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Abstract
We present a model for a flexible beam with time hysteresis (Boltzimann type viscoclas-
ticity) damping and tip body. A computational method for the estimation of the damping
parameters is developed, and theoretical convergence/continuous dependence results are
given. An example is presented in which experimental data is used, demonstrating the effi-
cacy of the computational method and the plausibility of the model for predicting response

in damped structures.
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I. INTRODUCTION

In this paper we present theoretical results for computational procedures developed to

estimate damping in distributed parameter models of flexible structures. These efforts
are part of continuing investigations of damping models for composite material structures
that have been the focus of our attention for the past several years. Our interest in
these models grew out of questions related to control and stabilization of such structures.
To solve problems related to design, control and stabilization of large flexible structures,
one requires a) an accurate mathematical model of the dynamics of the structure, and
b) a method or algorithm for estimating the parameters in the model. Most structures,
including the simplest of beams, exhibit some type of damping behavior, and it 1s important
for the development of accurate models to account for the damping mechanism. Various
models have been proposed for such damping mechanisms (see [CP] and [R]), each grounded
upon reasonable physical principles and yet leading to very different mathematical models.
[t is important then, in the effort to develop accurate models for flexible structures, to study
the various damping mechanisms and their implications for estimation, stabilization, and
control problems. Recently, Banks, Inman et al ({BWIC]) reported on their study of
Kelvin-Voigt and viscous damping in modeling and parameter estimation for composite
beams. In related investigations Banks and Ito (see [BI]) developed a general framework
for parameter estimation (including numerical convergence results) for a large class of
beam models with damping (including viscous, Kelvin-Voigt, spatial-hysteresis). A notable
exception that cannot be treated using results of these studies is viscoelastic damping of
Boltzmann type (or “time hysteresis”). Our focus in this note will be on this type of
damping. We discuss below theoretical and computational results for the estimation of
parameters in a model (described in section II) of a beam with tip body and Boltzmann
tvpe damping. We illustrate use of the resulting procedures with data from expcriments

involving a composite material beam with attached tip boc,.




II. MATHEMATICAL FORMULATION

The mathematical model of interest to us is the following system for the transverse

vibrations of a cantilevered Euler-Bernoulli beam with tip body and Boltzimann damping:

2 0
pug(t,r) + —(23 {Elu”(t,x) - / g(s)ur(t + s,:r)a's} = f(t,r) (2.1)
or —

O<zr<l, t>0,

u(t,0) = %(t.()):—-o, t>0,
T
0? g 0? 0
mcafl;(f.l) +(J + ch)—a—T Ot;l(t’l‘) + {Elun - /_rg(s)u”(i + s, 1) ds} = k(1)
(2.2)
9%u 9 9*u 0 0
mw(t,l) + meo— Eﬁ(t, Iy — e {Efu” - /;r g(s) uz (t+ s,x)ds} = h(t)

u(0,zr) = u,(0,z) =0, O<z<l.

Here u(t, z) is the transverse displacement at time t and position z along the beum. Also, p
1s the linear mass density, ET is the stiffness, and f(t, z) represents external applied forces.
The boundary conditions represent a beam clamped at 2 = 0 and free at z = I, with
the tip body dynamics governed by (2.2). We assume that the tip body has mass m and
moment of inertia J about its center of mass which 1s assumed to be located at a distance
¢ from the tip of the beam along the beam’s axis (see [BR] for a more detailed discussion of
models for beams with tip bodies). The functions k() and h(t) denote externally applied
moments (k) and transversally applied forces (h) exerted on the tip body. The delay length
r (thus the terminology “time hysteresis™) is positive, possibly infinite. In this paper we

assume that the kernel g(s) (the damping kernel) has the form

Os
ae
g(s) = —-r<s<0,

(=s)

where ~ 3 are positive constants, and p is fixed and satisfies 0 < p < 1.
Let ¢ = (El.a,3.p.m.J) € Q C R® denote the parameters of intercst, where the
admissible parameter set @ is a compact subset of R, (The theory can be modified to

include spatially varving EI, but this is not our focus herc; sce [BR], [BCl). Tt shouid
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be noted that we fix values for r and p rather than treat them as parameters. It is also
luteresting to treat r and p as parameters, but this requires the introduction of more
complicated parameter-dependent state spaces (see [BBC] for an example of the use of
such state-spaces). We have carried out numerical studies in this direction but will defer
any discussion on this aspect of these models to a subsequent paper.

Here we show (similar in spirit to the approaches in [BR], [BGRW]) how to reformulatc
(2.1) - (2.2) as an abstract Cauchy problem. and i this framework we pose the problem
of estimating ¢ as a least-squares fit to data. Having done this, we will in the next section
discuss the construction of an approximation framework with which the estimation problem
can be solved on a computer.

To proceed, let H denote the Hilbert space R? x H%(0, ) with inner product

{(m,€1.01), (2, €2, 82)),, = (A(m. &), (02, €2))_, + (1. 62,

where throughout we denote the standard H7(0,1) inner product by (-,-) , and A is the
J
2 x 2 positive definite matrix

A—l m mc
T plme J+me? |

Define the Hilbert space V = {(n,£,6) € H : ¢ € H?*(0,l), ¢(0) =0 = (15"(0), n =
é(l). & = &'(1)}. Denoting elements of V by @ = (¢(1),¢'(1),¢), ¥ = (¥(1), ¢ (1), ),
we take as the V' inner product (®,¥) = (¢,¢), . It is clear that V' is continuously
and densely imbedded in H, and if we identify H with its dual H* we have the pivot
spacc framework VV C H = H* C 1"*. Next, define the bilinear form o on V' x V by
o(®.¥) = (c".4") .
It 1s clear that the form ¢ is V"-bounded and coercive. That is, there are constants

L' >0. ¢y >0, sothat for &, € 1" we have
‘a((I’.\I’)] < 1\'I<I>|‘,|\I/|‘, (2.3)

and

w




Now in the usual fashion (see [Kr], [Sh]) we can define an operator A € L(V, V") by

(49,9) _  =0(®,¥) (2.5)

ve v

for all @, 0 € V",
Next define the space

W = Lo(—7,0; V5 go),

with norm determined by the inner product

0
(F1.Tab,, = [ au()Ps(s)Tal),

-r

Here, go(s) = agePo/(—s)P, where ag, By are fixed values allowed for ¢ in the admissible
parameter set (. As a notational convenience, for ¢ = (EIl, a,f8,p,m,J) € Q, we mean by
9(q)(s) the function g(¢)(s) = aef*/(—s)?. We point out that by virtue of the definition
and the compactness of Q, the spaces Lo(—r,0; V; g(q)) are equivalent for all ¢ € Q. Define

the operator D : domD C W — W on the domain
domD = {T' € H'(~r,0;V;g0) : T(0) =0}

by DI' = dT'/ds. Next define the state space Z =V x H x W with norm

) 2
(xp) =@ + ]9 +T)°.
F \ 4 H w

z

Also, define the parameter dependent state operator .A(q) on the domain

o
VeV, T'edomD
dom.A(q) = { (%) €Z: A(EI® + f_Or g(q)(s)(T'(s) — ®)ds) € H}

by

d ¥
Alq) (@) = (—A(%m ’;ff,g<q><s)(r<s)—<1>>ds>). (2.0)
I ¥+ DI




Finally, if we define a state vector z(t) by

b
w-={, 40
vS U+

where U(t) = (u(t, 1), uz(t, 1), u(t,)), then (2.1) - (2.2) can be reformulated as the following

equivalent abstract Cauchy problem on Z:

—
®)
~1

N

Ht) = Alg)=(t) + F(t), 2(0) =z

0
where F(t) = | F(t) | with F(t) = % (A"l (253) ,f(t,-)) € H. Before giving a well-
0

poscdness result for (2.7), we make the following assumption on the admissible parameters.

A1) There exists € > 0 such that

0
p>¢ EI- / g(q)(s)ds 2 ¢ forall g€ Q.

This is a physically reasonable assumption (see [Wa]), basically guaranteeing that the
structure is a solid. We shall have occasion to consider the space Z,, which 1s the Hilbert
space consisting of the elements of Z equipped with the inner product

0

((@1,91,T1),(®2,¥2,T2)), =(EI - | g(g)(s)ds)o(®1,%2) + p(¥1,¥2),

-r

+ / 9(g)(s)a(T(s), Ta(s))ds

-

for ¢ = (El,a,f8,p,m,J) € Q. Since Q is compact, one can readily see that these inner
products are equivalent on Z for all ¢ € Q. Next we collect some results concerning the

operators A(g) and D which we have defined.

Theorem 2.1.
i) Under assumption Al), the operator A(q) is dissipative in Z, for each ¢ € Q. Further,
A(q) generates a Co-semigroup T(q)(t) on Z which satisfies |T(q)(t)|, < Me“*, where the

constants M,w are independent of ¢ € Q.




i) The operator D is dissipative on W, and the resolvent (AI — D)~ exists for A > 0.

These results follow by extending the arguments found in {FI]. We can thus conclude that
the system (2.7) is well-posed.

We may now formulate the estimation problem of interest as follows: Find ¢ € Q that
minimizes

(@)= le(a)ts 1) — vl (2.8)

The values v; are observations of the tip velocity of the beam (obtained, say, via a laser
vibrometer) at time t;, and v(q)(t;,!) is the fourth component of the state vector z(q)(t)

(i.c., the first component of %U(t)), where z(¢)(t) is the mild solution of (2.7) given by

2(g)(t) = T(g)(t)z0 + /0 T(q)(t — s)F(s)ds. (2.9)

That this inverse problem is well-posed will follow from the compactness of Q if we show
that J is continuous in ¢. But in view of (2.9), under reasonable assumptions on the initial
data zp and the forcing term F(t), this follows if we show that T(¢)(t)2 — T(q)(t)z for

arbitrary ¢ — ¢ and z € Z. The following theorem provides the desired results.

Theorem 2.2. If § — ¢, then T(§)(t)z — T(q)(t)z for all = € Z, uniformly in bounded

t-intervals.

Proof  Since the generators 4(q) are dissipative on Zg, the result follows from the well
known Trotter-Kato theorem (see [Pa]) once we show continuity in ¢ of the resolvents

Ry (A(q)). To this end, let

P
z=z2(q)=| ¥ | =Rx(Ag)z (2.10)
r
and -
(;)
s=xi) =¥ ] = Ra(A@D)z (2.11)
r




where

We must show that, for some A > w, 2 = zas § = ¢. Fix A > max{w,0}. From (2.10)
we have
AP~V =¢
1 0
A4+ -4 <EI<I’ + / g(g)(s)(T(s) — <I’)ds> =7
p _r
AT — ¥ — DT = (.

Substituting the first and third equations into the second, we have

P °
A°D + p <EI— / g(q)(s)e’\’ds> Ad

1 /O
=n+a¢== [ aa)e)4 [\ - D) (¢ - ] ds (2.12)
Similarly, from (2.11) we have
a2g 4 2 (EI /0 (§)(s)e**d )Ad’s
> — /.9 q)(s)e™*ds
10 .
=n426-= [ a@©4[01- D) - ) d. (2.19)
Define the bilinear form oy on V x V by
1 0
oxa(q)(®, ) = 3} (&, o), + ; (EI —/ g(q)(s)e’\sds) o(®, V). (2.14)

Since A > 0, it is clear that oy is V-coercive (this follows from A1) since — ffr g9(¢)(s)ds <

- fgrg(q)(s)e’\’ds]. That is, there exists ¢ > 0 and ) so that
c|@)> + M2 <oa(g)(®,9) forallge Q. (2.15)

Next note that it follows from the form of g(¢)(s) that for x4 € H!(-r,0),

X
/_ 19(0)(s) — 9(3)(s)lu(s)ds — O (2.16)

-3




as ¢ — ¢. From this it follows that

EI EI
oA ® ) (@ ® )] S |5 = =|lo(2.9)
0 ll 1 As .
+/ —g9(g)(s) = =g(g)(s)|c " ds - W] V]
—rlp p
< dag.q) - |12[, - ¥

—
o
—
-1

~—

v

where dy(q.q) — Q0 as § — q.
Now. since ¥ —§ = M@~ &), and T =T = (1 — **)(® — &), we will be finished with the
proof if we show that |$ — &’|‘, — 0 as § — ¢. To do this, we make use of the above-defined

cocercive form oy, From (2.15) and (2.12) - (2.13), we have

c® ~ @2 + X2 - I < on(§)® - P -

= {UA((])((I’, $ — &)) —ox(g)(®, P~ &))

—

e

+ [o3(0)(®, @ - §) - 0x(@)(8, @ ~ )
< da(g,9)12), 12 - @],

0 0
1 [ [Sataie) = 2a@)|-| [ i) - eras] aste -,

-7

Cancelling a term |® ~ @/ from each side of the inequality, we obtain an estimate from

which the result follows.

Let us make a few remarks about the proof. Many proofs of convergence of a sequence
of semigroups involve the application of some version of the Trotter-INato theorem. This
typically involves showing convergence either of the generators of the semigroups or of their
resolvents, depending upon the version of the Trotter-Kato theorem which is used. For pa-
rameter estimation problems such as we are considering here, the “resolvent convergence”
form of the Trotter-Kato theorem is preferable as it leads to convergence arguments similar
in spirit to those of the “variational approach” of finite element theory (i.e., the definition

and use of the form o). Also, for problems involving spatially varying parameters, this




version allows one to impose weaker smoothness requirements on the parameters in order
to prove convergence results (for a more detailed discussion. see [B]. [BI}).

These remarks will be relevant later in the paper when. after constructing an approxi-
mation scheme for our estimation problem. we again apply the Trotter-Kato theorem to
argue convergence of a sequence of approximating senngroups.

I11. APPRONIMATION FRAMEWORK

Constructing a finite dimensional approximation scheme for the parameter estimation
problem (2.8) - (2.9) involves approximating the state operator A(g) and the state space
Z. (Were (Q also mfinite dimensional. which 1s often the case for estimation problems,
we would also need finite dimensional spaces Q® to approximate Q. Treatment of this
case is possible but we will not pursuc 1t here.) We observe that approximating A(¢) and
Z involves two stages - approximation in the spatial variable. and approximation in the
delay variable. We will see that the two approximation stages are independent, so that
our task in constructing a scheme for (2.8) - (2.9) reduces to choosing a reasonable spatial
approximation (such as finite clements) and a reasonable delay approximation scheme
(there are several in the literature (see [BB]. [BK], [IK])). That is, there is no conditional
relationship between the spatial and delay variable approximations. For definiteness, we
use the index N for the spatial variable. and M for the delay variable.

Let us consider first the approximation in the spatial variable. This amounts to choosing
a sequence of finite dimensional spaces H” satisfving HY C 1" C H which approximate the
spaces Voand H (sce A2) below). Once the HY are given, the rest of the approximation in
the spatial variable follows naturally. That is. the form ¢ defines operators AN : HY — H*Y
by

(A¥O.T) =o(®.V) forall &,V € H”.

H
Also. define spaces 1Y C T by WY = Lo(-r.0:H".gy) and Z¥ C Z by
Z¥ = H¥ x H¥ x W~ Let P} : H — HY, P} : V. — H¥ and P} : W — W¥

denote the respective orthogonal projections, and define the operator DY on the domain

domD" = (domD) NN




by
DT = DT.

Finally. define the state operator A"~(q) on the domain

¢
domA™(q) = { v |leZ¥: Te domD"}
r

by
[ v
N LT AN 1 (0 N
AN = A - L[ g ANT(s) - s | (3
\ r ¥+ DT
We note that cach A™(q) generates a Cy-semigroup on Z*¥ (this involves a slight modifi-
cation of the proof that A(q) generates a Cy-semigroup).

Next, we consider approximation in the delay variable. That is, we apply one of several
schemes m the literature for delay equations to the operators A%(¢) and spaces Z". This
amounts to defining ( for each N') finite dimensional subspaces W** C ¥"* and operators
D~ M, IWNM . However, we are interested in imposing conditions on the delay
variable approximation which are independent of the spatial approximation (hence inde-
pendent of N). In order to do this, we will consider the generic space 17 = Ly(—7,0; R; go),

where R = R!, and the generic operator D defined on the domain
domD = {we H'(-r.0:R:g0): w(0)= 0}

by
_ dw
w=—.
ds
A delay approximation scheme consists of finite dimensional subspaces W™ C W and
operators DM : 11" — W"™ satisfving certain conditions (see A3) and A4) below) which
are independent of N'. However, although W* and D™ are independent of N, for each N
they define in a natural way subspaces T"™¥Y C W and operators D~ @ TI'NM  TI7NM

That is. suppose

WM = {E] wje 1 w; € R},

10




where ¢}' are given basis functions for W'». Then define 1™*» by

TN - { S Ted: T, e H} (3.2)

fHY =<5 a,BY:a; € R} where the BY are basis functions for H*, then any element

T of 1" can be written as

I = Z]. Fjelt = Zj (Zia{B,‘")c;', (1{ € R.

Hence we define DM by
D( >, ('z:,-a{B:')csf) =%, (D™(Z, aled) Br . (3.3)

In a similar manner, the orthogonal projection II* : W — WM defines naturally the
orthogonal projection IT™™ : N — WM This completes the approximation of the
delay variable.

Having the approximation of the spatial variable (the spaces ") and the delay variable

(the spaces I™™ and operators D™ ), we define the finite dimensional state space Z* by
ZNM = HY x HY x WA (3.4)

and state operator AY¥(q) on ZNM by

P v
A () | @) = | ERAYe = 2 [T g(g)(8) AN(T(s) — B)ds | . (3.5)
r ¢+ DVMD

Finally. we state the finite dimensional estimation problem of interest: Find ¢ € Q that
minimizes

TN (g) = 3 oM (@)t D) = v (3.6)

where % (¢)(t,1) is the fourth component of the state vector z*(¢)(t) given by

NMQ)() = T (q)(1) P 20 + / T (q)(t — s)P;" F(s)ds. (3.7)
0

11




Here T"™-*(q) is the semigroup generated by A¥*(¢g) and P}* is the canonical orthogonal
projection of Z onto Z™*. Using arguments similar to those in the proof of Theorem 2.2,
1t 1s readily seen that Z¥* and J%* are continuous in ¢ for g in the compact set Q. Thus,
for cach N, M. the problem for (3.6) - (3.7) has a solution ¢**. To obtain convergence and
continuous dependence (with respect to the observations 1;) of the parameter estimates
q™* obtained in the finite dimensional problems for (3.6), it suffices under the assumption
that @ is compact (for details. see [B], [BIKu]) to argue: For arbitrary {¢™*} C Q with
MM — g, we hlave VM (¢NM)(t) = z(¢)(t) where MM and = are given by (3.7) and (2.9),
respectively. It 1s readily argued that this convergence holds under reasonable assumptions
ou zy and F(t) if one first argues that TNM(¢MM)(t)PF Mz — T(¢)(t)z for arbitrary
¢ — qin Q and z € Z. We give the arguments for this latter convergence in the next

sectlon.

IV. CONVERGENCE ANALYSIS

To give the desired convergence arguments, we need several approximation assumptions,
which we now state.
A2) HY C V C H satisfies ]P}’:q’ - @IV — 0 and |P","<I> - <I>|V — 0 as N — oo.
A3) '™ C W satisfies [ﬁ“w - u‘|w — 0 as M — oc.
A4) DM . TW™ — WM satisfies
i) D* is dissipative on "™ (uniformly in M),

i) (A = D™)= 1 IMw — (M = D)~ 'w as M — oo for Re A > 0.

Reinark 4.1 Recall that to argue 17-coerciveness of the form oy, we used the fact that

f_(irg(s)c’\’ds < ffrg(s)ds. The function e** may be characterized by
e** = f(s) ~ MAI — D)_lf(s),

where f(s) = 1. The delay approximation scheme defines a natural approximation of e**
given by

X(s) =T f =M - D)7 f.

12




In order to argue V'-coerciveness of a form o} which we define below, we need €¥/(s) to

satisfy an inequality analogous to that given above:

0 0
[ sttt < [ gtsias (4.1)

— -

for all sufficiently large Af.

Before proving the main semigroup convergence result of this section. we state the fol-

lowing lemina.
Lemma 4.1. Assume that A3) and A4) hold, and that WWN* and DM are given by
(3.2) and (8.3). Then D™ is dissipative on W (uniformly in N, M) and

|(AI = D¥*)~'INMT — (AT = D¥)™'T| — 0 (4.2)

as M — oo for each N and eachT" € WV,

The proof is straightforward. We now prove the semigroup convergence result referred to

above.

Theorem 4.2. Assume that Al) - A4) and (4.1) hold. If ¢"™ — ¢ in Q, then
TYM(gNMYPYMz — T(q)(t)z for all z € Z, uniformly in bounded t-intervals.

Proof First. the dissipativeness of D** implies that the 4Y*(¢) are dissipative on
Zgy, uniformly in N and M. Thus, we can apply the “resolvent convergence” form of the

Trotter-Kato theorem, as in the proof of Theorem 2.2. Let

$
z=| ¥ | = R\a(Ag))z (4.3)
r
and
o~
:N.Af — \PN — R,\(A’\'.Al(qN,M))PzN,Al:E’ (4'4)
FN,AI
where
§ Pl¢ 3
z=|nfand Pz =| Pin | =1 ¥
C P‘.":".AI <N.Al

13




Solviug (4.3) and (4.4) for &, "~ we find
0

A2¢+3)(E1-/ g(q)(s)c’\"d8> AD
f —r
1 /0 _
—0+2¢= > [ a0 {01 - Dy ¢ - )]
and
2R N 1 N.AM 0 N, M M NFN
AP +[,~,M EI™ —[-rg(q MY(s)ed (s)ds | AT
0
=7 + AN — “!/ g(g™ M )(s)AN [(AI = DN-M)7H (MM — €M) ds. (4.6)

As in the proof of Theorem 2.2, it is sufficient to argue that [@¥ — @] — 0as ¢™* — ¢.

To this end. define a bilinear form ¢}’ on V7 x V by

0
o (q)(®,T) = N2 (D, o), + —;— (EI - /_ g(g)(s)ed s)ds) o(P, 7). (4.7)

From the technical condition (4.1) it follows that o} is V-coercive, uniformly in M and g,

for some A > 0. That is, there exists C > 0 so that

Clal> + A2 <03 (g)(2,®) (4.8)

2
H

for all ¢ € Q. Also, it is easy to see that for all @, ¥ € V,

0
loa(9)(®, ¥) — 03 (g)(®, )| < l/_ g(q)(s) [e* = €¥/(s)] ds| - KK - @] |

< K(M)|2|, Y]

l" (4.9)

Vv

where (M) — 0 as M — oo. Now, let &~ € H" satisfy |®" — ¢, = 0as N - oc
(existence of a @~ follows from A?2)). Thus it is sufficient to argue that |@~ — &)va — 0.

Letting 6~ = & — " we have .
Cla~ — V2 + 3|8~ — &% < o} (¢™M)(@" - &7, 6)
= oX (¢ )(®Y,6%) — 0a(g)(, V) + 0a(g)(®,67) — o} (g™ )(B".8")
= (0" =, 8%)  +MEY - €,8%)

0
— ph}M / g(q"'”)(s)a ((/\I _ DI\'.M)—-](CN.M _ éN)’(SN) ds

-r

14




1 /0 , . . IV
+ ;/ 9(q)(8)o (AT = D)™ H¢ = 6).6%)ds + oa(g)(P,86%) — o ¥ (¢™ M )PV, &Y)

-r

< caly® =l 65|+ cale” — €] <16 (1)
Iy 0 . M1/ AN M N - N

+ph.§,/ g™ (AT D* )= (N4 ) - (AI=D)~ (=€) dsl6™] ()
° . 1 0 .

+/ ™)) = ;g(qxsn/ A=0(0(0) €| dbds- K -[6%| ()

+ oa(g) (D, 6%) — oalg™M)(2,8") (d)

£ oAlg M B8 ) — o (7 )(B.6%) (c)

+ o3 (¢™M ) (D — &N, 6Y) (1)

The proof is completed by applyving A2) to (a), (4.2) to (b). (2.16) to (¢), (2.17) to (d).

(4.9) to (¢), and the uniform V"-boundedness of o}’ to (f).

V. COMPUTATIONAL RESULTS

In this section we describe some of our computational results for the Boltzmann damping
model] under consideration. Recall that for the approximation scheme which we have
described, the underlying spatial and delay discretizations should satisfy assumptions A2)
- A4) and (4.1). For most of the numerical experiments which we have run, we have based
our approximations on cubic splines for the spatial variable and a version of the so-called
averaging scheme for the delay variable.

More specifically, for a beam of length ! and a given positive integer N, consider the

i

partition of the spatial interval [0.1] given by AN = {z;}},, where z; = & - 1. Let

S3(AX) denote the set of cubic splines with knots A¥, and {b¥ M*!, the standard cubic
B-spline basis set for S3(A") (see [Pr]). Next, we can in the usual way define a new
set of functions {6} }* so that the fixed end (z = 0) boundary conditions are satisfied.
That is, define b = 20%, — b + 20¥, and ¥ = b for i = 2,3,... ,N + 1. Then define
BY = (b¥(1), £b¥(1),b"), and set HY = span {BYy,...,B¥,,}. For this choice of H",

assumption A2) is satisfied.
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For the delay variable, we use the “non-uniform mesh” version of the averaging scheme
(see [FI]). That is. for a delay length r, positive integer M and kernel function g(s), set

C= fi)rg(s)ds. Then the partition
—r =ty <tu_, <--<t' <ty =0

is defined uniquely by the condition f:,{h,i‘ g(s)ds = '1\% For the kernel functions ¢(s) under
J

consideration, which are increasing and have a singularity at s = 0, this results in a finer

mesh near s = 0. Next. let x}' denote the characteristic function on the interval [t} ¢3,].

Define the space U™ = span {\¥,...,x™} Finally, the operator D™ : TVM — 11" is

defined by

A M
DY) an') =3
=1 =119t
where ag = 0. It can be shown (see [FI]) that W™ and D satisfy A3)-A4) and that (4.1)
is satisfied.

We have conducted a number of numerical tests using simulated data in which we ob-
served the convergence and efficiency of the scheme for identifying the parameters EI, a,
3, p. m and J. However, here we present an application using experimental data in order
to demonstrate that the Boltzmann damping model can provide a very good prediction of
vibration response in certain flexible structures. In particular, we use data from a series of
experiments carried out at the Mechanical Systems Laboratory at SUNY at Buffalo. (We
gratefully acknowledge Dr. D.J. Inman, H. Cudney, and Z. Liang for their collaboration
on these experiments.) In these experiments, a cantilevered composite beam with tip body
was excited from an initial rest configuration via an impulse from a force hammer. A laser
vibrometer was used to collect measurements of the tip velocity of the beam in response
to the force. These measurements were used as observations in our least-squares criterion
J (recall (2.8)).

For the particular experiment presented here, we used a composite beam of length
[ = 1.908 ft., width 0.3345 ft., and thickness 0.01968 ft., with a tip body (a cylinder
of radius 0.08036 ft. and height 0.27224 ft.) with mass m = 0.075714 slug and moment of

inertia J given by J = cfm with ¢; = 0.088265 ft. The beam density was p = 0.021441
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slug/ft. We observed the tip velocity of the beam after it was hit with an impulse hammer
at r, = 0.984 ft. The shape, height and duration of the input were modelled using
the input signal from a transducer in the hammer. We recorded 2048 time observations
at At = 0.001953 seconds intervals. thus giving time domain data over the period {0, 4]
seconds.

The actual structure (a composite material beam with a cylindrical body attached near
the free end) used in our experiments entailed the “tip” body being attached with its
center of mass «* 1.9352 ft. from the clamped end of the beam of 1.9G8 ft. in lengtli. So
in fact we did not have a “tip body™ as described in the model above. To compensate for
this maccuracy in the model, we took ¢ = 0 but allowed ¢; and m (i.e., J and m) along
with ET,a, and 3 to be estimated by our algorithm. We would expect to (and did) obtain
“effective” values of ¢; and m that are slight perturbations of the measured values given
above.

We then used data from the experiment (1018 observations in the time period {0.01172,2]
- we did not use any observations from the time period for the hammer hit) with the
procedure we have described in order to estimate the stiffness parameter EI, the damping
parameters a and 3, and ¢; and m. In these computations we chose p = 0.5 and r =
0.01. We obtained the values EI = 103.892 1b - ft2, a = 48.469, 3 = 654.109. c; =
0.091026 ft., and m = 0.070044 slug. A value of EJ was also determined, using standard
modal techniques, to be 107.103 1b - ft2. Thus our value is well within the 10% range
which 1s generally thought to be the accuracy of the modal techniques. The estimated
values for ¢; and m are also within 10% of the measured values. We point out that an
heuristic physical interpretation of the large value of 3 is that the material has a “memory”
which fades very rapidly. This type of short “memory” makes sense for materials which
are “more elastic than viscous” as our experimental beam appeared to be. In fact, for
the case of no “memory” at all (i.e. ¢(s) = 0), our model reduces to that of a purely
elastic Euler-Bernoulli beam. Thus the presence of a small delay (the memory) in the
mathematical model drastically changes the qualitative behavior of the model (from elastic
to viscoelastic). (That small delays can affect behavior of a model has been observed

elsewhere; see [DLP]).
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We depict in Figures 1, la, and 2 the time domain response and FFT for our beam
model and experiment. In these figures, the solid line graphs represent the experimental
data while the dashed lines represent the model response corresponding to our estimated
parameter values. It is clear that we have obtained a very good fit to data with this model.
Other similar experiments and computational studies ([BWIC], [BFWIC]) illustrate the
usefulness of the techmques described in this paper in studying damping in distributed

paramecter models for structures.
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