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Recently, ICASE has begun differentiating between reports with a mathemat-
ical or applied science theme and reports whose main emphasis is some aspect of
computer science by producing the computer science reports with a yellow cover.
The blue cover reports will now emphasize mathematical research. In all other
aspects the reports will remain the same; in particular, they will continue to be
submitted to the appropriate journals or conferences for formal publication.
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Parallel Language Constructs for Tensor Product
Computations on Loosely Coupled Architectures*

Piyush Mehrotrat

John Van Rosendale

Institute for Computer Applications in Science aiid Engineering
Hampton, VA 23665.

Abstract

Distributed memory architectures offer hign levels of performance and flexibility,
but have proven awkward to program. Current languages for nonshared memory archi-
tectures provide a relatively low-level programming environment, and are poorly suited
to modular programming, and to the construction of libraries. This paper describes
a set of language primitives designed to allow the specification of parallel numerical
algorithms at a higher level. We focus here on tensor product array computations, a
simple but important class of numerical algorithms. We consider first the problem of
programming one dimensional kernel" routines, such as parallel tridiagonal solvers,
and after that look at how such parallel kernels can be combined to form parallel tensor
product algorithms. . . ,
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the Office of Naval Researcn unoel Lontra4_ tg)Ah NULU14-o8-M-Uiu6, and by the National Aeronautics and
Space Administration under NASA contract NAS1-18605 while the authors were in residence at ICASE,
Mail Stop 132C, NASA Langley Research Center, Hampton, VA 23665.
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1 Introduction

1),s:::.ted :,ennry architectures offer very high levels of performance at modest cost.
,Machines now becoming available have peak speeds of many gigaflops, at a fraction of the
cost of high-end vector multiprocessors, and teraflop machines will be possible in a few years.
Given this performance potential, it is clear that such architectures will play an increasing
r0.e iii sc' v' ',c Co,,'outano .

11..v cre remnains a f ::ldar cntal probeili vith distributed memory architectures;

, " t o be quite awkward to program. Para!'el programming is generally harder than

: rogra:nning, since the programmer needs to be aware of the multiple threads of
co:-t-,, *,-,,.v, and the subtle semantic issucs which can arise[61. Nonshared memory architec-
tu'res cuon:pound this difficulty by forcing the programmer to decompose each data structure

:.,, seaarate pieces, each .. nedf by one of the processors. Also, on such architectures,
a i tneCrprocessor communication must be explicitly specified using the low-level message

oassi:1g constructs supported by the architecture.

Some of the difficulty of programming distributed memory machines seems to be inheren-t
in thh class of archiitectures, th ough a large fraction appears to be due to a lack of adequate

programming tools. The Kali project combines work of the authors with other research on
programming and load balancing being carried out at ICASE [2, 12, 18]. The ultimate goal

is to ameliorate the problem of programming distributed memory architectures to the extent
oossible.

Nature of the problem

This paper focuses on the problem of expressing tensor product array computations, for

distributed memory architectures. Tensor product algorithms are those in which multidi-

mensional arrays are manipulated by applying operations to lower dimensional slices. Such
algorithms offer both simplicity and efficiency. Thus tensor product algorithms are widely
used in spline fitting, in picture processing, in computer aided geometry, in computational
fluid dynamics, and so forth.

Despite this diver.ity of applications, the programming issues in tensor product algo-
ritnms are universal. One needs effective ways of pealing off lower dimensional slices of
arrays, and one needs to be able to apply one of a nurn'ber of different operations on those

slices. In some cases, the algorithm applied to the slices will also be a tensor product

algorithm, (c.f. section 5.). When these tensor product algorithms are implemented on dis-

tributed memory machines, both the original array, and the operations on the slices may be

distrib..'.. Tills is the issue addressed in this paper.

7-~n- .. way ([-xpressing tensor product aigoiit hmns on distributc( ijiem-

ory architectures is a basic problem. Tensor product algorithms, and array manipulation
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"- 'sre r are a natural target for parallel computing research. Virtually
Z.a_-c n:u:ucriCaI prugranls invo lve array manipulation in sorme way. Moreover, the reg-

ularitv of the onerations involved, and the pote,:tal for highly efficient execution, makes
s , alg.rrt hrns especiall, I dleveeoperit of efTective language coint ructs and

ur.,ogramr... rigr tee:,iniclues.

The plan of tkis paper is as follows. In section 2, we discuss distributed memory uro-
'',cr o e he Kal -Pro ec. Section 3 considers the programming of

cueI Cu: isonl urnel routines, surl as ridiagonai solvers. After thiat sections 4 and 5 Irok
a. hov these ore dlmension:al kernels can be combined into higher dimensional algorithms
',r realistic numerical computations. Finally, section 6 briefly discusses the adequacis and

tiatons of tie prescnt approach, and directions in which research appears necessary.

2 Parallel Programming Constructs

-),st 7)rograr1mning environments for distributed memory architectures are based on
sag( e ),Is ,: la-gufiages." The basic paradigm for such languages is CSP (Communicating
>euueritial ProcCsses)7, in which independently executing sequential tasks interact and syn-
croni:ze throughr messages. E:amples include Occam20, and message passing dialects of C
and Fort ran as supplied by machine manufacturers.

In one sense, these message passing languages are ideal, since they accurately embl:!v
the set of operations which can be performed by the hardware. However, there are also
serious limitations with such languages; the most obvious is the relatively low-level at which
algorithms must be specified. The programmer first needs to distribute the data structures
across a set of processes, each having its own separate name-space. Then, in order to
sare values between processes, the programmer must specify a "send" operation in one

process, and a matching "receive" operation in another. This kind of programming is more
challenging than one would expect, induces a mass of low-level "message passing" detail for
even the simplest algorithms, and can easily lead to deadlock or non-determinancy if one is
not sufficiently carefulr,6].

Another problem exists with ti-ese languages as well. Modern program design relies
rieavilv on "rriodular program in g" and "top down" design. One builds up large programs

as a collection of "modules" or "procedures" each designed to perform a specific subtask.

Mubsage passing languages provide nj support for this kind of decomposition. One can define
"procedures" running on eachl processor, but there is no notion of a "distributed procedure"

g o" a Co . ' ctrn Cf processors.

Y'i~q r> a C aICC!¢H9



The KA.%LI Projec-t

:.'l project is a: atte:::pt to define tools (languages, compilers, performance pre-
etc.) to al:ow the speclfication of programs for distributed memory architectures

higher level, w.ith out compromising run-time efficiency. This project is one of sev-
,.'7 a.1 nro'ects aIdressing the basic issue of high-level programming of distributed memory
archit.ectures 1, I~. To achieve the eflicienc, and generality of message passing languages,

.... 'cvl "' speciflcation of algorithms is a difficult and multi-faceted
nrobler.. Tn 17 we looked at the problem of programming iterative algorithms utilizing

grids, on itruted izeory architectures. In this paper, we look at

...... 'r F nrogrammin v-er. regular "tensor product" calculations
: C? a,,::urc :?tect ures

I:. th:s paper, ve descrihe the language constrdcts we are pioposing in a Fortran-l*.-

"i a C'. K Fl Ka'' Fortran I1). 3ur previous papers have generally used a more Pascal like
s.: .7, K. thowever, svr'uax is not the issue. Since most numerical programmers are

.Iof:orta'.e witt a Fortran-1ke syntax, we are adopting this syntax in our current

S rate thre basic conces' in our approach, we consider the simple problem of spec-

i a Jacobi iteration for a distributed memory architecture. Listing 1 gives a bequtential

: ,.f a Jacobi algoithrri for Poisson's equation on an n by n grid. This is a simple al-
ori1 "w hich can be easily rewritten in a message Dassing language for parallel execution.

A L. ' i}., 1 - I10-e v.ev: of this kind of code is given in Listing 2.

In the message passing version of the Jacobi code as shown in Listing 2, the algorithm
s assuraed to be distributed over a p2 array of processors. The data is divided into m x m

blocks, w.here m = n/p, so that each processor contains a contiguous subarray of the full
so.. ut~o array. Note that the actual array is declared to be (m+2) x (m+2) so that boundary

data can be easily maintained and accessed. Such a distribution of the array data structure

kee:)s ofos of . the array references in the computation local while balancing the load across

t-e processors. The values on the boundaries of the subarray "owned" by each processor

need to be communicated to each of its four neighbors at each iteration; hence the sequence

L1: guardccd sends and receives shown. The "if" guards are needed, since processors "owning""
solution values along physical boundaries of the processor array do not send or receive these

values from their neighboring processors. Also, the communication here has been assumed to
be asVIlchioulus; if the underlying architecture requires synchronous communications then
the sends and receives have to be ordered carefully to avoid deadlock.

T',, KF1 code for this algorithm, given in Listing 3, looks very much like the sequentii
Frtrarn code, th-ough it vill compile into message-passing code analogous to that in List-

irg2. In addition to the code in the sequential Fortran version, the user must specify three

nI-i*'ul.al kinds- of information in KFI:

3



parameter (np
real X(O:np, O:np), f(O:np, O:np)
real tmpX(O:np, O:np)

n = l - 1
(10 1000 it = 1, 50

C

c copy solution into a tCmrponrry array

C

do 200j = 1, n

do 100i 1 , n
tmpX(i, j) = X(i, j)

100 continue
200 continue
C

c update solution array
C

do 400 j = 1, n

do 300i= 1, n
X(i, j) = 0.25*(tnpX(iT1, j) tmipX(i-1, j

+ tmpX(i, j+1) 4 tmpX(i, j-1)) - f(i, j)
300 continue
4100 continue

1000 continue

Listing 1: Sequential Jacobi algorithm

a) the processor array on which the program is to be executed,

b) the distribution of the data structures across these processors, and

c) the parallel loops specifying the computation on the distributed data structures.

These are aspects of the parallel algorithm that are critical to performance. Automatic
generation of such informationi from sequential code is beyond current compiler technology,
and hence it must be supplied by the programmer.

Processor Array

The first thing that needs to be specified is a "processor array." This is an array of
physical processors across which the data structures will be distributed, and on which the
algorithm will execute. In the jacobi routine, the processor array is passed in as an argument.

4



Cctle for proces: Pl'ip,) .

parameter (nip
real X(0:mp, 0:mp)), f(0:rnp, 0:mp)
real tmT)X(0:ni, O~ii,.p)

ni= p - 1

do 1000 it = 1, 50
C

c copy interior of solution array i .nto a temporary array
C

do 200 j = 1, mi
do 100 i =1, mi

trnIpX(i, j) =XOi j)
100 continue
2 00 continue
C

c send edge values to North, South, East and W~est neighbors
C

if( (ip .g.1 - end ( P(ip-1, jp), X(1, 1:m))
if ( ip .1e. np ) send ( P(ip-fl, jp), X (m, 1: m)
if ( jp at. 1 ) send (P(ip, jp-l), X(1:m, 1))
if( jp .1e. np ) send (P(ip, jp-+1), X(l:m, mn))

c reccive edge values from neighbors

if ( jp .le. np )recv (P(ip, jp+1), tmpX(1:m, mp) )
if ( 'p .gt. 1 )recv (P(ip, ip-1), tmpX(1:m, 0))
if (ip .1e. np )recv (P(Ip-t-, jp), tmpX(rnp, 1:m) )
if (ip .gt. 1I recv (P(ip- 1, ip), tmpX(0, 1:m))

C

c update solution array X

C

do 4005 1, mi

do 300 i =1, m
X(i, j) = 0.25*(tmpX(i± 1, j) + tmpX(i- 1, j)

& + tmpX(i, j+ 1) + tmpX(i, -1)) - f(i, 5)
300 continue
400 continue

1000 continue

Listing 2: Mcssagc- passing version of Jacobi algorithm



parsub jacobi(X, f, in: procs)

processors procs(p, p)

real X(O:np, O:uip), f(0 np, 0:np) (list (block, block)

(10 '000 it 1, 50
C

Li Lc S91L s t ' Ti ut a Cl t&t'C, r i' LdI I y

doall 100 (i, j) c 1, ; 1I, n' on, owner(x(i, j))
Xi, j) 2 0.2s 'X 1--1, ) x(i-I, j) X(i, -) -- X(i, M-)) f(i, j)

'.60 cont!nue

1KG continue

ret ur n
ella

Listing 3: KF1 version of the Jacobi algorithm

The routi:e declares the argument procs to be a two dimensional processor array, having
size p Lyp. The size of the processor array argument is "open", and is determined by the
actual size of the processor array passed at the point of call. The identifier p reflects this
size, and can be used in the body of the subroutine as a constant. The keyword parsub
declares jacobi to be a parallel subroutine, which will execute in parallel on distributed data.

A processor argument can be passed only to parallel subroutines and each parallel subroutime

must either declare a processor array or must be passed one as an argument.

Only one "real" processor declaration is allowed in the whole program, and it generally
occurs in the main program. The processor array (or its slices) can then be passed around
as a parameter for parallel execution of subroutines. The initial processor declaration is the
( real estate agent" discussed by C. Seitz. The semantics and behavior of the real estate
agent is interesting, but is tangential to the issues here.

Data Distribution Primitives

Given a processor array, the programmer must specify the distribution of data structures
across that processor array. In the current version of KF1, the only distributed data type

sur)ported is distributed arrays. Array distributions are specified by a distribution clausc

in their declaration. This clause specifies a sequence of distribution patterns, one for each

dimersion of the array. Scalar variables and arrays without a distribution clause are simply

6



WU.onecon s)V s::. eaIch K, the processors In the processor array.

*~~~~~~~ C. Ir<: ~:a~.~ a e ~rLutud across the processor:; in one of several

.....,.... .. .. i 1. In s sul)r-uuc '' tiie data array X is distribultedi

K bloc , bloc k)In Thi.sI means tnol eack? '11imen'sion Is blocked ,' so that
:o~ru: ith fullI orrav X. :iiotlher k*id of distribu'tionis

C\ ( lii. -:1v:- !I 1;:eici ear algebra, in %whIich the elemencrts are

ac *>'~'u rocessurs h numnber of (liniensins of
* :::ccre' c'e ~ (ns f the underlv'inS ncsorT

ic' ElarC :in19: r S ....... v %c1 are not d ist r:hte

res re paslasan ~e s to pa ra l I su rni.es e

.S so.C'o .5I n. at a St duct Ures. !De!nIf Passed 1,e to b )!s(

..~ ~ ~ ~ ~~ "".ie tnop fs r ra.l~ a SIul coecarerv tfryu-, theail ea;n

n (::trI:nnc: :aa r~c'nes ae s'Decicled I)v. (ball lo Ts lie dloall 1c),,:
. teforl :D2 Bi.A/E 6~I al:(I to parallel loops in othr parallel dialects

.1. ec 21) -'' 121 h %VSon ?L - I loop invocationjs Sh i Lin

(mall * ol o w< r. -! c)1 o r eA1

'1?hesemntcshere are '"copx'-;in copy-out," in the sense that the values on the right
hand I~u o:hC PISSIulrInt are -Ie Old valuecs In array A, before being modified by the loop.

TV .:s the,. ar:ra': A is efetvey cop'!ec in" eaich invocation of the doall loop, and then the
chang',Ces are "copied out." Thus no temporary array is required in the jacobi routine given

In addition to the range pe) ciFication in the header of thle dloall, there is also an oil
c~a!;use. This cliaUse specifle5 is processor on w.hich each loop invocation is to be execiitrd

II 2 a~ 2( r "an nI re t:;eo iilas causes th~e 'th loop in~uainto he ext-c uted

c oil cial'C %, s c a .': 1-.1 a (Ion,1 1,I ),)p al s the, col1pi icr to pa-rt it1j ion ( I l ool

in~2:. a' : , prujces>.'rs partic: ~ati ng in thec loop. This process, called -strip-



:::::'r.v si: e g 'en al the :nrrnat'on availaule to the compiler [12, 131. Note' .I ;c co ICe o, tside th o l o s i r p l a
tdthe doall oos is replicated in each of the processor.:.

Th!e .. neaders of purely nested doall loops can be comibined into a single header as
:.:. Listig 3 for the two leons of the jacob routi-e. Here, a product of the rangcs is

to spuecify that for each vhl re of the outer loop variable i, in the range 1, rt, the inner
.. variabe j assume: each of the valu:es in the range [1, 7j.

Spcit'vi iig Co ni iiiinicatio n

..t. a prMgrammer ca:n sec:fv a data parallel algorithm at a high level, while still
. co:-u,,l over those details cri ical to perlormance. The additional information

red or he user h:reis e t.e information most critical to purformance. Note that
" v .:"-e doall loo.) :ere is independent of the distribution of the array X and of tL.e

" : P.rv?. Thus a var:et " o: c,:sir'1ution patt,ers can be tried by simple modifications
.."ram.o T"'his raes o".g of parallel programs much easier with this kind of

's .. S 11.. message passg languages.

I ) rt to noc t nat K?1 colntarns no1 explicit communication constructs. The

':)e-ihcs dist...u.ionof data values across the processors, and also specifies the

. -":ea :on are to be performed. From this, the compiler produces the lo,-

hne Ces passing code to be executed on the architecture by a sequence
o asf. rmatio.. 12, 17.

0 . given an assgnment statement, like that in the Jacobi example, the compiler
cav e e I c processor "ovns" each of the values on the left and right hand sides of the
ec:uat , and can then generate eflicient message passing code. This is true of all of the
* .:. n In>es :n trins paper, and ,., most others we have studied. In other cases, the compiler
:us gen.,rate runtrne cde vhich wil gather such information on the fly[171.

Il,.ever, this issue of hoy: communication is expressed is subtle; it is not clear which
approach is best. The choice :n KF1, of leaving communication implicit, appears natural
frurn the users poin of view, since it drarnatually simplifies programming It also greatly
s:rpDiies turing" of parallel programs, and allows a "modular" or "top down" design
strategy which is irpossible with Occam-style languages. However, there is a serious defect
acre: ben:ignr looking code will somehmnes run exceptionally slowly. This is because the
cornpiler cannot al.'as generate effective message passing executable code, particularly for
(:G-,rr t: & cus.

\Ve ea -, address this issue liv providing performance estimation tools, which will

cate %,inch parts of a progran Kvll compile into efficient executable code, and which will
, (in suca toco, a ,rogra o.ncr should have little trouble designing efficient programs.

n . : ,,yeyer, the e!ct i'n.'s of th's kind of language will depend on many factors,
:,' comrmn:uni:cat r capa. ilities of architejtures, the quality of compilers, and the

8



needs of working programmers. Resolving these issues is an area of active research.

3 Parallel Tridiagonal Solvers

It~ section, %%-e describe the programming of a parallel algorithm for tridiagonal
svsten's of equations, using the KF1 primitives of the last section. Solving tridiagonal
s:tc:s 's a comn:;on kerel algorithm" for multi-dimensional tensor product algorithms.
, .... "'c :ners::sonalkerels" frequently needed are cubic spline fitting routines, Fast

For ...ons, anu so forth, but tridiagonal solvers are the most commonly used. From

a Frograr imng point of viev, all of these kernel algorithms are similar, and most can be
S"- 00ogous "divie and conquer" techniques on parallel architectures.

C,:s:uer tu:e ,prol)l e of sovi::g' a tridi agonal matrix of equations of size n. Let A be the

:':.......- arix- vose ith r i has nonzero elements (b,, a,, ci), as shown in Figure 1.
\',, s ck thie solution X of the tridiagonal system,

AX f

a :g "!:'.a the matrix A can be factored without pivoting.

There are a v:ide variety of parallel tridiagonal algorithms in the literature[8]. The
art-'.,.ar one described here is a "substructured" algorithm, which is a variant of Sameh's
sp:.-' algorithn<m5. This algorithm is a tree-structured "divide and conquer" algorithm

e.:ecut Ig on p processors. In the first phase of the algorithm, we perform a sequence of
1

0 ,2(p) reduction steps, each halving the size of the tridiagonal system being solved. In the
s,cc,-d phase of the algorithm, we perform substitution to obtain the solution.

The matrix A is assumed to be distributed by blocks of rows across the p processors.
Give:i this distribution of the array, processor Z is responsible for rows 1i = (i - 1)n/v + 1
through U, i'n/p. In the first step, processor i performs elimination on rows 1i + 2 through
1,, euminating the lower diagonal of the tridiagonal system, but introducing fill-in in column

1,. Next, it performs elimination in the reverse direction on rows ui-2 through l, eliminating
tV.: upper diagonal, while introducing fill-in in column ui. Thus at the end of this step, the
upper and lower diagonals are eliminated in rows 1i + 1 through ui - 1. Moreover, rows
1, and u, are now coupled directly to each other, and contain no entries corresponding to
the intermediate rows Thus rows 11, it, 12, U2, .. , 1P, u now constitute a tridiagonal system
having 2p equa... , as is shown by the highlighting in Figure 1.

In the s_.c . up, the pair of equations corresponding to rows 4I and u on each processor
are "mailed" to *,.,, processor. Half of the processors "receive" two pairs of equations,
constituting lour a, .tcent rows of the matrix, and remain "active." The other half of the
processors rec,ie no equations, and go to sleep. Thus one active processor will receive rows

11, U1, 12, U2, another rows 13, U 3 , 14, U 4 , and so on.

9



-z a c

ba c processor
1

1 -- /p b a c
2 = ?/p- -i b a c

b a c processor

u, = 2n/p b a c

Ip = n-n/p + b a c

b a c processor
c p

Lp = n b a

<I First Reduction Step

ba Ic
b a c processor

12 bIlal [c
v a c processor,

2

U2

'P LCi Li
b a c processor

p

Figure 1: Reduction in the first step of the elimination process.
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iC C b a C

b a c

S:;:cI2: k :ctiori of four rows of a tridiagonal system.

/ 9
t e p 2

Reduction
Phase

Substitution
Phase

Figure 3: Data flow graph.

These four equations on each active processor are then reduced to two, as shown in

Figure 2, just as in the first step, so that the first and last equations on each active processor
are directly coupled. The result is a tridiagonal system of size p. This process continues,
halving thf- size of the tridiagonal system at each step in the reduction. After log2(p) such
steps, we obtain a single tridiagonal system having four rows, which we solve by the sequential
Thomas algorithm.

During the loq2(p) steps of this reduction phase, each of the reduced linear systems
nccurring must be saved. Then after the final tridiagonal system with four equations has

been solved, we perform substitution into these saved reduced systems, in the inverse order

11



b a C X1
1) a c X , f

Figure 41: Computation of intermediate values x, and x2

in which they were created, and finally recover the solution of the original system. The
overall data flow graph of this is substructured algorithm is shown in Figure 3.

The substitution process itself is quite trivial. At each step, each of the active processors
mnst compute its share of the solution of a reduced system. Each processor receives the first
and last values of the solution of this part of the reduced system, as shown in Figure 4, and
computes the intermediate values, as shown. In the first log2(p) - 1 steps of the substitution
phase, two intermediate solution values need to be computed, and then these 4 solution
values are mailed to the processors needing them in the next step. In the last step, each
processor computes n/p - 2 solution values, compieting the solution.

Mapping of data flow graph unto processor array

The data flow graph of this substructured algorithm is shown in Figure 3. During the
reduction phase, the number of active processors is reduced by two at each step, until finally
vwe have just one active processor. During the substitution phase, the number of active
processors doubles at each stage.

There are various ways of mapping this data flow graph onto a multiprocessor architec-
ture. One of the simplest is the shuffle/unshuffie mapping shown in Figure 5. This mapping
is easy to program, and is advantageous when there are multiple tridiagonal system to be
solved, as we will show later.

KF1 representation of algorithm

It is relatively easy to describe this kind of divide and conquer algorithm in KFI.
Listing 4 gives the KF1 code for this algorithm. Subroutine tri takes as input vectors b, a,
and c representing the matrix A and the right hand side f, and returns the solution vector

X. These vectors are declared to be distributed by blocks across a one-dimensional processor
array procs of size p. Note that the routine uses the new declaration dynamic for temporary
arrays, e.g. tmpa, whose sizes can be determined only when the subroutine is invoked.
Fortran programmers generally perform dynamic allocation "by hand," by indexing into the
blank common area. Such techniques are awkward and difficult to handle on distributed

12



Processor

3 4 5 6 7 8
I I I I I

II I ] I I

Step 1

step2 0 0 0 0

Reduction
0 10Phase0 0 0 0 0 0

0 00 0 0 0
Substitution
Phase

I I I I I I

IIII I I

I I I I I II

I I I I I I I

Figure 5: Mapping of data flow graph.

memory machines, hence "dynamic arrays" have been included in KF1.

The outer do loop here executes the log2(p) steps of the algorithm. In each step, first the
internal equations are eliminated using a doall loop and then the outer two equations are
sent to another processor. In the first step, the number of internal equations to be eliminated
depends on the original distribution of the rows of the matrix, while in the later steps each
processor reduces a system of four equations. The first doall loop is executed only in the
first step. The on clause "on procs(ip)" specifies that the ipth invocation of the loop is to
be executed on processor procs(ip). Each processor uses the predefined functions lower and
upper, to determine the index limits for the block of equations that it "owns". A sequential

13



parsub tri( X, f, b, a, c, n; procs)

processors procs(p)
real X(n), f(n) dist(lblock)
real a(n), b(n), c(n) dist(block)
integer lo, hi, step

dynamic real tmpa(r4p), trnpb(4*p) dist(block)
dlynanmic real tmipcQ-Ip), tiinpf(4I*p) dist(block)

k -,log2(p)
do 1000 step =1, k

if (Step CeI. 1) then
(ball 100 ip =1, p on procs(ip)

Io =lower (X, procs(ip)
hi = upp~er (X, procs(ip))
call rcduce(b(lo:hi), a(lo:hi), c(lo:hi), f(lo:hi), hi-lo+ 1)
tmpb(4*ip-~3) =b(Io)

trnpb(4*ip) =b(hi)
C

c .. code to set up trnpa, tmpc, tmpf similarly
C

1UO continue
else

doall 200 ip =1, p on pr-ocs(ip)

if ( log2(ip)±step .eq. k±1 ) then
lo =4*jp - 3
hi =4*jp
call red ucc(t inpb(lo: hi), tmpa(lo:hi), tmpc(lo:hi), tmpf(lo:hi), 4)

end if
200 continue

endlif

cai' unshff(trnpb, tinpa, tinpc, tmpf, 4*p, step; procs)

1000 continue
c

c .. code for substitution phase

return
end

Listing 4: Code for a tridiagonal solve
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Ie 7'tdLLce is then called to eliminate the internal equations of the block of equations
owned by the processor. Routine reduce is a simple sequential linear algebra routine, not

v:n. After elimination of the internal equations in the first step, the outer two equations
are transferred to temporarv arrays to be communicated to the next step of the elimination
process.

In each step, the routine unshff (shown in Listing 5) is called to permute the equations
a:rn:g ;:1C proccssors as lneeded. Given the simple distribution pattern here, the compiler
can convert the tssignrment, statements representing the permutation in unshff, into sends
and receives required for communicating the data'.

After the ecuations have been moved, the four equations in each of the active processors
are agaCn reduced to tvo by calling the routine reduce. This is done in the second doall

,>' ,".'ere the 'if" condition controls which processors are active.

Pipeliied parallel tridiagonal algorithrn

In the above tridiagonal algorithm, the number of active processors is halved at each
pnase. If we have to solve more than one tridiagonal system thei these computations can be

pipelined so that more of the processors are kept busy. Listing 6 shows a pipelined version
of the tridiagonal solver. The subroutine mtrix accepts rn tridiagonal systems each of size
n represented by rn r. arrays. Note that the second dimension of the data arrays here is
distributed across the one dimensional processor array, i.e., each processor contains a block
of each of the m tridiagonal systems.

Here, in each of the first m steps, a new set of equations are reduced to yield a set of
2p equations. The second doall loop is setup such that different subsets of the processors
"handle" different sets of equations during a step. The routine reduce is the same as discussed
before while routine mzunshf is similar to unshff except that it needs to know which particular
set of equations are to be "unshuflied".

4 Two Dimensional Tensor Product Computations

In the last section we presented simple one dimensional kernel algorithms in KF1. This
section shows how such one dimensional kernels can be combined for two dimensional tensor
product calculations. The example chosen here is an ADI iteration. Mapping ADI methods
to distributed memory architectures has been previously studied by several groups[9, 14].

ADI (Alternating Direction Implicit) is a well known and effective method for solving

'The transformation here would be trivial, if the user gave a pragma specifying "inline" expansion of
nr')r(,dc7"e unshif. Without such a pragma, the inter-procedural analysis required is difficult, and is the focus
of ongoing research.
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parsub unshff( b, a, c, f, n, phase; procs)

processors procs(p)

real b(n), a(n), c(n), f(n) dist (block)
integer phase, dest, src

k = log2(p)
doall 100 ip = 1, p on procs(ip)

if ( log2(ip)+phase eq. k-- 1) then
dest = lower (b, procs)
src - (2*1o) % n

b(dest) = b(src-1)
b(dest+l) = b(src+2)
b(dest+2) = b(src+3)
b(dest±3) = b(src+6)

C
c .. simailarly for a, c, and f

endif

i00 continue

return
end

Listing 5: Routine to "unshuffle" equations.

partial differential equations in two or more dimensions[15, 19]. It is widely used in compu-
tational fluid dynamics, and other areas of computational physics. The name ADI derives

from the fact that "implicit" equations are solved in both the x and y directions at each
step. These implicit equations are often tridiagonal systems, and can be solved by parallel

tridiagonal solvers, such as those described in the last section. Thus the main task here is
to show how calls to these parallel tridiagonal routines are combined, to specify the ADI
algorithm. Almost any working numerical analyst would know how one does that in Fortran.
With a language like KF1, the same approach yields a distributed parallel implementation.

Mathematically, ADI works as follows. Suppose one is trying to solve a partial differential
equation:

a(x, y)Uxr + b(x, y)U,, + c(x, y)U f

Viewring this as an operator equation

LUz=f, (1)

16



parsub mtrix( X, f, b, a, c, m, n; pracs)

processors procs(p)
real X(m, n), f(ni, n) dist(*, block)
real a(m, n), b(m, n), c(m, n) dist(*, block)
integer 10, hi, step

dynamnic real tmpa(m, 4 *p), tmpb(m, 4 *p) dist(*, block)
(lvnamic real tmpc(m, 4*p), tmpf(rn, 4*p) dist(*, block)

k =log,2(p)
do 1000 step =1, m-4k

if (step .le. m) then
doall ip =1, p on procs~ip)

lo =lower (X(step, ),procs(ip)
hi =upper (X(step, *,procs(ip))
call reduce(b(step, lo:hi), a(step, lo:hi),

K- c(step, lo:hi), f(step, lo:hi), hi-aIo-I)
tmpb(step, 4*jp-3) =b(step, lo)
tmpb(step, 4*jp) =b(step, hi)

C

c.. code to sel up tmpa, tmpc, tmpf
c

100 continue
else

doall ip =1, p on procs(ip)
j =step + log2(ip) - k
if (j .gt. 1 .and. j .le. m) then

lo 4*jp - 3
hi =4*ip
call reduce(tmpb(j, lo:hi), trnpa(j, lo:hi),

L, tmpc(j, lo:hi), tmpf(j, lo:hi), 4)
endif

200 continue
endif

call munshf(tmpb, tmpa, tmpc, tmpf, 4 *p, step; procs)

1000 continue
c

c .. code for substitution phase

C

return
end

Listing 6: -Pipelined version to solve m tridiagonal systems
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one decomposes L into a suim of t;o parts:

LU + L 2U

L, 1 ,y a +cX /

L2 =b~xy) a + c(x, y)/2

Then instead of directly solving equation 1, one successively solves

(Li + 1)v = f (2)

and
(L 2 + I): = v. (3)

Carrying out these two operations gives a first approximation to the solution of equation 1.
AC'ur this one replaces the right hand side f by the residual

r = Lu- f, (4)

and repeats the process. Continuing, one has an efficient iterative method, which converges
to the solution of equation 1.

The advantage of this algorithm over competing iterative methods is that it converges
cuite rapidly, and the solutions to the equations 2 and 3 only require inexpensive tridiagonal
solves. Listing 7 presents this algorithm in KFl. This version of ADI uses the non-pipelined
parallel tridiagonal solver. Here resid is a simple subroutine which forms the residual of
equation 4. This residual computation is similar to one step of a Jacobi iteration, and
induces the same communication.

The on clauses here force each loop invocation to be performed on the appropriate slice
of the two-dimensional processor array. The construct "owner((r(i, *))" specifies the set of
processors which own the ith row of the array r. The ith tridiagonal system in the y-direction
is solved by calling the subroutine, tric, as follows:

call tric(v(i, *), r(i, *), bO, b., bO, ny; owner(r(i, *)))

The routine is passed a slice of the data arrays v and r, along with the slice of the proces-
sor array on which these xlues reside so that it can execute in parallel. The tridiagonal
solver, tric, here is just the constant coefficient version of routine tin presented in section 3.
Programming ADI with variable coefficients is not much different, except that there are a
number of additional details not germane to this paper.
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parsub adi (u, f, nxp, nyp; procs)

processors Iprocs(px, py)

real u(0:nx-,p, 0:r,%P), f(0:nxp, 0:nyp) dist (block, block)
d xnrimic real r(O:iixp, 0:nvp), v'0:nxp, 0:nyp) d ist (block, block)

commo "ll iparanis/ rizi~s, a, b, c

c A4 DI Iteration for the cotistarzt coc c zcnt problem
C (Z"L.C.C b'U~j - xx F

C

n~ n p -

a 0 a,/(nx* rix)
a I c -2*aO

bo x b/(ny*ny)

b! xxc - 2*b0

(10 1000 it 1, na-xits

call resid(r, u, f, nx, nv; procs)
C

c perform tridiagonzal solves in y direction

C

cloall 100 1i 1, nx on owner(r(i,*)
call tric(v(i, *), r(i, *), bO, bi, bO, ny; owncr(r(i,*))

100 con t in ue

c

e perform tridiagonal solves in x direction

c

doall 200 j =1, ny on owner(v(*,j)
call tric(u(*, j) v(*, j), aO, al, a0, nx; owner (v(*, D)

200 continue

1000 continue

ret urn
end

Listing 7: ADI Algorithm
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parsub madli (u, f, nxu, nvp; procs)

l)roccssors procs(px, pv)

real u(0:iixp, 0:nvip), f(0:nixp, 0;nyp) dist (block, block)
dynamxic real r0:1nxp, 0:nivp), v(0:nxp, 0:nyp) dist (block, block)
int eger lo, li'

commnozn /para,~ / nl~iXits, a, 1), c

a c 2 2 f

doaill DI lp i2) .: on pru)CS(p, *

lo - l~\'(Vp ro(cs 0p ), 1
hi - upewr(v, procs (ip,), 1
call mtrixc(v(jlo(:hi,, r(lowhi, ),bO, bi, bO, hi-lo±1, fly; procs~ip,*)

100 continue

(2 pcrforrn tridiagonal solucs in x dir7ection

doa'l 200 ip =1, py on procs(*, jp)
lo 2= lowcr(v, procs(*, jp), 2)
hi =upper(v, procs(*, jp), 2)
call mtriyc(u(*, lowhi), v(*, lo:hi), aO, al, aO, nx, hi-lo+1; procs(* i ))

200 continue

1000 continue

r et ui r n

end

Listing 8: Pipelined ADI Algorithm
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parSUb ing3(u, f, nx, IIV, niz, proc)

p~rocesors prucs(px, py)

real i :nO:nv, O:iiz), f(O:IX7 0:11%, 0:11,) (list (,block, block)
dy-1,naic real r0n,0:11y) 0:1Z) (list (", block, block)
dIVilaiiiic real v(Onux 0m, nz1

1 2) v(Q:nix, O:nv, O:nz/2-) dist (,block, block)

07orrn -Cw CUra r izaoevnplaneS

call resici3(r ,u, f; pra) oweru*.) )
do~ll 100 k = , nz -- 2 2 o we~i*

cal ng(*<, *, k), r(*, *', k); oNvncr(u(*,, k)))

C

c performn eel a relcixalion on odd planes

call rcsid3(r, u, f; procs)
(ball 200) k =1, nz- 1, 2 onl owrier(u(', *, k))

call rg(*, *, k), r(*. *, k); ow,.net(u(*, ,k)
2,1 co nt in uec

C reccurszvely solve coarse grid problem
C

if (nz .gt. 2) then
call resid3(r, u, f; procs)
call rcst3(g, r;p) s

call mg3(v, g; procs)
call iintrp3(u, v; procs)

end~if

ret urn

endl

Listing 9: Three Dimensional Multigrid Solver

There are two basic operations here, zebra relaxation and solution of coarse grid problems.
Tilhe Zebra relaxations are given by the two doall loops. The first performs half of a zebra
sIweep by visiting the odd planes, while the second visits the even planes, to complete the

Zebra 7ea)atlun. The calls to rcsid3 before each doall loop compa2e the "residual," that is,
the amount by which we currently fjl to satisfy the differential equation. The relaxation
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real %\x'O:x 01vO:1zC) (list (,block, block)

":crs CO en'd Cuc grid d incnisioris are properly related

if .0. 2','..c) C.1ll er ); TDi1ensions do not match in intrp3")

0 1 'L( I S 0 1

-ozlis on odlpare .

(lonlll 20 k 1iy-~ 11 , nzf-2, 2] on oiviner(u(*~ , k))

k (, k .I(%(,j p v(i, j, km))

('11

(l0~Il Listingk 10: lrec ~~, Dmnsional 2] erloin Rout'u*,jk)

A ~ 1~ 1 ~ 1n

3(liff ('otiluatcnfrtesltonvle noepae

____-l Lissuro tin 10: wthre imeoalle prb nmteroaclat Routinergne I

i:-,,th erre subrothne call s tolled wach aray "solves"hic arwoadimensiongl uarte,

t fe ~ emptorarithe isoutio reales ton onalelim plaeslo rel ttevroskre

S'Iuro-tines. Subroutine i'ntrp,? is typical. One possible variant of this routine is given inI

Listing ID. This subroutine modifies the current fine grid solution u, using the value of
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..e carse griu correction u. Si:.ce L! exists only on a coarse grid having half as many

::,its, values at intermediate points uist be computed by interpolation. The simple linear

in:erpolation formula

0.5 (v(i, j, kp) +- v(i,j, kin)),

g ivig the intermediate value as the average of the two nearest values, is used here. Note
that mnere efficient executinn would probably be achieved if the sequential i loop was nested
iEs(de the doall loops. This is a trivial program transformation which a good compiler should
be able to perform.

Subroutines resId3 and rcst3 are analogous to intrp3, except the numerical formulas
occurring are more involved. Subroutine mg2, shown in Listing 11, is the two dimensional

analog of mng3.

The reader interested in numerical details is referred to [3, 4, 10, 22]. Our primal;,"
interest here is in the exp essiveness of the language constructs. Readers familiar with the
programrnng of such algorithms in sequential Fortran should be able to see that there is
very little difference between the programming of such algorithms in Fortran and in tFl.

The other interesting issue here is that of parallelism. The heart of this issue is the calls

to mg2 in the zebra relaxations:

c
c perform zebra relaxation on even planes

c

call resid3(r, u, f; procs)
doalI 100 k= 2, nz-2, 2 on owner(u(*, *, k))

call mg2(u(*,*,k), r(*,*,k); owner(u(*, *, k)))
100 continue

Given our initial blocking of the three dimensional arrays

processors procs(px, py)
real u(O:nx, O:ny, O:nz), f(O:nx, O:ny, O:nz) dist (*, block, block)

subroutine mg2 is passed a slice of the processor arrays corresponding to the x-y planes:

u(*, *, k) and r(*, *, k)

Thus subroutine r92 inherits a one dimensional processor array, while its kernel tridiagonal
solver, seqtri, runs sequentially.
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parsub mg2(u, f, nx, procs)

processors procs(p:,p)

real iu(O:nx, O.-ny), f(O:nx, Cmnv) (list (*, block)

(lynarnic real r(O(-:nx, O:ny ) dist (*, block)
(lynarinic real v(O:nx, O:nN/2), v(O:nx, O:ny/2) dist (,block)

C per, orrz zebra relaxation, on ezer planes
C

call resid2( r, ii, f; pr&)cs)
(I(all 100 j=2, ny-2. 2 oil o)wner' u(,)

call seqtri (u(*,, r'-,
0) continue

C

c perform z.ebra relaxationi on odd planies
C

call rcsid2(r, u, f; procs)
doall 200 j =1, ny-i, 2 on oNner( u(*, j))

call mng2(u(*, j), r(*, j))
200 continue

C

c recu~rsively solve coarse grid problem
c

if (ny .gt. 2) then
call resid2(r, u, f; procs)
call rest2(g, r; procs)

call mg2(v, g- procs)
call intrp3(u, v; procs)

nid if

ret urn

e n d

Listing( I!: Two Dimensional Multigrid Solver

We could have done things diff,-rently by changing the dimensionality of the original
processor array in rngS. Had we used a three dimensional processor array there, the tridiag-
onal solves inmg2 would have been parallel. Conversely, if we had used a one dimensional
processor array, with the three dimensional arrays distributed

real u(O:nx,O:ny,O:nz), f(O:nx,O:nyO:nz) dist (*,*, block)
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