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Abstract

The report presents an approach for a general laminated

shell geometry describable by orthogonal curvilinear

coordinates. The theory includes a through the thickness

parabolic distribution of transverse shear stress.

Additionally, a simplified approach that allows large

displacements and rotations is incorporated. The theory is

cast into a displacement based finite element formulation

and then specialized to a cylind 'ical shell geometry.

Linear results are compared to exact elasticity solutions of

a laminated cylindrical shell in cylindrical bending. The

approach predicts displacement and stress for the

unidirectional cases very well even for the very thick

laminates.--Transverse stress for the cross ply cases are

not as accurate since equilibrium at the ply interfaces is

not enforced, a typical drawback of 2-D theories.
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effects. As the shell becomes thicker relative to its radii

of curvature and in-plane dimensions, or for laminated

composite shells, these transverse effects become more

pronounced, especially the transverse shearing. The first

theories that included the transverse shear deformation

relax the assumption on the deformed normals of the shell

middle surface. The shell kinematics introduced by Bassett,

as discussed in (11], express the shell displacements as an

infinite power series in the thickness coordinate.

Hildebrand, Reissner, and Thompson II] introduced truncated

Bassett kinematics to analyze the importance of the

transverse stresses and strains in thin elastic orthotropic

shells. Naghdi [12] applied similar truncated series

representations for general thin isotropic elastic shells.

Hildebrand, et al, found that the effects of the second

order displacement terms and terms in the transverse

displacement that give a nonzero transverse normal strain

were negligible. Reissner used similar kinematics to

analyze plates [13] and then sandwich shells [14]. Mindlin

similarly included rotatory inertia terms in the dynamic

analysis of plates [15]. The preceding studies have

resulted in the so called Reisener-Mindlin (RM) theory. The

approach does not satisfy the transverse shear boundary

conditions on the top and bottom surfaces of the shell or

plate since a constant shear angle through the thickness is

assumed, i.e., plane sections remain plane. Because of

this, the theories based on these kinematics usually require
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shear correction zactora for equilibrium consic-urit&ions-

lan6~ :rri 9. and Stavsky Lid generalized

Reinaner-iniiin piat.2 theory to lamirnatea composite plates.

Whitney and Pagane LI?]J were a-%ftrgk to agpp .. I L.j

composite plate anaiyeis. Reddy Liii nas appiiev &L tneor?

to linear anisotropic shell stqucturer c x constant pri1ncipal

and twist curvatures. ioor 1i~i appliea R". Uory -G,-

examine the stability of laminatea platen. Thick composlite

plate closed form solutions are reported by Reddy and Chao

[201. Linear static, stability, and vibiation analyses of

laminated plates and shells were pericr.oed by kcor and

Mathers [21]. Two fir~ite element tormulationg, mixed and

displacement, are compared. hnaa. Irong, and Zienkievicz

[221 introduced a finite element approach with independent

transverse displacement and rctational degrees of freedom

such that a Reissner-binoli7, shear deici-matie she~l element

results. These elements perform adr-Airably for thick

situations. but deveicT, shear it.cking nu~merical -,'ifficulties

f c- tbin cases and consequently, reduced elemental

integrations (23] o,. c.screii Kirchlhoil consvraintg [241

become necessary.

Levinson (251, Murtbj 126), ant: Reddy [27i hav+,

developed plate theories turat 1Inciude cubic terwo IT: tk~a

in-plane displacement kinematics. Satisfying zero

transverse shear ster-. . " L(, arau bottcm surfaces of

the plate results in1 a psraboii . shear otralin dis~riblu.iofl

through the thickness. th-Au &Areeing more closely with
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elasticity results. The number of variables in the

kinematics is equal to that in the RM theory, but shear

correction factors are not required. Reddy and Phan [28,29]

analyzed linear laminated anisotropic plates using the

parabolic shear theory. The parabolic shear theory is

extended to shell geometries in a study of the linear

behavior of laminated shells by Reddy and Liu [30].

Bhimaraddi has applied the parabolic shear strain

distribution to analyze the linear vibrational behavior of

isotropic cylindrical shells [31] and rings and arches in

[32]. Additionally, Soldatos applied the parabolic shear

theory to examine the stability and vibrations of laminated

circular [33] and noncircular [34] cylindrical shells.

Geometrically nonlinear behavior is captured by

allowing large displacements and rotations in the ahell

strain displacement relations. An approach that neglecta

the nonlinear terms that represent in-plane rotations of the

shell is an example of the intermediate nonlinear theories

often used in stability analysis [35,361. Small strain,

moderate rotation approaches for anisotropic shells are

given by Librescu and Schmidt [37] and ZChmidt and Reddy

[70]. Successive approximations made to exact shell strain

displacement relations where large strains, displacements,

and rotations are all initially allowed, are presented for

isotropic shells by Sanders [38] and Pietraszkiewicz [71]

and anisotropic shells by Librescu (39].

An "arly work by Qchmit and Monforton [40] formulates



an anisotropic cylindrical shell element based upon the

,!lassical theory that allows intermediate geometric

nonlinearities. Stolarski et al [41] present a simple

triangular shell element formulation that includes

intermediate nonlinearity. Reddy and Chandrashekhara [42]

solve both cylindrical and spherical laminated shell cases

assuming RIN transverse shear and an intermediate

nonlinearity. Reddy [43] analyzed the nonlinear transient

behavior of composite plates including RU transverse shear.

Futcha and Reddy (44] used the paribolic shear theory in

formulating a mixed element for nonlinear anisotrupic plate

analysis. Moor and Peters [45] give the nonlinear response

of anifotropic cylindrical panels via a Hu-Washizu mixed

shallow shell finite element approach that includes

transverse shear deformation together with a Rayleigh-Ritz

technique. Merou-1 t6) anr, Surana [47,481 develop

geometrically nonlinear shell finite element approaches that

are shear deformable. Stein [491 uses truncated series

expansions of exact nonlinear strains in a shell approach

that also includes transverse shear deformation.

Geometrically nonlinear quasi- three-dimensional approaches

for laminated composite plates and shells have been

developed by Palazotto et al i50,511.

Very recent laminated plate and shell review articles

are, respectively, due to Moor and Burton [68] and kapania

[69].

The present report presents an approach for laminated
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composite shell analysis that combines a parabolic

transverse shear distribution with a simplified large

displacement and rotational geometric nonlinearity.

Solutions to the theory are found via a displacement based

finite element approach. Extensive results are given for

the linear analysis of a laminated cylindrical shell in

cylindrica. bending. This simple case is chosen to

illustrate the effectiveness of the 2-D approach in

describing 3-D response. Once its limitations are known,

the approach can then be applied to the majority of

situations where elasticity solutions are not possible.
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II. Theoretical Development

General

Although shell theory can be based entirely on surface

definitions, transverse shear strains and stresses are then

not easily included. One way to define strain displacement

relations that can easily iacorporate three dimensionality

(3-D) is to specialize the general 3-L strain displacement

relations expressed in arbitrary orthogonal curvilinear

coordinates. To this end, consider the infinitesimal line

segment, MR. of length de embedded in a differential volume

element in Figure 1. This differential volume is linearly

transformed, i.e., deformed, to a new configuration where

the line segment is now of length ds As a result of

deformation, the line segment MN of Figure 1 moves to MN

represented by the displacement vector, u. By subtracting

the original and deformed squared lengths of the line

segment, the Green's strain tensor, Y (i.j=1.2.3). is

defined as shown in Eqn (1).

(d*2 2
(do*) - (dq) = 2 '. dy dy. (repeae.A indices sum)

where the yi are the orthogonal curvilinear coordinates of

the undeformed system. The physical strains, cij, are then

found from,

JVij

. ... . (,o sum) (2)

h.h.1J

In Eqn 1, the h. are scale factors defined from the

7
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metric tensor of the undeformed coordinate system and the

rij are shown in the Appendix, Eqn (Al), where the u i are

the coordinates of the displacement vector, u. For the cage

of small strains (c ( .04), the c.. (no sum) are the

elongations of the fibers of the differential volume element

and the c.. (iji) are the shears, i.e., the difference from

ninety degrees originally perpendicular fibers are oriented

after deformation. The elongations and shears are

identically zero for rigid body movements of the element

(52].

ds

M~ 
M*

FIGURE 1. Segment MN Deforms to M N Through Displacement
Vector u.

Now consider a ghell geometry that can be described by

orthogonal curvilinear middle surface coordinates, 1 and



2" iurface normal C. and radii of curvature, R and R2  an

showxi in F j 4ine 2. For thin geometry, the vcale factor

terms of Eqn (2) are given by,

h= 1 - /Rh = 2(1 - (/R21' h3 = 1 (3)

where c (.=1,2) are related to the L tments of the surface

metric .io

/ - -.N.
I, N h

/

Rz

FIGURK 2. Arbitrary Shell Coordinate System.

For a body of volume V in equi~brium with prescribed

forces on a part of its Purface, S,, and nrescribed

geometric boundary conditions on the remaining surface, 2,

that has undergone an infinitesimal virtual displacement,

6u, we have,



( jiij - Pk6uk ) dV - F6Uk dS = 0 (4)

v s1

where, a.. are elements of the 2nd Piola-Kirchhoff stress

tensor, c.. are defined in Eqn (2), Pk are components of

prescribed body forces, and Fk are components of prescribed

surface tractions [53]. Assuming the existence of a strain

energy density function, W small strain deformation, and a

linear constitutive law, the principle of stationary

potential energy can be stated as,

6n = 0 (5)
p

and if the forces vary neither in magnitude nor direction

during virtual displacements,

f = JV W'(u ) dV - I F uidS (6)

where W (u.) = 1/2 a ijklCijkl, aijkl are elastic constants.

In Eqns (5,6), the strain energy density is written in

terms of the displacement components by using Eqns (2,Al).

The integrals are taken over the original, undeformed volume

and surfaces consistent with a Lagrangian viewpoint.

Additionally. the array of elasticity constants, aijkl, are

defined with respect to the original configuration. [53]

All of the necessary tools ! ve been introduced for a

Lagrangian displacement based energy approach to solve

elastic geometrically nonlinear shell problems. To develop

shell strain displacement relations, one should first

identify, respectively- the general 3-D curvilinear

.4;



coordinates yl, y., and Y3 of Eqns (I.2,Al) with the shell

coordiuat-t. 41, t. and C of Figure 2. Then, by defining

kinematics that reiate the middle surface displacements to

the continuum displacements of the shell, strain

displacement relations are written, and finally, the total

potential energy expressed in terms of displacement using

Eqns (5,6) is extremized with respect to displacement

resulting in the equilibrium equations. The definition of

the kinematics for these types of formulations is obviously

very important. The assumptions that will eventually lead

to general shell kinematics and a potential energy

expression are next discussed.

Basic Assumptions

A geometrically nonlinear theory governing the shell is

based on the followizig assumptions:

1. The shell is thin and therefore assume that it is in an

approximate state of plane stress, i.e., the transverse

normal stress is approximately equal to zero. This

assumption effectively reduces the generally three

dimensional behavior of the shell so that it can be

described by the behavior of only a datum surface; this

results in a 2-D approach.

2. The transverse shear stress distribution is parabolic

through the shell thickness and vanishes on the top and

bottom surfaces of the shell.

Because the shell is thin, tn-plane stress tends to

dominate the shell response under loading, i.e., the

11



transverse stresses are of lesser importance. However, it

is well known that laminated thin flat plate response can be

significantly influenced by transverse shear dqformation.

Similar results have been found for laminated shells

[39,54]. Therefore, transverse shear stress is included in

the present model, via a 2-D approach whereas, transverse

normal stress is not. This approach is consistent with

remarks made by Koiter [10,55] and John [56] who performed

order of magnitude studies on the stresses in general shell

geometries. Additionally, their results are seen to hold

generally true in the elasticity solutions of both laminated

flat plates by Pagano [57,581 and laminated shells in

cylindrical bending by Ren [59].

3. The shell is restricted to small strains and consists of

linear elastic laminated orthotropic material.

4. Exact Green's strain displacement relations are assumed

for the in-plane strains c11' '22' and '12 of Eqns (2,3) and

linear strain displacement relations are assumed for the

transverse strains c 23 and 13'

5. Since the shell is assumed thiia, the normals to the

middle surface are approximately inextensible, hence the

transverse displacement ia cons.ant through the thickness.

Consistent with the preceding assumption, retention of only

linear strain displacement terms then gives 033 = 0.

Librescu [39], as mentioned, develops general shell

equations based upon varying approximations in the

magnitudes of both strain and the rotations differential



elements undergo during deformation. A consistent small

strain, moe,?rate rotation theory has nonlinear (not exact!)

strain displacement relations for the in-plane strains yet

linear relations for the transverse shear strains. The

present approach can therefore be viewed as a smali strain,

simplified large rotation theory due to the exact in-plane

strain assumption. The accuracy in rotation is limited by

the linear (in displacement) assumption on the transverse

shear strains.

Constitutive Relations

Materials consisting of unidirectional fibers embedded

in a matrix are of interest in this study. For fibers

alligned with the 1 material axis, we can assume that the

material is transversely isotropic (engineering constants

E 2=E 3 and 12= 13) with respect to planes parallel to the

2-3 plane [60]. In this case, the constitutive relation

used in Eqn (8) becomes,

, C 11 12 13 0

Ia2 C12 C22 C23 0 0 0 '2
a3 C 13 C23 C3 3  0 0 0 3

=a 0 0 0 C 4 0 4 (7)

0 0 0 C C55 o

6. 0 0 0 0 0 f6eCa

where contracted notation is introduced, i.e., a, = aii (no

sum), 04 = a23' 05 = a]3' a6 = C,12' and C, = Cii (no sum),

S4 = 2c23' C5 = 2c13' 46 = 2c12'

Using assumption 1 (a3 Z 0) in Eqn (7), solve for 3 ,

13



C13  C2 3

C = 0- 33- -

Substituting back into Eqn (7), c3 is eliminated, and the

constitutive relations in material axes become,

I] Qll Q12 0 0 0 c1

12 Q12 Q22 0 0 0 C2

6 0 0 Q66 0 0 a (9)

4 0 0 0 Q44 0 I4

0 0 0 0 Q55

C i3CJ3

where Q. = C. - and for transverse isotropy, it
13C J 33

in easily shown that, QII .I/A, Q 1 2 V 2 1E 2 /A, Q 22=E2 /A,

Q 86 =G1 2 , Q4 4 =G 2 3 , Q 5 5=GI, A I - 1221'

Consider a shell that is constructed of layers of the

transversely isotropic material described by Eqn (9).

Generally, the fibers of the kth individual layer or ply are

oriented at an angle with respect to the middle surface

shell coordinates I and 2"' Therefore, tha constitutive

relations of Eqn (0) for that ply munt be transformed into

shell coordinates resulting in Eqn (IC.



1' 11 1'2 lel

Cy 4 1
r4k 4" 44] k 4

wheve, the (i,j:±,2,6) and Zomn (m,n=4,5) are elements of

aymi.cric arrays of treinsformed stiffneaneg for the kth ply

and a,. csa i. and c are measured with respect to shell

coordinates and .

Consider the followJng kineaatics for the arbitrary

shell described by orthogonal curvilinear coordinates,

referring back to Figure 2 for conventions.

U = u(1 - /R.) + w I +C241

2 3 4
u 2 (i.C2, 0= v(l - /R 2 ) + Cw2 + C

2 2 C32 + C 4 2

uw (11)

where. u, V, w, av 0 ,*, and e W are functions of ZI and

t2; WO are rotations of the normals and; 0. r, e, , are

functions to be determined such that 4 and a5 vanish on the

top and bottom surfaces of the shell.

The assumed displ'cemenla of Eqn (11) are slightly more

involved than those introduced for flat plates by [27]. For

a plate, only third order terms in the thickness parameter,

15



(, were necessary to give the desired parabolic transverse

stress distribution. Shell structures, due to their curved

surfaces, however, have coupling between displacements that

plates do not and the fourth order terms become necessary.

The kinematics will ultimately closely resemble the plate

kinematics that have been used in the literature.

Additionally, Reddy [30] arrives at identical general shell

kinematics as derived here but uses Sanders shell relations.

Keeping only linear displacement terms from Eqns

(2,Al), the transverse shear strains become,

1

I+ hu -uh
4 h 2  u3.2 2 2.3 2h2,3

(12)

C (u + hu ulh 15 h1 3 1 1 1.3 1. 1,3

where ( ), (ct=1,2) refers to differentiation with respect

to and ( )3 refers to differentiation with reJpect to t.

Using Eqn (11) in the first of Fqn (12) and assuming

zero transverse shear stress, and therefore, strain, on the

shell boundaries (see Eqns (9,10)) the following is derived.

2= 0,

2 2 (13)

2 52h2 2 ,

B8 2 2 2 - 3h 2 + ---2 )

-- 13h
2 ~'

where h is the shell thickness, aee Figure 2.

Assume, for the moment, that we have a fairly thick

shell, i.., let R 2 5h. In thin case th- underlined term



in Hqn (13) is only .005 and therefore can be neglected

-,ompared t,. , an indicated. Furthermore, we can neglect the

fourth order term (2 ) of Eqns (11,13) since it is only 1/20

of the third order term. A similar exercise is applied to

C5 giving for the general shell kinematics,

( (3 M, 1

u(1 I 1 ) + C1 I + 1

u1i )= v(l )+ + +  k( 2 + )v.2
2 2 2 2 2

u 3 ( 1 ,Z 2) = i (14)

-4
where, k =

3h 
2

The rotation of the normal, ?, , is a result of bending

deformation and therefore, the slope of the elastic curve,

W, CCis almays a combination of w and shear, (, as shown

in Figure 3. For a flat plate. Z/R,=0 and a 1 and Eqn

(14) reduces to that used in the literature.

17
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W, I

W, I +

W,

W, +C

FIGURE 3. Slope of the Elastic~ Curve is Always a
Combination of Bending and Shear-.
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Shell Strain Displacement Relations

The ki;z..atics of Eqn (14) next define the general

shell strain displacement relations using Eqn (Al) as given

in Eqn (15).

j. rP .
( p  

, ' 12,8 (15)

p-.um 1 to 7

L =~ + 2 m=4,5Is a

where, C~ X i through M 17 ' . M m2 are shown in the

Appendix, Iqns (A2-A6), specialized for cylindrical

coordinates. Note that the convention on i (and j) has been

changed so that instead of taking on values 1,2. or 3, they

now represent the values 1.2, and 6. This will always be

the case from this point on. The first subscript of N.

refere to the strain component l,., o. 8 and the second

subscript refers to the -cwer of i it multiplies. The

and the xil through ii terms consist of displacement

expressions that are dependent only on the surface

parameters z1 and Z2'

In developing the 2-D theory, it is convenient to

define the strains such that the strain terms multiplying

the ('a in the expressions of Eqn (15' are functions only of

the in-plane parameters, 1I and t2' Therefore, in arriving

at Kqn (15), binomial series expansions such as those shown

in Kqn (16) were used for this purpose. Terms similar to

the left hand sides of Fqn (16) result due to the shf.1

scale factors. i.e., thoes terms in Eqns (A2-A4) that are

19
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functions of h.. For the thick shell cage where R =5h and

C=h/2, the first two terms on the right hand sides for each

expression in Eqn (16) represent 99% and 97%, respectively,

of the total on the left hand sides. Consequently, series

expansions as in Eqn (16) and similar expansions are

truncated after the first order C terms.

1 
C C2

1+-

1- (1-C/Ra)

1 1 __1 2 + rem

R1 "2] L

For simplicity, in arriving at the transverse shear

strains of Eqn (15), the cubic term found as a result of

Eqns (12,14) is neglected as small using the R = 5h

argument as before. This results in a symmetric transverse

shear strain and stress distribution about the midplane of

the shell. In reality however, as the shell becomes

thicker, the transverse shear stress tends to become less

symmetric about the midplane.

Shell Potential Energy

From Eqn (6), let

: U + V (17)

P

where, U is the internal tran energy, and V in the work



done by the external forces.

Kqns i10.17,15) then give for the internal strain

energy of the arbitrary shell,

/ I 1 
( J [ 1 1 c +ipelp) 2 Q 2 9 1 2 + I2U=2 ll + 42(;+ CPx2p

Pp)" ro - o Pp 2

121 p '2 2r ~66 6 Op

" 2Q ( + CPp(C O + X)
16) 1 Ip 6 6r

" 2Q 2 6 (e2 + (C . + Cr Rr)] d(dO

(18)20 2 [Q ° + 2 -- (r2-52

U + (
2 f 2 44 2 + 455(; + 52

Oh

+ 2Q45(c; + (242 )(C; + C2 M52) d(dO

where. U =U I +U 2  p.r = 1,2,34,5,6.7, Q generally vary

as a function of C since a laminate is constructed of plies

with various fiber orientations, and, 0 represents the shell

middle surface.

Manipulations of Fqn (18) are facilitated if the

following quantities are defined. From Eqn (15), let

I =s o + X Z (19)

where.

21



FT " I' ° 7 '7F I ' -3v .TI

o elJ L1 62 .. 67J

Using Eqn (19) in the first of Eqn (18), w ret,

1 I ( I (Q3)T S ddO (20)

h

2 
+j h 

- P pOh

p Xir Qij d(

fil 12 Q 1
where, Q = Q 2 2 Q26i i.j = 1,2.6 and p,r sum I to 7.

[ 6J superscript T = transpose

The second integral of Eqn (20) hints at the complexity of

the in-plane strain energy of the shell. The energy is

comprised of many strain squared terms due to summations on

up to four different indices. Finally, Eqn (20) is

concisely written in terms of an area integral representing

the shell midnurface as shown in Eqn i21) where the (

dependence has been integrated by defining a series of

elasticity arrays shown in Eqn (22). The ', of Kqn (21) are

written in terms of strain components and elements of the

elasticity arrays in the Appendix, Eqn (A7).
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E~--.u -'~1 F) - - -

AJ

4- J(U + U±2 + 1±3 ) dO (21)
0

CA W B j, DiJ. E IJ Fij Gi. , Hi , TIP Ji., KI

L.j Pij Ri Sij Tj] =
Lii, ii, i~jI ii, TiiI

[(.2.3 3 4. 5. 6, 7, 8 a.(9 10, 11, 12, 13, 14 1d

h

(22)

where i.J = 1.2. and 6.

A similar'manipulation is performed on the second of Kqn

(18). the shear terms, giving,

U = --- (OOc A + 2C 2 D + X X F i dn

2 2a mn an n m2 an n 2m2 an

and. with m,n 4,5, (23)

(A a.D nF = I j m [ I.2. 4 I d( (24)
h

Primarily due to the assumed nonlinearity, many new

elasticity arrays are shown above. The energy terms that

contain the higher order elasticity constants are also

multiplied by powers of k=-4/3h2 (see Eqn (14)). Because of

the squared shell thickness term in the denominator of k,

the energy terms are not as many orders of magnitude apart

as Eqn (22) may at first indicate. For example, the DIJ,

RWu and Hij energy terms are all the same order of

magnitude in h or C despite 4 orders of magnitude difference

in the definitions of the elasticity arrays given in Eqn
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(22)

In a general geometrically nonlinear analysis, the

energy due to the externally applied loads contains

nonlinear displacement terms. These arise when, because of

large rotations, the applied loading develops higher order

coupling components in coordinate directions where no

loading originally existed. As discussed by Brush and

Almuroth [35]. these higher order terms give potential energy

contributions that are negligibly small for the cases of

intermediate nonlinearity, i.e., moderate rotations.

However, the large rotational case generally must account

for them. If the loading is actually a prescription of

displacement, the higher order nonlinear loading terms need

not be included since applied loading is zero. This

alternative simpler approach is taken here.

In summary. Eqn (21,23) with Eqns (A7,22,24,15,A2-A6),

give the total potential energy of the arbitrary shell,

where a specific shell geometry is defined by specifying the

scale factor terms of Eqn (3). This expression is then

extremized with respect to the displacements giving the

equilibrium equations. The result of the extremization is

five coupled nonlinear partial differential equations. The

present approach gives nonlinear extensional terms, i.e.,

terms in A.j, as well as nonlinear terms in D through Tii

due to the nonlinearity in the curvature terms (ip ) of Eqn

(15). The moderate rotational theories retain in the strain

displacement relations nonlinear displacement terms only in
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the tranaverse displacement, w, an a result of assuming that

the rotatiins are small compared to unity [36] This

results in nonlinearity in the equilibrium equations in the

extensional AiJ terms only.
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1I1. Finite Element Solution

The variation of the potential energy, n P of thep'

discretized domain given coupled nonlinear algebraic

equations where the unknowns are the values of displacement

at the nodes. In a generally nonlinear analysis, these

equationo are not usually solved directv but iistead, are

linearized and solved by incremental/iterative methods. The

linearized equations are found by effectively carrying out

an additional differentiation of n1 with respect to theP

displacements. The manipulations that follow give a

convenient form for n such that the variation and
P

linearization are straight forward to accomplish.

Afterward, a 36 degree of freedom (dof) curved element is

discussed.

Slement Independent Formulation

We seek a form for the potential energy, nly shown in

Kqn (25), such that the first variation, 6n . is given by'p,

Eqn (26) and the linearized incremental/iterative equations

are given in the last of Kqn (28). Eqn (28) is found from

Kqn (26) by expansion of the equilibrium equations. F(q),

into a Taylor series about a small Aq and truncating as

shown in Eqn (27).

p + q -qR (25)

6np = 6q T [ + K + N I q- R] 6qT F(q) = 0 (28)
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where, q is a column array of nodal displacements, R is a

column array of nodal loads, K is an array of constant

stiffness coefficients, NI is an array of stiffness

coefficients that are linear in displacement, N is an array

of stiffness coefficients that are quadratic in

displacement.

From Eqn (26), for arbitrary and independent 6 q, F(q)

0. then,

0 F

F(q + Aq) = F(q) + - Aq + ... 0 (27)
q

0 F

-A X N +N 2  1Aq = XT q -F(q) ( 60 q

where K T is the tangent stiffness matrix.

Kqn (28) gives solutions in an iterative manner via a

Newton-Raphson technique. The current values of the

elements of q are substituted into N and N2 resulting in an

array of constants for K . The set of linear equations are

then solved for Aq, which is then added to q giving the

updated nodal displacements. Assuming the solution is not

yet converged, the right hand side (RHS) of Eqn (28) is

nonzero. Iteration continues until F(q) becomes arbitrarily

small signifying equilibrium has been satisfied.

The preceding general development assumed a certain

formalism in the definitions of the arrays, K, N . and N 2 in

nf of Eqn (25) such that these terms repeat themselves in

the first variation of nl (Eqn (26)) and again in the TaylorP

series expansion that gave the incremental equations (Eqn
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(28)). Ensuring this formalism will greatly decrease the

required number of algebraic manipulations since once K, N t

and N are formed in the n expression of Eqn (25). the2p

variation and linearization processes become straight

forward. Additionally, fewer programming lines are needed

since the same arrays are present in both the equilibrium

and incremental equations and hence need be calculated only

once per iteration in solving Eqn (28).

Rajasekaran and Murray (61] outline a procedure that

will give the desired repetition and also symmetry of the

three components, K, N1, and N that comprise K T Some

generalizations are used in the present case. We start by

dividing each strain component of Eqn (15) into linear and

nonlinear parts as shown in Eqn (29).

= LT 1 dT

c; L d + -1 d Hi d (29)
i 2

L T 1 dT H. d
dip p -d 2 1 d

where, L (J = 0,1,2,...,7) are column arrays, H i  are

symmetric matrices, d is the displacement gradient vector,

i= 1,2,6 and p=l to 7, as before, pL i for p=5,6,7 contain

all zeroes.

The displacement gradient vector contains the unique

displacement terms that define the strain components in Hqn

(15). Since there are 18 unique displacement terms in Eqn

(15). the vector, d. is an 18xl array as shown in Eqn (30).

The way in which the elements of d are approximated defines
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the specific element type, i.e., number of dof. shape

functions, etc. This elemental definition is done

independent of the repeating formalism of Eqns (25.28,28).

The L and R therefore, are, 18xl and l8xl8 arrays

respectively, and contain constants.

d T= {U U, 1 U, 2 v V, 1 V, 2 w w, 1 w, 2 W , V1 w, 2 2 w, 1 2

W1 w 1 ,1 WI1 2 W2 W2 ,1 W2 ,2 }
(30)

Next, Eqn (30) is substituted into the internal strain

energy of Eqn (21) giving for the in-plane energy

expression, i.e., those energy terms due to l. C2, and c. ,

dT [ ( 31

where K, N, i are symmetric l8x18 arrays given in Eqns

(AS-Ala) in the Appendix.

Each term of the K, il, and 12 expressions of Eqns

(AS-Ala) represents nine terms due to the summation

convention on i and J. Each of these nine terms results in

an 18x18 array that is premultiplied by a scalar elasticity

element, see also Eqn (22). Eqns (32) show one

representative term from K, NA, N2, respectively.
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- [K : Al1 [oLl oL ]
lxl 18xl lxI

N: All 1d (32)

lxl 18x1 IxIS 18x18

N A d dT F

lxl 18x18 lxl Ix1 18x18

As explained by (61], the desired formalism of Eqns

(25,26,28), will not be exhibited using the terms as defined

in Eqns (31,32,A8-AIO). That is, if the first variation

were carried through on Eqn (31) with the K, NI, and N2 as

defined in Kqns (AB-AlO), totally new terms would result.

Similarly, the formation of the linearized

incremental/iterative equations would result in still

different terms. To avoid these tedious manipulations, we

seek equivalent energy forms for K, Nt, and N such that

repeating symmetric terms are present in the three

expressions for n , F(q), and K T, i.e., Eqns (25,26,28).

Each of the energy terms of N are of the form shown on

the left hand side (LHS) of Eqn (33) where, Cij refers to

the elements from any of the elasticity arrays, Ai. to Tij,

p.r = 0 to 7 and iJ=1,2,6 as before. As suggested by Ref

[01], if each of these terms is replaced by the terms of the

RBS of Eqn (33), the desired repeating formalism of Kqns

(25,26.28), will apply.
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" ° . - . -. V'* • * - , .. . . . . r. .. - - . = - -

2rdTC pLi dT H d d=

Id-- Tc. ULi d r + d L H + H 14 LT i dO
r p i r j r p j

(33)

Using the underlined term from N of Eqn (AG) with the

Eqn (33) substitution, the first variation is as shown in

Eqn (34). It is stressed that this term is representative

of all the N terms of Kqn (AD).

JfdT L. T " H

6 -f J iBtj [L 
d T T + d L. H + ±H d L; ]d dO

tB opa io of LdT +h del i T Lh scod aHd +ia d ie Tof TH6

-~~ +Jo IICd ddL4 i I d' 0 c"1H d

+ r (d T that T da+idtio T t + d T Hido nT H6d 1

B 6d T j Ld T H 6 d Ld Jt + idL i (
a±ioj + i oji i io jj1

(34)

A comparison of the terms in the second and final lines of

1Kqn (34) shows that the variation of the RHS of Rqn (33)

gives a repeating form. The final result of Eqn (34) is
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expanded into unabridged form in Eqn (35). In a similar

fashion, we can show that the derivation of the linearized

incremental/iterative equations (Eqn (28)) also results in

similar repeating forms.

B1[- B1 1  [3L d TH1 + 3dT LltHl 3tHldoL 1 d

+ B1  6dT [30 L IdT + 3d TLl 1 H + 3H 1doLT d

+ B 6d T 3 LedT H6+ 3 d T OLBH, + 3H d L T ]d d
66 o1 aH 0~i 6 o

(35)

Each of the terms of the X and N arrays are of the2

general forms of the LHS of Eqn (36). In Eqn (36), two

forms for both K and N2 are shown. With the C once again

referring to elements from any of the elasticity arrays, the

LHS are those energy terms from Eqns (31.ASAION, h 0

not repeat in deriving the equilibrium and the linearized

incremental/iterative equations. If each is replaced by the

corresponding RHS of Eqn (36) then the formalism of Eqns

(25,26.28) is easily shown similarly to the N example of£

Rqns (33,34.35). The first substitutions shown in Eqn (36)

for each of the arrays K and 12 ape similar to those of Ref

161] and the second substitutions are unique generalizations

thereof.
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From K:

I4I dT Cij pL, pL d dO (no sum on p) = no change

-4-f d
T 2C pLi rL T d d=

12 CJ[ pL, rL T + rL, pL: Td dO

(ppr)

From N:2

dT C.j Hdd
T H d dO t d dT [ pHidd T

H

I dt

-L H d d dO (no aua on p)
1 dT  

81~P pij -TCt

-4Jd'C~. rldd t pHj d dC)-4- A c1  [nddTpe.
2p j

I d T T I Td T
f2i r p 8 -13- id dGI

+ - dTH d H. + H dd H .+- d TH d R d dOr p pi r 2 p rJ

(per)

(36)

Based on Eqns (33.36), Eqn (31) can now be rewritten as in

Kqn (37).

UI - 2 d [ + N I +4 M2 d dC)

T+ N z

2-d K + 2-- i d d( (37)
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where the elements of the arrays K, N1 , and N are found

from the X. N .. and N2 of Eqn (AS-AlO) by making all of the

aforementioned substitutions of Eqns (33,36).

The transverse shear energy terms of Eqns (18,23,24)

are handled in a totally analogous manner only much more

simply since transverse shear Strains are linear in

displacement and hence any H term" are zero arrays andJE

therefore not needed. Analogous to Eqn (29), the transverse

shear strains of Eqn (15) are written below in Eqn (38).

0 T
£= S d (38)m om

S T d2m 2 m

where S and S (m=4,5) are 18xl arrays similar to the Lo m 2.mJ

of Eqn (29).

Due to the assumed linearity of these strains, there

are additional energy terms from the transverse shear

strains only for K of Eqn (31). These additional terms are

found from Eqns (23,24,38) and are shown below in Eqn (39).

The equivalent repeating forms that are added to K of Eqn

(37) are found via Eqn (36) as with the in-plane energy

terms only now using the S arrays instead of the L i

arrays.

S d T (&. SM ST + 2D S S + F S ST )d dO
meomon mn om z n 2m n

(39)

where m,n = 4,5 as before.

The finite element is defined by the specific

interpolation functions used to approximate the elements of
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the displacement gradient vector, d. To this end,

approximate the continuum displacements by shape functions

and the nodal displacements in Eqn (40).

/= f q (40)

where, u is the vector of continuum displacements, X is an

array of interpolation or shape functions, q are the nodal

values of displacements as before. Next, the displacement

gradient vector, d, is approximated using Eqn (40) as shown

below in Eqn (41).

d = q (41)

where D is the array of shape functions and their

derivatives. Substituting Eqn (41) into the final

expression of Eqn (37) including the transverse shear terms,

then finally gives Eqn (25) for the potential energy, where

in Eqn (42) we can now identify,

K M ! T Ddn, N NJ1 1r1)ldn, N 2  M JfN 2 -Vdn
0 C) (42)

Note that N and N are actually functions of the elements1 2

of d not q (see Eqn (36)) so that in practice, Eqn (41) is

employed prior to Rqn (28) in the solution process. The

terms of Eqns (25,26,28) are now defined, except for M

which depends on the specific elemental definition and will

be discussed in the next section.

The stiffness arrays. K, N . and N2 are formed based on

literally hundreds of 18xl, 18xI8, and lxl8 symbolic matrix

multiplications, see Eqn (A8-AIO) with Eqns (33,36)
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substitutions. These multiplications are impractical to

carry out by hand; consequently, the symbolic manipulator

code, MACSYMA, was employed. Additionally, MACSYMA can

convert the resulting expressions into FORTRAN statements.

Since these arrays are independent of element definition,

subroutines are very easily implemented that calnulate the

entries of K, N., and N2 where elemental information is

included separately through 4D.

In the finite element solution procedure, the stiffness

of each element is calculated individually and added into a

global stiffness array. In this way, the result of Eqns

(25,42) equivalently represents the potential energy of an

individual element, where the total n is found by summingP

the energies from each element.

36 Degyee of Freedom Curved Cylindrical Shell Element

The results from above are next used in the definition

of a curved cylindrical shell finite element. The potential

energy expression for the shell, Eqn (17) with cylindrical

shell specializations for the strain quantities, Eqns

(A2-A6), requires C continuity for u, v, w 1,. and V 2 and CI

continuity for w (62]. The simplest approach would be a

curved shell element derived from 11 with bilinear
p

interpolation for u, v, w,, and W2 and cubic Hermitian

interpolation for w, w, 1 , and w, 2 resulting in a 4 noded 28

degree of freedom (dof) curved rectangular element.

However, the in-plane continiuum displacement dof, u and v,

are coupled to the transverse displacement dof to a much
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greater degree in the cylindrical shell compared to a flat

plate due to the nonzero curvature in the circumferential

direction of the former. Indeed, in a linear analysis, u

and v are decoupled from the remaining dof for a flat plate.

Consequently, it is felt that linear approximations for

these variables, though quite adequate for a flat plate, are

too simple for the shell, especially for cases where

membrane action is significant. Therefore, assuming

quadratic approximations for the in-plane dof u and v, and

adding four nodes located at the midaides of the element,

results in an eight noded 36 dof element, see Figure 4.

Although an element with this function assumed for w is

nonconforming, it will pass the patch test and therefore

converges as the mesh is refined [63]. However. monotonic

convergence from a stiffer solution can no longer be

expected as in a conforming elemental formulation. This

incompatibility, however, is not nearly as significant for

the present formulation as it is for simpler ones, e.g.,

Kirchhoff plate elements. Recall the present case includes

parabolic transverse shear distribution through the

thickness. For example, the shear rotation, 01' is equal to

a combination of w, and the bending rotation, Wl" see

Figure 3. For the limiting thin plate and shell situation,

we would expect zero shear rotation and the incompatibility,

in effect, disappears since w,l=1 I where I use compatible

approximations. This is not true for Kirchhoff elements

with nonconforming w approximations. It should be pointed
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out that thin new element apparently does not suffer from

the locking~ phenomenon usually encountered in shell element

development (54J.

U x
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IV. Laminatr% Shell in Cylindrical Bendlng

In linear analyses, the arrays N and N of Eqn (26)

-re not used and the equilibrium equations become those

given in Eqn (43). Eqn (43) represents a system of

simultaneous algebraic equations in the nodal unknowns, q,

and are solved by gaussian elimination. All elemental

stiffnesges are integrated exactly usi-, 4x4 point gaussian

quadrature. Upon solving Eqn (43) for q, the elemental

stresses are calculated at the outermost gauss points, i.e.,

those nearest the corners of each element. The stresses are

not extrapolated to give the nodal values.

K q = R (43)

The present theoretical approach and finite element

casting in applied to a laminated circular cylindrical shell

in cylindrical bending, see Figures 5 and 6 for geometry and

material properties. The shell has infinite length in the

x-direction; is simply supported at the two ends, s=O and L;

and is subjected to a sinusoidal normal pressure loading.

The direction of the pressure, q(x,s). will induce

compressive stress (a2) on the bottom of the shell (00) and

tensile stress on the top (((0).

The infinite shell geometry and simple supports are

represented by the boundary conditions of Eqn (44).

Additionally, due to symmetry, only one half of the shell

length circumferentially is modelled and the halves are

matched by the boundary conditions at s=L/2. The length,
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B. shown in Figure 6 is determined ouch that all elements

have an aspect ratio of one. The pressure loading is given

in Eqn (45).

q E=25e6 psi

E 2=le6 psi

V12= 25

012= 13- e

S23= 2e6 psi

FIGURE 5. Cylindrical Shell Geometry, Radium R=10",
Arclength L=l0.472", thickness h.

x

4.T
L/2 __

FIGURE 6. Planform of Shell Showing one half
Circumferential Length, L/2, and Discretization Length, B.

along x = O,B u = w, 1 = W 1 = 0

S= 0 W = W = 0(44)

s = L/2 v w, 2 = V2 = 0

q(xn,0) = q. Bin (ns/L) (45)

Results are generated for (90] unidirectional and

[90/0/90] cross ply laminates and compared to exact

elasticity solutions given by Ren [59]. Calculated
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displacements and steises are nonaimensionalized as shown

in Lqn (46). The transverse displacement, w, and the

inplane stresses, a and a2' are taken from the center of

the laminate, i.e., at s=L/2- The transverse shear stress,

O4 , and the circumferential displacement. u are taken from

the left side of the laminate, i.e., at s=O. The sign of

the quantities of Eqn (46) is opposit that given by Ren in

some cases since the respective coordinate systems are

different. The changes are made so that the physical and

nondimensionalized quantities have the same sign.

Regular meshes of 5, 10, and 20 elements give the

nondimensionalized transverse displacement, w, for S=100,

[90] laminate, shown in Table 1. Also shown is the exact

value. The Table shows that the lx20 mesh (x by a) results

converge. Using the lx20 mesh, further displacement and

stress results are generated and shown in Tables 2-9. Two

values are given for a4 in Tables 5 and 9. The transverse

shear stress varies very rapidly near the support for the

thinner shell geometries and therefore to get an accurate

value, a mesh refinement becomes necessary. The value in

the Tables indicated by an asterisk is the stress calculated

based on a lx20 mesh that has smaller elements nearer the

support. As can be seen. this generally gives a better

value of a 4 for the thin cases but is unchanged for the

thicker laminates where the shear stress has a smaller

gradient near the support.
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('U1-."' ) --- -4

1.0,2 a-2 -q.) = o 2  a 4 .44

lox2w 2OOE2u2= ,~h 4 =~ S S=R/h, =(/h
qohS 4  qhS3

Mesh w Exact
(x by g) (Ben)

Ix5 .0727

IxlO .0749

lx20 .0751 .0755

TABLE 1. Convergence of Transverse Displacement, w. for
[90] Laminate, S=100.

S w Exact CST

(Ren)

2 .803 .999 .0764

4 .278 .312 .0752

10 .108 .115 .0749

50 .0762 .0770 .0748

100 .0751 .0755 .0748

500 .0746 .0749 .0748

TABLE 2. Transverse Displacement. w, for Varioum Shell
Thicknesses, [90] Laminate. Classical Solution (CST) taken
from [59].
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S 2 ExactS 2(Ron)

h/2 -h/2 h/2 -h/2

2 -2.52 1.336 -2.455 1.907

4 -1.219 .950 -1.331 1.079

1 0 - .63rd .77-,- .390

50 - .761 .744 - .767 .752

100 - .759 .742 .758 .751

500 - .777 .718 .752 .750

TABLE 3. Circumferential Stress, 02, for Various Shell

Thicknesses, (90] Laminate, for (=h/2 (bottom) and (=-h/2
(top).

Exact
S a I (Ben)

h/2 -h/2 h/2 -h/2

2 -. 0252 .01330 -.0245 .0816

4 -.0122 .00950 -.0133 .0260

10 -.00839 .00773 -.0089 .0105

50 -.00761 .00744 -.0077 .0076

100 -. 00759 .00740 -.0076 .0075

500 -.00777 .00718 -.0075 .0075

TABLE 4. Longitudinal Stress, al. for Various Shell

Thicknesses, [90] Laminate, for (=h/2 (bottom) and (=-h/2
(top).
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S a4  Exact

2 .489 .555
* .489

4 .543 .572
* .543

10 .558 .579
* .559

50 .528 .568
* .557

100 .449 .565
* .543

500 .131 .563
* .314

TABLE 5. Transverse Shear Stress, a40 for Various Shell

Thicknesses, [90] Laminate, for (=0. Values with an
Asterisk Result from Refined lx20 Mesh.

S w Exact CST
(Ron)

2 1.141 1.436 .0799

4 .382 .457 .0781

10 .128 .144 .0777

50 .0796 .0808 .0776

100 .0781 .0787 .0776

500 .0774 .0773 .0776

TABLE 8. Transverse Displacement, w, for Various Shell
Thicknesses, [90/0/90] Laminate. Classical Solution (CST)
taken from [59].
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a2 Exact

h/2 -h/2 h/2 -h/2

2 -3.163 1.732 -3.487 2.463

4 -1.408 1.117 -1.772 1.307

10 - .889 .829 - .995 .897

50 -78C .774 .798 .782

100 - .787 .770 - .780 .781

500 - .806 .745 - .780 .768

TABLE 7. Circumferential Strean, 2' for Various Shell

Thickrinese, [90/0/901 Laminate, for (=h/2 (bottom) and
(=-h/2 (top).

1 Exact
S (Ren)

h/2 -h/2 h/2 -h/2

2 - .0316 .0173 - .0347 .0871

4 - .0141 .0117 - .0177 .0293

10 -. 00889 .00829 -. 0100 .0115

50 -. 00787 .00774 -. 0080 .0079

100 - .00787 .00770 - .0079 .0078

500 -.00806 .00745 -.0078 .0077

TABLE B. Longitudinal Stre g, al. for Various Shell

Thicknesses. [90/0/90] Laminate, f or (=h/2 (bottom) and
(=-h/2 (top).
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S a4  Exact
(Ren)

2 .287 .394
* .287

4 .328 .478
* .326

10 .339 .525
* .340

50 .328 .526
* .340

100 .291 .523
* .334

500 .0853 .525
* .217

TABLE 9. Transverse Shear Stress, a4- for Various Shell

Thicknesses, [90/0/90] Laminate, for C=0. Values with an
Asterisk result from Refined lx20 Mesh.

From Table 2, it is evident that by allowing transverse

shear deformation in the unidirectional laminate the shell

response is much more flexible in the thicker laminates

(compare present and exact to the CST solution). For

S=R/h=10, the present approach underpredicts the transverse

displacement, w, by 6% yet the classical solution is 35%

below the exact result. Similarly, for S=4, the present

value is 11% below the exact yet the CST solution is 76%

less.

For thickness ratios of S=4 and lower, we cannot expect

close agreement between the present 2-D approach and the

exact. Recall that the theory presented in Chapter II

clearly uses approximations that invalidate the approach for

the very thick geometries. Indeed, for the S=2 values shown
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in the Tables, the geometry is one of a 3-D solid, certainly

not a thin sheil (recall earlier assumptions). For these

canes the three dimensional effect9 of nonzero Lransverse

normal stress, O3, and a varying transverse displacement

through the thickness, w") play a 2rjor role in the shell

response. Therefore, thp entries in % Tables for S=2 and

to some extent S=4 as well, are shown for completeness only.

although the majority of the comparietns to the exact values

are still quite good.

In Table 2, as the shell becomes very thin for S=50 and

above, the three approaches converge to the same result as

expected since the transverse shear deformation is minimal

and classical assumptions are valid. See also Figure 7 for

graphical presentation of w for [90] laminate.

Similar remarks can be made for the cross ply [90/0/90]

laminate, see Table 6 and Figure 8. For S=10. the present

theory gives the maximum transverse displacement. w, 11

below the exact; the classical solution is 46% below the

exact. Both 2-D approaches, i.e., present and CST, are in

slightly worse agreement compared to the exact than in the

unidirectional cases. The previous arguments for the [90]

laminate apply to the cross ply laminate in addition to one

other comment. The assumed displacements give continuous

strains with respect to the transverse coordinate, (.

However, discontinuitier in stress result due to different

constitutive relations in the cross ply laminate for each

ply. Although elasticity theory also predicts these
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discontinuities only for the inplane stresses, the

transverse shear stress, a4' must be continuous so that

equilibrium is satisfied. The present 2-D approach

satisfies equilibrium, generally, only at the midplane of

the shell. The consequence of this becomes evident

comparing Tables 2 and 6, the transverse displacement

response for [90] and [90/0/90] laminates. Further

consequences are found by axamining the stress results.

Tables 3 and 7 show the results for the circumferential

stress. a 2 for both laminate types. As shown, this stress

is calculated very well for both the unidirectional and

cross ply laminates even for the thick cases. Recall that

the stresses shown for the present case are found at the

outermost gauss points within each element. These points do

not correspond exactly to the center of laminate as the

Table indicates. Increased accuracy in a2 could be attained

by a mesh refinement near the center of the shell thereby

moving the gauss points closer to the actual shell center or

by extrapolating the stresses to give nodal values.

Improving the numerical aspects of the solution as just

described will increase the accuracy somewhat for the

thicker shell geometries as well. However, the largest loss

of accuracy for these cases is due to the 2-D assumption of

the present approach, i.e., neglect of aA in the solution.

Notice in Tables 3 and 7 that the present results are the

most inaccurate at the top of the shell. i.e., where the

load is applied, and therefore, where the effects of a are
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generally the moat sigaificant. The circumferential stress,

2- is also vlotted as a function of thickness in Figures

9-12.

Tables 4 and 8 give the 1.ongitudinal stresses, 0' in

the shell. The comparisons for bot. laminate types to the

exact are fairly good except for thicknesses of S=4 and

thicker. In the very thick cases, thL longitudinal atregs

is significantly underestimated on the top surface of the

shell, i.e., at (=-h/2. Apparently, the influence of the

three dimensionality, i.e.. a3 on the top of the shell where

loading acts, has a great effect for this stress. The

influence is much less at the bottom of the shell where 03

is identically zero, see [9].

The transverse shear stress, a 4" is calculated at the

midplane of the unidirectional laminate very well for values

as small as S=4, see Table 5. The stress for S=500 as

predicted in the present approach is inaccurate because its

gradient is so high for tbts thickness near the suppcrt. A

more accurate value should be attainable if a further

refined mesh were analyzed and theerefore, the gauss point

where a4 is calculated would be closer to the end support.

Figures 13-15 show the transverse shear stress as a function

of thickness for the unidirectional cane. Notice that as

the laminate becomes thicker, the exact transverse shear

stress becomes more asymmetrical, whereas the present

approach always gives a symmetric response about the

midplane. Recall that the cubic term in the stress
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expression for the present approach which gives this

asymmetry was neglected as small, see text following Eqn

(16). The Figures show that this is a good assumption since

the agymetry is significant only for the thick S=4 case.

Similarly, the transverse stress, a4V is given for the

cross ply laminate in Table § and in Figures 16-18. As

argued previously, the discontinuities in a 4 as a function

of transverse coordinate, C, violate equilibrium away from

the shell midplane and thus explains the disagreement shown.

Notice that the results from the present theory at the ply

interfaces are approximately equidistant from the exact

value at the interfaces.

Finally. Figures 19 and 20 show the circumferential

displacement, V, taken at the left support for both laminate

types. The present approach, with an assumed cubic function

through the thickness, slightly underestimates the exact

values and but captures the distribution very well. At the

midplane where a4 is typically maximum, the shear deformable

theories give a slightly steeper slope compared to the CST

result and gradually approach the same slope at the outer C

coordinates of the shell where the shear deformation is

zero.
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V. Conclusions

A higher order shell finite element theory has been

developed that includes a through the thickness parabolic

shear stress distribution. The element has 35 degrees of

freedom and avoids the locking phenomenon usually associated

with shell elements. Laminated compo.iie construction can

be considered. Exact Green strain re],T.ions are included so

that large displacement, simplified large rotation (up to

the assumption of linear strain displacement relations for

the transverse strains) degrees of freedom can be

investigated. The approach is applied to a laminated

cylindrical shell in cylindrical bending and linear results

are compared to the exact elasticity solution.

Displacements and stresses are predicted very well for the

unidirectional laminate even for very thick geometries.

Stresses are predicted less accurately for the cross ply

laminate due to violation of equilibrium away from the

midplane of the shell, a consequence of the 2-D approach.
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"6 u 2 + V, + u, Iu, 2 + V,IV,2 + w, 1 w, 2 + c(vw,I - VIW)

x61 = vC(u2 - V.I) + w1,2 + q2,1 + u, 1 w 1 .2  + ?I ,U2

c(U, 1 U, 2  - V,IV,'2 + W, IW. 2  - wp2, 1  + w, IW2 ) + v.Iw2, 2

+ v, 2 w2 1  (b)

x = c(+1 2 + u, Ii 2 + u 2 Vi-' 1 - cww 2 1 + cw, 1 W2)

+ 4'I, 1 l,2 + V2 ,1 W 2 ,2  (c)

x 63 = 2kw, 12 + kW 1 ,2 + kw 2 , I + ku, 2 (w, 1 1 + WI)

+ ku, (w.I. + Vi,) 4 kv, (w. + 2 )
1 '2 1.2 1 '22 2,

+ kew l(W 2 + 2 ) 
- kcw(w,12 + 2 )

" c(w II 2 + 2, l.2 ) + kv, (w, + 2,) (d)
1, ,2 , /2, 2.2 12 W2,1

x 6 4  = kc(w,1 2  + W 1 , 2 ) + keu, 2 (W, 1 1  + PI1

+ W2,1 (w, + 22 + ) - kc 2(ww,12  + w 2,1 - W 2

W 2 ) + k(wllW, 1 2 + 2v Iwi 1 2 + W1 , 2 w, 1 1

+ ".2.2 (w, 1 2  + 4/2,1 )  + kcu 1 (l 12 + W 1 .2) (e)

46 5  = kc(w '1 W,1 2  + Wl,,w' I + W 2 . W, 2 2  * 2,2W'12

1,1 1,2 2 2 ,1  2 ,2) ()

Go k 2 1( + 1'2 )(" + I,2' (w12 W2 , 1 )(w. 2 2  + W2 )]

at6 7  = k2c[(W.1 1  + 1.1 )  12 -1,2 )  '12 W 92.1 )(W, 2 2  2,2
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£6 2t + xA~ 4 3k ' (A5)

r .+ 2 C5 o wl 11x + 3I " kg (AB)

£5 52' 5 1 52 CA-.

U1  2 J L u 2 + (A7)

UIJ . J II

h h

2* T~ Q K5 Q. (p. d(

JJ

.1 iij j ip
h ii

2c^. B D ' E -i m F +
3 I1 i; )2 ii i3 ii i4 ij

.' 5 i. '. i Pi . . .i ) (b)
15i3 'i6 Fii i7 fiij

7

*15



d t jP ip Qijp+r dU 3  T (T T Q 5K ) r = T '.ir

h h

+2E + (2 +~

jjilDij + 2 jl i2 ij jli3 + j2mi2 ) ii

* 2(xjilmi4 + j2-i )Gi + (2 xj l i5 + 2j2i4lHij

+ 2( e i. 6 +ej2 i5 + -j3mi4lIij + (2 mjlWi7 +

2 k 2x + 2 ;e j4 )Jij +

j2 i6 2 j3 i5 + N4* 4 i

21mj20R 7 +m i .4tj9)Kei + (2 x j3xi7 +

2i5 )  +2( + 5i)i

j4Ri6 + fj5 I)ij j4 17 j5 i6 ii

S (2 j5 i7 + e J i6 )R.. + 2 m 6  m 7 S i + x

(c)
where i .j =I ,2 ,6 aad p .r 2 ,2,3,4.5,6,7

T T T T
K A.. L L. + 2B.. L. L.. + ;.(2 L L. L T

I j a io I ij 0 1 j ij o 12 j . ii j

+ . r + 2 J. . 1,T + F , (2 .L T

IJ 0 13 j 12 ij 0 14 j 1 3

T T T" L.L +G..(2 L. + 2 L. ) + A. (21. L
S12 1 1) 1 4 2 3a i 2 J4

" . LT ) + 21 I. T j .
3 13 3 133 14 3 114 14

(A8)



r " -- -

A

k dT T i " ii +.i 1d

S L d. . L d 1. + F.D (T H 1 T
13) ni j 1 3 2 a1 01

T T H . T . . . d T  H

1 2 Li Z I 3d 3 03

L. . r ,.d d. r L,.d T. + .( d T H.

1 4 j 1 , 1 3 2 0 5
+ L d T f + L dFT  + d T HL.A H. i { Ld .+ L H. )

.i 422 i ' 4 j 3 3

L.d T T T
+ Ld H + I., .H L . d + Lid H

4 3 2 J I I t I <3 J 2

Ed Hj ) L. 'L H * d . + L d H.

41I 1 2 1 1 7 j 3 53

+ 1d H L.. L d r H. L d i d H + P . Lid R
lIj 4 lj 4 1~ 7 1 6

(AQ)

rvLe: underl ined te-rr iq referred to in Eqn (34).
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N 2= Aij OH i d d o Hj + B ij OH 1'dd T l j + D ij (Hi d d T 2 H j

+ . d d. T H ' )d +H. + 2. H.H dd TH. + FD. .H dddH

I 1 1 j 3i +j o i 3d J 1 z ' 4 "

H.dd H.) + H+ 2 Hdd H) + F H dd H
13 2 1 2 1 io i 4 j

+9Hidd 3Hi) + Iij o H H'ddT H + 2 H TddT H+ 2 THiddT H

+2 9H idd TI Hj + J ij(2 IH i (dT 7Hj + 22H i d d T 6j+ 2 H iddT H j

+ 2 H'ddT 4H.)j + H(d d + 2 a H.dd T A + 2 A BddT H j

+ L. (2 H ddT 7H. + 2 Hd T dH + H dd T H)

11 33 1 4 1 01 535 ii 43

+ P i T (24 F j 
d d  H j + 2 T5 i dd T  H + RTi (2!HiddTHj

+ H.dd T H.) + S.. 2 H dd T H. + T2 H dd T H 2
2 1 33 13061 63 171 7j 21
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