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REPORT AFIT/TR-EN-88-0V2

MATHEMATICAL MODELING OF COMBAT ENGAGEMENTS
BY HETEROGENEOUS FORCES

J. S. Przemienieck:
A1y Force Institute of Techrnelogy

Wiright-Patterson Air Force Base. Ohio

ABSTRACT

¥

The mathematical modeling of combat engagements by hetercaeneous tactical
forces 18 di1gcussed and a new superiortty parameter i1s  irntroduced  whach
represents a measure of the effectiveness of the opposing forces. This
parameter 1 a finction of both the cuantitative and qualitative strenaths of
the opposing forces. It is defined as a product of the transpose of tte left
dominant eigenvector of the governing matrix of attriticn coeffirients ano the
force strength vector. This parameter 15 used to establish superiorits
criteria for combat engagements. The application of this new concept to
3

heterogeneocus forces 1s illustrated for the case of a “one-on-two"” tacticsl

. ' 1
- - . . . ¢ i . ;‘.

engagement .

fhe Lanchester equations fo the heter ogeneous rorcee ongaged 1n g f1rect

fire combat,can be represented symbolicall . hy

where

X - MM )

ard Co1s the aatri- of attrition coeftirjenta, He,.e M and N a e colum.




matrices denoting the force (weaporn) numbers of the Blue ard Ped

-+
)
-
"
4t
w

respectively. The braces are used for converiienre throughout this ceport o
dencte column matrices. As discussed by Tavlorl, several  autnors fiave
introduced aggregated foarce parameters to obtain a better 1nsight into  the
effects of varving force si1ze., the weapon allocation., and the wesver effecti.e
firing rate represented by Ea. (1.. This aoproach inwvnlved escentiail.
computation of two guantities: the aggreagated force strengths FB and F fe

R

the Blue and Red forces, respectively, which may be defined as

-

T

I
<
X

3

F o= wN o

where v and w are positive vectors representing releti1ve .alves of 1ndividual

weapons while M ard N are column matrices reprecenting the force fweapon)
numbers for the Blue and Red forces, respectiveln. Starting with the
assumptions (3) and (4) , a number of authors used the eigenvectcr method of
computing v and w (see Section 3). In this method, howe.er. both vectors
cnuld only be determineg up to & constant muitiplier. vo csimple scaling
relatiorehip wae propoced by Dare asg James  as I ;: = L w7 1. Other

plausible scaling methods were introduced by different authors. For evxample.
1
Taylar 1n his haghk nr Larchester models of warface, mentiored thiece othe-
i I -
schemes for ~omputing the scaling factore for the weapon  .alus vecto & v
and w.
This report i1ntroduces a new way of determining the e1gernvector s v oand w
through a mathematical representation of the complets analwtical aclutica and

the applicasiorn of the demizant lef' ergervedc tor 4, of the matry- L (RAR




approach leads also to a new measure cof effectiveness qTXO G it=
corresponding nondimensional superiocrity parameter SU, both of which determine
2 priort the direction of the cutcome of the battle engegemert without the
necessity of solving the differential equations representing the engagement.
The application of this new method cf analysis is demonstrated here for the
case of a tactical engagement invclving three different weapons: one Elue and
two Red weapons. In order to illustrate the nature of the analytical sclutior
arnd y1n particular, the presence of a dominant term in the splution wiich is
used to derive the superiority parameter SU. a complete discussion of the

gereral analytical soclutior is 1ncluded in the Appendix.

c. Lanchester Equations for Heterogenegus Force Combat: " Many-sn-Many”

Combat Engagements.

The two separate governing equations for the heterogevneous force combat

engagements, from Eg.f1l}), are given by

dM/dt = - BN i5)
dN/dt = - AM (e
where M and N are the matrices representing the Blue and Fed forces el
weaponis), respectively. The mathematical model for <uch engagements 1¢

represented as the state variables M and N 1ateracting with each other through

tre aprropriate attrition coefficiente &4 and B cf A and B as shown 1 Fio,
1 W

] Here the attrition coefficiente tabke into account the firing rate

effectiveness and the allccation of weaporc. The matrices A 3nd B are

nonnegative. a property which will be used 1n the subsequert analve:c. Aleo




My N > Ge for o all i

and when this cornditicn is not satisfied, 1.e. when <& of
annihllated {(when a particular M or N = 0O}, Egs.(S, 3nd

reconfigured by striking out the appropriate rows and columns.

Equations (3) and 16) can be corhired 1ntu & singie matrix equatic’

d¥sdt = X = CX

where
X = {M N
and
0O -B
C =
-A O

If the it/ row 1n U contains all zeros this means that the corvespondimg X = ¢

and the X -force is not being fired at. If the ;th colusn in € contains all

v

zeros then the ¥ -force 1s being 1nactive

The left handed eigenvector q of the matrix € and 1ts

eigenvalyue 2. are determined from

T
Cqaq = 2q =R
The ei1gernvector g cain be partitioned 1nto rows correspcndiing to tre Blie and
Ped forces. respectively, so that
aq = f{cv . w b




where v and w are the column vectors wnlie c, and € are constent multipliers.

It should be observed that Eq. (1) must reprezent a set of ~ouglsel
equations. LMmaoupled sets are not sdmissible in the precent analvsis becauce
they represent anrelated (uncoupled: tactical engagements. Examples of
uncoupled ard coupled erngagements are shown in Fig. 2. where arrows 1ndicate
the direction of fire. For these examplec. the corresponding matrices of

attrition coefficients are shown by Egs. (lla) and (11b) where x’s indicate

the noncero coefficients 1 C.

O 0 -« Q
A 6] O O -x
o= — o o o | yuncoupled sets {(11a)
{ 0 ~w ] 0 1

O l':) -— ™

§ ! Q 0 O -x

o= S 1

C . 0 o 0 coupled sets th)
0 - 0 0

The test whether the matrix € represents uncoupled sets of equations is simpl,
whether 1t can be reduced to two or more nonzero diagonal submatrices by
rearranging rows and columns in €, while all other off-diagons! submatrices

are zero. Qtherwise, the matrix  represents coupled sets of equstions.

Subetituting Eges. (B) and (10) into Eg. (9),

T
0 -A c v - v
1 . 1 e
E N g
T
-B (0] Cow Cw
2 2
from which
T
- Ao w = 0w 13
2 1
T
B v=>¢cw lat




Premultiplyving Eg.i13) by B' and ther cubstituting Eg.il4’ 3nd premultipl,ing
Eg.(14) by A" and then substituting Eq.(13), the following pair of equations

is obtained

T,.T 2
(A B - I?clv =0 19
T, T 2
B A - I)czw = 0 {16
If the dimensicrnas o A are nxm and those of B are mxn and 1f m>n,. then there
. . 2
will be n common eigenvalues » = u 1n Egs. (13) and {l46). 1In addition. there

will be (m-n) eigenvalues of Eg. (19) equal to zerc for which thear

corresponding eigenvectors can be obtained from

ATBTCIV =0 (17

1f those eigenvalues were not equal to zero, this would then 1i1mply that in
addition to the 2n eigervalues A = * ¥u in C there would be additional 2{.-—n)
eigenvalues for a total 2n+2(m-n) = 2m which would be greater than the

required number (m+n),

. T T .
The matrix products ATB and B AT in Egs. (19) and (ls) are nammegative

since all A and B are either positive or zero. Therefore. accoirding to the
1 ti

~

Frobenius-Perron theorem JRef. 7y p. 1233, Egs. (19) and (1&) hrave a real
: 2 . : .

nonnzgstive eigenvalue ' which is either equal to or e«ceeds the wmuduls of

ary other eigenvalue. Alsc to this maximal eigenvailue there covrespands &n

ei1genvector with all nornegative elemente which will be dencted as v and
1

¢ w for Eqgs. 15y and (14)s respectively. Since © v ardd Cw Are
21 11 2 1
submatrices of the left eyoenvector of C 1t fellows fram Ea. o 10O) *that
={ cv c ow gy
q: 11 2 1




which can be determined directly frow Eg. (9). Wher computing V‘ angd w‘ from
Egqs. (135) and (16) any suitable scaling method can be used. For evample the
largest element can be made equal to unity. but the actual scaling between v,
4

and w ois accomplished through the factors <, and c, to be determined later .

Transposing Egqs. (13) and (141 with v = v1 and w = w1

T i T
~cw A= 2cCcv 19
2 1 1101
T T )
- cv B= X w (200
1 1 1 2 1

Next, premultiplying the above equations by

e =0 11! ... 1 2l

and eliminating 11 the following relationship between - and ¢ 1s obtalned:
2

C & 4 VTBO vie Y

:‘i z B . 2eh
B w Ae w:e
c viBe v'e 2
:2_ = __'_’_,N 2 (23
S w:Ae we

The negative sign 1n Eg. (23) is selected to satisfy Egs. (19 and (20  1n

atvich A B, vl « and w oare all vonregative matrices ard *1 13 & pocitie

1

rumber. ({oincidently, Eqg. (23) ic of the same fore «uqgagested b Taio

bg

without proof for the so-called "summed result” 1n i1nterpreting the auqgregate

force strengths. Eguation (230 provides a rational relationchip hetueen v
: 1




and w when these eigenvectors are calculated fror Ehe, 1% 504 1
s J

It shoulcd be noted that in practice the ieft domimast eige -alae ER

1ts corresponding er1genvector g <an e otbtaiced directl, from gl T sttt er
- 1

than from Egs. (15), 1&)Y, arnd 23, Computer programs  zuch as MATLAB  ace

avallable which can be conveniently used to find the deminant  eicer.alee

and the dominant left elgervector g .
- 1

Because of the relationship (A 281, the gerner3aiired lefl eigen.e tore g
are arthogonal to the right eigenvectors p. This artheogorslits propert, <

exprescsed ac

This property 1s used next to derive a scalar parameter from the «~clution of
the governing equations by preacltiplysing X by the transpose ot the damicant
left eigenvector q, scorresponding to the Jlargest eigervalue e The
resulting parameter 1s a measure of merit for the comhat engagement.
Consequently., emplcying Egs. (A.23) ang (A.14b) ard noting that foo the

. N X [ §
notation used ir Appendix A X = ard ] =4
1 1

T _ LT T T
qix] [qlP fexp(.tw_J Q X0

L0

= [qf[p1j§2)...}f exp(kt\ﬁ'j QTX“J

t -0




{ -~ . T
I 5 I . ) 1 i' v
= L L T 00 L ferptn O iy ‘5 XH
! ! - ; 'g
’ E!p(‘z*\ “ ;!l_’z |‘ |
j P ! :
i I © - o
i I
| | | L
{ 1 T ]
= f F%c-‘ ey s L0100 . .] qu q o DoX
| o
(
= l T -j = T 2e
th )(0J qlxu 2%

Sutstityt ng now Eaq. 18 for ¢ 1nto Eq. (25: and observing that X) ={M N
- 1 - t O [&]

1t followe that

1 O 1 1 2 1 O

1
whiere far ZrLENIENCE € can be faken as one. Berasuse v and  w a3 e bott
1 t 1
T T
noriegatives the terme v M and w N a e toth positive, The scalar  guantait,
1 O 1

T
q X der.ved from the nredomingnt term 1 the salution represents the
1

difterence between aggregate bBlue and Red forces and can therefore be taten as

..<
—

e measure of merity 1.e., a supericority indicates far the oppeosing forcee.

cehould be noted from the above that the arnalytical eclution for X 1s a e s

nf  terme witt multiplying factors espi Tty wh,on La he v angsg
1 1. 2 - 2: ‘1
descending or-der for * ac EE : P R PR A T v ! . Thos tte
1. . A
term with ¢+ it the dominant term 1n the colutior, 1 : 1= & repeated




eigenvalue, or 1T other eigenvalues are close to the dcminant ei1gervalue.  Tre
T . - .

use of qIXU 35 a measure of merit mayv not be appropriate. Tonceqgusiti.. ! gz

important toc check the distiibution of ergervalues befoire agopl.:oc

measure of merit. In moet practical cases, however, the * ‘s are wel]

scparated. For example, for eogus! coefficients in both A and B 1.e=. a5 o=5
and B =b for all ! ard j where a and b are constants: the eicerusliues aiE
(] -
‘1 - - NS B NS ] -~ =
> )O)U! PO 909‘)!".", . r :Vmi-"f‘t' and g ={ 1 i c bl - /mt' (=]
1

~Y@a/na. . un-tuees)  where m and n refer to the rumber of Blue and Red  tooces.
respectively (gee Appendi-). It 15 intsresting tc observe that Tou Tre
multiple eigenvalue cases, the dominant eigenvector u, contains zero elementc

: T
which means that some force strengths are not incliuded 1n g Xo.
3

To reduce Eqg. (26) 1nto a nondimensional parameter, the eauation can Le
) . T .
normalized with respect to ¢ v M by antroducing & nondimensionsl supericilt,
11 ©

paameter 5L such that
)

S=qgq X 'cv M 2
1 1 O
T T T
q X . vBe ve 12 wN
1O 1 1 1 ©
and S = T T 1 - ETE -
o : .
c v M w Ae w e v M
1 1 O 1 1 10
=1 -8 8
5]
where
T T 8]
w Ae we 1 2v M
1 1 1 O
o) T T T
- v Be v e w N
1 1 1 O
The rondimensicnal parameters 5, & 5 and Foare all ndependent ot the  choice
(] [B)
of the arbitrary multiplving factore  witt v arnd wt. The cune: 03
1
10




parameter 5 1s a scalar guantity measuring the contvibutions of tioe domicant
term in the scolution for the force levels at any given time. It should also

be noted that

0 S <1 far 1 b X
0 O
S =0 far Fo=1 v 30
18] (&)
- . S 00 for O <@ Y
0 8]

T . )
The parameters qXX0 or S\ can be usedt as measures of effectiveress to
L&
determire the outcome of a particular tacticael engagement without actuslly
sciving the differential equations subject to the vestrictive conditions

. T .
discucssed earlier for the measure of merit q‘XO. Thus as 1n the case of 3

"one-un-one” engagemenrt the Blues forces win the engagement when @D >l or
when S 0O, while the FRed forces win when § < 1| or when 5 < O, When F = |
O 18] O L&
or & = 0, hoth sides reduce their cstrengths proportionately.
(8 )

It shoulo be noted that as in the case of a "one-on-one" engagement the
norma.ized force ratlo‘fu for the general caze consists of & product of two
comparents  representing the qualitative and quantitative ratios. The

. L T . T T . 12
qualitative ratio is [{w Aeliw )/ (v Be)avle/] and the qgqusntitative ratic
1 1 1

. T T .
1s ivM)i/ e NV,
1 O Tt O
2 Aggregated Focce Strengths

To reduce the mathematical representation of  the  “wary on =age

engagemrerts Lo oo "one-on-one’ representation the aggregated force stirengths
: . ‘ ¥

mayv be introdured 1nto Egs. (D) and (&), Premultaiplyving Fg. (&) by o ov a

. f ) . .
Eg. ‘41 tv cw » the fallewing differenti1al equatione are obtay-ed:
Z 1




T T T
cv M= -¢cv BN=/RcwN (31
1 1 11 2 1

v € T -
cw N=- - c©cwAM = 2c v M (32)
2 2 1 N §

where the overdots represent differentiation with respect to time and the
right sides of these equationss with positive constants =+ and /5y nave &t thas
point been introduced arbitrarily. Introducing the aggregated force strengths

Fa and FR from Egs. (3) and (4) as

F=vM=cvM (33)

B 11
F = ;TN = -C wTN 134)

R 2 1

where
v = c v (39}
1 1

w = -C w;N (L)

Hence, substituting Eq. (33) and (34) intoc Eqs. (31) and (32)

F = *I"?F (37)
Fo= -=F (38)

whict, are the governing eguations for a "one-orn-one" ergagement between the
aggreqgated forces FB and FR: however y, 8 wiord of caution 15 appropriate here.
The solutions for FB and FR are only appro<imations to the e.act solutione
hecause they do net incorporate the condition that one of the W or N can  be
reduced to zerc 1ndependertiy of others. In the aaggreagated solution of Eqgs.

(37 and (283) all components of FB or FR are reduced to rero sinultanecusly.

(O8]
—

Since M and N are artirtranyv.e 1n nvder for the vight si1des ot Fgs.




and (32) to be valid the following relations must be true:

T . T T .

-cvB=Gcw or -Bcv = /it w (39)
1 1 2 1 1 1 2 1

T T T N

“cw A= oCv or ~A Cw = oV (40
2 1 11 2 2 11

Solving fcr v, and w o

ATBTc v = ﬁ?ATczw =f>3c1v1
(ATBT - sfle v =0 (41)
BTATC w = —aBTc v o= it ow
21 101 21
(BTAT - aﬁI)c2w1 =0 {42

Hence, comparirg Egs. (41) and (42) with Egs. (13) and (16)
20 = o (43)

Similarly, by comparing Egs. (3%) and (20) and Eqs. (40) and (19}

N o= 3= (G44)

which is the same result derived from the scaling method assumed by Holter

G
and Anderson.

The above analysis has demonstrated that a unified thecry for the
analvsie of Lanchester equations for heterogenecus forces engaged 1n a direct
fire combat can he developed. This 1s accomplished by correlating the

by

quantitips v w .« 7t and 7, used previously by other authors, to the left
1y 1




dominant eigenvector of the governing matrix of attrition coefficients and ite

dominant ei1genvalue. The theory provides fnr a preoper scaling of the

eigenvectors v, and w, and leads directly to the messure of effectiverness q:XU

or the superiority parameter SD. Although the wuse of the left dominant
eigenvector introduced here for the combat analysis is new, similar approach
has been used in the past 1n other areas. For example the use of the left

dominant eigenvector in the cohort population model that leads tc the total

reproductive value of the population as described by Luenberger TRef.7,
p.185>.
4, Numerical Example: "One-On-Two" Tactical Erngagement

The proposed methcd of analysis of heterogenecus forces combat 1is
illustrated here for the case of a tactical engagement of one Blue force and
two Red forces as shown in Fig. 3. For this example the equations describing

the engagement have been assumed as

X 0 -3/2 -1 ( X
1 1

X | = ~4/3 0 0 X
2 2

X -2 0 0 X
3 3

It can be verified easily that for this case

b
1
-~
P
-
-
<
o
1

(M NN
1 1 2

14




X
and T, e 5 F;Tfi/m_;
In Figs. 4, 5 and & the variation of Xl . XZ s and XB with the
nondimensional time T 1s shown for X0 = {200 100 1063, {125 100 100}, arg
{100 100 100} which correspond tO‘fU = 1.6, 1.0, and 9.8, respectively. The

solutions for X were obtained by numerical integration. For Case 1 (Fig. & )
in which 50 = 1.6, X3 = 0 when 7T = 0,357 and at that time the .2, *ion of X1
allocated to fight Xa is reallocated against XZ. requiring that the equations
must be reformulated. Subsequently the Xz—force is reduced quickly to zeroc bwvw
the Xl—force. As the battle progresses, the superiority parameters 5 shows g
rapid 1ncreacse (see Fig. 7 ). Here the 1nitial positive value of S 1is an
indication of the superiority of the Blue force. For Case 2 in which @U = 1.0
y the opposing forces diminish their strengths gradually without any side
gainirg a clear advantage {(see Fig. 3). Here S = 0. Case 3 for which @O =
0.8 represents a rapid demise of the Xl- force (see Fig. 6). For this case S
starts with a negative value which diminishes as the battle progresses (see

Fig. 7). Tne initial negative value of S is an indication of the inferiority

cf the Blue force.

Since the dominant left eigenvector 1s the key parameter the propused

measure of meri1t S5 . the eigenvectors q are shown as examples 1n Appendiv B
(8] 1

for the cases of 'm-gn-n" engagemente for which all attrition coefficients

are equal.

3. Conclusions
The premultiplication of the solution vector X = (M N} for the engaaging
forces by the transpose of the dominant left eigenvector q, of the matrix of

attrition coefficients helps to clarify the meaning cof the eigermvector methode

15




of determining the relative values of heteraogeneous forces 1n a combat
engagement. Although, the eigenvector methods have been around for & long
time., problems existed in deciding on the best method of scaling the resulting
eigenvectors. The present report demonstrates clearly the meaning of the
individual eigenvectors v, and w o as components of the dominant left
eigenvector of the governing matrix of attrition coefficients. This 1na  turn,
allows for a proper determination of the relative scaling of eigenvectors for
the two opposing forces and 1t leads to the nondimensional superiority
parameter So which can be used as a measure of merit and an i1ndicator of the

final outcome of the tattle engagement.

The practical wutility of the proposed measure of merat can be
demonstrated by obtaining numerical solutions to heterogeneous force
engagements while at the same time computing the parameter § introduced 1in
this paper. The sign of the parameter S and the extent to which it i1s either
increasing ar decreasing can be used as a measure of superiority of the Blue
forces in relation to the Red forces. Although lhe method is wvalid only for
constant attrition coefficients, it could also be of some value for cases with
variable coefficients where the instantaneous values of S5 could be used to

indicate the general trends as the battle engagement progresses.




APPENDI X

Analytical Soiution of Lanchester Eguatiaons

a. Gerneral Solution of X = CX

The general solution of the fundamental equation

X = CX (A1)
can be obtained as a product solution of the form

where P 15 the matrix of generalized right eigenvectors and » is the column

matrix whose elements are function of time. Substituting Eg.(A2) into (A1)

Hence © = P_1CP¢>= I (A3
where o= ¢V % 2t 3 {AY)
1> . (2 H

o = { ¢ ey .e ch. 3 f#40
and Jy=plcp (Aba)
3 ) (Ash)

J - 0

= { ‘ L

o J
L }

is the Jordan canonical form of the matrix €. modified to take into the
account the dimensionally of the matrix elements. The governing eguaticn

matrix €. 1ts eigenvalues, and the matrix J are of the dimension ! time. Also
for reasons explained later J 1s taken here as the lower triangular matrix

imstead of the conventional upper triangular matrix.

A typical term in Eq.(AR3) 1s ot the form

('p\‘l‘ = I iy AT

17




(L) [ vy (S W)
o > >

7 7 S 3 B9
¥ ¥ £,

4
Jog

sy . . - . .
where J is essentially one of tie three types, or combinmations thereof, as

. R B8
discussed oelow.

e (AL
when the algebraic and geometric multiplicity of the eigenvalue s equal

to orne.

Iype Civ12:
B RS | (A1l

when the algebraic and geometric multiplicity of the eigenvalue xis equal
to k with k22 and the corresponding eigenvectors are linearly independent.

r
£

pe Cirio:

<

[t ¢ o 0 ...0 O

I 1t 0 0 ...0 O

w . O 1 1 9 ...0 0
37 = A 6 0 1 1 ...0 0 (A12)

O ¢ o0 0o ... 1 1 | knk

when the algebraic multiplicity of Lhe eigenvalue ' ewceeds 1ts  goometric

o

multiplicity. The expression for J  has been modified here .from 1ts

standard textbook form in which only the diagonal terms are egual to > to
ensure proper dimensionally of all 1ts elements. The eigenvalues - 1n
two different J''''s can be the same. Also the I'vpes 111t may,  appear 10
combinationwith Types (122 and 11D, Whenk=1 the Jupmse (v ) reduces to [y
i

18




It is easy to verify that the solution to Eg.(A7) with g given b

EqtAl2) (i.e. Type JLLL>) can be cbtained by sclving first for ﬁl; and then

substituting it into the equation for @;”4 This process 15 repested urtil

the solution for m;“ 1s found.

7 These solutions can be written corcisely as

(L) (S -\‘ ’ . (S
e = by ) PR —_— 7, (
© exp(x ¢t [I + ® H1 + 5 H2 L }.J A13a3)

, )(L)t \,)u.t)z
(S8 . S vy
= expin t)[I + =g Ho+ 57— H o+ ... ].o.a‘ (a13b)
= expx DV g (A13c)
where
Lo [4 [ k-1
Y (% ) (o ) - o
D =71 + I'tH"' E't' H2+ eset ——(—r_—;ﬁ'—"Hkl fAlaa)
= 1 T (alab)
»' g 1 0
’L)t)z/a »\‘-‘(L) 1
oV oS 0% 1 .
and
-zj’.\.'l - ( -ﬁj\-) :J(L> L. _‘Aﬂ.(L> } ‘(:4)15\
1 2 k

is the column matrix of constants of integration. The H-matrices are given b.

H =H = 0 LAts)
! 1 G 0
o1 0
. ! ; . ’k:ak
H = H = 0 LA
2

1 0 0

|
I O ¢ {
etc.

19




which finally leads to

H =0 (alsy

Substituting Eq.{Al13c) into (A4} and (A2), 1t follows that the general

solution of X = CX can be written as

X =Pp =P [ exprt)D | & (AL

where
Fexpt)D | = [exp™02Y exp@0in® 0| (A2C)
= AV LT LY (a2t

At time t=0, X=X0 and therefore from Eq.(R19)

X =Pa (hA22)
o

since exp{0)=} and I=1 for t=0. Hence

=P X =QX tA23>
8] o]
where the matrix Q is defined as
o=t HT (24
Hence from kgs.(A2)) and (A24)
- T
= >t D (ACS)
X =P [ exprtiD | QX A2

If the matrix C 1s not defective. i1.e. its geometric multiplicity is equal to
the algebraic multiplicitv for all eigenvalues 2" then o1 and the

colution for X simplifies to

) T .
= p > ; 2
X H I— exp (>t) J Q )(U (L6

b. Right and Left Gererali:zed Eigenvectors

From Eqs.(A4) and (A24) 1t follows that

CP = PJ (m2™)
T .
0P =1 (A28
PQT =T AP
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and o'c = P ic

Egquation (A30) implies that Q 1is the wmatrix of the weneralized lefl

eigenvectors, while Eqs.(A2B) and (A29) indicate orthagonality between the

right and left zeneralized eigenvectors.

Computation of Generalized Right and Left Eigenvectors

Introducing the individual generalized eigenvectors into P and Q  such

that
p=1pY piz"...pm... ] (A3
and Q=1 q:“ q(zj...qm... ] (A32)
it can be demonstrated that the application of Egs.(RA27) and (A30} for 37 of
the I'vpoe <1112 and order kxk leads to the following relations:
t
'(:' N = M - ,./‘)“ =
{ I)p1 )pz or (C->1) P, 0
‘C2Tip_ = xp v (C-> I)k-lp = 0
) 2 3 o 2
. (A33)
. . > .
(C-».1I) = (C - =
I P, P, or C-»21) P, , 0
O | )PL = 0 or iC—.)-..I)pL_ =0
and qle-‘-I) - 0 or q (C2I) = 0
1
q:f(i—,-\l )= "_qT or q:l.C~lI\2 =0
. . (A34)
f . T T -1
T - - T =
q, ‘(( »1) q, or q‘_‘«(. > 0]
g G-Iy o= 2 a, or qT((iéuI )

where for simplicity all superscripts (37 have been omitted and the subsiripts




1 through k refer to the eigenvectors compricing the columns 1n p. and q
Since the analysis of the relative strengths 1n combat engagements 1mv0l.ec
the calculation of the dominant left eigenvector q, 1t 15 clear  that  the
selection of J as the lower triangular matriv was more :onverienrt becsuse T
the case of defective matrizcer € it resulted 1n a simple evpressinn

q:‘(k.&l = 0

T . N
or (C-2Iyg =0 i3S
1

for the cailculation of 4, -

d. Examples of the Dominant Left Eiger.ectrig

The dominant left eigervectore are i1ilustrated here for ce.eval o oo
engagements for which all attrition coefficientse are egual ‘o a corstant
The number of engaging tvpes of weapons 15 indicated b.s the sutscriots  imaoo
with each matrix €. All eigenvalues of [ are shown., with the dominant
eilgenvaluels) listed first. The dominant eigenvector 1, has  be=2n woraalized

on its largest element for the Blue forces.

C = f O -m ] o= Yaby -Yab 3 o q={ 1 -¥Ybha
- i 1 21
e o)
xl.lv
= ! D0 b ! ©o = Y2ab. Ly -YRabs =010 L YDh a
N 1 3.1
O 0 -b
N - O
| —a -a ( I
C = U G ...-b P = Ymab ... 1. ieroa. iy - {mat
o 0 .-b
. . q = 1 bt a
. 1 ‘11
;-a ma O J\)v’,,l
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c=70 3-b-b : % = 2V ab. 0, 0, -2¥ab
| 0 0 -b -b
l-a -a 0 © g ={ 1 | -Yb7a -vb/3 )
H 1 3.1
L—a -a 0 0}
(2,2
c={0 ¢ 7 -b -t ] > = v¥bab, Oy O, 0O, -VYsab
f ¢0 0 -b -b ‘
I A L g ={1t 1 1 -¥3t/2s ¥/ s}
] - 1 po IS ]
t-8 3 -a 0 0O 1
L‘a “a 4 D O J’ 32
o= \ O O -b -b -b 1i .o = EVB—Ev by O iy v"3/é—b’
e i & -b
i 0 0 9 -b -b -b g =¢(1i 1 1 -vbra -v¥bra
! - 1 [ |
‘-a a -a 0O 0 0
l'a-a-a 0 0 o
e ca-a 00 0 )
g 3.3
For trie gerneral case c¢f m Blue forces orn n Red forces ‘m-on-a with  2Quael
coefficients 1n A arg B
. 1 - -1
Ny = s sy (g . N
‘ = v/mn:aE)
o= 010 o tiees Yt one Yaboa L tes
1 et 1
The following twe examples with some  fero  attrition coefficients

represent cases of defective matrices © with repeated eigenvaiues.

=10 o-b -b i ;n = Yab. Vanh. -Yab. - ¥Yab

-a 0 0 0 g =i 01 O -¥ba }
1 +x1
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o= l’o 0 0 ~-b -b -b | ;2 = ¥ab. Yab, 0, 0O, -¥Yah., -Ysb
10 0 0 0 0-b|
O 0 0 0 0 -b q =40 o 1 0O O -vbla}
-a 0 0 0 0 0 ! ont
O-a 0 O 0 0
L O 00 -a 0 0 O |

Computstion of the Dominarnt Left Eigenvectors and thear E

. T .
Im addition to the dominant eigenvalue » the matryr - € containe aisc &%
- 1

e1genvalue equal to ->» . Conceguently. because there are twec eigernalues wih
] . :

equal ahsolute values the standsrd power method of computing the laigest

eigenvalue and its correspanding eigenvector can not be appliedi however,

the
power method with a shift of origin can be used to find both » and a, v
Startirg with Eg. (C.35) fgr ==,
; 1
e ¥ , .
(C - 17'=0 ¢ b
1
and adding I to bott sides, where i ts a constant te.g.. 510,
T
CorIq = v
¢ ‘11 1 . ql
Hence.s
g -
(& =2
4,779,
where
Gl =Criel S
,:'-“,u G
1
In this way the shi1ft of the ocrigin for the eigenvalues " asd - ras
- ]
resulted in |+ +u| being greater than {~>l‘y|: therefore. the <tande 0 (wE
1
methad can be applied to Eqg. (.38 to fird q‘ and and  Ytheo - fooma ta.

cCLa0),
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FIGURES
Fig. 1 Model of hetercgeneous force engagements (Many-on-many’.
Fig. @ Example of uncoupled and coupled tactical engagements.
Fig. 3 Numeri1cal example: one-on-two engagement.

rig. % Numer ical example (Case 1): Variation of force strengths X K}- X
1 2

with the nondimensional time r = A'Yt for £ = 1.6 and X = { 200 100 100 3.

Fig. 5 Numerical example (Case 2): Variation of force strengths Xl. XZ. LN
with the nondimensional time r = >t for & = 1.0 and X = (125 100 100 3.

(8]

Fig. 6 Numer ical example (Case 3): Variation of force strengths X!. XZ, X3.

. . . 17 . . - - - - -
with the rondimensional time + = » 't for ®0= 0.8 and X)= { 100 100 o0 3.
t

Fig. 7 Numerical examples (Lases 1. 2y and 3): Variation of the supericrit,

parameter S5 with the nondimensional time v = X 't for £ = 1.6 1.0, and

0.8.
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l — > 3 i ~ N 5
BLUE RED BLUE RED
5 < 1 & . < — 4
a) Uncoupled engagements b) Coupled engagements

Fig. 2 Examples of uncoupled and coupled tactical engagements.
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Fig. 3 Numerical example: one-on~two engageme
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FORCE STRENGTHS

150

100

50

| 1 1

0.2 0.4 0.6

NONDIMENSIONAL TIME T=Xt

Fig. 6 Numerical example (Case 3): variation of_the force strengths X , X , and X ,
$,=0.8 and X,=(100 100 100}.

with the nondimensional time ©T=Y"t for
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