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ABSTRACT

First, the analytical technique is shown to be valid for the computation of the statistics
of a blade's vibratory amplitude when the distributions of modal parameters of a mistuned
bladed disk assembly are non-Gaussian. The results from the analytica! technique are
compared with those from numerical simulatiuns for trianguiar and unifcrm distributions. 1t

has been found that the probability density function of the amplitude is insensitive to the types
fo mistuning distributions.

Second, an analytical technique has been developed to efficiantly compute the probability
_.density function of the maximum ampitiude on a mistuned bladed disk assembly. This technique

uses the direct Taylor series expansion in terms of the perwurbation in an amplitude as a -
function of perturbations in modal stiffnesses. The vaiidity of the technique has been
corraborated by comparison with the resuits from numerical simulations.

Lastly, the statistics of the forced response of a structurally and aerodynamically
coupled bladed disk assembiy have been compute.s efficiently by the analytical technique. The
results from the analytical technique agree well with those from numerical simulations. The
effects of the following parametrs on the statistics of the maximum amplitude have been
studied: the aerodynamic couplings among blades, the fluid density and the cascace stagger angle.
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ABSTRACT

First, the analytical technique is shown to be vaiid for the computation of the statistics
of a blade’s vibratory ampiitude when the distributions of modal parameters of a mistuned
bladed disk assembly are non-Gaussian. The results from the analytical technique are
compared with those from numerical simulations for triangular and uniforin distributions. it

has been found that the probability density function of ine amplitude is insensitive to the types
fo mistuning distributions.

Second, an analytical technique -has been developed to efficiently compute the probability
density function of the maximum ampltiude on a mistuned bladed disk assembly. This technique
uses the direct Taylor series expansion in terms of the perturbation in an amplitude as a
function of perturbations in modal stifinesses. The validity of the technigque has been
corraborated by comparison with the results from numerical simulations.

Lastly, the statistics of the forced response of a structurally and aerodynamically
coupled bladed disk assembly -have been computed efficiently by the analytical technique. The
results from the analytical technigue agree well with those from numerical simulations. The
effects of the following parametrs on the statistics of the maximum amplitude have been
studied: the aerodynamic couplings among blades, the tiuid densily anu the cascade stagger angle.
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SECTION 1
PROBABILISTIC ANALYSIS OF FORCED RESPONSE OF A PLADED

DISK ASSEMBLY WITH VARIOUS MISTUNING DISTRIBUTICONS




ABSTRACT

In this paper, efficient algorithms have been developed to compute the
statistics of forced response of a mistuned bladed disk assembly. The
technique is valid for Gaussian and non-Gaussian distributions of modal
parameters as well, The validity of this technique is shown by comparison
with results from numerical simulations for triangular and uniform
distributions. The results for Gaussian, triangu’ar and uniform
distributions indicate that the cumulative probability density function of
a blade's amplitude primarily depends on the standard deviations of modal

parameters rather than on the type of distributions.

NOMENCLATURE

Aj amplituse of the jth mass {mistuned systen)
3ij elements of matrix H-1

B amplitude of each blade in tuned system

o danping coefficient

E() expected value

f external force vector

gi1{ ), g2( ) probability density function

H macri< with elements composed of m¢, kt, € and w
He compiex matrix corresponding to H

i ’ Y -1

I identity matrix

kt modal stiffness of each blade (tuned system)

mt modal mass of each blade (tuned system)




N number of blades

NS number of simulations

r order of engine excitation

R A/kg

u vector defined by Eq. (10)

Qj jth element of U

v vector defined by Eq. (11)

Vi jth element of V

X rasponse vector (mistuned-system)

Xt resnonse vector (tuned system)

Y; correlation coefficient between upj and ugj-1
z damping factor {=c¢/(2m¢y w) for resonance condition)
GAj amplitude of 6X 4

6X X-X¢

6X jth element of &X

69j phase of 6x §

A standard deviation of &k;

05 standard deviation of uj

95 phase of Xj

W excitation frequency

1. Introduction

Mistuning refers to variation in modal properties of blades which is
caused by minor differences in their geometries that arise during the
manufacturing process. It has received wide attention in the existing

literature [1,2] because even a small amount of mistuning can lead to a




large variation in the blade's amplitudes within the same assembly. In
fact, the amplitude of vibration of the worst blade may often be as high as
two times the amplitude of a blade of a perfectly tuned system. Since the
deviations of modal properties of blades from their nominal values are
randomly distributed, it is important for the designer to predict the
statistics of forced response, particularly the probability that the
maximum amplitude on any disk would exceed a critical value, in a
computationally efficient manner. For this purpose, an efficient
computational technique has been presented by the authors in their earlier
papers [3-4] where the distributions of modal parameters are assumed to be
Gaussian. In this paper, the analytical technique is extended to include
non-Gaussian distributions. Also, an efficient algorithm has been
developed to invert the tuned system matrix which further reduces the

° computation time,

The distributions of modal parameters are often assumed to be Gaussian
for the sake of analytical simplicity. However, in practice, they mey nct
be Gaussian. Therefore, the following issue arises: does cne type of
distributions of modal parameters leads to worse scatter in amplitudes than
another? This issue has been addressed in this paper by studying the
distributions of amplitudes for three types of distributions of modal
parameters with the same standard deviaticns: Gaussian, uniform and
triangular. It is found that the cumulative probability distribution
functions of a blade's amplitude is almost identical for these three types

of parameters' distributions.
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The model of bladed disk assembly is chosen to be as shown in Figure 1.
Even though it is a simple model, it ccntains ali the basic characteristics
of a bladed disk assembly and has been used by the authors in their
previous papers [3-5]. In Figure_l, m¢ and kj are the modal mass and
stiffness of each blade, respectively. The phenomenon of mistuning is
simulated by considering kj as a random variable. The stiffness kC
represents the coupling between adjacent blades due to disk's flexibility.

First, the technique for the efficient computation of the statistics
cf forced response is described. The accuracy of this technique is then
studied for triangular and uniform distributions by comparison with results
from numerical simulations. Lastly, the values of probability that a
blade's amplitude exceeds certain critical value are examined as a function
of excitation frequency for Gaussian, triangular and uniform distributions

of kj.

2, Computation of Statistics of Forced Response

The computational technique is presented for the system shown in
Figure 1. However, it can be directly applied to a more complex
spring-mass model of a bladed disk assembly; e.g., the model developed by
Griffin and Hoosac [6].

Tne system of differential equations governing the dynamics of a

mistuned bladed disk model depicted in Figure 1 is described as follows:

m, xj + ijj + kC(xj-xj+1) + kC(xj-xj_l) + cxj

- f, cos(mt+wj); j=1, 2, ..., N (1)




where N is the number of blades. The excitation phase by is defined for a
rth engine order excitation as follows:
Yj = 2nr(§-1)/N; r=0,1,2, ..., N-1 (2)
Represent
kj = ky + ij (3)
where k¢ is the stiffness of the perfectly tuned system. The deviation ékj
is taken to be & ranacm variable with zero mean; i.e., E(ij) = 0. Also,
the distribution of ékp is assumed to be independent of dkj(p¢j). It
should be noted that there is no assumpt{on made on the nature of the
distribution of ij.
Now the response (xtj) of the tuned :ystem satisfies the following

equation:

-

X,. + Kk

my t txtj + kc(xtj'xt(j+1)) + kc(xtj'xt(j—l))

FC Xy - fo cos(mt+wj) (4)

Subtracting (4) from (1),

.

my ij + (kt + dkj) ij + kC(dxj-dxj+1) + kC(ij-ij_l)

+C ij = -ij xtj (5)

where GXj = Xj = Xtj.
In steady state, the response X3 and Xtj are sinusoidal. Therefore, 6§

would also be sinusoidal. Let




Xj = Aj cos(mt+¢j) (6)

Xtj = B cos(mt+ej) (7)
and

6xj = 6Aj cos(ut+6;) (8)

Substituting (7) and (8) into (5) and then equating the coefficients of
cos wt and sin wt on both sides, the following system of 2N algebraic

equations is obtained:

(H+6H)U = -GHV (9)
where
U = [6A; cos6éy  SA] sinGdp . . . . SAy cosbgy  GAy sindey]T (10)
V = [B cosy Bsing, . ... Bcosoy B sinoy]T (11)

The matrices H and 6H are defined in the Appendix A. Since the matrix H is
non-singular for a damped system, the equation (9) yields
U = -(I+H-16H)~1 H-l6Hy
= -(HLleH - (Hlew)2 + (HleW)3 - L L v (12)
Therefore, the expression for each element of the vector U has the

following form.

N N N N N N
u = -j£1 tp.g 0; * j£1 s§1 Wy g, 060K - jél SEI z§1 Yp.i.s,8 KoKk,
e . (13)
where
tp,j = 2p,2j-1V2j-1 * 3p,2j V2] (14)
Wp,j,s = 2p,2j-1 t2j-1,s + 3p,2j t2j,s (15)
¥p,j,s, 0" 3p,2j-1 W2j-1,5,0 *+ 8p,2j W2j,s,14 (16)

ap,j = (H1p,; (17)
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An efficient algorithm has been outlined in Appendix B for the inversion of
matrix H. Therefore, all the coefficients «n (13) can be computed in an
efficient manner.

The equation (13) indicates that each up is @ linear combination of a
large number of random variables which ére not uighly dependent [4].
Therefore, the central limit theorem [7] indicates that the distribution of
db can be approximated to be Gaussian.

The number of terms in the series expansion (12) which make
significant contributions depends on the value of R/Z where R = /E(ijz)/kt
and g is the damping factor. When /¢ is small, the higher-order terms in

(13) can be neglected and up can “e cxpressed a:

u, =-1 t_ . 6k, (18)

When the distribution of ékj is Gaussian, the distribution nf up s avactly
Gaussian for any number of blades [3]. However, for non-Gaussian dkj, the
distribution of up can be approximated to be Gaussian cnly for a large
value of N.

Using central limit theorem, the distribution of € (= n uZj-1 * M u2j)
can also be approximated to be Gaussian for any n and u. Therefore, uzj-1

and u2j can be described as jointly Gaussian [8], i.e.,

91(u2j-1, u2j) =

1

7177 e [

j)




where
@ = uzj-i - E{uzj~1)
B =upj -~ E(uz;)

2

0.2 = E(w)) - (Ew.)?

Yj = (E(u2j_1u2j) - E(Uzj_l) E(uzj))/(OZj_l M sz)

From (19), the probability density functicn of a blade's amplitude can be

calculated as

2n
A.
g,(A,) = ! ] exp 1+ 20001 gy (20)
255 2na,. y0,. Y(1-Y9) 2(1-4%)
“M25-1%5 YUY o VT

" where

2 ” i i —
(ejcosv-al) LYi(AjCOSV 11) (Ajs1nv 81)
Z(v) = 2 - 0. +0,.

T s 3 1723

2j~1 4

(A-Sin“’sl)z

+ _.l____z____
Cn o
2]

+ E{u

4 = Vpia1 25-1)

By = Va5 * Eluyy)




The probability, Pr, that Aj will be less than a critical vaiue, Ac, can be

calculated using (20) as follows;

{
Pr(A; <A.) = J gZ(AJ.)dAJ./J 9, (A;)dA, (21)
o]

It should be noted that the mean and variance of up can be calculated
without performing numerical simulations. However, the number of terms in
(13) which would yield accurate results has to be determined. In this
paper, E(up) and E(upz) are computed (Appendix III) on the basis of first
three terms in (13) for three types of distributions for ij: Gaussian
[4], uniform and triangular. It has been found that the results are fairly

accurate at a realistic value of R/Z.

3. Results and Discussions
3.1 Accuracy of the Analytical Technique for Non-Gaussian Distributions
In order to verify the accuracy of the analytical technique for
non-Gaussian distributions of modal stiffness 6&5, the results from
numerical simulations are compared to those obtained analytically. Two
types of distributions, triangular (Figure 2) and uniforin (Figure 3), are
considered primarily because they can be conveniently generated using IMSL
subroutines [9] GGTRA and GGUBS for numerical simulations. These IMSL
subroutines are used to choose the modal stiffness of each blade from
populations with specified mean and variance. The response of the

resuiting bladed disk assembly is obtained by solving the Tinear system of
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algebraic equations [3] in terms ¢f Aj €os 3 and Aj singj. The statistics
of A c0s¢j, Aj sing; and Aj are then generated by considering a large
number (arbitrarily chosen to be 500) of bladed disk assemblies with
different sets of bladas' modal stiffnesses.

The nominal values of modal parameters are chosen from the paper by
Gri{fin and Sinha [5] and are presented in Table 1. The nunber of blades
is selected to be twenty four. The excitation frequency w is chosen to
represent resonance condition. The standard deviation ()) of each blade is
taken to be 8,006, At this value of A, the ratio of standard deviation and
mean value of individual blade's natural frequency is found to be 0.0096
which represents the typical value vound in practice. The damping
coefficient ¢ is chosen to be }.443. This value of damping corresponds to
about 1% damping factor which is typically observed in engines from
aerodynamiz and structural sources.

The results for triangular distribution are presented in Figures 4-6
for third engine order excitation. The distributions of Aj cosé§ and
Aj sindj, cbtained from numerical simulations, are examined for each blade.
Each of thess distributions is compared to the Gaussian distribution with
same mean and variance; e.g., Figures 4 and 5. The chi-square test of
hypothesis [10] indicates that the distributions of Aj cos¢j and Aj sin¢j
are Saussian, which confirms the applicability of central limit theorem.
The distributions of amplitudes, obtained from eq. (20), are then compared
to those from numerical simulations; e.g., Figure 6. The chi-square test
of hypothesis again indicates that the probability density function of

amplituda predicted by the analytical technique is accurate.
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Next the recults for uniform distribution are presented in rfigure 7-9,
Again, the distributjons of Aj cos¢j and Aj sinéj are found to be Caussian,
Figures 7 and 8. Also, the probability distribution functions of
amplitudes, obtained from eq. (20), compare well with thase from numerical
simulations; e.g., Figure 9.

3.2 Probability That The Amplitude is Greater Than A Critical Value

Using the equation {21), the probability (Pr) that a blade's amplitude
exceeds a critical value can be easily calculated. Assuming that the
critical value of the amplitude is 1.4B, the.values of Pr are shown in
Figure 10 as a function of excitation frequencies for all the three types
of distributions of ij and three different engine order excitations. It
is found that the maximum value of Pr for each engine order excitation
occurs at a frequency which is slightly telow the corresponding undamped
natural frequency. Also, the values of Pr are almost identical for three
different distributions of ij. These results indicate that the
probability that the amplitude would exceed a certain value depends

primarily on the standard Jeviation of ékj; e.g. Figure 11.

4, Conclusions

In this paper, the analytical technique developed in [4] is shown %o
be valid for non-Gaussian distributions of modal parameters. This
technique provides the probability distribution function of each blade;
i.e., the probability that a blade's amplitude is greater than a certain
critical value can be easily calculated. The validity of this technique is

established by comparison with results from numerical simulations for
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triangular and uniform distributions of blades' medal stiffnesses. Even
though the analytical technique is presented for a simple bladed disk
assembly (Figure 1), it can be directly applied to a more complex
spring-mass model of a bladed disk assembly; e.g., the model used in [6].
Also, an efficient algorithm which uses fast Fourier transform has been
developed to invert the tuned system matrix which further reduces the
computation time.

The values of probability that an amplitude is greater than a certain
critical value are found to be almost identical for Gaussian, uniform and
triangular distributions of modal stiffness with the same values for
standard deviations. In other words, the cumulative probability density
function of a blade's amplitude depends primarily on the standard

deviation of modal stiffness.
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Appendix A
Matrices H and 6H

(A-1)

-h2 0 0 0 0 0...... h1 hj

where
hy = ki + 2kC - mgw?, hp =kC, h3 = -cu
ok
okq (ij:) (A-2)
sk
6k o
SH =
,/ﬂ\ ]
(i’// sk
sk
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Appendix B

Inversion of Matrix H

It can be seen from eq. (A-1) that the matrix H corresponds to a perfectly

tuned system and is circular in nature. In order to obtain an efficient

technique to determine H’l, it is convenient to use complex excitation; i.e.,

the differential equation for the tuned system is written as follows

My Xy * kt Xps * kC(xtj - xt(j+1)) + kC(xtj - xt(j—l))

+c ’ztj - foe”wtwj) (B-1)

The steady-state response xtj can be represented as follows:

% =AY o ut (B-2)

Substituting (B-2) into (B-1) and equating the coefficients of eitt on both

sides, the following system of N algebraic equations is obtained:

HCQ; = fr (8-3)
where
xk -kC 0 ... .. . -kC
-kc kk -kc . . e Y C
o . : (8-4)
c
. . kk

-kC 0 e & o e 8 t & s s e
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kk = (ky + 2kC - mgw2) + icw
_A_*r"[A*I,Y‘ A*z,r e ¢ 4 e . A*N,r]T (B-5)

1" Ty iy
f; = f le 1 e 2 B - N

¢ 1T (8-6)

For the rth engine-order excitation,

by = 2m (§=1)/N (B-7)
From (B-3),
Ay g (5-8)
-r c -r
Representing
L aar (8-9)
¢ 'p.g " %pug

and using (B-6), (B-7) and (B-8),

A sr=0,1,2, ..., N1 (B10

LR St P

1207 4-1) /N
et E e

The equation (B-10) indicates that A*] . is discrete Four.er transform [11] of

a*y, y. Therefo. :,

aty - % SIRMEUN (B11)
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For each engine-order excitation, A*1 , can be computed [3] by analyzing an

equivalent single-degree of freedom system and is given by

] : 0
- s (B-12)

where

. 2
ke - kt + 4kC sin™(mr/N).

Having obtained A*j r, the first row (a*] y) of Hc~l matrix can be obtained
from {B-11) using & Tast Fourier transform (FFT) algorithm "11] which is
computationally efficient.

_Now for the elements of pth row of Hc‘l matr'x,

N-? .
[ -i2mr {2-1) /N
* - A* 1
o TN L Ve (B-13)
Since
N I (B-14)
it can be seen that
a*p’! - a*l,(z-p+l) (B-15)

Furthermore, it can be derived frem (B-11) that
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a*],-q = a*] (N-Q) (B-16)
The equations (B-15) and (B-16) indicate that Hc'l is also a4 circular matrix,
and hence the computation of its first row is sufficient to determine all the

elements of Hc‘l.

Lastly, it can be easily verified that
a2p-1,2j-1 = a2p,2j = Real(a*p;) (B-17)
~82p-1,2j = 2p,2j-1 = Imag(a*p;) (B-18)

where

ap,j = (H1)p ;

" In summary, Hc‘l is obtained by computing the steady state response of the
equivalent single degree of freedom model for each engine order excitation. If
each blade sector is represented by a greater number of degrees of freedom;
e.g., three in [6], the dimensions of matrix He wili be 3N x 3N. In this case,
the inversion of matrix Hec will involve the computation of the steady state
response of the equivalent three degrees of freedom system for each engine order
excitation. In other words, N number of 3 x 3 matrices have to be inverted.
This approach results in a significant reduction in computing time with respect
to that required for direct inversion of a 3M x 3N matrix, particularly when N

is large.
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Appendix C
Computation of E(up) and E(upz)

In the previous paper [4], formulae for computing E(up) and E(upz) have
been developed when the distributions of ij are Gaussian. Here, these formulae
are generalized to include the cases of uniform and triangular distributions of
ij.

First, the following results are derived for triangular (Figure 2) and

uniform distributions (Figure 3):

0 ;  for odd n

n 23" 6n/2
E(ij) = man T for evenn and triangular distribution (C-1)
AN 3n/2
T for even n and uniform distributions
where
E(csz.) - 22 (c-2)

Second, it is recalled that the distribution of dkj is independent of that

6kg(j#s). Therefore,

L aPy o i p i~
E(ij 6k) E(ij) E(6k) \C-3)

Analogous to expressions in [4], E(up) is computed on the basis of first three

terms in {13) and E(upuq) only on the basis of terms up to 6kj4 (or dka Gkgz).
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Hence, using (C-1) and (C-3), the follewing expressions are obtained for

computing E(up) and E(upugq):
2 Al
E(uy) =A% L w, . (C-4)

2
E(upug) =4 321 tp,it,i

* 8 El Y,5,3,5%.3" El z§1 p.1¥a,5,5,0 V0,5, 05" Ya, 05,57

J-
j»1
4
- _—r i 3)1A
" JZ ¥p,351,1%,5° El z§1tq tUp,5,5,0" Yp,5, 03" Yp, 05,50
j*2
NN 4
. )
e ngwp,a,a 9:35] ng 03" 0,8 %,3,40, 5,47, 0,50
il (C-5)
where
3.0 for Gaussian 6k
B = 2.4 for triangular okj (C-6)

1.8 for uniform ij

It is obvious the: E(upz) can also be computed from (C-5) by substituting

q=p .




TABLE 1.

System Parameters (SI units)

mg = 0.0114
ke = 430000.

kC = 45430,
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SECTION 2
CALCULATING THE STATISTICS OF THE MAXIMUM AMPLITUDE
OF A MISTUNED BLADED DISK ASSEMBLY




cdf
Cov(y,z)
diag

E(y)

exp

fO
f(y1,..yn)
H

8H

K3

mt
Max(Aj/Ay)
N

pdf

Pr( )
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Nomenclature

Meaning

amplitude of xj (mistuned system)

resonant amplitude of the tuned system
modal damping (tuned system)

cumulative distribution function
covariance of random variables, y and 2z
diagonal elements of a diagonal matrix
expected value of random variable, y
exponentia;

magnitude cf excitation force

joint pdf of random variables y4,y2, ... , ¥n
tuned system matrix defined in equation (9)
matrix defined in equation (10)

V-1

identity matrix

structural coupling stiffness between adjacent blades
modal stiffness of jin blade (mistured system)
modal stiffness of each blade (tuned system)
modal mass of each blade (tuned system)
Max(Aq,A2,...,AN)/At, maximum value
number of blades

probability density function

probability

time

jth element of vector U




Var(y)
X]

Br

8k;
Yy,z

Ky
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uj for the tuned system (8kj = 0)

variance of random variable, y

response of jiy blade (mistuned system)

interblade phase angle of iy engine order excitation

=k j -ky

correlation coefficient between y and z random variables
mean of a random variable y

excitation frequency (rad/sec)

phase angle of xj

phase angle of excitation force on the ji, blade

standard deviation of random variable y

damping ratio




1. Introduction

Mistuning in a bladed disk assembly refers to the variation in the modal properties of
blades because of manufacturing tolerances. It has received a wide attention in the existing
literature [1-3] because even a small amount of mistuning can lead to & large variation of
blades' amplitudes within the same assembly. In fact, the ampiitude of vibration of the worst
blade may often be as high as one and one-half times the amplitude of a blade of a perfectly tuned
system. Consequently, the fatigue life of a blade on a mistuned assembly may be significantly
lower than that predicted on the basis of a perfectly tuned system. Furthermore, the deviations
of the modal properties of blades from their nominal values are statistically distributed. As a
result, there exists a large number of possible sets of blades' modal parameters that a bladed
disk assembly can have. Since the maximum amplitude will be different for each such set of
blades' modal parameters, it is important for the designer to know the statistics of the forced
response, particularly the probability that the maximum amplitude on any disk would exceed a
critical value in an efficient manner.

For a given distribution of modal parameters, the statistics of the blades' amplitudes can
be computed by the following two approaches: 1) numerical simuiations and 2) analytical
technique. For numerical simulations [4,5], the modal parameters of each blade of a ristuned
assembly are chosen randomly from a disiribution with specified values of mean and variance.
Since the steady state response of the resulting system can be easily obtained, the statistics of
blades' amplitudes can be generated by considering a large number of rotor stages with different
sets of blades' modal parameters. However, this approach is cumbersome and expensive in
terrns of computer time.

The anaiytical approach [6-10] yields the statistics of the forced response of a mistuned
system without performing nufnericaI simulations and, consequently, is compuiationally
etficient. The technique developed by Huang [6] can yie!d the mean and the variance of a blade's
amplitude. However, this analysis is valid only for rotor stages with closely spaced blades. in

addition, there was no attempt to characterize the probability density function (pdf) of a
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blade's amplitude. Recently, Sinha and Chen [7-10] have developed a technique to compute the
statistics of the forced response of a mistuned bladed disk assembly. This technique yields the
pdf of a blade's amplitude (Aj) through the joint statistics of A; cos¢, and A sing; where ¢, is
the phase of the ji, blade. This method is valid for Gaussian and non Gaussian distributions of
modal parameters as well. However, the distribution of the maximum amplitude on a bladed
disk assembly was not computed.

In this paper, an alternative analytical technque is developed to directly obtain the pdf
of the amplitude of a blade's vibration without using the join’ statisdcs of A; cos¢y and Aj sing;.
The amplitude of each blade is expanded as a Taylc:'s series in terms of the geviations of the
modal parameters. Then, it is shown using the central limit theorem that the distribution of
each amplitude is Gaussian irrespective of the nature of modal parameter distributions. On the
basis of this result, an efficient technique has been developed to compute the distribution of the
maximum amplitude on a bladed disk assembiy. The comparison with the results from
numerical simulations indicates that the analytical technique is accurate.

First, the development of the analytica! technique is presented. The model for the bladed
disk assembly is shown in Figure 1 and is exactly the same as used in previous papers {7-10}.
Next, the results of the analytical technique are compared with ithose from numerical

simulations.

2. Governing Equation and Steady State Response

In the model of the bladed disk assembly (Fiugre 1}, the vibration each blade is
represented by a single mode. my and kj are the modal mass and stiffness, respectively. The
mechanical coupling between adjacent blades due to the disk flexibility is represented by a
spring with stiffness kC. The viscous damping coefficient ¢ is associated with each blade to
represent the energy dissipation from structural and aerodynamic sources.

The mistuning of each blade is modeled by the deviation in the blade's stiffness alone. The

external force on each blade is assumed to represent a particular engine order and, as a resuit,
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is sinusoidal in time and differs in phase by a constant amount from biade to blade [t11]. Under

h

the r! engine Jrder excitation, the differential equation of motion for the jm blade can be

described as
mlij+ cicJ +kx +kC(x - x ) +kC(x —x ) =f,cos(wt+y) (1)

where ¥, = (j— DB.B . =2m/N. Because of the periodicity of the rotor stage shown in Figure
1, (j-1) is taken 1> be N if j=1, and (j+1) is 1aken to be 1 if j=N. Note that Kj = ky + 8k;
whare 8k; is a random variable with zero mean. Also, the distribution of 8kp is independent of
&Ki (j#p). There is no assumption made on the nature of the distributions of ok;.

The steady state response of the mistuned system under sinusoidal excitation can be

described by the harmonic motion x,:

v, = A cos(ot+9) (2)

Substituting (2) into (1) and then equating the coefticients of coswt and sinwet on both

sides, a system of 2N algebraic equations can be obtained as follows:

(h, + SkJ)AJcos ¢, +h A sin ¢ —h,(A €080+ A cosd )= focosy, (3)
(h, + 6k )A sin ¢ ;- h,Acosg,~h,(A sin ¢ +A sin¢ _)="fsiny, (4)

where
h=k +2kC-m o’ , h,=kC ,h,= -co (5)

Rewriting (3) and (4) in matrix form,

[H+8H]U=F, (6)

where
U= (A cos9,A,sind,...A cosd, A, si q)N)T (7)

Fq=f,(cosy,siny,...cos y ,sin y )’ (8)
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‘h, h, -h, 0 0 0 ~h, 0
~h, b, 0 =-h, 0 O 0 -h,
~h, 0 h, h, -h, 0 0 0
H={0 ~—h, ~h, h, 0 —h, ..0 0O
~h, 0 0O 0 O 0 ..h h (9)
(0 -h, 0 0 0 0 .. -h, h |

The matrix H corresponds to the tuned system and is circular in nature [7]. The matrix 8H

contains the deviations in the modal stiffness due to mistuning and is defined as follows:
5H=diag (81(1, Skl’ Skz, Skz,..., SkN, SkN) (10)

3. Development of the Analytical Technique
3.1 Computation of uaj, caj, YAp, Aq, and the cdf of Aj
The amplitude of a blade is expressed as a perturbation from the tuned system (kj=kt,

Aj=Ay) case via Taylor series. Truncating the fourth and higher order terms:
2

N OA, NN A
j i
A=A+ T—k.Ski"'_Z!Z;;——akakJSkakf
1 1= =] 1

1=1

N N N 3

d°A
1
+ 7222 dk0 k:& k. Ok, 8k 8k, (11)

i=l 2=Im=l
where 8kj = kj-kq
dA, I’A, I’A,
For any give model, partial derivatives | g * Jk.0d k and Jkok dk._ St-|canbe
i i 2 1 2 m

computed in a recursive manner (Appendix A). Having obtained these partial derivatives, the
mean (uaj), the variance (caj), and correlation coefficient between Ap and Aq (YAp,Aq) can be

directly computed (Appendix B). From equation (11), Aj is a combination of a large number of

random variables which are not highly dependent [8]. Therefore, the distribution of Aj can be




approximated as Gaussian for a large number of blades (N) by the central limit theorem [12];

i.e-
] ] }

1
f(A)= —F7=c¢x
4) o Var ¥ (12)
J

N

Any linear combination of amplitudes; i.e., z; aJAJ where o are arbitrary numbers,
J..

will also be a combination of a large number of random variables which are not highly
dependent. Consequently, it can also be approximated to be Gaussian. This implies [13] that the

joint distributions f(A1,A2,...,AN) of amplitudes is Gaussian; i.e.
_ 1 -B'n"'B
f(ApA 2? -'9A N) =T

exp
/(27‘)N|nl (13)

where A = [A1,A2, ... ,Ap]

B=A -E(A)

(n)ij = E(Ai A)) - E(A)E(A))

Inl =detn
Furthermore, it should be noted that the distributions of Ajcos¢j and Ajsin¢j have also been
found to be Gaussian [8]; and Aj depends on Ajcos¢; and Ajsingj in a nonlinear fashion as follows:

AJ:(A?cosz¢j+Afsin2¢j)m (14)

However, it has been found that E(Aj) and E(Af) can be predicted with a good accuracy by

linearizing equation (14) around the tuned system response; i.e.,

1 ~1/2
Aj =A + E'A‘ (A)cos o, - “'z,-x)
1,112 .

The expression (15) indicates that Aj can be approximated as a linear combination of Ajcosé;

and Ajsing; for the typical level of mistuning. Hence, the result that the distributions of A;,

Ajcosq>j and Ajsin¢j are Gaussian can be explained.
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3.2 Distribution of the Maximum Amplitude
Since the failure of a rotor stage often results from one broken blade which corresponds
to the maximum amplitude, the most important information for the designer is to know the
statistics of the maximum amplitude on a disk. The cdf of the maximum amplitude among the
given N blades' amplitudes (Aj) on a disk can be expressed as follows
Pr(Max (A A ,,..,.A ) <M))
=Pr(A|SM,A,sM,.,A M)

M

M M, A
=[] aa,.a098 04, 0 A, (16)
0

where M Ais a constant.

As discussed in section 3.1, the joint pdf f(A1, A2, ..., AN) can be approximated to be
jointly Gaussian. Since E(Aj) and the covariance matrix n can be analytically computed
(Appendix B), one can theoretically evaluate the integral in equation (16). However, in
practice, the number of blades on a disk is often large, e.g. N = 56 [11], N = 72 [4-5].
Therefore, a hyper-dimensional integration like equation (16) for a general function f(A1, A2,
... » AN} will become extremely expensive or may be impossible in terms of the computational
cost. Hence, in order to efficiently evaluate the integral in (16), further assumptions are
imposed on the pdf, f(A1, Ao, ..., AN).

if the effects of the off-diagonal terms of the covariance matrix, 1, can be neglected, the

N-dimensional integration (16) can be reduced to N one-dimensional integrals as follows

N M
Pr(Max(AA ,,...A ) <MD =]T[ (A )3aA, (17)
j=t

Furthermore, the pdf of each Aj is identical as each k; has an identical distribution {14].
Therefore, equation (17) can be further simplified as follows

N

M
Pr(Max (A,,A ,,...A N)SMA)=(J° ‘f(AQdAl) (18)

Comparing equations (16) and (18), it can be seen that an almost impossible N-

dimensional integration has been reduced to a simple one-dimensional integration. The validity
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of equation (18) is established in the next section. It should be noted that the distribution of the

maximum amplitude is not Gaussian.

4. Comparison with Numerical Simulations

In order to verify the accuracy of the analytical technique, the analytical results are
compared with those from numerical simulations. For numerical simulations, the steady state
responses, Ajcos¢; and Ajsingj, of the mistuned bladed disk assemblies are obtained by solving
the 2N simultaneous linear equations (3) and (4). Then, the statistics of Aj and Max(Aj) are
computed from a large sample (arbitrarily chosen to be 3000) of bladed disk assemblies with
different sets of deviations in blades' modal parameters, kj. The values of 8kj are chosen from
a Gaussian! distribution with specified means and variances. The IMSL [15] subroutine
DRNNOA, has been used to generate the Gaussian distributions.

The number of blades is chosen to be twenty-four. The excitation frequency is chosen to
be 6328.8 rad/sec, which corresponds to the resonant condition for the tuned system under the
third engine order excitation (r=3). The third engine order corresponds to the 45 degree
interblade phase angle of the excitation forces. The nominal values of system parameters are
shown in Table 1 and they are representative of a high pressure turbine stage [4]. The damping
value, ¢ = 1.443 Newton-sec/meter, corresponds to about 1.0% damping factor, which is
typical of those observed in gas turbine engine rotor stages from aerodynamic and structural
sources [5].

In order to test the accuracy of the analytical results, the standard deviations (o3kj) of
the mistuned stiffnesses are chosen to be 7500 Newton/meter and 10000 Newton/meter,

respectively. Also, E(8kj)=0.

! The distributions of amplitudes have been found to be insensitive to the types of modal
parameters' distributions [9].
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4.1 Distribution of Amplitudes
From Figure 2, it can be seen that \he analytical resuits compare well with those from

the numerical simulation, even though the accuracy of the analytical resuit decreases as the

value of o3kj increases.

4.2 Distribution of the Maximum Ampiitude

As shown in Figure 3, the distribution of the normalized maximum amplitude
Max(AjAy) (At is the resonant amplitude of the tuned system) from the analytical technique,
equation /18), compares weil with that from the numerical simulation for ok = 7500.
However, t.r oskj = 10000, the accuracy becomes smaller. This is due to the error in
estimating the distribution of the amplitude by the analytical technique, equation (12), for osk;
= 10000. It shoul. oe noted that the analytical approximation, equation (18), is found to be
quite accurate if the distribution of the amplitude from the numerical simulation is used, Figure
3(b).

The magnitudes of the off-diagonal terms in the covariance matrix, n can be evaluated by
examining the correlation coefficients, YAp:Aq- Because of the periodicity, it has been found
that the values of yam,aj depend on m-j. Hence, only the values of ya1,aj are presented here.
As shown in Figure 4 for each askj, the correlation coefficients (yA1,Aj) oscillate around zero
and decrease as the distance between two blades increases. Also, the absolute values of most of
YA1,A; are smail and almost haif of them are very close to zero. Even though some of yA1,A; are
not zero, the cumulative effects of the off-diagonal terms in the covariance matrix, i, are small
and the accuracy of the analytical technique, equation (18), is acceptable (Figure 3).

As mentioned earlier, the correlation coefficients, yA1,Aj, decrease from the nearer
neighbours to the farther ones, Figure 4. This implies that the magnitudes of the off-diagonal
terms, YAm,Aj, become smaller as | m-j becomes larger. Hence, one should expect the accuracy

of the analytical results to be better for the rotor stage with a larger number of blades, while
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worse for that with a smaller number of blades. To study this effect, the number of blades is
chosen to be N = 8 and N = 56. The standard deviation of 8kj is equal to 7500.

As shown in Figure 5, relatively, most of the yA4 /Aj are not zero for N = 8, while for N
= 56 more than four-fifths of the yAq,Aj are close to zero. Hence, the accuracy of the
distribution of the Max(Aj/At) from the analytical technique is worse of N = 8, while much
better for N = 56, Figure 6. Since the number of blades is often large in practice (e.g. N = 56
[11], N = 72 [4,5], the analytical approximation, equation (18), may be successfully applied

in these practical situations.

5 Conclusions

To efficiently compute the statistics of the maximum amplitude of a mistuned bladed disk
assembly, an analytical technique has been developed in this paper. The analytical technique
uses the direct Taylor series expansion in terms of the perturbations in an amplitude as a
function of perturbations in modal stiffnesses. This technique can compute the mean, the
variance, the cdf of an amplitude, and the correlation coefficients between any two amplitudes.,
Also, the cdf of the maximum amplitude on a rotor stage can be computed.

The validity ..f the analytical technique has been corroborated by comparison with the
results from the numer'cal simulation. Also, the analytical technique developed in this paper is
yalid for Gaussian and non-Gaussian mistuned parameters as weil. The CPU time for the
analytical technique is found to be much smaller than that for numerical simulations. On a VAX

8550 computer, the CPU time for numerical simulations and the analytical technique are 1379

seconds and 9.59 seconds, respectively for N = 56 and Gskj = 10000.
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APPENDIX A
dA. J°A °A.
] ) AND J

COMPUTATION OF _—
i TE,TEIK, D TKIKIK,

From (7), the amplitude, Aj, can be represented as

1

A =(u}  +ul) (A.1)

Continually differentiating (A.1),

dA, 1 du,, ¢9u2J
Ik, - A\"»Jk, T'u7K, ) (A.2)

é?zAJ 1( 8AJ.¢?AJ du, . du ¢9u2j auzj

2j-1 2j-1

= - + + .
dk,dk, ~ A\ " dk,dk; " Jdk, Jk, T dk, Jk,
2 2
du, du,, )

tUudk Jk, Tk I K, (A.3)
and forp > 2,
d°A. 3 p ) Fis
J 1 . gl gl
dsds,...ds, ~ Tj[@é sign(g,)g 508 ...95,ds_,..05,
P P |
du, d u,,
U4 Ts50s,...0s, Y295 as, ... ds, (A.4)
1 2 P 1 2 f

where s1,S2,...,Sp represent a combination of p variables chosen from N variables, kj. And,

g1= Aj,02 = upj-1, 4 - uzj,sign(g1) = -1, sign(gz) = sign(ga) = 1. From equation (6),

U 1w 0 (H+8H) o' 'u
=—(H+ 0H) ’

575, T, X5, 9505 ds. 95, (AS)
where a(H+8H)/asq can be obtained for a given model of the bladed disk assembly. For the
model shown in Figure 1,

Jd (H+ 8H)
T——=di 0.. 1 1..0
§q ag[ 21 2 ] (A.6)

where sq = k. If (H'')pq =apgq




du

2m -]
) k,- il PHRL PERRP IR DI PENRTY (A.7)
du,,
—~——=-u,_a -u,a
a kj 2)-1"2m 2 )1 27 2m2; (AB)
) i
0", L J Uosa + auz:
d kja k, om-t,24-1 g k, d m-1,22 g k)
+a 0 Uy +a ___8 uz’]
2m-1.2-1 ¢ k,e m-1,25 ¢ kz ’ (A.9)
2
d'u, _ 9uu_l+ Buu+ 3u21_1+ auzj\
dkdk, ™ 3 m.20-1 @ k) Am22 g k) dom2i-1 g k, 3 9m.2g k, (A.10)
3 ~2 2 2
97Uy _ o Uy J Usi J s
Ik, dkdk = |mi2m9k gk T Pm120k dk, T 1290k K,
2 2 2
+a _a_"ﬂ_+a _‘?_ht_—l_ﬂ __‘2_“.2_2_}
m-1,2j g k:a k, 2m-1,24-1 g kja k, 2m-122 o k,a k, (A1)
2 2 2
33u2m _ d Usia d U, 4 Y1
Ik dkdk, =~ |(2m249k gk, T Pm2dk ok, T ima19k, 0k,
2 2 2
d uy 97Uy, du,,
tamag kdk, ta,n 0479 kJk, +a,0019 kJ Kk, (A.12)

It should be noted that all the partial derivatives are evaluated at the tuned system (kj =

ki) esponse. Furthermore, since

I*A, a’Aj
dkdk, Jkdk; (A.13)
and
I’A, I’A, A,
dJkdkdk, okdk,dk, dkJkdk,
2’A, I’A, %A,
“JdkJk, 0k, Jdk,Jdkdk, Jk,0kgk; (A.14)

only ong term hias to be computed in the above two groups, (A.13) and (A.14).
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APPENDIX B
CALCULATIONOF |, ,05, ANDY, ,
} ] PR

From equation (11),

" a=l=l L=t 1 ) 2 (21 )

Then the above equation can be expressed as

Ap'A(=tp+Wp+yP, (81)
where
N
tp=2t, (8k)
j=1
04,
o= Ik (B.2)
N N‘
w,=>> w . (8k)(5k,)
J=lk=1
1 azAp
W= e,
Pk~ A0k OK, (B.3)
N N _l’i
EDWHITTN TSI BIOP!
y=1k=1 2=
1 9A,
Yot "Ik gkIK (B.4)

Then B a7 Gi’ and 7y A A, C3N be computed from Ref. [8].




References

10.

11.

12.

13.

Ewins, D.J. and Srinivasan, A.V. (Editors), Vibration of Bladed Disk Assemblies, ASME,
1982,

Kielb, R E. and Reiger, N.F. (Editors), Vibration of Blades and Bladed Disk Assemblies,
ASME, 1985.

Kielb, R.D., Crawley, E. and Simonis, J.C. (Editors), Bladed Disk Assemblies, ASME DE-
Vol. 6, 1987

Griffin, J.H. and Hoosac, T.M., "Model Development and Statistical investigation of Turbine
Blade Mistuning,” Jonrnal of Vibration, Acoustics, Stress and Reliability in Design, Vol.
106, April 1984, pp. 204-210.

Basu, P. and Giriffin, J.H., "The Effect of Limiting Aerodynamic and Structural Coupling in
Models of Mistuned Bladed Disk Vibration," Journal of Vibration, Acoustics, Stress, and
Reliability in Design, Vol. 108, April 1986, pp. 132-139.

Huang, Wen-Hu, "Vibration of Some Structures with Periodic Random Parameters,” AlAA
Journal, Vol. 20, No. 7, 1982, pp. 1001-1008.

Sinha, A., "Calculating the Statistics of Forced Response of a Mistuned Bladed Disk
Assembly,” AIAA Journal Vol. 24, No. 11, 1986, pp. 1797-1801.

Sinha, A. and Chen, S., "A Higher-Order Technique to Calculate the Statistics of Forced
Response of a Mistuned Bladed Disk Assembly," Journal of Sound and Vibration, April
1989.

Sinha, A. and Chen, S., "Probabilistic Analysis of Forced Response of a Mistuned Bladec
Disk Assembly with Various Mistuning Distributions,” AIAA paper #88-2399,
Proceedings of the 29th AIAA/ASME/ASCE/AHS Structures, Structural Dynamics and
Materizls Conference, April 1988, pp. 1487-1494.

Chen, S. and Sinha, A., "Calculating the Statistics of Forced Response of a Mistuned Bladed
Disk Assembly with Friction Dampers,” Submitted to ASME Journal of Vibration,
Acoustics, Stress and Reiiability in Desian.

Kaza, K.R.V. and Kielb, R.E., "Flutter and Response of Mistuned Cascase in Incompressible
Flow,* AIAA .jburnal, Vol. 20, No. 8, August 1482, pp. 1120-1127.

Benjamin, J.R. and Cornell, C.A., "Probability, Statistics and Decision for Civil Engineers,
McGraw-Hill Co., 1970, pp. 251-253.

Papoulis, A., "Probability, Rardom Variables and Stochastic Processes,” McGraw-Hill Co.,
1965,

. Chen, S., "Efficient Computation of the Statistics of Forced Response of a Mistuned Bladed

Disk Assembly with Friction Dampers,” Ph.D. Thesis, Department of Mechanical
Engineeiing, PSU, University Park, PA, 1989.

48




15. IMSL Reference Manual, Houston, TX, 1987.

49




Table 1 Data for Simulation (S! Unit)

my = 0.0114 kC = 45430.0

ki = 4300000 ¢ = 1.443

fo = 1.0
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ANALYTICAL STATISTICS OF FORCED RESPONSE OF A MISTUNED
BLADED DISK ASSEMBLY IN SUBSONIC FLOW
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Abstract

The statistics of the forced response of a structurally and aerodynamically coupled bladed
disk assembly have been computed efficiently by the analytical technique. The validity of the
analytical technique has been corroborated by comparison with the results from numerical
simulations. Lastly, the effects of the foliowing parameters on the siatistics of the maximum

ampiitude have been studied: aerodynamic coupling, fluid density, and stagger angle.

Nomencilature

Symbol Meaning

Aj amplitude of x; (mistuned system)

A = A exp "

At (resonant) amplitude oi xyj (tuned system)

b semicord length

c viscous damping (tuned system)

cdf cumulative distribution function

diag diagonal elements of a diagonal matrix

i V-1

kC structural coupling stiffnesses between adjacent blades
kj modal stiffness of i blade (mistuned system)
kt modal stiffness of each blade {tuned system)
Lwhri2hhr nondimensional aerodynamic. cozfficients

my ' modal mass o! each blade (iuned system)

N nuirber of blades

S spacing between adjacent biades

U vector defined in equation (10)

vV velocity of fluid flow

Xj response of jh blade (mistuned system)




th

response of jth blade (tuned system)
stagger angle

interblade phase angle of r!h engine order
=kKj - ki

location of elastic axis

excitation {requency (rad/sec)

phase angle of x

fluid density

standard deviation of random variable y

damping ratio
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1. Introduction

Mistuning in a bladed disk assembly refers to the variation in the modal properties of
blades because of manufacturing tolerances. It has received wide attention in the existing
literature [1-5] because even a small amount of mistuning can lead to a large variation of
blades' amplitudes within the same assembly. In fact, the amplitude of vibration of the worst
blade may otten be as high as one and one-half times the amplitude of a blade of a perfectly
tuned system. Consequently, the fatigue life of a biade on a mistuned assembly may be
significantly lower than that predicted on the basis of a perfectly tuned system. Furthermore,
the deviations of the modal properties of blades from their nominal values are statistically
distributed. As a result, there exists a large number of possible sets of blades' modal
parameters that a bladed disk assembly can nave. Since the maximum amplitude will be
difierent for each such set of blades’ modal parameters, it is important for the designer to know
the statistics of the forced response, particularly the probability that the maximum amplitude
on any disk would exceed a critical value in an efficient manner.

To study the dynamic response of a mistuned bladed disk assembly, the aerodynamic
effects have been often simu: ated as constant viscous damping [6-11] associated with each
blade's motion. This simple representaticn of aerudynamic forces provides a good basis for the
development of physical concepts and mathematical techriques which are required to study the
effects of mistuning on the forced response of a bladed disk assembly. However, this model does
not consider certain important features of cascade aerodynamics, e.g., the aerodynamic coupling
between each blade and the depenrdence of aercdynamic loads on the interblade phase angle, the
frequency of blade motion, the Mach number, and various cascade parameters. The effect of
limiting aerodynamic and structural coupling has been studied by Basu and Griffin {12}, and
the statistics of amplitudes were obtained by the numericai simulation. The zerodynamic
coupling between each blade resuits in the dense system equations which require a large amount

of computation to solve them. As a result, to generate the statistics of amplitudes by the




numerical simulation, the computational cost for an aerodynamically coupled system is much
higher than that of a structurally coupled system. Consequently, the first objective here is to
efficiently calculate the statistics of amplitudes of a mistuned assembly whose bladed are
coupled structurally and aerodynamically. Then, the next objective is to investigate the effects
of various cascade parameters on the statistics of the amplitudes of a mistuned assembly.

The spring/mass model, Figure 1, is used in this paper to represent a rotor stage
[6-11]. This model considers only one mode of vibration for each blade. The unsteady
aerodynamic loads due to motions of blades in a rotor stage have been calculated by the
linearized cascade theory [13-15] for the subsonic flow. For computing aerodynamic loads,
the rotor stage is modeled as a two-dimensional cascade of blades, Figure 2. The blade is
represented by a "typical section” motion which is assumed to vibrate in the bending mode,
Figure 3.

In addition to the interblade phase angle (B, = 2nr/N), the aerodynamic forces also
depend on the stagger angle (o), the ratio of blade spacing to cord length (S/2b), the reduced

velocity (wb/V), the Mach number, and the location of the elastic axis (v).

2. Governing Equations and Steady State Response

As stated in the Ref. [3] each blade has identical amplitude and the interblade phase angle

is constant in each mode for the tuned cascade. Hance, for the A tuned mode, the response of
e jm hlade, xtj' can be represented as
¢ (B +on)
X, = A exp (1)

where A, is a complex number. lts magniiude represents the amplitude of motion. In a

mistuned assembly for which each blade has a different response, the motion of the im blade,

X;» can be represented as a liner combination of ali the tuned modes corresponding to all the

interblade phase angles [3]; i.e.
N-1 N-i
___ HOEC D . W2 Rrp/N+@ )
XJ.—-—Z h,exp ' -}_‘ b, exp (2)
r=0 r=l




where har are complex coefficients. Thus, for the mistuned assembly, the equation of motion

for the P blade is (3]

ml)"cJ + cicj +kx + kC(xJ-— X, )+ kC(xJ-— X )
3 - h Kwt+)p )
=L?‘:pb0)22 [hh b"+£ -I exp W (3)
=0

where j = 1,2, ..., N. L and p are urit length and fluid density, respectively. The stifinesses

kj(=kt + 8k,) are chosen as random variabies to repiesent the mistuning in this study. The

th th

thhr is the nondimensional lift coefficient [3] for the r" tuned mode and £, is the r

nondimensionai lift coefficient due to the wakes shed from upstream periodic obstructions.
These nordimensional coefficients {2nhr,2whr) ar2 obtained from the aerodynamic code, NASA
Lewis Research Center [15]. The linear viscous coefficient, c, represents the damping from
the structurai sources. The value of the viscous damping coefficient, c, is seiected so that the
total damping in the tuned model is one percent of the system's critical damping which is
ustally found in practice [12].

For tha steady state response, the motion of the jth blade of *he mistuned system can be
represented as a harmonic motion

X = A exp'®" (4)

where Aj( = AJexp ? ) is the compiex amplitude. Comparing equations (2) and (4), one can

obtain

N-1
L  2xr)/N)
A= z h,. exp
=0

Then using the inverse discrete Fourier transformation [8], equation (5) yields

1 —12:e(-1) /N
=N 2{ A’ |EXP !

Now substituting equations (4) and (6) into (3),
(-mo’+ico+k +2kC+38k )A - kCA' | ~kCA'

1+
LTC b @ N N-1 N-1
p {2 L >, /ehhxe x2ﬂ:x(J—s+1)IN:|A } anb wZZ 'e 121::JIN (7)

The above equation can be written in the matrix form as follows
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[H, +8H]U=F, (8)

where the matrix H A and the vector F A are defined according to equation (7). And,
U=(A,cos¢, Asind,..,A, cosd, A sin mN)T (9)
OH = diag (8k,, 8k, Ok, 8k,,... ... dk,, Ok ). (10)

In order to understand the nature of the mistuned response, the wake excitation (2,4}

in one particular engine order will be considered at a time throughout this study. As one can
see in equation (7), the motion of each blade is coupled to ali the blades by the aerodynamical
terms which result in the dense system equation. Consequently, the computation time for the

numerical simulation gets enhanced.

12%1(3~m) /N h

For a tuned system (8k;= 0 and A= Aj exp (3]) under the ! engine

order excitation, equation (7) can be simplified as follows:
[- m,0?+k, +2kC(1 - cos(2n=/N) - Lupb’0*8,, +iwc] AS=Lupb’ @’L,, exp

1271)/N

(1

The resonant frequency (“’r) and the damping ratio ({) of the tuned system can be computed as

follows:

[kl + 2kC(1 - cos(Zm'/N))jI%
W =

m,+Lapb’ Real(L (12)

hht)

c- npbzo), Im ag(£

hhx)

"~ 2(m, +Lupb’ Real(®, Jw,) (13)
t hhr

3. Analytical Technique to Compute th~ Statistics of Blades’ Amplitudes

Even though the system with aerodynamic coupling is more complicated than that with
only structural coupling, it still remains linear. Hence, the analytical technique developed in
Ref [11] can be directly applied to cor pute the statistics of blades' amplitudes: the mean, the

variance and the cdf of an amplitude, the correlation coefficients between any two amplitudes,

and the cdf of the maximum amplitude on a rotor stage. Therefore, thi objective here is to




study the accuracy of this technique and the aerodynamic effects on the statisve:s of the

maximum amplitude.

4. Compzrison with the Numerical Simulation

To verify the applicability of the analytical techniques to the mistuned systems with
structural and aerodynamical coupling between blades, the cdf of Max(AjiAy) from the
analytical technique [11] is compared with that from the numerical simulation, wnere Ais
the resonant amplitude of the tuned system. For the numerical simulation, the IMSL.
subroutine DRNNOA [16] is used to choose the modal stiffnesses (akj) from the Caussian

population with E[8kj]=0 and osk=7500 Newton/meter. The response of the resulting bladad

disk assembly is obtained by */ing the N linear algebraic equations (7) in terms of Ajexp"b_i
with the IMSL subroutine DL2LCG [16]. The cdf of Max(A/Ay) of ezch blade is then genera'ed
by considering a large number (arbitrarily chosen to be 3000) of bladed adisk azsemblies with
different sets of blades' modal stiffnesses. The nominal values of the system parameters arg
shown in Table 1, where the aercd, namic parameters are chosen from Ref. [3]. The enginz
orcer of excitation is chosen to be seven; i.e. r = 7. The amount of damping from the
aerodynamic source in the tuned model is found to be 0.73 percent of the system's cnitical
damping undur the seventh engine order excitation. Hence. the vaiue of the viscous damp:ng
coefficient, ¢, has been chosen to be 0.22 percent of the critical damping; i.e. ¢ = 0.3193
Newton-s :.c/meter. Since the semicord length, b, on the right hand side of equation (7) acts as
a scaling factor, it is chosen to be unity in this study.

In Figure 4, the cdf of Max(Aj/A;) from the analytical technique (3] agrees well with
that from the numerical simulation. This result indicates that the analytical technique
ceveloped in Ref {11] can also efficiently and accurately compute the statistics of blades’

amplitudes of a mistuned assembly whose blades are coupled structurally and aerodynamically.,
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5 Daramelric Studies
5.1 The Eifect of Aerodynamic Couplings Among Blades

The statistical resporse of the system developed in Ref. [11] whose blades are only
coupled structurally with the immediate neighbours is compared with that of the sysiem
devzloped in this paper. in each systam, the equivalent viscous dampirg ration ({) is equal to
1.0% The cumulative disiribui'on functions of Max(Aj/At) indicate that ihe aerodynamically’
cr.upled cystern nas a higher probability of having a larger amplitude, Figure £, These results
ndicaiz that the svstem in which the aerodynaniic effecis are medsled 3s 3 visn us gempiig

associawed wih each t.ade's motion undeiestimates the effents of mistuning.

5.2 The Effect of Fluid Density

iror wquation (7). it 13 Siear that the fiuic density controls the aerordynamic damping
and the coupling batween blades. The statistics of amwliades are comguted i the faliowing
vaiues oi the fluid Gensity: 0.75p. o, 1.25p and 1.5p. nhe cdf of Meax(Aj/Ay) for ezch value of
the fluid density is shown in Figure 6. If iricates that the system with a larger value of the
fluid density has a smaller probability of having a higher amplitude. In other words, the

impact of mistuning is more severe on the systam with a lower value of the fluid density.

5.3 The Effect of Stagger Anagle

The aerodynamic coefficients (£nnr a0d Lwhr) depend cn the stagger angle of the cascade
(Figure 2). As a result, the aerodynamic damping and the couplinrg between blades will be
different for each stagger angle. The statistics of amplitudes are computed for the followipg
values of the stagger angie (a): 15°, 302, 45°, 60° and 75°. Even though the variation in the
equivalen* iscous damping ration () is large for these stagger angles ({=0.80%, 0.83%,
0.91%, 1.08%, 1.54% for a=15°, 30°, 45°, 60° and 75°, raspectively), the results, cdf of
Max(Aj/At), indicate the the statistics of the blades' amplitudes are not highly sensitive to the

variation in the stagger angle, Figure 7.
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From the above results, it is clear that the damping ratio alone, which only depends on
Zhhr equstion (13}, is not enough to explain the. mistuning effect. The effect of other
asrodynaric coupling terms (£n hj, j # r) shoulcl be considered as well. To consider the impact
cf tiese terins. one can compute the inverse va ue of the condition number () of the system
matnz, Ho  The inverse value of the condition number can measure how close a matrix is to
v3e singularity [17]. The smaller the value of t is, the closer is the matrix to the singularity,
and the higher order terms will be consequently more important. The values of 1 for the
system matrix with stagger angle a=15°, 30°, 45°, 60° and 75°, are 0.04356, 0.04385,
0.04471, 0.04676, and 0.0445, respectively. The results indicate that the degree with
which each system is close to the singularity is almost the same. Consequently, the statistical
distribution of amplitudes are identical in spite of the variation in the equivalent viscous

th tuned mode.

damping for the r
In section 5.1, 1=0.05878 for the structurally coupled system [11], while 1=0.04596
tor the aerodynamically coupled system. Therefore, even though the total damping ratio is 1%

for the rth

tuned mode in each case, the scatter in amplitudes of the aerodynamically coupled
system is greater than that of the structurally coupled system (Figure 5).

In section 5.2, 1=0.0383, 0.04596, 0.05319 and 0.06 for the fluid density equal to
0.5 p, p, 1.25p, and 1.5p, respectively. And, the corresponding equivalent viscous damping
ratios are 0.80%, 1.00%, 1.20% and 1.39%, respectively. Therefore, the system maltrix is
less singular and the equivalent viscous damping ratio also increases as the fluid density
increases. These facts explain why the system is less sensitive to mistuning as the fluid
density increases (Figure 6).
6. Conclusions

The statistics of the forced response have been computed by the analytical technigue [11]

fer a linear assembly whose blades are coupled structurally and aerodynamically. The validity

of the analytical technique has been corroborated by comparison with the results from the




numerical simulation. The CPU time for the analytical technique is found to be much smaller
than tnat for the numerical simulation. On a VAX 8550 computer, the CPU times for the
numerical simulation a'id the analytical technique are 3068.0 seconds and 9.72 seconds,
respectively.

The parametric studies indicate the following:

1) The mistuning effect on a blade's amplitude may be underestimated by the
structurally coupled system in which the aerodynamic effects are modeled as a
viscous damping associated with each blade.

2 ) The probability of having a blade with a larger amplitude decreases as the fluid
density increases.

3 ) The stagger angle of the cascade has little impact on the statistics of a blade's

amplitude under the subsonic flow condition.
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Table 1: Data for Simulation -- Aerodynamically Coupled System (Sl Unit)

my/(Lrpb2) = 258.5 M=07

wb/V = 0.55 o = 54°

v =05 S/(2b) = 0.534
my = 0.0114 kC = 45430.0
ki = 430000 N = 56

c = 0.3193 oskj = 7500.0

E[8kj] = 0 8k;: Gaussian
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