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0. Introduction

Let I denote the interval [0,1]. (Nt) will denote a real valued
stochastic process having index set I and representation (AGt). where (Gt) is
a mean-square continuous Gaussian process with index set I and mean zero, and
A is a positive real random variable, independent of (Gt)' Let (Yt) be a
second stochastic process with index set I. The measures induced by (Yt) and
(Nt) on RI are denoted vy and Uy respectively. The problem first considered
here is that of determining corditions for vy to be absolutely continuous with
respect to vy (denoted by << vN).

The class of processes (Nt) having the above representation is quite
large, containing nct waly Gaussian processes, but also those that are
spherically invariant [13] and a large class of a-subGaussian processes [7].
In the a-subGaussian case, A2 is required to be a/2-stable, and in the
spherically invariant case EA2 is required to be finite. We define (Nt) to be
a Gaussian mixture process and vy 2 Gaussian mixture measure.

Since G is mean-square continuous, almost all paths of (Nt) belong to
22[0.1]. and we also consider the absolute continuity problem for measures My
and My induced on L2[0.1]. When absolute continuity holds, we obtain the Radon-
Nikodym derivative qu/duN.

Conditions for absolute continuity and expressions for the Radon-Nikodym
derivative when N is Gaussian are given in [4].

The paper has been organized to match the ideas structuring the methods
used in obtaining its results. The Cramér-Hida representation [8,11] allows
one to consider the noise as the summed output from a set of causal, non-anti-
cipating and non-random linear filters, each of which is driven by a "white

noise” process. Assuming that the received signal has paths that are in the
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reproducing kernel Hilbert space (RKHS) of the noise. which means that they
are smoother than those of the noise, one can represent the received signal as
summed outputs of the same set of linear fiiters, provided the vector of input
signal-plus-noise processes has a law that is absolutely continuous with
respect to "white noise” [4]. Thus the problem of the absolute continuity of
the inputs (vector processes) is first solved in Section ! and Section 2, and
that for the outputs in Section 3.

The work on absolute continuity w.r.t. a Gaussian mixture has at least
two major applications. One is to detection of signals imbedded in noise of
this type: see [5]. [6]. [21] for a discussion of such problems. The second
application is to obtain a complete and detailed derivation of the (Shannon)
mutual information in an additive feedback channel when the noise is a
Gaussian mixture. Even for the Gaussian channel, such a derivation does not
exist, although the groundwork has been laid in papers by Kadota, Zakai, and
Ziv [15] énd by Hitsuda and Thara [12]. We have previously stated this result
without proof [3]. Section 4 contains a detailed derivation. Capacity of the
no—-feedback channel follows immediately from this expression and a lower bound
given in [3]. An information channel is said to be mismatched [2] if the
constraint on the transmitted signal is not given directly in terms of the
covariance of the chunnel noise. Such channels constirute the usual case in
practical problems. Although the capacity problem has been solved for
mismatched no-feedback Gaussian channels [2]. the solution is obtained by
Hilbert space methods that do nct easily carry over to time-continuous
feedback channels. The stochastic process formulation given here seems better
enited to the feedback channel. Capacity of mismatched channels with feedback

comprises one of the major arcas of open problems in fundamental information
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theory: even for the Gaussian time-discrete channel, a general solution has
not been obtained. Thus, it seems particularly important that a complete and
general development of the expression for mutual information be avaijlable.

All stochastic processes will be defined on a complete probability space
(2,8,P) and will have index set I, unless otherwise stated. A stochastic
process whose law is determined by P will be written in simple form, e.g.,
(Vt). If the law is determined by a probability Q on (2.8). then the process
will be denoted by (V?). For a stochastic process (Vt). a?(V) will denote the
o-field generated by {Vs. s{t}. and at(V) its P-completion. go(V) and g(V) are
the corresponding filtrations, for example: go(V) = {US(V). t€l}. E:TVT is the
closed linear span in L2[P] of the set {Vs. sSt}.

For a positive integer M < =, a” will be the Borel o-field of RM under
the product topology. CO is the set of all the real valued functions defined
on I that are continuous and vanish at t = O. C0 is endowed with the sup-norm
topology., and @O is the resulting o-field, also genefated by the evaluation

maps I : M (f) = £(t). t € I, f € C,. The Borel o-field of Cy is €5, the

product o-field of M copies of ?0. RI is the space of real-valued functions

defined on I and QI the o-field in RI generated by the cylinder sets, that is,
sets of the form
. n n n
{x: (x(tl).....x(tn)) €A}, n21, tyoe--.t in I, A" €ea.

Let (!t) have paths almost surely in Cg: it induces a measure Pv on @g.

For a scalar process (Vt). v, is the measure induced by (Vt) on RI. and, if it

v
is measurable, with paths almost surely in 22[0.1]. the measure induced on
L2[O.1] is denoted My V will denote the path map: V[w] = {V(w.t), t € I}, or

V[o] = {¥(w.t). t € I}.
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1. Gaussian Mixture Local Martingales

The Gaussian mixture process (Nt) will eventually be defined in terms of
a Gaussian mixture local martingale; we discuss processes of this type in this
and the following section, and give two useful representations.

Let o = {dt. t € I} be a filtration of sub-o-fields of 3. We make the
following assumptions:
Al: Each dt, t € 1. contains the sets of % having P-measure zero.
A2: A 2 -R_is %-measurable and P{w: A(v) > O} = 1.

M(M) is the family of MxM real matrices. Each matrix in A(M) is

identified with a point in sz.
A3: T: I - A(M) has the following properties:
a) r(o) = o,
b) for 0 {( s < t {1, I'(t) - I'(s) is symmetric and strictly
positive definite.
A4: B: OxI - RH is a continuocus local martingale for (4.P) and
a) B(w,0) = 0 P-almost surely,
b) B>(w.t) = A2(w)r(t). where (B> is the variation process of (Et).

Thus, for every fixed 8 € RH. the process (Be t) defined by Be(w.t) i=

!

A2(0)<8.T(t)8>

<8,B(w,t)> , is a continuous local martingale such that <B9>(w.t) =

16].
R,4£]

Proposition 1: B has the representation B{w,t) = A(w)G(w,t), t € I, P-almost

surely, with G a continuous Gaussian local martinzale independent of A and
such that <G> = T. A is adapted to dg. (gt) is an {4.P) martingale if and only

if EA ( ® and an L2—martingale if and only if EA2 ( »,
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Remark. In the Introduction, we have begun with a Gaussian process (Gt)' In
this section, we begin with a vector process (gt) as in A4, and derive a

representation in terms of a vector process (gt).

Prcof: Since <B> = A2

I'and I'(t) is positive definite for t > O, Az(w) = trace
{B>(w.,t)/trace I'(t), so that A is dg-measurable.

(Bt) is a continuous local martingale, so that <B> is continuous [16].
Since A is almost surely positive, I' must also be continuous. Define a vector
process (gt) such that G(w,t) is in RK by G(w.0) = 0 and S5(w.t) = B(w,.t)/A(w),
t >0, t €l (gt) is then continuous and adapted to #. To prove that (gt) is
a Gaussian martingale with variation process I', it is sufficient to show that

(gt) is a local martingale with variation process I' [16], which is equivalent

to establishing that, given any fixed @ in RM. G6 i= (Q.§>RM is a local

martingale with variation process (Q.FQ)RH.
Let now {Rg) be a sequence of stopping times which reduces BB‘ and define

the following stopping times:

S (w) := inf{t > O lBe(u.:)l > n},
T2(0) = inf{t 2 0: [Gy(w.t)| > n},
¥ or¥as? ATl

n n n n

As n increases, each of these stopping times converges almost surely to 1,
since B9 and G9 are each almost surely path continuous on the compact I. Now
u

GBn is bounded by n and thus integrable. To see that it is a martingale, there

are two cases to consider:
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1. 0<Cs <t
L
It then suffices to write G9 as B9 /A and to take into account that
UB

A is adapted to ., and By" a martingale.

2 0=s <t

One must then use a limiting argument. Fix u such that O Cu < t. It

follows as in 1. that
@ 0@
E{Gg (-.t)|dy} = E{Gg (*.u)ldy).

6

But Gen is almost surely path continuous and thus, almost surely,

U6 U9
lim Gen(°.u) = 0. Since furthermore Gen is uniformly bounded,
u
U
iig E{C9 (°.u)]do} = 0, almost surely.

To verify that <G6> = <Q.T§>RH, one notes that

UG UB e

U
(G"(-. 1) - <g.r(cAug)g>R" = {[Bg"(-. )17 - <By> "(-.t)}/A,

]

2]
U
Since Ug < Rg. BGn is a uniformly integrable martingale for fixed n. Since A

is adapted to d+. the right side of the last equality is a martingale.

To check that A is independent of G, fix 0 ¢( s < Y < ... K< t, and let
n
I(a.gl.....gn) := E exp[i{aA + iL(gj.g('.tj))lkn}].

Conditioning on ds and using the fact that (gt) is a Gaussian martingale, one
has:

M
I(a.gl.....gn) := E exp{iaA} E exp(iii1<gj.g(',tj)>

#
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Proposition 1 is the equivalent, for Gaussian mixture local martingales,
of the martingale characterization of Brownian motion. So, essentially the
same proof which is valid in the Brownian case [9] applies to Gaussian mixture

local martingales and one thus has:

+
o ‘= 9p(B) and & :=o0 (B)., t > 0. and assume that d, = 3,

r(c) = diag[rl(t),....ru(t)]. t € I. Then every local martingale (Vt) for

Proposition 2: Let «

(4.P), with paths almost surely in D{0,1], has the representation
M t
Vw,t) =V (w) + 3 [V (w,y)B, (w.dy),
0 i=1 01 i

0
almost surely for fixed t in I.

with V., adapted to ., each (Vi t) (d.P)-predictable and féV?(w.y)Fi(dy) (@

2. Absolute Continuity With Respect to a Gaussian Mixture lLocal Martingale

(gt) is the Gaussian mixture local martingale defined in Section 1. In
this section, we give sufficient conditions for PX << PB and Px ~ PB where X
is a second M-vector process, and also give an expression for the Radon-

Nikodym derivative dPX/dPB' We make the following additional assumptions.

A5: (xt)is an M-component vector process, separable with respect to closed
sets.

A6: (§t) is an M-component vector process, #-optional and such that
f(l)(g(w.y).r(dy)g(w,y))IRH { @, almost surely.

AG*: Let g: Cg x I = RH be gg-optional (@gt i= g-algebra generated by the
evaluation maps {II(c.s) = c{s). s § t}). and such that

fé(g*(X[w].y). I'(dy)g“()([w].y))IRM ( », almost surely.

A7: For each t in I, X(w.t) = fé(g)(w,dy)§(w.y) + B(w.t), almost surely.
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AT*: For each t in I, X{(w.t) = fé(g)(w.dy)g*(X[w].y) + B(w.t). almost surely.

A8: Let A(w,t) := exp(-f(‘)<§(w.y).r_3(u.dy)>RH

-3 f8<§{w.y).(E)(u.dy)g(u,y)) }. D(w) := A(w.1), and assume ED = 1.
¢

g

A8%: Let A be obtained by choosing s*(X[w].t) for s(w.t) in A8, D" be defined

accordingly, and assume that ED* = 1.

Proposition 3: Let dQ = DdP, Q, = QoA'l, P, = PoA ', Q =QX . P PoB

A

Then, with assumptions Al-AS8,
a) for any d;—measurable random variable U which is almost surely bounded

with respect to P, EQU = EPU.

b) Q, =P, and Q = Pp.

Proof: A5 and A7 imply almost sure path equality in A7, so that the paths of

(xt) are almost surely continuous. By Girsanov's theorem [16], (xt) is a

Q

continuous (f,Q)-local martingale such that <X>~ = A2T. Consequently, by

Proposition 1, (xt) = (Ag?). where (g?) is a continuous (o,Q)-Gaussian

martingale with (§Q> =T, and A {s independent of (g?) with respect to Q.

+

(0]

with respect to P. Fix t > 0. Then, because of A8, A is a martingale and

Let U be any o -mewsurable random variable that is almost surely bounded

EQU = Ep{UA(-. )}

But A has also continuous paths and lim A{w,t) = 1, almost surely with respect
tio

to P. Furthermore, still with respect to P, A(w.t) 2 O almost surely, and
EA(-.t) = 1, for all t in I. Consequently, A(*,t) = 1 in a(Ll(P).Lm(P)) as

t | 0 [9]. Thus:

E.U = 1im E_{UA(~.t)} = E_U.
Q tlo P P
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The equalities QA = PA and QX = PB follow directly from this result, using

characteristic functions: choose first eieA for U, then clearly, PA = QA' Now
n
consider EQV (= EPV)' where V = exp(ijzl<gj.x(',tj)>mn}. Then PA = QA yields:

n
EQ exp{1i z

o Q
2 <a..G7(.t.)> .}
J =1 J J |RM

<‘_1va.('-tj)>mn) = JZQA(da)EQ exp{ia

1 J

2 n
= | Q (da -2 3 <. T(t)a>
J:A( ) exp{ >, @ T(t)a; mM}

n

P (da)L, exp{ia 3
J::A Lp exp aj=1

CHECHNIN

n
Ep exp{ijzil(c_xJ

.B(-.tj)>mn}.

Proposition 4:

Let 7(c.y) := trace{I(e.y)I(c.y)" - 2% N(c.2)(c.dz)"}/trace I(y). ¢ € Cf and

y €I (I(c.y) = c(y)). Then:

a) Al-A7 imply Px << PB and Al-A8 imply PX ~ PB:

b) Al-A5 and AG*-AS* imply Px ~ PB and, with respect to PB' for almost every
c in Cg.

dP 1 1,
gﬁﬁ (c) = eXD(J;<§*(Q-Y)-H(Q-dY)>RH - EJ;<§ (E-Y)-<H>(E-dY)§~(§-Y)>RM)-

==}

where <I>(c.y) = v(c.y)I'(y) [20].

Proof: The result follows from the method used [19] when (Bt) is the Wiener

process, together with Proposition 3.
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Remark. Sufficient conditions for A8 and AS* are respectively [1J3]:

1
E exp{éfo<§(w.y).<5>(w.dy)§(w.y)> <

1
PE{J;<§*(E-Y)-<E>(£'dY)§*(QvY)>RM (o} = 1.

Assuming that E fé <_s~(~.y).I‘(dy)_g(-,y))IRM { @, one can obtain a representation

of the form A7* starting from a representation of the form A7. These results

are proved as in th~ Wiener process case [19].

3. Absolute Continuity With Respect to a Gaussian Mixture Process

In this section we return to the problem discussed in the Introduction,
treating a Gaussian mixture process (AGt)' where (Gt) is a zero-mean mean-
square-continuous Gaussian process. G has a proper canonical representation

[11]. which we assume to have the form

Glw. t) = fé(E(t.x). G(w.dx)>

: 1)
2 (

where F and (gt) have respective components Fi and (Ci ). 1 <1 M

Without the assumption that (Gt) is Gaussian, the processes (Gi t) are
zero-mean orthogonal-increment processe. , mutually orthogonal and mean-square
continuous. Their non-decreasing variances EG?(-.t) define Borel measures Fi

on I in the usual way: Fi(a.b] = EG%(-.b) - EG?(-.a); moreover ri+1 << Fi.

1 { i { M-1. Each Fi: IxI - R is Borel-measurable, Fi(r.x) =0 for x > t, and

3 SoSoFo(t.s)T (ds)dt ¢ @ M ¢ ® is the multiplicity of G.
2

1

The proper canonical representation (1) has the property that

— - M
L (G) =L, (G), for t in I, and that 3 le (t.s)g,(s)l,(ds) = 0, all t in I,
t t i=101 i i
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if and only if g = 0 in L2[Fi]. 1 {1 ¢ M. Thus (Fi(t.°). t € I} spans
L2[Fi].

The representation (1) is an equality in the mean-square sense, thus
holds P-almost everywhere for each fixed t in I. However, taking both sides of
(1) separable with respect to closed sets means that we can assume path
equality P-almost everywhere.

The assumption that (Gt) is Gaussian further implies that {(Gi,t)' i ¢ M}
are a Gaussian family; thus the the component processes are mutually

independent, have independent increments, and hence can be assumed to be path

continuous. Moreover equality of Et(G) and E;(g) implies that of at(G) and

at(g) for all t in I. Each (G, ). 1 {1 {( M, is a martingale with respect to

i,t
g(G) and with respect to g(G) v g(V), where V is any stochastic process
independent of G.

M is the multiplicity of (Ct)' and it is assumed throughout that M ( .
This restriction is due to a similar restriction in [4]. on which part of
these results depend.

We assume that support[PG] = Cg and that support[uc] = L2[O.l]. Since
these measures are Gaussian, their supports are closed linear manifolds equal
to the closure of the ranges of their covariance operators [14]. One can thus
always work with this subspace; it preserves the original linear space
structure under the original norm (and inner product, for L2[O.1]). As a
consequence of these assumptions. one can take (in the proofs) each Fi to give
positive measure to each interval (a,b), b > a.

Let V be a mean square continuous process: {ts reproducing kernel Hilbert

space (RKHS) is denoted Hv. and its (.variance by CV' All elements in Hv are

continuous functions defined on 1. Cv is the kernel of an integral cperator RV
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on L2[O.1] which is trace-class: the covariance operator of V, Rv. defines a

LS
Hilbert space of L2[O.1] elements, denoted KV' consisting of range(R%)

together with the inner product
(kl'k2)v = En<k1.un><k2.un>/§n.

where ((n) and {un. n21l} are the non-zero eigenvalues and associated

orthonormal eigenvectors of Ry and <-,*> is the L2[O.1] inner product. For

M
L2[Fi]. 1 {1 (M, already defined, H will denote & L2[Fi]. Since it is
i=1

assumed that support[uG] = L2[O.1], the eigenvalues (An) of RG are all non-
zero and the associated orthonormal eigenvectors are complete in L2[0.1].

Let A be a positive real-valued random variable independent of the
process G, and define (Nt) = (AGt). (Nt) has sample paths almost surely in
%2[0.1]. and its path-map N defines, when taking equivalence classes, a
Q/B(Lz[o,l]) measurable map, where m(L2[o.1]) is the Borel o-field of L,[0.1].
Although EN% is not assumed to be finite, so that (Nt) may not have a
covariance function, one can nevertheless consider HN/A' the conditional RKHS
of (Nt) given A. Note that HN/A = HG a.s., since A > 0 a.s. We assume that f3
is the smallest o-field containing g(N): B = al(N).

(Bt) is the Gaussian mixture local martingale defined by (Bt) = (Agt).

(Nt) has the representation:

1 4
N(w,t) = J;<E(t.Y)-§(w-dY)>RH~

The fact that this is derived from the proper canonical representation for

(Gt) implies the following for F:

M
Let (P f)(s) = Irg (1(s)E(s). L;[ri] = P L,[T,]. L;[r] = i:]L;_[ri].

Then:

AC & MI for GMs - 9/27/89 - 12




a. {F,(s.*). s < t} spans L;[I‘i].

B. {E(s.*). s < t} spans Lo[T].

Since each (Gi.t) is Gaussian and has orthogonal increments, it is a
continuous L2—martingale WRT to the o-algebras generated by (Nt) and (gt) and
the sets of measure zero.

It is assumed that (St) has paths which are a.s. in the RKHS of (Gt) and
that it is adapted tc the filtration o(N). Then, if Yt = St + Nt' a.s. for all

fixed t, Y has the representation [4]

t
Y(o.t) = J0<E(t-y)->_((w-d)')>mu-

where X(w,t) = fgr(dx)g(w.x) + B(w,t) and s is such that S(w,t) =

fg<£(t.y).r(dy)§(w.y)>mn.

Let the eigenvalues and associated c.o.n. eigenvectors of RG be denoted
by ()\n) and {en. n 2 1}. Let m: L2[O.1] -OCg be defined by mi(h.t) =

t .
En21<Hi.t' e ><h.e >/A  where Hi.tEY] = fOFi(y.u)Fi(du). One then has:

Proposit‘on 5: Let vy and N be the measures induced on (RI.QI) by Y and N
respectively, and let Hy and UN be the measures induced on (L2[0.1].
B(Lz[O.l])) by the same processes. Then

a) Al-A7 imply Ly << vy and My << My

dPx
b)  Furthermore —h] = ——-[m(h)] uN—almost every h in L [O0,1].
duN dPB 2

Proof:

a) This result is a consequence of Proposition 4 above and Theorem 1 of
(4].

b) To obtain the Radon-Nikodym derivative, one writes:
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—

AG € C,)

P(B € C,. N € C,} = P(AG € C|.

J:PA(da) P(aG € Cl' aG € C2}

= J:PA(da) J; P_c(dh) P{aG € CllaG = h}.
2

Now, from [4], we have that P{aG € CllaG = h} is a point mass

concentrated at the function ma(h,-) with components

a . a a, L2
mi(h,t) := nzl<H?.t.en><h.en>/kn.

where, 1if Rg is the covariance operator of aG,

aa aa
RG n - Anen'

: t 2
and H?'t(x) = IOFi(x.y)a Fi(dy) = a2H1't(x), Now Rz = a2RG, since RGen = Anen‘

a a
e =€ and An = a2kn. Consequently,

m'(h,t) = m(h,t).
Thus for all a

P{aG € C,[aG = h} = I, {m[h])}.
1
so that

P{B € clln =h} = ICl(m[h]}. 0

An explicit representation of qu/duN based on Proposition 5 requires a
representation of dPx/dPB. But rewriting S to be in the RKHS of N, and

applying Proposition 4 yields:
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1
gplc) = exp[J;<(§*(g.y)/72(g'Y))- Q(s.dy)>mM
1 £l
- 1] <tsmicyirte vy ManN e ey)> .
0 M

This requires of course that (xt) have a stochastic differential equation
expression, but this can be obtained as indicated in the Remark following

Proposition 4.

Remark. Proposition 3 and the preceding discussion show that Theorem 2 of [4]

can be adapted to yield a necessary condition for absoliute continuity.

4, Computation of Mutual Information For the Channel
With Feedback and Spherically-Invariant Noise

4.1. Channel Model

We now proceed to derive an expression for tﬁe mutual information of a
communications channel with rfeedback, where the noise is additive and
spherically-invariant. We begin with a precise description of the channel.
The noise, channel output, and message probabilities will all be defined on
(RY.%1). and all will be denoted by capital P's: Py Py P The joint
measure defined by (J.Y) and its product measure is then defined on ﬂIx%I. and
denoted by PJ,Y and PJGPY.

a. Assumptions on the noise. As in Section 3, we assume that N is m.s.
continuous, vanishes a.s. at t = 0 and has a Cramér-Hida representation of
multiplicity M < ©». We also assume that EA2 = 1.

b. Assumptions on the message. The message is a real-valued stochastic

process (Jt)' defined on (1,8). and independent of (Nt) (w.r.t. P measure).

Since at(N) = at(g) = o(A) v at(G) for t € [0,1] because of the proper
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canonical represention, (Jt) is independent of A and independent of (Gt)‘

c. Assumptions on the channel. Let & denote the family of maps

f: [0,1] = Rz. and let ¥ be the filtration of ¥ generated by the evaluation

maps. S is the transmitted signal, and Y is the channel output. ¥ will denote
a two—component vector with elements Wl = J and Wz = Y, such that S(w,t) =
T[¥(w)](t) for w in 2, t in [0,1]. T: ¥x[0,1] > R. The following assumptions
are also made:

1. T is adapted to E.
For each fixed t in [0,1], Y(w.t) = T[¥(w)](t) + N(w,t) a.e. dP(w).
T[¥(w)] € RKHS(N), a.e. dP(w).

EHT[Q(w)]Hg { @, where lixll, is the HN norm of x.

N
Y is adapted to o°(J) v g°(N).

o v s o ow

P_~P, a.e. dP (v), where P _ is the probability on (RI.GI) defined by
YV N J YY

the process Y when J is fixed and J = v.

4.2. Discussion

Some important aspects of the mathematical and physical problems are
reflected in our choice of constraints. First, the Cramér-Hida representation
is well-known to be very difficult to determine, in general. Thus, any
reasonable and useful set of constraints should not assume knowledge of this
representation. Similarly, although the covariance of N can be reasonably
assumed to be known, the probability distribution of A is, for practical
purposes, difficult or impossible to determine. In applications, a mapping T
as above will be used. Thus, we state all assumptions in terms of this T, the
obvious measurability properties of Y, and the RKHS of N. We do assume finite

Cramér-Hida multiplicity, because much of our work is based on [4].
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Assumptions 3 and 4 are made to ensure that the capacity will be finite.
That is, in the Gaussian channel without feedback, a necessary and sufficient
condition for finite mutual information is that EHS[w]Hﬁ < w [1]. Thus, if
such a condition is not imposed on the transmitted signal, then for almost all
a, one has that the mutual information of (S, S+aG) is infinite without using
feedback, and it follows that the mutual information of (S, S+N) is infinite.

A few remarks may be useful in order to give some perspective to the
results obtained here, including a contrast with other versions, in particular
those of Kadota, Zakai and Ziv (KZZ) [15] and those of Hitsuda and Ihara
(HI) [12].

KZZ assume the noise in the channel is the Wiener process, HI that it is
a Gaussian process with a Cramér-Hida representation for which the variances
are absolutely continuous with respect to Lebesgue measure. Although this
assumption is not explicitly stated by HI, it seems necessary to their
development (cf. Prop. 1 of [12]). It would usually be extremely difficult to
verify. In the present paper it is assumed that the noise process is
spherically invariant, that is, a scale mixture of Gaussian processes. The
basic idea of the HI paper is to extend the KZZ result to any Gaussian process
having purely continuous Cramér-Hida spectral representation by using the
spectral representation in conjunction with Girsanov's theorem. That approach
is also used here. A restriction on the spectral multiplicity of the noise
has been introduced, for two reasons: there is no stochastic calculus for
martingales in Rm. and there has been no attempt on our part to extend by
other means the formula for mutual information to the case of infinite
multiplicity. KZZ assume that the transmitted signal can be given an explicit
functional representation on the space obtained as the product of the message

and the noise space. HI assume only smoothness and adaptation properties.
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A necessary condition for finite mutual information between the message
and the channel output is that the joint measure of message and output be
absolutely continuous with respect to their product measure. Having a
functional representation for the transmitted signal, KZZ can give conditions
on the signal that insure this absolute continuity. This is no longer
possible when it is only assumed that the transmitted signal belongs to a
particular family, the RKHS of the noise. Thus, one must assume a condition
ensuring the absolute continuity. Such an assumption is not stated in HI, who
instead refer to the Russian version of [18]. However, in the English version
of [18], we are unable to verify that PJ,Y << PJOPY using only assumption 3
above (the assumption used by HI), or even with the stronger assumption 4.

Thus, we make assumption 6. It will be seen (Prop. 6 below) that this is

enough to give PJ Y << P ®P Sufficient conditions for P v > PN

7Py y a.e. dPJ(v)
are given in Section 3 above.

In addition to extending the HI results to all m.s. continuous Gaussian
noise processes having finite Cramér-Hida multiplicity, and to spherically-
invariant processes with finite multiplicity, we also use a substantially
different approach. This is in part based on the results of [4], which enable

us to bypass some steps in the HI development that are not clear to us.

As in Section 3, there exists a vector process (Xt) having paths a.s. in

"

square-integrable, and adapted to g(¥). The basic approach (as in HI) is to

Ch and such that Y(u.t) = So<E(t.x). X(w.dx)>

0 ., with s being predictable,

compute the mutual information I(J.Y) by showing that it is equal to I(J.X)
and to then work with the latter. It is thus essential that PJ X << PJQPX,
and we shall also need the fact that o(Y) = g(X).
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Proposition 6. Under the preceding assumptions, P

J.y ~ P®Py. Py oy ~ P8Py,
and o(Y) = a(X).

Remark. The proof of equivalence of the measures does not require assumption

c.4 of Section 4.1.

Proof. Since Y is adapted to go(J) v go(N). there exists [10] a function

g: RIXRI - RI. measurable, such that for each fixed t in [0,1], Y(w,t) =

wtg[J(w).N(w)] a.e. dP(w). If YY denotes Y when J is fixed and J = v, then

Yv(w.t) = v g[v.N(w)] a.e. dP, each fixed t. Thus P, = [P 8P ]Oghl and P _ =
t Y J N YY

P Og P B Y 2 g(v.y). From Assumption c.6 and Theorem 1 of [1], this gives

PJ Y PJGPY From Theorem 7 of [4]. and proceeding as in the proof of Prop.
dP dP

5 above, there exists LS IR - Cg measurable, such that —Y'(y) = —}—,ﬁ(EOY)
a.e. dP (y) and (Theorem 6 of [4]) P PN°m51- Thus, for A in @M,
dPx
Py(A) = J, g,g(y)dpg(y) = @ (ag)dnyy)
- J —;(y)dPN(y) = Pyom ' (A).
(A)
Thus, PJ.Y PJOPY => PJ-K ~ PJQPX.

To show that g(Y) = g(X). we again note that (as in Section 3) Y(w,t) =

g

predictable, square-integrable and adapted to g(¥). This representation of Y

fé CF(t.x). X(w.dx)> , where X(w.t) = f; r(dx)s(w.x) + B(w.t) with s

yields g(Y) C g(X).

To prove that g(X) C g(Y)., it is sufficient to show that the closed

linear span of (xs. s{t} is contained in span(Ys. s¢t} for all t € [0,1]. For

this, let It be the indicator of [0.t], let @ be any element of RM. and set
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E(%) = 1,(x)8 -

I M3

aiE(si.x). where S < Sy ... ¢ s $ t and (ai. i¢n} is

i=1

one set of n real scalars. Then

1
<8, X(m.t))iRM - ; aiY(w.si) = J ([It(x)g-ixE1 aiE(si.x)]. X(w.dx)>

i=1 0 =1 IR“

1 1
= < . T'(dx w,x)0 < , Blw,dx)> ,,.
&qn()gnw+kqw4 »
Thus,

E(<@.X(-.t)> y - T a Y(-.5,)}

Gl

4 2{EU:)<£n(x). I’(dx)g(-.x))RM]2 + E”l(ﬁn(x). g(-.d;:))mu]z}.

0

Now. using il-lly to denote the norm in RKHS(N),

1 2
EU0<£n(x). T‘(dx)§(°,x)>RH]

1 1
< E < , I'(dx ())R'J\<_ «,x), I'(dx)s(+.x)>
[ &00. reog,e (B0, T(@9s(C 0 ]
2 2 2 2
= EugnuLz(r)ulog[-]uN = "fn"L2[r]E"I°*[']"N‘
Since E[J'(l)(fn(x), g(-.dx))mu]2 = "'En"12.2[r]' it follows that

n 2 2 2
E{(g_.)_((-.cpIRM -izlaiv(-.si)) < "fn"L2[r](1 + ENTog[ ]Iy}

Since F arises in a proper canonical representation, (a1 ..... an) and

(s1 ..... sn) (where s, { t, 1 {1 { n) can be chosen so that

i

|
e

2
lim NE I =
;m & L[]

This completes the proof that g(Y) = g(X). a
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We now have that I{(J,Y) = I(J.X). Thus, the computation of I(J,Y) is

reduced to that of I(J,X) and the latter requires an explicit expression for

. _ Py
J.X dPJ@dP"X'

4.3. Computation of DJ-X

In this section we adopt the procedure used by KZZ, and must therefore
"1ift" the problem as defined on the space ? to the product of the path space
of message and noise. Consequently, this computation is based on the
following formula, which takes into account that J and B are independent

(assumption 4.1.b).

D (1.x) = Py /APy p)JH) (9P 9Py p)TE) Dy x g H)
J.X120 7 (dP 8dP,/dP | 5)(J.X) (dPy/dPg) (X) B, 5

(a) Representation of (Xt). DJ'X-E is obtained by showing that it is
equal to (dleJ/dPQ) = DS.X.E' where PXIJ is the conditional law for X given
J. and then by computing Dj.X.B' This is done by "lifting” the equation for X
onto product space in order to obtain a "decoupling” of the effect of J and N.
To do this, one must give an explicit functional representation for (xt).

Let A be the family of maps g: [0,1] » R 'L, where g, € RLC- 1] ang
24 € CO[O.l]. 1 <1 <M ¢ is the filtration of A generated by the evaluation
maps . (xt) will denote the vector stochastic process with components Xg = ],

and (xi t) = (X1 t) for 1 {1 { M. (Kt) then has the representation. a.e.

dP(w).

t
X(w.t) = J;F(dX)I(x[w]-X) + Bo. 1)

for each fixed t. 71 is ¥-predictable [19]. In fact, we know that
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i) (§t) is o(¥)-predictable.
ii) g(¥) = o(J) v a(Y).
iii) g(Y) = a(X).
Thus, (§t) is g(x) predictable, so that (§t) cannot be distinguished
(pathwise) from a process which is go(x)—predictable: s can be written as

s{w,t) = 7{x[w].t) ([4, Lemma 2] and [19, p. 67]).

(b) Representation of X on function space. Let q; and a5 be the
projections onto the first and second components of . On 31 (defined in

4.1.c), consider the probability P ® induced by 6: Ox[0,1] > Rz with

JeF

components 9 = J and 62 = N. Let 31 be the completion of 31 with respect to

P ®Py. with PJ@PN the extension of PJ@PN i . Finally, let ?t be the
filtration generated by 3{ and the sets of 51 whose ﬁ}@?; measure is zero. 3%
will then denote the resulting filtration of &.

With these definitions, there exist processes XQ. g¢. and AQ defined on
the probability space (&. 3 , P8P, @P ) which are adapted to ¥ and which have the
following properties.

(1) (gﬁ.t) is a continuous local martingale such that (a.e. dP(w), all ¢ in

(0.1]):

By(8[w].t) = B(v.t)

- (gw_t) depends on (Nt) only (not on (Jt))

B(L.t) = AG(DI ()

Ag(8[0]) = A(®)

- AQ depends on (Nt) only (not on (Jt))'

(2) X5(8[0].t) = X(o.t).

|

q
(mgmn=$nm%@ymﬂ+%wn

where Ty is predictable for ¥ and T [[x ] o B[w].t ] = 7(x[w].t) = s(w,.t).
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[

The validity of these statements is seen as follows. (xt) is continuous
ard adapted to g(Y), so that it is adapted to g(J) v g(N). (Xt) is thus
predictable, so that it cannot be distinguished (pathwise) from a process that
is predictable for go(J) v go(N) [17]. It then has, as in (a). a functional
representation {(lemma 2 of [4]) as given in (2) above. The same argument
applies to (Bt) and 7. Moreover, since A(w) = 7(B[w].t). t > O, A¢ is given
by Ay(£) = 7(Bgl£1.€). & > 0.

From the definitions, one has

{c) Computation of DJ.X

B’

Py ([KxC] = PJ@N{[KXIRI] N (X, € C1} = JKPJ(du)PN{v: X5[0] € ¢}

This shows, in particular, that PNO[X;]_I is a version of the conditional law
. u u
of X given J = u, where XQ(V) = Xo[v]'
Now, since

t

X(£.0) = |

reory [} .1] « gyt

by fixing the first component, u, in the argument of X¢. one has a stochastic

differential equation whose solution, X;. has law PNO[X;]-I absolutely

. -1 .
continuous with respect to PNog§ . which means that PX|J=u is absolutely

continuous with respect to PB' Thus

dP dpP
po(kxc] = | P (au[ P.(de)=2lI= ey - d[P 8P, 1([ 1) —2ld=u ¢

f u dPX ,=u
= dP, ([ D—gp=¢c).

Moreover,
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(3]

dP. 1
X J:u 1
—_(_iFl—( ) = exp{L—2(Zl—)-] U()(Tm([;].x). O(c.dx)> M

1
- 4] 0. r(dx)1¢<f21-x)>mu]}

dP, | .
Note that h: (u.c) — :PJ_U c) is procuct-measurable [22].
B
(d) Computation of Dx B’ One begins again with the representation

t
X(w.t) = J;T(dX)z(x[w]-X) + Bo.1).

dr

1
1 dr,

Let T have components T 1 {1 { M. Assumption 4.1.c then yields

1 .
Ejorl(dx)llf(x[w].x)llén (o,

Using Proposition 3 and Memin [19], one obtains that (xt) has a representation

of the form
t X
X(0.0) = | M@x)rex0e1.00 + B0, 0)
0

where: Lo is predictable for %M:

1
E T(e.x). T(dx) 1.(c.x)> , < o
PKJ; Io(e.x 1o(e.x RH

(gf) is a spherically invariant martingale for g(X) such that

B%> = AZT.

Consequently, with respect to Px.
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DL(.B(E) = d—pz('(g = L—-I—){J zple.x). H(g-dX)>IRH

L
J (c x), F(dx) (c.x) m fJ'

where IC(X[U]-t) is a version of the conditional expectation

E(z(x[-].0) lo ()]

4.4. Expression for I(J.X)

One has by the change of variable formula,

J X

o 1]Lu {;P_@F“[ ])}" s = E ‘“{dp &y . %]}
RLY Hucoro.1]

e o) O]} - £ anfny gaxen).
om0y (B3] - a2 L] o) s,
) uJ':)« [[ﬂ“’; x]. r(dx);b[&ggg].x}w

¥ (B[w] 1) = A (v). and T [[ng;] ] = s{w,t), so that

I(J.X)

>

Now 72(X[w.1])

]

In DJ'X@[E&’,; ] = i-z. {Jl<s(u x).X(w. dx)> - j ¢s(w.x).T(dx)s(w. x)> }

- ;liusui + 1—2 I;<§(U'x)'g(”'dx)>mu _
Similarly.
1 a2 1 [P
In D,_(.E(X(w)) = F'S"N + ;5 J()(_s_(w,x).g(w.dx))IRM,
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where S and s denote appropriate versions of the conditional expectations of S
and s respectively, the filtration being g(X).

So, under the assumption that

£ Lygi?
2N

{ o,

one has

1(J.Y) = %{E iﬁfusuﬁ - uénﬁj}.

From this expression, an upper bound for the mutual information of the
feedback channel is % E —%ﬂSHﬁ. If the signal is contrained by EHSH% <P
A

then an upper bound on the capacity of the no-feedback channel (S and A

0’

independent) is obviously % POE(—%). This is also a lower bound [3]. so that
A
the no-feedback capacity (subject to EHSHﬁ < PO) is % POE(—%). The lower
A

bound can be shown in several ways. For example, one can note that it is

sufficient to consider I(J.,X). where
t
X(w.t) = J J(w.s)ds + A(w)W(w,t),
0

E féJ2(w,s)ds < PO' and (Wt) is the standard Wiener process. HXH2 =

féxz(t)dt. Choosing a sequence (J?) of zero-mean Gaussian processes

independent of A and (W ). with (J:) having covariance function P e—nlt—sl'

o
one can show that ENJ™IZ = P while lim ENJ™® = 0. That is, from [15].
n .2

E[IJ™12|A] < n 'P_ a.s.. so that ENJ™IZ = 0.

0
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