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ABSTRACT

This paper discusses likelihood ratio derivative estima-
tion techniques for stochastic systems. After a brief review
of the basic concepts, likelihood ratio derivative estimators
are presented for the following classes of stochastic processes:
time homogeneous discrete-time Markov chains, non-time ho-
mogeneous discrete-time Markov chains, time nomogeneous
continuous-time Markov chains, semi-Markov processes, non-

time homogeneous continuous-time Markov chains, and gen-
e
P

==

eralized semi-Markov processes.

1. INTRODUCTION

In recent years, an extensive literature has begun to
develop within the simulation community on efficient esti-
mation of derivatives of performance measures with respect
to decision parameters. In this paper, we shall focus on de-
scribing the basic ideas that underlie a recently introduced
derivative estimation method known as likelihood ratio
derivative estimation (also known as the efficient score
method). This technique has been previously described in
GLYNN (1986, 1987), REIMAN and WEISS (1986), and RU-
BINSTEIN (1986).

In Section 2, we describe the basic likelihood ratio
derivative estimator in a general setting in which the essential
idea is most transparent. Section 3 specializes the estimator
to discrete-time stochastic processes. We derive likelihood
ratio derivative estimators for both time homogeneous and
non-time homogeneous discrete-time Markov chains. In Sec-
tion 4, we concdude the paper with a discussion of likelihood
ratio derivative estimation in continuous time. We present,
as examples of our snalysis, the derivative estimators for:
time homogeneous continuous-time Markov chains, non-time
homogenecus continuous-time Markov chains, semi-Markov
processes, and generalized semi-Markov processes. In all our
examples, we require that the performance measure corre-
spond to a terminating simulation.

As mentioned earlier, the likelihood ratio derivative es-
timation technique has been previously investigated in a
number of different papers. Our main contribution here is

to specialize the general idea underlying this family of deriva-
tive estimators to the various classes of stochastic processes
described above.

2. LIKELTHOOD RATIO DERIVATIVE
ESTIMATION

In this section, we provide a brief introduction to the
basic ideas that underlie likelihood ratio derivative estima-
tion. To set the stage, consider a family of stochastic sys-
tems that is indexed by a scalar decision parameter . For
example in a queueing context. # might correspond to the
service rate at a particular station. Given the sample space
§2, let X(8,w) be the sample performance measure observed
at sample outcome w and decision parameter §: we permit
X (6, w) to depend explicitly on & in order to encc mpass sit-
uations in which the “cost” of nmning the stochastic system
(as measured through X (#)) depends on the parameter §.
(However, in many estimation settings, X ( 9) is independent
of 0 and therefore depends only onw.) In addition, the prob-
ability distribution Py on 2 typically depends on #; Py then
reflects the manner in which the random environment is af-
fected by the decision parameter. The performance measure
a(6) associated with parameter value § is then defined as
the expectation

a(f) = /n X (8, w)Py(dw).

Our goal is to describe an estimation methodology for calcu-
lating a’(fo)-

The likelihood ratio method for derivative estimation
is based on the following idea. Suppose that there exists a
measure j (not necessarily & probability measure) such that
Py(dw) = f(o,w)p(dw) ie. f(0,-) is the density of Py
with respect to . Then,

a(6) = [n X(8,w) (8, w)n(dw).

Assuming that the derivative and integral can be inter-
changed, we obtain




o'(8,) = /n X"(B0,w) f(80.w) ()
(2.1)
+Lxm~mmwmwr

We note that the first term on the right-hand side of (2.1} is
just Eg,.X'(0g) (where Eg(-) denotes the expectation oper-
ator associated with Py). Since this term can be represented
as the expectation of a r.v., standard Monte Carlo methods
may be applied to estimate it. Specifically, suppose that one
simulates i.i.d. replicates of X'(OO) under distribution Ppo;
the sample mean of these observations then converges (at rate
n~12 in the number n of observations) to the first term.

To handle the second teym using Monte Carlo methods,
we need to represent it as the expectation of a r.v. To ac-

complish this, suppose that g(w) is a non-negative function
such that

/ g(w)p(dw) = 1. (2.2)
1]

Then, the measure P(dw) = g(w)u(dw) is a probability
distribution on §). If 9 has the additional property that

|X(9wa)f,(00,W)| > 0 implies

that g(w) > 0, 23
then we can represent the second term as
i 0 ,
[ x@0.0)E0 g0y = EX (001 (80)
n 9(w) 24

where H(6g,w) = f'(oo,u)/g(w) and E(-) denotes ex-
pectation relative to the probability P. (Note that (2.3} is
required to avoid dividing by sero in (2.4).) Given the repre-
sentation (2.4) of the second term as an expectation, we can
now easily apply Monte Carlo methods to estimate it (in the
same way as for the first term).

We now tum to the question of selecting the sampling
density g. The theory of impartance sampling asserts that
the choice of ¢ which minimises the variance of the obeerva-
tions of X (09) H(6;) in

| X (80, w)f' (B0, w)}
1X (60, w)f' (60, w)|p(dw)’

9" (w) = fn (2.5)

see GLYNN and IGLEHART (1989) for further details. Un-
fortunately, the optimal sampling density ¢g° basically re-
quires knowledge of the integral (appearing in the second
term in (2.1)) that we are trying to estimate. Therefore, the
choice of g* as defined by (2.5) is typically impractical to
implement.

We now describe a popular alternative to §°. Suppose
that the densities f(#,w) are such that for § in an open
neighborhood of 8,

A@) = {w:f(B,w) >0} is

(2.6
independent of 6. )

Then, f(8o,w) = 0 implies that f(f,w) vanishes in a
neighborhood of ), from which it follows that f'(8p,w) = 0.
so that f'(8p,w)X(8o,w) = 0. Thus, g(w) =
f(6o,w)p(dw) satisfies both (2.2) and (2.3). In this case,

_L6ow) (_d as
H(’iOI“")— f(eo,w) (_ d0 logf(QOvu))v (2-‘)

the right-band side of (2.7} is known as the likelihood ratio
derivative (because H(fp,w) = 3‘;% is the deriva-
tive of the quantity kmow in the statistics literature as the
likelihood ratio of Py with respect to Py, ).

This choice of ¢ has an important advantage. Note that
if we sample outcomes w according to f(fg,w)u(dw), we
can use the c.v.’s X(OQ), X'(OQ). and X(oo)H(go) to esti-
mate a(6p) and both the terms appearing on the right-hand
side of (2.1) simultaneously. Thus, with this choice of g, we
may estimate a(ﬂo) and a'(ao) using the original sampling
distribution associsted with parameter 0. At the same time,
it should be noted that there are important problem classes
(e.g. rare event simulations) in which much better choices of
g can be made (better in the sense of amaller variance).

We close this section by recalling that to derive (2.1),
an interchange of the differentiation and expectation oper-
ators was required. In virtually all practical examples, the
interchange is valid under mild additional regularity assump-
tions on the problem. As a consequence, we shall ignore this
interchange issue throughout the remainder of this paper.

3. LIKELIHOOD RATIO DERIVATIVE
ESTIMATION IN DISCRETE TIME

In this section, we specialize the discussion of Section 2
to the case where X (9,w) is a sample performance measure




associated with a discrete-time sequence Y = (Y,, : n > ()
taking values in a discrete state space S. Specifically, we
suppose that §2 = S xS x ... and that Y, is the coordinate
rv. Yo(w) = wn forw = {wo,wy,...) € . We assume
that X(8) takes the form

X(8) = h(8,Yy, Y1, .. ),

for some real-valued function R. Since S is discrete, there
exist joint probability mass functions pg, Py, . . . such that

Pi{Yo=yo,...Ya =y} =pa(6,¥,) (31

where gn = (Y0,-..,Yn)- Letting

pa(8. ;n—l;yn)

= P{Ya = yalYo = ¥o.. .-, Yac1 = Ya-1},
we can write (3.1) as the product
Po{Yo=yo,....Ya = yn}
' n-1 -
= po(8,%0) [ Pe(8, Vi pesr)

k=0

Suppose now that X(G) is a function of Y up to some finite
{deterministic) time horizon M, so that X(6) = h(8,Y m)
where Y m = (Y0,...,Yn). Toapply the idea of Section 2,
we need to obtain a representation Py(dw) =

f(8,w)p(dw) for some measure . But observe that for
w € Qm,

n-1

Py(dw) = pe(8;wo) [] pe(8, @ hiwrsr) i (d)
k=0

;k = (wo,..-,wg) and }4yy, is counting measure on Q,, =
SxSx---xS5(m+1 times). Hence, we may take

me1

f(0.w) = p(8,wo) [T p(6, Gkiwsr),
k=0

so that

m-—1

f'(80,w) = p'(80,w0) [] pe(Bo. @kiwis1)
k=0

m-1
+ P(80,w0) Y _Pi(f0, @ ki wes1)[[Pj (60, 51w 1)
k=0 5T 1]
(33)

We can simplify the above formula somewhat. We claim that
if pi(fo,wi,wes1) # 0, it must follow that

Pe(80, Wi, wis1) > 0. For suppose that pi(00,@ & wis1)
= (. Then it follows that

Pe(60 + h, Wi;wig) = pi(00, D k;wis1)h + o(h)

ash | 0, from which it is evident that pe(fo+h, :k (k1)
< 0 for some h. But Pk(g,;kiwh+1) is a mass function
and hence must be non-negative. This contradiction guaran-
tees that pk(90, ;g;wg.H) > 0. A similar argument shows
that po(@o,ua) > 0 whenever pﬁ(ﬂo,wo) # 0. Hence, we
may write (3.3) as

f'(fo,w) =
-1

f m / = .y
F(B,w) | P8or0) |5~ P00, i)
Po(80,w0) (=5 pi(Bo, Wi wiar)

Suppose that we choose a ¢ such that
fn_ g(w)tm(dw) = 1 and f(fg,w) > O implies that
g(w) > 0; then (2.3) is automatically in force. (In particu-
lar, setting g(w) = f(Bp,w) works.) Hence, we find that

o'(00) = Ea, X'(80) + E; X (80)H(80)  (3.4)

where E,(-) denotes the expectation operator associsted
with the probability P(dw) = g(w)un(dw), E¢(-) de-
notes expectation relative to Py, and

H(6o) =

£(80.Y m) PG(”o,Yo)+m-lp'!(00,}-’.k:yb+1 _
9(;'.'") po(%0, Yo) r=0 Pr(00, Y 4; Vs

The same argument can be extended to a certain class
of random time horizons. In particular, suppose that T is




a stopping time with respect to Y i.e. for each m >

0, (T =m) = km(Y m) for some function k. We
assume that the performance measure X (6) is a function of
the path of Y up to the random time horizon T i.e. there
exists a family of functions hg, Ay, ... such that

X(0)=S hn(6,Ym)(T = m)
2 o

= hr(8,Y1)I(T < o).

As in the derivation of (3.4), we need tc represent Pj as
Py(dw) = f(8,w)p(dw). Let R = UZo{@m € U -

km(;m) = 1} and note that forw = (wg, w1, ...,wT) €
Q.
Py(dw) =
T-1
- (3.6)
po(f,wo) H Pe(0, wi; Wiy ) pur(dw)
k=0

where (T is counting measure on §)7. Suppose that g is
chosen as a non-negative function on {1 having the property
that fog(lpr(dw) = 1 and po(fo,w0) [Tic
P (8o, :k;wk-n) > 0 implies that g(w) > 0 forw € Qr.
By combining (3.5) and (3.6) and proceeding as in the deriva-
tion of (3.4), we obtain the following stopping time general-
ization of (3.4):

a'(8g) = Eg¢, X'(60) + E, X (80)H(8) (3.7

where

T-1 >
H(8) = Po(bo, Yo) thgb(oo,}’t.yux)
9(Yr)

Po(bo.Ye) = pifo. Vs Yes) |
Po(6,Yo) * {3 pa(80, Va; Yigr)

As in the case of (3.4), one possible choice of ¢ is f(fo), in
which event (3.7) simplifies to:

a'(80) = Es,[X'(80) + X(80)H(8)) (3.8)

where

H(6o) =

7 T / s
Po(fo, Yo) + Zl AU TRITN)

PO(OOyYO) k=0 p,(@o,;kGYH-l).

Ve now give a couple of examples to illustrate (3.7) and
(3.8).

{3.9) EXAMPLE. Suppose that under distribution Py, Y is
a Markov chain with initial distribution $(6) and transition
matrix P(#). Assume that X(8) = hr(YT) (T < x)
(with T a stopping time), so that a(f) = Eo{hr(YT):
T < oc}. Then, (3.8) yields

a'(80) = Eq, {hr(YT)H(66);T < 0},  (3.10)

where H(8g) = u'(0g, Yo )/ uu(80, Yo )+

YT P'(80, Yk, Yes1)/P(Bo, Ye, Yes1). In certain sec.
tings, the estimator suggested by (3.10) may have a large
variance (e.g. rare event simulation). For such problems,
suppose that we select ¢ to satisfy the positivity conditions
stated earlies. Then

a'(60) = E,{hr(YT)H(80);T < 0},  (3.11)

where H(0)) = (b0, Yo)[IF=d P(6o.Ys, Y1)
T-1
/9(YT) - [1'(80, Yo) /160, Yo) + 3 _ (b0, Ye, Yis1)

k=0
/P(00,Y:,Yiq41)]. In & “rare event” setting, one would
typically choose g 30 a8 to bias the system to force the oc-
currence of more rare events.

(3.12) EXAMPLE. In this example, we assume that under
Py, Y is a Markov chain with non-stationary transition
probabilities, so that Pp{Yss1 = m41lYs = y} =
Pi(0, Yk, Yu+1). Then, if a(0) = Eg{hr(YT); T <0},
(3.8) yields

a'(80) = Eoo{hr(YT)H(60); T < o0}

where H(6o) = p'(00, Yo)/1s(0o, Yo)+
Zz:ol P‘(oo-yb.yb-n)/"’(oo. Yj.YH,l) ; the obvious
analog of (3.11) can also be written down.




4. LIKELIHOOD RATIO DERIVATIVE
ESTIMATION IN CONTINUOUS TIME

This section is devoted to generalizing the ideas of Sec-
tion 3 to continuous-time discrete-event dynamical systems.
We view X(8,w) as a sample performance measure asso-
ciated with a continuous-time process (Y = Y (1) : ¢t > 0)
taking values in a discrete state space S. The process Y is as
sumed to be piece-wise constant with jump times
51,52,... (Sp — 00 as n — 20). Hence, if Sop = 0 and
Yo = Y(Sn). we may write

o

Y(t) =) YaI(Sa <1< Satr)-

n=0

Let A, = S,41 - Sn and put Za = (Y,, An). We
suppose that = S X S X ... where S = S X [0,00)
and that Z, is the co-ordinate r.v. Z,.,(u) = wp forw =

(wo,wi,...) € Q.

In order to proceed in parallel with the development of
Section 3, we shall require that the distributions Ps on Q
have the property that there exist measures tg, 41, . . . such
that

Po{Zy € d2p} = po(9, z0)po(dzp)
Pa{Zn+1 € dZn+1|-Z.n = ?n}

= pn(ev ;,, ' zn+l)l‘n(_z.n, d’-n+l)

where Zn = (20,...,Za) a0d Zn = (20,...,2a) €
Sx...x 5=, ((n+1) times). Then, analogously to
(3.2), we may write

Pi{Zn€dZa} =

n-l - - {4.1)
Po(8, z0) ] P8, Zai 2a41)18n(d7 n)

k=0

n~1

where un(d7n) = po(dzo) [T ma(7s.dzasa).
k=1

Suppoee now that we consider a performance measure
X (8) that is a function of the path up to horizon T; this
obviously includes any performance measure that depends on
Y up to time S741. As in Section 3, we require that T be
a stopping time with respect to Z = (2 : n > 0) i.e. for
eachm > 0,[(T = m) = km(Zm) for some function
k. Then, the performance measure X (6) may be written
in the form

X(9) = th(a.gt)I(T = k)

k=0

= hp(Z1) (T < ).

Let Qr = UL o{Zm € Om : km(wpm) = 1} and
note that for 2 = (zu,.
(4.1) to

AN 21') € Q7. we may extend

PO{ET €d:r} =
T-1

po(d, z0) [] pe(6. 7 ui zes)ur(dz )
k=0

T-1

where pu7(d2 1) = po{dzo) [] me(7 & dzerr). By o
k=0

guing identically as in Section 3, we obtain the following
continuous-time generalization of (3.7). Suppose ¢ is chosen
as a non-negative function on {I7 having the property ;har.

- — -1
Jor9(zT)ur(dzT) = 1 and po(fo,20) []i2o
P (9o, Zk, Zg41) > 0 implies that g(zT) > O for 27 €
QT. Then, if E,(-) is the expectation operator associated

with P(dz7) = g(Z7)p(dZ 1), we obtain the derivative
representation

o'(0o) = Eo,X'(00) + E; X (60)H(6p)

for a(8) = E¢{h(8,Z1); T < 00}, where

T-1

H(80) = po(f0, Zo) [] pa(60, Z4i Zes1)/9(Z)
k=0

| pg(bo, Zo) LS ACW Y _
polbo. Z0) =5 pa(B0, Zai Zavr)

(4.2)

As in Section 3, one possible choice for ¢ is g(z7)

= po(oo, 20) nz:ol pg(oo' ?g; z;.H), in which case P is
identical to Ppo, yielding

a'(60) = Eo [X'(00) + X(60)H(60)]  (4.3)

where




Po(80.20) . <= Pi(8o, Z: Zks1)
o) = 80,20 ¥ 2 o 00 50 Z0er)
po(o, Zo =0 P (80, Zk: Zt41)

We shall now illustrate these formulae with some examples.

(4.4) EXAMPLE. Suppose that under Fy, Y is a continuous-
time Markov chain with initial distribution p(6) and gener-
ator Q(8). Assume that X(8) = h(Y(s) : 0 < 5 < 1).
Then, X(6) can be
X(8) = i)(zo, Zy,...,27) where T is the stopping time
T=inf{n>0: 40O 2t} Set zn = (Yn,tn)
(recall that 2, € S =S x [0,00)). Then,

represented as

Ps{Zq € dzo} = pa(8, z0)po(dzo)

where po(8. Yo, to) = 4(8, y0)q(8, yo) exp(—q(8. yo)to).
q(8,y) = —Q(0,y,y), and po(dzp) is the product of

counting measure and Lebesgue measure. Furthermore,

Py{Zny, € dZn+1|En = -z.n} =

?n(d, 2ni2ne1)in(2n,d2ny1)

Q(G' yﬂayntl)Q(au yn+l)
exp("‘l(ovyn+l)tn+l)/‘I(0yyn) and l‘n(zmdzml»x) is

again the product of counting measure and Lebesque mea-~

where pn(g, -z.n§zn+l) =

sure . Formula (4.3) now becomes

a'(f0) = Eg,[h(Y(s) : 0 < & < t)H(60)]

where

H(OO) = M z Q(OOinka.pl)

#(6o, Yo) Q(80,Ys, Yas1)
q’(001 YT) T ,
* q(6o,YT) - bgoq (00, Ya)As.

(4.5) EXAMPLE. Suppose that under Py,Y is a semi
Markov process with initial distribution y(#), jump matrix
R(89). and holding time distributions (F(6,z,dt) : € S).
Suppose that for each z, F(8,2,dt) = f(8, z,t)u(z,dt)
for some measure ji. Assuming that X(0) = A(Y(s): 0 <
5<t), weagainput T = inf{n > 0: Z:___o Ay >t}
Formula (4.3) becomes

a’(80) = Es[h(Y(s):0< s < t)H(80))

where

R0, Ve, Vi)
R(90|YE.YE+I)

#' (80, Yo)

Hb) = 6, 70)

f(oo.Yt.Ak
Z (60, Ve, Ag)

(4.6) EXAMPLE. In this example, we show that (4.3) easily
handles the case where the process is non-time homogeneous.
In particular, suppose that under Py, Y is a non-time ho
mogeneous continuous-time Markov chain with initial distn-
bution () and time-dependent generator Q(6,1). Then.

Po{Yos1 = ¥, Bny1 € dt|Z,}
= Q(gasn-o-l,ynvy)
9(6, Sn41.Yn)

t
exp(—/ q(8, Sp41 + u, y)du)dt
0

9(8,Sn41 +t,y)

where q(6,,y) = —Q(6,1,,y). Suppose that X () =
h(Y(8) : 0 < s<t) Fweput T = inf{n > 0 :
S h=0 Ok > t}, then (4.3) takes the form

a’'(fo) = Eg,[A(Y(s) : 0 < 8 < t)H(6o)]

where

' (80, Ys)

85, Sk41. Y, Vi
H(8o) = ZQ( 9, Sk+1s Yo Yie1)
k=0

1(60, Yo) Q(00, Sk41, Y, Yes1)
T

¢'(60, ST41,YT) /s.“ p
————— ¢'(0o,t,Yi)dt
q(oo,s'r-fhy‘l‘) bz.-:;) S»

(4.7) EXAMPLE. We now suppose that Y is a generalized
semi-Markov process (GSMP) under Py: see GLYNN (1983)
for further details on GSMP's. Let E be the event set of the
GSMP. The initial state of the GSMP is chosen according
to the distribution y(8), whereas the initial clock readings
are chosen from the distributions F(f0,e,dt), fore € E.




When clock € initiates a transition from state Y, the next
state is chosen from the maas function p(8,-;y,€). Typ-
ically, when the GSMP enters a new state, certain clocks
need to be stochastically reset. We assume that the distri-
bution used to reset clock ¢ in state ' when a transition
just occurred from state Y with clock € as triggering event
is given by F'(8,e',y/,e,y, dt). We require that there exist
measures p(e,dt), u(e', y'. e, y, dt) such that

F(8,¢ y' ey, dt)

= gv I| va rtt l' l~ v ,dt
f(8,¢,y' ey, 1), p(e’,y' ey, dt) 48)

F(8,e,dt) = f(8,e,t)u(e,dt).

In a strict sense, the analysis of this section does not ap-
ply to GSMP’s. since the appropriate state descriptor for a
GSMP includes the value of all the clock readings. Such a
state descriptor can not typically be encoded as an element
of S =85 x [0,00). However, a close examination of the
analysis given earlier shows that the essential feature was that
(Y,, , Ay ) be representable as a simple function of the process
Zn; Zn need have no structure beyond (4.1). In particular,
Z,, need not be an element of S' . In the GSMP sztting, the
natural candidate for Z is the tuple Z, = (Y,., Cn). where
Chr is the vector that describe the residual amount of time
left on each of the clocks that are active in state Yy, . Clearly,
A, is a simple function of Z, (in a GSMP with unit speeds,
Ap is just the minima! element in Cp,); furthermore, under

(4.8), the distribution Py for Z,, can be written in the form
(4.1).

Let N(¥';y,€) be the set of clocks active in 3 that
need to be stochastically re-set when a tranzition from ¥
just occurred with event € as the trigger. We further de-
fine €*(¢) to be the index of the triggering event associated
with clock vector C; we assume ¢° is uniquely defined for
each ¢. Suppose X(0) = h(Y(s) : 0 < 8 < t). If we put

=inf{n > 0: Y o0 Ak 2 t}, it is easily verified that
(4.3) takes the form

a’(80) = Eoo[h(Y{8) : 0 < 8 < T)H (o))

where

H(6o)

_ #(80.Y0) Z P (06, Yiyr: Ve, e"(Ch))
#(eo»Yo) (80, Y1 Ye, e (Ch))

f'(80,¢,Coc)
+ L FGore o) *Z
f(90veiykvc.(ck—1)vYl'—lucke)

CGN(Y.;Y.-;;‘(C.-‘))f(oo'e'yk' e‘(ck—l )| Yk—l.Ckg)

The above examples serve to illustrate the great variety
of stochastic processes to which likelihood ratio derivative
estimation may be applied.
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