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Preface

This final scientific report summarizes a two-years
investigation effort (1.9.1986-31.8.1988) sponsored by AFOSR Grant
No. 86-0355. In order to enhance the usefulness of the report for
individuals of different interests and responsibilities, it is
divided into three parts.

The first part (1) outlines in generic terms the research
concept which has leaa to the development of an innovative
approach for missile guidance law synthesis; it summarizes the
main results achieved by the two-year effort and indicates
directions deserving further investigation.

The second part-(II). which can be used as an independent
scientific document, concentrates on the theoretical aspects of
the problem formulation and outlines the mathematical framework
for the mixed guidance law synthesis.

The third part (III) is fully application oriented. 1t
describes in detail the model used for the investigation and the
process of interactive guidance law synthesis. Explicit
guidelines for a potential user are 2uven. Several examples,
demonstrating the performance improvew::nt which can be achieved by

using the proposed approach, are also included in this part.




2.1 Introduction

In this part of the report, the terminal phase of a missile
versus aircraft engagement in a noise corrupted environment is
formulated as an imperfect information differential game. The
pay-otf of the game is the single shot kill probability of the
missile, to be maximized by its designer and to be minimized by
the pilot of the target aircraft. The optimal strategies in such
a scenario can be mixed. This part of the report provides a
vigorous mathematical framework for the analysis and outlines a
constructive methodology for guidance law synthesis based on the
concept of mixed strategies. Examples which demonstrate the
applicability of the approach and demonstrate the improved

performance are presented in part 3 of the report.

2.2 Problem's Formulation

2.2.1 Terminology

The terminology adopted in this work is as followus:

A pure strategy is a function which maps the information
space into the control space. The pure strategy set of a player
is the set which is formed by all the pure strategies of that
player. A mixed strategy is a probability distribution on a pure
strategy set.

A "guidance law” will be understood to be a function which
maps the estimated state into acceleration commands, regardless of
the torm of the estimator used in the guidance loop. The
combination of a guidance law and an estimator will be referred to

as a '""guidance policy” or a "pure guidance strategy”. A "guidance
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strategy” 1s a general name for a strategy which can be either

pure or mixed.

2.2.2 Formulation of the Generalized Problem

In this section, the terminal phase of a future
mpissile-aircraft encounter is formulated as a two-person, zero-
sum, imperfect-information, differential game in which the
allowable strategies of both players are mixed. The plavers are
1) the missile or the agent‘that fires it and Z) the pilot of the
evading aircratt. §or the sake of simplicity, we shall refer to
them in the sequel as "the pursuer" and ''the evader”,
respectively, and it will be understood that '"the pursuer"” also
stands for the agent that fires the missile and that "the evader”
includes the aircraft and its pilot, who makes the decisions.

In the formulation of the problem. the ECM capability of the
evader, which may be necessary to enhance aircraft survivability,
is taken into account in the form of "electronic jinking"l. This
is a method which electronically generates an apparent motion of
the aircraft's radar reflection center.

The state equation of the game is given by the nonlinear

vector egquation

X = £(x.,u,v) ; x(to) = X, (1)

where xekn is the state vector, u<U and veV are the controif
vectors of the pursuer and evader respectively. u represents the
commanded normal acceleration vector of the pursuer and v
represents the normal acceleration vector of the evader. The game

starts at to trom initial conditions xo and terminates at an
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unspecified time t, which satisfies

¢
R(tf) = 0 (2)
where R is the range between the pursuer and the evader.

The information structure of the game is given by:

z
e

he(x.n) (3)

b4
p

h y v
p(x w,%) (4)

where zZg and zp are the measurement vectors of the evader and
pursuer respectively. w = W is an additional control vector at
the disposal of the evader. It represents an intentionally
introduced disturbance, i.e. electronic jinking. v and £
represent the respective measurement noise vectors.

The admissible control sets U, V and W are defined by:

U = {u(t) ; "u(t)"S(ap) ¥~te[0.tf]} (5)
MAX
v - {v(t) L vt fsay) L Vi) ey "‘t‘ElO.tf]} (6)
MAX
W = {u(t) i fwit) jew » te[O,tf]} (7)
MAX
where (a_) and (ae) are the pursuer's and evader's maximum
MAX MAX
lateral accelerations, respectively, "MAX is the maximum possible
disturbance due to the electronic jinking, and = is a parameter

by which the roll dynamics of the evading aircraft are indirectly
accounted tor.
Let vy be a random variable which takes the value of 1 in case

the pursuer scores a kill and a value of zero in case it scores a
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no-kill, then, the payoff function J is defined by:

J = E{y} £ 1-P(y=1) + 0-P(y=0) = P(y=1) = P (8)

where P(y=1) is the probability that y=1. In other words, J is
the single shot kill probability denoted by Pk.
Since the kill probability is a function of the miss

distance, R(tf). J can be presented by:

A

J=E{E{y|R(t ) )} = E{P[y=1|R(t ) ]} E{P [R(t.) 1} (9)

where Pk(‘) is a real valued function which describes the uwarhead
lethality and which is subject to OSPk(-)Sl.

The pursuer wishes to maximize J while the evader wishes to
minimize it. This payoff function, which is indeed the one of
true practical interest, has not been used in previous works.

The pure-strategy set of the pursuer, Ap is defined as a
countable set of "guidance policies" of a predetermined structure.
The different guidance policies in Ap result from different
assumptions made on the target maneuver model. In general, each
assumption leads to a different guidance law and estimator. More
explicitly, assuming mp different target maneuver models, Ap is

given by

LA = {E_.,3=1,2....m . m_= 10
p { pi J p} p ® (10)

where each pure strategy épj is of the form

2. (3)

gj(x‘ )
S —— 11
“nj (ap)MAxsat (ap) <U (11)
MAX
where g] and x"J) are the jth guidance law and output of the jth
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estimator. respectively.

kEgquation (11) simply states that épj is a mapping. subject to
some constraints, from the estimated state space to the control
space. 1t is a generalized form tor the guidance policies
considered, also covering proportional navigation and other
guidance policies discussed in previous uorksz_6-

As tar as the general tormulation of the problem is
concerned, there is no need at this point to specify any further
the detailed structure ot the guidance laws and estimators. It
should be pointed out, however, that in any practical attempt to
actually solve the problem, these structures will have to be
determined in a fairly specific and detailed form.

Note that x’'is the state vector required by the pure
guidance strategy. x’ 1s generally not identical to x.
Nevertheless, some of its elements are also elements of x.

The pure-strategy set of the evader, Ae’ is defined as a
countable set of "actions” éei‘ each of which is composed of a

maneuver sequence and an electronic counter-measures policy. in

other words,
L = {& i=1,4....,m_} , m_ & o (12)
where each pure strategy éel is defined by the pair

oei = [Vi(t).ui(t)J Vi(t) =V , Hi(t) =W (13)

The game is played as tollows: at the beginning of the game,
or shortly prior to it, each player ‘'chooses”, through a chance
mechanism, one of its pure strategies and plays accordingly until

the end of the game. The chance mechanism, which determines the




pure strategy to be played. is a mechanization of the player's
mixed strategy.

The selection by each player of one pure strategy at the
outset actually transforms the problem into a matrix game.

In a matrix game the evader's and pursuer’'s mixed strategies

are determined by sequences of real numbers, {ai}i=1 - and
T e
{ﬁj}j_l - respectively, which satisty
coe By
m
e
z > = 1 AN, =20 i=1,2,....m
i i e
i=1
(14)
mn
.= 1, 7.z 0 » = 1,2, ,m
Y e 2 ; o
a=1

where oy determines the probability of "choosing” éei by the

evader and Bi determines the probability of "choosing" épj by the

pursuer. The payoff function, Eq. (9), in terms of al. Ap, {ai},

and {ﬁj} is given by

= fay o, .
J J( e.{ l}.A

m m
[=]
2 Zp “5075:F45

i=1 j=1

2
p'{“j})

(15)

nes

I, a Hegrtagn
e’ p

where Pij is the SSKP for the case in which the pure strategies
éei and ép. are played, and it can be expressed by

Py = E AP IR(ELI D[S ;.6 5} (16)

Given the pure-strategy sets Ae and Ap, the solution of the

¥ 4  §
game is presented by a triplet: the optimal sequences {ai}{ﬁj}.
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called the optimal mixed strategies of the evader and the pursuer
respectively, and a real number USV-$1, which is called the value

of the game. The definition of Vm is

X  §
Va = s A 08514850 (17)
e’ p

The value satisfies a saddle-point inequality

3
Ja A ({ai},{ﬁj)) < Ve S N A ({ai}.{ﬁj}) (18)
e’ " p e'"p

for every arbitrary sequence {ai} or {Bi} satisfying Eq. (14).
b 3 x
Obviously, {x.}, {R.3, and V_ are functions of A and 2
i j n e P

Thus,

x & R x s _
{x.} = {ai(Ae.Ap)} , {LJ} = {ﬁj(Ae.Ap)}
(19)

V. =V _(a_,A )
m m "e'"p

Motivated by Eq. (19), the generalized problem is formulated
as tollows:

Given an imperfect information pursuit-evasion game in which
both the pursuer and the evader "select" at the outset a strategy
from pure-strategy sets Ae and Ap of the form of Egs. (10).(11)
and (12),(13), respectively, and in which the payoff function is
the single-shot kill probability given by Eq. (9), find the
optimal pure strategy sets A; and A; that satisfy the following

saddle-point relationship:
A < s 3 . £
V.(He,Ap) < V-(Ae,Ap) < V.(Ae.A ) (20)

P

for every admissible &e and Ap

II-7




2.2.3 Formulation of the Guidance Synthesis Problem

The mixed guidance strategy synthesis problem, which is the
subject ot the present studyv, is formulated as follows. For a
given, but otherwise arbitrary pure strategy set of the evader,

Ae' tind the optimal pure strategy set of the pursuer Ap, which

sati1sties
vm(_ ALY Z VoA ,Ap) (21)

tor every admissible 4

2.3 Mathematical Framework

2.3.1 New Notions

in this section the mathematical basis for the solution of
the guidance strategy synthesis problem is layed down. First it
is necessary to introduce several additional definitions that will
be of use in the sequel.

A game in which the pure strategy sets of the pursuer and the

evader are Ap and Ae respectively, will be referred to as a "pair

(2g 20"

The entries of the payotf matrices and the corresponding
optimal mixed strategies for the pairs (&e,Ap) and (Ae,Ap) will be

1 3 - -~ ~
o 2. .. o, 2 i .
denoted by Pij‘ 1}.{,J} and PlJ,{xl},{lJ} respectively

A gulidance policy éP Wwill be said to be "active" in the pair
j
&
(& .4 itf 2.#20.
e p) if {J

(k)

A wiil denote a pure strategy set of the pursuer which is

composed of k elements.

The set of all sets Aék) will be denoted by D{k), thus

(k)
p

(K)

D ={4 .
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, k
The set.O(k) is definea by.D(K’ = 1 D
i=1

The set Aék) which is composed of k active elements and which

satisties the inequality

~ (k) (k)

vn(Ae,Ap ) = vm(Ae.Ap) #»Ape:D (22)
will be called a "k optimal” set.
E and E(k) are sets of real numbers defined by:
(k) _ o (k) (k) (k)
E = {x.x-vm(ae,ap ) M Ap € Db } (23)
E = {x:x=V_ (A .A ) %a_ e 0@y (24)
’ mn e’ p P
1t Aék) and Ap exist, it is clear that
k), _ (k) .

vm(Ae,Ap ) = lub E (25)
vm(ae,ap) = lub K (26)

(lub - the least upper bound).

The optimal mixed strategies and the entries of the payoff

matrix for the pair (Ae,A;k)) will be denoted by {a;k,}, {ﬁgk)}
and ;;?) respectively.

2.3.2 General Solution

Th.« ghout this section, it is assumed that Ap as well as

PSL LT
p

Yy dr=inition, the value of the pair (Ae,Ap) is given by:

- ~ - i g .
V (8,80 = oL #.P.. = min 2 7P (27)

I1-9




&  §
Since mp is determined for each Ap and since {ai},{ﬁj} and Pii are

all functions of Ap for a given Ae‘ Eq. (27) can be written as:

m (Ap)
X
vV (A LA = i Ep 7. (A .. (A
n'te p) 1:;2.' .fJ( p)PlJ( p) (28)
7T e 3=1
By rewriting Egq. (21) as:
v (Ae.Ap) = Amz;(w){V‘(AeAp)} (29)

and by substituting Eq. (28) into Eq. (29) we obtain

m (Ap)
~ ~ x X .
Ymlterfp) = MK TR Zp B3 (2p)F; 5(8p) (30)
Q“ T e j=1
Thus,
m_ (A )
- zP P
FaN = i 3 (A .. (A
p arg An:g(w) {1:;2- 2 (J( p)PlJ( p)} (31)
P e j=

Equation (31) is the formal solution of the mixed guidance
law synthesis problem (Eq. (21)), and it states that Kp is the
pure strategy set which maximizes the guaranteed single shot kill
probability.

Since B;(') and Pij(-) are unkown implicit functions of Ap.
and since the number of elénents in Ep is not known in advance, it
is clear that Zp cannot be computed directly from Eq. (31). Thus,
some kind ot iterative algorithm is necessary to obtain the
solution. 1In this paper an iterative algorithm, based on the

(k)

seguential computation of Ap with k progressively increasing

from 1 (until the optimum is reached), is proposed.

I1~-10




2.3.3 Properties of Aék)

in this subsection it is proved that the set Aék), if it

exists, must have the following properties:

Property P1: The requirement that A;k)

elements in the pair (A Aék)

be composed of k active

) leads to:

m,
“(k)‘(k) “(k) i<

z 4 Piy = valala ) L ¥ asik (P1)
Property P2: Aék’ must maximize, within the limitations imposed by
D(k). the guaranteed single shot kill probability, namely:

._, 3

& K) L arg  max { min at (alk)yp (A‘k’)} (P2)

p A c D(k) 1,1<- J P

Proof of Pl1: Define Cj by:

(k) (k) (32)

|fbv15

By substituting (32) into the left-hand side of the saddled point
inequality (18) one obtains:

k

k
TRy, UK e
V(22 ) = z 7, 2 (3, (33)

Ji=1 J

1f all the C1's are not equal, there must be a ji* such that

C., = max C, (34)
: isjsk -

(k)

Thus, since 5 ﬁgk) = 1 and since ﬁ Z 0 % j (which is necessary

j=1

for k active elements). it is clear that

IT-11




S K (35)
But, by selecting {n 4 such that f% .=1 (and f“ =0 4 j*j*) and by
substituting it into (33) we obtain

5 sk (36)
which is a contradiction to (35). This leads to the conclusion

that all the Cj's must be equal, say Cj =C VY j. Thus, Egs. (32)
and (33) lead to

~“(K), _ “(k) . _ . MEIEY .
V (A LA )_zfa.c_c_z o UPiSl W isjisk (37)

Jj=1 i=1

which concludes the proof.

froot of P2: By using the same steps which led to the definition

of Ap in kEq. (31) as the solution of the problem posed in (21), it

~ (k)

can be shown that Ap which satisfied (22) is given by:

A
( p) .

2. (A ..
fJ ( p)PlJ(Ap)} (38)

Lo

A(k) = arg max (k) { min
P A =D i<i<m
p e

(k) _

But, since by definition Ap )

D( it is clear that

“ (k) (k) (k)
A = arg max { min F (A P, (A )} (39)
P A e ( ) 1<1‘m 21 i37p

which concludes the proof.
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2.3.4 Derivation ot the Algorithm for Computing A;M) {or Ap}
This derivation is based on the following theorems:
Theorem 1: For every >0, there exists an integer M(s) and a
finite set i(M) such that vV _(A_,A ) - VvV (& ,A(M)) L2
p m e’ p m e’ p
Proof : Let us take a sequence {t.} <= E such that t.=V_(a& ,A(l,).
22992 i 1 .| e P

By virtue ot (422) {ti} is monotonically increasing, and since
vm(',-) 1s bounded so 18 {ti}. Therefore {ti} converges in Rl.

Let's say tiat. Let us take an arbitrary series {ai) = E such

z”\(i)v

that a1 = VvV (2 ). From (22) it is clear that aiﬁ ti for all

m e’ " p
1. thus

a]<t¥-aiéE‘V~i (49)

theretore t=iub k. by making use of (2b) we obtain

t o= ab E o= V(A A) (41)

this means chat V_(& _A(l))+v (A ,A ). Therefore, for every >0
R e’ p m e’ p

there ex*<t: an integer M=M(=z) such that

Voia oy - v (s Aty o 142)
m e " p m e p

this concludes the proot ot the theorem.

. .. W alk+1) k) k)
Theorem 2: 1f vm(ée,d ) > Vm(Ae‘“p ), then for every 1wi }
there exists a strategy 2. Aék, such that
fe
MESI NS
z w1y Valigsg ).
1=1
Proot: Assume that
vo(a_ atKHy oy 4 A (KD, (433)
m e’ p m e "p

II-13




and that the theorem is not true. This means that there exists a

(k)

mixed strategy {ml t such that

m
e “ ~
z B P VU Lt B Y S (44)
i 1f m e’ p P! P
i=1
But because of the optimatity of {= (k’) it is also true that
m
€ ~(kj ~(Kk) (k)
E AN ey a LAty o 2 e A (45)
i 1) m e’ p P. o)
i=1 )

thus by combining (44) and (45) we conclude that

m
e . -
E e oy (aalR), (46)
i i) m e’ p
1=1
N . _ . . “(k+1) .
for all admissibie ap .  Since Vm(Ae,up ) is the vaiue of the
]
. . TtKk+1) . L . . _
pair (ue,:p ) it satisties the following (see, (15),(17),(18)):
me kK+1
V (A A k+1) - z (k+1) (k+1)P(k+1) <
p ’3 13
1i=1 1=1
me k+1
< z o plRrLIG(ReL) (47)
i3 ij
i=1 J=1
k+1 m
_ z S {k+1) s (k+1)
- 'J “3 1J
i=1 1=1

(k)

tor every admissible {ml}, and in particular for {wl }. By

combining (46) and (4/) ve get:

I1-14




k+1 m

- ~ e . -
v (o alKHL), e z,-;““l)z MUIMUTEY .
moe P 3 R
j=1 i:]_
k+1
Slk+1) T (k)
< 3 / A -
< 27 Vo'lte fp ) (48)
i=1
= vo(a_.a KD
m e’ p
which contradicts (43). Thus the theorem is proved.

2.4 Iterative Design Algorithm

Based on the theorems presented previously, the following

iterative aigorithm is proposed for finding Ap

Step 1 - Set k=1.
Step 2 - Find A;k) which satisties Pi1 and P2.
sStep 3 - solve the pair (Ae,&;k)) yielding {&;k)}. {ﬁgk,} and
L (k) (k) (k) .
A LA . o 7. .
vm( e p ) { i }. {PJ } may not be unique
- : (k) ' : ~ (k)
Step 4 - For every {ai + search for a strategy ép "4 Ap such
£
€ (k) (k)
that 2 o F., > V (& & ). It no such = is ftound
i i€ m e’ p P,
1=1
“(k) T _ k) .
for every {al } then up—Ap and go to Step 6, otherwise

go to step 5.
step 5 - 1If k=1 set k=k+1 and go to 2, otherwise check if

v a2y oy (a Atk

for a given 4. If so, set k=k+1 and go to 2, otherwise
set M=k and go to 6.

sStep 6 - Stop.

I1-15




2.5 cConcluding Remarks

This part outlines the mathematical tramework for the
synthesis of optimal mixed guidance strategiles. The properties of
the "k-optimal'" strategy sets are derived and proven. It is also
demonstrated that these sets converge to the optimal pure strategy
set. This implies that even an infinite optimal strategy set can
be approximated by a finite "k-optimal®" set. Moreover, a
constructive 1i1terative procedure tor finding the finite
approximation of the optimal strategy set is presented. This
procedure provides guidelines for the designer to develop improved
missile guidance laws based on the mixed strategy concept. This
procedure has been implemented in a set of examples for a first-

order dynamics sKid-to-turn missile in pPart [l of this report.

II-1ob




L1

L2}

L34

Ty

L51

te)

2.6 Reterences
connelly, M. E.., "An investigation of the Use of Electronic
Jinking to kEnhance Aircraft sSurvivability’™, AFOSR-TR-81-0U455,
AD-A09YY2ZY, April 1981.
Cottrell, R.D., "uptimal intercept Guidance for Short-Range
lactical Missiles™, Al1LAA Journal, Vol. 9, No. 7, pp.
1414-1415, July 19/71.
Asher, R.B., Matuszewski, J.P'., "Optimal Guidance with
Maneuvering ‘largets"”, J. Spacecratt, vVoi. ii, No. 3, pp.
204-206, March 1974.
warren, R.s., Price, C.F., Gelb, A., Van der Velde, W._.E.,
"Direct sStatistical kvaluation of Nonlinear Guidance
Systems”, Proc. Guidance and Control Cont., AIAA Paper No.
/3-83b, 1973.
Nesline, ¥.W., Zarchan, P., "A New Look at Classical vs.
Modern Homing Missile Guidance'”, J. of Guidance and Control.
vol. 4. No. 1, Jan.-Feb.. 14981.
Ggutman. 5., "Un uptimal Guidance tor Homing Missiles™, J. of
Guldance and control, vVol. 2, No. &4, pp. 296-3200, July-Aug.

1979

1t-1/




