF (5.19)
where ) -
sF(s)=UA-UF + 0AHT + 0FHT +s (5.20)
and the sliding velocity on the interface is given by the formula consistent with (3.29):
. - . F . A . 3
d=Uf+Uf+—H§—0F——E;——0"+U (5.21)

The linearized equations of motion for the rigid body model are of the same form (5.10) as
for the Finite Element model. The matrices KV, K7, C" CT occurring in this equation
can be cbtained by simple differentiation of the above formulas according to (5.11).

5.4 Remarks on Methods of Solving The Equations of Motion

In our approach the frictional behavior of the sliding system is modeled via transient solution
of the system of equations of motion (5.5) or, in some caces, via analysis of natural frequencies
of linearized equations (5.10).

The primary method of transient analysis was the Newmark Method, with the adaptive
time increment applied previously by Cden, Martins {1985]. In some cases, primarily for
verification purposes, the standard Gears or Adams integrators were applied (general purpose
library routines were used). The natural frequencies of the linearized system (5.10) were
calculated via the solution of the eigenproblem:

MMy Cc+C+CN+CT W+ (K+K+ KN+ KT)=0 (5.22)

which was obtained by the Householder method. The eigenvalues and eigenvectors of this
system are, due to nonsymmetry of matrices, co nplex variables.
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Part 11
Analysis of Frictional Behavior of
Pin-on-Disk Apparatus

6 General Presentation of Numerical Examples

In the following few sections we will apply the model developed in the first part of the report
to the analysis of frictional behavior—in particular, stability—of a typical pin-or.-disk setup.

As the particular object of our analysis we have chosen the apparatus applied by Aronov.
D’Souza, Kalpakjian and Shareef [1984] in their experiment on frictional vibrations. The mo-
tivations for this choice were the documentation of both their experimental setup and results.
and the relative simplicity of the applied apparatus as well as interesting results regarding
self-excited oscillations and evolution of the kinetic coefficient of friction at increasing loads.

The motivation of our analysis is to further develop understanding of the nature of
dynamic friction and to verify the applicability of the model presented in Part I to modeling
of behavior of frictional systems.

In particular we would like to:

~ identify the most important parameters affecting the occurrence of self-excited
oscillations

— study the nature of motion of the system in the self-excited zone
— model the difference between static and kinetic coefficients of friction

— identify further directions of development of models of friction and relevant com-
putational methods

It i1s important to point out that, although our basic reference experiment performed
by Aronov, et. al [1984] was very well documented, still some data necessary in numerical
modeling are missing and were not measured at the time of the experiment. That is why in
sonie cases we used information presented in other works (e.g., constitutive constants for the
interface). Moreover, we often “perturbed” the data from the basic data set, usually in order
to better illustrate specific features of frictional behavio: of the system under consideration.

As it was mentioned, the understanding of mechanisms of frictional stability and differ-
ence between static and kinetic friction is still far from being complete. In fact, one of the
primary goals of this paper is to further develop our understanding of these phenomena and
the most important parameters affecting them.
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That is why we have decided to use as simple as possible—but still representative--
a mechanical model of the system. This model, consisting of several rigid elements. was
presented in the previous section. However, since this model can be considered as a certain
variant of discretization of the problem, we can cautiously generalize our observations to
more complex mechanical systems and other discretizations, in particular Finite Element
models.

Our analysis consists of several stages. First we analyze the stability of frictional sliding
at a wide range of loads. The stability and occurrence of self-excited oscillations is estimated
by means of eigenvalue analysis of linearized equations of motion (5.10) and the results are
confirmed by a transient analysis of full nonlinear equations of motion (3.5).

This transient analysis was also the basis for the modeling of the kinetic coefficient of
friction, in particular drop of friction force in the zone of self-excited oscillations.

In the last sections we have extended our analysis to include angles of attack different
from zero angles of attack. This analysis—which is beyond the actual program of the orig-
inal experiment—gives a very interesting conclusion regarding sensitivity of the nature of
frictional sliding to the angle of attack.

7 Summary of Experimental Results

The main goal of our numerical analysis was to model frictional behavior of an experimental
setup, described by Aronov, D’Souza, Kalpakjian and Shareef [1984]. The detailed descrip-
tion of the apparatus is presented by these authors in the above referenced paper. Here we
will briefly present the basic coinponents and simplified sketch of the experimental setup
(Fig. 8).

‘L he apparatus consists of a rotating iron disk (1), 200mm in diameter, and a steel pin
(2), 5mm in diameter. The pin is mounted on an elastic arm (3), fixed at one end. A heavy,
rigid block (4) was fixed at the same end as the pin. It is of importance that the pin was
not really fixed to the supporting arm. A force transducer was sandwiched between the pin
and the svpporting arm, so this connection did actually have some compliance.

During the experiment the normal load was exerted on the pin by applying a moment
at the fixed end of the supporting arm. The iron disk was rotating at constant angular
velocity, such that the average sliding speed of the pin was equal U = 46cm/s. The part
of the experiment which was of greatest interest to us consisted of aralysis of evolution of
the kinetic coefficient of friction and occurrence of self-excited oscillations at normal loads
increasing from 0 to 200 N.

The experimental results are shown in 9, which is a simplified version of Fig.9 by Aronov.
et al. [1984]. The figure presents a plot of the kinetic coefficient of friction versus normal
load on the pin. There are four general regions on this plot: (for detailed description refer
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Figure 8: Experimental appratus used by Aronov et al. [1983]

to Aronov. et al. [1984].

I. Region of steady-state friction with very small vibrations caused by interlocking of
imperfections on the interface

II.
II1.

IV,
It is of importance that the coefficient of friction plotted in Fig. 9 was not measured on

the interface, but was estimated by measurements of deformation of the end of the supporting
arm. Therefore it can be considered to be an apparent or macroscopic coefficient of friction.

Region of nonlinear friction with small vibrations

Transient region with periodic bursts of self-excited oscillations accompanied by drop
of the apparent kinetic coefficient of friction

Region of self-excited oscillations. i.e.. high-amplitude oscillations perceived as a fric-
tional noise. In this region the kinetic coefficient of friction was lower than in other
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8 Analysis of Stability of Frictional Sliding

The occurrence of self-excited oscillatinus is the consequence of dynamic instability of the
system, that is, the situation in which any perturbation of steady-sliding causes growth of
oscillations and eventually occurrence of high-amplitude vibrations. This obsevation was
made by Aronov, et al. [1984] and modeled numerically for a simple test model by Oden
and Martins {1985]). However, these researchers did not specify the reasons or circumstances
that can create such situations. This problem was further studied by Becker and Tworzydlo
[1988] and their general observation was that:

The self-excited oscillations occur when the natural frequencies of normal and
rotational vibrations of the slider (in contact with a slide line) are relatively close
to one another. Then the existence of friction causes coupling between rotational
and normal modes and, as a consequence, frequency coalescence and propagation
of self-excited oscillations.

The above observation will be discussed in more detail in the following sections. At this
point it is important to observe that the crucial parameters in the analysis of stability are
all parameters affecting normal and rotational vibrations of the system.

If one looks at the model of experimental appratus presented in Fig. 8 one can observe
that the frequency of rotational oscillations of the slider depends primarily on the torsional
stiffness of the supporting arm. On the other hand, frequencies of normal vibrations depend
strongly on the stiffness of all elements between the slider (rigid block in Fig. 8) and the disk.
Since the frictional interface is generally quite stiff, the compliance of connection between pin
and block becomes extremely important. That is why in the computational model presented
in Fig. 7 linear springs were introduced between body A (pin) and body C (block). These
springs represent the compliance of force transducers and other elements between the pin
and the block. It should be pointed out that this is a simplified approximation, since the
characteristics of the real connection was probably strongly nonlinear. This characteristic
was, of course, not known in the experiment (it was not considered important and, moreover,
it is very difficult to measure) and it will be one of primary parameters estimated and studied
in this work.

8.1 Basic Computational Model

The model of experimental setup used in our computations was already presented in Section
3, Fig. 7. The basic data corresponding to the parameters of the experimental apparatus
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are (notation corresponds to that of Section 3):

1. Body A (pin):

L 0.5 cm  (circular cross section)
H = 1l5cm
M = 229721073 kg
Jo = 4.6663-107* kg
2. Body C (block):
M® = 45kg
J§ = 96.0kgcm?
d4~¢ = 3.085 cm
K¢ = 845.6-10° kgs ~? (8.1)
K¢ = 7139-10% kgs™?
K = 4325-10° kgs 2 cm 2
3. Body F (disk):
LF = 20cm
HF = 8cm
MF = 10.0kg
MF = 240kg
JF = BIG
F F F
K: = K, = K¢ = BIG

In the above data BIG represents a big number so that the support of the disk (shaft,
bearings) is considered—in the basic data set—to be rigid. This was assumed at this stage
due to the lack of experimental data, but in further analysis this assumption is relaxed.

The material constants for the interface were calculated from the table presented by
Back, Burdekin and Cowley [1973] for the surface finish corresponding to that of disk and
pin. These data are:

e = 125 kg cm®®s?

cr = 03125-10° kg cm?>® s7?

mr = 2.5 (8.2)
my = 2.5

by = In=0

and they correspond to the coefficient of friction u = 0.25 (see equation (3.34)). The stiffness
of connection between pin and block is defined in the forthcoming sections. It can be noted
that, in this basic set of data, there is no damping in the system whatsoever.
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8.2 Estimation of Stability via Eigenvalue Analysis
8.2.1 The Basic Algorithm

In the analysis of stability of frictional sliding we follow the general procedure used by Oden
and Martins [1665). ‘Lhis procedurc cousists of two stages:

1. Assume that there are no vibrations of the slider (steady-sliding) and find the equil-
librium position in this state.

2. Perturb this equilibrium position and analyze dynamic stability of motion of the sys-
tem.

Solution of the first stage is equivalent to solving the equation of motion (5.5) under the
constraint, that velocities and accelerations are zero (except for prescribed velocity of the
disk U). Then (5.5) reduces to the quasistatic nonlinear equation:

(K+K)+POR)+JOR)=F (8.3)

which can be solved by the Newton method. The solution of this equation corresponds to
the steady-sliding equilibrium position.

This situation is, of course, idealized, since interlocking of the surface asperities provides
permanent small perturbations of this equilibrium position. If the system is dynamically
stable, vibrations caused by this interlocking do not propogate but stay at a low level,
percieved as a steady sliding (zone I in Fig.9). If the system is, however, dynamically
unstable, after perturbation of the steady-sliding equilibrium position the oscillations grow
and reach high values corresponding to zone IV in Fig. 9.

The stability of motion of the slider after perturbation of the steady-sliding equilibrium
position can be estimated by transient analysis of (5.5) or, in a simplified version, by analysis
of the stability of linearized equations of motion (5.10).

The latter can be reduced to the solution of the eigenvalue problem:

MX+(C+C+C+CA+(K+K+KV+ K" =0 (8.4)

Due to existence of damping and asymmetry of the matrix [K+ KN+ KT) the eigenvalues
of this problem are, in general, complex. The dynamic stability of the system is determined
by the values of real parts of these eigenvalues. In general there are three situations possible:

1. Re(A;) =0for:=1...n- wecan expect stable oscillations about the static equilibrium
position,

2. Re(X;) < 0fori = 1...n - we can expect stable oscillations which are gradually
damped out,
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3. Fs.t. Re();) > 0 - we can expect unstable, growing oscillations.

It is important that this analysis of eigenvalues establishes only the stability of the lin-
earized small oscillations about the equilibrium position. This gives only the initial estimate
of the behavior of the model, which is essentially nonlinear.

8.2.2 Influence of Normal Stiffness on the Stability of Frictional Sliding

As stated before, the key factor in the occurrence of self-excited oscillations of the slider
(understood here as a pin-block assembly) is the frequency of its normal vibrations when
the pin is in contact with the disk. The self~excited oscillations occur when this frequency
is close to the frequency of rotational oscillations which, for the model under consideration,
is determined by the stiffness of supporting arm K¢ and is almost constant under all loads
(about 126 Hz). The normal stiffness of the system depends on the stiffness of the supporting
arm K yC , stiffness of the interface, and of the spring K *~¢. The last value was not determined
in the experiment and, as a matter of fact, it was not considered important. Therefore one
of the goals of this work is to point out the importance of this factor and study its influence
on the occurrence of self~excited oscillations.

Before performing this study it is necessary to show how, for given parameters of the
system, the range of instability zone is established.

As a representative example we select the basic data set presented in Section 8.1 with the
normal stiffness K=¢ = 2.9.10° kg s~? and other springs assumed temporarily to be rigid:
KA-¢ = Kg¢ = BIG. If we consider this system without friction, then the dependence
of normal and rotational frequencies on the normal load is represented by dashed lines on
Fig. 10. These two curves intersect at the value of normal load Fy = 24N. Introduction of
friction (4 = 0.25) into the system provides coupling between normal and rotational modes
and coalescence of corresponding frequencies in the vicinity of intersection points (solid lines
on Fig. 10). The corresponding eigenvalues have positive real parts, so this zone is the
region of dynamic instability and, as a consequence, self-excited oscillations. The width of
this instability zone increases with increasing value of the coefficient of friction.

The above analysis was performed for various stiffnesses K;"'C and thus the general
range of unstable zone was established. This zone is presented in a logorithmic scale in Fig.
11. It can be observed that if the compliance of all elements between pin and rigid block
is disregarded (K;"“C — 00), then instabilities occur at very small values of normal forces,
quite different than in the experiment.

On the other hand, at]&':'c = 2.057.10° kgs~? the self-excited oscillations occur at
loads greater than 185N, which corresponds well to experimental observations. This value
of K:‘c was therefore included in the basic data set for the model of experimental setup.

The detailed plot of frequencies of normal and rotational vibrations in this case is pre-
sented in Fig. 12. It can be observed that the width of instability zone depends strongly
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on the coefficient of friction, and perturbation of x from 0.25 to 0.30 reduces normal force
corresponding to onset of self-excited oscillations to 120N.

This sensitivity of the range of self-excited vibrations to the frictional properties of the
interface can explain existence—in the experimental observations- of the region of transient
friction with periodic bursts of self-excited oscillations (zone III in Fig. 11). According to
experimental researchers in this zone “the mean value of friction force increases with time
at a constant normal load” and “when the mean friction force reached a sufficiently high
value, a temporary burst of self-excited vibrations would occur and the friction force would
instantly fall to a lower value” (Aronov, et al. [1984]).

This observation is in perfect accord with sensitivity of the range of instability zone to
the coefficient of friction, presented in Fig. 12.

8.2.3 Influence of Other Parameters on the Frictional Stability

The normal compliance of a pin-to-block connection is, as it was shown, a crucial factor in the
occurrence o, self-excited oscillations. In this paragraph we will present analysis of influence
of some other parameters of the system on the stability of frictional sliding. However, we
did not analyze parameters, which role is relatively easy to anticipate (like stiffness of the
supporting arm), but we focused our attention on selected parameters, which give not so
easily predictable results. In particular, analyzed were: \

— stiffnesses KA~C and K;47C of a pin-to-block connection,

— stiffness of the disk support.

From the numerical study which will not be presented here, the conclusion can be drawn,
that horizontal and rotational stiffnesses of a pin-to-block connection have virtually no effect
on natural frequencies of vibrations of the slider (pin-block assembly) and, therefore, on
its frictional stability. However, at certain values of stiffness K7~ the natural normal
and rotational frequencies of the pin itself can be close enough to permit self-excited, high
frequency oscillations of the pin. For example, for general data given in section 8.1 and:

KA = 24 x10° kgs?
K#© = 24x10° kg cm? s72 (8.5)

M = 025

the plot of rotational and normal frequencies of both the pin and the block are presented in
Fig. 13.
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It can be seen that self-excited oscillations of pin and block can occur independently and.
at certain range of normal loads, there are actually two self-excited modes of different fre-
quencies. For more complex systems this observation can be generalized to predict the whole
spectrum of self-excited modes, each of them corresponding to different noises generated by
the system.

In the analysis presented so far the disk was assumed to be fixed in the normal direction
(due to lack of relevant data). However, in practical systems, shaft and bearings have certain
compliance, so that disk can also vibrate during rotation. Therefore the question arises: Can
self-excited oscillations occur due to coupling between motion of the slider and the disk, for
ezample, rotational vibrations of the slider and normal (i. e., along the shaft) oscillations of
the disk? The answer to this question is positive. In order to illustrate possible situations
of this type we have perturbed the normal stiffness of the supporting arm (in order to avoid
coupling between rotational and normal modes of the slider) and assumed compliant disk
support. In particular, for the data:

K¢ = BIG
(8.6)

KP=13710" kg s7?

we have ohtained graphs of frequencies of normal vibrations of the disk and rotational vi-
brations of the slider presented in Fig. 14 and the zone of self-excited oscillations similar to
previously presented examples (but now both disk and slider vibrate).

Again, like in previous cases, this observation can most probably be generalized to more
complex multi-component sliding systems and suggests the existence of considerably complex
modes of self-excited oscillations, with dynamic coupling between different elements of the
system.

The above few examples illustrate sensitivity of the stability of frictional slidir~ to various
parameters of the system. The significance of many of these parameters can be intuitively
anticipated by analysis of their influence on frequencies of normal and rotational vibrations.
It is of importance to observe that introduction of damping into the system, apart from the
overall damping effect, alters frequencies of natural vibrations. Thus, it can, in some cases,
actually shift the system out of or into the instability zone. The role of damping will be
studied in Section 10.

8.3 Transient Analysis of Self-Excited Oscillations

The eigenvalue analysis presented in previous paragraphs estimates dynamic stability of
infintesimal linearized oscillations about the steady-sliding equilibrium position. The closer
modeling of the behavior of real systems can be obtained by transient solution of nonlinear
equation (5.5) after small perturbation of equilibrium position. Such computations were

168




() (angular frequency)

A
8.000] #10 °

7.975

7.950. /
/"’l’
), (SUDER) /,/’ —
7.9254 o - ___%::- ——————
-

7.900

7.8754

self-excited
oscillations

7.850

7.825
....... no friction

7.800. p=.25

7.775
FN

~

H T 1 L T T S T 1 R -
.00‘ .500 1.000 1.500 2.000 2.500 3.000 3.500 4.000 4.500 5.000

7.756

Normal Force [N]

Figure 14: Self-excited oscillations in the case of coupling between normal node of a disk
and rotational mode of a pin

169




performed and confirm predictions of the eigenvalue analysis. For example, Fig. 15 presents
a history of normal velocity of the block obtained for our basic set of data presented in
Section 8.1 with the following additional parameters:

FA-C
Ixy

Fn

Pu

At

Ks

2.057 kg s~*
200 N
0.01 em/s
(8.7)
001 cm/s
107%  sec
0.25

In the above data p, is the small initial perburbation of the normal velocity of the block.
€ is a regularizations parameter in friction law and At is a basic time step (automatically
adapted during further analysis). It is evident on the figure that oscillations of the system are
actually self-excited and grow as a function of time (the same happens with rotational oscil-
lations, not presented here). This behavior complies with the predictions of the eigenvalue
analysis presented in Fig. 12. The behavior of the system at fully developed oscillations is

analyzed in the next section.

A more detailed analysis, not presented here, suggests that sufficiently large perturba-

tion can, under some circumstances, cause self-excited oscillations of the s:stems which,
according to linearized analysis, are stable. Therefore the actual instability zone may extend
slightly beyond the limits estimated by linearized analysis.
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9 Introductory Analysis of the Kinetic Coefficient of
Friction

In this section a transient analysis of motion of the system after onset of seif~excited oscil-
lations will be performed. The particular goal is to analyze changes of the apparent kinetic
coefficient of friction in the presence of self-excited oscillations, like those observed in the
experiment (Fig. 9, zone IV).

The transient analysis was performed using the Newmark method with an adaptive time
stepping procedure presented by Oden and Martins [1985]. Although the Newmark’s al-
gorithm is unconditionally stable, the selected basic time step At = 5.0107%sec was small
enough to model all frequencies of the system, in particular, high-frequency vibrations of the
pin: (order of 15 kHz). The motivation was accuracy. Since the reaction from the interface is
transferred to the block via the pin, we wanted to follow the motion of the pin with sufficient
precision.

Some of the presented compuiaiious were also repeated using the Adams-Gears integra-
tor with “arbitrary” user-specified accuracy. The results were virtually identical as those
obtained with Newmark’s method, yet the Gears integrator was much slower.

As the first example we analyze the motion of the basic model presented in Section 8.1
with the following additional parameters:

KyA_C = 2.057 kg s?

Fn = 200 N
€ = 001 em/s
(9.1)
s = 0.25
P4 = 0.0 cm
At = 5.0 x 107%sec.

where p, is the perturbation of displacements (.’;‘, Uycfrom steady-shding equilibrium position
and other parameters were explained before. This set of data, which is referred to as the
hasic data, corresponds to the zone of self-excited oscillations.

The calculated history of horizontal displacements of the slider (which reflects the appar-
ent friction force) is presented in Fig. 16. 1t can be scen that the oscillations of the system
grow, and after about .3 sec. the friction force temporarily drops. It was verified that this

reduction of friction force oceurs whenever the sliding of the pin turns into the microscopic




stick-slip motion in phase with rotational vibration of the slider as a wliole. However, for this
particular model the reduction of friction force is only temporary, which is not in agreement
with experimental observations. The main reason is lack of damping in the model which
allows for strong high frequency vibrations of the pin iuself, which interfere with the stick
phase of the microscopic stick—slip motion (the stick contact is disturbed). The behavior of
the system, however, changes significantly after the application of small damping into the
system, in particular into the pin-to-block connection.

This is illustrated in Fig. 17 which presents horizontal displacements of the block after

introducing dashpots into the pin-block connection. The actual damping coefficients were
equal to:

CA=C = 100 kgs!
CP=¢ = 130 kgs! (9.2)

C{#=C = 100 kgcm st

and give damping close to critical damping for the pin, but only one percent of critical. for
the slider as a whole (which consists of the pin and a heavy block). Physically, existence of
such a small damping is realistic and well justified.

As can be seen, when the self-excited oscillations reach certain levels, the value of appar-
ent kinetic coeflicient of friction drops below the steady-~sliding value. Moreover, the motion
of the tip of the pin has the form of stick-slip in accord with the rotational vibration of
the slider. This can be seen in the next figure, which presents a time history of the relative
sliding velocity on the frictional interface.

These results are in perfect qualitative agreement with experimental observations in the
zone of self-excited oscillations. However, the actual calculated reduction of the mean value
of the kinetic coefficient of friction with respect to steady-state value is about 10 percent.
which is much smaller than the experimental results on Fig. 9.

The reasonable explanation of this discrepancy is the fact that the actual value of the
coefficient of friction in the self-excited zone is extremely sensitive to the mechanical char-
acteristics of the system. For example, at a stiffness of the supporting arm slightly different
than analyzed here, there occurred no reduction of the kinetic coeflicient of friction in the
self-excited zone (see Fig. 5 in Aronov, et. al {1984]).

In terms of our numerical model it seems that the actual drop of the kinetic coefficient
of friction is related to the relative length of the micro-stick phase: the longer the stick.
the stronger the reduction of the mean friction force. The duration of stick phase depends
i turn on “strength” of the instability, which can be measured by the magnitude of the

real parts of eigenvalues of equation (8.4). This fact is confirmed by the example in which
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the stiffness I\'j‘c was changed to the value 2.4 x 10% kg s~%, which made the dynamic
instability “stronger” than in our basic example. In this case, the stick phase of microscopic
stick-slip motion was relatively longer and, consequently, the reduction of the apparent
kinetic coefficient of friction was more significant than in previous examples (compare Figs.
17 and 192).

It is important to observe that, in general, there seem to be two basic reasons which limit
the growth of oscillations in the self-excited zone. Since the instability is due to coupling
between normal and rotational modes of the system, the growth of oscillations can be limited
by some mechanisms, which alter one of the above frequencies. These mechanisms can be in
particular:

— occurrences of stick-slip motion of the tip of the pin, which tends to alter rota-
tional frequency of the slider (like in examples considered here),

— occurrence of normal jumps of the slider, which tends to alter its normal frequency.

Depending on the mechanical characteristics of the system and sliding velocity one of these
mechanisms is actually activated. If it happens to be normal jumps of a slider, there will be
no miscroscopic stick-slip and, consequently, no perceptible drop of the apparent coefficient
of friction (like in Fig. 5 in Aronov, et. al [1984)).

In the analysis presented so far the model of the interface was relatively simple, with
no interface damping introduced and the coeflicient of friction independent of the normal
load. As it was mentioned in Section 2, these phenomena can, in the presence of vibrations,
introduce additional changes to the coefficient of friction.

Unfortunately, for the system under consideration the load dependence of static coefficient
of friction or amount of damping on the interface were not known. However, for illustrative
purposes, we have solved a few examples, with necessary coefficients based on other sources.

In the first example we introduce some damping on the interface by specifying in the
interface constitutive law (3.31) by_ = 0,byy = 3.0 x 10%kg cm~* s73 with {, = 2.5. The
values of coeflicient by are estimated according to remarks presented by Tworzydlo and
Becker [1988] . At the relative normal velocities on the interface attained during self-excited
oscillation (order of 1.0 cm/s) they produce damping force of the order of 10 percent of the
elastic response of the interface. The plot of the calculated history of tangential displacements
of the slider (which reflect the measured apparent fricion force) is preseuted in the Fig. 20.
It is seen that as the oscillations grow, the apparent coefficient of friction decreases and the
final reduction of friction is more significant than in the case without interface damping (15
percent compared to 11 percent).

Additional drop of friction force was also obtained when the coeflicient of friction was
assumed to be dependent on normal load. In particular, it was assumed that at load 200V
the coefficient of friction expressed in equation (3.35) is equal to .25, while at loads decreasing
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to 0 N it linearly approaches 0.23. For such defined data, the time history of friction force
is presented in Fig. 21. Again, the drop of coefficient of friction is more significant than in
our basic case presented in Fig. 17, namely 21 percent compared to 11 percent.

The above examples show that various parameters of the interface and the system as
a whole affect the final value of the coefficient of friction in the presence of self-excited
oscillations. Hopefully, exact estimates of all involved parameters, which were impossible
in this study, should provide even better agreement between numerical and experimental
results. This issue requires further, more detailed study.

It should also be noted that the above analysis was focused on the modeling of coefficient
of friction only in the unstable zone, where the coupling between normal and rotational
vibrations was the dominant source of vibrations.

Analysis of the kinetic coeflicient of friction in steady-sliding would require proper mod-
eling of vibrations due to interlocking of surface asperities, which provides excitation of
vibrations in this zone.

10 Influence of the Angle of Attack on the Stability of
Frictional Sliding

In the preceding sections we have analyzed behavior of the system under the assumption
that the angle of attack was equal to zero, which is equivalent to saying that the surface of
the pin is parallel to the surface of the disk prior to the application of loads.

In the experiment this condition was assured by bringing the pin into contact with the
revolving disk at small normal load and allowing it to run for a distance of approximately
12-15 km. The angles of attack different from zero were not analyzed experimentally.

However, in our numerical modeling we have also considered various angles of attack,
ranging from —10° to +10°, where positive angle corresponds to clockwise rotation of the
slider in Fig. 7 (in actual computation the initial rotation was actually imposed on the
disk). These angles are within the range of applied theory, in which it was assumed that
sinf = 0 and cos @ = 1. At various angles of attack the described eigenvalue analysis before
was used to calculate forces corresponding to the onset of the self-excited oscillation and
thus the stability and instability zones were defined for angles of attack ranging from —10°
to +10° and normal forces up to 500 V.

The results obtained are presented in Fig. 22, which also shows schematically the config-
uration of the slider in each of the presented zones. It can be easily observed that generally
the self-excited oscillations occur when the point of contact is ahead of the center of the
mass of the slider, so that the slider “stumbles”. More precisely, presence of friction on the
interface is the reason for counterclockwise rotation of the slider. which, in such a config-

uration of the slider, leads to growth of normal force due to inertia of the slider. This in
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turn increases friction force and causes further rotation. Such a coupling between rotational
normal vibrations is the reason for high-amptitude self-excited oscillations.

On the other hand, if the point of contact is behind the center of the mass of the slider,
the sliding is steady. The reason is that in this situation rotation of the slider, due to friction,
causes decrease of normal and friction forces, so there is no coupling between normal and
rotational modes.

An especially interesting zone is in the vicinity of the zero angle of attack. It can be seen
that if this angle is exactly zero, the onset of self-excited oscillations corresponds to normal
force 185N (just like in Section 9). However, this value changes drastically when the slider
is rotated, so that at positive angles of attack greater than 0.005°, the sliding is steady at
all analyzed loads.

This sensitivity is somewhat stronger than one would expect in this case (aithough there
exists no corresponding experimental evidence). The possible explanation can be in the
fact that our computational model was perfectly “precise”, while real systems have various
imperfections, which somewhat “relax” the sharpness of response of the system.

Moreover, the presented analysis is based on a simplified estimate of stability of infinites-
imal rotations about the equilibrium position. As stated before, if the {ully nonlinear system
is analyzed, the instability zone may extend somewhat beyond boundaries established via
eigenvalue analysis.

In order to verify this we have performed a full transient analysis for some selected values
of angle of attack in the vicinity of @ = 0. This analysis revealed that the instability zone
near a = 0 actually reaches values of angle of attack up to 0.05° (one order higher than
from the eigenvalue analysis). This value, although still quite small, appeals better to our
intuition than the previous result.

The study presented in this section confirms well known sensitivity of stability of frictional
sliding to the angle of attack, which is one of the reasons of poor reproductivity of the
results of various frictional experiments (in the experiment of Aronov. et al. [1984]. this
reproductivity was assured by extensive pre-sliding prior to actual measurements). For the
future, more precise comparisons with relevant experiments are required.

11 Conclusions

In this work numerical modeling of frictional behavior was presented. particularly stability
of mechanical shding systems.

The good qualitative and quantitative agreement of numerical and experimental results
confirms the impertance of mechanical characteristics of a system in frictional shding and
applicability of the presented numerical approach.

The identified principal parameters affecting the occurrence of self excited oscillations.
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namely frequencies of normal and rotational vibrations, provide an intuitive insight into the
mechanism of self-excited vibrations and guidance in the way of avoiding them in the design
of sliding -vstems.

Althou.h the analyzed model was relatively simple, the observations and methods used
in this work can be applied to analysis of more complex systems, possibly discretized by
the finite element method. However, as happened even in this simple model, the coupling
between normal and rotational vibrations can. in general, take the form of a variety of
different self-excited modes occurring in one sliding system.

In particular, for contacting elastic bodies, the self-excited oscillations can have a lo-
calized form, with only certain parts of contacting bodies actually vibrating. This would
require careful analysis of all possible modes in the system.

The presented analysis reveals extreme sensitivity of the possible onset of self-excited
oscillations to all parameters of the system. For example, if the compliance of the force
transducer sandwiched between pin and block is disregarded, the self-excited oscillations
occur at completely different ranges of loads than in the experiment.

It should be pointed out that the model of the interface (generalization of Oden/Martins
model) was relatively simple, with purely elastic normal response and linear damping term
representing all dissipation effects on the interface. In the future analysis, the more gen-
eral viscoplastic model of interface should be applied (possibly bascd on micromechanics
analysis). In addition, such models should be combined with appropriate descriptions of lu-
bricants, which reduce the coefficient of friction on the interface and introduce considerable
amounts of damping.

The presented introductory analysis of the kinetic coefficient of friction in the self-excited
zone confirms the fact that the difference between static and kinetic friction is not an intrinsic
property of the interface, but also depends on the overall nature of the motion of the systems.
in particular normal vibrations, which accompany virtually every sliding contact. Moreover.
in the presence of normal vibrations, various phenomena, summarized in Table 1. influcnce
the final value of the kinetic coefficient of friction.

It is of importance to note that the transient analysis of motion of the slider is extreniely
expensive, since the macroscopic motion of the slider (observed in the scale of scconds)
results from a complicated nature of high frequency vibrations of all components of the
system. Thus, hundreds of thousands of time steps are required in order to model even
short periods of motien of the slider. Therefore, for models with higher numbers of degrees
of frecdom (like Finite Element Models), a more efficient approach to the time integration
should be devised or enormous computation times can be expected.

In summary, in our opinion, further progress in modeling of dynamic friction phenomena
will require:

— evaluation of more adequate phenomenological models of the frictional interfaces
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(based on a micro-asperity analysis and consistent with experimental results),

— further development of numerical techniques used in modeling of the motion of
the sliding systems,

— development of a solid mathematical basis for problems considered and numerical
methods applied,

—~ further comparison of numerical results with adequately designed experiments.
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CHAPTER 4
NEW MODELS OF CONTACT AND FRICTION OF
ROUGH SURFACES

1. INTRODUCTION

In this paper, we develop a new theory of contact and friction of dry rough surfaces. The
theory involves an asperity-based model of metallic interfaces in which surface topography is
characterized by a random distribution of asperity heights and curvarures The surface roughness is
assumed to be isotropic, so that a Gaussian distribution of asperity heights can be assumed, and
each asperity is modeled as a paraboloid with quite general mechanical properties. Elastic, visco-
plastic and elastoplastic response of the asperities, the latter with strain-hardening and load reversal,
can be accommodated in the model. The effects of adhesion through inter-molecular forces is also
taken into account. Sliding resistance is modeled by a micro-mechanical constitutive equation for
shear stress that is suggested by a reasonably large volume of experimental results. The final
macromodel of friction and contact is deterministic and is characterized by constitutive equations for
normal and shear stresses on the material interfacc. The theory developed herc represents a
substantial generalization of theories of contact and friction reported over the last two decades.

As is well known, attempts at developing mechanical theories for the sliding resistance of
contacting bodies date back nearly three centuries to the primitive work of AMONTONS [1699],
and some historians suggest that daVinci proposed models of friction over a century earlier.
Classical works of COULOMB [1781] pointed to the existence of asperities, perturbances on the
contact surface, which were responsible for some resistive forces. He introduced the notion of
static and dynamic coefficients of friction. This work, and the pioneering work on elastic contact
by HERTZ [1885] had a profound impact on research on contact and friction over the last century.

The classical papers of AMONTONS and COULOMB, of course, necessarily dealt with
global descriptions of friction on effectively rigid bodies, since an acceptable notion of stress and
deformation were not to be put forth until the early part of the nineteenth century. Also, we note
that HERTZ did not consider friction effects but only with the mathematical description of the
problem of indentation of one smooth elastic body into another. Nevertheless, the HERTZ solution
for elastic contact has been used as a basis for numerous models of elastic asperities designed to
simulate the deformation of material interfaces.

In a recent paper, TABOR [1981] presented an excellent summary of the current knowledge
of friction effects on surfaces and pointed to soine of the principal mechanios iesponsibie for
friction on dry rough surfaces. TABOR pointed to three primary factors contributing to the nature
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of frictional resistance: 1) the true contact area, as opposed to the nominal or apparent contact area,

«esive forces due to inter-molecular attractions, and 3) sliding resistance, which can be
determined by a number of factors, but may in particular depend upon the shear strength of
interfacial junctions or films. Many mathematical models of contact and friction have attempted to
simulate one or more of these characteristics.

The first contact model that was constructed to predict the true contact area can be found in a
paper by ABBOTT and FIRESTONE [1933], in which the contact surface was simulated in a
network of spheres that are truncated upon indentation into a hard flat. By knowing the hardness of
the softer of the two materials in contact, an estimate of the true contact area could be made,
assuming perfectly plastic deformations. Similar results, plus a large volume of experimental
evidence together with the notion of interface junctions of asperities and the importance of the shear
strength of interface materials on the magnitude of the coefficient of friction, were discussed in the
two volume treatise by BOWDEN and TABOR [1950, 1964]. These works, which summarized a
great deal of experimental and empirical data on friction that existed up to the early 1960's, were
important predecessors to modern attempts at developing continuum theories of deformable
interfaces and of friction.

An important advance in development of asperity-based models of contact is represented by
the pioneering paper of GREENWOOD and WILLIAMSON [1966], in which the rough surfaces
were viewed as a randomly distributed population of elastic asperities with randomly distributed
asperity heights. Each asperity was assumed to be spherical and elastic and its defcrmation
properties governed by the Hertz solution for elastic contacts. Experimental evidence was provided
to support the assertion, now widely held by tribologists, that for normally isotropic engineering
surfaces, a Gaussian distribution of asperities heights generally exists. In su:h models, there are no
micro-frictional effects on the asperities, such effects leading to second-order changes in contact
pressure, a result established nearly two decades earlier by MINDLIN [1949]. In a related paper,
GREENWOOD and TRIPP [1967] showed that contact of two rough surfaces with Gaussian
distributions of asperity heights on which asperity contacts were misaligned was equivalent to a
single elastic surface with a Gaussian distribution of asperity heights impending on a rigid flat. The
use of such statistical representations of surface topography has since become a popular approach in
modeling both elastic and inelastic contacts.

The GREENWOOD-WILLIAMSON model was based on the assumption that only the
asperity height was a random variable, and that the radius R of each peak was constant. Several
generalizations of such random topography models appear in the literature of the 1970's. The paper
of WHI'TEHOUSE and ARCHARD [1976] extends the random-asperity models to include random
heights and curvatures, and NAYAK [1971] provided a general approach to random surface
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modeling using notions of joint probability distribution functions. In this same vein, we mention
the work of BUSH, GIBSON, and THOMAS [1975]), who derived a joint probability distribution
density function for random asperity heights and curvatures of a random population of elliptic
paraboloids in elastic contact with a smooth rigid flat.

Such random-microtopography models that employ a deterministic function for asperity peak
shapes are called asperity models. One source of possible inconsistency in such models has to do
with the fact that a Gaussian distribution of asperity heights and curvatures for a given asperity
shape may lead to a non-Gaussian cumulative probability distribution of the surface height, an
unrealistic result for most "engineering surfaces." This problem was addressed by HISAKADO
[1974] and HISAKADO and TSUKIZOE [1974], by assuming a Gaussian PDF (probability
density function) for surface heights, with a given deterministic asperity shape, and then deriving
the PDF for peak heights. HISAKADO [1974] assumed a paraboloidal asperity shape and
HISAKADO and TSUKIZOE [1974] a conical shape. FRANCIS [1977] points out thai the
HISAKADO models may lead to unrealistic PDF's for asperity heights, since they may be strongly
dependent on the asperity shape and may become negative for paraboloidal and conical shapes.

Extensions of asperity-based models to microcontact deformation laws involving elastoplastic
deformations were first contributed by HISAKADO [1974] and HALLING and NURI [1975]
account for plastic deformation of the interface by assuming that a rough surface deforms elastically
while contacting a nonlinearly elastic flat, representing strain-hardening, with each microcontact
defined by a fully-plastic spherical indentation. Significant generalizations of these types of asperity
models can be found in the detailed studies of FRANCIS [1976,1977], who introduces the notion
of the sum surface, discussed later in the present paper. This enables one to model Gaussian
engineering surfaces with asperity shapes that are paraboloidal only at their vertices, but which have
random heights and curvatures, using the joint PDF of NAYAK [1971). Moreover, FRANCIS
[1977] also takes into account elastic and fully plastic deformations, with strain- hardening, using
functions determined empirically from spherical indentations of various metals.

We also mention that an extension of the GREENWOOD-WILLIAMSON model of spherical
asperitics with Hertzian elastic contacts, constant radii, and random heights to cases in which a
transition to perfectly plastic deformations occur was recently proposed by CHANG, ETSION, and
BOGY [1986a].

As pointed out by TABOR [1981], adhesion effects can be very important in dry contacts of
highly polished metallic surfaces. Several models of adhesion have been proposed in the literature,
and we mention the models of JOHNSON, KENDALL, and ROBERTS [1972], (the JKR
model), and DERJAGUIN, MULLER, and TOPOROV [1975, 1980, 1983], (the DMT model).
Experiments have indicated that the JKL model seems to provide better agreement with experiments
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on adhesion for polymers and, for example, rubber contacts, whereas the DMT (particularly their
extended model [1983]) produces results in better agreement with experiments on metals.

Various models of shear resistance in films and lubricants can be found in the paper of
BRISCOE, SCRUTON, and WILLIS [1973], BRISCOE and TABOR [1975], and others; see also
FRANCIS [1977]. Recently, CHANG, ETSION, and BOGY [1986a,b,c] extended the
GREENWOOD-WILLIAMSON model to include plastic deformations accounted for adhesion in a
contact model, using the DMT theory, and assumed that impending sliding would occur when the
largest principal stress at a metallic junction reached value determined by the Von-Mises yield
criterion. These models assumed a spherical asperity shape with constant radius and no
strain-hardening of the material upon plastic deformation of asperities.

We note that most of the references cited above dealt with attempts to model either contact
without sliding motion, or purely static or quasi-static friction effects. There are, however, many
dynamic friction phemomena that can be adequately modeled by continuum models of interfaces that
can adequately simulate the normal compliance of material interfaces. The importance of
compliance of an interface normal to the direction of sliding in various dynamic friction effects,
such as friction damping, and stick-slip-motion was suggested in the experiments of TOLSTOI
[1967] and was instrumental in the recent work of ODEN and MARTINS [1985] on this subject.
ODEN and MARTINS showed that if a constitutive equation for the interface, characterizing elastic
normal contact, was introduced which was consistent with early experimental results and with
asperity-based models such as that of GREENWOOD and WILLIAMSON [1966], then a tractable
mathematical theory of frictional contact could be obtained, which could produce results in good
agreement with experimental data. The ODEN-MARTINS model considered only elastic contacts
and, therefore, could not account for changes in the frictional characteristics of an interface due to
yielding or failure of asperities.

On the mathematical side, the first attempts at formulating the problem of unilateral contact in
elastostatics is attributed to SIGNORINI [1933, 1950], although the mathematical theory of
unilateral contact in elasticity was not put together until nearly three decades later in the work of
FICHERA [1966). FICHERA's work showed that the proper mathematical framework for
unilateral contact problems in elasticity, and in solid mechanics in general, lay in the theory of
variational inequalities. His work led to numerous studies of the theory of variational inequalities
during the 1960's and 1970's. The first attempt at a mathematical analysis of the Signorini problem
with friction appears in the important memoir of DUVAUT and LIONS [1972], where frictional
resistance is introduced pointwise on the contact surface using Coulomb's law. These authors point
out that use of this classical constitutive equation does not lead to a tractable theory. Indeed,
DUVAUT and LIONS announced that the elasto-dynamics problem with Coulomb friction was an
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open problem in the theory of variational inequalities and partial differential equations.

Some progress toward resolving this open problem was made by NECAS, JARUSEK, and
HASLINGER [1980], and then only for the static case and under special assumptions. One
problem with the use of the Coulomb model, aside from its poor correlation with physical
experiments, is that it does not lead to an unambiguous characterization of stress on the contact
surface; see DUVAUT [1983]. This led ODEN and PIRES (1982, 1983] and DEMKOWICZ and
ODEN [1982] to introduce non-local models of friction which, from the mathematical point of
view, exhibited the compactness requirements needed for a tractable mathematical theory (in the
sense that it was then possible to resolve the issues of existence of solution and uniqueness of
solution with the small friction, for contact problems in elastostatics). However, the simple
nonlinear constitutive models of ODEN and MARTINS [1985a, 1986] and MARTINS [1986] also
provided an appropriate mathematical framework for such theories while, at the same time,
provided a theory consistent with known properties of elastic contacts which yielded predictions of
macro-response in general agreement with available experimental results. Recently, the
mathematical analyses of extensions of the Signorini problem to cases with nonlinear interface laws
and friction have been contributed by RABIER, MARTINS, ODEN, and CAMPOS [1986] and to
elastodynamics problems with friction by MARTINS and ODEN [1987]. Further references on
contact problems and their approximation can be found in the book of KIKUCHI and ODEN
[1987].

In the present paper, we develop an asperity-based model of rough, isotropic, engineering
surfaces with random microtopography for which the mechanical response of the asperities may be
elastic, viscoelastic, rate-dependent (visco-) plastic, or rate-independent elastoplastic, with strain-
hardening and load reversal. The effects of adhesion due to inter-molecular attraction are also
included, as is sliding resistance due to either the fracture of interface junctions or to shear stresses
on interfacial films. The microtopography model makes use of the notion of the sum surface,
following FRANCIS [1977], and adhesion is described using the ideas of DERJAGUIN,
MULLER, and TOPOROV [1975, 1983] (the DMT model) and CHANG, ETSION, and BOGY
[1986b].

The phenomenological constitutive laws for viscoplasticity put forth by BODNER and
PARTON (1972] are used to model the mechanical response of the interface material. For
situations in which sliding resistance is governed by shear resistance of thin lubricant films,
microcontacts are characterized by constitutive equations suggested by the experiments of
BRISCOE, SCRUTON, and WILLIS [1973] and BRISCOE and TABOR [1975], as discussed by
FRANCIS [1977].

The analysis of a typical asperity is, in itself, a difficult problem in contact mechanics in that
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it involves the unilateral contact of a viscoplastic material body subjected to inter-molecular forces
which act on surfaces that change in measure during the deformation. We use a new finite element
method for the numerical solution of these nonlinear evolution problems and compute time histories
of the micro-contact areas and net forces as functions of time for specified macro-contact load
histories. These are then fed into the probabilistic microtopography models to yield, as expected
values, deterministic macro-contact constitutive equations for the interface.

The resulting contact and friction model generalizes all asperity-based models previously
proposed in literature. It reduces, under appropriate assumptions, to the models of GREENWOOD
and WILLIAMSON [1966], FRANCIS [1977], CHANG, ETSION, and BOGY [1986a,1986b],
and it can yield the interface constitutive laws of ODEN and MARTINS [1985]. Moreover,
important special cases of the theory are known to characterize mathematically tractable problems
(well-posed problems in a broad sense) in static and dynamic contact mechanics, and to be capable
of yielding results consistent with experimental evidence on contact and friction of engineering
surfaces. Finally, the theory can be used to model changes in the contact and friction characteristics
of surfaces brought about by yielding and viscoplastic deformations.

2. SURFACE TOPOGRAPHY MODELS

We begin by considering the contact of two deformable bodies, I and II, over a nominal

contact area Ay, as illustrated in Fig. 2.1. An element of unit nominal contact area is isolated for

study, as indicated in the figure. The average stress vector Z over the unit contact area has
components of force of magnitude P and Q normal and tangential to the unit area, respectively. The
situation is equivalent to that of two typical coupons of surface material, one taken from the material
near the contact surface of each body, pressed together with a force P normal to the tangent plane at
the center of the coupon interface and simultaneously subjected to a shear force Q tangent to the
plane. The bulk deformations of bodies I and II are ignored, our aim being only to characterize the
mechanical properties of the contact interface. The nominal unit surfaces in contact are, for the
present, assumed to be initially flat and parallel to one another.

2.1 Random Microtopography Model. It is standard practice to depict the approximate

profile of rough engineering surfaces with a profilometer or stylus, drawn across the surface, which
generally yields a jagged profile with an exaggerated vertical scale of the type shown in Fig. 2.2 a.
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We consider two such opposing surfaces 1 and 2 which are to ultimately come in contact.
Reference planes defining the mean asperity height of each surface profile are established, and we
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Fig. 2.1

Contacting bodies and coupons near the contact interface subjected to an average
stress vector of magnitude X.
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characterize the shape of each profile by introducing functions z; and z;, given the height of
asperities above the respective reference planes, i.e. the functions z; = z; (x,y), i = 1,2, with (x,v) a

point in the parallel mean-height reference planes, define the profiles of the rough material surfaces
1 and 2, respectively. The distance h between plans is the separation of the surfaces, and the
distance between actual opposing material points is denoted s. Thus, as a point (x,y) on the
reference plane, we have

s=h-z (2.1)
where z is the sum surface (Cf Francis [1977)),

2=21+2y

FRANCIS has pointed out that, from the simple fact that the sum z of the surface heights
appears in the geometric relation (2.1), the situation is equivalent to that of a single deformable
surface of height z = z| + z, approaching a rigid flat, as suggested in Fig. 2.1b. Clearly, the
undeformed surfaces overlap whenever

s (x,y) <0

As the normal load pressing the surfaces together increases, the approach a decreases and at each
minimum of the function s a microcontact nucleates and expands due to local deformaticn of the
surfaces.

It is well known in tribology that techniques us.d to produce engineering surfaces usually
produce a Gaussian distribution of the surface heights z;. Moreover, the sum z of two Gaussian
surfaces is also Gaussian; indeed, TALLIAN [1972] points out that if z; and z, are not exactly
Gaussian, their sum surface will be closer to Gaussian than either surface. If the shape of an
asperity is assumed to be paraboloidal, as have been done by several authors, then the peak heights
and curvatures are correlated random variables, with the result that a Gaussian distribution of
heights and curvatures may lead to a cumulative probability distribution of surface heights which is
non-Gaussian. As noted earlier, this issue has been studied by HISAKADO [1974], HISAKADO
and TSUKIZOE (1974], and by FRANCIS [1977], who asserts that if the peak shape is

paraboloidal only at its vertex, then the ensemble of peaks can be made to conform to the Gaussian
distribution.
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Figure 2.2 a) Profiles of opposing rough surfaces and b) microtopography
of surfaces and the equivalent sum surface z,
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To fix 1deas, we note that for a given asperity profile, one defines for the random variable
z = z(X,y) (the surface height), the autocorrelation function

1
Cixy=lim —— o [0 2.Y) 2 (X +x, Y +y) dX dY
a—oo ab

b —ee

and the power spectral density P (u,v) as its Fourier transform,

1
P(uyv) = >z JZ J: C(x,y) exp[-i(xu + yv)] dx dy

The power spectral moments are

m;; - j: foo P(u,v) ui vidu dv

and the r.an.s. roughness © is the variance,

-]

02 = C(0,0) = _Eo -0 P(u,v) dudv

If the standard deviations of z, dz/0x, 92z/0x2 are 6, 6", 6/, respectively, then the spectral width

parameter o is defined by o'2=60 " /0"2

With these notations in hand, we can define the joint probability density function for random

surface peak heights and curvatures is (Cf NAYAK [1971)).

Mm-87 (2.2)

1 3 12 1
fen (EN)=— (——)  [E2-1+exp (-£2)] x exp] -
En § 7t I—Bz 3 p(-§ p 2(1-[32)
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where B = (3/20)1/2, and & and 1 are non-dimensionalized peak heights and curvatures
( &=2zpeax/ 0 ; N=xV3/0"V2).

Let

N, = the number of sum peaks within a nominal contact area A

v = area density of asperity peaks.

Then the number of peaks in Ay is
Np =V AO

Let T denote the non-dimensional separation,
T=h/o
Then, if X is a generic variable of interest associated with the micromechanics of an asperity, X
being a function of € and 11, then its expecred value is
E(X) = J: f; XE-tn) feq Em)dn dg 2.3)
and the macrocontact expectation of X is obtained by summing X over all microcontacts:

XM= NEX) = vAof: J: XE-tn) fgaEmydndg (2.4)

The notation N” in (2.3) and (2.4) is intended to indicate that if the approach of FRANCIS [1977]

is to be used, in which the shape of an asperity is paraboloidal only at its vertex, then, instead of

writing X is a function of peak heights and radii R of curvature, we should use the modified radius
R, with, e.g.
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 being a non-analytic function of § - .

2.2 Numerical Calculation of Macrocontact Expectations. The macrocontact

expectation Y in (2.4) is to be evaluated by numerical quadrature. Toward this end, we partition the

£.n- plane into a mesh A of rectangular elements of area AEAn, and approximate ) by

N i
XA(T)=V/}JQIE X @&i- i) fep Aean

where

XEi-1.(1+0 G-

_X(gi-’C,Tlij)= if&-1>0

0 if otherwise

and
ij
fen = fen Gimp

Denoting

Xii=X &- tny)
ij
Fij = fgn AﬁAT]

the approximate macrocontact expectation of X can be written

XA(T) = VAO Z X Fij .
L)
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Our plan is to return to (2.9) once we have computed the response (particularly, the true
microcontact area and pressure) of a typical asperity to an approach history and to use (2.9) to
compute an approximate global expected value of the response, representing a macro-mechanical
model of the interface.

3. ADHESION

An important contributing factor to friction on contact surfaces is adhesion: the intermolecular
attractive forces that depend on atomic spacing and the corresponding surface energies of materials.
For highly polished uncontaminated surfaces, adhesion forces can be very large, leading to the
virtual welding of one surface to another, while for rough contaminated surfaces, adhesion effects
are often negligible. For rough engineering surfaces under common working conditions, adhesion
effects can be significant, so that a rational model of contact and friction should take them into
account.

The DMT adhesion model, proposed by DERJAGUIN, MULLER and TOPOROYV [1975]
and later refined by MULLER, DERJAGUIN, and TOPOROV [1983], attempts to characterize
the attractive forces on a spherical elastic asperity in contact with a rigid flat, assuming that the
shape of the deformed asperity is given by the Hertz theory and that no attractive forces exist in the
contact region. The JKR model, due to JOHNSON, KENDALL, and ROBERTS [1971] also
analyzes the elastic spherical asperity-flat problem with Hertz theory, but assumes that attractive
forces are confined to the contact area and that the attractive forces produce an elastic deformation of
the asperity. The JKR model has been found to be more suitable for soft materials, such as
rubbers, while the DMT model is claimed to be more suitable for harder materials with high surface
energies (se¢e CHANG, ETSION, and BOGY [1986b] and PASHLEY [1984]). Survey papers on
developments in adhesion models have been contributed by PASHLEY, PETHICA, and TABOR
[1984] and by PASHLEY and PETHICA [1985]. See also MACFARLANE and TABOR
[1950a,b].

We shall include adhesion effects in our contact and friction theory by using an approach
similar to, but more general than that of the DMT model. We continue to assume that the surfaces
are isotropic, rough, and have a Gaussian distribution of peak heights, that there is no interaction
between asperities, and that it sufficies to consider a single, paraboloidal asperity impending on a
rigid flat. Following MULLER et al [1983], we characterize the attractive adhesion pressure q(s)
as that attractive force per unit surface area, acting normal to the mean asperity height plane,
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resulting from the Lennard-Jones interaction (interatomic) potential @ of surface physical
chemistry. Then,

8A
"1&- EN 3.1)
3e S s

q(s) =
where

s = the separation of the two surfaces outside the contact area

€ = the intermolecular distance (generally € = 0.3 - 0.5 nm).

In (3.1), Ay is the surface energy of adhesion and is defined as follows: if v, and v, are the surface

energies of surfaces 1 and 2, respectively, before contact, and v, is the joint surface energy of the

interface after contact, then

AY =Y + Y - 12 (3.2)

For values of surface energies of adhesion for various metals, see RABINOWICZ [1971] or
FERRANTE, SMITH, and ROSE [1983].

The situation of interest here is illustrated in Fig. 3.1. The deformation of a typical asperity
is brought about by contact, owing to a change in the approach h of the surfaces, and by the
exertion of adhesion tractions g on the material surface, which are functions of the distance s
between the flat and the deformed asperity. Thus, if v is the displacement in the z-direction of a
material particle on the surface,

s=h-z-v

To determine v, specific material properties of the asperity must be prescribed. Frequently, v is
assumed to be small in comparison with z and is neglected. The principal mathematical difficulty
inherent in characterizing the adhesion pressure is that it is developed only on surface material
outside the contact area, which, a-priori, is unknown. We shall take up the problem of resolving
this non-linear boundary-value problem in the next section. Several concluding remarks on
adhesion are in order at this point.
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Remarks. 3.1 FULLER and TABOR [1975], using the JKR model of adhesion and the
rough surface asperity-based model of GREENWOOD and WILLIAMSON [1966], presented an

adhesion parameter 9 of the form

Ec o

=, — 33
AyvV R )

where E is the effective modulus of elasticity of the contact surfaces

-1 2 -1 2 -1
E = (I-Vl) El +(1-V2) E2

E;,v; being the Young's modulus and Poisson's ratio of surface i, ¢ is the standard deviation of

surface heights, and R the mean radius of spherical elastic asperities. The larger the value of 6, the

less significant the effects of adhesion, and for rubber spheres, experiments showed that adhesion

become negligible for 6 > 10.

3.2 CHANG, ETSION, and BOGY [1986b] presented a study of adhesion effects using the
DMT model and an elasto-plastic asperity model of the contact surface. They investigated the
importance of adhesion with varying values of surface energy and plasticity, as measured by the
plasticity index of GREENWOOD and WILLIAMSON [1966],

2E c

= ___ _ 3.4)
v tKHV R (34

where H is the Brinell hardness (of the softer of the two materials) and K = 0.454 + 0.41v,, v,

being the Poisson ratio of this material. These authors concluded that the "pull-off force" due to
adhesion (i.e., the integrated suction force due to adhesion) becomes negligible for hard steel when

the adhesion index 0 is greater than 100, as compared to 8 > 10 for rubber; the adhesion force is
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Figure 3.1 Pressures on a deformed asperity; the adhesion
pressures q due to molecular attraction and the

pressure p on the contact surface.
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negligible compared to the contact load when the plasticity index y 2 2.5 or when the surface

energy Ay <0.5J]/m2 for a sufficiently small external force. They concluded that "for smooth

clean surfaces the adhesion can be well over 20 percent of the contact load and, thus, cannot be
neglected.”

3.3 Adbhesion forces are time dependent and generally increase with time of contact, eventually
acquiring a constant value for static contacts. Thus, the static adhesion models generally attempt to
predict the maximum value of adhesion forces and can overestimate adhesion effects for dynamic
contacts.

4. CONTACT MECHANICS OF A
VISCOPLASTIC ASPERITY

We now focus on the analysis of a typical asperity in contact with rigid flat. The asperity is a
body of revolution, symmetric about its z = x3 - axis, and subjected to adhesion pressures q on its

exterior surfaces that are not in contact with a rigid flat, and to contact pressures due to its
indentation into the rigid flat. We shall assume that the asperity is composed of an isotropic
viscoplastic material characterized by a collection of constitutive equations of the internal
state-variable type. The governing equations in cartesian coordinates are listed as follows:

1. Momentum Equations. Considering quasi-static deformations for now, we have

oij,j =0 4.1
where
G, = the Cauchy stress tensor at a point X = (Xy, X, X3) € Q, Q being the open

material domain of the asperity

and Gj; is the divergence of the stress rate Gj;.

2. Strain-Rates. The rates &; of the total infinitesimal strains are given in terms of the
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velocity gradients u;; by the usual relation

1
Eij = 2— (ui,j+uj,i)

=ei‘?+e

n
j i)

i (4.2)

¢ n . . . . .
where €; and g;; are the elastic and inelastic strain rates, respectively.

3. Constitutive Relations. A quite broad class of materials is characterized by constitutive
equations of the form

c
ij = Ejjx€x
n

8“ = fij (0,2) (4.3)

zy =g (0,2)

where E;;, is Hooke's tensor of elasticities, fj;and gy are smooth functions of the stress ¢ and o
z, and z = (zy) is a vector- or scalar-valued internal state variable characterizing various
micromechanical changes in the material. Constitutive models of this type can be used to
characterize viscoelastic, elasti-plastic, and viscoplastic response of metals by appropriate choices of
the constitutive functionals; eight theories of this form, proposed by theoretical and experimental
studies of different authors on viscoplasticity of metals, are summarized in BASS [1985]. As one

example, we mention the theory of BODNER and PARTOM [1972] and BODNER and
STOUFFER [1983], for which

n

eij = fij (0')
DOGij [ 1 Hu H /317)m m+] ]
= ex - _
12 p 3 kI Y1k m
2
zZ = fij (o) oij, (4.4)
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Here 65 = oy- 81]- Okk /3 is the deviatoric stress, J; is the second principal invariant of oj; R Dy
and m are material parameters and Hy is a hardness tensor. In this case, z is scalar-valued and
coincides with the "plastic work": z = e?j jj. The parameter m is related to the strain-rate
sensitivity of the material. If the material response is such that the nonelastic strains e,r; are not
associated with volume changes, e?J can be replaced by its deviatoric part, e; This type of
theory can be used to model strain hardening, cyclic stress-strain relations for rate-dependent
plasticity,and other inelastic phenomena. Figure 4.2 contains a cyclic stress-strain curve for

titanium calculated using the constitutive equations (4.4).

4. Boundary and Unilateral Contact Conditions . The asperity can be viewed as a

paraboloidal proturbance of a deformable half-space. The condition that it cannot penetrate the rigid
flatis

u3 -s <0 on T 4.5)

where s =h - z is the distance from the asperity surface T to the flat. The contact region I',. is
defined by

.={xellu3®x) =s(x) }
Outside I', we have the traction boundary condition

O3jnj = q ; Ojnj=0ynj=0 onl-T (4.6)

where q =q (s) is the adhesion pressure defined by (3.1). Elsewhere, we have

yj(x) = 0 as IxI > 400

5. Initial Conditions. Smooth functions u%(x) and z0(x) are prescribed such that for x € Q,

0 0
u(x,0) = ui(x) ; z(x,0) = zj(x) 4.7)
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4.1 Variational Formulation. It is useful to construct a weak or variational formulation of the
initial-boundary-value problem described in the preceding subsection. We begin by introducing the
space V of admissible displacements and Z of admissible variations in the internal state variable z
; €.g.

V = { v=(v},v2,v3) | vie WIP(Q),1<p<eo, vi(x) >0 as lixll 3—-) oo )
IR

Z = {w=(w,wy,w3) | wie LI1(Q), 1<qsm} (4.8)

where W1.P(Q) is the Sobolev space of order 1,p. Of course, the specific definition of V and Z is

problem dependent, in the sense that for each time t € [0,T] the displacements u; and state
variables z; will take on values in spaces determined by the particular constitutive functionals used

in (4.3) to characterize the material. We also introduce the unilateral constraint set K and the pivot

space H:

K

{ve VIvy-s<0 ae. onl}

H

(L2 )

where I is the boundary surface of the asperity.
If ujj Cjj, and z; € L= (0, T, H), we have a.e,,
0 J’t
u; (x,t) = u; (x) + 0 Y (x,t) dt
ojj (x.t) = Gjj (x,0) + }0 ojj (x,1) de (4.9)
100 + |
zi(x,t) = z;(x) + Jo z; (x,t) dt
If ue L=(0,T,V) isthe actual displacement field existing in the body and v is an arbitrary test

function in the constraint set K, then a simple application of Green's formula yields

t
jo IQ Gij (v;j- uj;) dxdt
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= _[Q - oi,j (s, 0) (Vi,j - ui‘j) dx + jr‘ oij nj (vi- ui) ds (4.10)
since 6j;; = 0. The initial stress is given by ;.
Gij (x,0) = Ejjui ugy. Likewise, from (4.7)
,[r O'ij nj (Vi - ui) ds =
,[r_lz: q(e,h) (v3-u3) ds + L(-: G3; n; (v3-u3) ds

when q isgivenby (3.1) with s = h - z
Or, sinceonI, uy - s = 0, we have
O3jnj(v3-u3) = O3inj(v3-s) + O3;nj (u3 -s)
= O3j N (v3-s)

2 0 Vve K

Collecting these results and using (4.9) and (4.10), we are finally led to the following

nonlinear initial-boundary-value problem characterized by a system of variational inequalities of
evolution:

Given initial data u9,70 in (4.7), find (u,z) € LT (0,TK) x Ls (0,T,W)

such that for a.e, te [O,T],

T
Io IQ Ejjir [ugg - fig (G0, 2z (o)) ] (vij-uj ) dxde
0
2 IQ - oij("i,j‘ui,j(‘))dx
+ Jr-r m q(sh®)(v3-u3(®) ds
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vV ve K (4.11)

JQ z;(Hw; dx = J.Q Z(i) w; dx

+ J_(g JQ g (o(en), z (o)) dxdt
VweW (4.12)

Here, and throughout this purely formal development, it is understood that the regularity of u and
z (particularly the spaces LT and LS in(4.11), (4.12)) are determined by the regularity of the
data and the domain and by properties of the constitutive equations (4.3). Also the separation h, at
this point, is regarded as a parameter dependent on time; i.c., we wish to solve (4.11) and (4.12)
for a given time history of the separation.

4.2 Numerical Analysis. Owing to the highly nonlinear character of the variational
inequalitites (4.11), (4.12), it is necessary to employ numerical techniques to solve this problem.
Toward this end, we have developed finite element models of these nonlinear evolution equations
and a stable time marching scheme to integrate in time the resulting system of nonlinear differental
inequalities for the case in which the material is described by the BODNER-PARTOM constitutive
equations of (4.4). These sctcmes allow us to determine the net microcontact area A(h,t) and the
microcontact normal force P(h,t) as a function of h for given separation histories and material
parameters. Details of these calculations are to be given in a later report.
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S. SLIDING RESISTANCE

We now come to a point in the analysis at which it is necessary to characterize the resistance
of the rough interface to sliding (i.e., to tangential motions of the reference planes relative to one
another.) While this aspect of the modeling approach still requires much study, there appears to be
at least three methods available for this purpose. First, BOWDEN and TABOR [1950] estimate the
resistance to impending motion (more precisely, the static coefficient of friction) by calculating the
shear strength of metallic oxides junction developed on the contact surface. Similarly, CHANG,
ETSION, and BOGY [1986¢] calculate the tangential load required to reach the fracture strength of
metallic junctions as an indication of that tangential force required to produce sliding.
VILLIAGGIO [1979], on the other hand, studied the problem of contact of periodically spaced
elastic asperities and defined the load at which sliding initiates as that which reduces to zero the
curvature of the resisting elastic asperities. FRANCIS [1977] modeled the micro sliding resistance
using empirical relations based on existing experimental data.

Extensive sequences of experiments on sliding resistance of thin films, involving 27 different
materials and a wide range of normal loads, are described in the papers of BOYD and
ROBERTSON {1945}, BRISCOE, SCRUTON, and WILLIS [1973], TOWLE [1974], and
ERISCOE and TABOR [1975]. In all of these studies, it was discovered that (on a microcontact

interface) the interfacial shear stress T, during sliding was a function of the normal stress

O, = Ojjn;n; and, according to FRANCIS [1977], their empirical findings suggest that

€] +C70, for light loads
m
m < 1.4) for intermediate loads
T =

log'! [c5 +c(oy) log o]

d (log t5)
00 <c(op) <19; ———— 2 0  for heavy loads 5.1

d (log ,)

wherein loads were varied over a factor of 10 or more and starting from 15 MPa (light), 40 MPa
(intermediate) and 200 MPa (heavy). FRANCIS {1977] points out that a good approximation to
all of these cases is the simple quadratic function,
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T, = Co + €0, + 20,2 (5.2)

where ¢, €1, ¢ are material constants.

Once a micro-shear resistance is characterized, the macro sliding resistance can be computed
using the statistical summation procedures described earlier. To cite one interesting case, if the
asperity is a purely elastic sphere of radius R and modulus E, if (5.2) holds, and if the true
microcontact area is given by the Hertz solution, e.g.

A(g) = Bl A0A§A‘n i%fij (é, le')/ 43 (5.3)

then the time-averaged expected value of the coefficient of friction p can be calculated; vis.

W(_) 5.4)

wherein

h
W(-)

macrocontact normal force

Q

O'EAO
= ——— p32AkAn T &322 £ (&;np)
6mV3 T U T |

h h
FN = A [cp+c10,(=) + c20p(=)?]
lJ l_’ (o] o]

Here Aj; is the microcontact area at grid point (i,j) and o, is the microcontact normal stress
given by the classical Hertz theory.

The establishment of the micromechanicai normal response in Section 4 due to adhesion and
to changes in the approach and the establishment of the micromechanical sliding resistance by (5.1)
or (5.2) completes the description of the principal components of the friction model. Specific cases
must now be defined and analyzed before the study can continue.
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6. FUTURE WORK

The discussion in Sections 1 - 6 of Chapter 2 of this report clearly outlines the general
approach that has been taken for friction modeling. In the immediate future, the following issues
are to be the focus of our work:

1) Completion of the Contact Code and Time-Marching Algorithm. Work is underway to
develop an axisymmetric finite element scheme for solving the nonlinear unilateral contact problem
(4.11), (4.12) for cyclic loading and damage of a viscoplastic asperity. This is a difficult and
time-consuming step in the analysis.

2) Development of Micromodels. Once the microanalysis is complete, the results are to be
summed in the manner described herein to yield the micromechanical models of the interface. Such
calculations should yield a wealth of results, including estimates of the evolution of the coefficient
of friction, of damage, etc.

3) Generalizations in Structural Dynamics. Once new constitutive models for interfaces are
in hand, their use in modeling frictional resistance in structural dynamics can be investigated.
Issues relevant to such studies are the existence, regularity, and stability of solutions, the optimal
control of the dynamic response of structures with such frictional constraints, the effects of changes
in the friction characteristics due to plastic deformation, damage and wear. Finally, applications to
representative problems in structural dynamics shall be considered.
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CHAPTER 5

ON THE CONTROLLABILITY OF DISTRIBUTED
VISCOELASTIC SYSTEMS WITH FRICTIONAL FORCES

1. INTRODUCTION

The dynamics and control of distributed systems subjected to frictional resistive forces has been
an open problem in partial differential equations for many years, largely owing to the absence of a
meaningful existence theory for dynamical systems with friction. The mathematical difficulties associated
with Coulomb friction in problems of elastodynamics were pointed out in 1972 by Duvaut and Lions [1])
and have been the subject of much study in the intervening years. The finite-dimensional case has proved
somewhat more tractable, and conditions tor the existence of solutions of discrete dynamical problems
with friction have been recently reported by Létstedt [2] and Jean and Pratt [3]. The complexity of the
problem can be appreciated by reviewing the work on dynamics of systems with frictionless contacts by
Schatzman [4], Carrero and Pascali [5], Lotstedt [6], Amerio and Prouse [7], Amerio [8], and others.

In recent papers, Oden and Martins [9,10] pointed out that one of the principal sources of
mathematical difficulty was the definition of frictional stresses on the contact surfaces characterized by
Coulomb's law. However, an overwhelming volume of experimental data accumulated over a half
century suggests that this law is inadequate for modeling actual contacts and resistive forces on
deformable bodies. By characterizing the actual normal compliance of elastic interfaces, a constitutive
equation for an interface can be developed which yields results in agreement with a sizable collection of
experimental results on static and dynamic friction [9]. Moreover, the use of such interface constitutive
laws in mathematical models of elastostatics, elastodynamics, and viscoelastodynamics problems with
friction produces a tractable theory: results on the existence and local uniqueness of solutions to static
problems in elasticity with Oden-Martins [9] nonlinear friction laws were recently established by Rabier,
et al [11] and of dynamics problems on elasticity and viscoelasticity by Martins and Oden [10]. These
new theories and results set the stage for the study of the optimal control of such systems, taken up in the
present paper.

In the present study, we establish the existence of a class of optimal controls for a broad class of
problems in the dynamics of linear viscoelastic bodies with contact and friction laws of the type
introduced by Oden and Martins [9]. We are able to show, under very mild restrictions on the data, that
for a control of the form {(t)H, H being a functional characterizing all external forces on the system, a
Be H! (0,T) can be found which minimizes a functional relating the L2-distance between solutions to the
viscoelastodynamics problem and an arbitrary target motion z(e,t) over a time interval [0,T].

Following this Introduction, we introduce in Section 2 notations and record preliminary

results on the formulation of the contact problem in viscoelastodynamics. In Section 3, a weak or
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variational formulation of the problem is presented and an existence result from [10] is recorded.
The optimal control problem is introduced in Section 4 and the major results are established in
Secton 5.

We believe that these results are the first of this type on optimal control of
distributed-parameter systems in contact with friction.

2. PRELIMINARIES

We begin by considering a metallic body, the interior of which is a bounded open domain Q
in IRN (N = 2 or 3). The boundary I' of Q is smooth (at least Lipschitz continuous) contains open
subsets I, I'g, and FC such that T = -I:D UFF u-f‘c, meas (fa\-l:a) =0, a e (D,F,C]}.
Material particles (points) in Q with cartesian coordinates x;;, 1 £i <N, are denoted x, the
volume measure by dx, and the surface area measure by ds, and a unit exterior vector normal to I"
by n.

We shall assume that the body is composed of a linear viscoelastic material, the mechanical
response of which is characterized by the constitutive law,

05 = Ejgquey + Cij gy
1<ijkl <N 2.1)

where G (= O'ji) are the cartesian components of the Cauchy stress tensor, Eijkl = Eiﬂd (x) and
Ciﬂd = Cijkl (x) are the arrays of elastic and viscoelastic parameters at point x € Q, uy = uy (x,t)
are the components of displacement at x attme te[0,T] IR, u ) = du,/dx; and (*) denotes
differentiation with respect to time. The body is subjected to body forces of intensity b per unit
volume, to surface tractions t on I'y, and is possibly in contact with a moving neighboring body
on the contact surface I'c which moves relative to Q at a velocity I.JT tangent to I'~. The partial
differential equations, inequalities, and conditions governing the behavior of the body are listed as
follows:

Linear Momentum
Gj (,u),; + b = p§;  nQxOT) (2.2a)
where S (u, u) is the expression on the right-hand side of (2.1).
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Boundary Conditi

y;=0 on Iy x (O,T)
o (udn; = t on Ip x (0,T)

Contact Interface Condiri

Sy (@) = - Cyh (u,JP
yuSg=opu)= 0
. lop (WIS Crh (u, )T
and
o7 (ui)l < Crh (u )T
=> wr =10

wel
’ o ()l = Crh (u) T

=> there exists A >0
such that

wr = -A o1 (u,u)
> on rc X (O,T)

Initial Condi
u (x,0) = ug(x)
U (x,0) = uy (x)

xe Q

In (2.2a), p = p(x) is the mass density and in (2.2d) and (2.2¢),

O, (u,U) = the normal stress (contact stress) on [~
[J
CU (U,U) ninj
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(2.2b)
(2.20)

(2.2d)

(2.2¢)

(2.2)




h (u,) = the approach of the two contact surfaces
= (U, -8+

with u, = u;n; the normal component of displacement, g the initial gap between surfaces, and
(*)4+ the positive part of the indicated argument (¢, = max (0,4)).

O; (u,l'l) = the tangental (frictional) stress component on Ic,

= O'U (u,l.l) nj - niO'n (u,l.l)
wr = the relative (slip) velocity of the contact surfaces,

P (]
= ur- Up

where up; = u; - nu.

In (2.2d) and (2.2¢), C,, m,, Cy, m are material constants characterizing the mechanical
response of the interface. Equation (2. d) is the power-law constitutive equation for the normal
compliance of the interface; (2.2e) defines the corresponding tangential response characteristics.

Justification for the use of such interface laws is given in ODEN and MARTINS [9]. These laws
correspond to a generalized Coulomb law in which the coefficient of friction is dependent on the

deformation and is of the form, = Clo, (W%, with & = (mp/m)-1 and C = Cy/C,"¥™T.

3. A VARIATIONAL FORMULATIONIAL

We now record a weak formulation of Problem (2.2), in which regularity requirements on u
and on the data are relaxed. We introduce the spaces of admissible functions,

V={v=0m,vy..ovy e HEOQNI v=0 ae. onIp} (3.1a)

H = (LN (3.1b)

V’ = topoiogical dual of V (3.10)
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The space V is equipped with the usual norm,
v Il = { JQ (VijVij + ViV dx} 172

and (-,7) and ! | denote the L2-inner product and norm on H, ahd <*,-> denotes duality pairing on
V’ x V. Throughout, we assume for simplicity that

p(x) = 1 and meas (Ip) > 0. (3.2)

In (3.1a), v on the boundary is interpreted in the usual sense of traces of H1(Q) - functions.

The material coefficients in (2.1) are assumed to satisfy the following conditions:
E.. = E.. 3 E.. —3 E .e
ijkl ‘jilk ijlk klij ae. xe O
Ci = Cja = Cijx = Cuyi
Jag, e >0 such that
for every symmetric matrix Ay e IRMY

(3.3)

Whenever (3.3) hold, the bilinear forms a: VxV — IR and ¢: VxV — IR (representing the
internal virtual work of the stress °ij) defined by

a(v,w) = ,[Q Eijklvk,lwi § dx (3.4a)

for v,w € V, are continuous and V-elliptic, i.e, there exist positive constants Mg, M, 0g, 0
such that forany w, v in V,

la(w,v)! < Mg liwll livil , lc(w,v)I < Mc liwilvll (3.5a)
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B

a(v,v) 2oz IVIZ , c(v,v) 2o vii2 (3.5b)

We also assume that

| < m,;m { <t+oo if N=2
T £3 ifN=3 (3.6)
We assume that
b®) € H and t()e (LY T )N (3.72)
CD’CT e L™ (‘rc) s CH’CT 20 ae. on rc (37b)
g e L1T) (3.7¢)

where
q = 1 + max (m,my) , q" = q/(q-1)
b(t) denotes x — b (x,) ; t(t)denotes s — t (s,1)

where s = (sy, S5, ..., S;) isapointon I (in particular I'z). Then the work done by the
external forces is defined by the functional,

FveV
(FOw) = | be-vdx + [ - vds
Q e (3.8)
Also, to characterize the prescribed slip velocity I.JT on I‘C, we introduce the function

o), ) e V

O (1), D = Up() ae. onlp (3.9)
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For discussions of such decompositions of functions in V into tangential and normal
components, see KIKUCHI and ODEN [12].

Finally, to characterize the work done by normal and frictional forces on [c, we introduce
the nonlinear forms,

P:V-oYV

my
(P(w),v) = JI‘ Cyh(w,)  vpds (3.10a)
C

j: VxV 5 1R
m
jww) = JI_ Crh(wp) T Ivplds (3.10b)
C

for arbitrary w, v in V.

We are now ready to state the following weak formulation of the problem.

Find the motion u(t): [0,T] = V such that

(i), v-u® ) +a e, v-u®) +C @, v-u®)
+ (Pu®),v-0®) +j@@,v-d®) - j @), 8¢ -d@)
> (F(@), v-u()) Vve V (3.11)

If 9,j (u(v), ﬁ(t) - &)(t)) denotes the partial subdifferential of the friction functional j with
respect to the second argument (i.e., the velocity), then (3.10) can be written in the equivalent
form,

Find u(t) : [0,T] = V such that
Fe 35 (u(), u - S())
+P(u®) + Cu () +Ku@® + ii@) (3.12)
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where K,C e X (V,V") are the operators defined by (Kw, v) = a(w,v), {Cw,v)=c(w,v).
We are now in a position to state a major result on the existence and uniqueness of solutions

to (3.11). '
Theorem 3.1 (MARTINS and ODEN [10]). Let meas (I'p) >0, (3.2), (3.5), and (3.6) hold
and suppose that

be L?(0,T;V")

t € L2(0,T; LI Tp)N) (3.13)

(so that F(t) € L2(0,T;V")

ug € Vv, u; € H

Then there exists a unique solution u to problem (3.11) (or, equivalently, (3.12)) such that
ue L (O,T;V)
i e L (0,T;H) NnL2(0,T;V) (3.14)
ue L= (O,T;V).

This result is obtained using a regularization procedure to smooth the fricdonal boundary condition
along with a standard Galerkin technique. It relies heavily on the compactness of the trace operator
from V into appropriate boundary spaces. The condition (3.5), which is used in insuring the
appropriate compactness properties, is remarkably confirmed by physical experiments on dry rough
surfaces; see [9].

Let us introduce the Hilbert space

W={we L2(0,T;V): we L2(0,T:H) }
with norm

||w||w=(Jg(||w(t)||3 + (I @ 12) )2

An examination of the proof of Theorem 3.1 in [10] reveals the following continuity result.
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Theorem 3.2. Let meas (I'p) >0, (3.2), (3.5), and (3.6) hold and suppose that {F Kklg=1isa
sequence in L2 (0,T;V") such that
Fg = F -weakly in L2(0,T;V") .
Then corresponding scquencé if solutions u (Fk) of (3.12) have the property that
u (Fg) = u (F) weaklyin W
and thus
u Fg) 2 u (F) in L2(0,T;H) .

Theorems 3.1 and 3.2 provide the basis for a study of the optimal control of distributed
systems of the type (3.11). We begin by introducing the notation

ze L2 (0,T;H) a prescribed target notation fort € (0,T), (3.15a)
Fit)e V'

with
F@t) = B(t) ©®,B e HI(O,T) (3.15b)

where © is a prescribed functional in V' defined by normalized external forces
<@,v>=fgb-vdx+f1-t-vds (3.15¢)
F

Here B = B(t) serves as a control parameter and the functional

J:H!Y0,T) >R

given by

J(B)=(J‘0T(nu(-,t; B)-z(t)llf{dt+y e 12

Hl ©.T) (316&)

where u (-, t; B) is the solution of (3.12) for the forcing function given in (3.16).

The optimal control problem that we study here is given as follows.
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Given ze L2(0,T;H) find Bye H!(0,T) (3.16b)
such that

J(Bg) = infinum { JB): Be H' (O,T) }.
The following existence result is a consequence of Theorem 3.2.

Theorem 3.3. Let (I'p) >0, (3.2), (3.5), (3.6) and (3.16) hold. Then there exists a solution to
problem (3.16).

Proof. Let {Bi}i":I be a minimizing sequence for (3.16). Then there exists a subsequence and

{[3i}‘_’°l such that
i=

Bi— By weaklyin HI(O,T).

From Theorem 3.2 we see that
u@)->u (B, weaklyinL2(0,T;H).

That B, is a solution of (3.16) follows from the weak lower semicontinuity of the mapping
Bolip gl -

We have established the existence of optimal controls for a class of control problems
governed by variational inequalities modeling contract priblems with frictional effects. Our goal
now is to determine an approximation theory for these problems. Thus, we formulate a class of
approximating regularized problems in which the frictional condition is regularized similar to the
approach for existence [10]. However, in addition we include a Sobolev regularization term. We
determine convergence behavior of the optimal controls for the inclusion of the Sobolev term. This
enables us to obtain regularity properties for the optimal controls for regularized problems. These
properties allow us to determine limiting behavior for optimal control problems over finite
dimensional subspaces of H(0,T).

4. REGULARIZED PROBLEMS
In this section we consider the formulation of control problems governed by variational

problems that are regularizations of (3.11), c.f. [10]. In contrast to the regularization used in the
paper by Oden and Martins to establish the existence of a solution to (3.11), we regularize the
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fricdonal contribution with a smoother function and the introduce a Sobolev regularization as well.
This is done to permit us to determine optimality conditions for the optimal controls of the
regularized problems. From these conditions we may determine regularity properties of the controls
for the regularized problem. We also obtain convergence behavior of the optimal controls as the
regularization is allowed to vanish. We begin by introducing the functions

‘1’8: RNSR,e>o0

that satisfy the following properties

¥ e C2 (RN,R) forevery e>0 4.1)()
0<We (V) < Ivi forevery €>0andve RN (4.1)(ii)
e (Ow +(1-0) v) S8 W (W) +(1-8) ¥g (v) (4.1)(iii)

for every €> 0, (w,v) € RN xRN, and 6 € [0,1]
There exists positive constant D, and a positive function €— D(e) 4.1D)3av)
such that for every € >0 and (w, v,u) € RN x RN x RN,
I‘P'E W)W 1 €Dy lvl

M (W)(v,w)I <D (e)Iviul

There exists a positive constant D, > 0 such that forevery €>0 andv e RN

We (V)-1vI1<D,e

We define the regularized functional
Je:VXV-oR

je W) = Crl (wy- 8),]7T We (v ds
C
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We observe that the derivative with respect to the second argument of j, (-, * ) is given by

<Je (W, V), z>=<d,j. (W, V), z>
so that
. rnr /
<J W), z>=[Crl(w,-2),0"T ¥ (vp) (zp)ds 4.2)
C

The variational formulation of the regularized problem of interest in this study is given as the
following.
Find a function t = ug(t) of [0, T] into V such thatforany ve V

<iig (), v>+ea(l, (), v) +c(us(t),v)+a(l;€(t),v)+<P(us(t),v>

+ < (0,0, (0-D®),v> =<f@),v> (4.3)()
with initial conditions
ug @) =uyge V
(4.3)(ii)
uc (0)=u e A"
and
fe L2(0, T; V) (4.3)(iii)

The proof of the existence of a unique solution to (4.3) is essentially the same as that given in
[10]. We use the following convergence result the validity of which follows from a study of the
proof of convergence of u. to u in {10]. It should be noted that for fe€ B a bounded subset of
L2 (0, T; V") that the sets

{u, (O):fe B,e>0}

and
(u. (f):fe B,e>0)
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are bounded in L= (0, T; V) and L= (0, T; H) A L2 (0, T; V), respectively.

Proposition 4.1. Let meas Ip) > 0, (3.2), (3.5), (3.6) and (4.1) hold and suppose that f;
— f weakly in L2 (0, T; V) andg — 0 as i — oo. Then

v, () = u(®weak * inL (0, T; V)
4, (€)= u () weak * in (0, T; H) and weaklyin L’ (0, T; V).

Along similar lines but with €>0 fixed, we have the continuity result similar to Theorem
3.2.

Proposition 4.2. Let € >0 be fixed and let meas (I'y) > 0, (3.2), (3.5), (3.6) and (4.1)
hold. If f, = f weakly in L2 0, T; V"), then u, (f)) = u, (f) weaklyin W as n — oo,

The control problem for these regularized problems we give as follows.

Find B, € HY(0, T) such that

JE (B,) = infinum { JE(B): B e H!(0,T) ) (4.4)(a)
where =

E@ =)l (B -2@Rdt+yIBI2,

blon: (4.4)(b)

As a consequence of Proposition 4.2, we have the result.

Corollary 4.1. Let the assumption of Proposition 4.2 hold. There exists a solution P, to
problem (4.4).

Remark 4.1. For B fixed we note that

E@) 2IE@B,) .
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Furthermore, since from Proposition 4.2 we see that u(B)—>u) in L2 (0, T; H), it follows
that

B —ITB)
as € > 0. The set
B= {B.:€>0)

of optimal controls of (4.4) is bounded in H! (0, T) and thus is weakly precompact in H! (0, T).

Theorem 4.2. Let meas (I'p) >0, (3.2), (3.5), (3.6) and (4.1) hold and let g—0 asi—

oo . Then any weak H! (0, T) limit point Bp of the sequence {[3Ei }*° is a solution of (3.16).
i=1

Proof. By the above remark there exists a subsequence again {Bsi}” such that
i=1

sq—> By weakly in H(0,T)

as i — oo, From Proposition 4.1 it follows that

ug (Bg)—u (Bp) in L20,T; H) .

'Ihué, we see that
lim I* (B) 2Lim I3 (By) 2T By

as i — e and B, is a solution of (3.16).

5. OPTIMALITY CONDITIONS FOR REGULARIZED PROBLEMS

Having established existence of optimal controls for regularized problems and their
convergence properties as € — 0, we now seek to determine their regularity. We begin by stating a
simple result that is a consequence of the mean value theorem.
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Lemma 5.1. Let ¢: R — R be defined by
ox)=[(x-g)J"

for m21 and g € R. Then for X1, X9 € R

1§ (x1) - 6 (x9) 1SC(m) (Fx - g™+ 1x5-gM ) Ix, - %, 1.
Useful estimates for P and j may now be obtained as Corollaries of Lemma 5.1.

Corollary 5.1. Let m, satisfy (3.6). Then
mp-1 m,-1 m,-1
I<Pu)-Py),v>I<Cimy) [llupglly  +luyglly +ligl ]
L mn+1 (rc)
”ulN - uZN ”v ”V”v

Proof. From Lemma 5.1 it follows that

m

m
I<P(up)-P(up, v>1=1]-Cy ([ - ), - [ugn-8),] ) vyds)l
[o4

mp-1 mp-1
< JrCmy) (uyn-gl | +lugg-8) )l - oy ! vyl ds
Cc

m_+1 mn-l/mn-f—l mp+1  mp-1/mp+1

< C(my) [(rluyg-gl © ds) +(phy-g)" ds) ]
C Cc

mo+1  1/mg+1 m.+1 1/mn+1

rlun-g © ds) © dpivgt T ds) ]
c Cc

Hence, we see that

mp-1 m.-1
I<PMU)-P@,),v>ISCm)[luy! + lluy il
1 2 m-n IN L mn+l (rc) Lmn+l (I-c)
ot vyl
+ilgl ] My - Uy N
L™+l () INTTN mys1 ) L ™ol (r,)
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Recalling that, under the assumption (3.6), Hl/z(l‘c) imbeds continuously into LY(T) and
V=H!(Q) maps continuously into H/2(T",), we have the result.

In a similar manner, we have for j,

Corollary 5.2. Let my satisfy (3.6). Then
mr-1 mr-1 mp-1
1j ) -j (ug V) 1< Clmp) [Myy Ny + Huylly + gl 1y - uylly Ivily.
L mn+1 a*c)
Lethe L2 (0,T) and define

ws=(u(@B+06h)-uB))/d for 6>0.
We note that w = wg satisfies

(W (1), V) + €2 (W (1), V) + C (W (1), V) + a (W (1), V) +
+18<PutP+dh)- Pu(;B),v>+ 5.1
+1/8 {<J (u (t; B+ 8h), (u (t; B+ &h) - ®),v>-<J@@P), up)- d (1),v > }
=h(t)<O,v>

We now use Corollary 5.1 to obtain for 8 >0 the estimate
181<P(; B+8h)-Pu(;P)-v>I<
my-1 mp-1 my-1
< C(my) (llu( B+8h)lly + lu( By +lgl ) liw(@®)lly livlly
L mn+l
and
1/81<) (u(t; B+8h),|‘1(t; B+5h)-<i> ®),v>-<J @ B), u (t; B)-&)),v>l
m 0
= 1178 J Crli(e) @ B+80) - 8),] W' (6 B+ 3h) - @) W) -
c )

m L[]
) B -g),] FE ) - W) ds!
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Now set

1 [ mTt mt
A =3 1 Cr () B+ 3h)-g),] - (W B)-8),] ¥'(u(t P +3h)-D®))(v)ds!
c -

and

m . . .
B =% ! J}- Cr [y B) - ), T(‘P '(u (t; B +8h) - @) -¥'(u(t; B) - PM)V)ds |
c

From (4.1) (i v) we see that for A we have

mT-l m—r-l
A<D JrCrm(l, (5B+8h)-g  +lu,GR)-g Hw®vids  (53)
C

and for B
A mr,
B < D@1 /rCrlu, i B)-gl Wivids
c

We now make the restriction of assumption (3.6)
l1Smp <+ if N=2
<2 if N=3 (5.4)

Under the assumption (5.4) we have that

mp+2  mp/(mp+2) ,
B < Dy(e) Cy(Jp @ B)-g ~ ds) liwl livil
1®Cr Lo D L ™*2(I) L ™n*(T,)

mr .
S C (g, mp) (lhu (B)lly, +ligh ) lwlly, livil (5.5)
) (lu Bty +lig Lmgerry) TV M

Thus, we see that from (5.1) - (5.3) and (5.5),
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(W(D), v) + €2 (W(L), V) + ¢ (W(D), V) +a (W(t), V) 56)
. ( ¢
<Th@®) 1<, v>+ C () (Iw®lly + IwRily ) V]l

where C(3) depends on the parameter of the problem as well as u(B), g, and € and is bounded for
8>0 in a bounded set. Now setting v = w(t) we have

d/dt ( uva(t)ulfI +€a (W(t), wb)) + a (W(t), w(t)) + 2C (W(t), W(1))

(5.7)
S21h() 1<, W(D) > +2C (8) ( lw@lly + Wil + @)
< Cy 1R +C, ) (W@l + Iv(If) )
We may now obtain from Gronwall's inequality that
L4 [ 4 t
uv?va(t)nf{+ ||w8(t)||2v+ llws(t)lliﬁ Jt uws(:)ufldt < C(8) JO Ih(t)i2 dt (5.7

where C(0) is a function of 8 sending bounded sets in R* into boundet sets in R*. In a similar
manner, using v=w(t), we may show boundedness of w(t) in L2(0,T;V). Hence, we see that
there is a sequence 6,—0 such that

wai—) w weak * in L*(0,T;V)
v'v5i—)w weak * in L*(0,T;V) (5.9)
ws— w weakly in L%(0,T;V)

1

With this preparation, we have the following result: We denote by du(b)(h) the variation of
u(B) with increment h.

Proposition 5.1. Let meas (I,) >0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold. Then
w =du,(B)(n) exists and satisfies the variational equation '
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. .o . mp-1
(W(1), v) + €a(W(t), v) + C(W(1), V) + a(w(t), V) + ern [(u, - g),] = Wg(t), vy ds +

Cc

m . .
+Ir (CrlQuy-g),] & ¥ (p-®) (wp,vp) + (5.10)(@)
) ,

1

m ]
+my Crllu,-g),]  w, ¥ (Up-®) (vp) }ds=h(H) <®, v >

forany v e V and with initial condition

w(0)=w(0)=0. (5.10)(b)

Based on estimates similar to (5.7), it is stmightforward to obtain the following result.

Lemma 5.2. Let (4.1) hold. Then there exists a unique solution w to problem (5.9).

Proof (of Proposition 5.1). From (5.8) it is clear that the first four terms of (5.1) converge to the
first four terms of (5.9)(a). For the boundary terms we use the compactness cf [10] to see that

W, oW in L%(0, T; L4 T
and

ws.— W inL%(0, T; L9 (T,)
1

Furthermore, from (5.7) it follows that

u(B + 8h) - u(B) in HY(O, T; V)
and therefore

u(f + dh) » u(P) in L0, T; L1 (T,)
where 1<q<4 for N=3 and 1<q for N=2.

Having observed the above convergence properties, we note that the boundary integral terms
convey by the dominated convergence theorem.
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Remark 5.1. We point out that the Sobolev regularization is used to obtain inequality (5.8). It is
necessary since the coefficient of the Ilv'v(t)llv2 term in inequality (5.7) cannot be made small.

Using the results from Proposition 5.1, we may now calculate the variation of J.

Corollary 5.3. Let meas (I" D) >0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold and let JE be given

by (4.4)(b). Then JI¥(P)(h) is given by

T
AP =2 [ (@, (1 B) - 20, with) dt+2%(B, o) (5.11)
where w is the solution of (5.10).

Having determined the differentiability of the functional J¢, we have the result.

Proposition 5.1. Let meas (I'y) > 0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold. If Be is a

solution of (4.4), then

JT (ug (5 B) - 2(0), w(th), At + ¥(B W10y = O (5.12)

forall h e L2(0,T).

We may now use Proposition 5.1 to obtain regularity of B, €>0.

Theorem 5.1. Let meas (T, D) >0, (3.2), (3.9), (3.6), (4.1) and (5.4) hold. If BE is a solution of

(4.4), then B_e H%0,T).

Proof. Consider the linear mapping
h— a) = [T @, @ By - 200, with),
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of HI(0, T) into R. We note from Proposition 4.2 and from (5.8) that

L) I <ug (-, B) -z ()l 201 Cllh Il 20

and thus in a continuous linear function on L2(0,T). It follows by the Riesz Representation

theorem [16] that there exists & € L2(0,T) such that

ah) = (&,h) L2(0.T) .

From (5.12) we see that forevery he Hl(O,'I')

(B Wyl =- 1Y (@ h). - (5.13)

We conclude from equation (5.13) that in fact

By + B =- 1Y
with

B, @) =B, (T)=0.

Hence, Be e HZ0,T).

6. APPROXIMATION

We begin by giving the Galerkin formulation for problem (4.3). Thus, let SNCV with

basis { B; }N and let

N
uN(x.) = T () B; (x)
i=1

be such that for €20 fixed and ve SN
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frm—
i
i
i
]
i
i
i
i
i
i
i
I
i
i
i
]
i
i
1

<iig (1), v > + € aily (1), V) + c(up (), V) + alig (0, V) + <P (uy (0, v ) +

+(J (g (1), 0, ) - D®), v )=P@®) <O, v> (6.1)(a)
with initial condiltions -
N N
u, (0)=
=T ‘ (6.1)(b)
. N
uI: 0)=1u,

N N . . .
where ugy and u; converge to uy and uy in V, respectively, as N — o . The following is not

difficult to show.

Proposition 6.1. Let meas (I‘D) >0, (3.2), (3.5), (3.6), (4.1) and (5.4) hold and let £€> 0 be

fixed. Let {Bi}°° be a sequence in H'(0,T) such that Bi — B weakly in H'(0,T) and let N; = oo,

i=1

Then

N.
u. (B) = ug (B) in L2(0,T;H)

as i oo,

To approximate the controls, let LM be a subspace in H!(0,T). Suppose there is a
continuous linear mapping M: H(0,T) = LM such that

ha- ™My iyt <Cliuliylp
and for ue H3(0,T)

- Mu ligg oy < 8M) huligg g 1y

where C20 and S(M)20 with 3(N)—0 as M—eo . Both C and 8(M) are independent of u.
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The problems we consider are given by the following:
Find ﬁzMN € LM such that

Iy (BMM) = infinum (Ty; (B) : B & LN) - 63)@

where

I ® = 1M Ep) -z Ry gz ) (6.3)(b)
0 H Hl(0,T)

Remark 6.1. The existence of solutions BI‘:'N of (6.3). Moreover, these solutions are bounded

in H(0,T).

Theorem 6.1. Let B be a weak HL(0,T) limit point of Bl:ll ! for M;— e and N;— .

Then EE is a solution of (4.4).

Proof. Since Bel . B, weakly in HY(0,T) as i — o, it follows from Proposition 6.1 that

M;N; M;N; a
e B )= u. (B

in L2(0,T) as i = oo, Thus, we see that
N MuN;
lim J. (Be

j—00

)2 1, (By

Now from Theorem 5.1, B € H!(0,T) and, thus from (6,2), we see that
N; M; N; M;N;
I @ B 2T Be )

and
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N, M;N;

T @ =lim I, B, D2 5B .

We conclude that Ee is a solution of (4.4).

Remark 6.1. It is now clear that an iterated limit theorem follows from Theorem 4.2 and Theorem
6.1.

Theorem 6.2. Let g — 0. Then there exist sequences M;Nj — (oo, ) as i — oo such that

where Bo is a solution of (3.16) and where the w-limits are weak limits in H'(0,T). Also,

. M; N;
lm lm Je B )=JGy.

100  j—wo
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CHAPTER 6
QUALITATIVE AND NUMERICAL ANALYSIS
OF ELASTOHYDRODYNAMIC LUBRICATION
PROBLEMS

1. INTRODUCTION

This work concerns the mathematical and numerical analysis of
elastohydrodynamic lubrication problem for both one-dimensional line contact and
two-dimensional point contact cases.

Lubrication has been a very active research field for several decades.
Because of its importance in machine design and general mechanical engineering, for
nearly a century, it is a subject that has attracted the concern and energy of numerous
researchers and experimentalists in diverse industries throughout the world.
Dowson has written a voluminous treatise [27] on the long history and the
development of lubrication theory and practice. Among the many aspects of
lubrication engineering, elastohydrodynamic lubrication (EHL) has received
considerable interest in recent years, and methods for overcoming the complexity
and strong nonlinearity of EHL problems have been the subject of numerous
articles, several Journals, and a series of world conferences.

Starting from Grubin (37} and Petrusevich [70)'s efforts in late 1940's and
early 1950's in integrating the Reynolds equation for a simplified two-dimensional
model, many subsequent papers were devoted to further studies of this model.
Especially in the past decade, modern computers enabled analysts to obtain
numerical simulations of certain classes of lubrication problems.

Despite significant advances in EHL theory, the inherent nonlinearity of the
governing equations has stood in the way of a fully satisfactory study, either
mathematical or numerical, of wide classes of problems of interest to engineers.
Very few papers can be found on the analysis for the mathematical behavior of the
solutions or the numerical accuracy of discrete solutions. Also because of the
difficulty of obtaining accurate experimental results, reliable numerical analysis has
become essentially important to today's tribologists.

The objective of this report is fourfold. First, to develop a new
family of finite element methods for treating the free boundary problems of
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elastohydrodynamic lubrication characterized by the equations and inequalities of the
Reynolds-Hertz theory. To handle the problem of determining the free boundary
where the contact pressure goes to zero, we introduce an exterior penalty method.
Second, to study mathematical features of the problem, including the characterization
of governing equations, the existence of solutions, the convergence of penalty
approximations, the appropriateness of certain boundary conditions, and very
importantly, the regularity of solutions to the general line—contact problem. Thirdly,
to construct numerical solutions to representative line-contact and point-contact
problems in lubrication theory and, finally, to develop a—priori error estimates and to
prove convergence of finite element approximations of certain classes of
elastohydrodynamic lubrication problems.

Following this introd_x_xction , the governing equations for
elastohydrodynamic lubrication, as described by the simplified Reynolds—Hertz
theory, are derived and summarized.

In Section 3. a variational formulation of the free boundary problem of
lubrication is derived which is characterized by a nonlinear variational inequality. In
this chapter, a penalty method is also introduced to regularize the problem by
releasing the constraint on the cavitation boundary.

In Section 4, properties of the governing operator in the variational problem
are studied. It is proved that the operator is bounded, coercive, pseudomonotone,
and continuous. These properties are then used to prove a basic existence theorem
for the solutions. Further study reveals the convergence of solutions to the
penalized problem to a solution of the variational inequality as the penalty parameter

€ tends to zero. Also in this chapter, the regularity of solutions to the
one—dimensional line contact problems is studied and regularity theorems are
established.

Section 5 presents a finite element formulation of the penalized problem.
Numerical results are presented which confirm the theoretical analysis. The penalty
method is shown to be effective in locating the free boundary.

Section 6 is devoted to the study of properties of approximations to the
lubrication problem in finite dimensional spaces which is generally the foundation
for numerical analysis. The study establishes convergence criteria and relations

239




among the original problem, the penalized problem, and their finite element
approximations. An a-priori error estimate for finite element approximations of a
"light load" case is presented. Numerical experiments show good agreement with
the predicted rates of convergence for several test cases. Then the
adaptive-refinement method is applied to the elastohydrodynamic lubrication
problems.

Section 7 lists several open problems for future study, and summarizes
basic accomplishments and conclusions of the study.
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2. FUNDAMENTAL EQUATIONS

A full century has elapsed since Osborne Reynolds [75) derived equations to
simulate the pressure on lubricated surfaces and thus began the mathematical theory
of lubrication.

Guided by experimental results of Beauchamp Tower (89] and Nikolai P.
Petrov [69] which established the existence of a thin film of lubricant between the
lubricated solid machine parts, Reynolds developed a reduced version of the
Navier—Stokes equations to model the lubricant. The resulting model of lubricated
contact has been extremely successful in engineering lubrication problems and is
now standard fare in virtually all textbooks on tribology, e.g., [9:28:4271],

Here we record the derivan':)n of a generalization of Reynolds equations
which take into account small deformations of the solids. The results of Hertz on
elastic contact are applicable to this class of problems, and the theory is sometimes
referred to as the Reynolds—Hertz theory of elastohydrodynamic lubrication.

2.1 MODEL.

The physical situation of interest here is the behavior of a cylindrical or
spherical elastic roller being pushed onto an essentially flat interface, with the roller
and interface being separeted by a thin film of lubricant. Figure 2.1 shows a
cylindrical or spherical elastic roller of radius R carrying load W. The roller is
rotating about an axis parallel to y axis in the figure, and the flat interface is modeled
as a half space. A thin film of lubricant separates the bodies and flows through the
gap between them, the applied load on the roller being balanced by the pressure
developed in the lubricant. Both the roller and the support suffer deformations due
to the lubricant pressure and this elastic deformation, in turn, alters the geometries of
the lubricated region between them. The problem is thus one of fluid-solid
interaction, as the flow field of the lubricant is altered by the deformation and this
results in a redistribution of fluid pressure.
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Fig. 2.1 Mechanism of Bearing
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Starting with a general case, we denote by U,,V,W, and U,,V,,W, the
velocity components of the two solid surfaces, as the boundary values of lubricant

velocities; h denotes the actual thickness of the gap, R the radius of the roller and @
the angular velocity. The pressure, density and viscosity of the lubricant are denoted
P, p, and u, respectively, and E,,v, and E,,v, denote the Young's moduli and

Poisson's ratios for the respective solids. The lubricant flows along x—direction in
the figure and is assumed to have an ambient pressure p = 0 at both the inlet and the
outlet.

Customally, the case of a cylindrical roller can be studied as a
one-dimensional problem of line contact and the case of a spherical roller can be
treated as a two-dimensional point contact problem. We establish a Cartesean
coordinate system with the x, y — axes in the plane of the solid interface and z
normal to the plane, as shown in Fig. 2.1a.

2.2 SIMPLIFYING ASSUMPTIONS.

Various models of lubrication may differ according to the definition of the
material properties of lubricants, the geometry of bearing configurations (thrust,
slider, roller, etc.), the assumed effects of surface roughness, temperature, dynamic
loadings, etc. Here we confine ourselves to a typical situation in which the
foilowing assumptions are enforced:

(1) The lubricant is characterized as a non-Newtonian fluid with a

pressure~dependent viscosity. In particular, the relation between
deviatoric stress and velocity gradients is of the form

= w2 (avi/axj + avj/axi)
where = u(p) = pe P and p is the "hydrostatic” fluid pressure.
(2) The flow of the lubricant is laminar.
(3) No cavitation or slip occurs within the contact region.
(4) The physical state is isothermal.
(5) The effects of body and inertia forces are negligible.
(6) The roller and bearing are linearly elastic with smooth surfaces. (H-1)
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The Navier-Stokes equation for the Newtonian fluid is

pDuy/Dt = pf; — p,; — 2/3(puy 3),; + (uuy; + 95 )y 2.1
The continuity equation is

0

BPT + (pul)’l =0 (22)

where the conventional tensor notation of repeated indices are used for summation

from 1 to 3; u;,u, and u, denote the velocity components u, v and w respectively,

X;, X, and x4 for x, y and z, and pf; express the body forces.
The thinness of the film of lubricant suggests that additional assumptions
can be introduced: .
(@) The film thickness h is "small”, i.e., h is much smaller than the
characteristic length of the contact region and much smaller than the
radius of curvature of the contact surface.
(b) Variations of pressure, density and viscosity in thickness direction are
much smaller than those in the other directions. Thus we assume
P =p(xy), p=p(xy), = p(x.y) (2.3)
(¢) The velocity gradient is greater in thickness direction than in the other
directions. That means

duy/ox, du;/dy « du;/d, (H;-2)

2.3 REYNOLDS EQUATION.

From the above hypotheses (H~1) and (H-2), after neglecting the inertia
and body forces, and the small terms of the velocity gradients, the Navier-Stokes
equations are reduced to

9
@ = i (#21) =g az: .
dy 0z dz oz ' (2.4)

244




Integrating (2.4) with respect to z, we have

dp
u= 2uazzz+Alz+A0
V= op z2+ B,z + B,

2u0z

Using the boundary conditions at solid surfaces:
u=U, v=V,, w=W, at z=h
{ =U,v=V,,w=W, at 2=0

we have
__Op
u—Zprz( U2
dp h-z z
V., 4 —
V= 2@2(”)‘“:1 1-+-hV2

Substituting (2.7) into continuity equation (2.2) and using the identity

ol "0 ag=12® Shacs 16 )
we have

R 1P+ L

o 124 ox ay 124

p) (U1+U2 a v +V2
ox

+ —

From the geometry of the roller surface (see Fig. 2.2), we have

dh oh dh

W, =— —_—V, +—
W,-W, axU2+ay 2+at

(2.8) is hence simplified as
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3 ap) + P(Wz-wl)

3 ————vph) + ( ph) - pU25"”VZa

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Fig. 2.2 Velocity at Roller Surface
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Tox 12u oy 124 9y’ = ot
o U+U, 2 Vi+VY,
e ph)+7y( >~ ph) =0 2.10)

Suppose, for a typical case, there is no leakage, so V,=V,=0, and denote
ug = (U;+U,)/2. Then (2.10) becomes the classical Reynolds equation

3 . p .3 2 3p

9 p .30p _P ,30p 0 9o
ox 12u  ox E)y(12uh 8y)+8x(u°ph)+3t(ph) 0 (2.11)

At this point, h = h(x,y) is regarded as a given function of (x,y). Of course, it
becomes a function of p when the deformation of bearing is taken into account.

2.4 ELASTICITY.
The elastic deformation of the surface of a linearly elastic half space subject
to distributed Ioads normal to the surface can be found in the classical elasticity texts.

Referring to [0, we have for cylindrical contact (plane strain model), Michell's
solution

-
Wi =2 o 1 G P 212

Here w is the normal displacement of a point x on the surface of the half space and
Xg is a remote point where no deformation is significant; and for spherical contact,
the solution of Boussinesq's problem is applicable:

w(x,y) = ﬁ Iﬂ— dédn

TE 7 NE-9P+ 5-n)? (2.13)

When we consider elastic contact between two solids, the total deformation
should be the summation of contributions of the two parts. Then we may modify
(2.12) and (2.13) as :

h)(p) = % I qln (x-gx~E*pdé  for 1-D contact 21
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h,(p) =—=J,—pdédn for2-D contact
! nE“Qr (2.15)

where r is the distance between points x and ¢, and E' is the effective elastic
modulus, defined as

1 v 12
=3¢ + )
E 2" E E, (2.16)

In classical elastohydrodynamic theory, it is assumed that the roller and
bearing deform under the lubricant pressure as if they were in direct contact. Thus
(2.14-16) can be used to evaluate the elastic deformation of the domain surrounding
the lubricant.

Henceforth, we express the film thickness, including the elastic
deformation, as

h(p) =h\(p) + h,

where
hy=hg+h,
h,=R- VRZ-x2 for 1-D contact
R-VRZ-x3—y2  for 2-D contact (2.17)
hy is a reference parameter indicated in Fig. 2.1(b). If the roller could recover its

deformation in loaded configurations with its center unmoved, then the least distance
would be h,,.

Technically we may also control the minimum thickness h_, shown in

Fig. 2.3, instead of hjin computation. Then

h(p) = h, +h,
ﬁﬁz=hz+hm, h,, = const.
By = by -s@), s = inf (hy(p) + hy) | 2.17")
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Fig. 2.3 The Minimum Film Thickness
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We are to consider the simplified case with a rigid half space (E,=<<). Thus

(2.14-15) reduce to"(2.12-13). Due to the dependence of h and u on p, this
expanded version of Reynolds theory (with (2.14) or (2.15)) is now characterized

' by a kind of differential-integral equation, refer to this as the Reynolds—Hertz

equation, because of the use it makes with Hertz type contact behavior.

2.5 BOUNDARY CONDITION. CAVITATION-FREE BOUNDARY.
We shall consider fully lubricated bearings. That means, there can be no

cavitation occuring inside the contact region where p>0. A lubricant with ambient

pressure enters the contact region and leaves there with a recovered ambient

pressure. Thus if a large enough domain Q is selected wherein includes the entre

contact region 2,, we must then have
p=0 at 0Q, the boundary of Q (2.18)
p=0 at dQ,, the boundary of Q (2.19)
and in Qj = Q - Q,, p=0.

The location of €2, can not be determined a-priori. Like most contact
problems, the Reynolds—Hertz problem is a type of free boundary problem.

On the other hand, the flux per unit contact length can be obtained by
integrating the momentum pu and pv along the thickness. By virtue of (2.7)

U, +U
_ ___P O3 “1%™2
qx-ﬁp“dz- I
_ ___P 9.5 2
qY‘J:”"dz‘ 2% ay ™ (220

The boundary condition can also be determined by specifying a given flux.
However these fluxes are seldom known, we shall focus here on Dirichlet type
conditions.

Since outside the contact region we always have p=0, we also have there
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op/9x=0, dp/dy=0 if the pressure is smooth enough. From the continuity of flow,

Dowson and Higginson(28] assert the so-called Reynolds condition for
one-dimensional case

391 (2.21)
For two-dimensional case, this condition assumes the form
Vpl = O
oa, (2.22)

Some investigators have used these conditions as the criteria to locate 391

in the numerical procedures. However, these conditions can hold only if the
solutions are sufficiently smooth.

2.6 SUMMARY.

In summary, for constant density p and a modified Newtonian fluid with
u=poge~%P, the flow of a lubricant through elastic bearing is described by the
Reynolds—Hertz equations and boundary conditions:

-V'(h3(p) e®PVp) + 12“0 d(uh(p)) +12 ah(p)

Tox T
p20 inQ, (2.23)
p=0inQ, (2.24)
Plan=0 Q=Q,uUQ, withundetermined 0Q, (2.25)

Here the operator V denotes d/dx for one—dimensional problems and (d/9x , 9/9y)
for two—dimensional problems.

Conditions (2.24) and (2.25) may be replaced by

plaQl =0 Vp| = 0 with undetermined Q1 _ (2.26)

In (2.23),




L4

h=711+?12

hy=h@), hy=hy+h,

or

hy = hy(p) = s), hy=hy +hy, s(h) = inf (b, + b))
In the ]ine contact case
h, =R - VR? - x?

Xo—$
h,(p) = 1(25' b® (xo—.f )2 dg, x, is a remote point

In the point contact case
hz=R— R2_x2_y2

2 (&,m)
h(p) = —— [ P ded
W o

252

(2.27)

(2.28)

(2.28"

(2.29)

(2.30)




3. VARIATIONAL FORMULATION —
PENALTY METHOD

The highly nonlinear character of the equations and inequalities developed in
the preceding chapter make it necessary to resort to numerical methods to obtain
solutions to the Reynolds—-Hertz theory. In the present chapter, we develop a
penalty formulation of the problem as a basis for numerical schemes to be derived
later.

We start with the definition of a nonlinear operator for the steady—state
problem. Formally, we can define an operator

dugh, (p)
A®) = -V+ (B(p)eP Vp) + 120 ——
X (3.1)
and a function
o(u h )
f= _lzuo_ﬁ
ox (3.2)
We shall define the domain and codomain for A later.
Then we write the governing equations as:
(A(p)=f, p>0 in Q,
¢p=0 inQ,
| Plia=0, Q=Q,uQ (3.3)

with (2.27-30) for evaluating h(p).

Free boundary-value problems of the type (3.3) can often be characterized
as variational inequalities, particularly if the condition defining the free boundary
(p=20) defines a closed convex set in the domain of the governing operator. We shall
now show that the Reynolds-Hertz problem can, indeed, be formulated as a
variational inequality. This fact is significant, not only because it makes available a
formidable arsenal of mathematical results on the qualitative behavior of the

253




e

solutions of variational inequalities, but also because the formulations and theory
suggest effective methods for obtaining numerical solutions.

3.1 PRELIMINARIES ON VARIATIONAL INEQUALITIES.

We are now interested in a detailed mathematical analysis of (3.3). We
begin by reviewing a number of mathematical definitions and concepts relevant to
the theory of variational inequalities. In particular, we cite several basic definitions
and important theorems, proofs of which can be found in Oden and Kikuchil57] or
[30,33,35,55], For additional detail, see the monograph of Oden{35]. The notations
are in consistence with the classical texts, e.g., [3436.79],

We denote by U’ for the topological dual of a normed linear space U with

the norm [|*|l;. The canonical duality pairing on U'xU is denoted

{s,*): U'xU = R (real numbers) (3.4)
Thus for a linear functional on U, f : U = R, we write

f(u) ={f, u)

DEFINITION 3.1. A sequence {u;} of U converges strongly to ue U,

lim Jlu,~ufly = 0 (3.5
and {u,} converges weakly to ue U iff
‘I,z_n:. fuy) =(f,u), VfelU (3.6)

DEFINITION 3.2. Let functional f be defined on a subset K of U.

If for any sequence {u,} € K converging weakly tou € K, we have
lim f(uy) 2 f(u) (3.7)
D—pee

f is said to be weakly (sequentially) lower semicontinous at u.
DEFINITION 3.3. A subset K of U is convex iff

ox +(1-9)ye K, Vxyek, for 0s6 <1 (3.8)
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DEFINITION 3.4. Functional f defined on a convex set KCU — R is
convex iff

f(ou + (1-8)v) < of(u) + (1-6)f(v), V u,vek, 6€[0,1] 3.9)

DEFINITION 3.5. (1) An operator A : KCU — U’ is monotone on K

(A(uy-A(V),u-v)20 Vuvek (3.10)
If it attains O only when u=v, A is said to be strictly monotone.

(2) A is hemicontinuous at u, if the function f: [0,1] & R defined by

fO =(Au+w),w) (3.11)
is continuous for all v,w € U.

(3) Ais coercive on K if there exists u, € K, foru € K, such that -

(A(u), u-ugp)

— +oo as |ully—ree
lullg v (3.12)

DEFINITION 3.6. A functional f defined on normed linear space V is
called Gateaux differentiable at u, if there exists a continuous linear functional ge V'

such that, for any ve V,

lim (f(u+ev)-f(u) )o={(g,v) (3.13)
Moreover, such a g is denoted Df(u), and is called the Gateaux defferential of f at u.

DEFINITION 3.7. Let A denote an operator, A : KCU — U', defined
on a nonempty closed convex set K in a real linear topological space U, and let f be

given in U'. The problem of finding ue X such that

(AQuy-f,v-u)20, Vvek (3.14)
is a variational inequality for the operator A.
DEFINITION 3.8. Let V be a Banach space, K a non—empty, closed




convex subset of V. An operator A : KCV — V'and a sequence {u,}€K have the
property P if

[P] : u,—u weakly in V and

lim (A(un),u,-u)<0

1=e (3.15)

An operator A is pseudomonotone on K iff whenever A and {u,} satisfy property P,
we have

I,ri?‘,.. (A(u,) ,u,-v) 2(A(u),u-v), VvekK (3.16)

Listed below are the important results in the theory of variational
inequalities.
Consider an abstract variational inequality on a Banach space. Let
U be a separable reflexive real Banach space.
KCU be a non-empty closed convex subset of U.

A : KCU — U’ be an operator defined on K. 3.17)
THEOREM 3.1. Under conditions (3.17), if A is (1) bounded, (2)

pseudomonotone on K, and (3) if K is bounded, then there exists at least one
solution u of the variational inequality

(A(u),v=u)20, Vvek (3.18)
THEOREM 3.2. Under conditions (3.17) and the conditions (1) and
(2) in above Theorem 3.1 for operator A, and for any unbounded set K, (3.18) has

at least one solution if A satisfies the coerciveness condition (3.12) or a weak coer-
civeness condition:

3vye Kandr > 0 with [vglly <r  such that

(A(v),v-vp) >0, VveKk, with |viy=r (3.19)
THEOREM 3.3 Under the conditions in Theorem 3.2, if A satisfied the

coercivity of (3.12), then for any fe U', there is solution
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uekK, (A(uy-f,v=u)20, Vvek (3.20)
Also we may apply these properties to an equation.
THEOREM 3.4. If A is bounded, coercive and pseudomonotone, then

A is subjective, i.e., Vfe U’, there exists a solution ue U of the equation A(u)=f.
COROLLARY 3.5. Under the conditions of Theorem 3.1-3.4, if A is
strictly monotone (which implies that A is pseudomonotone), then the solution is
unique.
In Chapter 4, some conditions to guarantee an operator to be
pseudomonotone will be introduced so that we can use the theorems listed here.

3.2 VARIATIONAL INEQUALITY — WEAK STATEMENT.

We may construct a variational statement for our problem in order to obtain
the weak solution. .
Define the operator A in (3.1) on the Sobolev space

V = Hl((Q) = {v, av/dx, avidy € LHQ), v|,,=0} (3.21)

for fe L¥(Q), the duality pairing on f is

(f,vy=Jgfvda (3.22)
Then A maps "’ into its topological dual space V'=H™!, and f in (3.2) is in fact in
C™(2)CV'. Define a subset K of V by

K={veV|v20 ae. inQ} (3.23)
Evidently K is non—empty, closed and convex in V.

We may thus construct a variational inequality for problem (3.3), referred to
hereafter as problem (P):

(P): Find pe K such that

(A(p)f,q-p)20, VqeK ) (3.24)
with A, the set K, and the space V defined by (3.1), (3.21) and (3.23) respectively.
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That problem P is in some sense equivalent to our lubrication problem is
established in the following result.

THEOREM 3.6. If p is a solution of the variational inequality (3.24),

then p is a solution of (3.3) in distributional sense; i.e., pe H!4(Q), p20 in Q,

A(p)-f = 0 in distributional sense in Q,C Q where p>0. (Thus p is referred to as a

weak solution, or simply an H!-solution.)
PROOF : For the solution p of (3.24), define

Q, = {xy)eQ|pxy) >0} Q,={(xy)eQ]|p(xy) =0}
Let ye C™y(£2,) be such that y>0 in Q, and extend y to Q by defining y =0 in Q,.
Denote q = p +€y, for small &, q20, qe K. Then (3.24) results in e(Ap-f, y) 2
0. Since € can be set positive or negative, we must have (Ap-f, y)=0. That
means Ap—f=0in Q, in a distributional sense.

REMARK. Returning io (3.24), by virtue of the fact that p=Oyin Q,
and A(p)-f=0in Ql (distributional sense), we have

(A, a-p) = [ (A(P}-D (g-p) dQ = Jpq (A(p)~f)q dQ2, 2 0.
qe K, g0 implies a necessary condition on the data:

A(pyf20 inQ, (3.25)

In our case, A(p)=12y, a[uo-}'xl(p)]/ax in Qg ug=0.5wR coss,
cose=*lR7-x7—y2 /R, f=—12u,9(uyh,)/0x. So we need

a[\/Ri—xi—y2 (}‘;l(p)+l;2)]/8x = a(*JRI-xz--y’I h)/ax 20 inVQO.

h, = hg+h, = ho+ R(1-VRZ=x>-y2[R), ah.,/x = x/VR2—x3—y?
0"z 0 2
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hy(p) = Cg JoK(x,8)p()AQ = Cy [, K(x,8) p(§) dQ
= Cg [ In (x~&/x—&)? p(&)d¢ line contact

Cg Ip¢ MN(x-g2+(y-m?dQ  point contact

ah, (p)/ax = oh, (p)/ax = Cg o, ~2p(E/(x-E)dE line contact
Cg Im —(x-.f)/r3 p(&,n) dQ point contact

The outlet zone £, should bein the down stream of the contact region. For
line contact, if £ € Q, and xeQ;, we have x2§. So we always have a'ﬁl(p)/axso.
With the hypotheses (H-2a), (3.25) gives

0 < —xhNRZ=x2—y2 + \RZx*-y? (oh, (p)/ox + xNR*=x’—y2)

<x(1- \/Ri—xz—yz) < X. (3.25")
This indicates that the domain Q, is located down stream, and the flow is possible.

For point contact, consider point Me Q  where §y= sup {§](§,me,}.

For points (x,m)€ £2,, x>§ , we still have oh,(p)/0x<0. And (3.25") still holds.

Condition (3.25) is thus physically accessible. Numerical solutions confirm
the condition (3.25"), see e.g., [28:42,93],

3.3 PENALIZED FORMULATION.

The penalty method has been utilized extensively, particularly in dealing
with the contact problems. Oden and Kikuchil57], and Pires(72] successfully
developed formulations, analyses, and numerical schemes for certain kinds of free
boundary problems. As an application to our problem, we introduce a penalty term,

p_ /€, defined by

p~ =min (p,0) = (p-Ipl) /2 (3.26)
When regularizing the constraint, we consider the penalized problem:
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(P,): Find p,eV such that

(Apy) , D+ —:; o, =(,q, VqeV (3.27)

where € is positive.

The mechanism implied in (3.27) is that if the solution p, can approach the

constraint set K when €—0, and if the second term in (3.27) has reduced

dramatically, then (3.27) approximates (3.3) with p, approximating p.

3.4 TREATMENT OF THE FREE BOUNDARY.

In numerical analysis, lubrication engineers traditionally employ an iterative
routine to locate the free boundary, where the boundary is moved each iteration.
The idea is to simply set the negative part of p to be zero, or to adjust the domain of
integration of p when p appears negative. It is not clear that this adjustment process
is always convergent.

However, the penalty method leads to a regularized formulation that does
admit to some mathematical analysis. We shall prove the convergence of penalty
method in Chapter 4 and show some more results about approximations in
finite—dimensional spaces in Chapter 6.
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4. QUALITATIVE ANALYSIS

While elastohydrodynamic lubrication theory has been available to
tribologists for decades, the mathematical theory of the governing equations and
inequalities is in its very early stages of development. Capriz and Cimmatti{l1]
contributed a significant survey of this theory and described some preliminary
results on the existence, uniqueness and regularity of solutions (see [10:13:15,16,17]),
Although these results are principally for the Reynolds equation without elastic
deformation, Cimatti[!8] did generalize some of the ideas to a class of nonlinear
problems. By using the theory of nonlinear variational inequalities with
pseudomonotone operators, Oden and Wul62] succeeded in proving the existence of
solutions for the general nonlineafReynolds—Hcrtz equations. Wul®3] further
advanced the study by both proving the convergence of a penalty method and
establishing the regularity of the solutions for the line contact case.

In this chapter, we use the results and definitions of the preceding chapters
to study properties of the operator A and to prove the existence of weak solutions to
Reynold-Hertz equations for elastohydrodynamic lubrication. These represent
extentions of previous work[62), In addition, we shall prove the existence of
solutions of penalized problems and the convergence of penalty method.

Another important result established in this chapter is the regularity of the
line contact solutions. As a consequence of this regularity, we are able to prove the
validity of Reynolds condition (2.21) and thus we are able to prove the existence of
solutions in classical sense.

4.1 PSEUDOMONOTONE OPERATORS.

By Theorem 3.1 to 3.3, the pseudomonoticity of an operator is important to
the theory of variational inequalities. However, to prove pseudomonoticity it is
useful to establish some stronger sufficient conditions, cited from [55],

THEOREM 4.1. Let (3.17) hold. Let K be unbounded and operator A
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be bounded and coercive in the sense of (3.12). Operator A is pseudomonotone if
one set of the following conditions is satisfied:
(1) U is reflexive Banach space and A is hemicontinuous and monotone on
k.

(2) A is hemicontinuous and there exists a completely continuous operator
B : U - U'such that
(AQu)=A(V) , u=v) 2 (B(u)-B(v) , u~v), Vu,vekK 4.1

Complete continuity means that if u,—>u weakly in U, then B(u,)—B(u)
strongly in U'.

(3) A is a Girding—-type operator, i.e., A is hemicontinuous, and for a
Banach space W inwhich Uis compactly embedded there exists a

continuous, nonnegative function H : R x R* = R* with the property

: 1

. - = +
el-l-:& 2 H(x,0y)/6=0, Vx,yeR 4.2)
and A satisfies
(A(u)-A(v) , u-v) 2 -H(y, Ju-vll,), Vu,ve Bu(O)r\K 4.3)

where Bu(O) = {weU| |lwily; <p 10} is the open ballin U

4.2 PROPERTIES OF OPERATOR A.
To fix our idea, we begin by considering only a classical Newtonian fluid

(the case a=0). In other words, we take u=p, and the factor e P drops from the

equation. For the general case, we may transform p to an reduced pressure

5= (1-e*?)/o and VS = e 9PVp. We shall return to this case at the end of this
section.

LEMMA 4.2. For h,(p) defined in (2.29) and (2.30), 0<5<1, and
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q=(2-6)/(1-8) >2, there exists a constant C, >0 such that

Sup @) S Cyliplla  VpeV

h,(p)(x,y) € L=(Q2) 4.4)
PROOF : Rewrite (2.29) and (2.30) in the form of a kernal integral

hy (@) = Cg [gK(%,£) p(§) dQ, Cp=2/xE' 4.5)

For xe €2, in case (1) (line contact),

K = In (xg~¢/x-£)* € L5(Q), >0 - (4.6)
and in case (2) (point contact)

K=rle L7%(Q), 0<5<l, r=v(x=£)?+ (y-1)2 4.7

By Hélder's inequality, we have always

thy(P)l s CE"K"LZ—S(Q)(X,Y) “P"L‘ls 0<é<1 (4.8)

It is evident that in case (1) IIKile-s is a continuous function of (x,y) in Q. Incase
(2), denote

1(x,y) = (1Kl 2-8)> = Jo ¢ o IK(x,y.8,7)8 dedn

n . (R(6) rdr lran o . .
J'Zo de Io =5 R3(x,y,8) do, case (a): (x,y) € int Q

x ) rdr _ 1 5 )
| : deJ: 73 J"; R¥(x,y,0)do, case (b): (x,y) € 3Q “s)

It is shown below that the function I(x,y) in (4.9) is also continuous on Q. Thenif
we denote My = max |K|| 25, we have (4.4).
With the notations shown in Fig. 4.1,

() (xp¥) € int Q. Denote J(xo,¥,) = Jo2* (R)®de and J(x,y) = J,2% R8s
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B = L | T - TE . N N =N

(®) Case (b,) : xe inr Q, x5 € dQ

\
X | - —4

S
‘=
8,
>
«‘-"%
h
— _Q_
(c) Case (by) : x € 9Q, x, € 0Q

Fig. 4.1 Analysis of the Distance xox
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with 6 measured in a same manner from the line xpx. R2 = p? + 2 = 2p{ coss.
For (x,y) close to (xp,yq), {=0(p), 16-¢I=0(¢). So p= Ry(¢) = Ry(6) + O(¢),
R?=R2 + O({), R®=R3+ O(¢8?). Thus J(x,y) = J(xg,Yo) + O(L ¥2), s0 in case
(a), the function in (4.9) is continuous at (x,y) € int Q.

(b) (xg.¥p) € 0Q0. Consider a neighboring point (x,y).

(by) I (x,y) € int Q, see Fig.4.1b, we still measure 6 from the line XoX.

(‘]
I(x,y) =J§" R¥xy.0)d6, J(xgyy =( 0‘ +I§:_82 JR3(x,y,6) de.

g -8
J(x,y) = J(xq,yg) = (JB1 + J" )(RS-R05)d9+Iu 2R3 dg.
0 2“—62 . el
The same argument as in part (a) leads to
%1 px 5_R.5 &2
b+ Ly ) @R a0 = 0o,
For 6,<n<2n-6, = ®+6,, R<l=lsiny, y= n—6, € [0,x], h<d
)
%2 Régey<nd[f —8Y__ _ opap? _G¥
8 0 \sinyl® 0 sind

d
< 2hd f°2 ¢=o( )
0 yA2m)d ¢

Therefore [I(x,y) = J(xg,y)l = O((%?).
(b)) If(x;y) € dQ, see Fig.d.lc. Suppose 8,< 72, ¢1 < 6, < m+¢l.

v

0
1
Let A =J(x,y) - J(xp.Yo) = A +8,+4,, A1=I¢ R-RNde, A= f; Rédg,
1

1

" N
A3=J2+e R05de. Similar to part (a) and (), A1=O(;‘V2), A2=O(§5’2).
1

R
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Then for 7+6,<8 <2%, n=0~%-6, € (0,8,), R<d/cosn <d/cos6,=¢ = A3=O(;M).
Hence A=0(3?).
In summary we have proved that I(x,y) - I(x4,¥q) = 0O(%2) and therefore

IKl}; 2-5 is continuous. #

COROLLARY 4.3. h;('p) and h(p) are bounded functions if p € LY(Q),
and in fact,

By e L@, h(p) e L=(Q) (4.10)
PROOF : In case (2.28), it is obvious. In case (2.28") we have

s(h)=inflh+hy) < (h+hpl 1 0.0y = Bulig,0y » = 15| < Sup Ihy(p)l. We still have
h, (p)e L™(Q) and he L=(Q). Also Sup |h,|< C,lIpll,q, with C;=2M,. #
THEOREM 4.4. Operator A is bounded.
PROOF : By virture of the duality, forany qe V,
(AD) , Dy = (VP (RIVD) + 1203(ugh, (p))3x , D)
= (h3(p)Vp , V@) — (125u5h, (p) , 3q/3x)
= [o(3(p)Vp+Vq - 12u5u5h, (p) 3q/dx) dQ
h(p) = ‘}'11+l.1'2, ug and h, are smooth. Denote

M, = sxt)p fugl, My =s?f l.k.\2| (41D
Then by Hélder’s inequality
Ilg—zl dQ </ |vq| dQ < (/ |Vq12dQ)!2 ( 1 )1

SCqliglizt,  Cq = (meas ()17 : (4.12)
KA®).Q)! < Sup IB3@) (g VpPd2)'2 (gl VqPdQ)'

+ 12uM, Sup |h,(p)l I, 19q/dx] dQ
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< My, + Cy, lipliga)® lipllgt llaflyg? + 1246M,Cy, lipll; o Cligll!
By the Sobolev embedding theorem (see “], for n=2, m=1, p=2 case,

mp=n), we have H}(Q) CLY(Q) compactly. Thus there exists a constant Cq >0
such that

liplia < Cyliplly!, VpeHY(Q) (4.13)

Then [JAQ)lly- < ((My, + CrCyllplly1)® + 1249M,C, CoC) lipliy1. This means that A

maps bounded sets in V into bounded sets 15V', so A is bounded. #
THEOREM 4.5. Operator A is coercive on V in the sense of (3.12) with

the choice of py=0. In fact, there exist C,, C, > 0 such that

(A@),p) 2 Clipl,2 - Cylipll;, VpeV (4.14)

PROOF : From (2.28"), we havehy=h_+h_2h_>0andh>h_.
(A(), p) = [ (3(P)IVpI? - 12ugu,h, (p)Op/dx) dQ.

Q= {xyeQh@) 20} Q= {(xyeQ|hp) <0}
Note that |op/ox| < |Vp|. Let
Q,, = {(xy)eQ, | 12u5u,|Vp| < h2|Vp[2}; Q,=Q -Q,
Iﬁll (*++)dQ = Iﬂll [F\zhz(p)IVpl2 + l;l(p)(hz(p)IVp[ = 12u4u,0p/9x)] dQ
2 Jqu1 Bh2(p)VpidQ
In Q,, h%Vp|2 < 12u5u/Vp, |Vpl < 12uqush2 < 124 M h 2.
Jouz (+dQ 2 [, )V -124 ugh, (p)IVp| } 4O
2 I [P3IVPR - 12uugh,(p) * 124)M_h_-2] dQ
2 J12 BVpQ ~ (126M b )2 Cy liplly o meas ().
InQ, h, <0. Let
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Qy = {(x)eQ, | 3px 20}, Qy=Q,-Q,,
In Q,,, l;lap/ax < 0, and then

Jaza(++)dQ 2 [q,, b3(P)IVp[2 dQ

In Q,,, 3p/dx 2 ~{Vp|, h;<0, we have

Jaz1(++)dQ 2 [, [B3(P)IVpI2 + 12#0u0(h(P)—F12)|VPI] dQ
h(p) > 0 and lﬁ2l SM;, sowe have

Jqp (+)dQ 2 [y, B3@)IVPP - 12M M, [, IVl dQ.

In summary, we obtain

(A®) , P) 2 g,y by %)V 4Q + Jgy;, ()| VI2 dQ2

- (12uM b -1)? C,C, meas (Q,,) lplly!

+ Uy + [gz) D3(@)IVDPAQ ~ 1210M M, Cqyy; lipllyg1
2 h3 (plg1)? - C, lipllg1.

Here [[;1 is the seminorm.

By Poincaré's inequality, there exi s C; > 0, such that
(lpllg1)? S Cyllplyl)?  Vpe H(Q) (4.15)

Thus we have (A(p) , p) 2 C,(llpll,;1)* - Glipllg.

Here we define
C; = (12uMhy"1)2C, C meas (Q) + 124M M, Cqy (4.16)
Therefore
im JAD).P) _
Ipliggl—==  [IPllg1 #

Note, in [62) we used the expression (2.28) and supposed hy>0. In fact, in
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the case of heavy loads, hy might be negative. Now we have extended the analysis
to a genaral case with the expression (2.28").
THEOREM 4.6. Operator A is hemicontinuous. That is

‘ﬁr& (A(p+tq) , 1) = (A(p) , 1), Vp,qreV 4.17)
PROOF : {(A(p+tq), 1)

= [l (p+q)V(p+tq)+Vr - 12p0uol;l(p+tq)ar/8x] dQ
h(p)=hy+h,(p)=h,+h__+h, (P)-s(h(p)). hy(p) is linear in p, s(h)=min(h,+h,)

is continuous in h;, and continuous in p. The other terms are all continuous in the

parameter t. So we have
lim (A(p+tQ),r) = Q[(h3(P)VP°Vr)—12110“(;}11(}))31’/3’(] dQ =(A()r). 4
THEOREM 4.7. Denote B,={geV | ligliyt < n}, a ball in V. There

exists a constant Cn(r;, M,, Cp, ) > O such that Vp,qe Bn'

(AP)-A@) , P 2 C,lip—qll;2 - C, lip—qli a lip—qliy! (4.18)
with C,, the constant appearing in (4.14) and defined in (4.16). For simplicity, we

denote [[*]l; for |*|ly1, and ||, for [e|y1 .
PROOF : (A(p>-A(Q), P—@)
= | [h*(p)VpV(p—q) - h¥(q)Vq-V (p—q)

~ 12u4u, (hy(p)-h, (q)) A(p—q)/3x] dQ2
= Jo[W3(P)V(p—q)V(p—q) + (h3(p)-h3*q)) Vq-V(p—q)

— 12uqu, (h,(p)-h, (q)) d(p—q)/3x] dQ (4.19)
The first integral,

[ R3@)IV(p—q)2dQ 2 h, 3 Ip~ql,2 2 C,lip—qll,2.
The constant C, is defined in (4.16).
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Note that hy(@)~hy(@) = hy(p)=h,@ - (CP)-sh(@).  Since
s(h(p)) = min (h, + h,(p)),  [s(h(p)) — s(h(@))| < Sup |th, + h,(p)) - (h, + h,(q))l,
Ihy(P)-hy (@] = Iy (P-9)| < Cylip—allra. Thus
Ihy(p) = by (@)l S 2 Sup Ih,(p)-h,(Q)l S 2C, llpqllca (4.20)
So for the third integral in (4.19), we have
i 12680 (h,(p)-h,(q)) 3(p—q)/dx dQ

< 24uM, Cy, lipqll aJ IV (p—q)l dQ

< 24uM, C;.Cq, llp-qli q lip—allyt

Here M, C;, and C, are defined in (4.11), (4.4) and (4.12), respectively.

For the second integral in (4.19),
h3(p) - h3(q) = (h(p)-h(q)) (h*(p) + h(p) h(q) + h*(q))
Ih(p)l <My, + Cy lIplipa <My, + C,C lIpllyt <My, + CComs

also |h(q)l s My, + Cthn. Where Cq is defined in (4.13). Recalling (4.20),
[h(p)-h(q)| < 2C;|lp—qli 9, we have

| [,03@) - B@)Vq-V(p-q) dQ

< 2CylIp-qllpa 3M,, + CuCam? [Vl IV(p-q)l dQ

<G lip-qllpa llqliyt lIp—qilyt < Cynlip—qll a lIp—qil!
Here Cy = 6C, (M, + Cthn)z. In summary, we obtain

(A(PY-A(Q) , p-9) 2C,lip—qll;2 - ( 24u9M,C;,Cq + C3) lip—qlipa llp—qliy;!
We thus need only denote

C,q= 24ueM, G, Cy + 6C (M, + Cthn)zn (4.21)
to obtain the desired result. #

Inequality (4.18) is similar to the inequality (4.3) appearing in the definition
of a Girding operator except that we now have a function H in the forin of
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H(y,|lu-vll,, llu-vll,). Thus we need only retrace the steps used in proving a Garding

operator to be pseudomonotone, although the procedure is not without some

difficulties. In fact we may consider operator A to be a kind of generalized Garding
operator.

THEOREM 4.8. Operator A is pseudcinonotone.
PROOF : By Definition 3.8, we need to examine the behavior of A with a

sequence {p,} satisfying property P (3.15). Now suppose {p,}€V and p,—p
weakly in V, and

lim (A(py) , PyP) SO (4.22)
we are to prove Vqe V = H!o(Q), Lim (A(p,) , p,—@) 2 {(A(p , p—9).
(1) Since p,—p weakly in V = H!((Q), the reflexive Banach space, {p,}

must be bounded in V. Let {|p,lij1 < 7, liplly1 < n, or we say {p,}, pe B11 .
According to the Sobolev embedding theorem, H! is embedded in L4

compactly, so p, — p strongly in LI, Thus we have (A(p) , p,—p) — 0, and

lip,—PliLa = O as n—ee. Hence by the boundedness of {p,} and from (4.18) and
(4.22), we obtain

02 iim (A(p,) , p;~p) 2 lim (A(P,) , Py—P)

2 lim [(A(P) ’ pn"p) = Cn "pn-p"[_q ”pn_p”}-{l] =0.
Therefore

lim (A(p,) , py~—P) =0 (4.23)

(2) VreV, we use essentially the process used in proving Lemma 4.7 to
obtain

(Alpy) - A, py—1) = [ [0 (D) V(p,~1)*V(p,-T)

+ @3(p,)-h3() VreV(p,1) ~ 12uqug(h, (py)-h, (1)) d(p n-1)/dx] dQ
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2 g [(((p)-h(p)+h(p))* - h3()) V-V (p,—)
— 12pquq(hy (po)-h, (1)) A(p,-1)/Ax]dQ (4.24)
We next split the integral in (4.24) into three parts, I, +I,+I,, where
L= Q[(h(Pg)-h(p))°((h(pn)—h(p))2+3(h(pn)—h(P)) h(p)+3h?%(p)) Vr-V(p )
— 1248 (hy (P>, (D)) 3(p,~1)/dx] dQ
L = [ql(h(p)-h(e) VrV(p,=p) - 12uuq (b, (P)-h, (1)) 3(p,—p)/dx] 42

I = o [(B3@)-h3() Vr-V(p-1) - 1241qu, (h,(p)-h, (1)) 3(p-r)/3x1dQ
Using (4.20), we have

lh(py) — h(@)| = ITn(pn) -Bx(p)l S2C, lipg—pllLa — 0
Because of the fact that {p,} is bounded, {h(p,)} and {.t'll(pn)} are bounded.

Then Il—>0 when n—o0, Moreover,
L, = {-V+((h3(p>-h*()) V1), p,-p)
+ (12u3(ug(h, (p)~h,())Bx , Py=p) = O,

because of the weak convergence of p,~»p. Finally, I, is the sum of the second and

third integrals in (4.19). Thus, following the same reasoning as that leading to
(4.19) and passing to the limit, we have

lim (A(p,)-A(), py~1) 213 2 -C, llp-rliza llp—ry1 (4.25)
(3) In view of (4.23) and (4.25)

lim (A(p,) , p-1) = lim (A(p;) , Py~T)

= lim (A(p,) — A(r) + A(D) , py-1)

2 fim (A() , Pyt - Cp lip-rilyq lIp—lg1

= (A®) , p-1) - C, lIp—a lIp-lly1 (4.26)

(4) Now for any qe V, set r=p+8(q-p)e V, 0<0<l, for small 6, [ir|[<n,
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since pe Bn‘ Then p-r = &(p—q). Substitution for r into (4.26) gives the result

lim (A(py) , 6 -9)) 2(A(r) , &p—q)) — C,&llp—aliLa lip—qlly?
Dividing by 6 and using the hemicontinuity of A, we get

Jim (A(p+6(—q)) , P = (AP) , p-0)
We have finally

lim (A(,) , @ 2(A(P),p@ VgV
This is precisely the requirement that A be a pseudomonotone operator. #
THEOREM 4.9. Operator A is continuous, in fact, uniformly

continuous in ball Bn’ i.e., there exists a constant C, () > O such that

IA(P) - A@l1 SCy lipalligt,  Vp.geV, liplly, llglly <7 (4.27)

PROOF : Referring to (4.19), a similar analysis for (A(p)-A(q) , r) leads to
the inequality

KA@»AQ) 1) | SKp3lipqliyt lirllt + 3Ky2 2C;lip—qllpa llqligg? lirfl

+ 12uM,, 2C;, Cq, lip—qlpa lirllg
Here we denote K, = |Sup (h(p))| <My, + Cp lipll g My, + Cthn, and then

Atlast, |AQP}-A@I1 < C,lip=qlly. #

REMARK 1. Physically p must be bounded (e.g., by the yield stress)
and ¢ P must be bounded below from zero. However an assumption of
boundedness for p is not appropriate or necessary to our analysis. We prefer to
modify the viscocity as : u= ugu;, po-— classical viscocity

™M  ifp2py >0

"

[¢)
<]
o

Hy if -py <P <PM

¢ PM  if ps-py, (4.29)




-

Then deﬁnc;) so that V;;:Vp/,u1 appears in Reynolds equation (2.23)

[ e~2PM (P-ppp) + (1- e *PM)/a ifp2py
p =¢ (1- e~2PM)/at if Il < Py
™M (D + ppy) + (1- e ®PM)/ ifp<-py (4.30)
(D + €%PM (p~(1—e~2PM)/cx) if p> (1-e=2PM)/a (>0)
p=4-in (1e<Pya if (1-e~2PMY/ct < p < (1-e~*PM)/ct
- Py + € PMP(1ePM)/0)  ifp < (1~ePM)/a (<0)  (4.31)

It is easy to verify that |p|<Cplpl with Cp= max (pys, €*?M); |iplla < Cplll;lqu.
Then we still have some constant Cp=CpCp so that |h1(5)|= |h1®(5))ISCh'I|5IILq- By
the continuity of p(;)), thereis a Cp.>0 such that Ipl-p2|=lp(pl)—prz)ISCp-lpl:pzl;

and |h;(p,)~h,(p,)l < 2C;, lIp(p, PPl a < 2Cth-IIp1—p2||Lq
For simplicity we keep the notations used before. In later sections, we proceed with

a=0, unless indicated otherwise.
REMARK 2. All the analyses here are valid for any closed convex subset

of V=H!(Q).

4.3 EXISTENCE THEOREM.

In Section 4.2 we proved that the operator A is bounded, coercive and
pseudomonotone. According to Theorem 3.3, (3.24) has at least one solution.
Furthermore by Theorem 3.6, this solution is also a weak solution of (3.3). We
state this conclusion as

THEOREM 4.10. For the nonlinear free boundary problem in
elastohydrodynamic lubrication, there exists at least one solution to the variational
inequality (3.24). Any such solution is a weak solution of the Reynolds-Hertz
equations (2.23-25). #
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4.4 BRIEF COMMENTS ON UNIQUENESS.

As indicated in Corollary 3.5, if in addition to the conditions listed in
Theorem 4.10, A is strictly monotone, then the solution of (3.24) is unique.

We note that (4.18) is of the form of a perturbation of a monotone operator.

Using (4.13) : lip—qlla < C lipqliyt, we go a step further to obtain

(A@rA@ , P92 (C, - C,Cy) llpaliy1)? (4.32)
Thus if we have in addition, the following condition

C, - Can >0 (4.33)
operator A is strictly monotone.

Recall that C, = h3/C, defined in (4.16), (4.33) will be satisfied at least in
case of large h_, or equivalently, of Jight load.

Without this restriction, we can conclude nothing about the uniqueness from
the present analysis.

4.5 CONVERGENCE OF THE PENALTY METHOD.

In Section 3.3, we introduced a penalty term in Reynolds—Hertz equations
to release the constraint. Wul%3] proved the weak convergence of the penalty
solutions. Here we are able to show that, in fact, these sequences may converge
strongly. We begin with a Lemma for the penalty term.

LEMMA 4.11. Define the penalty operator @ : H!((Q) —» H! as
follows

®(qQ) =q/e with €>0
q” = min (q,0) = (g-iq)/2 (4.34)

Then @ is a monotone operator:

(9" -9,7,9,~9,)20 Vg, q,€ V (4.35)
Particularly, we have '
(@@Q),=(q, k= (gl 2%e20 (4.36)
275




o

PROOF : For q,, q, € H'((Q), denote

Q,={xeQ |Aqaz 0}, Q. ={xe Q_|q,<0}, a=12
Then q,” =q, if xe Q_'and q,”=0if xe Q_. Thus

(a4 - 95> 949y = [ [9;7(q;=a) - 9,7(q,-9,)] dQ

= Jq, ,(2;94Q - I, 45 4,-q,) dQ

= larnaz (@792 4Q + [g).nq; 41(91-99) 4Q - [, 702 9,(2)-97) 4Q
In ©,'"Q,, ,<0 and q q;~q; 20 = —q,q,20. Similarly, in ©,AQ,’, -q,4,20.

Thus all the integrals above are nonnegative, that means (q,” - q,~, q;~q,) 2 0.
Setting q,=0, gives (4.36). #

A direct consequence is that, as a sum of a pseudomonotone operator and a

monotone operator, A+® is also pseudomonotone. Also,

K@) , Pl = li, (pa - Iplq) dQr2e < lipli, 2 liqll; 2/

This implies the boundedness of ®. A+® is still bounded.

Condition (4.36) gives (®(q) , @ 2 0, Vqe H!j(Q), so A+® is also
coercive.
Hence according to Theorem 3.4, we conclude the following:

THEOREM 4.12. Operator A+® is bounded, coercive and

pseudomonotone on V = Hlo(Q). Moreover, the penalized problem (3.27) has at

least one solution. . #
To shov' inore properties of the penalty method, we next prove the
convergence theorem:

THEOREM 4.13. Denote by p, the solution of (3.27) with € >0. As
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e—0 there exists a subsequence of {p.}, which converges weakly to some pe V,

where p is a solution of (3.24). Moreover, the subsequence also coverges strongly
topin V.

PROOF : For fe V' and the solution p,€V,
(A(Py) » P + (D(py) , Pe) = (f, Pe)

By the monotonicity of the operator @ defined in (4.36), (P(p,) , pe) 2 0.
We have

(AP » P <{f, o) < lIfily- lipclly (4.37)
But A is coercive, and in fact from (4.14), (A(p,) , P.) 2 C,lipellv? = C,liplly. So
{p¢} must be bounded in V:

lipellgt < (C; + 1iflly) / Cy (4.38)
The space HIO(Q) is reflexive. Hence, there exists a subsequence of the bounded

set {p,}, still denoted {p,}, which converges weakly to some pe V.

According to the Sobolev embedding theorem (11 H(Q) L%(Q)
compactly. Hence p,—p strongly in LYQ). J(ip.—Ip)2dQ < fip,~pl2dQ = Ip |- Ip|
strongly in L2. Therefore p,”—p~ strongly in L2.

On the other hand, (4.37) implies ||A(p Il < |Ifl| and

(IpeNL2)? = {pe™» pe) = E(P(P;) » Pe)

= e[(A(p) , P — (f, Pl S 2 lIfllyliplly = 0 as -0
since {p,} is bounded. This means thatp,~ — Oinan L2 sense.

Combination of these facts gives us the conclusion that p~=0 a.e. in Q, i.e.,
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p belongs to the constraint set K.

For any qe K; q~ =0, then by (4.34),
(pg- ’ Pg_Q) = (pe—_ q, pe_q> 20

(A(Py) » P~q) <(A(Py) , P~ + {p,~, P~1)/E = {f, p.~q)
Then we have

lim (A, pq) <(f, P-0) (4.39)

Setting q=p, we obtain lim (A(p,) , p—p) < 0.
Thus the operator A with the sequence {p,} satisfies condition P (3.15).

However, since A is pseudomonotone, we have from the definition (3.16),

lim (A(p;) » P~ 2 {A(p) , p-@) » VqeK. Recalling (4.39), we have (A(p) , p—q)

<({f,pq or

(A(pr-f,q-py20 VgeKk.
This indicates that p is a solution of (3.24).
Furthermore, by the use of (4.18), we have

(A(pe) - A(p) , pe - P) 2 C,llpe—lly? - C,lIp—Plira IIp—pliy!

Since p, is the solution of penaity problem,
(A(pe) » Pe~p) = (f-p /€ , P—P)

pe K, p™=0 and (4.35) gives (p;~, p—P) = (p," - P~ , P, — P) 2 0. Finally, we have
Cylipe-pll;? ~ Cyllpe-pilLa llp—pllyt < (- AP) , P~ p)

C,lip~pll;% < Cyllp—Pplia lp—Ppllyt + {E-A(p) , p-p) — O. #
This Theorem confirms that the penalty problem (3.27) is a legitimate
approximation of (3.24) and it makes sense to consider approximations of (3.27) as
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a means of approximating the solution of (3.24) for € sufficiently small. In

particular, if one finds a convergent sequence of penalty solutions p., one may

believe the limit is a true solution to the lubrication problem and that p_ is a

reasonably good approximation for € sufficiently small.

4.6 A REGULARITY THEOREM FOR SOLUTIONS OF THE LINE
CONTACT CASE.

Because the thickness of lubricant is very small in comparison with overall
dimensions of the bearing, very high pressure gradients can be expected to occur in
these class of problems. These high pressure gradients are often very difficult to
model analytically or numerically. The high gradients and rapid change in sign of
gradients have led many investigators to speculate that the exact pressure fields
exhibit a cusp—type spike near the outlet, this representing a strong singularity in
pressure gradients.

In this section, the regularity of pressure solution for the line contact case is
explored. It is shown that, contrary to conjectures in the literature, the pressure
profile is quite smooth and is in fact a classical solution to the elastohydrodynamic
lubrication problem. We begin the analysis with 2 Lemma revealing property of the

function h,(p).

LEMMA 4.14 If p(x) € C%a,b], then

h(x) =] p(§) In ¢ -xId§ & C%[a,b] (4.40)
If p(x) € C!{a,b], then h(x) € Cl(a,b) and fora<x < b,

h'(x) = [ 2 p'(&) In 16-xIdE + p(a) In |E-x| - p(b) In |¢-x| (4.41)
The existence of h'(a+0) (similarly, h'(b—0)) depends on p(a). If p(a)=0,

h'(a+0) = [ ® p'(&) In |&-xIdZ - p(b) In b-a] (4.42)

Otherwise h'(a+0) does not exist.
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PROOF : (1) For xye[a,b], ix~xy|<d, 6>0, extend p(x) continuously to
[a—6, b+4].

h(x)-h(xg) = [.> p(&) [In |&-x| - In |E-x] d&

b-x b-xg
=" lnn p(n+x)dn I iy p(n+xg)dn
a—x a-Xq

=]

b-x a-Xx
In 1nl (p(1+x)=p(r+xg))dn + (J °+J: ) in |rip(r+x)dn
0

a-xo a-x

a

= > Inln-xg (p(n+x-xg) - p(m) dn
{x-x4]
+ da—(x-xo) + «r:- ) In |n=x,| p(n+x~x,) dn (4.43)

p is extended continuously to [a—§,b+3], so p is uniformly continuous on [a—6,b+4].

Then p is uniformly bounded on [a-4,b+6] and p(n+x-x4) — p(7) uniformly with

respect to . Furthermore |fa" In |n-xgldn| < ee. Then (4.43) leads to the fact
iii)nxoh(x) =h(xg) Vxqe [ab] (4.44)

(2) In case pe C![a,b], also extend p to [a—5, b+5 ] smoothly.
Denote A = x—xg, |A| < &.. Then (4.43) gives

h(x) - h(x) -
T Ibln — p(n+4) - p(n) dn +

A A

1¢a A
s 2 L) Inin-xg pned) dn (4.45)

Now pe C!{a-5, b+6 ], p' is uniformly continuous, then (p(n+A)-p(n))/A must be
bounded uniformly. Thus the first integral in (4.45) is dominated by a Lebesgue

integrable function /n |n-x4| p'(n) and has the limit

2 tn ln=xo| [p(+Ay-p(m)}/A dn — [ b In in-xo| p'(n) dn.
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For a < x5 < b and small A, In |n—x, is continuous in 7 in (a~A,a) and

(b,b-A). By the mean value theorem of integral calculus, we obtain
s+ [0 tn Inxg| p(n+4) dn /A
= In [a-6,A-x| p(a~6,A+A) - In |b—6,A-xy| p(b-8,A4+4)
056, < 1. Thelimitas A — 0 is In fa~xy| p(a) — in |b—x,| p(b). Therefore, for

a < xg < b, we have (4.41).

(3) Consider the case x, = a, and A > 0. Similarly,

h(a+A)-h(a) _ p(n+4) - p(m)
e P ininal - dn

1
+ _A-(J.:A +J57) bn In-al pn+a) d

Only the term j‘a_A (e++)/A differs from the corresponding term in (4.45). Here

In |n—a| has a weak singularity at n=a. For small A>0, |n-a| < A, In |[n~a| has no
change in sign. Then the mean value theorems of integral and differential calculus
lead to
[*,_4In In-a| p(n+A) dn/A = p(a~68+A)A 5, In [n-a| dn
N=a

= [p(a) + (1-6)A p'(a+{A))/A [(n-2) In n-a| - 1] |
Nea-A

= (p(a) + p'(a) O(4)) (ir A - 1)

Thus it is obvious if p(a) = O, the last expression has limit 0 and if p(a)=0, it
diverges.

A similar conclusion is valid for Xg=b. #
Now come back to the penalized problems. For the solution PE H‘o(a,b),

we have p,'e L%(a,b). Then p, is Lebesgue integrable over (a,b), this implies that

281




P, is absolutely continuous. Thus, p,(x) € C%[a,b].

According to the Sobolev embedding theorem, for the one-dimensional
case, H(Q)CCYQ). That means there exists a constant C > 0 such that

max (@) = llqllco S C.llqllyt, VqeH!
Recall (4.38), for the penalty solution, we have, in addition, that p.(x) is uniformly

bounded with respect to €:

Pe € CUQ), liplicc < C. (Co+Ifllv)/C, (4.46)
Lemma 4.14 results in

hy(p)(X) = E' [ b In (-x/6x)? p(&) dE € COfa,b] (4.47)
and (4.46) gives the uniform boundedness of h, (p,)(x).

Equation (3.27) means that for the solution p,, A(p,) + p, /€ = f holds in
V', Our function f is in fact smooth enough, and now p.& C%a,b], moreover

Pe € C°[a,b], thus, we have

d dp, dugh, (p,)
A(p,) = ~— (W*(p,)e %P ) + 12ug ——— € C%a,b]
Pe) = = W (pe)e™Fe 5 H0 " ax (4.48)
Therefore,
- h3(p.Je™Pe dp/dx + 129ush,(p,) € C![a,b] (4.49)

Here we would like to employ the expression (2.28) for film thickness

h(p,)=h,+h,(p.)+hy. Then it is straightforward that h(p,) € C%a,b), and we arrive
at the following

LEMMA 4.15. The penalized problem (3.27) has solution p e C![a,b].
#
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Using Lemma 4.14 again with the conditions p¢(a) = pe(b) = 0, we obtain
h,(p,) € C'[a,b] and
hy'(®,) = = 2/xE' | b In (¢-x)? p,(&) d (4.50)

It follows that h(p,) € C![a,b] and from (4.49)
THEOREM 4.16. The penalized problem (3.27) has a twice

differeatiable soution p & C2{a,b], and the corresponding film thickness

h(p,)e C![a,b). #

Furthermore, we can prove

THEOREM 4.17. The sequence of one—dimensional solutions {p,} is
bounded in H2(a,b).

PROOF : Setq=p,in (3.27). This leads to
(A(y) , P + @, P YE=(f, D)

(lip NI 2)%e = (p., pYe == (A®,) , p) + (£, P

=I(p < [h3(pe)c-al’; (dpzldx)Z + 12“0‘1(“0;1 (p)Vdx p,7) dx +(f, p,7)
[

s(f,p)-J o<ty 1240 A0gh PV p.” U
< Iifl2 Hpg Tl 2 + 124 lidCugh, (p,))ekxll; 2 lip, Il 2.
From (4.4) and (4.13),

by (o)l < Cyllpeliya S CoCy, il (4.51)
and from (4.41), we have

Ihy'(pe)l < 4/nE' lIp Nl 2 [I," (In 1g-x)2d&)12 < C, lip iy (4.52)

Recalling (4.38), the boundedness of ||plly;1 yields the consequence that h, (p,) and
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an & Oy N .

h,'(p,) are uniformly bounded in [a,b] with respect to €. Therefore, we have
1215lid(ugh, (p,))/dxli; 2 bounded by some M>0, and |jp. ;e S {fli; 2 + M, or

lipe Nl 2 = O(e) (4.53)
This indicates that p,"e L2. With h(p,)e C!, we may now consider
Reynolds equation in an L2-sense,
- h3(p,_)e™*Pe d%p /dx? - d(h(p,) e ®Pe)/dx dp/dx
+ 12;10d(u01"~11 pP)dx +p./e=1.
with h 2 h_, > 0 (here we again use the expression (2.28), h=3(p,) S h 3.
d?p/dx? = -h=3(p,) [f+d(h3(p Je™*Pe)/dx dpsdx - p /e
- 12u,d(ugh, (p,))/dx]
From (4.51-53), we know that Ildzpe/dlell_z is bounded with respect to the
parameter €. Then with the fact that {p_} is bounded in H! we may conclude that

{p.} is bounded in H2. #

Now we are able to derive an important result.
THEOREM 4.18. The one—dimensional Reynolds—Hertz problem (3.3)

has solution p € C![a,b].
PROOF : Theorem 4.17 shows that {p.} is bounded in H2(a,b) which is

again a reflexive Banach space. Thus there exists a subsequence, still denoted by

{p.}, converging weakly to some p in H2. Applying the Sobolev embedding

theorem (n=1,m=1,p=2 case), we have H*CC! and H*CH! compactly. So p, = p
strongly in C!.

Now the fact p, € C![a,b] gives p € C![a,b]. - #
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As a direct consequence, since p=0 in Qo, we have

COROLLARY 4.19. For the Cl-solution p Of (3.3), Reynolds
condition holds at the free boundary

dp
= = 54
dxlx_b1 0 (45#)

Repeating the argument in deriving p, € Cz(a,t_a), we obtian the following

conclusion with a simple substitution of b, for b.
THEOREM 4.20. The one-dimensional Reynolds—~Hertz problem (3.3)
has a solution in Cz(a,bl), and, in fact, this solution is a classical solution. #

REMARK 1. Use of the Reynolds condition (4.54) as a criterion for
locating the free boundary has been made in numerical studies of related lubrication
problems for several years by many people. A physical interpretation and
motivation of this condition is demonstrated in (28],

In [76), a first attempt was made to prove the continuity of p' using a
maximum principle (for rigid bearings). Unfortunately there is a mistake in this
work, as all derivatives concerned were from the left side (inside the contact region)

of a* (refer to [76]), so that setting p(x,a)=0 for xe [a,b] (i.e., x2t) may not imply

that dp/dx|,_o_+dp/da |, _ =0, which was a major condition in that work.

x=0t

In addition, for elastohydrodynamic lubrication, an extremum principle may
no longer exist. However we obtain the results developed here through use of a
variational inequality and a penalized problem.

REMARK 2. The possibility of a singularity, a spike or cusp, in the
pressure profile has long been a concern to tribologists who attempt to model
elastohydrodynamic lubrication numerically. However, we have shown here, that
such a spike cannot exist in the one—dimensional solution. In fact, we must have

pe Cl[a,b]. This result is also confirmed by our numerical experiments (see Chapter
5 of this work).
REMARK 3. Physically, the thickness of the lubricant film which is
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considered as a fluid must vary smoothly, particularly at inlet before a disturbance
occurs in the contact region.

Recalling Lemma 4.14 and Theorem 4.16, we established that p, € C2(a,b],
p. € C![a,b]. We know, at least, that

g =h,(p,) = <4/nE'[; In 15X p(©) d& € Cl(ap)
€ =h,"(p,) = <4/E' [ In 16~x| p,"(®) dg

+ In |a=x| p'(a) - in [b—x| p,'(b)]

That h(p,)"(a+0) exists requires p.'(2)=0. This also implies p'(a)=0 by C!
convergence. Although we have not yet proved this conjecture and there is not a
corresponding "free boundary” at the inlet zone, it is strongly supported by the
numerical experiments shown in Fig. 5.6. Of course this condition is also
physically realistic.

REMARK 4. In proving Theorem 4.13, we proved that in the general

case, (llps‘lle)zle is bounded, i.e., llp. N 2 = O(*/E). However, here we have shown

that for the one—dimensional solution, (4.53), llpe 2 = O(e).
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5. FINITE ELEMENT SOLUTIONS

Several attempts at obtaining numerical solutions to lubrication problems,
especially, elastohydrodynamic problems can be found in the literature. Dowson
and Higginson{28] contributed a summary on early works for line contact problems
and presented a systematic procedure for the solution of such problems. In the early
1970's, finite difference methods were used for the analysis of point contact
problem (121, Later, Hamrock and Dowson(41] extended the scheme used in (28] to
point contact problems and obtained important results, based on a modified
Reynolds equation with the finite difference method. Meanwhile, Oh and Rohde(68]
completed a classical finite element solution for point contact problems. The Fifth
Leeds-Lyon Symposium on TribolBgy [29) was dedicated to this topic. A more
recent survey can be found in [26],

In the lubrication community, most engineers apparently have preferred
finite difference methods to finite element methods, even though finite element
methods applied to lubrication problems have exhibited numerous advantages.
There are relatively few papers on finite element methods for these problems
compared with the other fields.

In the treatment of the free boundary, most of the previous works utilized a
certain subroutine in their programs to adjust iteratively the negative part of the
pressure to be zero or to modify the integral region to fit the Reynolds condition.
This natural but somewhat unsophisticated procedure suffers from the fact that no
theoretical predictions on the success of such adjustments or of the quality of
computation are available nor indeed, are they easy to obtain, especially for
two-dimensional problems.

This chapter is devoted to the presentation of finite element methods with
penalty for elastohydrodynamic problems. The capability of the penalty method in
locating the free boundary is found to be excellent. The results presented here,
together with those of Chapter 6 provide a basis for obtaining accurate solutions of
elastohydrodynamic lubrication problems with the finite element method.
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S.1 BRIEF SURVEY ON FINITE ELEMENT METHDS IN

TRIBOLOGY.

While the finite difference method is widely utilized by many lubrication
engineers, the finite element method (FEM) is gaining in popularity in applications to
various aspects of tribology. Some earlier works were summarized in the survey by
Huebner46]. More recently, other efforts to apply FEM to EHL problems have
been made, particularly, with the free boundary taken into account. Figure 5.1
shows the representative literatures of the FEM applied to various aspects of laminar
flow of lubricants.

5.2 FINITE ELEMENT FORMULATION.
Following more or less standard procedures (referring to [7:32]), we develop
a finite element approximation to the penalized problem (3.27).

A nice domain Q, large enough to include the effective contact region, is
partitioned into a mesh of finite elements:

Q=£JQe, Q.NQe=09 ifexf
associated with a set of piecewise polynomial shape functions {®_}. Denote

V}, = {linear combinations of {®_} over Q} (5.1

Then we interpolate the approximate solution psh as

Pt =2 P00

N
Pl = 2 P Ppe®) (5.2)

Here the index (e) indicates quantities defined on the clement level. The index (h),
the mesh parameter, expresses conventionally the finite element approximation;

{®,} are global shape functions; p" and p", are nodal values of p,.

Now we have an approximate problem:
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Fig. 5.1 Survey on FEM Applied toi..ubricatiorx
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(Ph) : Find p,* € VRC H!((Q) such that

(AR, o + (M, Ve =(f,qh) VgheVh 5.3)

Introduction of (5.2) into (5.3) leads to a system of nonlinear equations in the nodal
values p” as follows

-

A , - oD,
J}:[IQ (t*(p.") VO, VO, +% @,0;) dQ] pl - [512uquyh, (pM —axl dQ
. 0D,
= [q 12191, h,=—dQ, i=1, ., N (5.4)
Here
0 ifph20
Alp) =
-1 ifpP <0 (5.5)

Note that (5.4) contains {p'} implicitly in the left hand side, since h, fxl and

A(p) depend on psh.
For the film thickness we also use interpolations

hP = T bk,
¥ = h X + hk
hX=h,|nodek,a=1,2 (5.6)

5.3 ITERATIVE SCHEMES.
For the nonlinear discretized equations (5.4), several iterative methods can
be chosen in the numerical processes. The simplest is the so—alled direct iteration.

A pressure distribution (p), is assumed first, e.g., (p), =0, or a solution for lighter
load, then calculate h,(p,) and h. In the next iteration, the equations for (p),, are

solved with h, and h evaluated from (p),. Repeat these steps until the difference

between the successive solutions is smaller than some given tolerance.

290




Customarily, we may formulate (5.4) as follows
J};In (h3(pe Pk VOV, + A(p)P,0/e)dQ (P))y,

= Jq12u5uy h(p,) 99/0x dQ  i=1, e, N (5.7)

This formulation results in a banded, sparse, symmetric matrix form which is easy
to be solved. However, such a direct iteration can only work for very light loads.
For heavier loads, we would like to utilize Newton—-Raphson iteration. If we denote

by G; = 0, i=1, ..., N, for the equations (5.4) with G; defined by

G, = J}“__‘l Jo (0%~9P VO,VO, + A(p)®,®//e) dQ P

— [q121u hd®,/3x dQ (5.8)

then the Newton—Raphson iteration suggests the formulation

—| _Api=-G;
??x ~ %) p 2P =Gl
(pk*l)l = (pk)l + Api j=1, ses N (5.9)

Here we have
9G/apl = [ (h3(p)e 2P VO, VO, + A(P)D®//e)
- Jq0®; %P VO, .Vp dQ

+Jq(3h2e™@P VO .+ Vp - 125uy 00 /0x)0h/dpi dQ  (5.10)

Recalling (2.28), we have oh/dp) = ahl(p)/api, and from the fact that h,(p) is linear
inp~Z0,p),

N/3p! = hy(®)) : (5.11)

Generally, (5.7) can work for most cases with a large range of loads.
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However, this formulation leads to an unsymmetric full matrix which is sometimes
inconvenient for two—dimensional problems. Motivated by the ideas of various

iterative techniques in [40.95] e may modify (5.7) and (5.9) by splitting h,(p). In

fact, in finite element methods, we perform the integration on element level,
IQ("‘)de - cf-lj.ne(ooo)dge

In evaluating (hl(p))i, we may set two parts
hli(P) =h(P)lnode i = hxoi + hui
hoi =3 Jg CEK(x,8)p()dQ

€ %o

hyi= 3o CeK(x,Op(9dQ = § Hypi
e, ey )=l

Hy = Z,[QelCEK(xi,f)fbj(f)dQ (5.12)

where ¢, denotes the elements, to which node x; belongs, and e, for those elements

which do not contain x;. Thus, we may reformulate (5.7) into the H-split form,

$ (o o0 Ay 3@
]-I[In(h (pk) [ pk V¢1.V¢J+E_ ¢1¢] - 12[10110

i

—= 2 H0pdQ) p

= Ig 12140 30,/3x (hy + Thy'®) dQ, i, .., N (5.13)

System (5.13) is still in banded and sparse form like (5.7).

Also, we may modify Newton-Raphson iteration based on H-split
formulation and use an inner iterative process in Newton—-Raphson iteration which
results in a banded sparse matrix like that formulated for direct iteration in (5.13).

Denote Gj; = 3G;/ap), split G;; = G'j; + G%; and make an inner iteration for (5.9)

zGlijl(k) Apjs+l == Gil(k) - ZGzijI(k) Apis, s=0, 1, ... (5.14)

where




Gljj = [p [0’ e VO, VO, + A(P)OD//e - a®;h? €™ VO,V
+ (3h23'0P V(DiOVp - 12#0110 a(Di/ax) hu(@j)] dQ (5.15)

G2 = [ (3h2¢™OP V&.+Vp — 12u5u 09,/0x) hyo(Q)) dQ (5.16)
In our numerical experiments on point contact problems, formulation (5.13)
can lead to the convergent solutions for quite a wide range of loads, particularly

when using linear elements, although it is essentially a kind of direct iteration. Thus
it can save substantial computer storage and time.

5.4 NUMERICAL RESULTS.

Nondimensional parameters are convenient for showing the basic behavior
of the numerical results. Traditionally, for line contact problems, we use the
following set of nondimensional parameters, with R, the radius of roller and E', the
effective elastic modulus:

P=p/E; G=0aE; U=yuy/ER; W=wER;
X=xR; H=hR; €=¢R

where w = fde is the load. For point contact, the only change made is for the load
parameter W = w/ER2. Equation (3.3), in nondimensional form, becomes

- V+(H>e=C? VP) + P~/ = -120(UH)/0X (5.17)

We perform numerical experiments on the penalized problems, for both line
contact and point contact cases. For line contact, we use the parameters U=10"11,
G=2500, for point contact, we use U=0.1683x10"11, G=4522. Then we compute
results for different values of H, or Hp, corresponding to different loads.

Simply speaking, the penalty method is seen to work very well in locating
the free boundary. Tables 5.1 and 5.2 show the sample tests which describe the
behavior of pressure profile near the outlet. Only very small values of negative

pressure appear, and when we reduce €, they also reduce the magnitude in a stable
manner, meanwhile with the positive part almost unchanged.
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5.4.1 FEM SOLUTIONS FOR LINE CONTACT PROBLEMS.
The parameters are chosen to be the same as used in [38], Here we use

Py, 1 = Pillgt/lIpllygt < 1073 as the convergence criterion for the iterative procedures.

In Fig. 5.2, the pressure distributions for different H_'s, the minimum film
thickness (referring (2.28")), computed with quadratic elements are shown. Figure
5.3 shows the computed load parameter W versus H . Figure 5.4 shows a film

shape with the parameter Hm=l.375x10‘5. These results are in excellent agreement
with those presented in [38], obtained with a boundary adjustment scheme. Figure

5.5 shows the linear—element solutions with the control on the parameter H,

(referring (2.28)), which exhibit the same behavior as those calculated with H ..

It is observed that, even under heavy loads, the pressure profiles are quite
smooth, especially, the second peak is almost always located at the inner node of a
quadratic element. Therefore it is in fact a smooth peak. Also, it is found that at the
outlet, the free boundary condition dp/dx = 0 seems to hold with high accuracy.
These facts confirm the regularity theorem proved in Chapter 4. Now, with the
penalty method, we need not care about the location of the free boundary, contrary
to the traditional boundary-adjustment iteration methods.

It is interesting to observe the pressure variation near the inlet, shown in
Fig. 5.6, where dp/dx = 0 seems to hold perfectly. The vanishing pressure gradient
at the inlet, while seldom mentioned in tribology literature, turns out to be not only a
necessary condition, from the physical point of view proposed in Section 4.6, but
also a natural mathematical consequence of our particular formulation of this
problem.

5.4.2 FEM SOLUTIONS FOR POINT CONTACT PROBLEMS.
By the symmetry of the geometry, only the upper half of the domain Q, the

party 2 0, is needed. And a boundary condition, dp/dy | ya0? is imposed for this

situation, which dose not have additional contribution to the finite element
formulation. But we should include the contribution of the other half part to the
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deformation, so we have

hy(p) = Cg Jp(&,m) [IN(x=+(-n)* + IN(x-*+(y+m)?] dQ2
As mentioned before, the penalty method works excellently in locating the
free boundary. In fact, the negative part of pressure is very small, and may become

even smaller when the penalty parameter € is reduced. As a matter of fact, for
two—dimensional problems, the Reynolds condition becomes difficult to verify, and
the boundary -adjustment is much more difficult than that in one—dimensional case.
However, we still need not care about the location of the free boundary, an
advantageous property of the penalty method.

The result in Fig. 5.7 shows a part of the pressure distribution computed
with the bilinear elements. Figure 5.8 shows the pressure contours of the solution.
Figure 5.9 presents the enlarged part of the pressure contours near the contact
center. Figure 5.10 shows a part of film shape near the contact center. Figure 5.11
to 5.13 show a solution computed with biquadratic elements. And Fig. 5.14 shows
a part of the film shape.

It is observed that the Reynolds flux condition seems to hold once again at
the outlet.
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6. ERROR ESTIMATE

Accuracy and error estimation is an important issue in determining the utility
and acceptability of any numerical scheme. Since the early 1970's, considerable
effort has been expended in developing theories concerning the numerical accuracy
of finite element methods. Particularly for elliptical problems, Oden and Reddy!0]
presented an introduction to the mathematical theory of finite elements and Ciarlet{14]
summarized the important results of that period, including some nonlinear cases, see
also Oden and Careyl56], Some results of finite element methods for nonlinear
problems characterized by strongly monotone operators were also obtained
[36,53.58]. Oden and Reddy[*%) made a substantial generalizaton of error estimation
methods to problems in nonlinear elasticity which featured a pseudomonotone
operator. While a great number of articles have been devoted to fluid dynamics,
plates and shells, nonlinear elasticity, etc., error estimates for finite elment
approximations of nonlinear lubrication problems do not appear to be available.

Li and Dai*%) made a significant analysis for gas thrust bearings, although
elasticity of the bearing was not taken into account. Few other works on the
mathematical properties of numerical methods for lubrication problems can be
found, either on finite element methods or on finite difference methods.

Here error estimates are derived for approximations of the Reynolds—Hertz
equations subject to some additional simplifying assumptions. We first demonstrate
the convergence behavior of the approximate solutions in finite dimensional spaces.
This provides a framework for the accuracy analysis and then the derivation of an
error estimate.

6.1 APPROXIMATIONS OF PENALTY SOLUTIONS IN FINITE
-DIMENSIONAL SPACES.
For approximating the functions in Sobolev space V, we introduce a family

of finite-dimensional subspaces {V} :
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V,CV,, CCV

nIZJIVn is everywhere dense in V 6.1)

For example, the spaces of interpolation functions in finite element methods can
assume such a structure, if we employ a regular refinement of the mesh. Under
such approximation, we have

VveV, 3 a sequence v,e V, and v,—v (6.2)

We seek solutions of the approximate penalized problems in the subspaces

(P.™) : Find p." € V, such that

(APM , qM +{pM ™, qWVe=(f,q" VqeV, (6.3)
We denote for the penalized operator,
Ac=A+®, A(Q=A(Q+q7e, VqeH\\(Q) (6.4)

All the reasoning in Chapter 4 applies to the subspaces V,;, so we have

THEOREM 6.1. Operator A,is bounded, hemicontinuous, coercive,
pseudomonotone, and continuous on the subspaces V, (n=1, 2, ...). And there
exist solutions p." € V CH!((Q) of (6.3). #

Since VeV, Vqe V,, (A (p,",q" = (f,q"), and also we have (A (p,).q™

=(f, q°) because p, is the solution on V. Thus we obtain the "orthogonality" as
follows:
LEMMA 6.2. For the approximate solution p,® of (6.3) in the

approximate space V, we have the orthogonality

(ALpM -A P, qW=0, Vq'eV, (6.5)

THEOREM 6.3. For the approximate solutions {p."} in V,,, there exists
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a subsequence of {p,"}, as n—, which converges weakly to a p.e V, a solution of
the original penalized problem (3.27) and A (p.")—f weakly in V'. Furthermore,
the subsequence, in fact, converges strongly to p, in V.

PROOF : For the approximate solutions p," € V,,

E,pM = (A, pe™ = ((A+D) ("), P n=1,2, ...
Coercivity of A_results in the boundedness of {p,"} € V = H!,, because inequality
(4.37) is valid for A, in place of A, in view of (4.36). Hence we can find a
subsequence, still denoted by {p,"}, which converges weakly to some p, in V.,

Meanwhile {A(p,")} is also bounded, in V' = H-! because of the boundedness of

A, By the same reasoning, there exists a subsequence of {A;"(p,")}, with the
same notation, which converges weakly to some g in V'.

We are to prove that p, is a solution and g ={.

For any qe V, we may find a sequence q"e V such that Q"—q in V. pltis

the solution in V , so

(Ag(Pcn) ’ qn> = (f ’ qn) - (f ’ q)
Using the boundedness of A, we have

KA®M » 9™ S 1A PNy llaq"lly =0
Thus (A (P, @ = (A" a9 + (AP, q = (f, ).

On the other hand, the fact that A (p,") — g weakly leads to (A (p,") , @) —
(8, 9- )

This yields (g, @) =(f, q), Vqe V. So g=f.
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Therefore a similar argument resulits in

(Ag(Pgn) ’ Pgn—‘P;) = (f ] pgn> - <Ag(pgn) ’ p;) - (f ’ p;) - (g ’ pg> =0.

This means that the property P (2.15) is satisfied by A, with the sequence {p.,"}. A,

being pseudomonotone gives

gg. (A pM, p"~0) 2 (AP, , P, VgeV.

From (A (p,") , p.™ = (f, p™ = (£, P, (AP, 9) = (g, 9 =(f,q
we have (f, p,—q) 2 (A (p,) , P;~q), VqeV. ’

For any weV, setting q=p~6w = (f, 6w) 2 (A,(p,) , 6w). Equivalently
(A (p,) » W) =(f, w) since 6 can be cnosen positive or negative. This establishes

that p, is a solution of (3.27).

Going a step further, if we take a sequence r*e V,,, "—p, in V, then from

boundedness, we have

KA — Acpe™ » Pet™ S HAPL) — AP My lipe—t"ily — O
By virture of (4.18) and monotonicity of ® (4.36), we have

(Ac(Pe) = APe™ » PP

2 C,lIppPlly? - Cyllpe=PeMllL, IIPePe gt
Orthogonality (6.5) gives

<A;(pg) - Ag(pen) » Pg‘rn) = <Ag(pg) - Ag(pgn) ’ pg_pgn>-
Again the compact embedding of H! in L9 results in p,® — p,_ strongly in L4.

Finally we obtain [Ip.~p."ll1 — 0. . #
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6.2 APPROXIMATION OF VARIATIONAL INEQUALITIES IN
FINITE-DIMENSIONAL SPACES.

We now return to the variational inequality (3.27) and consider a
finite—dimensional approximation of problem (P).

As before, let V,CV, ,C-+CV and UV be everywhere dense in V.
Denote

K,=KNV_ ={qVV,|q20 ae.in Q}

KCK, , C+CK, UK =K (6.6)
We also have the approximation property:

VqeK, 3 a sequence q"e K, q"—qin V norm 6.7)

In fact, when we consider finite element approximations, V,, are the spaces
of piecewise polynomials. Generally, for qe K, q20 a.e. in Q, we can get a

sequence q"e V,, q"—q in the V norm; q" may not be in K, however

Q"y={xe Q|q"<0} must shrink to a set of zero measure. So we may use (q")*e K,
to approximate q.

The K, are closed and convex subsets of V. Our approximation is
characterized as the problem

(PM) : Find p" € K, such that

(APM ~-f,q"-pM20 VqieK, (6.8)

Making the same argument as in proving Theorem 4.13 on V,,, we have

directly the convergence property.
THEOREM 6.4. In the approximate spaces V,, when €—0, there exists

a subsequence of {p."}, the solutions of the penalized probiem (6.3), which
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converges to some p"e K, in V, the solution of (6.8). #

Recall that in finite~dimensional spaces, weak convergence is equivalent to
strong 'convcrgcncc.

On the other hand we have for the approximation for (3.27):

THEOREM 6.5. There exists a subsequence of {p"}, the approximate
solutions of variational inequality in finite~dimensional spaces (6.8), which

converges to some pe K in the V norm as n—e. Moreover, p is a solution of
problem (P), the variational inequality (3.27).

PROOF : We may take p" as the limit of a convergent sequence {p."} of

penalty solutions in finite~dimensional spaces. The boundedness of {p,"}, by
virtue of (4.38):

lIpe Iyt < (C; + il )C,

and convergence of p."—p" as €0, lead to the boundedness of {p"}.

Thus we can find a subsequence, still denote {p"}, which converges
weakly to some pe V.

The space V = Hl;C 1.2 compactly, so p® = p srongly in L?, = p® = p
ae.inQ; p"e K,p"20ac.inQ=>p20ac.inQ. Hencep € K.

Let us choose an approximate sequence q” for pin K, q® = pin V. Then

we have
(A", p"-p) ={AE" ., p"-q") + (A" . q"-P)
(¢, p"-qM + (A", q"-p
=(f,p"-p) + (AP -f,q"-p)

p" — p weakly, but Q" — p strongly and {A(p™} is bounded. Therefore

lim (A(P™,p"-p)sO (6.9)
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That means A and {p"} satisfy property P (3.15). A is pseudomonotone and thus

we have

lim (A@™,p"-q@)2(A(p),p~q), VgeV.

Then, for any q € K, we may construct as an approximation, q" € K,

q">qinV,
(A(p) ’p—q.)S]i_”l (A(pn) ’Pn‘CD

=lim (A" ,p"-q") + (A", q" - Q)] S lim (£, p" - q™ ={f,p-q)

ie., (A(p)-f,q-p)20, Vgek.

Finally we can prove that the convergence is in the H! norm.

Lemma 4.7 gives

(A" -A@),p"-p)2C,lip" ~pli,2 ~ Collp™ = plia IIp™ - pli1.

Recalling (6.9), we have fim (A(™) , p"-p) <0. So

C10lIP" - plig1)* < Cylip” - pliga lIp" ~ pliy1 + lim (A(P™ - A(p) , p" - p)

< Cy27lp” - pllya + lim (-A(p) , p" - p) = 0

Note that we have used the boundedness of {p"}. So we can conclude that p"—-p

strongly in H!.

#

Up to now we have constructed the finite-dimensional approximations for
both the variational inequality and the penalized problem. Also we have established
the convergence relations (all in the Hl-norm), summarized in the following

diagam.

(P) (3.24) |o—2SE—0

asn — oo

(pN) (6.8) fe— AsE—0
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6.3 AN A-PRIORI ERROR ESTIMATE.
Making use of inequality (4.18) in Lemma 4.7 again, along with the

monotonicity of the operator @ and the orthogonolity for the approximate solution

P> we have
C,(lIp = PMIg)? = Cyllp, = PeMla lipe = Pl
S (AP = A(PM 5 P~ P S (AP - A(PM » P~ P

= (Ag(pg) - Az(pen) ' Pe— qn)’ anE vn
By the continuity of A in Theorem 4.9,

“A(pg) - A(pgn)ll_l s CA"pg - pgn”Hl'
Note that, Vq,,q,€ V

l(q;) - V(I = I?‘ﬂlllp l(ql- -9, ")/5"1'"}{1
-

Recalling, the process in proving Lemma 4.11, and Q_= {xeQ | q,20},
Q,'= { xeQ | q4<0}, we have
(g~ - g1 2)% = [5(q," - g,7)2dQ
=larnaz @ - dQ + Im'r\nz q;?dQ + J‘mr\m' q,? dQ
in Ql'nﬂz, q;<0 and q,20, |q,/ S Iq; - q,}; in anﬂz', la,! €1q; = q,l- Thus
9™~ 47162 S S~z + arnaz + ainaz @1 = 320 4R S llay = all®

Therefore [|®(q,) = P(qI_; S llq, - q,ll/ES llq; — gyl /€. Then we arrive at an
inequality.
LEMMA 6.4. For the approximate solutions {p;"} of problem (P.")
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(6.3) for £>0, there exists a constant C.>0, such that

C,lipe = Pellyt = Cqlipe = pe"liLa < Cellpe ~ iy, VeV, (6.6)
C,sC, + 1 (6.7)
where C,, C,.| and C, are defined in (4.16), (4.21) and (4.28) respectively. #

Now we use parameter h traditionally to indicate the mesh size in the finite
element method, and we construct a family of finite element approximation spaces

with mesh parameter h, as follows:

VhlchbC ~CV, 1>h >hy>>0

UV, iseverywheredensein V withh, — 0 (6.8)
o

According to finite element interpolation theory (see, (14] of [56], if
complete polynomials of degree not larger than k are contained in H(Q2), generally

we have a constant C,(m,k,Q2) > O such that Vve H**1(Q),

v - ITpvilym < C,h“*l'“‘ IVigk+1¢q), 0 S m <min (1,r)

[i (v -ITy vl Y12 < Chk+1-M |yl yi1 o 2< m < min (k+1,r)
) h"H™Q) 1 H (@), 6.9)

where IT;, : Hk*1 — SRCH_ is the interpolation operator with S" denoting the finite
element space, and |*| denoting the seminorm.

When these results are valid, we are able to establish an a—priori error
estimate for the approximate solutions of penalized problem in finite-dimensional

spaces V. Using (6.6) and, setting m=1, we obtain
h

THEOREM 6.5. If the penalty solution p.e H(Q), r21 and the shape

functions of finite elements contain P, the complete polynomials of degrees Sk,
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k2>1; then under the assumption (4.33), C, - Can > 0, and for the regular affine

family of finite elements, there exists a constant C(e,m,k,Q,n) > 0, such that for the
approximate solutions pEh on V,, we have the error estimate
lIp = PeMllggt < Ch Ipglyket

H=mink,r-1) (6.10)
#

COROLLARY 6.6. If the penalty solution p, is smooth enough to be an
element of HT, r 2 k+1, under the conditions in Theorem 6.5, we have the error
estimate

Ipe = Pzt < ChkipJggket (6.11)

Particularly, for linear elements, k=1, and for quadratic elements k=2, (6.11) yields

Ip, — P Mgyt S ChipJy2  (linear elements) (6.12)
lIp; = PeMlgg! < Ch2ip 3 (quadratic elements) (6.13)
#

REMARK 1. For one—dimensional problems, Theorem 4.16 and 4.17

demonstrate that p_ € HX(Q), so at least (6.12) is realistic.

REMARK 2. For one—dimensional penalized problems, it is proved that
p. € C![a,b]. By (4.47) and (4.50), we may obtain

2 §x
h(p) - hpe™) =5 s 1n () “@ul® - p) 2
2
h(pg) = WipM) =—= Iy '~ In (-0 () - BN () dé
Thus we have
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IIh, = hMlgs < Clip, - pMlys, s =0,1 (6.14)

That means the film thickness has at least the same rate of convergence as the
pressure.

Moreover, for the load w = Ide, we have

Iwe = wel' = IfpdQ - Jp,"dQ| < Cllp, - p M, 2 (6.15)

Thus the convergence of load is as at least fast as the pressure measured in the
L2-norm.

6.4 NUMERICAL EXPERIMENTS ON ERROR ESTIMATES FOR
FINITE ELEMENT SOLUTIONS.

A series of tests on finite element solutions have been performed. For

simplicity, uniform meshes are employed. A very fine mesh is taken for obtaining a

solution p._* in place of the exact solution. And then the analysis is based on the

comparisons between this solution and the solutions obtained from the coarse
meshes.

6.4.1. LINE CONTACT PROBLEMS.
Figure 6.1 shows the computed error behavior for a light load case of line
contact, computed with the linear elements. It is evident that the logarithm relation

between [|p* - Pshllgl and h, the mesh parameter, is linear with slope 1. That is, a

first order convergence is obtained, and the prediction (6.12) (see Corollary 6.6 and
Remark 1) is verified. In fact, shown in Figs. 6.2 to 6.4, the result holds for a
quite wide range of loads.

Figures 6.5 to 6.8 show the analysis with quadratic elements. For a certain
range of loads, the rates of convergence for pressure are O(h2), as predicted in
(6.13).

For classical linear elliptic problems, such results are optimal. Since the
operator of the governing equaiton is only pseodomonotone, the convergent rates are
almost optimal only for a certain range of loads.
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6.4.2. POINT CONTACT PROBLEMS.

For two—dimensional point contact problems, Figs. 6.9 to 6.11 show that
(6.12) also holds for certain cases with bilinear elements, but a deterioration in the
rate of convergence is observeg for slightly heavier loads as shown in Fig. 6.12. A
similar situation appears for the solutions computed with biquadratic elements,
shown in Figs. 6.13 to 6.16. This indicates that condition (4.33) does not hold all
the time or the solutions are not smooth enough to be in the Sobolev spaces of
higher order.

REMARK. For linear elliptic problems, the Aubin-Nitsche method (see
{561y provides higher order convergence when the error is measured in the Sobolev
spaces of lower orders. Here it is interesting to notice that the similar behavior is
observed. Figures 6.1 to 6.16 show that in many cases, the pressure obtains
second order convergence with linear elements, and third order convergence with
quadratic elements, when measured in the L2-norm, just one order higher than those
in the Hl-norm, as is the case in linear elliptic problems.

6.5 APPLICATION OF ADAPTIVE METHODS.

The solution of the elastohydrodynamic lubrication problem usually
exhibits a large gradient in the pressure distribution. For improving quality of
approximations of the pressure, more nodes can be placed in the region where the
pressure varies rapidly. Alternately, one can use higher—order elements in that
region. However, such regions may vary case by case and the use of very fine
uniform meshes is not feasible as it may require excessive computer storage and
time, particularly in case of point contact problems. To then obtain good
approximations, the use of adaptive finite element methods to automatically produce
a suitable refinement is thus an attractive alternative. Such schemes have been
applied to many engineering problems in recent years, e.g., see (23:24.611 The basic
ideas and schemes of adaptive method can be found in (4539 and the recent
advances and applications are summarized in (6],

Generally, there are three types of adaptive methods: h-methods,
p-methods and moving mesh methods. Here we shall apply h-methods, which
involve adaptive mesh refinement, to the elastohydrodynamic lubrication problems.
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Fig. 6.14 Error Analysis (2-D Biquadratic Elements, Ho=0.75E-5)
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To do so, we need an a—posteriori estimation to select the elements tn which
to perform the refinement. Meanwhile, some special techniques are implemented to
match the refinement scheme.

6.5.1 A-POSTERIORI ERROR ESTIMATE.
In section 6.4 we derived the a—priori error estimate:

llerrorfi;1 < ChEjp, |y k+1.

We shall use the number hklpelﬁw as an error indicator for each element and pick

the elements with larger indicators for refinement. The idea is to attempt to distribute
the error evenly throughout the mesh.

For Lagrangian finite elements, used in this study, the functions interpolated
with shape functions are continuous but may have jumps in the derivatives across
the interelement boundaries. This fact must be considered in implementing the
refinement procedure.

For one—dimensionzl linear elements (the k=1 case), the first derivative is
constant in each element. In fact, it is a step function. When we calculate the
second order seminorm, we obtain 5—functions. Thus, we can use the jumps of the
first derivative on the interelement boundaries to estimate the local H>-seminorm of
the solution:

J(d*prax?yax = Z; ([ dp/dx] | i)
For two—dimensional problems, the rectangular bilinear elements have the same
feature, except that the jumps on the boundaries x=xI (or y=yJ) are still functions of

y (or x respectively), so we may take the integrals of the jumps along the
boundaries:

| [@%prax?)? + @%play?)] 4R
~ 3| @ap/ax ], Yy + 5] ([ 3pay 1| P ax

However, for the quadratic elements (k=2 case), the third order seminorm seems

awkward to use in such computations. Hence we prefer to the advantage of the
lower—order criterion employed for linear elements, but take into account the
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contribution to the indicator of results defined interior to elements.
6.5.2 REFINEMENT SCHEME.

For one-dimensional problems, a simple refinement scheme just bisects
some elements and increases the number of nodes. If the origional problem
formulated with a banded matrix, the refinement can still result in a banded matrix,
after refinement and renumbering, with the same bandwidth.

However, for two—imensional problems, the development of an efficient
renumbering strategy is not an easy task. Even if an optimal numbering process is
implemented and a banded matrix results, the bandwidth may increase dramatically.
Thus the band solvers are no longer suitable.

In this work, we use the iterative scheme based on the fundamental structure
of finite element method that the matrix is assembled by the element matrix. So if
we use any iterative solver, e.g. Lanczos (see 1951y, which employs matrix—vector
multiplications only, these multiplications being performed on the element level.
Thus we only need store the information on the element level. This
element-by—element scheme (see [47]) is very convenient for the refinement
procedure. In particular, it is easy to coordinate with the H-split formulation in
Section 5.3.

For simplicity, we use rectangular elements of the same order. When we
refine an element into four elements, new nodes appear on the element boundaries.
If the neighboring element is not to be refined, it will have extra nodes on its
boundary. To maintain consistency, these new nodes should be constrained, as
shown in Fig. 6.17(a), by an interpolation of the values on the neighboring
element. Of course, if the new nodes are on the boundary of the domain of interest,
they are not confined on the element, but are imposed by corresponding boundary
conditions. If, in the next refinement, the neighboring element is refined, as shown
in Fig. 6.17(b), the constraint on the node should be removed. Meanwhile, we
employ the one~-node rule, which means that on one side of a linear element at most
one constrained node (a pair for quadratic elements) is allowed. Thus, when a
second node on the side is to be 'consn-aincd, the neighboring element should be
refined instead, as shown in Fig. 6.17(c).
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6.5.3 APPLICATIONS TO LINE CONTACT PROBLEMS.
Figure 6.18 shows the pressure distributions solved on a series of
adaptively refined linear-element meshes starting with a uniform 10—element mesh,

For a light load case (H;=0., W=0.304E-5). It is shown that the solutions from the
fourth (28 elements) and the fifth (33 elements) refined meshes are very close. In
fact, the relative difference of pressure {p,—ps|l/lips|l is 5.0 percent in the H!-norm

and 0.75 percent in the L2-norm. The relative difference of load is 0.40X10-3. For
the film thickness, it is 0.96 percent in the Hl-norm and 0.41X1073 in the
L2-norm. Figure 6.19 presents the refinement pattemns.

Figure 6.20 shows the pressure distributions solved on a series of
adaptively refined quadratic—element meshes starting with a uniform 5—-element
mesh. The relative difference of pressure between the solutions from the fourth (17
elements) and the fifth (20 elements) refined meshes is 2.0 percent in the H!-norm
and 0.45 percent in the L2-norm. For film thickness, it is 0.37 percent in the
H!-norm and 0.24X10~3 in the L?-norm. And the difference in load is 0.54X10-3,
Figure 6.21 presents the refinement patterns.

It is interesting to make a comparison with the solutions from uniform fine
meshes. In Fig. 6.22, the pressure distributions solved on a set of uniform
linear—element meshes are shown (referring the convergence shown in Fig. 6.2).
Figure 6.23 presents the pressure distributions solved on uniform quadratic-element
meshes (referring the convergence shown in Fig. 6.5). Figure 6.24(a) shows the
comparison between the solutions from the fifth refined linear—element mesh (33
elements) and a uniform fine mesh (120 elements). The comparison for solutions
with quadratic elements is shown in Fig. 6.24(b). Figure 6.24(c) compares the
linear and quadratic adaptive solutions. It is observed tha: the adaptive solutions and
those from fine uniform meshes are very close, and the adaptive solutions with
linear elements and quadratic elements are also very close. These results thus show
that the adaptive method is quite efficient and reliable in obtaining an accurate
approximation.
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A second example is for a heavy load case (Hy=—0.16E-3, W=0.233E-4).

Figure 6.25 shows the pressure distributions solved on a series of adaptive-refined
linear—element meshes starting with a 10—element uniform mesh. The refinement
patterns are shown in Fig. 6.26. The relative difference between the pressure solved
on the fifth (35 elements) and the sixth (40 elements) refined meshes is 8.9 percent
in the H!'-norm and 0.49 percent in the L2-norm. The difference in load is
0.52X10°5. And the difference in the film thickness is 0.35 percent in the H!-norm
and 0.48X10~* in the L?-norm.

The computation for quadratic elements is shown in Fig. 6.27. Figure 6.28
shows the refinement patterns. In the process, the scheme at first appeared to be
divergent at the load level, the first two refinements are performed at a lower loading
level. Then we increased the load again and continued the refinement procedures.
The relative difference of pressure between the fourth (44 elements) and fifth (49
elements) refinement solutions is 3.1 percent in the Hl-norm and 0.17 percent in the
L2-norm. The difference in load is 0.28X10~5. And for the film thickness, 0.25
percent in the H!~norm, and 0.22X10 in the L?-norm.

Figure 6.29 exhibits the comparisons of adaptive solutions with fine
uniform mesh solutions. Figure 6.30 shows the film shape near contact center.

" These experiments and the comparisons show that adaptive methods can be
very effective for these types of nonlinear problems.

6.5.4 APPLICATION TO POINT CONTACT PROBLEM.
For a light load case (H,=0.5E-5), computed with bilinear elements, after

three refinements the adaptive solutions become quite close to each other. The
pressure profiles at y=0, of the adaptive solutions are shown in Fig. 6.31. Figure
6.32 exhibits the refined meshes generated by the adaptive method.

The fifth (369 elements) and the sixth (456 elements) adaptive solutions
have a difference in pressure about 19 percent in the H!-norm and 3.2 percent in the
L2-norm. The difference in the film thickness is 1.7 percent in the H!-norm and
0.11 percent in the L2-norm. The difference in load is 1.5 percent.

Figure 6.33 shows the result for biquadratic-elemehts. Finally, the fifth

350




(237 elements) and sixth (285 elements) refinement solutions produces a difference
in pressure about 29 percent in the Hl-norm and 3.0 percent in the L?~norm. The
difference in the film thickness is 0.16X103 in the H!-norm and 0.17X10~ in the
L2-norm. The difference in load is 0.18 percent. Figure 6.34 shows the refinement
mesh patterns. Comparisons of adaptive solutions with the solutions from fine
uniform meshes are shown in Fig. 6.35.

These experiments on the light load cases encourage and suggest taht further
studies of adaptive techniques for these types of problems may be warranted.
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7. CONCLUDING REMARKS

7.1 SUMMARY.

The elastohydrodynamic lubrication characterized by the highly nonlinear
Reynolds—Hertz equations belongs to a class of free boundary problems. Formally,
it may be classified as a problem governed by second order differertial-integral
equations. In this work, mathematical and numerical analyses have been performed
in order to study the fundamental behavior of the equations and to demonstrate
numerical schemes for solving practical problems in lubrication. The following
steps were taken to accomplish these objectives:

(1) First, a variational inequality was formulated to provide a correct
framework for mathematical analysis. The formulation led to a highly nonlinear
variational inequality.

(2) The operator in the governing variational formulation was studied in
some detail. It was proved that the operator is bounded, coercive, pseudomonotone,
and continuous. These properties guarantee the existence of solutions to the
variational inequality, and that the solutions are weak solutions of the
Reynolds—Hertz equations. Under some circumstances when the bearing loads are
light, the solution is unique.

(3) A penalty method was introduced to regularize the variational inequality
with the release of the constraint on the free boundary. The penalized formulation of
the problem provides a foundation for both mathematical analyses and numerical
schemes. :

The existence of solutions to the penalty problem follows as a direct
consequence of the properties of the goveming pseudomonotone operator. The
convergence of penalty method was proved so that the penalty formulation was
shown to be a valid basis for studying these classes of problems.

(4) Detailed studies of the one-dimensional line contact problem led to the
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regularity of solutions through the analysis of the penalized formulation. As a
consequence, the so~called Reynolds boundary flux condition at the free boundary
was shown to be satisfied by the solutions. It was shown that there sxist classical
solutions to the line contact problem, which have smooth pressure distn'butions.

(5) Analyses based on the theory of Galerkin approximations in
finite—dimensional spaces established a framework of the convergence relations
among the penalized problem, the variational inequality and their approximations.
A-priori error estimates were derived for finite element approximations, which
predict that in certain cases of light loads, the pressure approximation exhibits
first—order convergence with the linear elements and second-order convergence with
quadratic elements, when measured in the Hl-norm. For line contact problems, the
same convergence rate for the film thickness h as for the pressure was also
predicted.

(6) The finite element method was used for solving the penalized problems.
Numerical results showed that the penalty method is excellent in locating the free
boundary. The negative part of the pressure is always very small when a suitable

penalty parameter € is set, and reduces stabaly as the penalty number 1/€ is
increased. It was thus shown that the penalty method is applicable to obtain the

~ approximate solutions for both the line contact and point contact problems.

Solutions of line contact problems with quadratic elements exhibit smooth
pressure distributions. This fact is consistent with the regularity theorem for
one—dimensional solutions.

(7) Error analysis of finite element solutions was carried out. Numerical
experiments confirm the theoretical predictions on the rates of convergence. For line
contact problems, the pressure and the film thickness exhibit first~order convergence
in the H!-norm when computed with linear elements, and second-order
convergence with quadratic elements. For point contact problems, the same
behavior in convergence rates are also observed, but the valid range of loads is not
as wide as in the case of line contact. A decrease in the convergence rate is
observed in cases with heavier loads. One order higher convergence for the
pressure and the film thickness measured in the L2-norm is also observed.
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(8) Adaptive method was applied to the finite element solutions. For a light
load case of line contact, adaptive solutions are in very good agreement with the fine
uniform mesh solutions both with the linear elements and the quadratic elements.
Also the adaptive solutions with linear elements and quadratic elements are very
close. Adaptive soltion for a heavy load case of line contact was also shown to
converge and to be in good agreement with the fine uniform mesh solution, with
linear elements. Application to the point contact problem with light load was
performed with bilinear elements and the adapiive solutions also converged.
Adaptive method was thus shown to be efficient and applicable to the highly
nonlinear elastohydrodynamic lubrication problems.

7.2 RECOMMENDATIONS FOR FUTURE WORK.

(1) Based on this work, we can apply the penalty formulation to many
other special cases in lubrication engineering, e.g., dynamically loaded
elastohydrodynamic lubrication, thermal problems, gas bearings, and problems with
more general non-Newtonian lubricants. The application to any kind of lubrication
problem with an undetermined cavitation boundary might be direct and easy to
implement. However, the theoretical analysis for time-dependent,
temperature—dependent problems, and for non-Newtonian lubricants with highly
nonlinear pressure—dependent viscosity should be significantly more difficult.

‘ (2) Study is needed on the effects of numerical approximate quadratures
used in the finite element formulations on numerical accuracy and convergence.

(3) Much additional work is needed on algorithm development , particularly
on the development of schemes which use less storage and computer time but
maintain the necessary accuracy. For example, domain—decomposition or
block-relaxation techniques and adaptive refinement schemes deserve study.

(4) The following is a list of some difficult but significant open problems,
encountered during this work, for which additional study is warranted.

(a) To prove or disprove the uniquencss of solutions of the variational

Physically, under certain conditions, the solution must be unique. In this
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study we are only able to guarantee uniqueness under restriction to light loads via
condition (4.33). Uniqueness, of course, is very important to the analysis, and a
more delicate study is needed if any counterexample can be found in which
bifurcation phenomenon occurs, then the study of the criterion, classification and
behavior of bifurcation will form a new and difficult area of research which may be
very significant to lubrication engineering.

(b) The regularity of solutions to point contact problems.

The establishment of regularity results for two—dimensional solutions is

very difficult. It will involve the study of the integral ff(é)/r(x,&)dQ ona
two—dimensional domain, with the singular kernal rri(x,£). Inthe present study,
the function f, the pressure, is known only as a H'-function.

(¢) For two-dimensional, point contact problems under heavy loads, Fig.
7.1 shows the profiles of pressure distributions solved on a mesh with 560 bilinear
elements. It is shown that when we increase load (reduce the parameter H,), at first

the change of pressure distribution exhibits some behavior similar to line contact
problems (refer to Figs. 5.2 and 5.5). But when the load reaches a certain critical
level, the pressure profile takes  unexpected wiggles (such as the case of the first
refinement in Fig. 6.25 or the second refinement in Fig. 6.27, for line contact) and
this behavior mav not resemble at all the true solution. A similar behavior is
observed for quadratic elements and for some other meshes with more elements.
However, the computer storage requirements preclude the use of finer meshes.
Hence, the problem of systematically producing stable and accurate approximate
solutions for heavy load cases of point contact remains open.

(d) In Reynolds' equation, physically the coefficient of the first derivative
term is much larger than that of the second order terms. Particularly, under heavy
loads, this situation may lead to numerical difficulties and numerical schemes may be
unstable on all but very fine meshes.

For problems of this type, Petrov—Galerkin type variational formulations,
upwind schemes, artificial viscosity, etc. have been used to improve the solutions
for certain classes of convection—-dominated problems, which have similar dominant
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first-order term.

(e) When an adaptive method was applied to the point contact problems, the
Galerkin formulation gave some unexpected wiggles in the pressure distribution.
Figure 7.2 shows an example of such oscillation encountered in the third refinement.
However, the Petrov-Galerkin formulation leads to a smooth solution, as shown in
Figure 6.28. On the other hand, our adaptive refinement method appears to be unstable
for heavy loads and additional study of this case is needed.
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