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N Abstract

“The report presents an approach for a general laminated
shell geometry describable by orthogonal curvilinear
coordinates. The theory includes a through the thickness
parabolic distribution of transverse shear stress.
Additionally, a simplified approach that allows large
displacements and rotations ig incorporated. The theory |is
cast into a displacement based finite element formulation
and then specialized to a cylindrizal shell geometry.
Linear results are compared to exact elasticity solutions of
a laminated cylindrical shell in cylindrical bending. The
approach predicts displacement and stress for the
unidirectional cases very well even for the very thick
laminates.~ Transverse stress for the cross ply cases are
not as accurate gince equilibrium at the ply interfaces is

not enforced, a typical drawback of 2-D theories.
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The apv»roach presented here is that o o Toned by the

author and Dr. Antheny Palazeotto (AFTIT/EYN )Y s part of the

formey ‘¢ PhD program fovaoupn he Luawory - goeome v i

norlirear, gtrichiv iinear et ~egult - Are nmngoniosd
herein, see [6f] for xoiny other linee- ind “o7linear 8hell
golutions. The tol ow ng vt ~he ~hicknesg U

coxparigsonsg to exact eloasticity sclutiong demongtrate some
01 inpe capabilities sna . amita*tior - of o relotively sgimple
-0 apoproach used to descroibe oo o1le D ombinom-ona. Dnce
Lthe ifamitationn f o aorrsach ire Hoetler Enown,. Lhe thecrvy
ce~ e oapplied to new v sbicung rure jasts- ity zoluticus

are not posgitle Preyinualy P #1010 chbudy  ocompored

lam:>1ted flat plate resultg L the » | known Pagano exact

g0: 'tions in (661, Tifartapat v ke e2xact 'aminated shell
goiuvtions were pubiisnec very Crte i e author'e PhD
prciran and the presen: =tudy was »ol done. This technical

repo=t therefare filv.s tha% ve-d.

Chapters I, ;1. and 11 covurr the thooreL1cal agpects
o. ~“he shell appr-.a.r &nd proagerical [ RS ) Coobnig: o
These chapters are taken directly from Ref {+#7] and allow

thig report to stand on :ig8 own.
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effects. As the shell becomes thicker relative to its radii

of curvature and in-plane dimensiong, or for laminated
composite shells, these transverse effects become more
pronounced, especially the tranaverse shearing. The first

theories that included the transverse shear deformation
ralax the assumption on the deformed normals of the sghell
middle surface. The shell kinematics introduced by Bassett,
as discussed in [11], express the shell displacements as an
infinite power series in the thickness coordinate.
Hildebrand, Reissner, and Thompson {11] introduced truncated
Baggett kinematics to analyze the importance of the
tranasverse stresgses and strains in thin elastic orthotropic
shells. Naghdi [12] applied similar truncated sgeries
representationa for general thin isotropic elastic shells.
Hildebrand, et al, found that the effects of the second
order displacement terms and termsg in the transverse
displacement that give a nonzero transvergse normal sgtrain
were negligible. Reissner used similar kinematics to
analyze plates [13] and then sandwich shells [14]. Mindlin
similarly included rotatory inertia terms in the dynamic
analysis of plates [15]. The preceding gtudies have
regulted in the so called Reissner-Mindlin (BM) theory. The
approach does not sgatisfy the transverse shear boundary
conditions on the top and bottom surfaces of the shell or
plate g8ince a conatant shear angle through the thickness is
asgumed, i.e., plane sections remain plane. Because of

this, the theoriesg based on these kinematics usually require
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shear correction iacvors for equilibrium cons:cerzcions.
Tany Lorrls, and Stavaky {18 . generalized
Reissner-Mindiin placz theory to laazinatea composite plates.
Whitney and Pagane (!7) were s first wo app:i 1 e
composite plate anaiysis. Reddy 1i%) nas appiiec kKA theory
to linear anisotroric shell structures o1 constant principai
and twigt curvatures. fioor 1191 appliea Rk vuasory uo
examine the stability of laminated plates. Thick composite
plate closed form solutions are reported by Reddy and Chao
[20]. Linear static, stability, and vibration analyases of
laminated plates and shells were pericrmed by Koor and
Mathars [21]. Two finite element tormulations, mixed and
digplacement, are compared. Ahmaa, Irone, and Zienkiewicz

‘
{221 introduced a finite element approach with independent

tranasverse displacement and rctativnal degrees of freedonm
such thkat a Reigsner-Minclisr shear deicirmatle sheii. element
results. These elementg perform adnirably for thick
Bituaticng, but deveic] shear iccking numerical ditficulties
fcr tbhin cases and consequently, reduced elemental
integrations [23) o. <ciascreve Kirchhoft constitraints [24)
become necessary.

Levingern (285, Murthb; 126}, anc BReddy (27} have

developed plate theories that inciude cubic terme ir tkre
in-plane displacement kinematics. Satisfying zeroc
transversge shear gstrer. hi var LOP anu votuvem surfaces of
the plate resgulta in a psraboii. slear sgtrain distribulion

ttrough the thickness. ¢this &afreeing more clogely wiuvh {




elasticity results. The number of variablea in the
kinematics igs equal to that in the RM theory, but shear
correction factors are not required. Reddy and Phan [28,29]
analyzed 1linear laminated anisotropic plates using the
parabolic shear theory. The parabolic shear theory is
extended to shell geometries in a study of the linear
behavior of laminated shells by Reddy and Liu [301.
Bhimaraddi has applied the parabolic shear strain
distribution to analyze the linear vibrational behavior of
igotropic cylindrical shells [31] and rings and arches in
[32). Additionally, Soldatos applied the parabolic shear
theory to examine the stability and vibrationz of laminated
circular [33] and noncircular [34] cylindrical shells.

Geometrically nonlinear behavior is captured by
allowing large displacements and rotations in the zhell
strain displacement relations. An approach that neglects
the nonlinear terms that represent in-plane rotations of the
shell is an example of the intermediate nonlinear theories
often used in stability analysis [35,36]. Small strain,
moderate rotation approaches tor anisotropic shells are
given by Librescu and Schmidt [37] and Zchkwmidt and Reddy
[70]. Succesgsive approximations made to exact shell strain
digsplacement relations where large straina, displacements,
and rotations are all initially allowed, are presented for
igotropic shells by Sanders [38] and Pietraszkiewicz [71])
and anigotropic shells bv Librescu [391].

An arly work ty Schmit and Monforten (40) formulates

— ————— [ —
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an anigsotropic cylindrical ahell element based upon the
rlasgaical ‘thaory that allows intermediate geometric
nonlinearities. Stolarski et al [41] present a simple
triangular shell element formulation that includes
intermediate nonlinearity. Beddy and Chandrashekhara [42]
golve both cylindrical and sphericai: :aminated shell cases
asgsuming EM transverse shear and an intermediate
nonlinearity. Reddy [(43] analyzed the nonlinear +transient
behavior of composgite plates inciuding RM transverse shear.
Futcha and Reddy (44) used the parabolic shear theory in
formulating a mixed eiement for nonlinear anisotroupic plate
analysis. Noor and Feters (45) give the nonlinear resgponse
of anisotropic cylindrical panels via a Hu-Washizu mixed
shaliow shell finite element approach that includes
transverge shear deformation together with a Rayleigh-Ritz
technique. Merouscl 146) ena Scurana P47 ,48 develop
geometrically nonlinear shell finite element approaches that
are shear deformable. Stein [49] uses truncated series
expangsiong of exact nonlinear gtraine in a shell approach
that also includes transverse shear deformation.
Geometrically nonlinear quasi-three-dimensional approaches
for laminated compoaite plates and shells have been
developed by Palazotto e* al {50 ,5i].

Very recent laminated piate and shell review articles
are, reapectively, due o Nouor and Burton {68)] and Kapania
[69].

The presant report presents an approach for laminated
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compogite =shell analysis that combines a parabolic
transverse ghear distribution with a simplified large
displacement and rotational geometric nonlinearity.

Solutions to the theory are found via a displacement basged
finite element approach. Extensive results are given f{or
the linear analysis of a laminated c¢ylindrical shell in
cylindrica. bending. This sgimple case is chosen to
illustrate the effectiveness of the 2-D approach in
degcribing 3-D response. Once its Jlimitations are known,
the approach can then be applied to the majority of

situations where elasticity solutionsg are not possible.
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II. Theoretical Development

General

Although shell theory can be based entirely on surface
definitions, transverse shear strains and =stresses are then
not eagily included. One way to define strain displacement
relations that can easily iacorporate three dimensionality
(3-D) is to specialize the general 3-L strain displacement
relationg expressed in arbitrary orthcgonal curvilinear
coordinates. To this end, consider the infinitesimal 1line
segment, MN, of length da embedded in a differential volume
element in Figure 1. This differential volume 18 linearly
trangsformed, i.e., deformed, to a new configuration where
the line segment is now of length ds.. As a result of
deformation, the line gsegment MN of Figure 1 moves to I.l*
represented by the digplacement vector, u. By subtracting
the original and deformed squared lengths of the line

segment, the QGreen’'s strain tensor, (i,i=1,2,3), is=s

ij
defined as shown in Eqn (1).

(ds')2 - (dn)2 = 2y . .dy.dy. (repeaved indices sum)
ij i va (1)
where the yi are the orthogonal curvilinear coordinates of
the undeformed system. The physical strains, cij' are then
found from,
Yij

£1, T (no sum) (2)
J b.h,
1)

In Egn ), the bi are scale factors defined from the




metric tensor of the undeformed coordinate system and the
Yij are shown in the Appendix, Eqn (Al), where the u, are
the coordinateg of the displacement vector, 3. For the case
of small strains (¢ < .04), the €4 (no sgsum) are the
elongations of the fibers of the differential volume element
and the sij (i#j) are the shears, i.e., the difference from
ninety degrees originally perpendicular fibers are oriented

after deformation. The elongations and shears are

identically zero for rigid body movements of the element

N&
d;
M{

FIGURE 1. Segment MN Deforms to l*l* Through Displacement
Vector u.

~

[52]).

Now consider a ghell geometry that can be described by

orthogonal curvilinear middle surface coordinates, Zl and
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{,. surface normal {, and radii of curvature, R, and R, as
shown in Fisure 2. For this geometry, the scale factor
terms of Eqn (2) are given by,
= - r = - =
hl al(l ‘/Bi)’ h2 az(l (/Rz), h3 1 (3)

where ay (y=1,2) are related tc the .:ements of the surface

meiric 71,

FIGURE 2. Arbitrary Shell Coordinate System.

For a body of volume V in equilibrium with prescribed
forcega on a part cof itg gurface, Sl' and o»rescribed
geometric boundary conditions on the remaining surface, 82,

that has undergone an infinitesimal virtual displacement,

Su, we have,




I (aijécij - Pkéuk ) dV - [ Fkéuk ds = 0 (4)
' S

1

where, aij are elements of the 2nd Piola-Kirchhoff stress
tensor, tij are defined in Egn (2), Pk are components of
pregcribed body forces, and Fk are components of presacribed
gsurface tractions [53]. Assuming the existence of a sgtrain
energy density function, W'. gmall strain deformation, and a
linear congtitutive law, the principle of stationary

potential energy can be stated as,

én. = 0 (5)
p

and if the forces vary neither in magnitude nor direction

during virtual displacements,

1 = J wi(u,) dav - J F. u,dS (6)
P v i g 1 i
1

where W'(ui) = 1/2 a are elastic constants.

15x1%15%Kk1° ik

In Eqns (5,8), the strain energy density ig written in
terms of the displacement components by using Egns (2,A1).
The integrals are taken over the original, undeformed voiume
and s8surfaces congistent with a Lagrangian viewpoint.

Additionally, the array of elasgticity constants, are

2ijkl”
defined with regpect to the original configuration. [53]
All of the necessary tools “ave been introduced for a
Lagrangian displacement bagsed energy approach to solve
elastic geometrically nonlinear ahell problems. To develop

shell strain displacement relaticng, one should first

identify, respectively. the general 3-D curvilinear
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coordinates Y1+ Yoo and Y of Eqng (1,2,A1) with the shell
coordinat s, ;l' 82. and { of Figure 2. Ther, by defining
kinematics that reiate the middle asurface displacements +to
the continuum displacements of the shell, gstrain
displacement relationg are written, and finally, the total
potential energy expressed in terms of displacement using
Eqns (5,6) is extremized with respect to displacement
resulting in the equilibrium equationa. The definition of
the kinematice for these types of formulations is obviously
very important. The assumptions that will eventually lead
to general shell kinematice and a potential energy

expression are next discussed.

Bagic Agsumptions

A geometrically nonlinear theory governing the shell is
based on the followi.g assumptions:
1. The shell is thin a2nd therefore sszaume that it is {n an
approximate state of plane stresa, 4i.e., the trangverse
normal g'resg is approximately equal to zero. This
asgumption effectively reduces the generally three
dimensional behavior of the shell 8o that it can be
degcribed by the behavior of only a datum surface; this
regults in a 2-D approach.
2. The transversge shear stress distribution is parabolic

through the shell thickneas and vanishes on the top and

bottom surfaces of the shell.

Because the shell ig thin, in-plane streas tends to
dominate the shell response under loading, 1.e., the
11
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transverse stressgses are of lesser importance. However, it
is well known that laminated thin flat plate reasponse can be
gsignificantly influenced by transverse shear Jd~aformation.
Similar results have been found for laminated shells
[390,54]. Therefore, transverse shear stress is included in
the present model, via a 2-D approach whereas, transverse
normal stress is not. This approach is consgistent with
remarks made by Koiter [10,55] and John [56] who performed
order of magnitude studies on the stresses in general sghell
geometries. Additionally, their results are seen to hold
generally true in the elasticity solutions of both laminated
flat plates by Pagano [57,58]1 and laminated shells in
cylindrical bending by Ren [59].

3. The shell is restricted to small strains and consists of
linear elaatic laminated orthotropic material.

4. Exact Green’'s gtrain displacement relations are assumed
for the in-plane gtrains €110 €29° and €12 of Egqne (2,3) and

linear strain displacement reiations are assumed for the

trangverse sgtrains 623 and 513.
5. Since the shell is asgsumed thii, the normals to the
middle surface are approximately inextensgible, hence the

tranasverse digsplacement 18 consziant through the thickness.

Congistent with the preceding assumptior, retention of only

linear strain displacement terms then givese 533 = 0.
Librescu [39], as mentioned, developgs general shell

equations based wupon varying approximations in the

magni tudes of both strain and the rotationg differential




@elements undergo during deformation. A consistent small
strain, mocarate rotation theory has nonlinear (not exact!)
strain displacement relations for ihe in-plane strains yet
linear relationsg for the transverse shear sgtrains. The
present approach can therefore be viewed ag a smal: sgtrain,
gimplified large rotation theory due to the exact in-plane
gtrain assumption. The accuracy in rotvation is 1limited by
the linear (in displacement) assumption on the tranaverse
shear strains.
Constitutive Relations

Materials consisting of unidirectional fibers embedded
in a matrix are of intereat in this atudy. For fibers
alligned with the 1 material axis, we can asgsume that the
material is transversely isotropic (engineering constants

Ez=33 and v v13) with respect to planes parallel to the

12
2-3 plane [60). In this case, the constitutive relation

used in Eqn (6) becomes,

o -

r, 3 r

4 €11 %2 Sz O© ° 0 1)

%2 Cia Cap Cp3 0 0 )

03 013 023 033 (4] 0 (o) 83

= 0

4c4y 0 0 0 c44 0o <s4r 7)

og 0 0 0 0 055 0 85

k?bJ I (1] 0 0 0 0 066 ) f6‘
where contracted notation is introduced, i.e., ai = 011 (no
sum) , a4 = 023, oy = 013‘ g = Tyg- and ci =€ (no sum),
c‘ = 2:23, ‘5 = 2513, 66 = 2512.

Using assumption 1 (03 =X 0) in Eqn (7), molve for €

i3
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C c
€4 = 013 sl - Ezg— 52 n)
32 33

Subsgtituting back into Egn (7), 63 ig eliminated, and the

congtitutive relations in material axes become,

) Q) 9y 0 o 1 (&)
02 012 022 0 0 0 82
4 = )
06' 0 0 066 (V] 0 <car (9)
a4 0 0 0 044 ] 64
£
s o 000 Qs | (%5
Ci3C;s
where Qij = cij - ~——— , and for tranasverse isotropy, it
033
is easily shown that, Qll;hl/A, 012=021E2/A, Q22=32/A,
Qe6™%127 4a™%3: W53 2 71 7 ViV
Consider a shell that is constructed of layers of the
trangsversely isotropic material described by Eqn (9).

Generally, the fibers of the kth individual! layer or ply are
oriented at an angle with resgpect to the middle =asurface
shell coordinates (1 and 82. Therefore, the consgtitutive
relationsg of Egn (9) for that ply must bhe titransformed into

shell coordinates resulting in Eqn (1C%.
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k ~ = 4k
%1 91 Y2 Ye Jbll
o 1 = Q2 836 l‘zi . (10)
° . Q- “6-

whers, the 611 1,j:1,2,8) and amn {m,n=%,5) are elements of
symee tric arrays of treasformed stiffnesses for the kth ply
and ai. 51. o-, and en are meagured with respect to shell
coordinates ta and ({.
Kiroamatics

Congider the following kinezatice for the arbitrary

shell described by orthogonal curvilinear coordinates,

referring back to Figure 2 for conventions.

4

2 3
= - )

ul(tl,tg.() u(l (/B;, RS T (¢, + L vy * 7 el

Ul (F. . 2..0) = w(l ~ C/R,) + Lw, + C20. + (3, + Ut

21"°2° 2 "2 2 2 2
us(tl.tz) = w (11)
where, u, v, w, Voo ¢a' Yot and ea, are functions of tl and
t2; v, are rotations of the normalg and; ¢a’ Yo ea' are

functions to be determined such that % and %g vanish on the
top and bottom surfaces of the shell.

The assumed disgplacemen.sa ofi Egn (11) are slightiy more
involved than those introduced for flat plates by [27]. For

a plate, only third order terms in the thickness parameter,

15
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{, were necessary to give the desired parabolic transverse
gtress distribution. Shell structures, due to their curved
surfaces, however, have coupling between displacementas that
plates do not and the fourth order terms become necessary.
The kinematics will ultimately closely resemble the plate
kinematicsgs that have been used in the literature.
Additionally, Reddy [30] arrives at identical general =shell
kinematics as derived here but uges Sanders shell relations.

Keeping only linear displacement terms from Eqns

(2,A1), the transverse shear strains become,

- 1 _
“a " Th, (ug 5 * houy 5 - ushy )
(12)
1
€5 = po Uz | * hyuy 4 - uhy )

where ( )'a (x=1,2) referg to differentiation with respect
to ta and ( ),3 refers to differentiation with respect to [.

Using Eqn (11) in the first of Eqn (12) and assuming

zero transversgse shear sgtregs, and therefore, strain, on the

shell boundariesa (see Egns (9,10)) the following is derived,

¢2 = 0,
6 = .13 (13)
2~ IR,
2 w
h -4 "2
1 - 2ly xp, = 5 (w, e )
ang 2 2 3h2 2 “

where h ig the shell thickness, aee Figure 2.
Aggume, for the moment, that we have a fairly thick

shell, ..., let R7 = 5h. In thia care. th2 underlined term




v

in Eqn (13) is only .005 and therefore can be neglected
~ompared t« ! ag indicated. Furthermore, we can neglect the
fourth order term (92) of Eqns (11,13) since it is only 1/20
of the third order term. A similar exercise is applied to

£g giving for the general shell kinematics,

4 -

u|(81.(2.() = ull - =) + Ly, ¢ (sk(wl + -al )
4 3 .,
uz(tl.:zu() = v(l - —B—2 ) + (wz + L k(y/2 + —0(_2 )
= (14)
where, k = :ii
3h

The rotation of the normal, wa- is a result of bending
deformation and therefore, the slope of the elastic curve,
. is always a combination of Yo and shear, ﬁa' as shown
in Figure 3. For a flat plate, (/Ba=0 and ar = 1 and Egn

(14) reduces to that used in the literature.

17
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FIGURE 3. Slope of the Eiastic Curve is Always a

Combination of Bending and Shear.
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Shell Strain Displacement Belations

The k:-2maticg of Eqn (14) next define the general

shell strain displacement relations using Eqn (Al) as given

in Eqn (15).
£, =c. + [P 2 i=1,2,6 (15)
1 i ip’ T
p-sum 1 to 7
e =€ + (2 2 m=4,5
B n m2'’ ’
where, ci, “il through “i?' cm, xnz are shown in the
Appendix, Eqns (A2-A86) , specialized for cylindrical

coordinates. Note that the convention on i (and j) has been
changed so that instead of taking on values 1,2, or 3, they
now represent the values 1,2, and 6. This will always be
the case from this point on. The first subscript of nip
refere to the sirain compcnent 1 %, or, 86 and the second

subscript refers to the nHcwear of 7 it multiplies. The ci

and the through =« terma conaist of displacement

®i1 17
expreggionse that a2re Jdependent only on the surface
parameters tl and {2.

In developing the 2-D theory, it is convenient to
define the strains such that the gtrain terms multiplying
the {'s in the expressionsg of Egn (13! are functions only of
the in-plane parameters, (l and 82. Therefore, in arriving
at Eqn (15), binomial series expangions such as those shown
in Eqn (16) were used for this purpose. Terma asimilar to

the left hand sidesa of Eqn (16) result due to the she!]

scale factora, i.e.. those terme in Eqns (A2-A4) that are

19
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functions of hi' For the thick shell case where Ra=5h and
{=h/2, the first two terms on the right hand sides for each
expression in Eqn (16) represent 99% and 97X, respectively,
of the total on the left hand sides. Ccneequently, sgeries
expansions a3 in Egn (16) and s#8imilar expansions are

truncated after the first order { terms.

1 ¢ 2

- L
1 R
[s 3

For gimplicity, in arriving at the transverse shear
straing of Eqn (15), the cubic term found a8 a result of

Eqns (12,14) is neglected as small using the Ra = 5h

argument as before. This results in a symmetric transgverse
shear strain and stress distributior about the midplane of
the shell. In reality however, ag the =sghell becomes
thicker, the transverse shear stress tends to become less
symmetr-ic about the midplane.

Shell Potential Energy

From Eqn (6), let

1 =0+ Vv (17)

where, U ig the internal atrain energy, and V ig the work

ny
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done by the external forces.
Eqns ¢10,17,15) then give for the internal strain

energy of the arbitrary shell,

(18)

s 20, () + & ) (eg + (2u52)] dcan

.U =0 +0U_,
where 1 2

ag a function of { gince a laminate is consatructed of plies

p.r = 1,2,3,4,5,6,7, ag’generally vary

with various fiber orientations, and, (! represents the gheil
middle surface.
Manipulations of Fnn (18) are facilitated if the

following quantities are defined. From Egn (i5), let

2 =8 + X Z (19)

where,
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‘) . 1 *11 *12 0 *1v ¢?
€ = a1 - % = sg , X = "21 322 . e 327 , & = :
o, ‘6 *61 *e2 """ a7 7
Using Eqn (19) in the first of Eqn (18), we get,
1 T
U1 = - J J (Q % ) ¥ 47dQ (20)
©Q h

1 (-3 L] — < — p
2 J j { €563 95+ 285, Q% 0
Q h

— p{r
+ xjp "ir Qij 4 df } dQ

i,j =1,2,6 and p,r sum 1 to 7.

Q66 superscript T = transpose

The second integral of Egn (20) hints at the complexity of

the in-plane strain energy of the shell. The energy is
compriged of many strain squared terms due to summations on
up to four different indices. Finally, Eqn (20) is
concigely written in terms of an area integral representing
the shell midsurface as shown in Eqn 1(2]1) where the [
dependence has been integrated by defining a series of
elasticity arrays shown in Egqn (22). The Uy of Eqn (21) are
written in terms of strain components and elements of the

elasticity arrays in the Appendix, Eqn (A7).
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U - —%— I (w. + w_ + u_ ) 40 (21)

iJ° i3 i3t Tiiv i ij i ij' Tij ij
ij' ij’ Ri.i' Sij' TIJ] =
_[ q,, tr,0.c2,¢%,¢%.¢%,¢%,¢7.¢8,¢9 .10, 1 12 (13 14y 4
h
(22)

where i,j = 1,2, and 6.
A gimilar manipulation is performed on the second of Eqn

(18), the shear terms, giving,

_ 1 o o °
02———2 J(snsn Am*zenxm Dmn+“n2um2 Fm)dﬁ
Q
and, with ma,n = 4.5, (23)
(A .pF_1=| @ 1t 1.2%.¢% ar (24)
""mn' mn mn * '
h

Primarily due to the assumed nonlinearity, many new
elasticity arrays are shown above. The energy terms that
contain the higher order elagticity constants are also
multiplied by powers of k=-4/3h2 (see Egn (14)). Because of
the squared shell thickness term in the denominator of k,

the energy terms are not ag many ordergs of magnitude apart

as Eqn (22) may at firet indicate. For example, the ij.
ij' and nij energy terms are all the game order of

magnitude in h or { despite 4 orders of magnitude difference

in the definitiona of the elasticity arrays given in Eqn

23
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(22) .

In a general geometrically nonlinear analyais, the
energy due to the externally applied loads contains
nonlinear displacement terms. These arise when, because of
large rotations, the applied loading develops higher order
coupling components in coordinate directiona where no
loading originally existed. As discusged by Brush and
Almroth [35], these higher order terms give potential energy
contributions that are negligibly small for the cases of
intermediate nonlinearity, i.e., moderate rotations.
However, the large rotational case generally must account
for them. If the loading is actually a presgscription of
diaplacement, the higher order nonlinear loading terms need
not be included s8ince applied loading 18 =zero. This=
alternative simpler approach is taken here.

In summary, Eqn (21,23) with Eqns (A7,22,24,15,A2-A6),
give the total potential energy of the arbitrary shell,
where a specific shell geometry is defined by specifying the
scale factor terms of Eqn (3). This expression is then
aextremized with respect to the displacements giving the
equilibrium equations. The result of the extremization is
five coupled nonlinear partial differential equations. The
pregsent approach gives nonlinear extensional terms, i.e.,

termg in Aij' as well ag nonlinear terms in Di through T1j

i

due to the nonlinearity in the curvature terms (xip) of Eqgqn
(15) . The moderate rotational theories retain in the strain

displacement relations nonlinear displacement terms only in

24



the transverse displacement, w, as a result of agsuming
the rotatisns are sgmall compared to wunity (38}
resgults in nonlinearity in the equilibrium equations in

terms only.

extensional A.
/ .
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III. Finite Element Solution
The variation of the potential energy, ﬂp. ot the
discretized domain gives coupled nonlinear algedbraic
equations where the unknowns are the values of displacement
at the nodesa. In a generally nonlinear analysis, these
equationg are not usually solved directiv. but instead, are
linearized and solved by incremental/iterative methods. The

linearized equations are found by effectively carrying out

an additional differentiation of np with respect to the

displacements. “he manipulations that follow give a
convenient form for ﬂp suchk that the variation and
linearization are gstraight forward to accomplish.

Afterward, a 36 degree of freedom (dof) curved element is
discussaed.
Element Independent Formulation

We seek a form for the potential energy, ﬂp, shown in
Eqn (25), such that the first variation, 6Hp, is given by
Eqn (26) and the linearized incremental/iterative equations
are given in the last of Eqn (28). Eqn (28) i found from
Eqn (26) by expansion of the equilibrium equations, F(q),
into a Taylor series about a #small Aq and truncating as
shown in Eqn (27).

qT ui “2 T
n = [x+ +~———-]q—qn (25)

p 2 3 6

| N
T 1 2 T _
6ﬂp = &q [ { K + 7 * 3 } q - R ] = 6q F(q) = 0 (26)

26




where, q is a column array of nodal displacementa, R is a
column array of nodal loads, K is an array of constant
gstiffneas coefficients, H1 is an array of gstiffneas
coefficients that are linear in displacement, Iz is an array
of stiffness coefficients that are quadratic in
displacement.

From Eqn (26), for arbitrary and independent 6q, F(q) =

0, then,
dF
F(q + Aq) = F(q) + Ag+ ... =0 (27)
2 q
2 F
— Aq=[ K+ N + N 1 Aq =K Ag = -F(q) (28)
s q 1 2 T

where KT is the tangent stiffness matrix.

Eqn (28) gives solutions in an iterative manner via a
Newton-Raphson technique. The current values of the
elemente of q are substituted into l1 and Hé regulting in an
array of constants for KT. The set of linear equations are
then solved for Aq, which ig then added to q giving the
updated nodal displacements. Assuming the solution is not
yet converged, the right hand gside (RHS) of Eqn (28) is
nonzero. Iteration continues until F(q) becomes arbitrarily
small signifying equilibrium has been satisfied.

The preceding general development agsumed a certain
formalism in the definitions of the arrays, K, l‘. and Hz in
ﬂp of Eqn (25) such that these terms repeat themselves in
the first variation of ﬂp (Eqn (26)) and again in the Taylor

geries expansion that gave the incremental equations (Eqn

27
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(28)). Ensuring this formalism will greatly decrease the
required number of algebraic manipulationsg since once K, l‘.
and N, are formed in the np expression of Eqn (25), the
variation and 1linearization processes become straight
forward. Additionally, fewer programming lines are needed
g8ince the same arrays are pregent in both the equilibrium
and incremental equations and hence need be calculated only
once per iteration in solving Eqn (28).

Rajasekaran and Murray (61] outline a procedure that
will give the desired repetition and also symmetry of the
three components, K, Hi, and Nz. that comprise Kr' Some
generalizations are used in the present case. We start by
dividing each strain component of Eqn {(15) into linear and

nonlinear parts as shown in Egn (29).

° _ T 1 T
£, = oLi d + 5 d oni d (29)
% = LT d + 1 a’ H, L d
ip pi 2 pi
where, L (v =0,1,2,...,7) are column arrays, H are

J 1 Ji

symmetric matrices, d is the displacement gradient vector,
i= 1,2,86 and p=]1 to 7, ag before, pLi for p=5,6,7 contain
all zeroes.

The displacement gradient vector containg the unique
displacement terms that define the strain components in Eqgn
(15). Since there are 18 unique digplacement terms in Eqgqn

(15), the vector, d, is an 18xl array as shown in Eqn (30).

Tha way in which the elements of d are approximated defines

28
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the specific element type, i.e., number of dof, shape
functions, etc. This elemental definition is done

independent of the repeating formalism of Eqna (25,26,28).
The JL1 and Jai therefore, are, 18x1 and 18x18 arrays

respectively, and contain congstants.

T
d = {u u.l u.2 v v.1 v,2 w "l "2 '.11 w,22 w.12

¥1 ¥1,1 ¥Y1,2 Y2 ¥3,1 ¥2,2 }
(30)
Next, Eqn (30) is substituted into the internal strain

energy of Eqn (21) giving for the in-plane energy

expresgion, i.e., those energy terms due to 51' 92, and £6'

_ 1 T - - 1 -
Ul— 2 J d [ K + Ni + n Hz ] d dQ (31)

where i, ;‘, ;2 are gsymmetric 18x18 arrays given in Eqns
(AB-A10) in the Appendix.

Each term of the ﬁ. ;1' and ;2 expresgions of Eqns
(A8-A10) represents nine terms due to the summation
convention on i and j. Each of these nine terms results in
an 18x18 array that is premultiplied by a scalar elasticity

element, see also Eqn (22). Egns (32) show one

-~ ~ ~

representative term from K, "1' lz. respectively.
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K An [ol‘l o1 ]
1xl 18x1 1x18
N A L., d° H (32)
1° 11 o1 o1
1x1 18x1 1x18 18x18
-~ . - T ]
'z' A11 [ o1 d d oﬁi J

Izl 18x18 18x1 1x18 18x18

As explained by [61], the desired formalism of Eqns
(25,26,28), will not be exhibited using the terms as defined
in Eqnas (31,32,A8-A10). That i=m, if +the first variation
were carried through on Eqn (31) with the i, ;1, and ;2 as
defined in Eqns (A8-A10), totally new terms would result.
Similarly, the formation of the linearized
incremental/iterative equations would result in still
different terms. To avoid these tedious manipulations, we
seek equivalent energy forms for R. ﬁt, and ;2 such that
repeating symmetric terms are present in the three
expregsions for ﬂp. F(q), and KT, i.e., Eqna (25,26,28).

Each of the energy terms of §‘ are of the form shown on
the left hand side (LHS) of Eqn (32) where, cij referg to
the elements from any of the elasticity arrays, Aij to Tij'
p.r = 0 to 7 and i1,j=1,2,8 a8 before. As guggested by Ref
(611, if each of these terms is replaced by the terms of the
RHS of Egqn (33), the desired repeating formalism of Eqns

(25,26,28), will apply.
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1 T T T T
- Id Cij [PLi d rnj + d pLi rnj + rni d pLJ ]d dQ
[}

(33)
Using the underlined term from 'l of Eqn (A9) with the
Eqn (33) substitution, the first variation is as shown in
Eqn (34). It is stressed that this term is representative

of all the N‘ terms of Eqn (A9).

1 T T _
& { - d Bij °Li d 1de dQ } =

Q
1 T T T T
é {}3— I d Bij [oLi d 1Hj + d oLi ‘Hj + 131 d oLj }d dn }
]
_ 1 T T T T T T
= 6 [ Bij {[6d oLid ‘de + d oLiéd ‘de + d 0L1d 1Hjéd]

Q

T,T T, .T T.T
+ [éd d oLiinjd + d &d oLiinjd +dd obiinjéd]

T T T T T T
+ [6d 1H1doLj d + d 1H16doLjd +d 1H1doLj Sd ]} dQ

1 [ T T T T
= — B e
6 | Bij d [SoLid 1ﬂj +3d°L“Hj +31H1d°Lj ]d dQ
Q
(34)
A comparison of the terms in the second and final 1lineg of

Eqn (34) shows that the variation of the BRHS of Eqn (33)

gives a repeating form. The final result of Eqn (34) is

31
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expanded into unabridged form in Eqn (35). In a similar
fagshion, we can gshow that the derivation of the linearized
incremental/iterative equations (Eqn (28)) also results in

similar repeating forms.

1 T T T T
e J { B, &d [30"1" 4, *+3d L H +3Hd4L ]d
o

+ B, 64"

T T T
12 [3°le 1B + 34 ol 1H + 3 Hd L ]d

2 11472 1717072

T T T T
9]
+ 866 &d [SOLed JHg *+ 3d Lg Hg + 3 Hod L ]d } ds?

Each of the terms of the R and ;z arrays are of the
general forms of the LHS of Eqn (36). In Egn (36), two
forms for both ; and ;2 are shown. With the cij once again
referring to elementa from any of the elasticity arrays, the
LHS are those energy terms f{rom Egns (31.A8 A10Y, +hz* 3o
not repeat in deriving the equilibrium and the linearized
incremental/iterative equations. 1f each is replaced by the
corresponding RHS of Eqn (36) then the formalism of Eqns
(25,26,28) is easily shown similarly to the ;‘ example of
Eqne (33,34,35). The first substitutiona shown in Eqn (36)
for each of the arrays R and §2 are gimilar to those of Ref
f61] and the second substitutions are unique generalizations

thereof.
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d cij p[.1 pLj d dQ (no sum on p) = no change

1 T -
- d 2cij pL1 rLj d d =
1 T T T
-5 [ d cij[ pLi rLj + rLi pLj ]d dn
0
(p>*r)
From !2:

+ — 4" H d H ]d dQ2 (no sum on p)
Ppipi

T
1 T T 1 d T
8 J 4 €;; Hjdd B, d da = — JT i3 [raldd plj
o Q

-

T

+

d" Hd H + Hdd" H + - 4" Hd H ld 40
2 ripj Pi rj 2 pir
(p=r)
(36)
Based on Eqns (33,36), Eqn (31) can now be rewritten ag in
Eqn (37).
1 R S e 1 =]
U, = — d K+ N + — N d dQ
1 2 A 1 4 2 |
Q
r - - - -
= —;— a’ [x+ Mow M g0 (37)
JQ 3 e
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where the elements of the arrays i, ﬁx' and ﬁz are found
from the R. ;‘. and ;z of Eqn (A8-A10) by making all of the
aforementioned substitutions of Eqns (33,36).

The transverse shear energy terms of Eqns (18,23,24)
are handled in a totally analogous manner only much more
simply s8ince transverse shear strainag are linear in
displacement and hence any Jﬂm terms are zero arrays and
therefore not needed. Analogous to Egn (29), the transverse

shear straina of Eqn (15) are written below in Eqn (38).

° T
em = oSm d (38)
T
"2m zsn d

where oSn and zsu (m=4,5) are 18x! arraye similar to the JLI
of Eqn (29).

Due to the assumed linearity of these straina, there
are additional energy terms from the transverse shear
straing only for i of Eqn (3!). These additional terms are
found from Eqns (23,24,38) and are shown below in Eqn (39).

The equivalent repeating forms that are added to K of Egn

(37) are found via Eqn (36) as with the in-plane energy

terms only now using the Jsm arraya instead of the JLi
arrays.
1 T T T T
7 fn a’ (A S S *+20 s S +F .S S )dd0
(39)
where m,n = 4,9 as before.

The finite element is defined by the apecitic

interpolation functiona used to approximate the elements of
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the displacement gradient vector, d. To this end,
approximate the continuum displacements by shape functions

and the nodal displacements in Eqn (40).

u = K q (40)
where, u is the vector of continuum displacements, 4 is an
array of interpolation or shape functions, q are the nodal
values of digplacements as before. Next, the dizplacement
gradient vector, d, is approximated uging Eqn (40) as shown

below in Eqn (41).

d = D gq (41)
where D is the array of shape functions and their
derivatives. Substituting Eqn (41) into the final

expreggion of Eqn (37) including the transverse shear terms,
then finally gives Eqn (25) for the potential energy, where

in Eqn (42) we can now identify,

2
Q 0 Q (42)

x=I ' K D 4q, N1=j@1i1$d0, N =Jm’izedn

Note that H1 and Hz are actually functions of ¢the elements
of d not q (see Eqn (36)) so that in practice, Eqn (41) is=s
employed prior to Eqn (28) in the =solution process. The
terms o1 Egqns (25,26,28) are now defined, except for D
which depends on the specific elemental definition and will
be digcusged in the next section.

The stiffnessa arrays, k. i;' and iz are formed based on

literally hundreds of 18x1, 18x18, and 1x18 gymbolic matrix

multiplications, see Eqn (A8-A10) with Eqns (33,36)




substitutions. These multiplicationa are impractical to
carry out bty hand; consequently, the symbolic manipulator
code, MACSYMA, was employed. Additionally, MACSYMA can
convert the resulting expressions into FORTRAN statements.
Since these arrays are independent of element definition,
subroutines are very easily implemented that calculate the
entries of i, i;' and iz where elemental information ise
included separately through D.

In the finite element solution procedure, the stiffness
of each element is calculated individually and added into a
global stiffness array. 1In this way, the result of Eqns
(25,42) equivalently repregents the potential energy of an
individual element, where the total ﬂp ig found by summing
the energies from each element.

36 Degree of Freedom Curved Cylindrical Shell Element

The results from above are next used in the definition
of a curved cylindrical shell finite element. The potential
energy expression for the shell, Eqn (17) with cylindrical
shell specializations for the strain quantities, Eqns
(A2-A6) , requires c’ continuity for u, v, wl. and ¥ and C1
continuity for w [62). The simplest approach would be a
curved shell element derived from ﬂp with bilinear
interpolation for u, v, wl. and w2 and cubic Hermitian
interpolation for w, "l' and ., regulting in a 4 noded 28
degree of freedom (dof) cuyrved rectangular element.

However, the in-plane continuum displacement dof, u and v,

are coupled to the transverse displacement dof to a much
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greater degree in the cylindrical shell compared to a flat
plate due to the nonzero curvature in the circumferential
direction of the former. Indeed, in a 1linear analysis, u
and v are decoupled from the remaining dof for a flat plate.
Consequently, it is felt that 1linear approximations for
these variables, though quite adequate for a flat plate, are
too simple for the shell, especially for cases where
membrane action is significant. Therefore, asguming
quadratic approximationa for the in-plane dof u and v, and
adding four nodes located at the midaides of the element,
results in an eight noded 36 dof element, see Figure 4.
Although an element with this function asgumed for w is
nonconforming, it will pass the patch teat and therefore
converges ag the mesh ig refined [63]. However, monotonic
convergence from a stiffer solution can no 1longer be
expected as in a conforming elemental formulation. This
incompatibility, however, is not nearly as significant for
the present formulation as it is for sgimpler onea, e.g.,
Kirchhoff plate elements. Recall the present case includes
parabolic transverse shear distribution through the
thickness. For example, the shear rotation, Bl. is equal to
a combinaticn of "l and the bending rotation, wl. see
Figure 3. For the limiting thin plate and shell =situation,
we would expect zero ahear rotation and the incompatibility,

in effect, disappears since w.l=w where wl ugse compatible

1
approximations. This is not true for Kirchhoff elements

with nonconforming w approximations. It should be pointed
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out that this new element apparently does not suffer from
the locking phenomenon usually encountered in ghell element

development [541].

FIGURE 4. 36 dof Rectangular Shell Element. Corner MNodes
have 7 dof, Midside Nodes have 2 dof.
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IV. Laminate. Shell in Cylindrical Bending

In linear analyses, the arrays N1 and Hz of Egn (26)

are not used and the equilibrium equations become those

given in Eqn (43). Eqn (43} represents a system of
gsiaul taneous algebraic equations in the nodal unknowns, q,
and are gsolved by gaussian elimination. All elemental

stiffnesges are integrated exactly usi..g 4x4 point gaussgian
quadrature. Upon solving Eqn (43) for q, the elemental
gtresses are calculated at the outermost gauss points, i.e.,
those nearest the corners of each element. The Stresses are

not extrapolated to give the nodal values.
Kgqg=R (43)

The present theoretical approach and finite element
casting is applied to a laminated circular cylindrical shell
in cylindrical bending, see Figures 5 and 6 for geometry and
material propertiea. The ghell has infinite length in the
x-direction; is simply supported at the two ends, 8=0 and L;
and is subjected to a sinusoidal normal pressure loading.
The direction of the pressure, q(x,s), will induce
compresgive stress (02) on the bottom of the shell ({>0) and
tengsile streass on the top ({<0).

The infinite shell geometry and simple supports are
represented by the boundary conditions of Eqn (44).
Additionally, due to symmetry, only one half of the shell
length circumferentially ig modelled and the halves are

matched by the boundary conditions at s=L/2. The 1length,
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B, shown in Figure 6 is determined guch that all elements

have an aspect ratio of one. The pressure loading is given

in Eqn (45).
El=25°6 pai
Ez=le6 p8ai
v12=.25
s 612=613=.5e6
623=.2e6 pai

¢

FIQURE §5. Cylindrical Shell @Geometry, Radius R=10",
Arclength L=10.472", thickness h.

X
*
* B
+ N .
8
— L/2 —
FIGURE 6. Planform of Shell Showing one half

Circumferential Length, L/2, and Discretization Length, B.

along x = 0,B u = w,, ¥, = 0
g =0 w = "1 = 0 (44)
8 = L/2 v .5 w2 =0
q(x,8,0) = q_ sin (n8/L) (45)

Results are generated for ([90)] unidirectional and
[90/0/90] cross ply laminates and compared to exact

elasticity solutione given by Ren [50]. Calculated
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digsplacements and s‘rezses are nondimensionalized as showm
in &gqn (46). The transverse displacement, w, and the

inplane stresses, £ and o are taken from the center of

2°
the laminate, i.e., at g=L/2. The transverse shear stress,
04. and the circumferential displacement, u2, are taken from
the left side of the laminate, i.e., at ==0. The sign of
the quantitiez of Eqn (46) is opposit: that given by Ren in
some caseg &gince the respecitive coordinate systems are

different. The changes are made so that the phygical and

nondimensionalized quantities have the same gign.

Regular meshes of §, 10, and 20 elements give the
nondimensionalized transverse displacement, w, for S=100,
(90] laminate, shown in Table 1. Also shown is the exact

value. The Table shows that the 1x20 mesh (x by 8) results

converge. Using the 1x20 mesh, further disgsplacement and
gtress results are generated and ghown in Tables 2-9. Two
values are given for 54 in Tables 5 and 9. The transverse

gshear stress variesa very rapidly near the support for the
thinner shell geometries and therefore to get an accurate
value, a mesh refinement becomes necessary. The value in
the Tables indicated by an asterisk is the stress calculated
based on a 1x20 mesh that has smaller elementa nearer the
gsupport. Ag can be seen, this generally gives a better
value of 54 for the thin cases but is wunchanged for the

thicker laminates where the shear gstressa has a sgmaller

gradient near the support.
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(o, ,0,.) _ o
= .5, = 1 3 X 5, = 4 (46)
-q_ 8 q_S
10E,_w 100E_u
- = 24 . ] 232 . S=R/h, Z=C/h
q hS qohs
Mesh w Exact
(x by s) (Ren)
1x5 .0727
1x10 .0749
1x20 .0751 .0755

TABLE 1. Convergence of Transverse Displacement, w, for
{90] Laminate, S=100.

S w Exact CST
(Ren)
2 .803 .999 .0764
4 .278 .312 .0752
10 .108 .115 .0749
50 .0762 .0770 .0748
100 .0751 .0755 .0748
500 .0746 .0749 .0748

TABLE 2. Transverge Displacement, w, for Various Shell
Thicknesses, [90) Laminate. Clasgsical Solution (CST) taken
from [59].
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b Exact
S 2 (Ren)
h/72 -h/2 h/72 -h/72
2 -2.52 1.336 -2.455 1.907
4 -1.219 .950 -1.331 1.079
10 ~ .83¢ TTE .390 ]
50 - .761 . 744 - .7867 .T752
100 - .759 .T42 - .758 .751
500 - T .718 - .752 .750
TABLE 3. Circumferential Stress, 52. for Various Shell
Thickneases, [90] Laminate, for {=h/2 (bottom) and {=-h/2
(top) .
p Exact
S 1 (Ren)
h/72 -h/2 h/2 -h/72
2 -.0252 .01336 -.0245 .0816
-.0122 . 00950 -.0133 .0260
10 -.00839 .00773 -.0089 .0105
50 -.00761 .00744 =.0077 .0076
100 -.00759 .00740 -.0076 . 0075
500 -.00777 .00718 -.0075 . 0075
TABLE 4. Longitudinal Stress, 51. for Various Shell
Thicknesses, [90) Laminate, for {=h/2 (bottom) and {=-h/2

(top).
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s 54 Exact 1
{(Ren)
2 .489 .585
® 489
4 .543 .572
® 543
10 .558 .579 1
& _559
50 .528 .568
& _587
100 . 449 .565
* 543
500 . 131 .563
* . 314
TABLE 5. Transverse Shear Stress, 54. for Various Shell
Thicknesses, [90] Laminate, for (=0. Values with an
Asterisk Result from Refined 1x20 Mesh.

s - Exact CST
(Ren)

2 1.141 1.436 .0799

.382 . 457 .0781

10 .128 . 144 L0777

50 .0796 .0808 .0776
100 .0781 .0787 .0776 f
500 .0774 .0773 .0776 i

TABLE 6. Transverde Displacement, w, for Various Shell

Thicknesses, [00/0/60] Laminate.

taken from [59].
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52 Exact
s «Ren)
h/72 -h/72 h/72 -h/2

2 -3.163 1.732 -3.467 2.463

4 -1.408 1.117 -1.772 1.367

10 - .889 .829 - .995 . 897

50 - 78¢ 774 .758 .782

100 - .787 .T70 - .788 .781

500 - .806 .74% - .780 .768

TABLE 7. Circumferential Stress, 32, for Various Shell !

Thicknesses, [90/0/90] Laminate, for {(=h/2 (bottom) and
{=-h/2 (top).

31 Exact
S (Ren)
h/72 -h/2 h/72 -h/2
2 -.03186 .0173 -.0347 .0871
4 -.0141 .0117 -.0177 .0293
10 -.00889 .00829 -.0100 .0115 l
50 -.00787 .00774 -.0080 .0079
100 -.00787 .00770 -.0079 .0078
500 -.00806 .00745 -.0078 . 0077 ¢
]
TABLE 8. Longitudinal Stress, 51. for Various Shell

Thicknesses, [00/0/90] Laminate, for {(=h/2 (bottom) and
{=-h/2 (top).
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s 54 Exact
(Ren)
. —— — —
2 . 287 .394
® 287
4 . 326 .476
* 326
10 . 339 .525
* 340
50 .328 .526
* 340
100 .291 .523
* 334
500 . 0853 .525
* 217

TABLE 9. Transversge Shear Stress, 54, for Various Shell

Thicknesses, [90/0/90) Laminate, for [=0. Values with an
Asterisk result from Refined 1x20 Mesh.

From Table 2, it iz evident that by allowing tranaverse
shear deformation in the unidirectional laminate the shell
response ig8 much more flexible in the thicker 1laminates
(compare present and exact to the OCS™ solution). For
S=R/h=10, the present approach underpredicts the transverse
displacement, w, by 6% yet the classical solution is 35%
below the exact result. Similarly, for S=4, the present
value ia 11% below the exact yet the CST s8olution is 76%
less.

For thickness ratiogs of S=4 and lower, we cannot expect
cloge agreement between the present 2-D approach and the
exact. Recall that the theory presented in Chapter 1II
clearly uses approximations that invalidate the approach for

the very thick geometries. Indeed, for the S=2 values shown
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in the Tablesg, the geometry is one of a 3-D solid. certainly
not a thin gheil (recall earlier assumptions). For these
cagsea the three dimensional effects of nonzero transgverse
normal stress, 03, and a varying tranasverse displacement
through the thickness, w/”) play a =wcjor role in the shell
regponge. Therefore, the entries in a'’ Tables for S=2 and
to some extent S=4 as well, are shown for completeness only,
although the majority of the compariscons to the exact values
are gtill quite good.

In Table 2, as the shell becomes very thin for S=50 and
above, the three approaches converge to the same result as
expected since the transverse shear deformation is minimal
and classgical assumptions are valid. See also Figure 7 for
graphical presentation of w for [60] laminate.

Similar remarks can be made for the cross ply [90/0/90]
laminate, see Table 6 and Figure 8. For S=10, the present
theory gives the maximum trangverse displacement, ;. 11%
below the exact; the classical solution is 46X below the
exact. Both 2-D approaches, i.e., present and CST, are in
8lightly worse agreement compared to the exact than in the
unidirectional cases. The previous arguments for the (801
laminate apply to the cross ply laminate in addition to one
other comment. The assumed displacements give continuous
gtraings with respect to the transverse coordinate, (.
However, discontinuitier in stress result due to different
constitutive relationa in the cross ply laminate for eack

ply. Although elasticity theory also predicts these
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discontinuities only for the inplane stressges, the
transverse shear stress, 54. mugst be continuous so that
equilibrium is satisfied. The present 2-D approach

satisfies equilibrium, generally, only at the midplane of
the shell. The consequence of this becomes evident
comparing Tables 2 and 6, the transverse displacement
regponse for [90] and [90/0/90) laminates. Further
congequences are found by examining the stress results.
Tables 3 and 7 show the results for the circumferential
gtress, 52 for both laminate types. As shown, this stress
is calculated very well for both the wunidirectional and
crosg ply laminateg even for the thick cases. Recall that
the stresses shown for the present case are found at the
outermost gauss points within each element. These points do
not correspond exactly to the center of laminate ag the
Table indicates. Increased accuracy in 32 could be attained
by a mesh refinement near the center of the shell thereby
moving the gauss points closer to the actual shell center or
by extrapolating the streasses to give nodal values.
Improving the numerical aspects of the solution as just
described will increase the accuracy somewhat for the
thicker shell geometries as well. However, the largest loss
of accuracy for these cases is due to the 2-D assumption of
the present approach, i.e., neglect of 03 in the solution.
Notice in Tables 3 and 7 that the present results are the

most inaccurate at the top of the sghell, i.e., where the

load is applied, and therefore, where the effects of 03 are
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generally the moat signhificant. The circumferential stress,
52, is also vlotted as a function of thickness in Figures
9-12.

Tables 4 and 8 give the .ongitudinal stresses, o in

1’
the shell. The compariscns for bot® laminate types to the
exact are fairly good except for thicknesses of S=4 and
thicker. 1In the very thick cases, the longitudinal stress
ig gignificantly underestimated on the top surface of the
shell, i.e., at {=-h/2. Apparently, the influence of the
three dimengionality, i.e., 03 on the top of the shell where
loading acts, hag a great effect for this stress. The
influence is much less at the bottom of the shell where Oq
is identically zero, see [59].

The transverse shear stress, 54‘ ig calculated at the
midplane of the unidirectional laminate very well for values
as amall ag S<=4, gsee Table 5. The stress for S=500 as
predicted in the present approach is inaccurate because its
gradient ig 8o high for this thickness near the suppcrt. A
more accurate value should be attainable if a further
refined mesh were analyzed and theerefore, the gauss point
where 54 is calculated would be closer to the end support.
Figures 13-15 show the transverse shear stress as a function
of thickness for the unidirectional case. Notice that as=s
the laminate becomes thicker, the exact transverse shear
stress becomes more asymmetrical, whereas the presgent

approach always givea a symmetric response about the

midplane. BRecall that the cubic term in the s8tress
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expregsion for the present approach which gives this
agymmetry was neglected as small, sgee text following Eqn
(16) . The Figures show that this is a good assumption since
the agymmetry is significant only for the thick S=4 case.

Similarly, the transverse stress, 34, is given for the
crogs ply laminate in Table 9 and in Figurea 16-18. As
argued previously, the digcontinuitieg in 3; ag a function
of transverse coordinate, [, violate equilibrium away from
the shell midplane and thus explaing the disagreement shown.
Notice that the results from the present theory at the ply
interfaces are approximately equidistant from the exact
value at the interfaces.

Finally, Figures 19 and 20 show the circumferential
displacement, V, taken at the left support for both laminate
types. The present approach, with an assumed cubic function
through the thickness, s8lightly underestimates the exact
values and but captures the distribution very well. At the

midplane where 04 igs typically maximum, the shear deformable
theories give a s3lightly steeper glope compared to the CST
result and gradually approach the game slope at the outer (

coordinates of the shell where the sgshear deformation is

zZero.
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V. Conclusgions
A higher order shell finite element theory has been
developed that includes a through the thickness parabolic
shear stress distribution. The element has 36 degrees of

freedom and avoids the locking phencwmenon usually associated

with shell elements. Laminated composiis construction can
be considered. Exact Green strain rel.rions are included so
that large displacement, gsimplified large i1otation (up to

the assumption of linear strain displacement relationz for
the transverse straing) degrees of freedom can be
investigated. The approach is applied tco a laminated
cylindrical shell in cylindrical bending and linear results
are compared to the exact elasticity solution.
Displacements and stresses are predicted very well for the
unidirectional laminate even for very thick geometries.
Streases are predicted less accurately for the cross ply
laminate due to violation of equilibrium away from the

midplane of the shell, a congequence of the 2-D approach.
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cylindrical coordinates, i.e., ay—l, Rl=w,

c=l/R2=l/R.
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