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SUMMARY

Users of orbital elements are often puzzled by the different ways in which
mean elements are defined. This applies to all the standard elements, but the
difficulty is most pronounced in regard to semi-major axis and mean motion.

This paper relates mean elements to the perturbations of a satellite caused
by the Earth's zonal harmonic J; , and shows how elements can be defined so that
perturbations in spherical coordinates take an especially simple form., The paper
concentrates on the first-order effects of J; , with formulae given to connect
the preferred elements to the elements of Kozai, but it also considers the
extension to second order in J; and first order in the general zonal harmonic.

This is the text of a paper prepared for presentation at the 27th COSPAR

meeting (held in Espoo, Finland), on 21 July, 1988. The paper is printed here,
as pages 3-7, in the format required for publication of the COSPAR proceedings in
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ABSTRACT

Users of orbital elements sre often puzzled by the different ways in which mean elements are
defined. This applies to all the standard elements, but the difficulty {s most pronounced {n
regard to semi~major axis and mesn motion.

This paper relates mean elements to the perturbstions of s satellite csused by the Earth's
zooal harmonic J; , and shows hov elements can be defined so that perturbations in spherical
coordinates take an especislly simple form. The psper concentrates on the first-order
effects of Jy , with formulae given to connect the preferred elements to the elements of
Kozai, but it also considers the extension to second order in J; and firet order in the
general zonal harmonic.

1 INTRODUCTION

It 1is & ovotorious fact that the orbital elements derived by the computer programs of
different {nstitutions are likely to be defined in different ways, and this is a frequent
cause of confusion to users. The difficulty is an obvious one when entirely different
element sets sre used, but ft {s just as serious vhen the element sets are in principle the
sane. Ia the present paper we sssume the most copmonly used 'standard' set, in which

a, e, 1, 8, w and M are supplemented by u , the mean motion. If osculating elements were
published, there would be no difficulty, n pot even being necessary if the value of

u ( = GM) is known; in practice, however, it is always 'mean' elements that are published and
it is the precise meaning of these that causes the problem.

If § <£s any member of the element set, the relation between osculating { and mean { is,
= T+, m

where & symbolizes the combination of all short-period perturbations, whilst T has long-
term variation only. _It {s immediately apparent that the apli{t {s not uniquely defined, _
since the origin of { 1s essentially arbitrary - thus any quasi-constant component of § ,
in s given split, can be transferred from f{ to &% without changing the nature of the
lpli:, so long as the order of magnitude of this component is no greater than that inherent
in &g .

We are supposing here that the .. ; . rturbations are due to_the zonal harmonics, Jg , and
will bde mainly concerned with . . .hzn the varistion of [ 1is assumed to be made up of
the ususl secular and long-peric! * +. Together with the terms of &C , these can be
obteined by integration of Lagrang. Jlanetary equations. The variation of the fast

element, M , is obtained via introcuction of the subsidiary element, o , defined so that

t
M o= /ndt+a and M = n+d . 2)
0

Direct integration of Lagrange’s equatfons, with ¢t (or in praccice M) s# integration
variable, involves the truncation of power serias in e ; if v (true snomaly) is used, on
the other hand, a complete (untruncated) solution csn be derived for the first-order
variation of & due to Jpr , and likewise /1/ for the second-order variation due to J2 .
But these two different techniques for the integration immediately lead to alternative
definitfons of % , on the basis of a hypothetical further integration with respect to M
and v respectively; if this integration is taken over a cosplete revolutfon, {t lesds to



J

the concept of & 'O-mean' element (vhere © 18 M or v) such that the 8-mean value of &f ,
relative to the O-mean { , is zero.

The use of M-mean elements, as in /2/ and /3/, is superficially natural, but the complexity
and the insccuracy sssociated with the e~truncation sre unattractive. It would be possible
just to adopt V-mean elements instead, but two further cousiderations enter the picture.
Firet, there might be an sdvantage if a particular derived quantity, viz r (the radisl _
distance), had as small & bias as possible relative to its value, ¥ , obtained from the ¢ ;
this was evidently a factor in the definition of the widely used elements of Kozai /4/.
Second, s definition of the [ would be especlally attractive if the assoclated &g could
be coabined into a triple of very compact expressions for perturbations in coordinates. The
latter counsideration motivated the study of the present author /1/, bssed on a particular
system of spherical-polar coordinetes and oo earlier work /S5,6/.

In the current paper the use of T wil2 normally refer to the mean elements of /1/, so that
¥ will be identical with the quantity a' to be {ntroduced in the next section. These £
wvill be collated with the mean elements of Kozai, denoted by ({g for distinction, since
the wide usage of the latter includes their use in the RAE orbit-determination program

PROP /7/.

2 MEAN SEMI-MAJOR AXIS AND MEAN MEAN MOTION

Since n213 =y , it might seem that the definition of & should be automatically tied to

X , being such that ‘2.‘3 = 4 . There are sdvantages in making % and 3 independent,
however, with 52.‘3 equal to s wodified u . This was recognized by Kozai /4/, whose
version of Kepler's third lav may be written as 1213 -yl - ‘m'm), where

2
3 R 2
K = TJZ(;) . P = lqz = a(l -e) , h = 1--;-! . f = linzi , (3

and R is the Earth's equatorial radius. Iromically, though, we shall find that to first
order in J7 the preferred definitions of U and I satisfy the unmodified law; taken to
second order in Jj , and with the general even harmonic allowed for to first order, the
aodified law takes the form (summatfon for even £ > §)

L
#3 = ul1 - 5L K258 - oF - 5E)) + 2 ‘-‘32 3, (%) A, D Q,(E)z , )
]

where the constants (Yl) and functions (Al and Ql) will be specified later.

In seeking a compact formula for 8r , r being one of the spherical coordinates referred to
in the Introduction, we have to deal with the term (3r/3a) da , where

3
ﬁ-':--l_-h'%_c'o_n—'; (u.nce-g-1+ecoav); [¢D]

thus we would 1ike 1 + @ cos ¥ to be a factor of &§a , to cancel the denominator in (5).
Pollowing the earlier work /5,6/, we note that couservation of energy (for the zonal
potentisl field) yields an exact constant a' (to whatever order the snalysis i{s taken),
vhere

»n

1 1 U ¥ R .

- - -.-+-u— . vhere U = ZUL and Ul - -?"t(?) Pl(lin 8y , (6)
i

U being the disturbing potential, 8 the latitude, a1a 7y the usual Legendre polynomial.

It follows that & - a' = 2aa’U/u  and hence contains (R/r)? as a factor (from every U,

since & > 2). But R/r = (R/p)(1 + ¢ cos v), s0 4f &a = a - a’ the required cancelling

takes place. This is vhy a' s the preferred % .

There is no corresponding consideration for T , and the obvious course is to identify &

vith the secular component of M ; this makes it only weakly dependent on the definition of

M itself, as M s independent of any arbitrary constant in M . We work from (2), but
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need to eliminate the variadility of o , vhich we can do via n' , defiped such that
n'zn'3 ®u . Thus (6) gives
n = o' - 3nal/y + O(Uz) R vhence ® = M = n' + ¥ - 3aaU/u ’ 7
¥ and & are the secular components of the ¥ and & variatfon, U has to

where, since
be interpreted as the M-mean value of U .

in (7), in the fora n'{l + EJ E:YlJl(R/p)l Alql} » but before pursuing this we look more
[

To derive the Yy terms of (4), we develop @ ,

closely at & and I for the J2-only field.

Jz snalysis

Substituting ¥(3f oinzu - 1) for pz(sin B) in (6), where u = v + w , ve get

2n

- 3
g, = ﬁ;% f ({) (2h + 3f cos 2u) @ . (®)
0

Since (p/r)? dM/dv = g7 , integration gives U, = J@EFTR o first order in 3z .
Taking 3 = Kagh /6/, we have 3GaU/u = & , so (7) gives B = ' .

Thus the preferred values for B and 3 are n' (for £ = 2 only) and a' (universally),

with n213 therefore equal to uomodified u . Kozai, on the other hand, though using the
same mean n , has a different mean a , denoted here by 5 and such that

- (1 - %iﬂﬁ); this sccounts for his version of Kepler's third law. As Rozai does not
give » rationale for ag , wvhilst a considerable literature follows his paper /4/ without
clarifying the matter, it 1s worth offering an explanation hera.

The attraction of an unbiaged Or was noted in the Introduction, end Kozai's Or is
unbiased for circular orbits. Though his &r expression (for general e) is more

complicated than the one to be given here (equation (18)), the &r of (18) is biased, even
for circular orbits, unless h = 0 (1 ~ 56.7° or 125.3°). The lack of bias if a8, 1is used

means that, for an orbit that is equstorisl as well as circular, r (which now has a fixed
value) actually identifies with 4 (neglecting 322). The value of a (osculating, and also

fixed) is different, however, being equal to a, , defined in the next psragraph. Whilst
considering orbits with e = si{n { = 0 , it is worth remarking on a third candidate (in
addition to n' and the unbiased no) for T , viz the rate of change of longitude, LY

say. Since gtd (sign given by cos {) 18 K§ , under these circumstances, we have
o, = 2'(l + %), so nxzt3 - p(l + E), snd this is of particular fnterest for a geostationary

orbit, where o, is equal to the Earth's rotation rate; if a, is defined such that

I. ¥ , it will be noted that

. - a' = 2(a' - 5 = 2(.1 - 8),

2y %

(&

the ‘unit value' of 5 - a being about 0.52 km (geostationary orbit asssumed).

The quantities and a4 just referrad to, are simply the M-mean values of n and a ,
but were introduced (with the zero-suffix notation) by Kozal (in contradistinction to n'

and , notated as B and &) in a rather misleading way, aince he describes them as

s
'unperturbed vilues at epoch' though they are actuslly undfssed values that are independent of
epoch (the word ‘unperturbed’ seems meaninglese in the contexty; unfortunately, this
inapposite descripiion i{s followed in a number of textbooks. The relutions between (i) 8,

and (nK = )n', and (£1) a5, &y and a' , asre:

(1) sy = w1 -Kh) ; (1) sy = a0 +EER) = 2t + EKEH) . (10)

Analysis for J‘ (L 5 4)

Geners] analysis /5/ yields expressions for ] (secular) due to JL + together with the
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corresponding 61 , for substitution i{n (7). Oo combining the two terms, for each & , ve
get

1A
.- n';1+ ZJ,‘ (%) v’; , where v, = A, MDP e @)/ (an
[}

here Al(i) is a polynomisl in f (1f 2t 1s even) and ‘L(°) is a polynomial in ‘2 ,

normalized such that Al(O) - 51(0) =1, with Cl a pure number, given by C2 =% and

cl/CL-Z = =(2 =-1)/t 3f L2324, (A,, B, snd C, are particular cases of the A%, B* aad

| A 4
Ck defined in /5/, k being zero, recurrence relations having been given for A snd B as
well as C .) The derivative of B,(e) has leading term §(2 - 1)(t - 2), so we re-pormalize

(11), writing Vy = quaAl(I)Qz(i), where

Ql(e) - [e-ldsl(e)/déll[k(l -1@ - 2)] and Y, * - %1 - 1)(2 - Z)Cl . (12)

L

The recurrent: relation for Ql(‘)’ using odd values of £ as well as even ones, is

o = [t -0, - - wala,] /(e -1), a3)

for ¢ > 4 , with Qz « 0 and Q3 = 1. The recyrrence relation for A using even values

of L only, is (for £ > 6 , with Y. " 9/8)

v = -fe-n2e-vne-ne - Ypa) - (14)

Since Jy (for £ » 4 and even) contributes the factor 1 + ZJg(K/p)lvg to 5213/u (with
g =3'), we can write (on evaluating the Y, 88 far as L = 8)

4 6
52’ - u[). + 5 ,,‘3 J‘(%) a0, -2 16(%) AgQ

8
735 R 1 =2 = =2
+ =7 J8(3) AgQg = +eo = wT K (8 - 8f ~ 5f )‘] . (135)
(The 22 term is taken from /1/, where it is not derived. A full derivation should
eventually be published /8/.)
3 MEAN ELEMENTS AND COMPLETE FIRST-ORDER SHORT-PERIOD PERTURBATIONS
ASSOCIATED WITH J2

We have seen that the expressions, in coordinates, for short-period perturbations depend on
the definitions of mean elements. In /6/ the suthor gave expressions for the first-~order
perturbations due to an arbitrary harmonic (tesserals included), using & particular system of
¢ylindrical-polar coordinates; complete expressions wvere given for Jj perturbations, but
for the general harmonic (snd, additiooally, for J 2 perturbations) they were e-truncated,
effectively applying only to near-circular orbits. “More recently, the results of s complete
analysis, to second order in J7 and first order in Jj , have been summarized /1/, snd it s
intended that full details will follow /8/. The analysis showed that s spherical-polar
system 1s actually preferable to the cylindrical-polar system, and that Jy-based definitions
of two of the mean elements (5 snd Z) had not been optimal in the original study - this
conclusion vas anticipated by the 'Note added in proof’ at the end of /6/. Having considered
here the relation of the optimal 3 and & to Kozai's elements, ve nov do the same for the
remsining elements, concluding with the resulting expressions for first-order perturbations
in coordinates.

The optimal §i, @ and M are identical with the elements of Kozai, sc wve only have to
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cousider ¥ and 1, but it is also worth covering the derived element § . Ia terms of the
optimal (preferred) & and P , Kozai's elements are given by

¢ - t[l -iwm/a + q)] aud P " p[l + 7R - 3a)] . (16)

The reward for using our preferred 3 ( = a') and & s to obtain the very simple expressions
for the complete perturbations &r and &w that follow. Here the spherical-coordinate
systes (r, b, w) is based on the instantaneous position of the mean orbitasl plene, defined by

I and &, such that w (s the fu-plane angle (quasi-longitude) and b is the out-of-plane
angle (quasi~latitude). For the simplest possible expressiou for &b (where b 1s suto-

matically zero by definition of the reference plane), the 1 we need is within O(K&) of the
extremc values of B (at the apexes of the orbit). Kozai's inclination, on the other hand,

is within O(itz) of the M-mean {1 . This seems a very much less natyral choice (and is a
notable example of the sllure of the intuitive meaning of 'aean'); it differs from our

preferred i by an o(K) quantity, since

Lx-i+u'<unzi . Qan

The mean elements, to order J; , have now all been established, and the complete (first-
order) expressions for coordinate perturbationse can be quoted. They are:

8r = FER(T cos 23 - 2R) , &b = iRE etn 21 {e1a(T + 9) - 3 #1n B }
and . (18)

du = fii*f sin 26 + 48F sin(T + @) + BEh win W}

The corresponding second-order perturbations are not given here (see /1/) but it 1s worth
noting that the number of terms required for &r, &b and Sw are 6, 7 and 11 respectively.
This {s in striking contrast to the number of terms required for the six osculating elements,
wvhich {s 140 overall.
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