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Abstract

Most large deviation results give asymptotic expressions to log P(Y, > vy, ) where the
event {1, > 50} s a large deviation event. that is, P(Y,, > y,) goes to zero exponentially

fust. We refer to such resulrs as weak large deviation results. In this paper we obtain strong

larse deviarion resndrs for arbisrary random variables {Y,,}. that is, we obtain asymptoric

expressines fer POy >0 where {Y, >y} ois a large deviation event. These strong large
deviarion resnlrs are obrained for latrice valied and nonlattice valued random variables and
recuire some conditions on their moment generating functions. These results strengthen
existing results which apply mainly to sums of independent and identically distributed
random variables.

Let ;2 be the lebesgue measure on R. Let S be a measurable subset of R such that
0 < pw(S) < o and let b, — x. Define ¢.(u: b,, S) = [((bn/;z(S)) P(bn(}",, -y) € S)l.
as the pseudo-density function of ¥,,. By a local limit theorem we mean the convergence
of g.(yn: b,. S) as n — o and y, — y*. In this paper we obtain local limit theorems
for arbitrary random variables based on easily verifiable conditions on their characteristic
functions. These local limit theorems play a major role in the proofs of the strong large

deviation results of this paper.

We illustrate these results with two typical applications.

Accassion For

wos o el

JYRIRSA

g 4

\

i P!: P

:7” £ : A i AU n_.;u;u:
— FoAET




1. Introduction

The esrablishment of a limit distribution for a sequence of random variables
{Y,. » > 1} provides an approximation to P(, < y). However, there are other as-
pects relering to the distriburion of Y, for which one often desires an approximation. This
could be P}, > y,). knowun in the literature as a large deviation. especially when it tends
ro zero exponentially fast. Anorher example is f,(y, ). the probability density function of
Y, ar gy, The rerm a targe deviation local limit resulr for ¥,. 15 used when an asymptotic
expression i3 established for f,(y,) and y, is in the range of a large deviation for Y,. Still
another example 1s the limiz of (b, /p(S)) P(bn(Y, — y.) € S), where u is the lebesgne
meastvre and S 1s a measurable set such that 0 < ¢(S) < o¢ and h,, — ~. Such a resuit
will be referred to as a local limit result for Y,. This paper will deal with strong large

deviation and local limit theorems for arbitrary random variables.

The theory of large deviations for sums of independent and identically distributed
(1.1.d.) random variables and its many generalizations has a long history, see for instance
Cramér{1933), Chernoff(1932), Ellis(1934), Varadhan(1938+4) etc. However, most of these
results give asymptotic expressions for log P(Y,, > y,) and so we choose to call them
weak large deviation results. For arbitrary random variables T}, and Y, = T,,/a, for some
sequence a, — 020, this paper gives asymptotic expressions for P(Y, > y.)., which we
call strong large deviation results. These results are found in Theorems 3.1, 3.5 4.5, 4.7,
4.8, 4.9 and 4.13 which irapose conditions on the moment generating function (m g.f.) of

T,. These extend the well-known strong large deviation results for sums of 1.i.d. random

variables due to Bahadur and Ranga Rao(1960).

The proofs of our strong large deviation theorems depend on the local limit results
for Y,. Thezz are estublished] in this paper in Theorems 2.1, 2.2, 2.3, 4.1 and 4.2 and they

are in the spirit of Feller(1967) wherein can be found some of the first local limit results

for sums of 1.i.d. randomn variables. Local limit results for extreme values are established




e de Haan and Resnieki 193200 Loeal limie vesults for swms of triangular arrays of ..
random variables can b found m Jain and Pruite(1937). The local limit results in this
paper apply to arbitrary random variables Y, and require some eazily verifiable condirions

on their characteristie funcrions.

We illnsrrate our general results with two applicarions in Section 3. The first appli-
cation is a local limir resule for swuns of dependent random variables given by a general
model constdered in Chinganry and Serhiraman{1937). The second application is a srrong

lerge deviation resulr for the Wilcoxon signed- rank statistic under the null hyporhesis,

We do nor study larze deviation local limit resules in this paper. We have oh-
rained such resnlrs for arbitrary random variables in Chaganty and Sethuramani 1935)
for one-dimensional random variables and 1n Chaganty and Sethuraman(1936) for mulri-

dimensional random variables.




2. Local Limit Theorems

Let {Y,.n > 1} be a sequence of random variables taking values in Ry, which converge
to Y7 in distriburion. Let § be a measurable subset with 0 < ¢(S5) < 1 and let b, — .

Define

by,

1S

l?-l) (111<_’/: 'I~)II~S) -

Since Y7, may not have a probability density function (p.d.f.), we will consider limiring
properties of ¢, (u: b, S). which will be called the pseudo-density function of ¥,. Let {y,}
be a sequence of real numbers such that y, — y*. The convergence of ¢, (y,: b,. S) to
the p.d.f. of Y™ at y* is referred to as a local limait theorem. This is the spirit under which
local limit theorems have been studied for normalized sums of i.i.d. random variables
by Feller(1967), for normalized extreme values in de Haan and Resnick(1952) and for
normalized triangular arrays of 1.1.d. random variables in Jain and Pruitt(1933). This
section is devoted to local limit theorems for arbitrary random variables Y7,.

To motivate the main Theorems 2.2 and 2.3 of this section we begin with the following

result which must be well known.

Theorem 2.1. Let {}Y,,n > 1} be a sequence of real valued random variables which
converge to Y in distribution. Let fn be the charactenistic function (c.f.) of ¥}, for n > 1

and let f be the c.f. of Y. Suppose that there exists an integrable function f*(¢) such that

(2-2) sup 1fa(t)] € f1(2)

for all t. Then Y, possesses a bounded and continuous p.d.f. f, and ¥ also possesses a

bounded and continuous p.d.f. f. Let y, — y*. Then f,(yn) — f(y*).




Proof. Condirton (2-2) nuplics that the ety f,, and f are integrable. Henee hotly ¥, and
1" possess a bounded and continnous p.df’s. The inversion formula and the dominated
convergence theorem show that fo(y.) — fly*) iy, =y  asn - 2.0

From this rheorem we can also conclude that q,l(y,,: b, S) — f{y*), for all § such
thar 0 < p{S) < x.if b, —» > and y, — y* as n — x, where :‘1,,(;_/: hy.S) is as defined
in (2-1). Even rhis elementary result finds application in certain situations. For instance,
we apply this result in Example 3.1 of Section 3 in this paper. However. condition (2-2) 1s
simply too stronz to be usetul in most situations. We show in Theorem 2.2 below that by

Hounding f,0f) on inereasing sequences of bounded intervals by an integrable funetion we

-~

can ger o resuls siimilar to thar of Theorem 2.1,

Theorem 2.2, Let {¥,,.n > 1} be a sequence of rancom variables which converges to ¥’
in distriburion. Let f, be the characteristic function (c.f.) of ¥, for n > 1 and let f be
the c.f. of Y. Let {h,} be a sequence of real numbers such that b, — oc. Suppose that
there exists a sequence {3.} with 3, — oc, 3,/b, — o0 and an integrable function f*(t)

such that

(2-3) St,tplf,z(t)l I(lt] < 3n) < F5(1)

for each t. Then the random variable ¥ possesses a bounded and continuous p.d.f. f. Let
S be a measurable set such that 0 < (S%) = u(S) < cc. Let ¢, (y; b, S) be as defined in

(2-1). Then there exists a finite constant A/ and an integer n, such that

(2-4) v sup [qn(y; bn, 5)] <M
y

for n > n,. Furtic.oacre, if y, — y* then

(2-3) In(Yn; bn, S) = F(¥*)

as n — 2C.




e

Proof. Since f,(f) — fif polutwise and 3, — ¢, condition (2-3) implies that f 1s

bounded by f*. Hence Y possesses a bounded and continuous p.d.f. f. Let U7, be the
A I I y !

uniform distribution on the set =S/b, and «,. &, be the p.d.f. and c.f. corresponding to
L. We al=o irroduce another distriburion function (df)) 1V, with p.d.f. v, and cf. ¢,

a< defued below, to obrain the important identity (2-10):

1, sl 3, 0/2) 1"

P25 el = — (/2 e < <o anc
D (F,r/2)
[1-L <,

A._) I '”(.f] fonad ‘jvx

0 otherwize,

Let F,, be the disrmburion function (df)) of Y, and let Q, = F, « Uy, M, = Q, + 1},

where < denores the convolution operation. Notice that ¢, (y: b,. S) defined in (2-1) is

tlie podit. of Q. The p.d.f. m,(y) of M, is given by

12-3) m,(y) = /_ q,l(y — r: by, 5) vo(z)dr.

=
Since the c.f. M, (¢) of 1/,. which is equal to fn(t)&,l(t)i'n(t), vanishes outside the

interval [—3,. 3,], the inversion formula gives

Bn
(2:) maly) = 5= [ expl—ity)ina(t)e
=

S

Thus, we get

b /x P(ba(Ya — y + 2) € S)vn(z) de

1(S) J o
2. o
(2-10) = 27 expl=ityn)ina(t) dt
27r —B8n

= An(y) (say).

6
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Kelarion (2-10) 1= rhe stavting poinr of the main part of this proot and it relates
oy by S) ro the inregrable oof . i, (#). We first show that Auly,) converges to fly”)
and then obraia lower and upper bounds for 4,,(y,) which depend on qn(yn: by S). This
vill then esrablish (2-4) and (2-3). By condinion (2-3). the dominated convergence theorem

awd rhe inversion tormenda we ger tlag

1 LI ‘ ~ . o
(2-110 Agivgl = — / expr =ity it db — — exp(—1ty ) fit)dt
27 =1 27 -
= flu")

Loty > 00 Ler ~or0 0 be a closed interval cenrere Latr . that is,

{2-12} stey,n)=A{y:|ly—2|<n}

and let S, = {r : s(x,n) C S}and S" = {y: |y —z| <n, for some £ € S}. We choose
onr (= n,) such that ;(S,;) > 0 and [1(S")/u(S)] < 2. Note that y € S, implies that

S~

v+ € sly, n) CSif x| <. Therefore, we get a lower bound for 4,(y) as follows:

Aaly) 2 ba(Yn —y+ 1) € S)va(z)de

N(S) 12]<n/bn
(2-13) > ( (b (Y, —y) € 5,,)/ vo(z)dz

|z]<n/bn

bn 4b,
ba(Ya —y) € S0) |1 = .
T Pl - es) [1- 5

v

Combining (2-10) and (2-13) and using condition (2-3) we get

u(S) Pbn(¥ - )ES")[l 'rﬂnn} / frie)dt

-




‘for all n 1. Replacing S by S and noting thae S C(S"), we gt

b ) 1b, ST [T
— 2 P(h, (Y, —u)ES) [1- ’ } < “(v )—-j/ Frie)dt

) piS) 3am) T (S w
‘_.)‘1.')) 9 ~x
< :/ fo(t)dr.
TS
Sinee b, 13, — 0 a4z n — 0 we can find an integer n, so that
II)
+2-16) sup —P(b (Y, —y)es)| <M
g LiS)
for > o, where
3 x>
(2-17) M= —/ fo(t)dt.
T J
This proves assertion (2-4). Note that y € S implies that y — v € S” for |r]| < n. Therefore

for n > n, an upperbound for 4,(y) is given by

An(y) —y+z)€ S)ry(r)de
a( #(S) y )a(
(2-13) < n(} —y)E S")/ vo(z)dr + A[/ va(x)de
u( ) |z|<n/bn zI>n/bn
bn . 4r[b,
< P(on(Y,—y)€ST) + .
u(S) (b ) ) T8

Thus, from (2-11), (2-13) and (2-18) wa get that

P(bu(Yn ~yn) € S,)

. hn
limsup

no pu(S)

< f(y* )<11m1r1f P(b, (Y, —ya) €S").

b
u(s




Replacing S by 7 inrhe Lhsoand S by S, i the vhos. and using the relations S C (5")',

o
aud (§,)" C S we get that

h, , 3
hursup d Py, —yn) € 5)
n ,U(S”)
1 2-20) I
- .. 7, . -
< fly®) < liminf - P(/),,(),, -,V ES).
n ;/(5,, ’

Leriing  — 0 and using rhe fact 4(S%) = p(S) we get the assertion (2-3). ¢

Theorem 2.2 was stated as if the sequence {h,} was given first and we were looking
tor conditions nnder which conclusions (2-4) and (2-5) hold. Cne can alse see from the
proof of this theorem that if {3,} is any sequence with 3, — o¢ such that (2-3) holds
then conclusions (2-4) ard (2-3) hold for any sequnce {h,} with b, — >0 and 3,/h, — x.
The next theorem explores the case where the sequence {b,} is such that b, — oc but

3:1 = O(’Lz‘

Theorem 2.3. Let {¥,,n > 1} be a sequence of random variables which converges to 1
in distribution. Let f, be the characteristic function (¢.f.) of ¥, for n > 1 and let f be
the c.f. of Y. Assume that there exists a sequence 3, with 3, — oc and an integrable
function f*(t) such that (2-3) holds for each ¢. Let {6,} be a sequence of real numbers .

such that b, — >0 and 3, = O(b,). Assume that

def 5 1
(2-21) 6a(A) = sup [fa(t) =o(3-)
Ba <]t <A n

for each A > 0, as n — oco. Then the random variable ¥ possesses a bounded and
continuous p.d.f. f. Further the conclusions (2-4) and (2-5) of Theorem 2.2 hold if y, — y*

and S be a measurable set such that 0 < u(S5°) = u(S) < .




Proof. Since d, — oo condition 1 2-3) tuplies that f is bounded by f*. Hence 17 possesses
a bonnded and conrinmons palts fooAlso, since b,0,(\) — 0, for each A > 0. we can find

A seqrence {\F saristving

o N, — x and A\bh, 0, =0

s = oL where 8, = H,00 L Chonee the definitions of the distribition funerion 1, wirls
! ! = n

oot e pd e A the proof of Th oremn 2.2 as follows:

Ao [=in{ A\ b, 0 /2) :
12230 1l ) = — o< <o and
. ) 25 ]’ (Aphyr/2) ' (
IR
(224, Falt) = { b= s IS Aabn
0 otherwise.

[r i3 easy to <ee that the same steps in the proof of Theorem 2.2 establish this theorem. ¢

Remark 2.4. The conclusions of Theorem 2.3 hold if we replace conditicn (2-21) by

(2-25) / [fa()]dt - 0 asn — oo,
n L[| <Aby

for each A > 0. Notice that condition (2-21) is needed only to show that A,(y,) — f(y*).
where A,(y) is as defined in (2-10) with 8, replaced by A,b,. If (2-25) holds for each

A > 0 we can find a sequence of real numbers {A,}, such that A\, — oo and

(2-26) / [fa(t)]dt — 0 asn — oo,
An L[]S An by

from which it follows that A,(y.) — f(y*).

10
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The next theorem provides a couvienent way to verity condition (2-3) of Theorem

29 In Lemma 3.3 of Section 3 we will use Theorem 2.3 and this method of verification of

cotcirion (2-35

Theorem 2.5. Ler {15, 7 > 1} be 1 sequence of random variables with o f s {£,(#)}. Ler
[/, } be a seqruzee of ter’ munbers such that d, — . Assume that there exists 6 > 0
such thar g i = :/,T" log 1f, 00t 15 Hnite and twice differentiable in the interval { =&, &),

Sor all oo L Stopose that rhere exists a > 0 such thar for JH <o,

27 —yll(t) >«

for all » > 1. Tien condition (2-3) of Theorem 2.2 is satisfied with 3, = éd,.

Proof. An application of Taylor's theorem yields for [t < &,

2

. t
galt) = g,(0) + tg:l(()) + ';f/::("n)

where r, is such that |r,| < |[t| < §. Therefore for |t| < éd,,

at?

x
242

(2-29) .(/n(t//(ln) S

Let 3, = éd,. Thus for |t| < 3., we have for all n > 1,

|fa(t)] = exp(di(ga(t/dn)))

(2-30)
< exp(—at’/2),

11
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whichvis anrewrable finction, This completes the proof of the theorem.

The vext lemma obrains a limir for the Laplace transform of ¥, when (2-4} and (2-3)
Lo St s reatt nlier s e nort ole in the proofs of the s v laree deviatic
Dows 2N restut plass an nnporrant role 1 the proots ot the strong large deviarion

. L. ,,
shocrina of Seestons 3o 4

Lemma 2.6, Ler {35,002 1} be asequence of random variables. Let {h,} be a sequence
of el nashers avh thir b, — oL Ler S be ameasurable ser suceh that 0 < i S) < .

Lot W0 S he e detfined in o 2-1)0 Assnme that g, (s b, 3) satisfies (2-40 and (2-30.

231 hy Eexpl=b, Y, [ Y, > 0)] — f(0)

Proof. Ler b > 0. Consider

-~

[, = Ef{expl—b,Yn) I(Y, > 0)]

=) F {::<p(‘~b,,1;,) I (“—;% <Y, < ﬁ)]

(2‘32) - n bn

h

HE [exp(“bn}—n) I <"'%‘ S Yn — Ynk < %‘)J
[EEN -on =¥n

where ynp = (2k - 1)h/t,. Let ky = [1/h%] and Sy = [~h/2, h/2). We now get lower and

nupper bounds for I, as follows:

k

: B
L2 exp(—kh) P (—.,Z < ¥~ gk < ;b—)
(2-33) k=1 i "

ky
h
= b— E exp(—kh) (In(!/ni;; by, Sh)
k=1

12




and
B h b
L < oxpi—(b =) Pl —o— < Vo = yot < =
Ry 2/)” 2’),,
k=1
h b
(2340 == expl—(k = D) ¢ lynr: ba. Si)
’Il k:l
h - . .
+ T Z exp\—(/\‘ — 1)/2) fjn(,"/nki Cna Sh)o
R T N

Using 0 2-4) a1 2-53) afrer noring that 4,0 — 0 as n — o for each A we get

n

kﬁ
hmint(h, I,,) > f(O) h Zexp(—kh)
k=1

i2-35)
— #(0) h(exp(—=h) — efp/(~(1\‘h + 1)h))
1 —exp(—h)
and
kh 0
limsup (b, [,) < f(0) h Y exp(=(k=1)h) + M h Y exp(—(k - 1)h)
(2-36) " k=1 k=kp+1
h(1 — exp(—knh)) exp(—kzh)
= Mh————
f(0) 1 —exp(—h) TALh 1 —exp(—h)

Letting h — 0 in (2-33) and (2-36) we get,

(2-37) lim (b, 1) = £(0).

This completes the proof of the lemma.{

Corollary 2.7. Let {}Y,, n > 1} be a sequence of random variables. Let {b,} be a
sequence of real numbers such that b, — oo. Assume that {¥,, n > 1} satisfies the
conditions of any one of the Theorems 2.1, 2.2 or 2.3, then the conclusion (2-31) holds for

the sequence {Y,, n > 1}.

13
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3. Strong Large Deviation Theorems

Let {T,,. n > 1} be a sequence of random variables. Let {a,} be a sequence of real
numbers such that ¢, — 2o and {m,} be a bounded sequence of real numbers. Weak
large deviation resuits give asymptotic expressions for log P(T,,/an > my) where the event
{T,/a, > m,} represents a large deviation. A number of authors, including Seivers(1969),
Steinebach{1973), Ellis(1934) have obtained such results under suitable conditions on the
m.g.f. of T,,. Strong large deviation results give asymptotic expressions for P(T,/a, >
m, ). One of the earliest strong large deviation theorem was obtained by Bahadur and
Ranga Rao(1960) when T, 1s the sum of 1.1.d. random variables. In Theorems 3.1 and 3.5
of this section we obtain strong large deviation limit theorems for arbitrary sequences of

random variables {T,,. n > 1}, under some conditions on the m.g.f.’s of T, ’s.

In Remarks 3.4 and 4.10 we show that the original result of Bahadur and Ranga
Rao(1960) for sums of i.i.d. random variables follows as a corollary to our main Theorem
3.1.

The proofs of our strong large deviation results depend heavily on the local limit
theoremns of Section 2. We use the notation 4, ~ By, if 4,/B, — 1. We shall develop

some more notation before stating the main theorem:.

Let {T,,n > 1} be a sequence of random variables with m.g.f. ¢,(2) = Elexp(zT,)], -
which is nonvanishing and analytic in the region @ = {z € C : |z| < a}, where a > 0 and

C is the set of all complex numbers. Let {a,} be a sequence of real numbers. Let

(3-1) Ya(z) = a; ! log dn(2), for 2 € Q, and
(3-2) m(u) = sup [us —¢n(s)], foru € R;.
[3]<a, sER)

Theorem 3.1. Let {T,,n > 1} be a sequence of random variables. Let {m,} be a bounded

sequence of real numbers such that there exists a sequence {r,} satisfying ¢} (7.) = m,

14
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and 0 < d < 7y < ay < afor some positive numbers ay, d and for all n > 1. Let «,, — .

Assume the tollowing conditions for 7,
(A) There exists 3 < o¢ such that o, (z) < Jforall n > 1, 2 € Q.

(B There exists &, > 0 such that

1

Vn

Anlm, +1t)

L/
(.)”l\ln)

)

sup
S <A

for all 0 < 2 < & and for each \ > &.

(C) There exists a0 > 0 such that (r,) > a for all n > 1.

Then

T, 1
(3-3) P <— > m,,> ~ - exp(—anvn(m,)).
Ta /27

hn anlf";{(rn)

Proof. Let IV, be the d.f. of T,,. We will use the left continuous version of the distribution

function which will enable us to write the identities in (3-5). Let

(3-4) H,(y)= / exp(uty, — antPa(mn)) di,(u),
—x<u<ly

and let T be a random variable with d.f. Hp(y). Let T, = Ty ~a,m,, Y, = T, /da,
dn = \an¥l(ra) and b, = r.d,. Using these new random variables and the relation

Yn(m,) = mum, — ¥n(7), we have

P <§3 > mn) =/ dIC,(y)

= Kmm exp(—=yTn + antn(tn)) dHn(y)
= explantia(ra)) E(esp(=raT2) (T2 2 anmy)
= exp(—an¥n(mn)) E(exp(~raTp) (T, > 0))
= exp(=anTa(mn)) E(exp(=ba¥a)I(Y, > 0)).

15
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This sreposnelly eodled rhe vse of Esselier transformation, is the starting point of most
investigarions i large deviarions, The rest of the proof 1s stated and proved separately as

Lemima 3.3 below where i is shown that when the conditions (A), (B) and (C) are satisfied

Yo, converges o disrribarion o the standard normal and

i3-61 f)nE'f.\’t‘XD'-.‘*buYn)[( }'n Z O)) -
Tie present proof tollows by sibstituting (3-6) in (3-3).0

Remark 3.2. The boundsduess of 7, below by d > 0 13 satisfied for example if
Hmiut, i, — E\T,)/a,)) > 0. A strong large deviation result for 7,, when 7, — 0

1= proved larer &, Theorem 3.3,
We now srate and prove Lemma 3.3, which will complete the proof of Theorem 3.1.

Lemmima 3.3. Let {T,,n > 1} be a sequence of random variables. Let a, — oo and
{rm,.n > 1} be a bounded sequence of real numbers such that there exists a sequence {7, }
satisfving o) (7,) = m, and 0 < d < 7, < ap < a for some positive numbers ay,d and for
allm > 1. Let d,, = m Let the rand.  variable Y, be defined as in the proof of
Theorem 3.1. Assume that the conditions (A), (B) and (C) of Theorem 3.1 are satisfied.

Then Y, converges in distribution to standard normal and (3-6) holds.

Proof. The c.f. of ¥}, is given by

(e +1it/dp)
Sn(mn)

Since ¥,(z) = a;'log@,(z) is a finite and analytic function in 2, and || < ag, using

(3-7) Fa(t) = exp(—~itaym,/dy,)

condition (A) and Cauchy’s theorem for derivatives it follows that

MB
(@ —aog)*’

16

(3-8) o8 (r +it)| < for k > 1,




for 1H < (o —ay 20 Using the Taglor series expansion we can write

i3-9} Lt T A 1) = 0 () it () — (t2/2)d‘x(7n) + R, (70 + it),

for [t < ie — a2, where the remainder term R, satisfies

2‘3[1“3

“3‘10) iRIl(rll + “‘){ S T N1
) (a —ag)?

From (3-9). (3-10) and condition (C) we obtain, for any fixed ¢, that

(3-11)
log n(f) = _(itanlnn)/dn +anp [Ir]'n(rn + ”‘/dn) - ‘rl‘n(rn)]
= —{itapm,)/dy + an[it0n(Ta)/da — (00(T0))/(2dL) + Ra(Tn + it/dn))
= —1t?/2 4+ a, R, (7, + it/d,),
ancd
: 23[t[°
(3-12) lanRa(mn + 1t/dn)| £ — 0, asn — 0.

ad,(a —ag)?

Hence Y, converges in distribution to the standard normal random variable. We now

proceed to show that Y}, satisfies the conditions (2-3) and (2-21) of Theorem 2.3. Let

9n(t) = 77 log | fa{dnt)]

(3-13) .
[Real(ipn(mn + it) — ¥a(mn))].

- Ynu(Ta)
Thus

17




v = Real(dl(r, +it))
gll(t) = TN
L‘nLT'l
— Real(¢h () + it8,)
(3-14) - vri(a)

= -1+ Real(itfn/l_‘x('T”’ )

< =1+ [t/ e,
where &, 15 an appropriate complex number depending on the third derivative of ¢, which

from (3-3) satisfies

. 3'3
{3-15) [£,] < ——— forn>1.
(a —ap)?

Therefore we can find & > 0 such that § < & and for [t] < ¢,

(3-16) gn(t) < —(1/2) for all n > 1.

This verifies condition (2-27) of Theorem 2.5, and hence condition (2-3) with 3, = éd,,.

Now, with b, = r,d, and using condition (B) for fixed A > 0, we get that,

> ¢n(Tn + lt)
su fal®)|= sup |—————=
6d,,5|z|pg,\b,,‘ @ s<|t|<ara | Pn(Tn)
- 1
3-17 =
(3-17) A7)
1

since d < 1, < ap and d, = O(\/a,). This verifies condition (2-21) of Theorem 2.3 with

b, = Tnd,. The assertion (3-6) now follows from Corollary 2.7. $

Remark 3.4. Let X, X,,..., beiid. random variables with m.g.f. ¢(z) and let ¥(z) =
log(#(z)), be finite for |z| < a. Let T, = X; + --- + X,. Bahadur and Ranga Rao (1960)

18
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obtained a strong large deviation theorem for T, in Theorem 1 of their paper considering
three cases. In Cose 1 they assuuned that X is absolutely continuous or more generally the
Lt satisfies Cramdr's condition. In C'ase 2 they assumed that X is a lattice variable and
finally they consider all the other possibilities in Case 3. We now show that Cuses1 and
3 of Theorem 1 of Bahadur and Ranga Rao(1960) follows from our Theorem 3.1, Case 2
follows from onr Theorem 4.9 and 1s obtained later in Remark 4.10. Assiune now that X
i= a nonlarrice random variable. The m.gf. of T, 1s given by 0,(z) = 0"(z). Let m be a
real number sich that there exists 0 < 7 < a satisfving (7)) = m. We will now proceed
ro verify rhe conditions of onr moin Theorem 3.1, with m,, = m and a,, = n for all n > 1.
Condirton= { Ay and (C) are trivially satisfied since v, = v and 7, = 7 forall n > 1. Using
rhe tact that Xy 1s nonlattice we get that for each ¢ > 0 and A > § there exists 0 < e < 1

such rhat

(T + 1t
{3-13) sup L—m < (1—ce).
s<ig<al  o(T)
This shows that condition (B) is satisfled since ¢,(z) = ¢™(z). Thus the conclusion

of Theorem 3.1 holds. This proves the strong large deviation result for P(T,,/n > m)

contained in Cases 1 and 3 of Theorem 1 of Bahadur and Ranga Rao(1960).

We now turn our attention to the case where 7, — 0 as n — oo, but not very fast.
More specifically, we require that 7,,/a, — oo. In this case we can get the stronger result °

that the conclusion of Theorem 3.1 holds without condition (B).

Theorem 3.5. Let {T,, n > 1} be a sequence of random variables. Let {m,} be
a sequence of real numbers such that there exists a sequence {7} satisfying v/ (r,) =
m,, and 7, > 0. Also assume that 7, — 0 and 7,\/a, — oco. Let T, satisfy the conditions

(A) and (C) of Theorem 3.1. Then

1

(3-19) P (Tl >m ) exp(—anyn(mn,))
a, ~ " Tn V27 antyll(Th) *P nYnin )l
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The proof of Theorem 3.5 1s similar to the proof of Theorem 3.1, The only chauge is

rhat we apply Lemma 3.6 instead of Lemuma 3.3 to obtain (3-6).

Lemma 3.6. Let {}¥,,. n > 1} be a sequence of random variables as defined in the proof
of Theorem 3.1, Let 7, — 0 and r, /7, — >c. Assume that conditions (A) and (C) of
Theorem 3.1 are satisfied. Then 1), converges in distribution to standard normal and (3-6)

holds.

Proof. We have already seen that in Leinma 3.3, ¥, converges in distribution to standard
normal random variable if conditions (A) and (C) are satisfied. Also, ), satisfies condition
2-3) of Theorem 2.2 with 3, = ¢d,. Let b, = 7,d,. The assumptions on r, imply that
h, — > and 3,/bh, — ¢ as n — x. Therefore the conclusions (2-4) and (2-3) are valid

tor ¥, by Theorem 2.2, Thus Y, satifies (3-6) by Corollary 2.7. This proves Lemma 3.6.

%
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4. The Lattice Case

This section primarily deals with local Limit theorems and strong large deviation the-
orems for latrice valued random variables. These theorems are analogous to the theorems
of Sections 2 and 3. In this section and the next we use the word span to indicate the

maximal span of a latrice random variable.

Thecrem 4.1. Ler Y, be a lartice valued random variable taking values in the lattice
{khy o b =0.£1.£2....}, where h,, > 0 and n > 1. Assume that the span h, of 1.
converges to zero as n — <. Let 17, converge in distribution to Y. Let f,, be the c.f. of

1., and f be the c.f. of Y. Assume that there exists an integrable function f* such that
(4-1) sup | fo ()] I(Jt] € 7/Rha) < £7(2)

for each . Then Y possesses a bounded and continuous p.d.f., f, and there exists a

constant .M < 2> such that

1
(4-2) sup [h—P(Yn = y)} <M

n

uniformly in y. Further, if y,, is in the range of Y5, and y, converges to y* then
1 .

(-1:-3) ‘h_' P(Yn = yn) - f(y )
n

as n — oc.

Proof. Let y, be in the range of Y,,. Then an application of the inversion formula yields

1 1 [r/hn :
) —P(Y,=y,) = — xp(—ityn) fa(t) dt
(+4) PO = g [ expl-itn) fu(t)d

The assertations (4-2) and (4-3) now follow from condition (4-1) and the dominated con-

vergence theorem.
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The nexr theorem relaxes condition (4-1) but tmposes an additional coudition (4-G)

and obtains the sawe concliizion as Theorem 4.1.

Let {Y,.» > 1} be a sequence of lattice valued random variables as in

Theorem 4.2
Theorem 4.1 Assume that thiere exists an integrable function f* such that

15 sup | fa(h)] I(#] < 30) < (8

for each ¢ and

AT= sup falt) = o(ha).
SRR

as n — . for some sequence of real numbers {3, } such that 3, — >~ and 3, < 7/, for

all n > 1. Then ¥ possesses a bounded and continuous p.d.f., f, and there exists constants

M such that (4-2) holds uniformly for all y. If y, be in the range of ¥, and y, converges

to y* as n — ¢ then (4-3) holds.

Proof. Let y, is a possible value of Y,,. Then an application of the inversion formula

vields
(+-7)
1 1 [/ :
h—P(Y,, =yn) = 5 exp(—ityn) fa(t)dt
n N J—xfh,
1 N .
= — exp(—ity,) fu(t) dt + — exp(—ity,) fa(t) dt
27 Jit|<3n ( ) 1x(8) 27 J g <le1<n/hn ) fal

=In1 + In (SaY)'

It is easy to check that condition (4-5) and dominated convergence theorem imply that

Iny converges to f(y*) = (l/'.?w)fexp(-—ity‘)f(t) dt. Next
[[n'_" S h_' sup l.fn(t)[
n FnL|t|<m/ha

4-8

(4-8) A
by

by condition (4-6). This completes the proof of (4-3).

which converges to zero as n — oo,
22




1 . 1 7 a
—P!\}” —U) < —/ ’f”(/’)l(lf-{»——"-
hn 27 it!\Jx }l,,
1 <. N
10} < 5o fr(t)dt + —

I

|
P
¢ 14

~

Il

L

—~

vndtormlc inoys tor o > oy This completes the proof of the theorem. ¢
Theorem -1.3. Ler 15, be a larrice valued random variable taking values in the latrice

Cih, ok = 00=10520 0 where by, > 0 for n > 1. Assume that the span i, of Y,
converges to zero as no— e, Ler 1, converge in distribution to Y. Let {h,} be a sequence
of real nrunbers sueh thar L, (b, h,) = 20, Suppose that Y, sarisfies the conditions (4-2)
and £4-3). Then

1
1410} — Elexp(=b,Y) LYo 2 0)] — £(0)
1

n

as n — ¢, where f is the p.d.f. of Y.

Proof. Consider

(4-11) >
=P(Y, =0)+ ) _exp(—kbyha)P (¥, = khy)
k=1
Using (4-2) we get
1 & ] exp(—=bnhn)
-12 — xp(=kb,h )P(Y, =kh,)| <M -0
('L 1 ) [hn k=le\p( Inll ) ( )} 4 (1 _ exp(—bnhn))

as n — o, since lim(b,h,) = oo. Therefore from (4-11), (4-12) and using (4-3) we get

(4-13) lim (-hl—r) = lim ;ll—P(y;, =0) = £(0).

This completes the proof of the theorem. ¢
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Theorem -t.4. Ler 1), be o liriiee vained vandon vtable taking values i the latrice
{8, o k= 0,212} where b, > 0 for v > 10 Assume that the span b, of 17,
converges to zero as no-— . Let 1), converse in distribution to Y. Let {4, } be a sequence
of real nmbers such that 0 < o, 0h, /) = b < xo. Suppose that 1, satisfies the

cotdition=  4-25 aoad 431 Thien

i1 — NP .—fv)” ,17” I

4oL Eexpi=h, Y0 [1Y, > 0) — fio)

)
12

Proof Condey

[ e E':":\:II! —/l“\,, “[l} ' ”))
e = expl=bhuh0P(Y, = kb,).
=)

Ler Voo e Hxeds A lower bound for T, 15 given by

N1
415 Y expi—kbyhy) P(Yy = khy)
L=n

atd an npper bonnd is eiven by

N1 ~
(4-17) Z expl =kb, b )P(Y,, = kb,) + Mb, Z exp(—kb,h,)
k=0 k=N

wherein we have used ( 1-2). Combining (4-15), (4-16), (4-17) and using (4-3) we get

— C.\Ip(—-})nhn))

1
liminf [( [,,} > f(0)liminf(1 — exp(=Nb,oh,))

(+-13) " n.
= f(0)(1 — exp(—=2Vb))
and
1 —exp _‘bn} n . i
(4-19) limnsup [( C’\I;l(n 'a)) In} < f(0) + hmr;sup(.\[ exp(—=Nb,h,))

= f(0) + M exp(—~Vb)
where b = limiaf,(b,h,). Now letting v — 20 in (4-18) and (4-19) we get

[(1 - exp(—bnhn))
h,

(4-20) lim

n

1,,} — £(0).




1 proot of the theorenn, §

We nre now ina posifion to stare strong large deviarion theorems for aroirrary se-
wenee (T, = 1} of latrice random variables. We shall develop some notatrion hefore
ratiny rthe rheorems,

Les T Ve o larriee randhoon variable taking values in the latrice {t, « kp, @ b =

Oo=lo=20 b where oy, > O for o> 10 Let the mugt. of T, 0,020 be analyrie awd

= R ] i
consrniahine rthe veaion O = {s 20 02 < a) Let {a, ] be wosequence of real munbers
cuwhirhor o — ol Ler

. A

2L Lt o) o= log o, 2).

1

Lo tinire wied cnalvric in Q0 Foreaclin et oo, bein the range of T, /0, aud ler 7, he snely
s oo m =, wirth 000, <oy < an Let
‘,'n(”’u) =MWpTn — L‘11(7-11)-

The following Theorems 4.3, 4.7, 4.3, 1.9 and .13 obtain an estimate of the large deviation

nrobabilirte, PiT, /a, > m,). depending on the various behaviors of p,, and r,.

Theorem +4.3. Assume that p, and 7, are such that p, — oc. p, = o Ju,) anrl
G, (T,p,) = . Assume that {T,. n > 1} satisfies conditiors (A) and (C) of Theo-

rem 3.1. Then

T, A
i4-22) Pl —> m,,) ~ Pr exp(—an1n(my)).

Tn 2’-‘.(111 'r';;(rlz)

Proof. Since m, isin the range of T, /a,, we can write a,rn, = t, +[,p, for some integer

l.. Using the relation v, (m,) = m,7h — ¥a(7,) we get

(I s, ) = P(Ta >t + Lp)

In

4

Il

P(Tn =t + (k + ln)Pn)
(4-23 "
_23) o
= exp(—anvn(mn)) Zexp(an‘,n(m”))P(Tn =t,+(A+1)pn)
k=0
=exp(—anvy.(m,)) exp(—kTapn)P.(k)
k=0

~
Il

3]
(]




r.-----

exXpuot, - ]"+/11\ nltin ‘
L Dby o= XD { P ) )1)(\1‘” — f“ +(A Jr_[”)[)”).

Ol Ty )

Ler s inrvadieee o larriee valved random vartable T which takes the value Fp, with

Lo

E)i‘*l"lflT‘iii’}' P,,. I fn[‘ :‘;!(‘Iﬂ 2 T[l(’rvf‘()rt‘. we can 1‘(.‘\\’1‘i[€ (4«2’3) as
P L = oxpl =t V E{exp( T[T, >0)
— Zan, ) = expl—aps, my ) Elexp(—r1, DT> )
i, y
- = expl—a,5,(m,)) E(exp(—=7,3, Y, )V [{Y, > 0))
!
= oxpl =,y (m)) E{exp(=0, Y0 (Y, > 0))
=expl—ay~, ()Y Ly
— - - - . .
whore Joo= ety ad Y, = T /d, and by = 1,d,. Note that Y, is a latrice
velned random variable with span b, = p,/d, and lim, (b, kh,) = lim,(7,p,) = ~x. If

rie condirions A and (C) are satisfied, the next Lemma 4.6 shows that Y, converges
i disrribirion ro the standard normal and satisfies (4-2) and (4-3). Therefore applying

Tieorern 1.3 for ¥, we get

=25 In ~

-

|

as o= xc. Substituting {(4-20) in (4-23) we get (4-22). This completes tlie proof of the

rhieorem.

We now state and prove Lemma 4.6 which was used in a major way in the proof of

the above theorem.

Lemma 4.6. Let the lattice random variable Y, be defined as in the proof of Theorem
1.5. Note that Y, takes values in the lattice {kh, : k = 0,£1,42,...}, with probabilities
{P,(k) : k=0,%1,42,...}, where h, = p,/d, and P,(k) is as defined in (4-24). Assume
that T, satisfies conditions (A) and (C) of Theorem 3.1. Let p, — oo such that p, =

o(\/a,). Then Y, converges in distribution to standard normal and satisfies (4-2) and

(4-3).

g%
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Proof. The lemmma will e proved once we vertfy rhiar ¥, satisfes the conditions of Tle-

orern 4.1 Note that by, — 00 stwee p,o= o /) and Cir) > a0 The ef. of ¥, is given

n

by
Fatti = E{oxp(itY),)
™z
= Z (\-\_1]'" /.?‘L‘,II,,)PH(I\')
k:—x
427 > P(T, =t, +k
= Z “.\ZP“ ;"'\ Z‘ ™ in )/'n + (f” - /“[}” }7—” ) ( - 1}” '
. O,,(T”]

Oll(’n 0t (,n)

I
(J,I( Tl

wherein we have used the tact v, = ¢, +1,py. I the conditions {A) and (Chare saristod

Lemma 3.3 shows that f,0#) converges to exp{ —#7/2) and there exists & > 0 such thor
. ; - . 24
(4-23) LRI < &d,) < expl—at?/2)

for n > 1. Since p, — x, we can choose n large such that Pn > 7/¢ and hence 7/, < &d,.

Thus for sufficiently large n we have
[4-20) |fal)] Lt < 7 /ha) < F7(1) = exp(—at®/2)

This verifies (4-1). The lemma now follows from Theorem +4.1. &

Theorem 4.7. Assume that p, and r, are such that p, — oc, prn = o(./a,) and
iminf,(7,p,) = b < oc. Let {T,,, n > 1} satisfies conditions (A) and (C) of Theorem 3.1.

Then

exp(—anyn(mn))

(4-30) P <£ 2 m")
an an i (L= e rup))

Proof. Proceeding a: in the proof of Theorem 4.5 we get that

P (E —>- m") = exp(_an"/n(mn)) E(exp(-rndn}-"’)l(y"‘ 2 0))
(4-31) = exp(—an’yn(mn_)) E(exp(—bnYn)I(}"n 2 0))
= exp(—an”/n(mn)) In
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where Y, 15 ax defiued 1w tie proot of Theoretr 4.5 and b, = r1,d,. Nore thut
it , (0,0, = it (7, p,) = b < ~. The theorem now follows from Lemma 4.6

ad Theoremr 4.4 O

Theorem 4.8, Assume that p, and 7, are such thar p, =2 0and 0 < d <7, <y < 0.

Suppose that T, saristy condirions (A}, (B) and (C) of Theorem 3.1. Then

(R}

T, 1
; I <—— > m,,> ~ exp{—a,valm,)).

04 To /27 apti7y) )

Proof. Proceeding as in rhe proot of Theorem 4.5 we get thar

(4-33) P (I— > ) = exp{—a, 7, (m)) E(exp(=ba13)I( ¥, 2 0))

,

where ¥, 15 as defined in the proof of Theorem 4.5 and b, = 7,d,,. The rest of the proof

15 stmtlar to the proof of Theorem 3.1. ¢

-

Theorem 4.9. Assume that there exists positive numbers p*, p** and d such that p* <
pn < p ™t and r, > dfor all n > 1. Let T, satisfy conditions (A), (C) of Theorem 3.1 and

the following condition (B'):

(B") There exists §; > 0, such that for 0 < § < &,

é,l(r,,+it)]_o[ 1 }
¢n(7—n) B \/a_n— .

sup
5<lt|<7/pn

Then
(4-34) P (-Iji > mn> ~ Pn exp(—=an¥n(mn)) '
an V 2r arz¢’:{(7n) (1 - exp(_rnpn))

Proof. The proof of this theorem is similar to the proof of Theorem 4.7. The major
difference is that we apply Lemma 4.12 instead of Lemma 4.6. If the conditions (A), (B')
and (C) are satisfied, the next Lemma 4.12 shows that Y;, converges in distribution to the

standard normal and it satisfies (4-2) and (4-3). Note that in this case liminf,(b,h,) =
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Hotint, mped = b < xo. Combining Lemima 412 and Theorem 4.4 we get the conclusion

{4-341.0

Remark 4.10. Let {T,.n > 1} be a sequence of lattice random variables with span
po > 0. If p,, — 0 then Condirion (B') implies Condition (B). Therefore one shonl! note
that Theorem 4.3 is also tre if Condition (B) is replaced by ConditioaB'). However, if p,,
is =1ch that 0 < p* < p, < p*° < x for some positive constants p* and p**. the stronger
Condirion (B") is never satisfied for the lattice random variables {T,,. n > 1}. In this case
Tieorem 4.9 obrains the strong Iarge deviation result assuming the weaker condition (B').

it the case where p, — 2c. borh conditions (B) and (B') can be dropped altogether as

shown in Thecrems 4.5, £.7 and 4.13.

Remark 4.11. We now show that C'ase 2 of Theorem 1 of Bahadur and Ranga Rao(1960)
follows from Theorem +.9. Let Xy, X5, ..., be i.i.d. lattice random variables with span
p > 0 and m.g.f. given by o(z). Let ¢(z) = log(¢(z)), be finite for |z] < a. Let T,, =
X, +--+X,. The mgf. of T, is given by 0,(z) = ¢"*(z). Let m be a real number
such that nm is a possible value of T;, and there exists 0 < 7 < a satisfying /(1) = m.
Conditions {A) and (C) are trivially satisfied as noted in Remark 3.4. Using the fact that

X is lattice with span p we get that for each § > 0 there exists 0 < € < 1 such that

(7 + it)

¢(r)

This shows that condition (B') is satisfled since ¢,(z) = ¢"(z). Thus the conclusion

(4-33) sup <(1-e).

6<|t[<a/p

of Theorem 4.9 holds. This proves the strong large deviation result for P(T,/n > m)

contained in Case?2 of Theorem 1 of Bahadur and Ranga Rao(1960) and also Theorem 4

of Blackwell and Hodges(1939).

Lemma 4.12. Let Y,, be a function of the lattice valued random variable T}, as in Lemma
4.6. Let there exists positive numbers p*, p** and d such that p* < p, < p** and 7 > d
for all n > 1. If T}, satisfies conditions (A), (B’) and (C) then Y, converges in distribution

to standard normal and satisfies (4-2) and (4-3).
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Proof. The lemuma tollows once we verify that Y, satisfies the conditions of Theorem 4.2,

Note that the span h, = p,,/d, of Y, coes to zero as n — oc, since d, — oo and p,, is
I n Pnfn n & n !

bonnded, Tt T, sorisfies conlditions (\) «nd (C) then Lemma 4.6 shows that Y, converves

ro standard normal and sarisfies (4-3) with 3, = éd,,. Further, condition (B') implies that

Yo, satisfies (4-6). Thus 17, satisfies all the conditions of Theorem 4.2.0

Theorem 4.13. Let T, satisfy conditions (A), (C) of Theorem 3.1. Assume that the span
2, of T, and 7, satisty any one of the following conditions:

") Pn — XL Tppn 0. Tay/Mn — XC.

0 < py < p< x> 00T Ju, — .

Then

T 1
(4-36) P (—" > mn> ~ , exp(—anyn(mn)).
rn Tn /27000 (Tr)

Proof. Proceeding as in Theorem 1.3 we can write

(4-37) P (5 > mn) = exp(—an7a(ma)) E(exp(=ba¥;)[(Y, > 0))

an

where 17, 1s as defined in the proof of Theorem 4.5 and b, = r,d,. The rest of the proof

is similar to the proof of Theorem 3.5.{
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5. Applications

In this section we give two typical applications to illustrate the large deviation limit
rtheorems and strong large deviation limit theorems of the previous sections. The first
example 15 a local imit result and illustrates Theorem 2.1. The second example is a strong
large deviarion result for a lattice valued random variable and illustrates the theorems in

Section 4.

Example 5.1. This example applies to a general class of sums of dependent random
variables considered in Chaganty and Sethuraman(19387). Though it was proved in that
paper that the limit distribution could be both normal and nonnormal, our example applies
only to the case where the limit distribution is normal. We first present a particular
application and then state a more general application referring to conditions found in
Chaganty and Sethuraman(1987).

Let {.\"1("). X X,(,")} be a triangular array of random variables with joint density

function

(3-1) dQ*(x) = z71(27)~"/? [cosh(-;—:l)]n exp | — J_il ?]- dx,

where x = (21,...,Zn), 8n = 1+ ...+ Zn, 8 > 1 and z, is a normalizing constant.
Such dependent random variables arise in generalized Curie-Weiss models used to describe
ferro-magnets. Using Theorem 3.7 of Chaganty and Sethuraman(1987) or using (5-3)
below we can show that Y, = (Xf") + ...+ X,(,n))/\/r-z converges in distribution to a
normal distribution with mean 0 and variance 02 = 3%/(3? — 1) (Example 4.4 of Chaganty
and Sethuraman(1987) considered the case § = 1 and obtained a non-normal distribution

under a different normalization). We will now show that Theorem 2.1 applies to 7. Since

(5-2) (coshw)™ = Z exp(wy)An(y)
y€Cn
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il N (y) = (” ,','”/,)‘2‘” and ¢, = {=n,—n+2.....n}, the cf. of ¥}, s given by
= ’ N -

.5-3) Fult) = E(exp(it}),)

1 / its s oo
— -1 Z - exp n + n —V‘—j— dxl A ((//)
~n 5—\n/2 . . P ‘ nl!
yeCh (27) Vi an j=t ~
(=£7/2):70 Y ex (it” v )\( )
= exp{—1 ) Xp X ;T' Aty
et Ay/n o 23n
Since f,10) = 1. we have
3-4) ]f,,(f')[ < expl—t7/2) for all n and ¢

Thns from Theorem 2.1 it follows that for any h > 0, {h,} — x and y, — y.

2] ’
13-3) ba P(IYs = yaf < h/by) — \/320 exp (—)’JT)

with o = 32/(3% < 1).

From the above discussion and from a full use of Theorem 3.7 of Chaganty and Sethu-

raman(1937) we have the following application which we state without proof.

Let {xM x{W _\',(l")} be a triangular array of random variables whose joint dis-
tribution is as given in (3.13) of Theorem 3.7 of Chaganty and Sethuraman(1987). We
will impose conditions on the probability measure P and the index r appearing in that
Theorem. Let P be the standard normal distribution and let r = 1. Under these condi-
tions, Theorem 3.7 of Chaganty and Sethuraman(1987) shows that there is a sequence of

constants {m,} such that
(5-6) Y, = (Z an) - nm,,)./\/ﬁ
j=1

has a limiting normal distribution with mean 0 and variance 2. Let fa(t) be the c.f. of
Y,. For this case, if we proceed as in the application above, we can establish (3-4) for all

n and t. This shows that (5-5) is true with the appropriate o.
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Example 5.2. We now obtain a strong large deviation result for the Wilco<on signed-rank
statistic under the null hypothesis. This stregthens the well known weak large deviation

results for this statistic (see Klotz(1965)).

Let {X,, n > 1} be a sequence of i.i.d. continuous random variables with median m.

1

Arrange !le,l} X2l,...,1X,! in increasing order of magnitude and assign ranks 1,2,...,n.
The Wilcoxon signed-rank statistic U, is defined as the sum of the ranks of positive X;’s.
The statistic U, is used to test the null hypothesis Hy : m = 0 vs H, : m # 0. Let
Tn = Un/n. The random variable T, is a lattice random variable with span p, = 1/n.

The m.g.f. of T, under the nul! hypothesis Hy is given by
(5-7) dn(z) = H [(exp(kz/n) +1)/2], ze C.
k=1

[t is easy to check that ¢,(z) is analytic and nonvanishing in the region @ = {z € C : 2] <

7/2}. Let

(5-8) Yn(z) = n~!log én(2).

It is easy to check that there exists 8 > 0 such that |1,(z)| < 8 for |z| < m/2. Straight-
forward calculations show that ¥(r) is bounded below by a positive number a for real
7 such that |r| < /2. Thus T, satisfies conditions (A) and (C). Next we first note that
Yris) — fol (z)/(1 + exp(—sz)) dz and that the range of ¥/ (s), for real s contains the
open interval (0, 1/2) for all n > 1. Thus if {m,} is a sequence of real numbers such that
1/4<m, <m< fol (z)/(1 + exp(—mz/2)) dz then we can find a positive number ey and
a sequence {7,} satisfying 0 < 7, < ag < /2 and ¢ (1) = mp, foralln > 1. If 7, = 0
such that \/nr, — oo, then Theorem 4.13 shows that (4-36) is valid for P(Ty > nm.,).
Now consider the case where 7, > d for all n > 1 for some positive d. From the analysis in
Example 3.1 of Chaganty and Sethuraman(1985) it can be seen that there exists ny and

61 > 0 such that for 0 < 6§ < 6.,

't
(5-9) sup $n(7n + 1) < exp(—nab?/4)
§<|ti<x/pn $n(7n)
33
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for n > n.. Since p, — 0 this verifies condition (B). Therefore Theorem 4.8 shows that

the conciusion (4-36) nolds even in this case.

Acknowledgments. We are grateful to a referee for carefully reading the original version
of this paper and for suggesting many improvements, including the several variations in

the lattice case.
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