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Continuation....

19. Abstract

beams defined from vicinity rays will exhibit a much slower breakdown in accuracy
as the scale length of the medium given by V approaches the beamwidth.

Vv

Since second spatial derivatives of velocity are not required by the new technique,
parameterization of the medium is simplified, and reflection and transmission of
beams can be calculated by applying Snell's law to both vicinity rays and central
rays.
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TECHNICAL SUMMARY

The objective of this project is to determine the yield bias of underground nu-
clear tests induced by the presence of a high velocity descending slab beneath
the test site. Specifically, the effect of the Aleutian slab is being investigated
on the US underground tests Longshot, Milrow, and Cannikan. P wave seis-
mograms will be synthesized using dynamic ray tracing and superposition
of Gaussian beams in three-dimensional models of the Aleutian slab deter-
mined from P travel time delays. Focusing and defocusing and mnultipathing
at teleseismic distances will be evaluated by comparison of observed with
synthetic seismograms of the Aleutian tests.

The slab problem requires that accurate body waves be synthesized for
three dimensional source-receiver geometries in a three-dimensionally vary-
ing Earth model. The rapid variation of Earth structure in the vicinity of
the slab requires care in assessing the validity and appropriateness of apply-
ing asymptotically approximate techniques of synthesizing body waeforms.
During the first six months of the project, we have developed an improved
method of dynamic ray tracing and Gaussian beam synthesis for application
to this problem. The improved method does not make any paraxial approxi-
mations and defines bearnwidth in terms of a Fresnel volume. By avoiding the
paraxial approximation, we seek to develop a beam method that will remain
valid in rapidly varying Earth models up to the point at which asymptotic
ray theory fails. The conventional dynamic ray tracing and beam superposi-
tion method breaks down as the beam width approaches the scale length of
the medium, which may be long before ray theory itself breaks down.

The Fresnel beamwidth criterion has been tested for diffraction from caus-
tics by comparison with the predictions from WKBJ seismograms. Although
the diffraction predicted by WKBJ seismograms is also an approximation, it
is appropriate to compare the two techniques since both techniques are devel-
oped using an equivalent level of asymptotic approximation. Good agreement
is obtained between the modified beam method and WKBJ seismograms for
a simple model consisting of a gradient discontinuity.



1 Introduction

Many high frequency asymptotic solutions of the wave equation have been
developed as effective tools for computing wave fields in inhomogeneous three
dimensional media. Two of the most widely applied arc the WKBJ/Maslov
method (Chapman, 1978; Chapman and Drummond, 1982) and the Gaus-
sian beam method (Babich 1980; Popov, 1982; (1erven, et al., 1982; and
(7erven, and liencik, 1983). Both of these techniques estimate the kine-

matic and dynamic properties of a wavefront from approximate solutions
to the elastodynamic wave equation based on ray theory. The superposi-
tion techniques of Gaussian beams and WKIIJ plane waves as well as their
stationary phase approximation in geometric ray theory all require similar
amplitude and weighting functions. These amplitude functions can be found
by integrating a system of equations known as the dynamic ray tracing equa-
tions.

The dynamic ray tracing equations can be derived from either the eikonal
equation by substitution of a paraxial approximation (Cerven9 and Hron,
1980; (Oervern, 1985), or from the parabolic wave equation ((cerven' et al.,
1982; Popov, 1982; Qerven and PNencik, 1983). 'he dynamic ray tracing
equations, however, have both limitations and complications. The limita-
tions are associated with the use of the paraxial approximation, and the
complications are due to the use of multiple coordinate systems.

The limitations associated with the paraxial approximation are exhibited
whenever the dynamic ray tracing equations are used to estimate the travel

time and amplitude at a point in the neighborhood of ray from a second order
Taylor expansion of the wavefront at a point along the ray. The Taylor ex-
pansion is the essential step in the definition of Gaussian beams and paraxial
rays. The region in which the error of this Taylor expansion remains below
some specified threshold is generally referred to as the paraxial vicinity. The

fundamental problem with the paraxial approximation is that it is not simple
to specify the spatial bounds of the paraxial vicinity in a three-dimensionally
varying model. In general, one must not attempt to evaluate the Taylor ex-

pansion too far from the central ray, but it is unknown how the error grows
away from the central ray.

The complications associated with the use of two coordinate systems are
best appreciated by considering the most general case of a three-dimensionally
varying medium. In three-dimensionally varying inedia, the usual approach



is to specify the dynamic ray tracing equations using two coordinate systems:
ray coordinates, usually consisting of the take-off angles at the source, and
ray centered coordinates, consisting of a orthogonal curvilinear system that
moves along with the ray (figure 1). The use of two coordinate systems,
while having the advantage of converting a non-linear Ricatti equation into
a system of linear equations, increases tile number of equations needed to
describe the quantities affecting the amplitude of the wavefield. in either
the fixed Cartesian or ray centered coordinates, the standard dynamic ray
tracing equations require the specification of the second spatial derivatives
of velocity along a ray. This either forces the model to be parameterized
with continuous first derivatives of velocity or complicates the integration by
requiring jump conditions on the dynamic quantities. These jump conditions
are obtained by matchihg the paraxially estimated phase on either side of
the discontinuity in gradient (Cerveny and llron, 1980; loerven, 1985).

In this paper, we develop a new system of dynamic tracing equations
and Gaussian beams that eliminates many of these problems. This system
is derived from the lamiltonian of a ray. We will define a "vicinity ray"
to be a ray in the neighbourhood of the central ray. Each vicinity ray has
slightly different initial take-off angles with respect to the central ray (figure
2). The locus of the vicinity ray is not paraxially estimated from the standard
dynamic ray tracing equations, but rather is determined much more precisely
by integrating a new set of differential equations, which we refer to as the
"vicinity ray tracing equations." Gaussian beams are defined by assigning a

Gaussian distribution of amplitude to each central ray. The width of the
Gaussian is taken to be the Fresnel volume surrounding the central ray.
Since beamwidths are related to the Fresnel volume, diffracted wavefields
can be accurately estimated by a superposition of Gaussian beams without
the ambiguity associated with a freely varying beamwidth parameter.

In the following sections we first review the derivation of the standard

dynamic ray tracing system and the limitations of the paraxial approxima-
tion. Next the vicinity ray tracing system is derived from the Hlamiltonian
of a ray, in which no paraxial approximations are made. Expressions for the
travel time and wavefront curvature in the neighborhood of a central ray are
derived using this system. Gaussian beams are defined using vicinity rays to
approximate the Fresnel volume. Finally, seismograms are synthesized and
compared in a simple one-dimensional model using the WKBJ method and
superposition of Gaussian beams defined from vicinity rays.
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2 Physical and mathematical system

Consider an arbitrary ray corresponding to a P-wave and introduce ray cen-
tered coordinates s,ql,q 2 (figure 1). The orthogonal ray centered coordinate
system along the central ray Q and its computation are described in Popov
and Piencik (1976), Plenclk (1979), and Cerve,,y and Hron (1980). The
ray centered coordinates are limited to it vicinity of the origin (q = 0) in
which the central ray field is regular. In figure 1, the coordinate s measures
the arclength along a central ray from an arbitrary reference point. q, and

q2 represent length coordinates and form a two-dimensional Cartesian coor-
dinate system in the plane normal to 11 at 0, with origin at 12. All three
components (s,q,,q 2) in the ray centered coordinate system depend on the
azimuth and vertical take-off angle (tk, 6). The basis of the coordinate system
forms a right-handed system of the three unit vectors i, -i and 62 where i is
the unit tangent vector to the central ray f0.

2.1 Limitations in the dynamic ray tracing system

2.1.1 The paraxial approximation

The standard dynamic ray tracing system can be derived from either the
eikonai equation ((3erven and ilroa, 1980; M adariaga, 1984; Cerven , 1985)
or from the parabolic wave equation (Popov, 1982; Cerven , and Penclik,
1983). In either derivation, a paraxial approximation is assumed at some
stage, which involves a Taylor expansion of the wavefield about the central
ray. This approximation and other approximations occuring in the derivation
are not always applied consistently and terms arc onittcd *ithout bpecifying
validity conditions.

To illustrate the problems with the dynamic ray tracing system, let us
review the derivation of the two-dimensional dynamic ray tracing equations
starting from the eikonal equation. The eikonal equation in 2-D is

1 OT- 2  87)2 1

h2 (1)

where V =- v(.9,q). h is a scale factor in the ray centered coordinates and will

be discussed subsequently. 'le travel time of a vicinity ray r(s,q) can be

3



approximated at q-:O (Cerveny and tlron, 1980; (erveny' and Pencik, 1983;
Cerven,, 1985) by: 1

2

where 0 and A!

From equation (2), it follows that

OT(s, q) Or(3) 1 OA(s) I I

Os Os 2 Os v 2

Or(s,q) Aq (3)

Oq

where v - v(s,0). Substituting (3) into equation (1) and neglecting higher

order terms gives 11 ( 1( 4 -M,.q 2)v A AIq 2 (4

Rearrangng terms in (4) gives

(---M, t M2 )q2 
-- 1 I(5

h2Vl,2 Vh

By expanding the velocity V to second order terms with respect to q-0,

1 2V -v(s,q) v I v,qq I -vqq , (6)

the right side of equation (5) can be approximated by

-- 2 (7)
V 2  v2 h2  V-  q q

(Cerveni' and llron, 1980; Cerven and lNencjk, 1983; ("erven , 1985), where

V~qq--:aT

The standard dynamic ray tracing system is obtained from equation (5) by
using equation (7) and assuming h - I. This gives

d2 _V (8qq)

d.q V2

4



Since the derivation of the dynamic ray tracing system includes second
order terms, any omitted terms must be carefully evaluated. Consider the
scale factor h. rhi" scale factor h is given by

h 1 -' (9)

Because it is assumed h I iII equation (5), the neglected terni 2, q ofh 2 in
equation (5) must be vanishly small, i.e.,

2 I ( I( ))

The condition in equation (10) describes the applicability of the dynamic
ray tracing system. it says that extrapolation of the wavefield away from
a central ray using the paraxial approximation will break down rapidly as
the scale length of the medium increases. The extrapolation distance must
be much less than the scale length of the medium. For Gaussian beams, it
implies that the beamn width must be much less than the scale length of the
medium. This can be a severe restriction in rapidly varying models, in which
the criterion for validity of ray theory ( wavelength < scale length) is still
well satisfied.

The term given by the left side of the inequality (10) would also be omit-
ted if tire derivation of the dynamic ray tracing equation had instead started
from tire parabolic wave equation. In this case, the omission of this term can
occur through the lack of internal consistency in deriving this system from
the parabolic wave equation or from the cikonal equation (i.e., approxima-
tions of h that are inconsistent with estimates of asymptotic order given by
wavelength/scale length).

2.1.2 The P and Q matrices and coordinate systems

Equation (8) is a non-linear ordinary differential equation of the first order
Ricatti type. This equation can be solved by elementary analytical methods.
Following Cerven and llron (1980), the 2 1) system given by (8) can be
generalized to a 3-1) system of linear differential equations by introducing a
2x2 matrix M:

M vdQ (11)
d.9



where Q is a 2x2 matrix. Define a 2 x2 matrix 11 as:

P dQ (12)

ds

By substituting equations (11) and (12) into equation (5), the dynamic ray
tracing equations in 3-1) call bC written as

dQ

dP I
ds v3 SQ 

(13)

where Q Pij , and -y is ray parameter. S is given as:

S V ) 1',i2

(,12 V, 2 2

The dynamic ray tracing system has 8 equations for real Q and P, and
16 for complex Q and P in 3-D and is specified ini ray centered coordinates
(s, q1,q 2) and ray coordinates (-yi, Y2). (Cerven. (1985) has shown that only 8
equations are generally needed for Gaussian beams. The number of equations
can be reduced further if only one coordinate system could be used.

The standard dynamic ray tracing system generally will have off-diagonal
terms in the matrices Q and P. The existence of these off-diagonal terms is
due to the use of two coordinate systems in describing the equations.

2.1.3 Beamwidths

The idea of beamwidth is somewhat nebulous in standard Gaussian beam
theory, and a proper mathematical or physical meaning of cornplex param-
eters in the Q and P matrices is not considered in routine applications of
the method. Complex Q and 1) can be shown to be a consequence of an ap-
proximate solution for complex rays emanating from a source having a small
imaginary part to its location in space (Felsen, 1981; Wu, 1985). In practice,
beamwidths are defined somewhat arbitrarily and are adjusted to minimize
errors in the beam superl)&,sition (Klimes, 1988; Kim and Garmany, 1985) or
tuned to minimize errors associated with rapid variations in velocity (Weber,
1988). White et al. (1987) have shown that optimum beamwidths strongly

6



depend oil the specific wave propagation problem and the particular type
of boundary interactions occuring in the problem. One of reasons why the

concept of optimum beamwidths does not work well is that the total energy
of each beam differs for different initial beamwidths. '[his is true for all of
the various optimal beamwidths that have been proposed. If energy flux
is to be conserved within a ray tube, then a normalization condition must
be applied with respect to the different initial beamwidths. The following
section shows how these many of these problems in the standard Gaussian
beam method can be remedied by using a dynamic ray tracing system de-
rived from the lamiltonian of a ray and applying a normalization condition

and conservation law of energy flux along a wavefront.

2.2 Vicinity ray tracing system

2.2.1 Derivation

l,et us consider the high frequency asymptotic solution to the wave equation
in an inhomogeneous medium. In order to obtain the desired approximation,
let us assume that the displacement u is expressed in the following form in a
generalized coordinate system.

w(qi,w) - A(qi)e i,,(q,) (14)

where i = 1,2, ...71 is an n-dimensional configuration space whose coordinates
are the n generalized coordinates q,. A and 7 are an amplitude function and
a phase function. B(oth A and r are functions which can be assumed to be
slowly varying with respect to the wavelength A . lhe lamiltonian of a ray
is applied in this study to determine the functions A and 7.

Since Fermat's principal of least time can be expressed by the operations
of variational calculus, a Lagrangian and lamiltonian of a seismic ray can be

defined similar to those used in describing the mechanics of particles. Fara
and Madariaga (1988) , for example, used the Hlamiltonian of a seismic ray
to develop a perturbation theory to compute the amplitude and travel time
of a vicinity ray with respect to a reference ray.

By applying Fermat's principle, the travel time r from source (s0 ) to
receiver (s,.) can be written as a path integral over the Langrangian, L, by

7 " L(q,, 4,)ds (15)

7



where 4, = . The Lagrangian of the ray in generalized coordinates is given

by
L(q, ,q2, 41, 42,s-) 1" h( 2.42)1/2 (6

where hi is a scale factor of the i-th unit vector and V is the correspond-

ing velocity. Ray tracing in a general coordinate system (e.g., Cartesian,
spherical, and cylindrical) is given by the Euler equation,

d( o ) o i1
as hiO(h " hidqi '

which is derived from the variational principal. The generalized momentum

p associated with the coordinate qi is given as follows (Goldstein, 1980,

p. 3 3 9 ).

Pi -- (18)

The terms canonical momentum or conjugate nonentum are also used for pi.
The Hamiltonian of the ray in the ray centered coordinates can be obtained

from the Lagrangian. The Lagrangian of a ray in ray centered coordinates is

obtained from equation (16) as

L(q1,q2 4,,42,.) -- I(h + q 2 , 42) 1/2 (19)

where 2 , i

h- h 1 : I + Vq, (20)
i-- 1,1

and where 4i :-, v,i O h3, and h2  ha 1. V -- v(s,ql,q2) is the
velocity of a vicinity ray and v =- v(s,0,0) is the velocity of a central ray.
The Lagrangian in equation (19) has s as an independent variable. The
conjugate momentum pi can be expressed, by using equation (18),

d L 1 4h
PI Vit V 2+ 1 2

t9L I 42 (21)
P2- (21

N V ,~ vq, 4

8



Equation (21) can be solved for 41 and 42, yielding

hp,

i,: '~i '2 (p' 2 )

42 hp2 (22)

The Hamiltonian, 11, is expressed as follows:

H(qlq2,pI,p2,3) = P141 I P22 - L(qj,q 2 , 1 ,,42,s). (23)

By substituting equation (22) into equation (23), the Hamiltonian of a ray

in the ray centered coordinates is obtained,
h 11_ 2P 21/2.(4

lI(q,,q 2,pI,p2,s) - -- V2(P 2  (24)

The vicinity ray tracing system in the ray centered coordinates can be

described in terms of the canonical equations from the lamiltonian defined

in (24). The canonical transform in the ray centered coordinates is obtained

from equation (23).
dq to11 h V p,
-ds Op' A

dq2  ,11 h V p2 (25)

ds (9P2 A
dp, 1i h,,q /,q,____h A - V,, (P] 2 p2)

d-a - 0q~ t  A V A A
dp 01!f h,q2 a V,_h A h 1, (p - ) (26)

ds -q - V V A

where A --, -- V2(p2 + p2). Equations (25) and (26) are comparable to

the dynamic ray tracing equations (13), but no paraxial approximations have

been made. Cerven" (1988) has also briefly described the derivation of equa-

tions (25) and (26), showing how they become the standard dynamic ray

tracing equations if paraxial approximations are substituted for h and V.

To simplify equations (25) and (26), let us define 7 as the angle difference

between the tangential vectors of a central ray and a vicinity ray in the (i, it)

9



plane and C as the angle difference between the tangential vectors of a central
ray and of a vicinity ray in the (i, 2 ) plane in the ray centered coordinates
(figure 2). q is the distance from the central ray to the the vicinity ray along
the 6j. From figure 3 it is seen that the curvature (K) of the wavefront is a
function of tan qi and qi,

Ki = tan ', 1 (27)
qi Ri

where i - 1,2 and R1 is the radius of curvature of the wavefront. Using the
definition of i from figures 2 arid 3, equation (25) an be rewritten as

dql
d -htan I
ds
dq2
-q h tan 

(28)ds

Using equations (21) and (28), pi can be expressed with respect to tan q and
tan C.

tan tj

P t (29)P2 - I/

where B 1 - tan2rj + tan2

Differentiating equation (29 ) with respect to s yields

dpi secd2 I V,, tan y1 tan ij tan C sec2C d(
ds VecB3 (l C)- VjB3 ds

dp2 _ sec2
( 2 ( d V i,, Ian C tan P tan C sczii di! (30)

ds VB ta ijd 1* 2 ij rB ds (0

The quantity A can be rewritten using expressions for pi given in (29):

A 01 j,'2p2 + p2)fan 2 rj tan2 (

1 ~t  2 V? 11

il and ( are located within i e- plane and within i 2 plane respectively,
and both planes arc orthogonal to each other. This orthogonality simplifies
the derivation of vicinity ray tracing system. 9 and 4 can be obtained by

do do



equating equations (26) and (30). Finally, the vicinity ray tracing system in
the ray centered coordinates can be given as

dql

ds- - h tan 17

dq2ds- h tan 
(31)

J- = cos 2 I(VB tan D tan q tan

d.9 Cos 2 77

d = cos 2 c ( B2tan D - C tan i1 tan C) (32)

where

C : h , 1,q,_ Bhh9V 112

D) h,92 V,_2 h B2
V

Note that C and D and the equations for qi and C depend on the velocity of
the medium along the vicinity ray, V(s,0, q2) or V(s,0, qj) rather than on the
velocity of the medium along the central ray, V(s,0,0) = v(s). For a velocity
model specified in Cartesian coordinates, the velocity V and its derivatives
V,q, can be calculated by transforming the positions of the vicinity ray in ray
centered coordinates (0, qj, 0) and (0, 0, q2) to Cartesian coordinates.

C and D can be expanded at qj - 0, by using equations (7), (8) and (29).

C - V,q q, t,91 +v'919, q, (tan27 + tan2 )
v~~,q 1q I 19 q2 q2 277 2

D - _ -q2 -2 ---V q2 -(tan 2 i + tan2C) (33)
V V

There is no advantage, however, in making such an expansion. The accuracy
of this expansion decreases as the distances q increase, and it requires the
calculation of the second spatial derivative of velocity.

Since the vicinity ray tracing system calculates q, and qi values by using
V and V,q, it is not necessary to employ the method of matching paraxial
phase (Cerven, and IIron, 1980) to determine new initial conditions on qj
and 1ib when vicinity rays are transmitted through or reflected by discontinu-
ities. Since second spatial derivatives of velocity are not used in the vicinity

11



ray tracing system, no jumps qi or 71i are induced by velocity gradient dis-
continuities. At first order discontinuities in velocity, new initial conditions
on qi and 7ih are computed by simply applying Snell's law to both the central
ray and the vicinity ray.

2.2.2 Initial conditions

The initial conditions of the vicinity ray tracing system at the source point
depend on the type of source. For a point source the initial conditions are

qi, 0- 0

i 1 0 "It (34)

and for a line source they are

i 1.-0- Ili (35)

where superscript I denotes the initial value of the parameter. The initial
condition on qi' in the case of a line source depends on the intensity or shape
of the source. qi' will be the half length of the line source.

When the wavefield is computed by a stiperposition of Gaussian beams,
the initial value chosen for 7,11 will depend on the density of beams in the
superposition. Beamwidths are taken to be roughly equal to the Fresnel vol-

ume surrounding the central ray. The "resnel volume is estimated from the
frequency and the separation of the vicinity rays from the central ray. To
achieve an accurate estimate of the Fresnel volume, the spacing of vicinity
rays is taken to overlap the spacing of central rays. In the synthetic seisno-
grams shown in a later section, the frcqecy bmm( and spacing of vicinity
rays is such that the paraxial Fresnel volume is located between the central
ray and the vicinity ray except near the x-caustic and y-caustics as defined
in Chapman and )rummond (1982). In the vicinity ray tracing system, the

x-caustic corresponds to qi - 0 and the y-caustic Y1, - 0.

The physical meanin, of qi is the distance from the central ray to the
vicinity ray, and is determined fully from equations (31) and (32). The
variation of qi describes the change in amplitude, and tile variation or 71i
describes the geometry of the wavefront. These properties of qi and i1, can be

12



applied to many related problems such as two point ray tracing, calculation
of the travel time of a vicinity ray, amplitude inversion, and correction of
qi and pi at a discontinuity. The vicinity ray tracing system in equations
(31) and (32) is obtained without using any paraxial approximations. Thus,
the system should give more accurate predictions of the wavefield in the
neighborhood of a central ray when the medium has strong velocity gradients.

As shown in equations (31) and (32), the vicinity ray tracing system
is described by 4 equations in 3-I); by contrast, the standard dynamic ray
tracing system requires 8 equations. The reason that the vicinity ray tracing
system requires fewer equations is that only ray centered coordinates are used
instead of a combination of ray centered coordinates and ray coordinates.

2.2.3 Computation of travel time near a central ray

The computation of the travel time to a receiver near a central ray is just
as simple in the vicinity ray tracing system as in the standard method of
dynamic ray tracing using the paraxial approximation. Figure 3 illustrates

the calculation of the travel time, r(s,nl,n2 ) at point N(s,nl,n 2 ). The de-
termination of s and ni for a specified point N in ray centered coordinates
is important to obtaining accurate estimates of travel time and amplitude of
the vicinity ray with respect to a central ray. The rough approximations con-
tained in the standard paraxial technique may produce spurious oscillations

in the superposition of Gaussian beams (e.g., Madariaga, 1984) and break
down if the central ray is far from the receiver.

Here, we describe an improved method for the determination of a spec-
ified point in ray centered coordinates. We begin by writing travel time
field, r(s,n,,n 2) of the specified point (e.g., receiver), N in the ray centered
coordinates as

2

7(sflhfn2 ) _(S) ± Aj i (36)

where

Ei - for q,, x ii > 0 : convex wave front.

ci 0 for qn, X qi 0 : planar wave front.

C - I for q,, qi < 0 : concave wave front.

ci corresponds to the sign of M in the standard dynamic ray tracing system
along the 6i (Cerven, and Pletncik, 1983). Ari is the travel time difference
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along the , direction between the points N and S (figure 3). The travel time
difference Ar(s, q,,,, q,) between S and N, is obtained from

A T,- A(., (37)

where Ani is the distance between C and N. The distance Anj is simply
calculated as shown in figure 3, and is given by

Ani - I n2 14 (38)

where Ri is the radius of curvature of the wavefront, which is perpendicular
to j. Ari is obtained by substituting equation (38) into (37),

An, 1?- n2 (3)
A V(,-v(;) -- (39)

To facilitate comparison with the standard Gaussian beam method, equation
(39) can be expanded; for < « 1,

Ar ' - ) .. . 0
v N 2 2vL,

The factor -- in equation (40) corresponds to real M in the expression for
the standard Gaussian beam method, where n i is small. The travel time
r(s,nl,n2) can be rewritten by substituting equatio, (39) into (36),

i( , n 2 ) -- r(S) I 1 (41)
i--1 GS

Note in equation (41) that the travel time of a specified point (.s,n,n 2) is
obtained without using any paraxial approximations. The travel time of a
specified point T(s, n 1,n 2 ) is easily and accurately calculated with respect
to the travel time of central ray T(s) since the radius of curvature of the
wavefront, 14, is a function of qj and Ti.

Let qti denote the normal distance to the central ray from point H, where
B is the intersection of the wavcfront of the central ray and vicinity ray
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(figure 3). [he curvature (Ki) and tie radius of curvature of the wavefront

(Ri) can be expressed as follows (Cerven, 1981).

I qi
Z4 - - (42)il :Ki -vpi

Substituting equation (29) into (42) produces,

qti qI_ qti (43)
Vpi sin 7

1 i sin i72  tan rmi

Let tqi denote the distance from S to 13 along the wavefront. The wavefront
coordi,,ates (.s,,4,2) are defined from projections of the unit vectors fi to
the plane normal to the central ray that become the unit vectors of the ray
centered coordinates i', and e2 (figure 3). The relation between qi anf 4i can
be represented using Ri:

. q - (44)
tan ii 71i

Equation (44) determines the Jacobian J between the ray centered coordi-
nates and the wavefront coordinates:

qlq 2 --2 J~42  (45)

where J Equation (14) shows that the curvature of a wavefrontor te r tan of rcKi or the radius of curvature of the wavefront R,- can lie written as a simple

function of qi and r1i. When ni - qi, equation (39) can be rewritten by using
equation (44),

q,-(V I- tan2 ,i t) (46)
v(s)tan 77i

By substituting equation (46) into (36), the travel time of the vicinity ray
(s, qI, q2 ) can be expressed as:

r(s, q) T(s) ( (VI - tan,2y,- 1) (47)
A . v(s)tan %j

Equation (47) shows that Ar also can be calculated by just using q and 71i
without calculating Ki or Ri.

r(.qn,) and T(s,q,) in equations (41) and (47) can be described in terms
of a known point s . ., along the central ray. The quantity r(s) can be
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can be expanded with respect to 7(s,,) by using a Taylor expansion about so.
Ternis higher than second order are negligible and will be neglected.

or(s) I O'7(S),-(s) -z 7(,o) ! -1 - 1. ,o (a. , % ) I . i . (s s,,)' 1. (48)

It is easy to see that
Or(s) I

as ',

and that
19'7-( v, (so) (49)

as, v(s)

Tlhe travel time of the central ray r(s) can be rewritten by substituting
equation (49) into (48).

T(S) (S s) im,(") (3 SO) (
) ( S 2 1,2 (.,,)

Combining the expressions (11), (47), and (50), the travel time r(s, ni) and
r(s,q,) is approximated by

T(sn,) -- q(,)) -(- .,) - ,, (,)2
2 

,,(.,)

2 it,(~

v(s)
I ( 2) " (- ° (. .(,)2

2 v(s)tan r, tv' , tan2 ,i. I) (17)

r(s, q1 ) denotes the travel time of the vicinity ray, and qj is calculated )y
equations (31) and (32), while r(s, it,) indicates the travel time of a specified
point N, such as a receiver point, in the ray centered coordinates. Note that
although a Taylor expansion has been used, it is a Taylor expansion along
the direction of the central ray rather than along a direction perpendicular
to the central ray. The standard Gaussian beam and paraxial ray methods
make a Taylor expansion of travel time in the direction perpendicular to the
central ray as well. In equati,n (51) it is usually possible to select s, s,
avoiding the Taylor expansion along the central ray.

16



2.2.4 Fresnel beamwidths

The bearnwidth ki is defined as the distance from the central ray to the
paraxial Fresnel volume along the ci direction. The 1resnel volume encloses
all virtual rays in the neighborhood of the central ray such that the travel
time of any virtual ray differs from the travel time of the central ray by one-
half period (Stone, 1963; Kravtsov and Orlov, 1980; Marcuse, 1982; Cerven',
1988). Given a frequency, the Fresnel volume is estimated from the locus of a,
vicinity ray and a central ray. The travel time difference between the central
ray and the paraxial Fresnel volume is given as

r(.,, F,, 0) - r(s, 0,) -

r(., 0, F2 ) T(.9, 0,)- (52)

where -y is the half period. ElquatioT (52) states that a point on the Fresnel
volume (s, F1 , 0) or (.9, 0, F2 ) has a half period time difference with respect
to the wavefront that passes through the point (s,0,0) on the central ray.
Formulae for the bearnwidths Fi are then obtained by substituting (51) and
(44) into (52),

F .y21g'V72,2 2/V I21  -RI-- - vIF.~r 2 712 2 V-27. t

tanoij)

F2  .y~ 2 12y2~-~--: v~- 2 1V 2 R 2  (53)

For high frequency (small -y), the beamwidth given by (53) is approximately

proportional to E lquation (53) is the same as the classical

definition of Fresnel's half period zones (e.g., Jenkin's and White, 1937).

2.3 The synthesis of seismograms
rhe zeroth order high frequency asymptotic solution to the wave equation in

generalized coordinates was giveni in equation (14). Let us consider a point

N, located close to the central ray, specified by the ray centered coordinates,
(s, n,,n2), that is, S- (.9, n 1, n2 ). The zeroth order asymptotic solution to the
reduced wave equation in the ray centered coordinates can be expressed in
the form

g(S, W) A(S)c - izw7(S) ( i) k gn(w) (54)
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The amplitude function A is real and cart be determined by applying the
conservation of energy flux and a normalization condition (Beiser, 1969, p.
156; Gasiorowicz, 1974, p. 45). r is the travel time of the central ray. k is

the value of the KMAil index whose value is increased hy o whenever the
sign of qi changes along the ray. The KNMAil index represents tile .r phase

2
shift whenever thle ray touches a caustic surface (Chapman and D~rummond,
1982).

2.3.1 Source-time functions

For a source-time function f(t) specified as the real part of an analytic func-
tion y(t), the wave field is given by evaluating a convolution:

,,(S, t) :7 RIg(S, t) * y(t)l (55)

Rewriting equation (55) as

u(S,t) _-e-- R g(s,w)Y(W) e '1 dw (56)

and sulstituting equation (54) for g(S,w) gives

u(S,t) A(S) Re f( i)00 .Wl(I)y(W)( it - r)& A(S) I,'y(t r)(

(57)
y(t) is the analytic time series represented by

y(t) f(t) ih(t) (58)

where f(t) and h(t) are ullibert transform pairs (Bracewell, 1978). The an-
alytic function corresponding to any realistic source-time function can be
constructed by choosing y(t) to be a generalized delta function and convolv-
ing that function with y(t). Some possible forms for y(t) are

1. a delta function (Chapman,1977; ('hapman and )rummond, 1982)

Y() -0/1) z 1 (59)
in a

2. a Gaussian wavelet

!,(t) Z r C (60

IrY
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3. or a resonance function (Madariaga and Papadimitriou, 1985)

I At (l11, .. .. . ti (61)
r t2 (At2 t2(At )

2

-y is the prevailing frequency of the Gaussian wavelet and A is the sampling
interval or the half period for the discrete time series y(t).

The Gaussian wavelet (60) is useful for simulating a narrow band source,
while (61 ) is useful for simulating broad band responses. Equations (59), (60)
and (61) can be constructed to be a generalized delta function by requiring

f 1He y(t)dt -- 1 (62)

2.3.2 Beamwidths

For a point source, it is natural to assume that the amplitude distribution
within a beam is Gaussian. The amplitude function A at a specified point N
will be described as a generalized Gaussian function of the form

A(S) C)XP[ ( n 2n (63)

where F, are the half-widths of the paraxial volume. With this amplitude
distribution, the energy (probability of finding a ray) along the the paraxial
Fresnel volume of half-width F, is proportional to and its amplitude is
proportional to 1 with respect to the central ray. If the expression for the
amplitude function is viewed as a generalized delta function, C can be chosen
from a normalization condition in space and time. Generally, F, is chosen
to be equal to the half-width of the paraxial volume as defined in equation
(53). We assume that the contribution of a beam to the receiver is zero
when the distance between the ray and receiver is larger than q,. Without
loss of generality, this condition eliminates a singularity near both x and y
caustics. Near the x and y caustic, the half-width of the paraxial Fresnel
volume F, may become larger than q1. In the these regions the beamwidth is
taken to be equal to q, rather than F, and its amplitude distribution will be a
generalized rectangular function instead ,f gueralized Gaussian function.
These modifications near x and y caustics (1o not violate energy conservation
and the normalization condition.
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2.3.3 Energy conservation and normalization of beams

Using equations (541) and (57) the complex displacement n of a beam specified
at a point N in the ray centered coordinates is

u(s,t) (n 2e p 1-( -, l (-i .(l - -), (64)

where amplitude factor C is obtained by using the law of conservation of
energy flux and a normalization condition. This approach for determining C
differs from the approach followed in the standard Gaussian beam technique,
where C is obtained by evaluating the superposition integral by stationary
phase and requiring the result to reproduce ray theory in regions where it
is valid. In contrast to the standard Gaussian beam method, beams are
interpreted as the probability of finding a ray at a given point and time.
This probability distribution is assumed to be a Gaussian distribution whose
unit area is always I with respect to n, and t. This constraint guarantees
that the cnergy of a beam (ray tube) is conserved with respect to the space
and time, and that the determinant of the propagator matrix in dynamic
ray tracing system is constant along the ray (Liouville's theorem) (Cerveny
and Pgencrik, 1983; Kim, 1985; Klimes, 1988). The wave function u(S,t) then
describes the probability of finding a ray with a statistical state, which is
characterized by u. Because the total energy in a beam is conserved along
the wavefront, it is necessary to transform from thc ray centered coordinates
to the wavefront coordinates. The .Jacobian between the ray centered and
the wavefront coordinates is given in (uation (15). The c (miservatior, law (f
energy flux and the normalization condition imply that the probability (P)
of finding a ray within a given space is

P(S,t) ,-U U -.1, 0,0-J dq dq, J , u(S,I) 1 (65)

where the symbol * denotes the coInpheX Con.ugate. The coyistant (' iII equa
tion (64) is determined by solving equation (65) and iw toisidering the nor
malization factor I) for a radiation pattern at the source. The integral of
equation (65) yields

I'(S, t) ( 2 J I I (i6)
2 D2
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The constant I) depends on the take-off angle , and azimuth 0 (Aki and
Richards, 1980, p. 82; Klimne, 1984b). The constant C is then obtained as

/J 7r F, 1"2

A(S) can be rewritten as follows by substituting expression for C into (63)

A(S -p ("' _" )21
A()- (- )  F2 2 (67)

The calculation of the travel timC T(3, ?Li) in (5.1) is given in equations (51).

The final wavefield of a ray at a specified point is is then obtained as

U(S, t) - ]) )2 ( _1)2 ( -)2Iy(f tau) (--)k (68)

Equation (68) can be modified to represent source-time functions such as
a generalized rectangle function or combination of generalized functions for

a line source. The representation of a line source depends on its intensity

distribution with length. Generally, the expression for a line source is more

complicated than that for a point source.
The form of equation (68) can be shown to be quite similar to the ex-

pression for a standard Gaussian beam when paraxial approximations are
substituted for phase and the expression of the half-width of the paraxial
volume is substituted for F,. The approach and concepts used in deriving

the vicinity ray tracing system, however, are quite different from those used

in the standard Gaussian beam method. The number of equations required

in this method is 9, by conLrast to 21 in the standard Gaussian beam method.

This method uses exact positions of vicinity rays while the standard Gaus-

sian beam method uses estimate(] values based on a Taylor expansion about

the central ray. Beamwidth in this method is the distance from the central

ray to the paraxial Fresnel volume and is fully determined by equation (53),
while beamwidth in the standard Gaussian beam method is usually chosen

arbitrarily and not given any physical meaning.

2.3.4 Superposition of beams

k or the wavefield obtained by superposition of all beams we shall use upper-

case U, instead of lower-case ii, which is reserved for an individual beam.

21



Note that the wavefield u corrcsponding to an individual bea in Is a function
of vertical take-off angle and azimuth (h and 0), which specify the central
ray under consideration. Thus we shall write u(S,t,h,0) instead of u(S,t).
The wavefield U(S,t) will be described by superposition of individual beams
(rays) with respect to 6 and .

U(S,t) u(S, t, 6, )d,6dh (69)

When the integrand of equation (69) is sufficiently smooth for a given S and
t, it can be discretized as

N Al

j-Ok- 0

where the quantities Ah3 and A 4k are determined from a given system hj
and 10k (( erven ', 1983b). The wavefieid is calculated in (69) or (70) by
summing up each ray's contribution at a specified point, its wavelet having
a Gaussian distribution both in space and time. As in the Gaussian beam
method (Cerven , 1983), this method also does not require two-point ray
tracing to compute the seismic wavefield.

Since the energy of a beam is conserved along the wavefront, U(s,t) in

equation (69) can be rewritten in the wavefront coordinatcs by using tile
Jacobians in equation (45)

U (S,) f) exp. ( 2 - y(T)( i)dbdO (71)
~J Fr F1 1 1 Jb 1  Jb

As a shown in equations (45) and (45), the Jacobians J, and J 2 between the
ray centered and the wavefront coordinates give

i, IH, n, (72)

where Hi is the radius of wavefront curvature.
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2.3.5 Superposition in a homogeneous medium

It is easy demonstrate that the superposition integral returns simple ray

theory in a homogeneous medium. In a homogeneous medium, U(St) is

represented simply because R, =- R2 = S, and S is the total distance from

the source to the receiver. The parameters in a homogeneous medium are

given as:
12 -S 12 = S

c, + 6

- 2 (73)

and

d3-: d (74)

where c, and c2 are constant. Substituting equations (72),(73),and (74) into

(71), then gives

U(S,t) - eJ; fJ o xpi-( j.1' )2 )2] y(T) (--i)' dadl
irJI.b f~ 2 * o ~ J2 F2

- - D Y(Tr () (75)

where J -- JIJ 2

Equation (75) shows that the displacement of U(s,t) in a homogeneous

medium is proportional to -, the distance between source and receiver. Note

that the superposition is independent of the choices made for the initial con-

ditions for the spacing of vicinity rays.
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3 Numerical Example

A numerical example was chosen to test tlie superposition of (aussian beams
defined from the vicinity ray tracing systenm. The model was not designed to
be geophysically realistic, but rather to illustrate tihe theoreti(:al phenomena
near the caustic. The velocity of the medium is given by

v(z) 2.5 - 0.1 x z for z,-_ 10 Kmn

v(z) - 3.5 -1 0. x (z 10) for z - 10 Nm

The model has a discontinuity in the first derivative of velocity at z- 10 Km
but velocity itself rerrains continuous (figure 4). Inm the vicinity ray tracing
system, no phase matching tmthod is required at it (iscontinuity of the first
derivative of velocity. Figure 5 shows the results of ray tracing ,showing a
triplication in the rangy 32.4 to 48.3 Km froni the source. Two caustics are
located at x -32.A Kin and x z46i.3 Kin.

Figure 6 shiws the vertical cmlnporiit synthli( seismograms computed

by superposing Gaussian beams d(ei ned from vicinity rays, called "VIVhT seis-
mograms."' To calculate these seisrnograis, 64 rays are used with a 10 incre-
ment of take off angle. 'The source is assumed to he an explosive point source,
and the initial conditions are q, - 5 degrees and q 0. A monochromatic
pulse of frequency 5 liz is used. The beanrwidths aret dcined by equation (53)
using the definition of the Fresncl volume. WK BJ synthietic seisniograms are
computed for comparison with the VRIi' seismogranis (ligure 7). As shown
in figures 7 and 8, the two methods closely agree with one another. Am-
plitude differences between two methods are less than 5 %. i)iffractions are
shown near the caustics in both methods. The (diffraction near the caustic
at x - 32.4 Kin decays faster than near the caustic at x ',l(i., Kin because
the beamwidth (F'resnel volume) varies mor. slowly at the formner than at the
latter. Sonic differences in the frequentY content of the diffraction from the
caustic at x 32.4 km (an be seen. 'lhrese differences were generated by al
lowing for a broad frequency spectrum n lie. WK l,1 rrethod by using a delta
function source and then convolving the result with a narrow band source

pulse. The superpositicii of vicinity rays, on the other hand, is such that
only the frequencies (ojIa--nie( in the narrow band source pulse can be seen.

This is because the half- wi (I of the paraxial l'resn 'l volume (beamwidtl,)
was computed only for the cent.r freq('inc(y of the i narrow band soirce pulse.
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4 Conclusions

Because paraxial approximations are made, the standard dynamic ray trac-

ing system works in only a limited region near the central ray at distances less

than the scale length of the medium. Its use of two coordinate systems results

in a an increased number of equations needed to describe the dynamic prop-

erties of a wavefront. An improved system of dynamic ray tracing equations

can be developed from the lamiltonian of a ray and its canonical equations.

This improved system, which we have called the vicinity ray tracing equa-

tions, is specified by only 4 equations in addition to the kinematic ray tracing

equations. By contrast, the standard dynamic ray tracing equations based

on paraxial approximations require 8 equations and their associated Gaus-

sian beams require 16 equations. Unlike the standard dynamic ray tracing

system, the vicinity ray tracing system does not require the evaluation of

second spatial derivatives of velocity along a ray. The vicinity ray tracing
equations will thus have advantages in accuracy and in computer time over

standard dynamic ray tracing. Since only first spatial derivatives of velocity

are used in the vicinity ray tracing system, no phase matching is required at

discontinuities in velocity gradient. At velocity discontinuities, new initial

conditions on the vicinity rays are determined by applying Snell's Law to the
vicinity rays.

By applying conservation of energy flux and a normalization condition, an

improved Gaussian beam technique can be developed by superposing vicinity

rays. In this superposition, beamwidths are set equal to the half-width of

the paraxial Fresnel volume. An example calculation demonstrates that this

definition of beamwidth can approximate diffraction effects.
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Figure Captions

Figure I

The ray centered coordinates (s,q 1 ,q2): i is the unit tangent vec-
tor of a central ray and i, and i2 are the unit normal vectors to i.

The coordinate s measures the arclength along a central ray from
an arbitrary reference point. q, and q2 represent length coordi-
nates and form a two dimensional orthogonal coordinate system
in the plane normal to 1 at 0.

Figure 2

The geometry of the vicinity ray tracing system: 77i is the angle
difference between the tangential vector i of a central ray and the
tangential vector of a vicinity ray in the t - i plane. q, is the
distance between the central ray and the vicinity ray in the ii

plane at S.

Figure 3

The ray centered coordinates (s,q,) and the wavefront coordi-
nates (s,4,): The Jacobian J between two coordinates is given in
equation (46). The curvature Ki and the radius of the curvature
R, of the wavefront are described in terms of q, and qj. q9 is the
normal distance between B and C.

Figure 4

A laterally homogeneous velocity model. The gradient of the
velocity has a discontinuity at' z=10 Km.

Figure 5

Ray trajectories in the model shown in figure 4. The triplication
zone is located in the range x=32.4-48.3 Kn.
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Figure 6

The vertical component VRT seismograms for the model. The
center frequency of a narrow band Gaussian source wavelet is 10
Hz, and the receivers are located at the surface (z=0 Kn).

Figure 7

The vertical component WKBJ seismograms for the model for 10
Hz. The conditions are the same as in the VR.T seismograms in
figure 6 except that the WKBJ seismograms were first synthesized
for a delta source-time function and then convolved with a narrow
band Gaussian wavelet.
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Figure 2 A
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Figure 4: Velocity S1:ik lure
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Figure 6: Synthetic Seismograms (5 t2, VRT)
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Figure 7: Synthetic Seismograms (5 Hz, WVKBJ)
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