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Abstract

M os t la'2Cd~viaio re11 t 1 ; asym~1O 5 Iptotic expressions to log P( In > ! y,) where the

'u ti; ~,,}is a Irg ei onevent. that is, P I , > y, osto Zero e'xponient mliv

Wat \ rcfter to - !tIi results as- xceak large dleviat ion results. In this paper b lt am stronlo

1;tvc v~.. '. ~ i~ fo r arlt.> uarv ra ndomri variables { r }. that is, %ve obtain asviflptot iC

exnr.'~~> VrB,%Vtwere {l- > ! ,, } is a large deviation event. These strong large

vii: ~ ~ 11 r ulr- .5de I or lit rice va luled anidnonlat tice va-,lued randomn variables and~

ii-11re sZomeI c n n till~ir llinonient generating functions. These results strengtheni

exist tlug resi tirs vwhichi apply mainly to sumns of indlependlent and idlentically (list rilutedl

ran(loml varIbles.

Let p be the lebesgue mneasure on R. Let S be a measurable subset of R? such that

o < ji(S) < xandl let b",-*x Define q,,(y,; b, S) = V(b,,/p(S)) P(?),(!I, - Y) E S)].
as the pseudo-density futnction of I- . By a local limit theorem we mean the convergence

of q,,(qn: bri. S) as n - c and y, -* In this paper we obtain local limit theorems

for arbitrary random variables based on easily verifiable conditions on their characteristic

fuinctions. These local limit theorems play a major role in the proofs of the strong large

dleviation results of this paper.

We illustrate these results with two typical applications.
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1. Introduction

The estaObliiiieit of a limit distribution for a scqu cnce of randoin variables

{ ,. , > 1} provides an aI pproximation to P('-, < y). However, thte are other as-

,pects rek, i, to the (istribttr ion of I-, for which one often desires an approximation. This

c0oul1d be P< ], > !j,, ). known in the literature as a large deviation. especially when it tends
ztr) exponentially fast. Anorher example is f,,(yh ). the probability density fmetion of

V, at !/,,. Th e t 'rin, a 1,,rge deviatiun local linif result for 1'. is used whclI aln asymptotic

wOrsiois lishd ,fo F ) and !y,, is in the range of a large deviation for Y . Still

another example is the limit of (b,,/l(S)) P(b,,(;, - y,,) E S), where , is the lebesgI te

nlteas'lre and S is a measurable set such that 0 < pi(S) < cc and h, -c c. Such a re.,,ua

.vihl be referred to as a local limit result for Y' . This paper will deal with strong large

deviation and local limit theorems for arbitrary random variables.

The theory of large deviations for sums of independent and identically distributed

(i.i.d.) random variables and its many generalizations has a long history, see for instance

Cram4r( 1933), Chernoff(19.32), Ellis(1984), Varadhan(1984) etc. However, most of these

results give asymptotic expressions for logP(Y > y,) and so we choose to call them

weak large deviation results. For arbitrary random variables T,, and Y,, = T,,/a, for some

sequence a,, --,o, this paper gives asymptotic expressions for P(Y' > y ,), which we

call strong large deviation results. These results are found in Theorems 3.1, 3.5 4.5, 4.7,

4.S, 4.9 and 4.13 which impose conditions on the moment generating function (m g.f.) of

T,,. These extend the well-known strong large deviation results for sums of i.i.d. random

variables due to Bahadur and Ranga Rao(1960).

The proofs of our strong large deviation theorems depend on the lo':al limit resultts

for Yn. a--:: a ., ...... h,. in this paper in Theorems 2.1, 2.2, 2.3, 4.1 and 4.2 and they

are in the spirit of Feller(1967) wherein can be found some of the first local limit results

for sums of i.i.d. random variables. Local limit results for extreme values are established
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ILL Ile HaaI;l U111 I Rsi 1i1kl 1'.)S2 I. Local linmit re iilts for suills of trii-i.lit1"r 8triV5 ofi*.

1!Ifluom varial es call b.' fm ui inl .1 ini andl Pnit t (1OS7). Thie lo cal limit results- InI this,

u~ ra pply to( arloi tratv ta nloin vatial es I-, anil reqirme soiiw ea, Ily vcrifiabl( coni1ti' IS.-

UnrIArcharacttris tic ftune tions .

We jib ist raf(e our1 2tf -lA resullts with tiwo applicatilons- inl Sect lin 3. T he ffirst a ppl~-

C tt ionslcl i i- 1 oj 1111n re-ill ftotrum of de~pendent ran loi variables g*vv by Lva anra I

:a ~I cnsalerc I n Ch~ " v m ISeth iaimi n( OS 7). Thet secondl apj dica ais 1 -!rui

(o c via r In) result for thle \\i c iXoiiS i (I ranik statis tic und1er thle ni1l11 vj)tit i

W\e doi nwi .SuV a2 l eviationl l)ca)l im lt resut s inl t his lpapr. We lax ~e A1)

a Ie sI 1"-1 mis ls fo)r amr a a noin variables. inl Cha galtv aini. Set Ill Iranman' O"

fur (n-lenoa randoum variables and, inl Chaganty andI Sethulramiai(10.56) for miult i-

iiline-ns-ioilal randlom variableS.
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2. Local Limit Theorems

Let {f I I > 1} be a sequence of ran(lonm variables taking values in R1, which converge

to in dist ributon. Let S be a measurable subset with 0 < p(S) < 1 and let 1,, .

_.2-1 q, (!: 1,., 5) _ P( I,(;, - i) 5 s).

Since 1-7, nzy not have a probability density function (p.d.f.), we will consider lii-ting

propertties of q, (": 1., S). which will be called the pseudo-density function of Y1. Let {y,}

)e a seqte.ntce of real numbers such that y,, -* g'. The convergence of qn (un: b,, 5) to

the p.d.f. of Y at y* is referred to as a local limnit theorem. This is the spirit under which

local limit theorems have been studied for normalized sums of i.i.d. random variables

by Feller(1967), for normalized extreme values in de Haan and Resnick(19S2) and for

normalized triangular arrays of i.i.d, random variables in Jain and Pruitt(1985). This

section is devoted to local limit theorems for arbitrary random variables I,.

To motivate the main Theorems 2.2 and 2.3 of this section we begin with the following

result which must be well known.

Theorem 2.1. Let { 1-,n > 1} be a sequence of real valued random variables which

converge to Y in distribution. Let fn be the characteristic function (c.f.) of I'; for n > 1

and let f be the c.f. of Y. Suppose that there exists an integrable function f*(t) such that

(2-2) sup If,(t)l _ fP(t)

n

for all t. Then V,1 possesses a bounded and continuous p.d.f. f, and Y also possesses a

bounded and continuous p.d.f. f. Let Y,- -+ y*. Then f,(Yg) -+ f(Y*).
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Proof. C>m,)io i< ('2-2) inpa, tliiit tho c.f.'s,, a1( /are in tegrable. Hence l oth 1-0 anl

- possess a houllled ii,,d conin ions p.d.f.'s. The inversion formtla and the dominate'd

convergence t beorem.,iov tlat ,(!u,,) f(J) if y,, - * as n

From this therem we can also conclude that q,,(!,,: b,, S) . f( y*), for all S su(ch

tlhat 0 < 11'S) < c . if I,, - x and !j,, -, y" as n -+ , where q,,((': b, 5) is as dhfinedl

in (2-1). Even rhis eliitwit ir; resi lt finds application in certai, situations. For instance.

we apply this resiit lin Exa '7le .5.1 of Section .5 in this paper. However. condition (2-2) i.

imply t B) Strong to b)e 1 sefi! in most situations. We show in Theorem 2.2 below tifat 1)

B,,I1 1,in , f !,, t onl in'rc 2,.quences of blounded intervals by an nt erable fullt io we

" O, a r l' similutr to rn-ar of Theorin 2.1.

Theorem 2.2. Let {l,. n > 1} be a sequence of random variables which converges to 3'

inl (lstrbrtorin. Let f, be the characteristic function (c.f.) of 1,, for n > 1 and let f be

tile c.f. of Y. Let {b,} be a sequence of real numbers such that b,, . -c. Suppose that

there exists a sequence {3,} with 3 -- ' , ,/b, oo and an integrable function f'(t)

such that

(2-3) sup ,(t)I (ItI < 3,,) f f*(t)

for each t. Then the random variable Y possesses a bounded and continuous p.d.f. f. Let

S be a measurable set such that 0 < pL(S ° ) = p(S) < oc. Let qn(y; bn, S) be as defined in

(2-1). Then there exists a finite constant 1l and an integer n, such that

(2-4) sup [qn(y; b., S)] < Wl

for n > n.,. Fnrthc .,re, if yr -- y" then

aSF if --- --2,+(2-5) qn(yn; b., S) -f(y*)

as n -*oc.
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Prioot'. Sill"" / t j)ttl~'fll~- condl~itionI (2-~3) Imiplies thait is

I )wliml 
11 I)y f Hece I- p tcsc a hounded and( con1itious pAd.f. f.Let U,, be the

ui rniti 1 )itO 1 1Ltese S/b" and ?I,,. & , be Ot ep .d.f. and~ Cf. corresponding to

L ,, W also h(1ntc 1thr i.t :-ribur in fu nctioni ( d.f. ) 1 ", wit i p .d.f. c,1 andI c. f. &,

(hiL 11bol 1. to ol0'1 ui th nporrt intit (2-10):

7 F (3 X/2) 1 <21

f <

S0 otherwise.

Let F,, 1w t lie ljst ibI1u6 i b inc r ion ( d .f. ) of 1-,, and let Q,, F ,.A,

wacuie Oersthe( coiivolution operation. Notice that 1,, (y; b,. S) defined in (2-1) is

the" p.d.f. 4f 0, The pAd.f. rn i)of Al1,, is 'given b%

mn-y) X; ny ' b", 5) c, (x) dx.

Since the c.f. rb,,(t) of -11,. which is equal to j(r,(t&(),vanishefs outside the

interval [-.3,,. 3,,], the inversion formula gives

(2-9) m J exp(-ity)rn,(t)clt.

Thus, we get

b(S P (b (Y - y + X) E S) v, (x) dx

(2-10) = 3 'j exp(-1tyn)rh,,(t)dt

=A.(y) (say).
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ItI la r 2- 1 ), t Sti)iu [hur o ~eU part of tis proof al[ it re I;t t I'

~~~'S to: ,, r lihe c~ rhee.f. 1'? ,,( t). We first :sho,,, that A,(i',)C1\e~st

at len r1 l a i :i l( rV( tl upe h I)III(s for 4, ', wich' dependl ol' q , : 5,&) TiIJ-

v "1Ithe rsraihl (2 ' -1 -4) a u4 2-.5. By condi 1(),ou (2-3. tw ieonila ted conIVer1 ei1C fc ior~

1 1l 11' l i l f*1,1

Lt r~ q > (), Ler .r )e a c!I t cd iiieva ceinrer-eI at .1. that is,

12), 17) -b{ : k/ - XI < 17}

and( let S', {= fx . q) C S} anl SO ={y :ly - xj :S ij, for some xr 51S. W\e ctioose

ouIr Ijt(: ij,) such that 1I(Sq,) > 0 anl-d [I( S")/[L( 5)] K 2. Note that y E 5,, implies that

y + x E qs ,;) C S if Ix I < q~. Therefore, we g-et a lower bound for A,(y) as follows:

A() > / l P (b, (I - - yi + x) E S) v',(x) dx

(2-13) br P (b, ( , - Y) G 5,,) jv,(x) clx

> br'P~bn(- -) EE 5,) [1 _ 4bn

Combining- (?-10) and (2-13) and using condition (2-3) we get

(2-14) P(bn(Y - Y) Es -q S- ]K f' f*()d
Pu(S) -' 0' Ir/ T?7J 00
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frall o? >_ 1 wll' .5 hy S'l anll otjll- tl'i, 5 c (5S'/, weO

____ - / S ) 1 4- ) <JJ/(t) (i

3 ~ 1]o f ~ ( *Kit.

for~j r? , > n,- xv ~ an upron fo .,,U is'i oe yha

A-1) tiy[ P(b,( 1 - E ) A!,) 11

<o nn >~n(- n, Yn Epero Sf(! fo, (x y is give vbyx)

Pi(S) j Plx( - y+ x e 5) vdx)

(2-iS)~~ bn- P(b,(Y-n - Y) E S7) / v!x d / v 1()d

Thus, from (2-11), (2-13) and (2-is) weget that

urn sup P(b,,(I,2 -- Yn1 ) E Sj)

n p~ ) : f (y ) lirn in f b n P (bl(yT - y ) E S ) .
n
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R,,ia,'n . 5 .5 " in LU.. zt 5 I~ 5,, la t1.h r..s. aSSr. nd lis5m the relatims S C (S'?)

anl (S,,)I C_ S we get tat

1,/ ( )
•~~~C 5) ' )t,

hitSlj (' T(.( ;, i) S)if - p~,,), .,)

L.erug j - 0i and usi:ig the fact /(50 ) = ip(S) we get the assertion (2-5). ,

Tnrin 2.2 was stated_ as if the scueitnce {Ph,, } was given first and we wen. lokin ;

;.,r c,,n),ihal'us 1miher which conclusions (2-4) and (2-5) hold. One can also see fr,.,m th,

uro,,f of t his theorem that if {3,,} is any sequence with .3,, -- c such that (2-3) holds

tIin cunrlisions (2-4) a-d (2-5) hold for any sequnce {b, } with b,, -c x and 3,,/h,, -- -

The next theorem explores the case where the sequence {b,} is such that ,b,, -- c but

.31 - O ,,,).

Theorem 2.3. Let {Y,,, n > 1} be a sequence of random variables which converges to I

in distribution. Let f, be the characteristic funcion (c.f.) of I-, for n > 1 and let j l)e

the c.f. of Y. Assume that there exists a sequence ,, with 3,, -- oc and an integrable

function f*(t) such that (2-3) holds for each t. Let {b,,} be a sequence of real numbers

such that b,, --+ o and 3,, = O(b,,). Assume that

def1
(2-21) 9,4() sup If,,(t)l =o()

<It I<A b. b,,

for each A > 0, as n -- oc. Then the random variable Y possesses a bounded and

continuous p.d.f. f. Further the conclusions (2-4) and (2-5) of Theorem 2.2 hold if Y,, -*

and S be a measurable set such that 0 < u(S) = i(S) < 00.

9



Proof. Sin. C .3,1 - - , c , 2-3) implie- that f is boluned bV fP. Hence V ps.e>-.-

W,! l I t' )',t i 1./[ [ t. .f Also. since b,,,,, \) -- 0. for each \ > 0, we ', can fin,

a "-',il ~enc { \. } -.a ti:-tin4

• -. '. c _ ,,( .\,, I. C V. the icHnitions of the dist'jbttcoi fiuciti I , witL

,. , n, '  ,, in rI' :,, , Th rein 2.2 as followvs:

.. , ,, ,[- , < v < x 1nd

if tj <(2 2 ,<, A ,,,{ ) - AO 6 otherwise.

It is rasv to <-.,, that the same steps in the proof of Theorem 2.2 establish this theorem. 0

Remark 2.4. The concluiIons of Theorem 2.3 hold if we replace condition (2-21) 1)v

(2-25) j _ f,,(t) Idt - 0 as n -- oo,

for each ,\ > 0. Notice that condition (2-21) is needed only to show that .4 ,,(!,) -

where An(y) is as defined in (2-10) with /3, replaced by ,b,. If (2-25) holds for each

A > 0 we can find a sequence of real numbers {A,}, such that A, -+ o- and

(2-26) I,(t)dt -, 0 as n -- oo,

from which it follows that .4 ,,(y,) - f(y*).
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Tliec next rlcoromn pziv a c eiVione it way to verify condirion (2-3) of Theorem

I n Linma 3.3 of Section 3 we will usa Tleorem 2.3 and thisn method of verification of

c,,, t , liion 2-3 '

T heorein 2.5. L- ( , > 1} 1) 1 sejl ltico of random variables with c.f. s {f, (t)}. Let

!,, } I e 8 so, a,,, / i" ii Ln ,rs such tliat d,, -- . Assume that there exists (5 > 0

alluh r ha ,j, f,--,12 l , ',l, i 1-. finite aid twice dil-feren i lMe In the interval (-6. )

' , .,, 7 I. S:-i we tr t t~ioro, e::.-rts (i > 0 slicl tlat ftor It! < is.

, -' T,-y,t/) _> 0

1'r a" , V 1. Tihan con,11tion (2-3) of Theorem 2.2 is satisfied with .3, d,

Proof. An ancation of Taylor's theorem yields for !tI < 6,

t2

.~?

%%here r, is such that [r,jI < [t[ < 6. Therefore for Itl < 6d,,

2 t2
(2-29),

K9-d

n

Let 3, 61,,. Thus for Itl < , we have for all n > 1,

Ifj(t)I =exp(d'(g,(t/dn)))
< exp(-nt 2 /2),

11



4' CIfu.f~ collj)Nrh- the J~otof the fortcaLZ. K

Fn ux~l~:Aaa~~ai;a liniir for tlhe Laplace tnti~foril ~f' V, whIeu (2~-4' and (2-5)

1., ~ ar.'-:> ~it:~ ai iL~prta~ole In the proo(f.- of the stronl- lar- e deoviation

Lemima 2.6. L,,, {'l o. > I I,, a ,,qect-t of rinloii viiabls. Let fhl } Ie a sey"lI(I

w '' l.t~~r ,,- c.Let 5 be a itteasurablle -wr siilh that 0 < S <)K c

a!ti.. i~ ). A-ssine thiat '11 (1), 5) satisfies (2-41 indl (2-3).

N:..

Proof. Let b > 0. Counsiderq

- LE K( n1;)r (k~ - 1)h? n kh)]2-32) i

E~~ nCP-b~ Y § nk <

where Yk (24, - Il)h/ ,. Let 4kh = [1/h 2 ] and Sh [ -h/2, h12). We now get lower and

upper honsfor I,, as follows:

1, > Eexp(-kh) P(- n-YUn k<±)
(2-33) k~lk -i2n2,

h + : Zexp( -kh) qn (y,,.; bn, Sh)
bk=l

12



r, < nV(V (k-lh - Link < -h 7

,(Y[!' k:b j

k2-34' , > ' ,,. p-( 4 - )) q, ( <_k b , -S,,,.

k=1• >34, -- -- e.p - -1), q, (Un k:, s n,)

2-4) a _125 aft r 1.i: ta /,k 0 as u *c for each k' we gr,11 lf II > 0 1 kik~k

2-35, k=

_(O 11(exp( - h) exp( -( kh + 1l)h))
- .f() 1-- -exp--h)

im Sup(1) f f(O) h Zexp(-(k - 1)h) +Ih I exp(-(k - 1)h
(2- 36) k=1 k=kh+1

-f(0) h(l-exp(-khh)) +- .h exp(-khh)
-exp(-h)I - exp(-h)

Letting h 0 in (2-3.5) and (2-36) we get,

(2-37) 11m (b,, I,) = f(0).
n

This completes the proof of the lemma.O

Corollary 2.7. Let {Y', n > 1} be a sequence of random variables. Let {b,,} be a

sequence of real numbers such that b -- oo. Assume that {Y, n > 1} satisfies the

conditions of any one of the Theorems 2.1, 2.2 or 2.3, then the conclusion (2-31) holds for

the sequence {Yn, n > 1}.
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3. Strong Large Deviation Theorems

Let {T,. o > 1} be a sequence of random variables. Let {an} be a sequence of real

numbers such that a,, -- and {ml,,} be a bounded sequence of real numbers. Weak

largie deviation resuits give asymptotic expressions for log P(T/a,, > m,) where the event

{ T,,/a,, > 11 ,, } represents a large deviation. A number of authors, including Seivers(1969),

Steinebach(19TS), Ellis(19S4) have obtained such results under suitable conditions on the

m.g.f. of T ,. Strong large (leviation results give asymptotic expressions for P(T,,/a,, >

o?,, . On, of the earliest strong large deviation theorem was obtained by Bahadur and

Ranga Rac>!1060) when T,, is the sum of i.i.d. random variables. In Theorems 3.1 and 3.5

of this section we obtain strong large deviation limit theorems for arbitrary sequences of

random variables {T,,, n > 1}, under some conditions on the m.g.f.'s of Ta's.

In Remarks 3.4 and 4.10 we show that the original result of Bahadur and Ranga

Rao(1960) for sums of i.i.d. random variables follows as a corollary to our main Theorem

3.1.

The proofs of our strong large deviation results depend heavily on the local limit

theorems of Section 2. We use the notation A - Bn, if An/Bn --+ 1. ,Ve shall develop

some more notation before stating the main theorem.

Let {T,,n > 1) be a sequence of random variables with m.g.f. 0,(z) = E[exp(zTn)],

which is nonvanishing and analytic in the region Q2 = {z E C :Izi < a}, where a > 0 and

C is the set of all complex numbers. Let {an} be a sequence of real numbers. Let

(3-1) 7Pn(z) = a 1 log n(z), for z E £2, and

(3-2) ^,(u) = sup [us - O,(s)], for u E R 1 .
lsl<a, sERL

Theorem 3.1. Let {Tn, n > 1} be a sequence of random variables. Let {mn} be a bounded

sequence of real numbers such that there exists a sequence {r,} satisfying 0' (r,) = m,,

14



a d) < 7 , < a < Ct for son1 1)0.11t I\'(-'1 1 oi bers -I'),( an(A for all ii > I Let o 

Assuiune the followin' coiditions for T,,:

(A) There exists 3 < ?c s, tch that z':,,(=)t < 3 for all ? > 1, E P.

B) ThLere exists ,) > 0 such that

o,,4m, + it) _

sup) -I o( --

for all 0 < " < 6 u andf tr each A > 6o.

(C) Thlere ex:,ris e- > 0 such that T, ) > I for all I > 1.

Then

(T N 1 . . x(aT m,)
(3-3) P - >M exp(- cn -y(mn

Proof. Let I,, be the d.f. of T,,. We will use the left continuous version of the distribution

function which will enable us to write the identities in (3-5). Let

(3-4) H,(y) = J exp(ur, - a,,?n (r )) dKC( U),

-:)--< U<y

and let T,* be a random variable with d.f. Hn(y). Let T" = T,- anMn, Y, = T,',/d,,,

d, = V/a.in(rn) and b,, = r*dn. Using these new random variables and the relation

n(rn,) = mn,2 - V'n(7n), we have

T ii. a >_ J -- m cUC,(y)

(a. n rn

= / exp(-yr, + anOn(rn)) dHn(Y)
(3-5) Ja n

= exp(aj,? n)) E(exp(-T) I(T _ amn))

= exp(-an-Y(Mn)) E(exp(-7rT')I(Tn 0))

= exp(-anYn(mrn)) E(exp(-bnY,)I(Y', > 0)).

15



This stop. ls , i; . , 1 i;e,' " soft Eslior tranlsformation, is the starting point of mo-.t

invos t iga ri1ns in b,_. (lVi;1 ....- The rest of the proof is stated and proved separately as

Lem:!ia 3.:3 ,'. xv!,t, its h,,n that wheni the conditions (A), (B) aiid (C) are satisfied

1-, )i'.V'Ls in ,sr,:h,,ru t, the standard normal and

3-fl' 1)) t ,,E eXj)-b5, )f(I-, > 0)) 1

Th, pro, o t pr bof rib l.': }, st t it ilng (3-6) in (3-5).0

Remiark 3.2. The O of , below by (I > 0 is satisfied for example if
im 1t - E T, ,)/ l > 0. A strong large deviation result for T,, when 7-, -+ 0

i.s proved Ia ror e. T lieortn 3.5.

WVe now sute an d prove Lemma 3.3, which will complete the proof of Theorem 3.1.

Lemma 3.3. Let {T,, n > 1} be a sequence of random variables. Let a,, -* cc and

{,n,,. o > 1 } Ie a bl, rded sequence of real numbers such that there exists a sequence {r,, }

sat I-fyIng.,( I,, M, ald 0 < d < r, < ao < a for some positive numbers a0. dand for

all r; > 1. Let /,, /,, ' , ,, ,,). Let the rant, variable Y, be defined as in the proof of

Theorem 3.1. Assume that the conditions (A), (B) and (C) of Theorem 3.1 are satisfied.

Then Y, converg-es in distributionl to standard normal and (3-6) holds.

Proof. The c.f. of Yn is given by

(3-7) fn(t) = exp(-itanm/dn) q(n + it/dn)

Since O,(z) = a - ' log O,(z) is a finite and analytic function in Q, and Jr,.j < ao, using

condition (A) and Cauchy's theorem for derivatives it follows that

(3-3) +(k) it)l _ k!( ,  for k > 1,

1(a
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. < - , U i. the Taviw s('r it'S ('XL)a I lS l W(Q Can Write

', -0' .', r, i ) = ",( ,) i,;,(T,) - ( /)rn(') + R ,,(T,, + i )

r. V - '2, where the remainder term R, satisfies

3-10) iR,(r,, + it)I < 23t
- (a - a0 )3

From (3-9). (3-10) and condlition (C) we obtain, for any fixed t, that

(3-11)

log ",,(t) -(it, an7,,)/I, + a n +I t/dn) - .. (7.)]

(itanni)cl, + an (it "K( r-)/d - (t)( ) + Rn(, ± it/d)]

- -t 2 /2 + anR,,(r + it/d):

andI

(3-12) IaR,,(r, + it/dn) < ad('a--03 -0, as n -+ oo.

Hence Y converges in distribution to the standard normal random variable. We now

proceed to show that Y, satisfies the conditions (2-3) and (2-21) of Theorem 2.3. Let

gn(t) = dlog Ifn(dt)l
(3-13) 1( I "r,)[Real(O'(rn + it) - On(-r))]

Thus

17



y~(t) -Real(L , (r, + it))

- Real(Q?(r, 1) + itc,)
(3-14)

=-1 + Real(it,,/':(r,,))

< -1 + ItIItnI//l,
wh~ere Vs an apjnropruit, ,omplex innuber depending on the third derivative of w,. which

from (3-S) satisfies

3! ,3
t3-1 5 ) I .1 < for 72 > 1.

-(a - ao)3

Therefore we can find 6 > 0 such that & < 60 and for ItI < 6,

(3-16) g,,(t) < -(1/2) for all n > 1.

This verifies condition (2-27) of Theorem 2.5, and hence condition (2-3) with 3n = d,".
Now, with b, = rmd,, and using condition (B) for fixed A > 0, we get that,

N (rt + it)

sup Ifn(t)l = sup
6d, <Itl_<Ab 6_<<, - On(7n)

(3-17) =

1

since d < rn < ao and dn = O(V"/a). This verifies condition (2-21) of Theorem 2.3 with

bn = 7rndn. The assertion (3-6) now follows from Corollary 2.7. 0

Remark 3.4. Let X 1,X 2 ,..., be i.i.d. random variables with m.g.f. O(z) and let V/(z) =

log(O(z)), be finite for IzI < a. Let Tn = Xi + + Xn. Bahadur and Ranga Rao (1960)

18



ol taMed( a stL n:1n2 larr e (leviat , i tieorein for T,, in Theorem 1 of their pa1per cosit , tig

three ases. II cl/, { 1 they assume1d that X, is absoluitely continuous or more geAerally the

(I.f. sat ifies Cramer's condition. In Ca.sc 2 they assuined that X, is a lattice variable and

filahly tblcy consider all the other possibilities in Case 3. We now show that Ca.<,.c 1 anI

:3 of Theorem I of Bahaduiir and! Panga Rao(1960) follows from our Theorem 3.1. C',t(i 2

follo, - from on:"- Theorem 4.9 anl is obtained later in Remark 4.10. Asstme now that X,

is a nonlartict, ria domn variable. Tle in._g.f. of T, is given by P,,(z) = (s). Let 11 be a

real, mtn 1ber slcE telat there exists 0 < 7- < a satisfying &'(r) = ro. We will now procee(l

S,erify h~e cclit ions of oiir ma in Theorem 3.1, with_ 0, = i and a,, I ii for all I? > 1.

C,:,liri,s A and, (C) are trivially satisfied since I,, _ and t 7-1, = r for all oi > 1. Using;

the fact t nat X1 is nonlattice we get that for each 6 > 0 and A c there exists 0 < e < 1

suenI tulat

(3-3)sill) 6 + it) <(1

This shows that condition (B) is satisfied since ,(z) = (z). Thus the conclusion

of Theorem 3.1 holds. This proves the strong large deviation result for P(T,,/n > In)

mnr1t:ained in I'.s 1 and 3 of Theorem 1 of Bahadur and Ranga Rao(1960).

We now turn our attention to the case where 7, --+ 0 as n -* oc, but not very fast.

More specifically, we require that 7, --- cx. In this case we can get the stronger result

that the conclusion of Theorem 3.1 holds without condition (B).

Theorem 3.5. Let {T, ,1 > 1} be a sequence of random variables. Let {rn,J be

a sequence of real numbers such that there exists a sequence {r,} satisfying ij(r,,) =

m, and -,, > 0. Also assume that Tn -* 0 and rnv/'a --+ co. Let Tn satisfy the conditions

(A) and (C) of Theorem 3.1. Then

(3-19) p Tn >_ M -, exp(-anYn(mn)).

/ r, 727ran n , n)
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Tue proof of The(,irenm 3.. is similar to the proof of Theorem 3.1. The )nlv chani'e is

rhat we apply Lemma 3.6 i stead of Lemma 3.3 to obtain (3-6).

Lemma 3.6. Let {i ,. o > 1} be a sequence of random variables as defined in the proof

,f Theoem 3.1. Let 7,, -- 0 and o, - "C. Assume that conditions (A) md (C) of

Th eorem 3.1 are satisfied. Then I,, converges in distribution to stanclard normal and (3-6)

Proof. \We have alrea(ly seen that in Lemma 3.3, Y converges in distribution to standard

II( ,r.IaI raindom variable if con',irious (A) and (C) are satisfied. Also, Y,, satisfies condition

<2-3) of Theorem 2.2 with .3, c= d,,. Let b,, = 7,,(,,. The assumptions on r,, imply that

1,, - _-,\: an .3 /,, --, _c as it -- c. Therefore the conclusions (2-4) and (2-5) are valil

for I,, by Theorem 2.2. Thnts I,, satifies (3-0) by Corollary 2.7. This proves Lemma 3.6.

>
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4. The Lattice Case

This section primarily decls with local limit theorems and strong large deviation the-

o)reins for lattice valued randon variables. These theorems are analogous to the theorems

of Sections 2 and 3. In this section and the next we use the word span to indicate the

maxim,.al spami of a lattice ranlom variable.

Theorem 4.1. Let Y,, be a lhittice valued random variable taking values in the lattice

{k,, : 0.k = ±1.±2 .... }, wlere It,, > 0 and n > 1. Assume that the span h,, of 1,,.

converges to zero as n -z. Let I' converge in distribution to Y. Let f,, be the c.f. of

Y, and j be the c.f. of Y. Assume that there exists an integrable function f* stch that

(4-1) sup If.(t)l (It < w,/h ) <_ f*(t)
it

for each t. Then Y possesses a bounded and continuous p.d.f., f, and there exists a

constant -L < D such that

(4-2) sup [p , = _< Al

uniformly in y. Further, if y, is in the range of Y, and y,, converges to y* then

(4-3) + P(Y,, ) - f(y*)

as n - oc.

Proof. Let Yn be in the range of Y . Then an application of the inversion formula yields

1 PY1 I' exp(-ityn) !£(t) dt
(4-4) P(Yn = ir h l(

The assertations (4-2) and (4-3) now follow from condition (4-1) and the dominated con-

vergence theorem.
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Tile next t )LQII rcla:,:r. c, MIlit aii (4- 1) bilt ilpos(s 1 di tonal coIliftiM (4-6

aid ol tai us the samne co.cwltsic'u, as Theoreni 4.1.

Theorem 4.2. Let {f , o > 1 } be a sequence of lattice valued random varialles as in

Thie,,otn 4.1. A. -sine rhat tlere exisrs an integrable function f" such that

4-.5 f,p j I 1, ( t j < .")< f*(t)
fl

Pr each t. andt

. , ft o(,, )

a n -' for some sequnco o real numbers {.3,,} such that 3, -- c and 3,, < =/h, for

all n > 1. Then V possesses a bounded and continuous p.d.f., f, and there exists constants

-1I such that (4-2) holds uniformly for all y. If y,, be in the range of Y, and y,, converges

to y* as o -+ then (4-3) holds.

Proof. Let U, is a possible value of Y,. Then an application of the inversion formula

yields

(4-7)
.T1 }; =Y,) =1f/h_,/ exp(-ity",) j.(t) dt

I 1 exp(-ityn) f,(t) dt - exp(-ity.) f.(t) dt2,7 I,a <]tI27/h

= InI + I,2 (say).

It is easy to check that condition (4-5) and dominated convergence theorem imply that

I,,, converges to f(y*) = (1/2-)fexp(-ity*)f(t) dt. Next

(48)1 1 t h
(4-) n

hn

which converges to zero as n - c, by condition (4-6). This completes the proof of (4-3).

22
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N.'r froin (4-7) and (4-S) we get

77 i I I ,( + nt,

<-) < - ff(t) (t + ,
- _.: C  h

- f *(t dt=M

,. v , or. t~ > it,'. T!iu tu,',ers the proof of the theorem. &

Theoreni -1.3. Let ;, le a In ri,, vahimel random variable taking valhes in the laittiCe

, ,, " " = ). -1. '2 .... x h', ,, > 0 for at > 1. Assume that the span /,,, of ,,

,',u' rts tzero, as I ~-~ Lo r I c onvcrge it istribttion t I V. Let { b ,, } be a Sey l ence

ot" re' l mtmmmiber sx,'h that lia,, 1l,,h,,) -c.. Slppose that 1,, satisfies the conditions (4-2)

.I:,1 (4-:,)). Then

,4-10) I-I E [exp(-b, 1',, ) >  0)] -- f(O)

as 1t -- '. where f is the p.d.f. of V.

Proof. Consider

I,, =E(exp(-b,,Y ,,)I(V,, > 0))

(4 -1 1 ) = +
=0) + Zexp(-kbh, )P(I, = kh,).

k=1

Using (4-2) we get

(41) 1  0n n e.<p(-b~h,) 0
(4-12) Eexp(-kb,,h,,)P(I = kh, (1 - exp(-nlh,)) 0k=1

as n - oc, since lim(bhn) = oc. Therefore from (4-11), (4-12) and using (4-3) we get

(4-13) lim In)= limT P(Yn = 0) = f(O).

This completes the proof of the theorem. 0
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Thieoremi -4.4. Let 1;, ho :~~ \-iI1,d 11.:1\u~d ~~~ V;l111('S '11 tILO kirt

k = U l... I xlcue b , > 1) fou u ~ > 1. A:ssume t hat t he spam I, ,, ,F I'l

C(le~0t/L r() 1?(T ;Is i 0 Let I, 01\1t inl l )1>thitiIn t( 1 . Let {1), b e a SeqTIeIniee

rea ultihrs ucht t 0) < 1jin ilif,,' A _ ' A.X-. Sp etht1,sis- the

Proof. G

exp( -[,h f(1 I k-b

L _ I,, ti:'ai. A\1\e ho l1 f()r r,, Is~ gveIl bv

I~~~~~~~~ 4- I3ep kh.)P1,

11(1 n1 i t' l)hI~ 5'ie v

4 -I 17 , exp( - 0, 1,~ )P(1~ kb,) + .fb,11 exp(-kbU,~

xliereI H we h-ave usedI -2) Cnuingno (4- 13), (4-16), (4-17) and using (4-3) wege

(4-131 [k1 -il exI(1h) IJ > f(0) liin inf(l - exp(-NVb,, b))

=f(O) (I - exp(-N'b))

(419 ]m slip [( eP-&b)) In] f f(0) + 11imsup(.1fexp)(-NVbhb,))

=f(0) + .11 exp(-Nb)

whe're b 111 hilf na b, h n). -Now letting N + oc In (4-18) and (4-19) we get

(4-201) W[1 m exp(-bnh,,)) Id] = f(0).
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1(o 1>. in a Initn ro S e strI'()I I,,)Ltr t, (kviatjoil t lie( I tqis- for aI r irarv se-

T f, . > 1 f LAtl tir'O ram oni ea riollC \ I I (levtdloj sColi1 ii')t A t il 1)0huit

T ,~F 1;o-,ric rvilna:a \ tjad takhing- vallios In tlie IAtir'{, .Ip,, k -

I* 1 ~ . ,~'~'r~ i,, Ufoi- o > 1 Let the m.g.t. ()f T,,. o,,I z:. hoo ;tniAI>,tj Il

-tI ti. vx. LI.

N:,

F ,''I~.' V no~1W ill I110 (an e f 7*,,/I',, 1Il 11r , it 1

;t* , W- L < 7,, < 0,) < I. Let

TL'£4 r'.n~Thorems 4.5. 4.7. 4.'S. 4.9 andI 4.13 obtain ain estimate of the lar-e dleviation1

!)~)lo~ jt P( Th 7'l >n m,- ,, ). deopen hug on the various behaviors of p,, and 7,

ThIeoremi 4.5. Al-siume that p,, and 7,, are such that p,, - ! c.p, = O nv/ ) an,!

>10, (-,,,, A-% iime that I T,,. n > 1 } satisfies condlitior,; (A) andl (C) of Theo-

ren 3.1. Theon

Proof. Since m,, is in the range of T,la,, we can write aarn tn +lInPri for some integer

U sing the relation -On,) =i7n ,-n~ - "(n we get

p (P > in,) P(T,, > t + In Pr,)

ZP(Tn , t + (k + ln)Po,)
k=O

(4-23) 0
= exp( -cl,1 -fn(n,,)) E3 exp(an-j,,(rn,,))P(Tr, t,, + (k + 1,,Pn

k=O

= eX1)(-an^/n(mfn)) E3 exp(-kTrnPn)P,(k.)
k=O
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* 1+ A +l )

te , ri, r vali el ra n lo i rva ial)le T,, which takes the v;alue A'],, wviti

,, . , o e; .,'. Thertre. we C(an rwrite (4-23} as

p (L,", ,,, .) exVp-e,,,.,(,o,,)) E(exip(-T,,T' )f{T' > 0))

- o\p(-,,-. I,,) E(exp(-r,,3,, " " >0))

= , )( - i , .,, (i,, E (exp( - , .3, I( 1_ > 0))

= , J ,..p - , ,, to,, ) >[,))

-v > = , r,)an, ,, = ,! (t and b,, T d,,. -Note that V, is a l;,rti,',,

L" t51 'xi th I X - 1 b = j,/(/,, and lL7,, ( , , = lim , , , ,,, p. If

, r, ,A) and (C) art' satisfied, the next Lemnima 4.6 shows that Y, colrl es

in ,i' >t,) te standard normal and satisfies (4-2) and (4-3). Therefore applyin

Ti~e,,::, 4.3 f,,r 1,, we get

lt-h,

as , -- -,. Substituting (4-26) i (4-25) we get (4-22). This completes the proof of the

rll,orein. >

We now state and prove Lemma 4.6 which was used in a major way in the proof of

the above theorem.

Lemniia 4.6. Let the lattice random variable Yr be defined as in the proof of Theorem

4.5. Note that Y,, takes values in the lattice {kh, : k = 0,-±1, ±2,.. .}, with probabilities

{P,,(k) : k = 0, +1, ±2, ... }, where hn = p,/d and Pn(k) is as defined in (4-24). Assume

that T,1 satisfies conditions (A) and (C) of Theorem 3.1. Let P, -* cc such that p, =

o(J' .). Then Y,1 converges in distribution to standard normal and satisfies (4-2) and

(4-3).
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[tooIt. ITI InIm \Ill In'' I It \ oit'-r i,>ji tI~ ')~jj)t

[ ' r o o f . T h , ' , 1, , u n a % % I ! ! h e. t uv', v, !i .' ,V f,?, O le, o fl T

~,:o 4 4.1. \,,tc th't h, -* . )i ' p o( ; i A,, I ,l .',,( T-,) > c. The c.f. of Y', is .givein

.t,2 71 E(,xp(it ,))

4-27) -~' /IP(T,, t,, + kpt,

. - O,,( i,, 1

.,. 71 1 t dr

1) 1(7-1

whrtein we have InIed (I t Loe fact ,, t,, + ,,,. If rt ie condit1, ms (A) and ' -. 1 iw1t;(

Lenim- 3.3 shows that f,(t) c(Ivr',)es to exp( -t 2 /2) and there exists 6 > 0 s(I tl.;r

(4-_2) ,,t)' ItI < M,,) < exp(-o 2 /2)

for n > 1. Sin:e p,, --* , we can choose n large such that P,, > ;r/ and hence 7/1,,, < ,

Thuis for siiffeintly large n we have

14-29) 1 f,(t)j f 1 _ f /h,) < f*(t) = exp(- at 2 /2)

This verifies (4-1). The lemma now follows from Theorem 4.1. ¢

Theorem 4.7. Assume that p, and r,, are such that p -o,-- , p,, o(,Ti= ,/7i) and

im inf,,(r,,p,,) = b < cc. Let {T,, n > 1} satisfies conditions (A) and (C) of Theorem 3.1.

Then

(4-30) P ( > mn) p, exp( -a n( m

a, V --T an~'(1 -exp(-7mpn))'

Proof. Proceeding a- in the proof of Theorem 4.5 we get that

p (L > inn = exp(-an-tn(M.i)) E(exp(-7nd,1Yn)I(Yn ! 0))

(4-31) = exp(-anyn(mn)) E(exp(-bnY,)I(Y' >- 0))

= exp(-an~tn(mn)) In
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wl:,cre I;, a<- Ili'h tl ILL t LW )It01,f ,4f Thic(ia 4.3 ;ind 1,, = Ti(, 1 . No r e t hat

Iifin ii,,i ,, h =,, ) liii. hu,, r,, ,,, - b < c. The theorern now follows froim L,'mma 4.6

am.1t Tth,'lC1 4.4. .

Theo rem -4.3..\s imne that ,, aind r,, ae such thaft 1),, -- 0 and 0 < (I < < <,, < (1I

S111p[M)( 7 t tl" T,, sai't.-v co .,litions (A), (B) anld (C) of Theor'em 3.1. Then

' }' P > n , x) - ,2,(n,)
((If, ) -1 V, ( -)n ~

Proof. Pr,',hii as iII r he pr.,,f of Theorem 4.3 we get that

(4-33) p ( > )( E(exp(-b; )1(1, > 0))

wlhee If, ;- a defied inI the proof of Theorem 4.5 and ,,, = ,d,, . The rest of the proof

is similar to the proof of Theorem 3.1.

Theorem 4.9. Assume that there exists positive numbers p*, p** and d such that p* <

pit < p" anl -,, > (I for all n > 1. Let T, satisfy conditions (A), (C) of Theorem 3.1 and

the following c;)ndition (B'):

(B') Therre exists 61 > 0, such that for 0 < 6 < 6,

slipr + i) [ ]
sup - o.

Then

(4-34) P \ L , > mP/{ ; , n r) 1 -exp(- r p,(" ))

Proof. The proof of this theorem is similar to the proof of Theorem 4.7. The major

difference is that we apply Lemma 4.12 instead of Lemma 4.6. If the conditions (A), (B')

and (C) are satisfied, the next Lemma 4.12 shows that Y, converges in distribution to the

standard normal and it satisfies (4-2) and (4-3). Note that in this case lim inf,,(bnhn) =
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1iI' inti',-f b < >.:. C-oitihii1. L,.zia 4.12 and Theoren 4.4 we get the concltioii

i 1-4 3. <>

Remark 4.10. Let {T,,, o > 1} be a sequence of lattice random variables with span

!' > 0. If P,, -- 0 t hn Condirion (B') implies Condition (1B). Therefore one sho, dl no)te

tir Tho wnc 4.S is al-so r rue if Conidition (1B) is replaced by ConlitiikB'). However, if p,,

is si ch that 0 < p' < p,, < p- < -c for some positive constants p* and i". the stronger

C',u.diti tt i B' never s ,ti.-.fie tor the lattice random variables {T,, ii > 1}. I this case,

Ti,-onm 4.9 ol)tairis the st don2 la :'5e leviation result assuming the weaker condition (B").

In the case whiere p,, -* c. both conlitions (B) and (B') can be dropped altogether as

-sho,,wn in Threm:-s 4.5. 4.7 and 4.13.

Remark 4.11. We now show that Case2 of Theorem 1 of Bahadur and Ranga Rao(1960)

f ok).ws from Theorem 4.9. Let Xi, X,,, be i.i.d. lattice random variables with span

1) > 0 andi m.g.f. given by o(:). Let Q(.) = log(6(:)), be finite for :1- < 0. Let T,,

X, + ... + X,,. The m.g.f, of T,, is given by 6,,( :) = 6'(z). Let m be a real number

such that irm is a possible value of T7, and there exists 0 < r < a satisfying ,'(r) = n.

Conditions (A) and (C) are trivially satisfied as noted in Remark 3.4. Using the fact that

X, is lattice with span p we get that for each 6 > 0 there exists 0 < e < 1 such that

(4-35) sup 0r + it)!<(1- ).6<1i<,x/P O(r I

This shows that condition (B') is satisfied since 0,(z) = 0"(z). Thus the conclusion

of Theorem 4.9 holds. This proves the strong large deviation result for P(T /n > m)

contained in Case 2 of Theorem 1 of Bahadur and Ranga Rao(1960) and also Theorem 4

of Blackwell and Hodges(19O59).

Lemma 4.12. Let Y, be a function of the lattice valued random variable T7,. as in Lemma

4.6. Let there exists positive numbers p*, p** and d such that p* < p,. < p** and r > d

for all n > 1. If T,, satisfies conditions (A), (B') and (C) then Yn converges in distribution

to standard normal and satisfies (4-2) and (4-3).
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Proof. The leimma foll,)v.s once we verify that 1', satisfies the -nnditions of Theoreem 4.2.

Nte that the spain, p,/,, of Y, goes to zero as n -. -, since d,- -- c and p, is

b)ounId. If T; ':sh,- ccn..:ions (\) .. nd (C) then Lemma .'4.6 shows tlat Y ' mVe,'res

to standtard normal and satisfies (4-5) with 3,, = 6 , . Further, condition (B') implies that

1,, satisfies (4-6). Thus 1;, satisfies all the conditions of Theorem 4.2.0

Theorem 4.13. Let T, satisfy conditions (A), (C) of Theorem 3.1. Assume that the span

1,, of T,, and r,, sa ai-t'v an v one of the following condit ions:

i) Po?, . , - 0. 1,, -* CC.

ii ) K p, < P < c. -, --+ 0. 7r,, -- ,.

Thien

S, 7 2exp( -a,,o ,, x

Proof. Proceeding as in Theorem 4.5 we can write

(4-37) P (L > ma exp(-a,,,,,(ma)) E(exp(-b,,>,,)(Y _ 0))

where ;, is as defined in the proof of Theorem 4.5 and b,, = Tda. The rest of the proof

is similar to the proof of Theorem 3..5.

30



5. Applications

In this section we trive two typical applications to illustrate the large deviation limit

theorems and[ strong large deviation limit theorems of the previous sections. The first

e,;ampl is a local limit result and illustrates Theorem 2.1. The second example is a strong

hirge deviation result for a lattice valued random variable and illustrates the theorems in

Section 4.

Example 5.1. This example applies to a general class of sums of dependent random

variables considered in Chaganty and Sethuraman( OST). Though it was proved in that

paper that the limit distribution could be both normal and nonnormal, our example applies

only to the case where the limit distribution is normal. We first present a particular

application and then state a more general application referring to conditions found in

Chaganty and Sethuraman(1987).

Let {X(-). X(-),..., X(n)} be a triangular array of random variables with joint density

function

(.5-1) dQ*(x) = zn1(2-,)n/2 [cosh( s,)] exp - dx,

where x = (x1 ,... l), Sn= x 1 + ... + xn, ) > 1 and z, is a normalizing constant.

Such dependent random variables arise in generalized Curie-Weiss models used to describe

ferro-magnets. Using Theorem 3.7 of Chaganty and Sethuraman(1987) or using (5-3)

below we can show that Yn = (X ) + ... + X('))/V/n converges in distribution to a

normal distribution with mean 0 and variance o,2 = 0('1 - 1) (Example 4.4 of Chaganty

and Sethuraman(1987) considered the case 0 1 and obtained a non-normal distribution

under a different normalization). We will now show that Theorem 2.1 applies to Yn. Since

(5-2) (coshw)' = exp(wy)An(Y)
yECn
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.. ih \, ( ,,)2-"2 and C,, + {-n,-,-2. o. tlie c.f. of I,, is given by

5-3) f,(f) E(exp(il,,))

(2 , its l s,

2I[)~ J !J Yf -~

exp(-t /2):, Z exp (t + '\") ,\,,,) .
?/ E C',

SilJe ,, O)= 1. we have_

•-4) 1,,(# tl < .p( - t2 /2) for al n andt t.

Thiis from Theorem 2.1 it follows that for any h > 0, {li,} -x and y,, - .

__h (_ 1" N,..-3.) b,,, P(0 111 - Y,, < h/b,,) --* "exp 2,-/

2c 2

,,ith o- = 32/(32 - 1).

From the above discussion and from a full use of Theorem 3.7 of Chaganty and Sethu-

raman(19S7) we have the following application which we state without proof.

Let, I.- "'. X'"), . . . , .}(")} be a triangular array of random variables whose joint dis-

tribution is as given in (3.13) of Theorem 3.7 of Chaganty and Sethuraman(1987). We

will impose conditions on the probability measure P and the index r appearing in that

Theorem. Let P be the standard normal distribution and let r = 1. Under these condi-

tions, Theorem 3.7 of Chaganty and Sethuraman(1987) shows that there is a sequence of

constants {m,} such that
n

(5-6) yn= (S x - nm,)/v'
j=l

has a limiting normal distribution with mean 0 and variance o2. Let !n(t) be the c.f. of

Yn. For this case, if we proceed as in the application above, we can establish (5-4) for all

n and t. This shows that (5-5) is true with the appropriate a.
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Example 5.2. \e now obtaii a stir,)g large deviation result for the \Vilco(on signed-rank

s;tatistic under the null hypotlicsIs. '[his stregthens the well known weak large deviation

results for this statistic (see Klotz(19G5)).

Let (X , , n > 1} be a sequence of i.i.d. continuous random variables with median m.

Xrrange XI., 'X2V,. . , X,' in increasing order of magnitude and assign ranks 1,2,... ,n.

The Wilcoxon signed-rank statistic U, is defined as the sum of the ranks of positive Xi's.

The statistic U, is used to test the null hypothesis H0 : m = 0 vs H, : m - 0. Let

T, = U, i. The random variable T , is a lattice random variable with span p, = 1I/n.

The m.g.f. of T , under the null hypothesis Ho is given by

7,

(5-7) n(z) f [(exp(kz/n) + 1)/2L, z C.
k=1

It is easy to check that 0 , (z) is analytic and nonvanishing in the region fl {z E C IzI <

,r/2}. Let

(5-8) '7 (z) = n- lOg n (Z).

It is easy to check that there exists 3 > 0 such that 4D, z)j < f3 for Izi < Tr/2. Straight-

forward calculations show that 4"(r) is bounded below by a positive number a for real

T such that Irl < 7r/2. Thus T , satisfies conditions (A) and (C). Next we first note that

,(s) --- fJoI (x)/(1 + exp(-sx)) dx and that the range of <b(s), for real s contains the

open interval (0, 1/2) for all n > 1. Thus if {m 7 ,} is a sequence of real numbers such that

1/4 < m , < T < fI (x)/(1 + exp(-7rx/2)) dx then we can find a positive number ao and
sequence {r} satisfying 0 < rn < ao < 7r/2 and )= i , , fn) = , n) for all n > 1. If Tn --

such that v/,r , --+ oo, then Theorem 4.13 shows that (4-36) is valid for P(T. > nm , ).

Now consider the case where r, > d for all n > 1 for some positive d. From the analysis in

Example 3.1 of Chaganty and Sethuraman(1985) it can be seen that there exists no and

61 > 0 such that for 0 < <

(5-9) sup O , (r , + it) < exp(-na5/4)
_<33(r)
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for n > n,,-. Since p, -- 0 this verifies condition (B). Therefore Theorem 4.8 shows that

the conclusion (-1-36) holds even in this case.

Acknowledgments. We are grateful to a referee for carefully reading the original version

of this paper and for suggesting many improvements, including the several variations in

the lattice case.
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