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A Basic Theorem of Complementarity for

The Generalized Variational-like Inequality Problem

by

Jen-Chih Yao

Abstract

In this repo-t, a basic theorem of complementarity is established for the generalized
variational-like inequality problem introduced by Parida and Sen. Some existence re-
sults for both generalized variational ine-,uality and complementarity problems are es-
tabilshed by employing this basic theorem of complementarity. In particular, some sets
of conditions that are normally satisfied by a nonsolvable generalized complementarity
problem are injestigated.
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A Basic Theorem of Complementarity for

The Generalized Variational-like Inequality Problem

by Jen-Chili Yao

0. Notation

Let R ' denote n-dimensional Euclidean space with the usutdl inner product and norm (x, x)
JjxkjW. Let R denote the nonnegative orthant of IVf . For K, B C R' let intj(B) denote the
relative interior of B in K and K\B denote the set of points of K which are not in B.

1. Introduction

Given a subset K of R and a function f from R'n into itself, the classical variational inequality
problem, denoted by VIP(f, K) is to find a vector x G K such that

(x- , f(x)) >_ 0, Vx E K.

This original problem has been extensively studied in the past years. For example, see Eaves [2],
Ilartman and Stampacchia [4], Mor6 [9], and Pang [10]. Recently Parida and Sen [12] introduced the
following generalized variational-like inequality problem for point to set mapping. Let K and C' be
subsets of T' and WR respectively. Given two maps 0 : K x C - R' and r : K x K - R" , and
a point-to-set mapping F : K -- C, the generalized variational-like inequality problem, denoted
by GVIP(F, 0, 7, K, C) is to find x E K, p E F(x) such that

(O(X, ),r(X, )) >_ 0,V X G K.

We use GVIP(F, 0, K, C') to denote a special problem of the type GV'IP(F, 0, r, K, C) where
7(x, y) = x'- y. If we further assume that O(x, y) = y and (7 = R", thn GVII(t1,9,1,C)
reduces to GVIP(F, K) which was introduced by Fang and Peterson [3).

Let f be a mapping of R into itself. The classical coinpleinentarily problem, denoted by CI1I f),
is to find a vector x E R" such that

X _ 0, f (X) 0, (.,J(x)) = 0.

The nonlinear CP was first studied by Cottle [1]. In [12], Parida and Sen also introduced the
following generalized cornplementarity problem. Given K a closed convex cone of R", C a closed
convex subset of a ' , 0 : K - R" single-valued function, F : K - C a point-to-set mapping, the
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gcneralized complementarity pro ble in, related to GVIP(F, 0, R, C) and denoted by (;CIP(F, P. R,, ()
is to find a vector x G K and a vector y E F(x) such that

0(x, y) E K*, (0(X, Y), x) = 0

where K* { R4I : (y, x) > 0,V x G K} is the polar cone of K. When 0(.. y) = y and C R".
G(P(F, 0, K, C) reduces to GCP(F, K) which was introduced by Saigal [15].

In this report, our aim is to prove a basic theorem of complementarity for GVIP(F, 0, -. K, C).
This main result is given in Section 2. Our work in this section is closely related to tme work of
Kojina [6]. In Section 3, we employ the main result to establish some existence results for the
generalized complementarity problem. Finally, in Section 4 we investigate some sets of conditi(Ai"
that will normally be satisfied by a nonsolvable GCP(F, K).

2. The Main Result

A subset K of R' is contractible if it can be continuously deformed into a point within the set
itself. That is. K is contractible if there cxists a continuous mapping y : K x [0. 1] - K suL:1
that q is the identity mapping on A x {I} and g is a constant mapping on K x {0}. Let K ;tmdi
C be subsets of R" and R' respectively. Let F be a point-to-set mapping from 1' into C'. i,,
mapping F is said to be upper continuous at x C X if and only if a sequence {x, } converging to .r.
and a sequence {y, } with y C F(x,) converging to y, imply y C F(x). F is said to he ntunroi,',1

compact ncar £ if there exists a neighborhood V of X such that F(V) U,,1 F(u) is led. 11*
F is both upper continuous and uniformly compact on K, then F(B) is compact for any compact
subset B of K [16, Lemma 2.0]. In order to obtain our main result, we need the following leniii
which is a slightly different version of a theorem of Mas-Colell [7, Theorem 3].

Lemma 2.1. Let h? C R ' be compact and con rex. For t > 0, let F : 3 x [0,f] - D be upp r
continuous and uniformly compact such that F(x, t) is bounded and contractible for cach (x. I.
Then there is a connected set T C B x [0,t] which intersects both B x {0} and B x {t) suth tht,
x C F(x,t),V (x,t) 0 T.

Proof. This follows from [8, Theorem 2.2] and [7, Theorem 3]. 0

A point-to-set mapping D : 1+ I' is said to be isotonc if D(r) C D(s) whenever r <
\Ve now can state our main result.

Theoremx 2.2. (The basic theorem of complementarity) Let K and C be closed and conver ,uhst t,
of R"L and R" respectivelq. Let F : K - C be an upper continuous point-to-set mapping suc!,
thaft F(x) is contractible and uniformly compact near x for all x C K. Let D : R4 - R" h) a
continuous and isotone point-to-set mapping such that D(t) C K is noncinpty hound I and cont I
V t E R+, D(0) = {0} andU{D(t) : t C R+} is closed. Let 0• KxC - R" and r KxK - R'
be continuous. .Suppose that

(i) (0(X_.(X, X)) 0,V (x,Y) C x 'C,

(ii) for" each fixed (x,y,t) E K x C x R+, the set

II(x,yt) y {u C (t) (O(x, .y), 7(u,.)) x ninl() (O( , (,£))}
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is contractible.

Then there is a closed connected set S in K such that

(iii) each x E S solves GVJP(F, O, r, D(t), C) for some t E R+,

(iv) for eoch t G 11+, there is an x E S which solves GVIP(F, 0, r, D(t), C).

Fartherinore, S can. be chosen so that it is maximal or minimal.

Proof. For each t E R+, let S(t) = {x E D(t) : x solves GVIP(F, 0, r, D(t), C)). By [16, Corollary
3.1.4], S(t) $ 0, V t E R+. Let X = UtER+ S(t). Then X is closed. To see this, let {XI,} be a
convergenit sequence in X with limit x. Then there exist t,, > 0 such that x, E S(t,),V n. This
implies that x,, e _UER+ S(t),V n. Since UtER+ S(t) is closed, x E UtER+ S(t). So x E D(t) for
some t > 0. Let t = inf{t E I+ : x E D(t)}. Then since D is continuous, x E D(t). Also if
{t,} has a limit point r such that r < t, then the continuity of D will force x E D(r) which
contradicts the choice of t. Let v,= ini=(t,,,t),V n. Then v, t as n - & . Since ---- }
converges to x, the set A = {z}U{} is compact. Therefore F(A) is also compact. Since x,, solves
GVIP(F, 0, r, D(t,,), C), there is a y,, C F(x,) such that

(O(x.,y.),r(u, x) ) >_ 0,V u c D(t.).

Then since F(A) is compact, {y,} has a converging subsequence {y,} such that y,,, - y E F(A).
Because F is upper continuous, we have y E F(x). Now for each z C D(t), from the continuity of
D, there is a sequence {z,} such that z, E D(v,,) C D(t,,) and z,, converges to z. By considering
the subsequence {z ,} corresponding to {x,}, we have

( o(x.,, y,,),T-(z, ,,,x,,) 0, >oV n'.

Since 0, r are continuous, we have as n' -- o,

( O(, y), r(Z,) )) >0.

Hence ( O(x,y), r(z,x) ) _ 0,V z G D(t). Since x E D(i) and y E F(x), we conclude that x E S(t) C
X. Therefore UtEI+ S(t) is closed. Let S be the maximal connected component of UtER+ S(t)
containing the origin. Since UtER+ S(t) is closed, S is also closed. If x E S, then x E UtER+ 1'(t).
Thus x C S(t) for some t C R+. Hence (iii) is satisfied.

To prove (iv), let t E 11+ be given. Since D(t) is compact, so is F(D(t)). Let I1(t) be the
convex hull of F(D(t)). It is easy to see that H is upper continuous on K x C x R+. Now define

G: D(t) x 11(t) x [0,t] , D(t) x 11(t)

by
c;(, y, t) = (H1(x, y, t), F(x)).

Suppose (x,, yI, 1f) - (x, y, k) and (wn, v,) C G(xn, yn, t,) such that

(w., vn) (w, v) as n - o.

3



Then since F is upper continuous, v E F(x). For each z E D(k), since D is continuous, there exists

a sequence {z,) converging to z such that zn E D(t,)V n. Since w,, e l(x,,y,tn),V 11,

( O(X<,Y.),T(WnX0 !5 ( O(x,,, Y), (z.,Xn) ),v

Since 0 and r are continuous, by letting n -- + oo, we have

( 0(r, Y), r(,, x) ) _< (X, Y), 7(z, X) ), V zE k)

Hence w E D(k) and thus (w, v) E G(x,y,k). Consequently, G is upper continuous. Also since
H(x, y, k) and F(x) are compact and contractible, G(x, y,k) is compact and contractible for each
(x, y,k). By Lemma 2.1, there is a connected set T C D(t) x H(t) x [0,t] such that

Tf nD(t) x H(t) x {0) $ 0, Tf nD(t) x H(t) x {t} $ 0 and (x,y) E G(x,y,k),V (x,y,k) e T.

Let g be the projection mapping from D(t) x H(t) x [O,t] onto D(t) and E = g(T). Since g is
continuous and T is connected, E is also connected. Note that (x,y) E G(x,y,k) if and only if*
(x, Y) solves GVIP(F, 0, r, D(k), C). Therefore E C UtERl+ S(t). Since Tn D(t) x 11(t) x {0) 0 0
and Tn D(t) x H(t) x {t} :A 0, 0 E E and there is an x E EfnlS(t). By the definition of S, E C S.
Thus x E S solves GVIP(F, 0, r, D(t), C). Hence (iv) is also satisfied.

It remains to show the existence of a minimal closed connected set in K satisfyiag (iii) and
(iv). Let P be the family of all closed connected sets in K satisfing (iii) and (iv). By what we
have shown, F $ 0. We introduce set inclusion relation C as a partial ordering on F. Let A be
a chaW (linearly ordered set) in r; that is, for any S, T e A, either S C T or T C S. We want
to show that A has a lower bound so that we can apply Zorn's Lemma to ensure a minirital set
in P. Let S = l{S : S E A). Clearly S satisfies (iii). For each t E t,+, consider the family

= {S nlS(t): S E A} of closed subsets of S(t). Let {S(ti) f) S(t) : i = 1,... , m} be any finite
subfamily of 11. Since A is a chain, al] 1 (S(ti) f S(t)) = ( ('j1=1 S(ti) ) n S(t) = S(te) n S(t) A 0, for
some E, I < f < m. So Q has the finite intersection property. Since S(t) is compact, we conclude
that Sn S(t) $ 0 (see e.g. Willard[67, 17.4]). Therefore S E F and S is a lower bound of 0. Hence
by Zorn's Lemma, P has a minimal element. That is, there is a minimal connected closed set S E K
satisfying (iii) and (iv). 0

Remarks.

(i) The convexity assumption in Lemma 2.1 and Theorem 2.2 is not essential. As remarked by
Mas-Colell [71, it can be replaced by contractible absolute neighborhood retract.

(ii) The uniform compactness of the point-to-set mapping F is essential in Theorem 2.2 as the
following example illustrates. Let K = [0, oo) and C = t. Let O(x, y) = y, r(x, y) -= x - y
and F be defined by

S{l/x} if x >0

{-1} ifx = 0

Finally, let D(t) = (0,t] for t E R+. Then all the conditions of Theorem 2.2 except that F is
uniformly compact are satisfied. But it can be seen that GVIP(F, 0, D(t), C) has no solutiuvi
for all t > 0.
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The following two theorems are immediate.

Theorem 2.3. Let K and C be non empty closed and convex subsets of R" and Rm respectiely.
Let F : K - C be an upper continuous point-to-set mapping such that F(x) is contractible and
uniformly compact near x for all x G K. Let D : I+ - R be a continuous and isotone point-
to-set mapping such that D(t) C K is nonempty, bounded, convex V t C R+,D(O) = {0) and
U{D(t) : t E R.+ } is closed. Let 0 : K x C -- R be continuous. Then there is a closed connected
set S in K such that

(i) each .x C S solves GVIP(F, 0, D(t), C) for some t e R+,

(ii) for each t E R+, there is an x E S which solves GVIP(F, 0, D(t), C).

Furthermore, S can be chosen so that it is maximal or minimal. D

Tlieorem 2.4. Let K be a nonempty closed and convex subset of IV. Let F : K , R n be
an upper continuous point to set map such that F(x) is contractible and uniformly compact near
x for all x E K. Let D : R+ - R be a continuous and isotone point-to-set mapping such that
D(t) C K is nonempty, bounded, convex V t E R+, D(O) = {O} and U{D(t) : t C R+} is closed.
Then there is a closed connected set S in K such that

(i) each x C S solves GVIP(F, D(t)) for some t E R+,

(ii) for each t C R+, there is an x E S which solves GVIP(F, D(t)).

Furthermore, S can be chosen so that it is maximal or minimal. El

Let K be a convex set in R' and f :K -[-oo, +oo] be a convex function. A vector x- is
said to be a subgradient (see, e.g. Rockafaller [14]) of f at a point x if

f(z) f() + (x*,z - X),V z C K.

The set of all subgradients of f at x is called the subdifferential of f at x and is denoted by Of (x).
When f(x) = 6(xlK), that is, f is the indicator function of K, then x" E 96(xlK) if and only if
x E K and (x*,z - x) < 0 for all z C K. Thus 096(x1K) is the normal cone to K at x (empty if
x V K).

Remark. Suppose that K is a closed convex cone. Let D : R+ - be defined as D(t) = CI- E
K : JJxJj < t), Then D(t) is compact and convex for all t C R+. By Theorem 2.3, there is a closeu
connected subset S in K such that Sfl s(t) -0,V t C R+, where S(t) is the nonempty solution set
for GVIP(F, 0, D(t), C). Thus for each t, there exist t E K and yj E F(xf) such that

(O(xt, yt), x - xr) >_ 0,V x E D(t).

Equivalently, for each t, xt solves the following ordinary convex program:

minimize (O(xt, y,), x) + 6(xIK) subject to 11x11 '2 < t 2 .

5



By the generalized Kuhn-Tucker conditions (see e.g. Rockafellar [14, Theorem .o.2, 28.3]), there
exist At 0, XE 06(xtIK) such that

At (I1'rtI 2  _ t2 ) = 0,

0 0O(xt,yt) + 2Atxt + x~t = 0.

If At = 0 for some t, then since x° E O6 (xt[K),

(O(x,,yt),x - xt) > 0,V x E K.

For each x E K, since K is a convex cone, x + xt e K. So we have

(O(xt,yt),x) -_ O,V x E K.

Hence O(xt, yt) E K*. Also since (O(xt, yt), xt) = (-x, xt) = 0, x, solves GCP(F, 0, K, C). There-
fore, if for some positive t, GVIP(F, 0, D(t), C) has a solution which is an interior point of D(t),
then GCP(F, 0, K, C) has a solution. This observation justifies the title of this report.

Since continuous single-valued functions are clearly upper continuous, uniformly compact and
contractible, the next two corollaries follow from Theorem 2.4 directly.

Corollary 2.5. (Kojima [6, Theorem 2.1]) Suppose that D is a continuous and isotone point-
to-set mapping from R+ into the class of all nonempty compact convex subsets of R ' such that
D(O) = {0} and that U{D(t) : t E R-+ } is closed, and let f be a continuous function from RI into
itself. Then there is a closed connected subset S of IV such that

(i) for each x C S there is a t E R+ such that x is a stationary point of the pair (f, D(t)),

(ii) for each t E R+ there is a stationary point x E S of the pair (f, D(t)).

Furthermore, S can be chosen so that it is maximal or minimal. 0

Corollary 2.6. (Eaves [2, Theorem 3]) Let D(t) = {x C R+. : (x, d) < t) for each t E R, wherc
d is a positive vector and let f be a continuous function from IV7 into itself. Then there is a closed
connected subset S of R such that

( 9) fo; c c I t 11 r i.h o t C T+ such Ihat x is a stationar? point of the pair (f, D(t)),

(it) for each t E R+, there is a stationary point X E S of the pair (f, D(t)).

Furthermore, S can be chosen so that it is maximal or minimal. 0

Let K be a closed convex pointed conc in 127 and K* be its polar cone. Let d E int(Kf) (since 1K
is pointed, int(K*) is not empty). Let D(t) = {x E K : (x,d) t},V t E R+ . Then D(t) is compact
and convex for all t E R+. For if we let ao be the angle between d and x, then since d E int(l-).
thcre is an cyo such that 0 < ao < 7r/2 and ao < a.,V x E K. Thus if x, E D(t) such thai
flxn1, - o as n -. , for some t > 0, then t > (d, x7 ) = IWdIIIIxnIlcosax > Ildlifx,,llcoso -

6



as i - -x which is a cont rad iction..Sice (ul. I'( IN" K) is a sj'pc il case f (3 II '(1'.O(r, x. ').
tle next corollary follows froil Theoreii 2.1 directly.

Corollary 2.7. Let Dt = {x C 1' (x,d) < t} for cach C R+, u/ic ct iit(A") and 10 t F A
11ptr continuous in appiiig jroni K' into R11 stich that I'(x) is cuntlratih and unijoiml c tm,, I
uta'r x for each x C A'. The thecCr is a closed Oinech subst 5 of A sti(h t/at

i) each xrE x ' is a stationary point of the pair (., D) for k = (!, ).

(ii) for each k > 0 thent is a stationary point .x C . of the pair (F, Di,.

We note that Corollary 2.7 is similar to an assertion dueo to Saigal 115. Theoreii ,.1.1j whi c 11i1\
not he true in general iv considering the example from leiiark (ii) following Tlieoreiil 2.2.

It is worth i noting that we doii't iieed to require K to he pointed, solid, or a cone in JTI,,i, III

2.2. So Theorems 2.2, 2.3 and 2.4 call be expected to have wider a.,plic at ,_,as oi a, ii, of t,.
other versions of the basic theorem of complementaritv.

Following Kojima's definition [6], any set S in Theoreiis 2.2, 2.3 or 2.4 will 1,( call,, a i',u,1, 1
set of tuples (F', 0, r, K,-, D), (1', 0, K, C, D) or (F, K, D), respectivelv.

3. Application of The Maini Results to The GCP

Ill this section, we shall apply Ohe basic theorems of complementarity estahl ] ishie ii Sc l,, 2
to gener-lized complementarity problems. The first result is that if Soime Browder s-.t is 1,onjil.,I.
then (;IPl' has a solution.

Tliorein 3.1. If U{D(t) t c R+} = K, t/ci any boa dtd rotdt., stt r (I., KNC. L,)
(I.OKC', D) or (F,K,D) contains a soluttio for" (;VIIf ,Or.j,. (;VIIN!".I,.(') ,,t

(JVI'(F, K) respectitecly.

Proof. Let ' be a bounded Browder set ,ur (F,0,rK, ',D). Let {,} he a ioiniigativ',' zill,
increasing sequence such that t,, - Dc as 71 x. Since .'5 D(t) 7£ O.V t > (. there exists a
sequence {x,,} C .5 such that x, solves G('IJJ(F,0,r,D(t,,C), ),V 74. Nuw since _' is closed and
bouided , it is couiipact.So { ,, has a subscunce { r,,} such that .,,, - X'E 5'. A1so t her ox isi

.y,,, CF "(x) such that

(X,,,,U,,,)),.u - X,') > 0, V u E O(t,,)

Si,'Ce "(X) is hounded, F'(."') is compact for all x C K. Let A = {',,,U {x. Then A is compact ;i
thus F(A) is coilipact-. Therefore there exists a subsequence {y,,,,} of {y,,, } such hat , . a.-s
nIi - -Y. 'lien since F is upper contlinuouis, yj C I"(.r). Now for each x E K. since i( /) is iiot
ini t, D)(t,,,, ) C D(t(,,+ ),, ). and so there exists a positive integer in sulch tiat x L)(t,, ). V ti il,
lioni

(O(J.', ,,vw,), X - X,I,,,1 > 0,Vq it >_ m.

Let n" go to x 1. \e have (0q., y), x - x) > 0. Therefore we conclude that

(O., V),, - i) > 0,V .r E .

7



lenice x E S solves (;V1PKF,O, r, ,C). Finally the other two statements follow dircily v iiyutiu,,

that GVIP(',K, C) and GVIP(F, K) are special cases of GVIIP(F, 0, r, K, C). E

The following cnrollaries are immediate.

Corollary 3.2. Let K be a closed convex cone anid U{D(t) : t E R+} K.

(a) If there e,:,,', a bounded Biowder set for (F,O,0K,C, D), then GCP(FOI. K ') has a .ulttto

(h) If f' - exists a bounded Brtwder set for (F, K, D), then GCP(Ft", K) has a solution.

Proof. This follows from Theorem 3.1 and [16, Corollary 4.2]. 0

Corollary 3.3. Let K be a closed convex cone. If there exists a bounded i3roudti Set fur ( f, L',

Such that U{D(t)t EC R+} - R , then there is a solution for CP(f). 0

If we exploit the proof of Theorem 3.1 more deeply, it is easy to see that under thc c,:-.i,.

U{D(t) :t C R+} K the existence of a converging sequence {x.j such that x, c q,'N;, .....
-).,me Browder set S and a sequence {i ,} converging to oo guarantees the existence of a .)Iuti,

the corresponding generalized variational inequality problem. By essentially the same arguilltt :A-
iii Thieorem 3.1, we have the following theorem.

Tlieorem 3.4. Let K be a nonempty closed convex subset of R'. Supposr that UtECR+ D(t =
w-here D is a continuous isotone point-to-set Ynapping froin R+ into the family of ntontt ,

bounded and con vex subsets of K. If there exists a nonnegative sequence {t,,} con i( q111l ",,
_ and some Browder set S for (F, 0, 7, K, C, D), (F, O,K ,C, D) or (-, K. D) resptctire t,, ,,
that the sequence {x,} with x,, E S n D(t, ),V n is convergent, then thn r- ciists a solutto f(
(;VIP(F,O, r. 1. C), GV1P(F,O. K, C) or GVIP(F, K), respectively . C1

The following corollary is immediate.

Corollary 3.5. Let K be a nonempty closed convex cone in R ' . Suppose that U{D(t) : t E I-.-
K. u-here D Is a continuous isotone point-to-set mappinq from R,4 into the family of i tP,.
bounded and -onvex subsets of K. i there exists a nonnegative sequence {t, } con ?cc qinq to -.- ,n,,I

sortie 1rowder set .5 for (F,0, K,C,D) or (F,K,D) respectively such that the scqu t 1,, ;"
x, .5 L D(t,j). V it is convergent, then there exists solution for G('t(F, 0. K, C) or CC(''( I- A
tespectively .

Proof. This follows directly from Theorem 3.4 arid [16, Corollary .1.2]. El

Let K he a closed convex cone ii R. We say that a suhset U C k \D Sctpavatcs ) from i-i.t'
,each uiil,oundleld commiected subset of K which intersects D also intersects 1".

Theorem 3.6. Let D be a continuous and isotone point-to-set imapping from R+ tt tho (li ..
notcimpty bounded and convex subsets of a closed convex cone K such thatU{LD(t) :t C R+} A

• ilIiIII8



atu D(O) = {0}. Let U be a bounded subset of K which separates D(r) from ,x for, some r E R+

and suppose that for each x C U, there is a w EnCf{ intj(D(t)) : x E D(t)} suh that

(M(x, y), U, - X) < O,V y C F().

Then GCI(F,0, K,C) has a solution in each Browder set of (t",0, K,C, D).

Proof. Let. S he any Browder set of (F, 0, K, C', D). If S is hounded, then the rCsult follows frotum

Theorem: 3.1. Suppose that S is unbounded. In this case there exists x C S n U. So ther, exist
t E R+ and yj C F(.i) such that x E D(t) and

x - x) O 0, V xC D (t).

B3y hypothesis, there exists a tc C intjK(D(t)) such that

0x,., Iv - x) < 0,V y E F(.).

In particular (0(x, y), w-.x) < 0. Also since w E D(t), (0(.,.y), w-t} > 0. Thus (O(.1. U). te-x) =

Now choose A > 0 suficieintly small such that tv + Ax G D(t). Then we have

(0O(x, y), w + Axe - x) = A (0(x, y), x') > 0.

Thus (0(x, p),.v) > 0. On the other hand, since 0 E D(t), (0(x, y), x) < 0. Hence (((.v. ') = 0.

It remains to show that 0(x. p) E K*. To this end, for each .x C K, let A,. > 0 1h% suchI tlIat
tc + A,.x C D((). Then

(9(x., q), u, + A,. x - x) = A,(0(, y), x) > 0.

So (0(x, .), a)) > 0. Thus 0(i, ) C K. Therefore [ solves GCP(I, 0, I', C). E

The next corollary follows from Theorem 3.6 directly by letting 0(.x. y) = .

Corollary 3.7. Let D be a continuous and iso/one point-to-set inappilly from Ri+ tlt, the cl a, ('I

nonerpty bounded and contrex subsets of a closed conrez conie K such that UJ{D(t) : I C R+ = R*
and D(0) = {}. Let U be a boundd subset of K which separates D(r) from *x for som r I{
and suppose that for each x C U, there is a tc C l{intj (D(t)) : C E D(t)} such that

(,, - X) < 0,V y C I"(z).

Theni G('tN F, K) has a solutioni in each Brouder set of (", A", D). [l

From Corollary 3.7, we get the following corollary directly by letting A" : R".

Corollary 3.8. (lojinia [6, Theorein 5.1]) Let D be a continuous ard .,otoe poitl-to-,t iialppii i,

from R+ ilnto the class of nonminpty bouiidcd and conrc subsets of R". ,,uch th at U!)(t) I C

R+} =R .and D(0) = *). Suppose that for each x C U there is a t v f{inR'(L(t)) " C l)(t}}

suc that (f(£), u - .x) < 0, where U is a bouii(ed subset of R\{O} u hich separates tli o,,l1,

from x. Then CP(f) has a solution i (ach Browder set of the pair (f, D). 0
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A point-to-set mapping F defined oi, a set K is said to be O-copositive on K if there exists
an increasing function 3i: [0, c) - [0, co) vith 0(0) = 0 and fl(r) - oo as r - o, and theri
exists a Yo E F(0) such that for all x E K, we have

(y - Yo,x) _ lix - xoIIJ(llxlI),V y E F(x).

Let K and C be subsets of R and R't respectively. Given a point-to-set mapping F froin K
into C and a continuous mapping 9 from K x C into IV, let F be a point-to-set mapping defilwd
by Fo(x) = {O(x,y) : Y E F(x)} on K. we have

Theorem 3.9. Let K be a nonempty closed convex set containing 0 in R n . Let F . K - t" h
a contractible-valued point-to-set mapping which is upper 'oatinuou s and uniformly compact. If 1,
is fi-copositive, then GVIP(F, 9, K, C) and heace GCP(F, 9, K, C) has a solntion.

Proof. Let D(t) = {x E K : jlixl < t}, V t E R.+ Let S be any Browder set of (F, 0, K, D). SuppOS,,
S is unbounded. Then there exists xn E S,V n such that IIxnlj - oo, as n -- o. Thus for each
n, there exist t_ > 0 , xn E D(t,) and yn F(xn) such that

(O(xn,yn),u - xn) > 0,V u E D(t,).

Since FO is /-copositive on K, there exists an increasing function /3 : [0, oo) - [0, -- ) with )3 (0) = (.1
and 0(r) -- as r - oo and a z E F(0) such Lhat

(o(x, y) - 0(0, z), x) > Ilxllf(hlijl),V x E t', y E F(x),

iu particular we have (O(x,, y,) - 0(0, z), x,,) > IIx.lgf3(fjjxl),V n. Since {[x,- - Dc, as ,2 - -X,
there is ail rn such that xm t 0 and 3(llx. 11) - 110(0, z)ll > 0. So

(O(x,,yin), Xm) > (0(0,.z),x.)+ lx.mlfl(llkrnIIl)

> Ixrn ll(/3(llxrn II) - 110(0, z)li)

> 0.

On the other hand since x solves GVIP(F, 9, D(t,), C) and 0 E D(t,), we have (O(xm,, y,,), X,,,) <
0. 'This is a contradiction. Hence ' .s bounded. Therefore by Theorem 3.1 GVIP(F, 0, K, C) has
a solution. The second assertion iollows from [16, Corollary 4.2]. 0

The following corollaries are immediate.

Corollary 3.10. Let K be a nonempty closed convex set containing 0 in Wtf. Let F l - A
be a contractible-valued point-to-set mapping which is upper continuous and uniformly compact. If
F is [3-monotone, strongly copositive or strongly monotone, then GVIP(F, K) has a solutio i.

Corollary 3.11. Let K be a nonempty closed convex cone in R".Let F : K - R" ( a

contractible-valued point-to-set mapping which is upper continuous and uniformly compact. If 1F i
f3-copositive, fl-monotone, strongly copositive or strongly monotone, then GCP(F,K) has a svii-
tion. 01
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We note that Theoim 3.9 extonds some results of Saigal ([15, Theorem 3.1] ) and Karamardian
([5, Theorem 4.3]).

4. The Necessary Conditious for Nonsolvable GCP

In this section, we aim to investigate some sets of conditions that are normally satified by a
nonsolvable generalized complementarity problem GCP(F, K) via the basic theorem of complemen-
tarity. The impetus behind this investigation is that the existence results for generaiized conple-
inentarity problems are normally established by considering some special mappings, e.g. strongly
monotone point-to-set mappings. In general, the mappings under consideration do not possess
this nice property. These new conditions will be helpful in analyzing the existence of solutions to
generalized complementarity problems.

Let K be a convex subset in R' and F : K - R a point-to-set mapping. We say that F' is
con vex on K if the set G(F) n (K x R) is convex, or equivalently, for all x, .i E K and 0 < A < 1,

AF(x) + (1 - A)F(y) C F(Ax + (1 - A)y).

Theorem 4.1. Let K C R"i be a closed convex cone and F : i - R ' ani upper coutillUo1
point-to-set mapping such that F(x) is contractible and utnfom inly compact near x for all x C_ A'.
Let z* E F(O) and suppose F is convex. If GCP(F,K) has no solution, then there exist x' C
K, Y" E F(x), x° G 06(.:"IK), such that

X0 = -y" - Z' - (X, - )Z.), (XXo) = 0, £* J0.

Proof. Let D : R+ - K be defined as D(t) = {r E K Ilxlj < t}. Then D(t) is compact
and convex for all t C R+. By Theorem 2.4, there is a closed connected subset S in kC such that
SnS(t) A O,V t E R+, where S(t) is the nonempty solution set for GVIP(F, D(t)). Thus for each
t, there exist xt E K and yt G F(xt) such that

(yt,x - xt) > 0,V x G D(t).

Equivalently, for each 1, xt solves the following ordinary convex program:

minimize (Yt, X) + 6(XIK) subject to 1x112 < t2 .

By the gencralized Kulii-Tucker conditions, there exist ,t 0, X() E 06(Xt IK) such that

A,(l XI12 - t2 ) = 0, (1)

y,+ 2" t +x ° = 0. (2)

If At = 0 for some t, then since xi E 06(X, JK),

(tit, X - xt) > 0,V ." C K.

11



For each x E K, since K is a convex cone, x + Xt E K. So we have

(yt, x) > 0, V x C K.

Hence Yt E K*. Alo since (yt, xt) = (-x ° , xt) = 0, xt solves GCP(F, K) which is a contradiction.
Therefore we conclude that At > O,V t E I+. Consequently by (1), kjxill = tV t E R+. Let
x t = xt/t,' = yt/t,V t and C = Ix : jIxjl = 1}. Then Xt E C,V t. Since C is compact, {x1 } has a
convergent subsequence {x'} with limit x*. Clearly x* 0 0. Without loss of generality, we assumn,?
t, > 1,V n. Then since F is convex, we have

y tn + (1 - t,)z* E 11tnF(xt,) + (I - I/t,,)F(O)

C F(X=n).

Therefore since F is upper continuous and uniformly compact, {yt" } has a convergent subseque,:,:,
{yn } with limit yo such that y* = y' + z* E F(x*). From (2), we have

(yv. + 2Av. x,., Xt.n = 0, V n.

Thus A, , -(x*, y" - z*)/2 > 0 and again by (2),
Xo - o= -(y* - z" - (.,y - Z-)X-).
Vn /n'X

For any X E K, since tx E K,V t > 0 and x4 E a6(xtlK), we have

(X°,~ IV, X - XVn ) < 0, V n.

By dividing both sides of the above inequality by vn and passing to a limit, we have

(xO, x - X*) !5 0,V x C K.

Thus x° E 06(x*IK) and (x, x *) = 0. Hence the result follows. El

We note that the z* in Theorem 4.1 is arbitrarily chosen.
Let K be a closed convex cone in IV and F : K - R a point-to-set mapping. We say that

F is positively homogeneous on K, if G(F) fl (K x R f) is a cone, or equivalently

F(Ax) = AF(x),V A > 0.

See Rockafaller [13] for more details on convex or positively homogeneous point-to-set mappings.
We note that the convexity on Theorem 4.1 is used to ensure the existence of the limit y* only. It
is easy to see that the positive homogeneity of F is also sufficient for the existence of y*. With this
observation, the next theorem follows by essentially the same argument as in Theorem ,1.1.

Theorem 4.2. Let K C R be a nonempty closed convex cone and F : K -- R an uplici
continuous point-to-set mapping such that F(x) is contractible and uniformly compact near x for
all x E K. Suppose F is positively homogeneous on K. 1f GCP(F, K) has no solution, then the. ,
exist x" C K, y" E F(x*), x° E 06(x* K), such that

X0 = -(y - (x*, y*)*), (X*, xO) = 0, X" $0. 0

12



The next corollary shows how Theorem 4.2 can be employed to obtain an existence result fur
(3Ct (F, K;).

Corollary 4.3. Let K C R"f' be a nonempty closed convex cone and F : K - R" an uppcr
continuous point-to-set mapping such that F(x) is contractible and uniformly compact near x for
all x C K. Suppose F is positively homogeneous on K. If (x,y) > 0, V x G K, y c F(x), thct
GC;C'(F,K) has a solution.

Proof. Suppose that GCP(F, K) has no solution. Then by Theorem 4.2, there exist x* e K, Y' E
F(i*), x E 06(x' K), such that

o = - . - (., i *y)X'), (W,i°) = 0, X* A 0.

N,\te that (xy) < 0. If (X', y') = 0, then y = -o. Since X0 C 05(x*JK), y* c K'. Also since

W y') (-x°, X'" = 0, y' solves GCP(F, K) which is a contradiction. Therefore GCP(F, K) has
solutions. C

In the case that K = Rn, the conclusion in Theorem 4.1 can be refined as the following theorem
shows.

Theorem 4.4. Let F : R' -- R an upper continuous point-to-set mapping such that F(.r)
is contractible and uniformly compact near x for all x E R'. Let zC G F(0) and suppose I' i
conue'. If GC'P(F,R' ) has no solution, then there ezist x', > 0, y* C F(x.), y C F(.), scalars
A > 0, A > 0, such that

v * '- z" +,A* x* > 0, (x,r v) = 0, x* 00, (

U = + A x > 0, (.t, u) =0, i €6 0, )

(V., ") = ,) =0. (5)

Proof. Let D : R+ - K be defined as D(t) = {x R' : Jtx'l < t}. Then D(t) is compact
and convex for all t E R1+. By Theorem 2.4, there is a closed connected subset S in K such that
.5',5"(t) j4 0,V c C R+, where S(t) is the nonempty solution set for GVIP(t, D(t)). Thus for each
t, there exist ixt E R' and yt C F(xt) such that

(yt,. x- it) > 0,V x C D(t).

Equivalently, for each t, x, solves the following ordinary convex program:

minimize (yt, x) subject to JIxll2 < t', x > 0.

By the Kuhn-Tucker condition (see e.g. Rockafellar [14, Theorem 28.3]), there exist At > 0 such
that

At(ll.ll2  - t2 0, (=)

13



yt + 2Aixt >_0, (7)

(yt +2Atxt,xt) = 0. (8)

If At = 0 for some t, then
yt > 0 and (yt,xt) = 0.

Thus xt solves GCP(F, K) which is a contradiction. Therefore we conclude that At > 0, V t E R+.
Consequently by (6), j]xtil = t,V t E R-. Let x t = xt/t,y' = yt/t,V t and C = {x : jlxi! = 1}. Theni
X' E C,V t. Since C is compact, {x'} has a convegent subsequence {xtn) with limit x*. Clearly
x" 0 0. Without loss of generality, we assume t,, > 1,V n. Then since F is convex, we have

yt, + (1 - t,)z" E 1/tF(xt,) + (1 - 1/t,)F(O)

C F(r"').

Therefore since F is upper continuous and uniformly compact, {yt } has a convergent subsequence
{yv- } with limit yo such that y* = yO + z* E F(x*). From (8), we have

(yv + 2Av.xv.,Xvn) = 0,V n.

Thus A,, A = -(x*,y - z*)/2 > 0 and thus by (7),

(y,,. + 2A,,,'x.,)tv. - v = (y" - z" + Ax*) > 0.

It is clear from (8) that (v, x*) = 0. Therefore (3) holds. Finally to show (4) and (5), let

,= {i : x > 0}, 12 = {i : x4 = 0 and x4" > 0 for all sufficiently large v,} and I I1 U 12.
00, Xv

Choose vn such that for all v, ! v,, x4 > 0 for iE I and 4,' = 0 for i I. Let x = xvo,A
2A,,o,y = yvo and u = t+A. Then clearly (4) holds. If x[ > 0, then ii > 0. So ui = 0. Thus
(x, u) =0. Finally, if ii > 0, then x,,, > 0,V v, > vo. Then (yv, + 2A, x,)i = 0, vr, > u.. .

passing to a limit, we have vi = 0. Consequently, (i, v) = 0 and (5) holds. 0

If F is positively homogeneous, then we have the following refined version of Theorem 1.2.

Theorem 4.5. Let F : I_- IVl be an upper continuous point-to-set mapping such that F(x) is
contractible and uniformly compact near x for all x E R.. Suppose F is positively homogencotis. If
GCP(F,R'_) has no solution, then there exist vectors x*,t > 0, y* E F(x*),9 E F(t) ard scalars
A > 0, A* > 0, such that

v=Y.+A*x* >0, (x ,v)= 0, x* 540, (9)

u =9 + At> O, (i,u) = 0, i 40, (1())

(x*,u) = (t,v) = 0. 03 (11)

It is interesting to observe that if we consider D(t) = {x > 0 : (x,d) < t),V I E 1+, where d is
a positive vector in IW, then we get the following version of Theorem 4.4.

14



Theorem 4.6. Lct F : R' - R' an upper continuous point-to-set mapping such that F(x) is
contractible and uniformly compact near x for all x E R'+. Let z* E F(O), d be a positive vector
in Wf and suppose F is convex. If GCP(F,R!IV) has no solution, then there exist x*, > 0, y* C
F(x*), p E F(e), scalars > 0, A* > 0, such that

v =y*-z* +-A*d> 0, (x*,v) 0, x* $ 0, (12)

u= + d>0, (x,u)=0, x 0, (13)

(x*,u) = (,v) = 0. 03 (14)

We note that if F is an affine mapping, that is F(x) = M + - q, where M is a n x n matrix
and q is a vector in R, then Theorem 4.6 reduces to a main result due to Parida and Roy [11,
Theorem 2].

Let K be a convex cone in R". A point-to-set mapping F : K - R is said to be homogeneous
convex on K if it is both convex and positively homogeneous on K, or equivalently if G(F)fl(K x R )
is a convex cone. we have the following existence result for homogeneous convex mappings.

Thcorem 4.7. Let F : R+ , W an upper continuous point-to-set mapping such that F(x) is
contractible and uniformly compact near x for all x E R'. Suppose F is homogeneous convex on
R.. If (x, y) is bounded below for all x E R'i and ally E F(x), then GCP(F, R') has a solution.

Proof. Suppose GCP(F,R ) has no solution. Then by Theorem 4.5, there exist x*, i > 0, y* C
F(x*), E F(i), scalars A > 0, A* > 0, such that

V= y* +,A* x* > 0, (XV) = 0, X* 540, (15)

u= + Ax >0, (u,x)=0, i0o, (m)

(x*, = ( v) = 0. (17)

So we have
(x* + Ax,v + Au) = 0,V A > 0.

Thus for all A > 0,

(x + Ax, y" +A y)/4 + (x* + Ax, A* x* + Ax)/4 =0. (18)

Since y* C F(x*), p C F(a) and F is homogeneous convex,

(y* + A )/2 C F(x')/2 + F(A )/2 C F((x" + Ai)/2),V A > 0.

Note that A > 0 and (x, y) is bounded below for all x > 0, y E F(x). Hence (18) is impossible to
hold for all A > 0. Therefore the result follows. C

Remark. The conclusion of Theorem 4.7 still holds if Rn is replaced by any other orthant of R".+

15



We call F : K , R ' an affine point-to-set mapping on a convex set K C W if F is both

convex and concave on K, i.e. if, for all x, y E K and 0 < A < 1,

AF(x) + (1 - A)F(y) = F(Ax + (1 - A)y).

F is said to be homogeneous affine on a convex cone K if it is both affine and positively homogencous
on K. The following corollary is immediate.

Corollary 4.8. Let F : R' - IV an upper continuous point-to-set mapping such that F(x) t,
contractible and uniformly compact near x for all x E R.. Suppose F is homogeneous afJinc, o,
I0. If (x, y) is bounded for all x E WR, y E F(x), then GCP(F, IV+) is solvable. 0

We note that the above results may be obtained for more general complementarity prohlcns.
say, e.g,, GCP(F, 0, K, C).
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