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1 Introduction

Given a set § of n points in the plane. for each p, € § we want to find a point
p; € 5. j # i, such that

d(pi. py) = o{f‘fi‘.ld”’"' p).
where d(p;, p;) is the Euclidean distance between p, and p,. We will call this
the farthest neighbor problem. Toussaint and Bhattacharya {TB81], and Preparata
P77} have shown a O(nlogn) time bound for this problem. However, an 2(nlognj
time bound is obtained under the assumption that the input to the algorithm is an
arbitrary set of points in the plane. If we restrict the input to be the vertices of a
convex polygon, then Aggarwal et. al. [AKMSWS87) have shown a ©(n) time bound.
[n section 2 we define monotone matrices that are used in [AKMSW87] to solve the
farthest neighbor problem. We use these matrices to obtain our results as well.
e extend their results in the following ways:

1. The all farthest neighbors problem for a set § of n points is to find for every
point p; € S, all the points p;, j # 1, such that
d(pi, p;) = Jnax (P, po)-
In section 3.1 we show how to find all farthest neighbors for every vertex of

a convex polygon and in section 3.2 we prove O(n) time complexity for our
algorithm. In section 3.3 we give an application of our algorithm.

2. The k farthest neighbors problem for a set S of n points is to find, for every
point p; € S, the set of points P,, | P;| = k, such that every p; € P, is farther
from p; than any py € P.. In section 4.1 we show how to find & farthest
neighbors for every vertex of a convex polvgon and in section 4.2 we prove
O(knlogk) time complexity for our algorithm. Section 4.3 contains some
comments on the lower bound for this problem.

3. The sorting problem for a planar point set is as follows: given two sets S and
T containing n and m planar points, respectively, sort the points of T with
respect to their distance from p, for each p€ S. If T = §. then the problem
reduces to sorting S with respect to itself.

Clearly, we can sort T with respect to S in O(nmlgm) time, using standard
sorting techniques’. This naive approach. however, is not optimal when § is
a convex set, i.e. it contains the vertices of a convex polygon. [n Section 5.1.
we show how to sort T with respect to § if S is a convex set. In section 5.2
we prove O(nm + m?) time complexity for our algorithm, which implies that

'[CLR39), pare 1.
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we can sort S with respect to itself in O(n?) time. Sorting a convex set §
with respect to itself corresponds to the case k = n in the k farthest neighbors

problem if we require that the list of farthest neighbors be produced in sorted
order.

Section 5.3 contains some comments on the lower bound for this problem.

We extend this result in Section 5.4, obtaining.an O(n?log¢) time algorithm
for sorting an arbitrary point set § (with £ convex layers) with respect to itself.

In addition to the problems concerning finding farthest neighbors, in section
6 ‘we show how to sort a set of numbers given .a lower bound on the rank of .each
number in the sorted order. We give an algorithm that solves this problem in section
6.2. find the time complexity of the algorithm in section 6.3,.and prove that it is
optimal in the worst case in section 6.4. This problem is related to other questions
of serting using partial information which are investigated in, for example, [BT80],
{F76), (GMPR77), [KS84], [LS83).

All the lower bounds in this paper are given in the algebraic decision tree model of
computation?. Briefly, in this model the cost of running the algorithm is considered
to be proportional to the number of comparisons along the longest path from the

‘root to aleaf in the decision tree that corresponds to the execution of the algorithm.

-

?For detailed discussion, see page 30 of [PS8S).




2 Monotone Matrices

[n *1is section we =xplain the construction used in ‘ARKMSWRT! and by us to solve
thie farthest neigitbor proolems. A two-dimensional matrix M = {m,,} is called
monotone if *he maximum value in the i-th row lies below or to the right of the
maximum value in the (1 = 1)-st row. [f a row has"several maxima then we will take
the leftmost one. A matrix M is called totally monotone if every 2 x 2 submatrix
{i.e.. every 2 x 2 minot) is monotone (See Figure ).

Jy J
. a b
Y
_ ¢ d
b

Figure 1: Every 2x2 minor , given by a,b.c, and d, of a totally monotone matrix
is monotone, i.¢. it is not possible that a<b and c>d.

Although the question of finding the row maxima in a two-dimensional totally
monotone matrix may seem rather odd at first glance, (AKMSW8&7] and [APS8S]
show that a wide variety of problems can be reduced to one or more instances
of this problem. For example, the totally monotone property arises in problems
that deal with polygons whose vertices obey the quadrangle inequality. Suppose
a convex polygon has n vertices numbered 0,1...,n = 1. If we take any 4 distinct
vertices, iy, iz, ji, and j;, such that 0 € i; € i3 € j1 £ J2 € n-1, and form a
quadrangle i i3j1j2, then by the quadrangle inequality, the sum of lengths of the
diagonals d(iy, j;) + d(i3,J2) is strictly greater than the sum of the lengths of the
sides d(iy, ja) + d(i3,j1) (See Figure 2). -

Figure 2

We define a matrix W = (m,,} corresponding to a convex polygon as follows




.3ge Figure 3): ¥i.0 < i< n=1.m,, =d/jmod nijfor: < ;< t-n and
m. . = -x for all other ).
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Figure 3

Claim 1 Matriz M is a totally monotone matmz.

Proof Take any 2 x 2 minor (See Figure 1). If none of the entries in the minor are
~x and i; < i3 < ji < ja, then it is not possible that @ < b and ¢ > d because of
the quadrangle inequality. i} < i3 and j; < j; have to hold simpiy from the way we
have drawn the minor. If i3 2 ji, then ¢ = —o. Similarly, if any other inequality
among i; < 13 < 71 < j; does not hold, then at least one of the entries in the minor
is =30, which is the case we consider next.

Ifb= -2 orc= -o0, then eithera £ borc ¥ d. If a = —>. then by the
way we have defined M, either b = ~a0 or ¢ = —c and the previous case applies.
Similarly, if d = =20, then either ¢ = —=20 or b = ~2. Thus, M is monotone. B

[f each entry of a totally monotone n x m matrix M can be computed in constant
time. then Aggarwal et al. [AKMSWS8T7] showed how to find the leftmost maximum
in each row of an n x m matrix M in O(n + m) time on a sequential RAM. In
the following discussion we will refer to the [AKMSW87] algorithm as the SMAWK
aigorithm, following the convention used by the authors. Note that the SMAWK
algorithm does not explicitly create the entire matrix .M (that would take O(nm)
time): rather, it only computes O(n + m) entries of .M. Thus, the [AKMSW37]
algorithm can find the leftmost farthest neighbor of every vertex on a convex n-gon
in O(n) time.

Before concluding this section. we note that if f, denotes the number of farthest
neighbors of the i-th vertex, then it can be shown (see appendix) that "=} £, < 2n.

1=Q
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Observe that there are convex polygons for which Y7 f, = 2n. For example. put
n —~ 1 vertices on an arc such that there are vertices at both endpoints of the arc and
the size of the arc is } of a circle. Let the center of the circle be the n-th vertex.
The center has n - 1 farthest neighbors, each endpoint of the arc has 2 farthest
neighbors. and each of the other n — 3 points on the arc has 1 farthest neighbor.

- The sumis (n = 1)+2x24(n~3)x 1 =2n.

- Two vertices i and j are called symmetric farthest neighbors if f(1) = » and
f(7) = i. Since S0 f, < 2n, there are at most n symmetric farthest neighbor

1=0

pairs. The polygon described above again achieves the upper bound of n.

-4




3 The All Farthest Neighbors Problem for a Convex
Polygon '

3.1 The Algorithm for Finding All Farthest Neighbors of a Convex
Polygon

Let M = {m,;} be a totally monotone n x 2n matrix corresponding to a convex
polvgon that was defined in section 2. We use the SMAWK algorithm to find the
leftmost maximum in each row of M. Now. consider a different totally monotone
matrix M'suchthatvi.0 €1 < n=-1.m;, =d((n-1-:) mod n.(2n-1-) mod n)
for1 < j<:+nand m, = - for all other ;.

Note that the matrix M’ is simply M rotated upside down, or equivalently, M
flipped horizontally and vertically (See Figure 4).

Figure 4: The matrix from Figure 1 flipped horizontally and vertically.

Such a rotation preserves the totally monotone property: it is not possible to
have d < cand b > a (which is the same as saying that it is not possible to havea <
and ¢ > d). Again, we use the SMAWK algorithm to find the leftmost maximum in
each row of M’. But, by the way we have defined }’, the leftmost maximum in row
t of M’ is the rightmost maximunt in row (n - 1 — i) mod n of M. Therefore. we
now have the rightmost maximum in each row of M. Last, for each row i, check all
the entries between the leftmost and the rightmost maxima in i for other maxima
in that row. The summary of the algorithm follows.

This section is joint work with Alok Aggarwal.
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run SMAWK on W
for: — 1 tondo
[, — column of the leftmost maximum ... .o~ ¢ of M
output (. 4,)
run SMAWK on A/ .
hl for: — 1 to n do
- r, - column of the leftmost maximum in row (n =1 —¢) mod n of M’

if [, # r, then output (1. r;)
fori—1tondo
for j—Il, +1tor,~-1do
if m,, = m;;, then output (i.j)

3.2 Time Complexity of the Algorithm

The first two loops of the algorithm and the two executions of the SMAWK algorithm
take O(n) time. Clearly, all the row maxima have to be between the leftmost and
the rightmost maxima in that row. Note that m,; = m,, . All we need to prove
now is that the third loop of the algorithm takes O(n) time.

From the quadrangle inequality we know that a+d > b+ ¢ (See Figure 2). From
this we derive the following observations:

a < bimpliesc < d
c 2 d implies a > b.

Lemma 1l r, < min{2n = 1,lis,}.

Proof Suppose r; > min{2n - 1.l,4;}. Let z = m,,
:=myqy,,. and w = miey,, (See Figure 5).

= myy,, Y =Mt

li . l‘wl l’i
i X y 3 — — -
i+l z w e
I O O T I
Figure § =

Since z is the maximum value for row i, it must be true that y < z. Then, by
our first observation, z < w, which contradicts the fact that z is the maximum for
tow i + 1. Thus, 7, < min{2n - 1,/,,,}. B




~e

Lemma 2 The third loop of the_algorithm takes O(n) time.

Proof Let R, be the region between m,; and m,,. By Lemma 1. Vi,j. i # j.
R, and R, cannot overlap horizontally. Thus. each z-coordinate of matrix M will
be checked in at most one such region in the third loop of the algorithm. Since the
horizontal dimension of M is 2n, we need to check at most O(n) entries of M. 8

Since we output at least one farthest neighbor for each of the n vertices. the
O(n) running time of our algorithm is optimal.

3.3 An Application: All Symmetric Farthest Neighbors of a Simple
Polygon

[t is well known that the farthest neighbor of any point inside a convex region is
one of the vertices on the convex hull. Also, the convex hull of a simple polygon
can be found in O(n) time ([GY83]). So, to find all symmetric farthest neighbors of
a simple polygon we first find the convex hull of the simple polygon. Then, using
the algorithm in section 3.1, we find all farthest neighbors of the convex hull, and
finally scan the list of vertices of the convex hull to find which ones are symmtetric
farthest neighbors. Thus, all symmetric farthest neighbors of a simple polygon can
be found in O(n) time. This settles a problem raised in [T83].

10
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4 The k Farthest Neighbors Problem for a Convex
Polygon

4.1 The Algorithm for Finding & Farthest Neighbors of a Convex
Polygon

Let M = {m;;} be a totally monotone n x m matrix. Our algorithm consists,
roughly speaking, of three parts. In the first and second parts, we decompose each
row of M as follows: for each row j, we partially order elements of row j into 2k
sorted lists each with upto k elements such that the k largest elements of row j are
guaranteed to be among the lists for row j1. In the third part, for each row j we
find the k largest elements in j. We achieve this by partially merging the 2k lists
for j that we found in the first two parts.

Let c[t,j] be the column of the largest element in the i-th sorted list for row j.
The first part has & phases. In the i-th phase we find (2i — 1)-st and 2i-th list of
upto k elements for each row j using the 2(i — 1) lists found in the previous phases.
We achieve this by running the SMAWK algorithm on the matrix M’, where M’ is
M with columns ¢fi’,;'] for 1 < <i—-1and 1 € j' < n removed. Running the
SMAWK algorithm gives us c[é, j] for each row j. Moreover, because M and M’

are totally monotone, ci, j]’s actually give us more information. If we look at the
matrix M given by the columns cfs, 1) through c[i, n),> we observe that the largest
element in row j of M is m; i j]- Furthermore, each row of M is bitonic.

Lemma 3 Vi and Vi,
Meia] <00 < Mygeia1) < Mjgi5) ond
M did) 2 Midij+1] 2 **° 2 Mjdiom]-

Proof Suppose not, i.e., there is some i and some row j of M such that for some
sand t,t < s < j, mjgig > Mjil) (the case of j < s < ¢ follows analogously). If
c[s,c] = cfi, ], then certainly m; 4 = m; 4. If cli, 8] # c[i, t], then since m, ;.|
is the largest element in row s, m, ;) < M, 4. But if M is totally monotone, then
it is impossible that m, ,e(,.,] < M, iq) 30d M 4 g > m; ;o). Thus, our assumption
must have been wrong. B

Thus, for each row j, the cfs, j]'s define 2k sorted lists:

This section is joint work with James Pazk.

1Note that we seem to be dealing with O(A%n) elements in these lists. We oaly use these lists
for the explaaation; as we shall sve, the algorithm actually uses only O(kn) elements of M.
”’Nm that cfi, 5] may equal cfi, 5 + 1] for some j's, but each columa of M appears caly once in

11




Mjd1j] 2 Midlg-1) 2 *** 2 Mi)
Mic1i] 2 Midlg+] 2 *°° 2 Mjefi,m)
Md2] 2 Midg-1] 2 *** 2 Mjefa]
Mjaj) 2 Micfag+r] 2 °°° 2 Mjda,m)

Mjelkg) 2 Mieki-1) 2 *°* 2 Mjclk,1]
k] 2 Midki41] 2 °°° 2 Myclkm)-

Unfortunately, we run into a problem here since ¢fi, j'} may be equal to cfi, ;' + 1]
for some number of (j’)s. This is a problem because in order to achieve the desired
time bounds we want each member of each list to be a different entry of M. To
solve the difficulty we need to “skip” the repeating entries. This is accomplished in
the second part by defining the skip variables

upli,jl =i~ H{i': 1 <5’ < j and i, §] = cfi, ]} - 1

downl[i,j] =i+ {5’ : n>j > jand cfi,j'] = fi, ]} + 1
Now, we can define 2k sorted lists for each row j in which no entry of M is repeated:

Midiil 2 Miciuplldll 2 Midluesftdd 2
Miel1i] 2 Mjcldown(ly2 Mjcli downt.down{t ) ***
Mic24] 2 Micaep3s] 2 Micepdepzdll 2 °°°
Mjef2j] 2 Mjadown[a 2 Mjicl2.down(3.down[2 ) ***
Mkl 2 Michuplhsll 2 Mjdkspibuplesl] 2 -
Mjchi] 2 Mjcihdownk iR ™jclkdownlkdownib, A ° **

Also, observe that Vj, Micg] 2 Midad] 2 *°° 2 Mk In other words,
™ qirj] could be the i-th largest in row j only if m;qy_ ;) is one of the i — 1
largest.

Iu the third part of our algorithm, for each row j of M we merge parts of these
lists to get the k largest elements. This part of the algorithm consists of k phases
(for each row j). In phase i we find i-th largest value in row j using i — 1 largest
values in that row. We partially merge these lists using a data structure H. H must
support the following operations: insert, find the maximum element and delete the
maximum element. One suitable implementation for H is a heap®. The algorithm
is summarized below.

——

3For detailed discussion, see chapter 7 of [CLR89).
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M~M
fori — 1 to k do
run SMAWK on M’
for j — 1 tondo
c[i, j] — column of the maximum in row j of M’
for j — 1 ton do -
M' — M' - column cfi, j]
for i — 1to k do
"~ down « 1; up « 1; high — 1
while high < n do
low — high
while cfi, high] = c[i, high + 1] and high < n do
high — high +1
for j — low to high do
upli, §] ~ low — 1
downfs, j] — high + 1
high — high+ 1
for j — 1 to n do
L{1,j] = m; 5
initialize H
insert(H, Moy downft gl it wpltills Mieizl)
fori—2to k do
m; it j7 +— find-max(H)
L[i, j} = mj o in
delete-max(H)
if j' S ] then msert(H, m,"d.‘:.“’{gld‘pn)
if j' > j then insert(H, m; 4t down(i'.j'[})
if j/ = j then insert(H, m; 4ir41,5])

4.2 Time Complexity of the Algorithm

The first part of the algorithm is running the SMAWK algorithm & times and thus
takes O(k(n + m)) time. The second part does a constant number of operations
for each cfi,j], thus taking O(k(n + m)) time. In the third loop, for each i, we
are running k insert, find-max and delete-max operations on a heap H. Each of
these operations takes no more than O(log|H|) time, wher2 |H| is the number of
elements in A at the time the operation is performed. Luckily, H never has too
many elements. In fact, |H| < 2k since at any point A contains at most one element
from each of the 2k lists. Thus, the second part of the algorithm takes O(knlog k)
time and the total time for the algorithm is O(knlog k).

Note that this algorithm could be used to find k farthest neighbors on a convex
n-gon in O(knlogk) time.

13
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4.3 Some Comments on the Lower Bounds

To output n lists of k sorted elements each would seem to require Q(knlog k) time.
However, these lists are not necessarily independent. In terms of our monotone
matrix M, these lists are not necessarily column independent, i.e., one of the k
largest elements in row { may be in the same column as one of the k largest elements
in row #'. In terms of a polygon, the same vertex could be included as one of the
k farthest vertices for more than one vertex. Yet, no o(knlogk) time algorithm is
known that gives the k largest elements even when the elements are not required in
sorted order. -




P

5 The Sorting Problem for a Planar Point Set

5.1 The Algorithm for Sorting the Points of an Arbitrary Set T
with respect to a Convex Set S

Let a convex set § be given by the vertices of a convex polygon Ps. Let {s,...,3n-1}
be the points of § in clockwise order around the perimeter of Ps and let {to, ... ,tm-1}
be the points of T in any order. Denote by m; ; the distance from s; to t; and by
j[i,7] the index of the point in T whose distance from s; is r-th smallest among
points in T. (For convenience, we define j[0,r] = r for 1 < r < m.)

Our algorithm consists of n phases, where in the i-th phase, we compute j[i,r]
for 1 < r < m, using the values j{i — 1,r] we computed in the previous phase. We
do this using an insertion sort, inserting 2,;;_1,1)» then ¢;;;_; 3), then t;j;_, 3}, and so
on through t;f;_y,m}. This is summarized below.

for r — 1to m do
jlo,r] — ¢
fori—0ton-1do
forr —1tomdo
jliyr] —jli - 1,7]
ke—r
while k > 1 and m; ;4 > M i k-1 do
t — ji, k]
Jlé, k] ~ jli, k - 1]
J.["’k - 1] —t
ke—k-1

5.2 Time Complexity of the Algorithm

We claim that the i-th phase of our algorithm requires O(m+I;) time, where ; is the
number of inversions that occur in going from the ordering of T'’s points by distance
from s;_; to the ordering of T"s points by distance from s;. An inversion corresponds
to & pair of points (t;,¢;7) from T such that m;_; ; < m;_, ; but m;; > m; . Since
the perpendicular bisector of any pair of points (¢;,¢;/) from T intersects Ps at most

twice,
n=1
Y < 2("’).
im0 L3

Thus, our algorithm runs in O(nm + m?) total time.

This section is joint work with James Park.
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Note that this algorithm can be used to sort the rows of an n x m totally
monotone matrix M = {m;;} in"O(nm + m?) time, as total monotonicity implies
that for each pair of columns (j,j'), j < j/, either

(1) Vi m;; < mj or
(2) 3i,0 < i < n—1 such that my; 2 my j for i’ < i and my; < mjr js for i’ > i.

Thus, we can sort the set § of vertices of a convex polygon with respect to itself
in O(n?) time.

5.3 Some Comments on Lower Bounds

Sorting T with respect to 5 would seem to require Q(nm) time. This is because
specifying n orderings of m points in the obvious way, namely, by outputting n
ordered lists of length m, itself requires Q(nm) time. However, this is not necessarily
the case. Certainly, we can reduce the problem of sorting m numbers to the problem
of sorting m points of T with respect to one point of §. To do this reduction, we
take the set of m numbers {zo,:--,Zm-1} and we create points {to,---,tm-1} of
T as follows: t; = (z;,0) for 0 < i < m — 1. Furthermore, we let sy = (0,0).
Then, sorting T with respect to so is equivalent to sorting {zo,:-,Zm-1}. Thus,
we know that sorting T' with respect to S requires {}(mlog m) time. However, once
we have sorted T with respect to s, it is not clear if sorting T with respect to s;
requires as much time. The difficulty with showing the (nm + m?) lower bound
for sorting T with respect to S is that only O(n*) differing orderings of T’s points
are possible — the (}) perpendicular bisectors of pairs of points from S divide the
plane into O(n*) regions, and there is a one-to-one correspondence between regions
and orderings. Thus, it may be possible to specify an ordering of T’s points with
respect to some s;’s in o(n) time, which suggests that a o(nm) time solution to the
problem of sorting T' with respect to § is still attainable.

5.4 An O(n’lgf) Time Algorithm for Arbitrary S

We can solve the sorting problem for an arbitrary set S of n planar points using our
O(nm + m?) time algorithm for sorting an arbitrary set with respect to a convex
set. We use two partitions of §: we partition S into ¢ subsets $,,...,S,, each
corresponding to a convex layer of S,! and ¢ subsets S}, ..., S}, each of size n/¢. For
1<i<land 1<) <Y wesort S} with respect to S; in O(nin/ + n?/£?) time,
where n; is the size of S;. The total time required is

220('..-+ ) EO(n.n+ z) = 0(n?).

fm] jml

!We can find convex layers of » poiats in ©(nlogn) time ([PS85], p. 168).
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For each point p of §, we now have ¢ sorted lists, corresponding to the points of
S%,...,8%, respectively. As we can merge these lists in O(n?lg) total time, we
obtain an O(n?Ig¢) time algorithm for sorting the points of §.

17
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6 Sorting Using Lov\(gi' Bounds on the Ranks

6.1 Background

Let S = {zo,...,Za-1} be a set of n numbers. To sort S requires (nlog n) time and
there are algorithms that achieve this lower bound ([CLRS89], part II). What if we
are given some partial information about §? The lower bound may not necessarily
hold. Various kinds of partial information about S have been researched in [BT80],
[F76), [GMPR77), [KS84] and [LS83].

We consider the following problem. Given a set S of n numbers, we have the
following partial information about the final sorted order: for each z; € §, we have
a lower bound / on z;’s rank, i.e., a lower bound on the number of z; € S such that
z; < z;. How much time does it take to sort §?

6.2 The Algorithm for Sorting S Using Lower Bounds on the Ranks

We create n buckets (b, ...,5,). Bucket b; will represent rank j in the sorted order
of § and by the end of the algorithm, b;[0] will contain the j-th largest element of
S. We put into b; all those z;’s whose lower bound on the rank is j. Let c; be the
number of z;’s placed into b;. We then go through the buckets one at a time, from
b, to b,. We use a data structure H to process the buckets. To process bucket b;,
we take the c; elements in b; and insert them into H. We then find the maximum
element in H, put that element into b;{0] and delete it from H. H has to support the
following operations: insert, find maximum element, and delete maximum element.
As in section 4.1, one suitable data structure for H is a heap. The algorithm is
summarized below.

for j — 1 to n do
c; ~0
fori—0ton-1do
¢l € +1
bi[ey] ~ =i
initialize H
for j — 1 to n do
for k — 1 to ¢; do
Zmer — find-max(H)
bj[0] — Zmas
delete-max(H)

18
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6.3 Time Complexity of the Algorithm

Let Q = ¥, (ri — i + 1), where r; is the exact rank of z; in the sorted order?.
Since (ry,...,7s) is just a permutation of the set (1,...,n), 3 1y i = ﬂ%"‘—‘l Thus,

Q=20 _vn 4
Lemma 4 The algorithm takes O(nlog 2-) tim;.

Proof The first two loops take O(n) time. Note that 37, ¢; = n. In step j of
the third loop, we insert c; elements into H, then find and delete the maximum in
H. Each of these operations takes no more than O(log |H|) time, where |H| is the
number of elements in H at the time the operation is performed. So, if we let w;
be the number of elements in H at the end of the j-th iteration, then during the
(j + 1)-st iteration, we pay O(log(w;) + log(w; + 1) + ... + log(w; + ¢j41 — 1)) to
insert c;41 elements into H and O(log(w; + ¢j4+1)) to find and delete the maximum.
Note that our definition of the w;’s implies that wo = w, = 0 and for 0 < j < n,
0 < w; < n. We can upper-bound the time spent on the (j + 1)-st iteration by
(¢j+1 + 1)1og(w; + €41).

Now we express the w;’s in terms of the c;’s. At the end j-th iteration of the
third loop, H contains all the elements we have inserted during the first j iterations,
minus the number of maxima we have deleted. Thus,

J
w;:Zc‘-—j.

=1
Alternatively,
-1
wi = [Lea-(-1+¢-1
=1 -

= wji-1+¢ -1

Then ¢; = w; — wj_1 + 1. So, the time T for the third step can be bounded as
follows:

T <0 i(c,' + 1) log(w;-1 + Cj))
jm1
<0 Z.:((W:' - wi—1 +1) + 1) log(wj-1 + (wj - wj-1 + 1)))
e
) -

o f:(u’i - wj-1 +2)log(w; + 1))
s :

?Nota that we are only using r;’s to simplify our explanation, we do not need them at all since
Q is simply a fanction of ;'s and ».
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1 n1 + 1
< 0(miog(223))+0 (wslog (233)) +-.+0 (sa-siog (22241))

+0 (wy log(wa +1)) + 0 (i log(w; + 1)) .

j=1
The terms corresponding to any w; = 0 dissappear. So, henceforth, we assume that
Vj, w; # 0. Since Vj ¢; 2 0, wj—1 ~ 1 < wj, and thus, ;’1_-; > ;;‘ﬁ Then,

T < 0(wlog(2E1)) 40 (tost08 (Z22)) + ..+ 0 (1o log (222 H)

Wn-1

+0 (wn log(wn +1)) + O (i log(w; + 1))

j=1

5 o(mm(1+2)) 0 (mim3)) o s0 (e {1+ 25)

+0 (wn log(wn + 1)) + 0 (zn: log(w; + 1)) .

J=1
Since log(1 + €) < O(¢) and w,, =0,

o(w, xi:) +O(mx :1’2-)+...+O(w,._1 x ;:1:) +0 (ilog(wj+l))

j=1

T

IA

IA

O(n)+0 f:log(w, + 1)) .
jus 1

Since each z; remains in H from the step during which bucket b;, is processed until
the step during which bucket b,, is processed, we know that 3"7., w; < Q. We then

want to find the maximum value of . N
n n
E:hqxu54-1)=logII(u54-l)
=1 =1
subject to

- Pwi<Qq.
jmi
The maximum is achieved when w; = w3 = ... = wa = . Certainly any other
solution, in particular a solution that obeys the constraint ws = 0, will yield a
smaller value. Thus,

Time <O(n)+0 (log(&+1)") < O(nlog %).
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6.4 Worst-Case Optimality of the Algorithm

Lemma 8 For every given Q, there ezists a sorting problem that will take Q(n log 8-)
time.

Proof We prove by contradiction. Given some_z, suppose that there exists some
algorithm, A, that sorts the numbers in o(nlog %) time. Consider the following
problem, which we call the set-sorting problem: we have %’- independent sets of %
elements each and we want to sort all the sets. We show that if A exists, then we
can solve the set-sorting problem in

2
o(% X %logg)

time, which would contradict the lower bound on sorting: to sort %’- independent
sets of a- elements each, requires

2
Q (% x %log g)
time.

Our algorithm for the set-sorting problem works as follows. First, for each set
Sj, we find maz;, the maximum element in S;. Then, we change the sets so that
each element of set S; is strictly greater than each element in set S/ for all j' < j.
We accomplish this change by incrementing each element of S; by E;;'l maz;.
Observe that this change preserves the relative order of elements within each set S;.

Now we assign the lower bounds on ranks: each element in §; is assigned the lower
bound of ‘1'—:19- + 1. Thus, we have formulated the set-sorting problem as an input
to A: we have %’- X e- = n elements to be sorted given the lower bound on the rank
of each element. Note that the output of A gives us a solution to the set-sorting
problem. More specifically, to get the rank of any element in §; we take the rank of

this element as given by A and we subtract h'—,‘lﬁ The summary of the algorithm
follows. We denote the i-th element in S; by z[j,].
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forj—1to !'5- do
maz; «— —o0
fori—1to g do
if z(j,i] > maz; then maz; ~ z[j,i]
incr — 0
for j — 2 to %’- do
incr — incr + maz;.,
fori—1to % do
z(j, 3] ~ z[4,$] + incr
1,5} — G209 41
run A on z{j,s]’s with I[5,i]’s
for j—1to 1‘5- do
fori—1to % do _
r(j, 8] — rals, i) - .(J‘_:IQ

Now we want to analyze the running time of this algorithm. All the loops take
2l Q.
0(3 x =) =0(n)

time. Recall the definition of Q. So, for algorithm A,

Qa= z(’AUv i| - ,i)+1).
FX)
We claim that
2 x (%‘* 1) n? 0
Qa= —g X ik Q)
Thus, the running time of the set-sorting algorithm is

O(n)+o (nlog -Qn—") =0(n)+o0 (nlog g) ,

which is the contradiction we wanted to achieve.
[ ] -

Thus, our algorithm is optimal in the sense that for any Q, there exists a sorting
problem that requires {2(n log 3) time.
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7 Conclusion and Open Problems
We have shown the following results in this thesis:
1. An optimal algorithm to find all farthest vertices for every vertex of a convex
polygon. -

2. An O(knlog k) time algorithm to find k farthest vertices for every vertex of a
convex n-gon.

3. An O(n?) algorithm to sort the distances of all the vertices of a convex n-gon
with respect to each vertex of the convex n-gon.

4. A worst-case optimal algorithm to sort a set of numbers given the lower bound
on the rank of each number in the sorted order.

The following open questions remain:

1. A ©(kn) algorithm to find k farthest vertices for every vertex of a convex
, n-gon.

2. A proof that Q(n?) is the lower bound for sorting the distances of all the
vertices of a convex n-gon with respect to each vertex of the convex n-gon.

3. An information-theory optimal algorithm to sort a set of numbers given the
lower bound on the rank of each number in the sorted order.




Acknowledgements

First and foremost I thank my family. Without their sacrifice, love and encourage-
ment, none of this would have been possible.

I am deeply grateful to Alok Aggarwal and Tom Leighton for infecting me with
their enthusiasm for research. I thank them for sharing their knowledge, for being
patient, and for giving me an opportunity to work with them. I thank Tom for
not breaking my hand when I played first base. I also thank Alok for stopping by
my office every day with new research problems and for wading with me through
numerous incorrect versions of the algorithms. His belief in me and his constant
encouragement gave me the confidence I needed to do this research.

Working with James Park has been a most stimulating and productive learning
experience. I would like to thank James for the great discussions, for the 305 facts
about monotone matrices, and for the great passes on ice.

I thank Running Time and Ezecution Time for getting me away from the lab
once in a while.

I also want to thank the TOC group and its mom for making the 3rd floor such
a friendly and exciting place to work.

Last, but not least, ] want to thank my friends for keeping me sane and for
helping me feel that there is more to life than research.

24

ez RE e AR -



Appendix

Let po,p1, ..., Pn—1 be the vertices of the simple convex polygon in clockwise order
and let f; be the number of farthest neighbors of the i-th vertex.

-

Theorem 1 77 f; < 2n.

Proof Observe that corresponding to each point p; is a b;, 0 < b; < n -1, and
an e;, 0 < ¢; < n -~ 1, that together define a range py,, ps, 41, ..., Pb, +¢; Of consecutive
points on the polygon not containing p; (where the indices are taken modulo n) such
that

(1) pe, is a farthest neighbors of p;,
(2) Pvi+4e; is a farthest neighbor of p;, and
(3) all other farthest neighbors of p; (if any) are among py, 41, - » Pb;+e;—1-

Note that e; + 1 is an upper bound on f;, the number of farthest neighbors of p;.

Claim 2 The points py,, s, , ..., Pb.._,, though not necessarily distinct, are in
sorted order relative to our clockwise ordering of the polygon’s vertices.
Proof Suppose not, i.e. 3i,j such that i < j but p;, follows Py, in the
clockwise ordering of vertices. By the quadrangle inequality, we must have

d(?iv".') + d(Pj’”,') < d(P!"”,') + d(?j,?b‘)-

But this contradicts our assumption that p, is a farthest neighbor of p; and
; is a farthest neighbor of p;. B

Claim 8 For 0 < i < n = 1, 4, either precedes p,,, in the clockwise
ordering of vertices or is the same point. In other words, the ranges associated
with p; and p;4, may overlap only at the point Pbiys -

Proof Suppose not, i.e. 3i such that Py, strictly preceedes py,.,, in the
clockwise ordering of vertices. By the quadrangle inequality, we must have

d(Pis Prcei) + d(Binrs Payy) < d(PisPrss) + d(Dig1, Poie,)-
But this contradicts our assumption that py, .., is a farthest neighbor of p;
and py,,, is a farthest neighbor of p;y,. @

Thwdmphthnodhhwhnmdiﬁubyhddetoptohlendollmmk
2hsmueo-nwm(ll.M)mﬂth&ewﬁngdlnsbymmm.
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The preceding two claims imply that

n-1

Ze,-Sn.
i=0

Thus,
n-1
d(a+1)<2n
=0
and -
n=1
2 fi<2n,
=0
|

Note that for odd n, any regular n-gon gives us an example of a convex polygon
for which 3°7=} f; = 2n since every vertex of such an n-gon has exactly two farthest
neighbors.
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