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A Basic Theorem of Complementarity for

The Generalized Variational-like Inequality Problem

by
Jen-Chih Yao
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Abstract

In this report, a basic theorem of complementarity is established for the generalized
variational-like inequality problem introduced by Parida and Sen. Some existence re-
sults for both generalized variational ine-uality and complementarity problems are es-
tabilshed by employing this basic theorem of complementarity. In particular, some sets

of conditions that are normally satisfied by a nonsolvable generalized complementarity
problem are investigated., .,
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A Basic Theorem of Complementarity for
The Generalized Variational-like Inequality Problem

by Jen-Chih Yao

0. Notation

Let R™ denote n-dimensional Euclidean space with the usual inner product and norm (x,2) =
||z|[*. Let R} denote the nonnegative orthant of R*. For K, B C R", let inty(B) denote the
relative interior of B in N and K\ B denote the set of poiuts of K which are not in B.

1. Introduction

Given a subset A of R™ and a function f from R into itself, the classical variational inequality
problem, denoted by VIP(f, K) is to find a vector £ € K such that

(-2 f(Z) >0VreK.

‘This original problem has been extensively studied in the past ycars. For example, see Eaves [2].
Hartman and Stampacchia [4], Moré [9], and Pang [10]. Recently Parida and Sen [12] introduced the
following generalized variational-like inequality problem for point to set mapping. Let A and C be
subsets of R™ and R™ respectively. Given twomaps 0 : A xC — R™ and 7 : A x A’ — R", and
a point-to-set mapping F': K —-» C, the generalized varialional-like inequality problem, denoted
by GVIP(F,0,7,K,C)is to find £ € K,y € F(z) such that

(0(%.3),7(x, &) >0Verehn.

We use GVIP(F,0,K,C) to denote a special problem of the type GVIP(F, 8.7, kK, C) where
T(x,y) = 2 — y. If we further assume that 0(zx,y) = y and C = R", then GVIP{F.0, K, ()
reduces to GVIP(F, K) which was introduced by Fang and Peterson [3].

Let f be a mapping of R™ into itself. The classical complementarily problem, denoted by CP(f),
is to find a vector * € R" such that

>0, flx) 20, (z.f(x)) =0.

The nonlincar C'P was first studied by Cottle [1]. In [12], Parida and Sen also introduced the
following generalized complementarity problem. Given K a closed convex cone of R", (" a closed
convex subset of R™, 0 : ' — R™ single-valued function, ' : K — ( a point-to-set mapping, the




generalized complementarity problem, related to GVIP(F,0, IL, C) and denoted by GCP(F, A, K ()
1s to find a vector £ € N and a vector y € F(z) such that

O(x,y) e K~ (0(z,y), ) =0

where A* = {y € R™ : (y.x) > 0,V ¢ € I} is the polar cone of K. When 8(x.y) =y and C = R".
GCOP(F,0,K,C) reduces to GCP(F, K) which was introduced by Saigal [15].

In this report, our aim is to prove a basic theorem of complementarity for GVIP(F.0.7. £.C).
This main result is given in Section 2. Our work in this section is closely related to the work of
Kojuna [6]. In Section 3, we employ the main result to establish some existence results for the
generalized complementarity problem. Finally, in Section 4 we investigate some sets of conditions
that will normally be satisfied by a nounsolvable GCP(F, K).

2. The Main Result

A subset I of R™ i1s contractible if it can be continuously deformed into a point within the set
ttself. That is. K is contractible if there oxists a continuous mapping g © A x [0.1] — N such
that g is the identity mapping on K x {1} and ¢ is a constant mapping oun i x {0}. Let A and
C" be subscts of R and R™ respectively. Let F be a point-to-set mapping from A into C'. Lin
mapping F is said to be upper continuous at r € X if and only if a sequence {r,} converging to .
and a sequence {y,} with y, € F(z,) converging to y, imply y € F(x). F is said to be wuniformiy
compact near z if there exists a neighborhood V of x such that F(V) = U, ¢y Fu) is beunded. 1
£ is both upper continuous and uniformly compact on K, then F(B) is compact for any compuct
subset B of N [16, Lemma 2.6). In order to obtain our main result, we need the following lemina
which is a slightly different version of a theorem of Mas-Colell [7, Theorem 3.

Lemma 2.1, Let B ¢ R™ be compact and convex. Fort >0, let '@ B x [0,t] — B be upper
continuous and uniformly compact such that F(z,t) is bounded and contractible for cach (a.t).
Then there is a connected set T C B x [0,t] which inlersects both B x {0} and B x {t} such thut
re e t)Ve,t)yeT.

Proof. This follows from [8, Theorem 2.2] and [7, Theorem 3]. O

A point-to-set mapping D : Ry — R™ is said to be isotone if D(r) C D(s) whenever r < s
We now can state our main result.

Theorem 2.2, (The basic theorem of complementarity) Let K and C be closed and conver subscls
of R" and R™ respeclively. Let ' : K — C be an upper continuous point-to-set mapping such
that F{r) is contractible and uniformly compact near x for all2 € K. Let D : Ry — R" b «

continuous and isotone point-to-set mapping such that D(t) C K is nonempty bounded and conver
Vie Ry, D(0)={0} andU{D({t): t € Ry} isclosed Letf : KxC — R andr: K xKN — R’
be conlinuous. Suppose that

(1) (e, y), (e 2)) >0V (x,y) € K x C,
(11) for each fixed (£, y,t) € N x C x Ry, the sct
W(a,y t) = {ue D(t): (0(z,y). 7(u,x)) = mineepey(O(x. y). 7(s.2))}
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is contractible.

Then there s a closed connected set S in K such that

(i11) each 2 € S solves GVIP(F,0,r,D(t),C) for somet € Ry,

(iv) for eacht € Ry, there is an x € S which solves GVIP(F, 8,1, D(t),C).
Furthermore, S can be chosen so that it is mazimal or minimal

Proof. Foreacht € Ry, let S(t) = {x € D(t) : z solves GVIP(F,0,r,D(t),C)}. By [16, Corollary
3.04], S(t) # 0,V t € Ry. Let X = Uyer, S(t). Then X is closed. To see this, let {z,} be a
convergeut sequence in X with limit z. Then there exist ¢, > 0 such that z, € S(t»),V n. This
implics that x, € Uer, S(t),V n. Since Uer, S(t) is closed, z € Uier, S(t). So z € D(t) for
some t > 0. Let t = inf{t € Ry : z € D(t)}. Then since D is continuous, z € D(t). Also if
{t,} has a limit point r such that r < t, then the continuity of D will force £ € D(r) which
contradicts the choice of t. Let vn, = min{és,¢),¥Y n. Then v, — ¢ as n — oo. Since {r,}
converges to z, the set A = {z, }U{r} is compact. Therefore F(A) is also compact. Since x, solves
GVIP(F,8,1,D(t,),C), there is a y, € F(2,) such that

(B(zn,9n), 7(u,za) } > 0,V u € D(tn).

Then since F(A) is compact, {y,} has a converging subsequence {y,+} such that y,» — y € F().
Because F' is upper continuous, we have y € F(z). Now for each z € D(t), from the continuity of
D, there is a sequence {z,} such that z, € D(v,) C D(tn) and z, converges to z. By considering
the subsequence {z,/} corresponding to {z,/}, we have

( o(xﬂliyﬂ’)v T(zn’,xn') ) _>_ O,V n,.
Since #, T are continuous, we have as n’ — oo
( O(I! y),T(Z,x) ) > 0.

Hence ( 0(z,y), 7(z,2) ) > 0,V z € D(t). Since ¢ € D(t) and y € F(r), we conclude that z € S(t) C
X. Therefore icr, S(t) is closed. Let S be the maximal connected component of Uier, S(!)
containing the origin. Since Uier, S(1) is closed, S is also closed. If x € 5, then r € Uier, S(1)-
Thus 2 € S(t) for some t € Ry. Hence (iii) is satisfied.

To prove (iv), let t € Ry be given. Since D(t) is compact, so is F(D(t)). Let I{(t) be the
convex hull of F(D(t)). It is easy to see that II is upper continuous on K x C x Ry. Now define

G : D(t) x H(t) x [0,8] — D(t) x H(t)

by
Glz,y,t) = (I(z,y,t), F(2)).

Suppose (£, Yu, tn) — (2, y, k) and (wn, v) € G(Xn, Yn, tn) such that

(wp,tn) — (w,v) as n — oo.




‘Then since F is upper continuous, v € F(x). For each z € D(k), since D is continuous, there exists
a sequence {z,} converging to z such that z, € D(t,)V n. Since w, € I(z,,¥n,tn),V n,

(0(zn,tn), T(wn,2n) ) <{an,yn), 7(2n,2n) ),V n.

Since 6 and 7 are continuous, by letting n — 0o, we have
(0(z,y) r(w,z) } < (0(x,y),7(2,2) ),V z € D(k).

lence w € D(k) and thus (w,v) € G(z,y,k). Consequently, G is upper continuous. Also since
II{z,y,k) and F(z) are compact and contractible, G(z,y, k) is compact and contractible for each
(z,y,k). By Lemma 2.1, there is a connected set T C D(t) x H(t) x {0,1] such that

TND(t)x H(t) x {0} #0, TN D) x H(t) x {t} # 0 and (z,y) € G(x,y, k),V (z,y, k) € T.

Let g be the projection mapping from D(t) x H(t) x [0,¢] onto D(t) and E = g(T). Since g is
continuous and 7" is connected, E' is also connected. Note that (z,y) € G(z,y,k) if and only if
(z,y) solves GVIP(F,d,r,D(k),C). Therefore E C Uer, S(t). Since TN D(t) x H(t) x {0} # @
and TND(t) x H(t) x {t} # 0, 0 € E and there is an z € EN S(t). By the definition of §, £ C 5.
Thus r € S solves GVIP(F,0,1,D(t),C). Hence (iv) is also satisfied.

It remains to show the existence of a minimal closed connected set in K satisfyiag (iii) and
(iv). Let I’ be the family of all closed connected sets in K satisfing (iii) and (iv). By what we
have shown, I’ # 8. We introduce set inclusion relation C as a partial ordering on I'. Let A be
a chain (linearly ordered set) in I'; that is, for any 5,7 € A, either S C T or T'C §. We want
to show that A has a lower bound so that we can apply Zorn’s Lemma to ensure a mininial sct
inT. Let S = N{S : S € A}. Clearly § satisfies (iii). For each t € Ry, consider the family
Q={SNS(t): S €A} of closed subsets of S(t). Let {S(t;)NS(t): i =1,...,m} be any finite
subfamily of 2. Since A is a chain, V%, (S(&)NS(®)) = (Niz1 SE) YNS(t) = S(te)NS(t) # 0, for
some £,1 < £ < m. So Q has the finite intersection property. Since S(¢) is compact, we conclude
that SNS(t) # 0 (see e.g. Willard[67, 17.4]). Therefore S € ' and S is a lower bound of Q. Hence
by Zorn’s Lemma, I’ has a minimal element. That is, there is a minimal connected closed set $ € i
satisfying (iii) and (iv). O

Remarks.

(1) The convexity assumption in Lemma 2.1 and Theorem 2.2 is not essential. As remarked by
Mas-Colell {7], it can be replaced by contractible absolute neighborhood retract.

(1i) The uniform compactness of the point-to-set mapping F is essential in Theorem 2.2 as the
following example illustrates. Let K = [0,00) and C = R. Let 8(z,y) = y, 7(z,y) =z — y

and F be defined by
1/z} ifz>0
F(z)={{/} :
{-1} ifz=0

Finally, let D(t) = {0,t] for t € R4. Then all the conditions of Theorem 2.2 cxcept that [ is
uniformly compact are satisfied. But it can be seen that GV IP(F, 8, D(t),C) has no solution
for all t > 0.




The following two thcorems are immediate.

Theorem 2.3. Let K and C be nonempty closed and conver subsets of R™ and R™ respectively.
Let F: N ~—— C be an upper continuwous point-to-set mapping such that F(x) s contractible and
untformly compact near x for allx € K. Let D : Ry — R"™ be a conlinuous and isolone point-
to-set mapping such that D(t) C K is nonempty, bounded, conver Vt € Ry,D(0) = {0} and
U{D(t) :t € Rt} is closed. Let 0: K x C — R be continuous. Then there is a closed connected
set S in K such that

(1) cach » € 5 solves GVIP(F,0,D(1),C) for somet € Ry,
(i1) for eacht € Ry, there is an ¢ € S which solves GVIP(F,0,D(t),C).

Furthermore, S can be chosen so that it is maximal or minimal. O

Theorem 2.4, Let K be a nonempty closed and conver subset of R*. Let F : k' — R" be
an upper continuous point to sel map such that F(z) is contractible and uniformly compact near
z forallz € K. Let D : Ry — R"™ be a continuous and isotone point-to-sel mapping such that

D(t) C K is nonempty, bounded, convezx V1 € Ry, D(0) = {0} and U{D(t) : t € Ry} is closed.
Then there is a closed connected set S in K such that

(i) each £ € S solees GVIP(F, D(t)) for some t € Ry,
(i1) for eacht € Ry, there is an x € S which solves GVIP(F, D(¢)).

Furthermore, S can be chosen so that it 1s marimal or minimal. O

Let K be a convex set in R® and f : A — [—00,+00] be a convex function. A vector r™ is
said to be a subgradient (sce, e.g. Rockafaller [14]) of f at a point x if

fRY>2 fle)+ (" z—2),Vz€N.

The set of all subgradients of f at z is called the subdifferential of f at x and is denoted by 9 f(x).
When f(z) = §(z|K), that is, f is the indicator function of K, then x* € 98(z|K) if and only if
r € N and (2*,z —z) <0 for all z € K. Thus 86(z|K) is the normal cone to K at r (empty if
r & K).

Remark. Suppose that N is a closed convex cone. Let D : Ry — K he defined as D(t) = {x €
K :])z]} £ t}. Then D(t) is compact and convex for all t € Ry. By Theorem 2.3, there is a closca
connected subset S in K such that SNS(t) # 0,V ¢t € Ry, where S(t) is the nonempty solution set
for GVIP(F,0,D(t),C). Thus for each ¢, there exist £, € A and y, € F(x¢) such that

(O(xe,y),x —20) >0,V 2 € D(t).
Equivalently, for each ¢, x; solves the following ordinary convex program:

minimize (0(ze, ), £) + 6(z]K) subject to |je]]* < ¢2.




By the generalized Kuhn-Tucker conditions (see e.g. Rockafellar {14, Theorem 0.2, 28.3]), there
exist Ay > 0,29 € 96(z¢|K) such that

Mllzd? =% = 0,
0(ze,u) + 20z + 20 = 0.
If A, = 0 for some ¢, then since z¥ € 86(z¢|K),
B(xe, ),z —2) >0Vz K.
For each z € K, since K is a convex cone, £ + z; € K. So we have
(O(z¢,yt),2) >0,Vz e K.

Hence 6(z:, ) € K*. Also since (8(z¢, yt), 2:) = (=20, 2:) = 0, z¢ solves GCP(F,0, K,C). There-
fore, if for some positive t, GVIP(F,8, D(t),C) has a solution which is an interior point of D(t).
then GCP(F,6, K,C) has a solution. This observation justifies the title of this report.

Since continuous single-valued functions are clearly upper continuous, uniformly compact and
contractible, the next two corollaries follow from Theorem 2.4 directly.

Corollary 2.5. (Kojima (6, Theorem 2.1]) Suppose that D is a continuous and isolone poini-
to-sel mapping from Ry into the class of all nonempty compact conver subsels of R™ such that
D(0) = {0} and that Y{D(t) : t € Ry} is closed, and let f be a continuous function from R™ inlo
itself. Then there is a closed connected subsel S of R™ such that

(i) for each xr € S there is a t € Ry such that z is a stationary point of the pair (f, D(t)),
(ii) for each t € Ru there is a stationary point z € S of the pair (f, D(t)).
Furthermore, S can be chosen so that il 1s mazrimal or minimal, O
Corollary 2.6. (Eaves [2, Theorem 3]) Let D(t) = {z € R} : (z,d) <t} for each t € R, where

d is a positive veclor and let f be a continuous function from R™ into itself. Then there is a closed
connecled subset S of R™ such that

(i} foi cach x 7 €, there is 0 t © Ry such that z is a stationary point of the pair (f, D(t)),
(ii) for each t € Ry, there is a stationary point £ € S of the pair (f, D(t)).

Furthermore, S can be chosen so that it is mazimal or minimal O

Let K be a closed convex pointed conc in R"™ and K* be its polar cone. Let d € int(K™) (since A
is pointed, int(K*) is not empty). Let D(t) = {z € K : (z,d) < t},Vt € Ry. Then D(t) is compact
and convex for all t € Ry. For if we let o, be the angle between d and z, then since d € int(K™).
there is an g such that 0 < ap < 7/2 and ag < «r,V z € K. Thus if z, € D({) such thu
|zl — o0 as n — oo, for some t > 0, then t > (d, z,) = ||d|||lznl|cosar > [[d|[|[zn|[coscn —




as n — ¢ which is a contradiction. Since GVIP(F K) is a special case of GUVLIP(F 0.7 . K. ().
the next corellary follows from Theorem 2.4 directly,

Corollary 2.7. Let Dy ={r € N :(x,d) <t} for cacht € Ry, where d € int{KN™) and lct b u
upper confenvous mapping from K ointo R* such that Fz) is contracteble and uniformly coimpudt
neur & for cach £ € K. Then there is a closed connected subset S of N such that

(1) cach x € § s a stattonary point of the parr (F.Dy) for k = (d.r).
(1) for cach k > G there s a stationary point £ € 5 of the pair (£, Dy).

a

We note that Corollary 2.7 1s similar to an assertion due to Saigal [15, Theorem 4.1 which niay
not be true in general by considering the example from Remark (i) following Thearem 2.2,

[t is worth noting that we doun't need to require K to be pointed, solid, or a cone i Theoreim
220 So Theoreins 2.2, 2.3 and 2.4 can be expected 1o have wider applicativns than most of the
other versions of the basic theorem of complementarity.

Following Kojima's definition {6]. any set S in Theorems 2.2, 2.3 or 2.1 will be called a Browdo
set of tuples (F.0. 7, K, C. D), (£.0,.N.C,D)or (I K, D). respectively.

3. Application of The Maiu Results to The GCP

In this section, we shall apply the basic theorems of complementarity established in Section 2
to generalized complementarity problems. The first result is that if some Browder sct is hounded,
then GV IP has a solution.

Theorem 3.1, IfIU{D) :t € Ry} = K, then any bounded Browder sct for (8.0, 7, K. C. D),
(L0.K,C. DY or {(F.K,D) contains a solution for GVIP(F 0. 7. K. C). GUIPF 0. K. C) and
GVIP(F, R respectively.

Proof. Let S be a bounded Browder set for (£,0, 7. X,C, D). Let {t,} be a nonnegative o
mcreasing sequence such that ¢, — o¢ as n — oc. Since SN D) £ BV 1 > 0. there exists a
sequence {x,} C Y such that &, solves GVIP{F, 0,7, D(t,), C).V 1. Now since S is closed and
bounded, it is compact. So {r,} has « subscquence {r,/} such that r.» — r € 5 Also there exist
Yo € I'(x,r) such that
(0(rnr, yn ) ou— 2y 20V u € Dit).
Simee Fr)is bounded, F(ryis compact for all r € . Let A = {o, JU{x} Then s compact and
thus £(4) is compact. Therefore there exists a subsequence {yn»} of {y, } such that y,» — ¥ as
n"” — ¢, Then since £ 1s upper continens, ¥ € £'(x). Now for cach » € A", since L{t) is tmonotons
it D) C D(L, 41y ). and so there exists a positive integer m such that « € D{t,«).¥ n > m.
Then
(O(xpr g ) 2 = Xqu) 20,9 n > .

Let 0 go to x. We have (0ix,y). £ — &) > 0. Therefore we conclude that

0(z.g)x—1) >0V reh.




llence & € S solves GVIPIF, 0,7, K, C). Finally the other two statements follow direetly by noting
that GVIP(F 0. K,C) and GVIP({F, K) are special cases of GVIP(F, 0. r. K, (). O

The following corollaries are immediate.

Corollary 3.2. Let K be a closed conver cone and | J{D(t) :t € R4} = K.
(a) If there e1:~ 5> a bounded Browder set for (F,0, N,C, D), then GCP{(F.0, K. (') has a solution
(by Ift" . exrists a bounded Browder set for (F, K, D), then GCP(F,K) has a solutivn.

Proof. This follows from Theorem 3.1 and [16, Corollary 4.2]. O

Corvollary 3.3. Let K be a closed conver cone. If there exists a bounded Browder sel for{f L1
such that J{D(t) -t € Ry} = RY, then there 1s a solution for CP(f). O

If we exploit the proof of Theorem 3.1 more deeply, it is easy to see that under the conline.
U{D(t) : t € Ry} = I, the existence of a converging sequence {z.,} such that x, € SO D{¢, 1. i
suine Browder set S and a sequence {t,} converging to oo guarantees the existence of a solution t
the corresponding generalized variational inequality problem. By essentially the sanie argument o~
i Theorem 3.1, we have the following theorem.

Theorem 3.4. Lt K be a nonempty closed convez subset of R™. Suppose that Uer, D{t) = i
where D s a conlinuous isolone point-to-sel mapping from Ry inte the family of nenonpty
hounded and conver subsets of K. If there exists a nonnegalive scquence {{,} converginyg to
x and some Browder sct' S for (F.0, 7, K,C,D),(F,0,K,C,D) or (F,N.D) respectively snu.i
that the sequence {rn,} with x, € SN D(t,),V n is convergent, then there crists a solution fo:
GVIP(F 0. r. N.C),GVIP(F,0.K,C) or GVIP(F, K), respectively . O

The following corollary i1s immediate.

Corollary 3.5. Let \' be a nonemply closed conver cone in R™. Suppose that J{D(t1) : t € Ry} =
K. where D 1s a conlinuous isolone point-to-set mapping from Ry inte the family of noncmp!:
hounded and conver subsets of . i, therc exists a nonnegative sequence {{, } converging to x wnid
some Browder set S for (F.0,K,C. D) or (F. K, D) respectively such that the sequence {u,} wit
r, € SN U(6,).V n s convergent, then there exists solution for GOP(F 0N, C) or GCPE KL
respeclively .

Proof. This follows directly from Theorem 3.4 and [16, Corollary 1.2]. D

Let A be a closed convex cone in R™. We say that a subset 7 € A\D separates D from >~ if
cach unbounded connected subset of A which intersects 0 also intersects (7.

Theorem 3.6, Let D be a continuous and isolone point-to-sel mapping from Ry mto the cluss of
nonempty bounded and conver subsets of a closed conver cone K such that J{D(t): t € Ry} = A




and D(0) = {0}, Let U/ be a bounded subset of K which separates D(r) from oc for some r € Ry
and suppose that for each r € U, there is a w € ()] intx (D(t)) : x € D(t)} such that

(0(x,y),w—2) <0,V ye F(x).
Then GCP(F,0,K,C) has a solution in each Browder set of (£,0,K.C. D).

Proof. Let & be any Browder set of (F, 0, K,C, D). If S is bounded. then the result follows frow
Theorem 3.1, Suppose that S is unbounded. In this case there exists ¥ € SN U, So there exist
t € Ry and § € F(&) sach that £ € D(t) and

(0(2,9), ¢ — &) > 0.V ze D)
By hypothesis, there exists a w € inty (D(t)) such that
(0(x.y), w—12) <0, Vye F(1).

In particular (0(&, y), w—2z) < 0. Alsosince w € D(t),{(0(z,g), w~2z) > 0. Thus (0(x, y). w—1x) = (.
Now choose A > 0 sufficiently small such that w + Az € D(t). Then we have

(0(£.§), w+ AE — &) = A(0(x,y). F) > 0.

Thus (0(z,§), &) > 0. On the other hand, since 0 € D(t), (6(£.y). ¥) < 0. Hence (#(2.y). x) = 0.
It remains to show that 0(z.g) € A™. To this end, for each & € A, let A, > 0 be such that
w + Azx € D(6). Then

Mz, y),w+ Aex —X) = A (0(F, ), x) > 0.

So (0(x,§),z)) > 0. Thus 0(z,y) € A=. Therefore I solves GCP(F,0, K. (). O
The next corollary follows from Theoremi 3.6 directly by letting 8{x. y) = y.

Corvollary 3.7. Let D be a conlinuous and isolone peinl-to-sct mapping from Ry into the cluss of
nonemply bounded and conver subsets of a closed conver cone N such that {J{D{t): t e Ry} = K
and D{0) = {0}. Let U be a bounded subset of K which separates D{r) from ¢ for some r € R,
and suppose that for each r € U, there is a w € N{inty (D{)): = € D(t)} such that

(yow—x)<0,Yye F(r).

Then GOP{E,K) has a solution in each Browder set of (}F. K. D). O
From Corollary 3.7, we get the following corollary directly by letting A = RY.

Corollary 3.8. (Ixojima [6. Theorem 5.1]) Let D be a continuous and isotone pont-to-sct mappuiy
from Ry into the class of nonempty bounded and conver subscts of Ry such that J{D(t) 1 t €
R;} = RY and D(0) = {0}. Suppose tha! for cachx € UV theresaw € m{illiRg(U(f)) croe DY)
such that (f(e),w — r) <0, where U is a bounded subsct of RUN{O} which separates the erigm
from > Then CP(f) has a solution in cach Browder sct of the parr (f, D). O




A point-to-set mapping F defined on a set K is said to be [B-coposilive on K if there exists
an increasing function 8 : [0, 00) — [0,00) wvith 3(0) = 0 and B(r) — oo as r — o0, and there
exists a yo € F(0) such that for all z € K, we have

(v~ %, 7) 2 llz = 2olIB(l[]),V v € F(z).

Let K and C be subsets of R™ and R™ respectively. Given a point-to-set mapping F from K
mto C and a continuous mapping 8 from K x C into R", let Fy be a point-to-set mapping defined
by Fp(z) = {0(x,y) : y € F(z)} on K. we have

Theoremn 3.9. Let K be a nonemply closed conver set containing 0 in R™. Let F. K — R It
a contractible-valued point-to-set mapping which is upper continuous and uniformly compact. If I';
is B-copositive, then GVIP(F,8, K,C) and hewcc GCP(F,8, K,C) has a solution.

Proof. Let D(t) = {z € K : ||z|| < t},Vt € Ry. Let S be any Browder set of (F,0, A, D). Supposc
S is unbounded. Then there exists , € S,V n such that ||z,|] — o0, as n — oo. Thus for cacl
n, there exist t,, > 0, ¢, € D(t,) and yp, = F(z,) such that

(0(zn,yn),u — za) > 0,Y u € D(t,).

Since Fy is J-copositive on K, there exists an increasing function 3 : [0,00) — [0, o) with 3(0) = ¢
and B(r) — oo as r — oo and a z € F(0) such that

(0(z,y) — 00, 2),z) = |l[IB(li|l}. ¥ = € K,y € F(x).

In particular we have (0(zn,yn) — 0(0, 2), x,.) > [|zal|B(|lzn{]),V n. Since |[z,|[ — o, as n — x.
there is an m such that z,, # 0 and B(||zx]}) — 10(0, 2)]| > 0. So
(0(.‘[",,, Ym ), xm) _>. (9(013)»3"1) + ”Im“ﬂ(lll‘m”)
> llzml(B(leml) ~ 1600, 2

> 0.

On the other hand since z,, solves GVIP(F,0,D(t,,),C) and 0 € D(t,,), we have (0(xm, Ym), 20} <
0. This is a contradiction. Hence * s bounded. Therefore by Theorem 3.1 GVIP(F,0, K, C) has
a solution. The second assertion 10llows from [16, Corollary 4.2]). O

The following corollarics are immediate.

Corvollary 3.10. Let K be a nonemply closed convex set containing 0 in R*. Let I' : N — R
be a contractible-valued point-to-sel mapping which is upper continuous and uniformly compact. If
F' is 3-monotone, strongly coposilive or strongly monotone, then GVIP(F,K) has a solution. O

Corollary 3.11. Let K be a nonemply closed conver cone in R*.Let FF : K — R" b «
contractible-valued point-to-sel mapping which is upper continuous and uniformly compact. If I’ 1~
3-copositive, B-monotone, strongly copositive or strongly monotone, then GCP(F, N} has a solu-
tion. Q
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We note that Theosomn 3.9 extends some results of Saigal ({15, Theorem 3.1} ) and Karamardian
([5, Theorem 4.3]).

4. The Necessary Conditions for Nonsolvable GCP

In this section, we aim to investigate some sets of conditions that are normally satified by a
nonsolvable generalized complementarity problem GCP(F, K) via the basic theorem of complemen-
tarity. The impetus behind this investigation is that the existence results for generaiized comple-
mentarity problems are normally established by considering some special mappings, v.g. strongly
monotone point-to-set mappings. In general, the mappings under consideration do not posscss
this nice property. These new conditions will be helpful in analyzing the existence of solutions to
genernlized complementarity problems.

Let K be a convex subset in R™ and F : K — R" a point-to-set mapping. We say that I is
conver on A if the set G(£)N (A x R™) is convex, or equivalently, for all z,y € K and 0 < A < 1,

AF(x) + (1= A)F(y) C FQAz + (1 = V)y).

Theovem 4.1.  Let K C R”* be a closed conver cone and £ : i — R™ an upper continuous
point-to-set mapping such that F(x) is contractible and unifor mly compact near x for all x € K.
Let =z € F(0) and suppose F is convex. If GCP(F,K) has no solution, then there erist x™ €
K, y € F(z"), 1° € 96(=*|K), such that

= (- ), (20 =0, 2T £,

Proof. Let D : Ry — K be defined as D(t) = {& € K : |lx]| < t}. Then D(¢) is compact
and convex for all t € Ry. By Theorem 2.4, there is a closed connected subset § in A" such that
SNS(t)y#0.Vte R, where S(t) is the nonempty solution set for GVIP(F, D(t)). Thus for each
t, there exist xy € A and y, € F'(x;) such that

(ye,z — ) >0,V 2 € D(1).
LEquivalently, for cach ¢, x4 solves the following ordinary convex program:
minimize (y;, &) + 6(x|K) subject to [[x]* < %
By the generalized Kuhn-Tucker conditions, there exist Ay > 0,29 € 96(x(|A) such that
M(||z]F =3 = 0, (1)
v+ 20z +2) = 0. (2)
If A, = 0 for some ¢, then since 2% € 96(x,|K),

(ye.x—x) 20 Vren.

I




For each ¢ € K, since K is a convex cone, z + z; € K. So we have
(y1,z) >0,VzreK.

Ilence y, € K. Also since (y;, ;) = (=22, z;) = 0, z; solves GCP(F, K) which is a contradiction.
Therefore we conclude that A, > 0,V t € Ry. Consequently by (1), ||z¢]] = t,V t € Ry, Let
2=z ft, ) = y/t,Vtand C = {z:|jz|]| = 1}. Then z* € C,V t. Since C is compact, {z'} has a
convergent subsequence {z!"} with limit z*. Clearly z* # 0. Without loss of gencrality, we assume
t, > 1,V n. Then since F is convex, we have

v 4+ (1 —ta)z™ € 1/t F(xe,) + (1 - 1/t,)F(0)
c F(z'»).

Therefore since F is upper continuous and uniformly compact, {y'"} has a convergent subsequenc.:
{y"} with limit y° such that y* = y° + 2* € F(z*). From (2), we have

(Yum + 220, Tup, oy ) = 0,V 0.
Thus Ay, — —(2*,y" — 2*)/2 > 0 and again by (2),
.tgn/vn — 2l = (- = (&Y - )T,
For any x € K, since tx € K,V t > 0 and 0 € 86(x:|K), we have
(J:?,n, Uk — Ly, ) <0,V n.
By dividing both sides of the above inequality by v, and passing to a limit, we have
(% z-2")<0VzeK.

Thus 2° € 96(z*|K) and (2% z*) = 0. Hence the result follows. O

We note that the z* in Theorem 4.1 is arbitrarily chosen.
Let K be a closed convex cone in R™ and F : K — R" a point-to-set mapping. We say that
Fis positively homogeneous on K, if G(F)N (K x R") is a cone, or equivalently

F(Az) = MF(z),V A > 0.

See Rockafaller [13] for more details on convex or positively homogeneous point-to-set mappings.
We note that the convexity on Theorem 4.1 is used to ensure the existence of the limit y* only. It
1s casy to see that the positive homogeneity of F' is also sufficient for the existence of y*. With this
observation, the next theorem follows by essentially the same argument as in Theorem 4.1,

Theorem 4.2. Let K C R™ be a nonemply closed conver cone and F' : K — R" an uppor
conlinuous poinl-to-set mapping such that F(z) is contractible and uniformly compact near v for
all z € K. Suppose F is positively homogeneous on K. If GCP(F,K) has no solution, then thcre
cxist 2* € K, y* € F(z*), z° € 06(z"|K), such that

P = (" = (&, y")2Y), (2",2%) =0, 2" #£0.0
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The next corollary shows how Theorem 4.2 can be employed to obtain an existence result for
GCP(F.K).

Corollary 4.3.  Let K C R" be a nonemply closed conver cone and FF : K — R" an upper
continuous point-to-set mapping such that F(x) is contractible and uniformly compact near x for
all x € K. Suppose I' is positively homogeneous on K. If (z,y) > 0, Vo € KN,y € F(x). then
GCP(F,K) has a solution.

Proof. Suppose that GCP(F, A') has no solution. Then by Theorem 4.2, there exist 2™ € /', y" €
F(x*), 2° € 86(x*|K), such that

0 = =y = (&), (5,29 =0, 27 £0.

Note that (2",y") < 0. If (27, y7) = 0, then y* = —2°. Since 2° € 9§(2*|A), y* € A'*. Also since
(", y") = (2% x") = 0, y~ solves GCP(F, K') which is a contradiction. Therefore GCP(F, ) has
solutions. O

In the case that A = R}, the conclusion in Theorem 4.1 can be refined as the following theoren:
shows.

Theorem 4.4, Let F: R} — R an upper continuous poini-lto-set mapping such that F(x)
ts contractible and uniformly compact near z for all &t € R}. Let = € F(0) and suppose F is
conver. If GCP(F,RY) has no solution, then there exist 2™,z > 0, y* € F(2*).§ € F(¥), scalars
A >0, A" >0, such that

v=y =4+ AT" >0, (2%,0) =0, 27 £0, (3)
u=g+Ae>0, (F,u)=0, £#£0, (1)
(", u) = (z,v) = 0. (9)

Proof. Let D : Ry — K be defined as D(t) = {x € R} : |lz]| < t}. Then D(t) is compact
and convex for all t € Ry. By Theorem 2.4, there is a closed connected subset S in i such that
SNS(t)# 8,V e Ry, where S(¢) is the nonempty solution set for GV IP(F, D(t)). Thus for each
t, there exist ry € R} and y, € F(x¢) such that

(ye.x —x) 20,V 2 € D(t).
Equivalently, for each ¢, 2, solves the following ordinary convex program:
minimize (y;, z) subject to ||z||* < %, r > 0.

By the Kulin-Tucker condition (see e.g. Rockafellar [14, Theorem 28.3}), there exist A, > 0 such
that

(el =% = 0, (6)
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Ye + 2Aixs

Vv
=
-~1

(ye + 2Aixt, x4)

i
<
—_
o d

If At = 0 for some t, then
Ye 2 0 and (yt,l‘t) = 0'

Thus z; solves GCP(F, K) which is a contradiction. Therefore we conclude that A; > 0,Vt e R,.
Consequently by (6), ||z:]l =t,Vt € Ry. Let 2 = z;/t,y' = w/t,¥ t and C = {z : ||z}l = 1}. Then
xt € C,V t. Since C is compact, {z'} has a convegent subsequence {z'»} with limit z=. Clearly
™ # 0. Without loss of generality, we assume t,, > 1,V n. Then since F is convex, we have

Y+ (1—t)z" € 1/t F(zy,) + (1 = 1/t,)F(0)
c F(z'n).

Therefore since F is upper continuous and uniformly compact, {y'"} has a convergent subsequence
{y*~} with limit 3° such that y* = 4® + z* € F(z*). From (8), we have

(Yo + 220, Tyn, 2Ty, ) = 0,V 1.
Thus Ay, — A" = —(z",y" — z")/2 > 0 and thus by (7),
(Yun + 2o Zvp ) /on — v = (¥ - 27 +A727) 2 0.
1t is clear from (8) that (v,z*) = 0. Therefore (3) holds. Finally to show (4) and (5), let

L={i:z; >0}, L ={i:2; =0and 2" > 0 for all sufficiently large v, } and 7 = I U I5.

220,0,9 = Y0 and u = §+ AZ. Then clearly (4) holds. If z7 > 0, then %; > 0. So u; = 0. Thus
(x*,u) = 0. Finally, if #; > 0, then z,, > 0,V v, > v2. Then (Yo, + 22,20, )i = 0,V v, > 9. By
passing to a hmit, we have v; = 0. Consequently, (z,v) = 0 and (5) holds. O

Choose v] such that for all v, > v3,2{™ > 0fori € I and 2™ =0 fori g I Let i = xug,;\ =

If F is positively homogeneous, then we have the following refined version of Theoremn 1.2.

Theorem 4.5. Let F': R} — R" be an upper continuous point-to-set mapping such that F(x) is
contractible and uniformly compact near x for all x € R}. Suppose F is positively homogencous. If
GCP(F,R7Y) has no solution, then there erist vectors z*,Z > 0, y* € F(z*),y € F(z) and scalars
A>0,A* >0, such that

v=y + A2 >0, (z*,v) =0, z* #£0, (9)
u=g+32>0, (Z,u) =0, T #0, (10)
(z",u) =(z,v) =0. O (11)

It is interesting to observe that if we consider D(t) = {z > 0: (z,d) < t},Vt € Ry, where d is
a positive vector in R*, then we get the following version of Theorem 4.4.
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Theorem 4.6. Lct F: R} — R" an upper continuous point-to-sel mapping such that F(z) is
contractible and uniformly compact near x for all z € R%. Let 2 € F(0), d be a positive veclor
im R" and suppose F s convex. If GCP(F,R7) has no solution, then there exist 2™, & > 0, y" €
F(z*),y € F(&), scalars X > 0,X* > 0, such that

v=y =+ Xd >0, (27,v) =0, 2" £0, (12)
u=g+Ad>0, (Z,u) =0, #£0, (13)
(z",u) = (z,v) =0. 0O (14)

We note that if ¥ is an affine mapping, that is F(2) = Mz + q, where M is a n x n matrix
and ¢ 1s a vector in R"™, then Theorem 4.6 reduces to a main result due to Parida and Roy [11,
Theorem 2).

Let A’ be a convex cone in R™. A point-to-set mapping F' : K — R™ is said to be homogeneous
convexron K if it is both convex and positively homogeneous on K, or equivalently if G(F)N(K xR")
is a convex cone. we have the following existence result for homogeneous convex mappings.

Theorem 4.7. Let F: R} — R" an upper conlinuous poini-to-set mapping such that F(x) is
contractible and uniformly compact near z for all x € R}. Suppose F is homogeneous conver on
Ry . If (x,y) is bounded below for all x € R} and all y € F(z), then GCP(F,R%) has a solution.

Proof. Suppose GCP(F,R%) has no solution. Then by Theorem 4.5, there exist z*,% > 0, y* €
F(z"),y € F(z), scalars X > 0, X* > 0, such that

v=y + A" >0, (2%,v) =0, " #£0, (15)
u=g+A2>0, (u,8) =0, 2 £0, (16)
(z*,u) = (F,v) = 0. (17)

So we have
(£ + Az, v+ Au) =0,V A > 0.

Thus for all A > 0,
(&% + A2, y" + AP /44 (2" + A2, A"2" + AAE)/4 = 0. (18)
Siuce y* € F(«™),y € F(z) and F is homogencous convex,
(y" +Ag)/2 € F(z")/2+ F(Az)/2 C F((z" + Az)/2),V A > 0.

Note that A > 0 and (z,y) is bounded below for all z > 0,y € F(z). Hence (18) is impossible to
hold for all A > 0. Thercfore the result follows. O

Remark. The conclusion of Theorem 4.7 still holds if RY is replaced by any other orthant of R".
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We call F : K — R" an affine point-to-set mapping on a convex set K C R" if F is both
convex and concave on K, ie. if, forallz,ye K and 0 <A <1,

AF(z)+ (1 - MNF(y) = FOz + (1 - M)y).

F is said to be homogeneous affine on a convex cone K if it is both affine and positively homogencous
on K. The following corollary is immediate.

Corollary 4.8. Let F : R} — R" an upper continuous point-lo-sel mapping such that I'(r) is
contractible and uniformly compact near r for all z € R}. Suppose F is homogeneous affine on
RY. If (z,y) is bounded for all z € R, y € F(z), then GCP(F,RY}) is solvable. O

We note that the above results may be obtained for more general complementarity problems.
say, e.g., GCP(F,0,K,C).
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