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Introduction

Coding capacity of additive Gaussian channels is a fundamental problem in

the Shannon information theory [1]. [4]. However. concrete results on this

problem have actually been obtained only for special cases involving

stationary noise.

In this paper, capacity is obtained for dimension-limited Gaussian

channels. The result also holds for a large and important (in applications)

class of nonGaussian channels. Bounds on capacity are obtained for a larger

class of nonGaussian channels. The results given are for informatinn

capacity, but in a form suitable to use for obtaining coding capacity; that

application is given elsewhere [3].

It will be seen that the development entails extensive use of the

spectral representation of a self-adjoint linear operator. This operator

defines the relation between the energy constraint on transmitted signals and

the channel noise covariance. In particular. the essential spectrum of this

operator plays (fittingly:) an essential role in the development.

Problem Formulation

The channel is described by Y = X + N. where Y, X. and N represent

measurable stochastic processes in an underlying probability space (f0,0.v).

with paths a.s. in a real separable Hilbert space H. H has inner product

<-.> and norm 11-11. N is represented by a probability li; wN need not be iorX

countably additive. Thus, WN is defined on the cylinder sets of H.

Associated with w is a covariance operator RN that is linear, bounded, self- .

adjoint, and non-negative: Bytb i.__
Dist ribut ion/

<R U.v0=f<~>x~>J~() Availabilit;, CodesNH u> S xA v a t i a f . / o r

Dist Special
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We assume WLOG that IN is strictly positive with zero mean.

In order to obtain finite capacity, any set of constraints on the signal

X must involve (explicitly or implicitly) a self-adjoint bounded linear

operator RW which is strictly positive and satisfies

RN= w(I+S)Rw.

In this representation (I+S - I exists and is bounded, but the self-adjoint

operator S need not be bounded. See [2] for details.

In order to formulate the problem in a form consistent for application to

coding capacity. the constraints will involve an increasing family of linear

manifolds (Hn) H C H C H. dim[H ] = n. P will be the projectionanolsHn) n Hn+lI  n

operator in H with range equal to H. PW will be the proJcton operator
n

with range equal to range[RPn].

For each n. the constraint on the class of admissible transmitted signals

x is given as follows:

1) Px n a.e.dp
- 2

2) E XP nx,.n nP

where pX is the cylindrical probability describing the transmitted signal,

2 2
P < - is fixed, and yll = Hull . where u is the unique element in HW.n n

satisfying (Pn RwPn)u = y. For each n. this defines a channel of the form

yn = Xn + Nn where Xn represents a stochastic process iitb paths a.s. in Hn
and described by a (zero-mean) probability pX (A) = PXoen [A] for each

Borel set in H . Nn is defined by the zero mean probability n = p-In 'L Nn

The constraints (1) and (2) are equivalent to the following:

1)= 1

2) EHAII nP

Info.Cap. of DLC - 9/15/89 - 2



where p is a probability. The equivalence of these two definitions follows

from the fact that a cylindrical probability on a Hilbert space is uniquely

defined by its projections on the finite-dimensional subspaces.

For any n 1, let n be the zero-mean Gaussian probability on H with
"GN n

covariance operator Rn= PRNP. The development here will make use of the

relative entropy H'_ (N). n 2 1.

n

HHGN(N) Hlog
n n Is.

We define 1-(N) = S if d& /d N does not exist. The most precise results (an

exact value of the capacity) will be obtained for channels such that

lira In1 (N) = 0. Of course, this includes all channels defined by Gaussian
n

cylinder set measures; it also includes many nonGaussian channels. In fact.

let HN(N) SE sup (N). Many important non~aussian channels satisfy
n

HGN(N) ( -. For example, if pN = VMiX. where pV is zero-mean Gaussian with

covariance operator RV and pX is zero mean with covariance operator RX - RV11<

for T trace-class, then HGN (N) < - regardless of the other characteristics of

S[3]_

Two concrete examples of this setup are the classical discrete-time

channel and the continuous-time channel with fixed (finite) transmission time

for the code words. In the classical discrete-time channel. H = t2' Hn ={x

in V2: xi = 0. i > n. and RN is the noise covariance matrix. Rw is also

defined by a covariance matrix; when the channel noise is stationary, then RW

is typically defined by a time-invariant linear filter h with Fourier

transform h. 12 then gives a spectral density which defines the covariance

operator R,. The present paper is limited to obtaining expressions for the

Info.Cap. of DLC - 9/15/89 - 3



average information capacity, and related results, in the above framework. In

[3], these results are applied to the classical discrete-time channel to

obtain new results on coding capacity. Capacity of the stationary channel

when Rw = I has been known/assumed for many years; however, it is apparently

only recently that a rigorous proof has been given for the channel with memory

[5].

The other principal concrete example is for H = L2 [OT]. T < -, with Hn

span{e 1 ..... en}, where (ek, k > 1} is an infinite o.n. set. The application

to such channels is described in [3], which also contains a number of specific

results.

For each n, one thus has a channel in H n , described by the joint

probability WXy, (A) = P %2 ((xy): x + y E A} for A a Borel set in Hn xHn

The mutual information is then

k n
n sup 2 n ,(A ) log ~ XAi)

Pi ) k K i=1 l n (Ai)

KMI

and the sup is over all Borel-measurable partitions A1 , A2 ..... Ak of H xH .1' n n

The capacity is G(nP) = sup I( n ), where the sup iq over all such that

E 11xll < P.
n W,n

'x

The channel's average information capacity is then Cw(P) : lir - C(nP).n
n--)co

Of course, coding capacity is the important operational parameter of the

channel. If N is Gaussian, then it can be shown [3] that coding capacity is

equal to the average information capacity CT(P) for the class of channels

Nconsidered here. In addition, if 'iN is not Gaussian, but satisfies HCN <~ o

then Cw(P) gives an upper bound on the coding capacity [3].

Info.Cap. of DLC - 9/5/89 - 4



The program here is to give a general expression for CW(P) , valid for all

channels satisfying the above model. Such channels are described by a noise

covariance opefator RN. a constraint operator RW , an increasing family of

finite-dimensional linear manifolds (Hn), and an "average signal-to-noise

energy" limitation P. Equivalently, the channel is characterized by P, by S

(the operator defining the relation between the noise covariance and the

channel covariance), and by (Pw ). a monotone increasing family of projection
n

operators, PW having range equal to range(RNP).
n

As part of the development, it will be seen that the results depend on

the spectrum a(S) of S, but only upon the part belonging to the essential

spectrum a ess(S). This set, which is also the "limit points of the spectrum,"

consists of limit points of distinct eigenvalues, eigenvalues of infinite

multiplicity, and points of the continuous spectrum [7].

Preliminary Results

The average capacity C(P) is defined as lira-Cn(nP). C (nP). the

information capacity of the H channel, is given by the following well-knownn

result.

Lemma 1 [2,5,6]. !6 2 log [B(P) ] YC (Ptog + (N)
t=1 P.+1

where < 2 are the etgenualues of S N(n) = sup(i <

,n, B(n)}, and B(n) is defined by

N(n)PI (B(n) .
n t=1

The next lenmm gives several fundamental relations.

Info.Cap. of DLC - 9/5/89 - 5



Lemma 2: Let 8: H -+ H satisfy R N = R (I+S)R . define RW= PRwP and

RN ~n R P = Hstif . RF_' (I +S )R, , For

N= R and let S: H satisfy n n n n r

n > I, where I is the identity in H . Then:

( 2 = Pn where V : H -* H is a partial isometry with tntttal( ) ,n nwn n n

set equal to range(RjP) and final set H .

(2) S = V S', n > 1.n n n

(3) Let P n be the projection operator with range equal to HWn

range( n). The etgenvalues of PWnSPWn (and their multtpttctty)

are the same as those of S.

Proof. (1) follows from results in [4]. (2) is obtained by equating the two

definitions of RN. n . yielding PnN(I+S)Pn _- Nn(In Sn )RW. and then applying

part (1). (3) follows from the fact that range(P) =HW = range(Vn). 0

The family of partial isometries (V n) plays a key role in the analysis of

capacity. Consider 11 = 82 and the classical discrete-time channel.

Range(l ,Pn. the range space of V n is then equal to the span of the first n

columns of N. If IW = I, this of course gives V 
n = Vn = P n ' the projection

onto H = {x: x. = 0, i > n}. This is the simplest possible case, and enablesn 1

one to immediately give the capacity of the stationary Gaussian channel as a

corollary to the general expression for the capacity [3].

{e i , i > 1} will be used to denote any o.n. set in H such that Hn

span{e1 . , en}. Similarly, {u i , i > 1) will denote any o.n. set such that

Hwn = span{u 1 . ...Un}. The partial isometry Vn is defined by Vn u. = e..

i < n. For fixed n, {v.: i < n} will denote o.n. eigenvectors of PW SPw
n n

corresponding to the eigenvalues (P n): PW SP v = n3'v' 1 for i < n.
SWnW n i 1

n n

Info.Cap. of DLC - 9/5/89 - 6



Let {Ex , X IR} be the left-continuous resolution of the identity [7] for

S. so that for x in the domain T(S) of S. Sx = f_ XdEx. For S bounded, this

representation is the limit of a finite-limit-point approximaticn (FLPA) to S.

(SK). defined as follows. For S bounded, 1 < i < K. let -1 = a K < a K

< a where 1+aK III+SI < K+a, Let AK be the range of E K E K

a. a.-a i-i
SK K K KK

and set E E K E Leta. a.). Then- = Y" oLetE K'where GK ,i) Te

K K K i 1 A.
A. a. ajl 1 A a-
1 ai ai-I

lsK-SI' -+ 0 as K -+ and sup{a K ai: i < K} -+ 0 [7]. If S is not bounded,

M
then for any x in T(S), Sx = lim 2 f nXdFx, where for each n. fn  XdFA

M--m n-O n-

exists as the limit of a FLPA (SK[n]) and IIfnVXdE - SK[n]I[ - 0 as K -* o [7].
kn

The operators (Tk), Tk = fklXdF&A , are pairwise orthogonal: Tk: H -* Hk.

k n n
Hk J H if j X k. Also, T k = flXdF, where F is the restriction of F. to

kH n. Thus, H = OH k' E: i-1 k , Sx = Tkx whenever x E 9(S) n Hk'
n k

If S is not bounded, then there exists a FLPA to S on [-l.B] for any

Mk
finite B > 1. That is, for any x in T(S), Sx = lim I k_ldEx, where for

_-%
k

each k, fklXdEx is the limit in the uniform operator topology of a FLPA.

Thus, if B and B' are finite, then the bounded operators EBS and EBS each

have a FLPA, and the approximating sequences are consistent: if B* > B, then

any FLPA (A K ) to EB.S provides a FLPA to EBS' given by (EBAK )

If (SK) is a FLPA to (S), then Mn(j) will denote the number of
nK

eigenvalues (repeated according to their multiplicity) of PWn(SK)p wn that lie

K K
in the interval [aj_l,aj).

The integral representation of S will play a key role in the following

analysis. For S bounded, III+SII < 1+8, and f any continuous function on

0+
(0, 1+0]. it is noted that [f(I+S)]x = f f(l+X-.)dEAx for all x in H [7].

-1
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Note that for any fixed n, the ordered eigenvalues of (Pn S KP n) converge

to those of P SPn n

Lemma 3. Let B be any positive real number, wtth f any continuous

functton on [O,B]. For all n > 1, deftne

)fO tim I1+ [ 1+0 < jl
n Kj(

j., [,B)3 - K-i- j=1 [0,B)(1++ j1

where K > I and (I+S K ) ts a FLPA to I+S. Then, A 0 for all n > 1,

and the convergence is uniform for alt n > 1.

Proof. First, assume that S is bounded and that B > 11I+S11. Let f(x) =x p for

any integer p _ 0 and suppose that 1+0 K  M < w, all K > 1 Then.

n n K

An , ( 1 +,n)P - lir (l+0K)pMK(j)
n ni=l K-0 j n

It is obvious that A = 0 if p = 0; thus, suppose p _ 1.

n , n K K
An= - lim + (1+0.)pMK(j)n K_.0 i=l )p K-- I j n I

where are eigenvalues of V S V

1 1 K n ~K npK- K
K j iPi KKp (+O)pMK()

K
Jim i: (1+ i[nKP - (+.)PMK(j)

n ~ j n
-n K j=l1 i.e E[aj K a K

K iK K [p K( +K.)PMK(j ]
< I Jim 2- . (lO+.a.1
-n K j-11 .. Kn EaK aK j J n

1. Ca._,a j)

< 1 lim 1 j) (l+.+a.a 1 ). - (1+)PM

pn K j=l n 1 3/ j- 9 K

Info.Cap. of DLC - 9/5/89 - 8



K1 M K ( j )  
- (1+K)P

K j=l nJ p- 'e
KKwhere 6K = sup{a.-a I .j _< K}.

K
Now, E MK(j) = n, every K > 1. Thus,

j=ln

A < lim (I+0K+e K )p - (1+0)P < lim[(M+ - M = 0,n - KI KK K O

since the sequence (0K) is bounded and eK -0 O. The same procedure obviously

gives A = 0 when f is any polynomial. Note that the convergence is uniform
n

for all n > 1.

Nextsuppose that f is any continuous function on [O,M], take 6 > 0, and

let Q = Q(E,f) be a polynomial such that sup jQ(;) - f(X)I < e. Then
O<N<M

nA K K K KA < - 2 Q(1l ) - lira I Q.+ )MI~j) ne + E lim : M )
n -n i= 1 K-- j=l n n K-' jln

and the result follows as above.

To incorporate B < III+SII, one makes an obvious modification in the above

argument. Each FLPA (SK ) is chosen to contain B in its partition (aK). an

IK Kthe sums are taken (for 0) only over those j such that I + 0. < B.J

Similarly, the (3 n ) and ( 1 .n) are summed only over toose values < B.

For unbounded S. since n if fixed, for any c > 0 there exists M(6) such
M n2 xi

that when M > M(E). then ii 1 X dE~x - SxII < . for all x in I~w
n=O n-l I

M n
That is, 2 1 XdEA converges to S in tne strong (pointwise) operator

n=O n-I

topology on T(S); however, restricted to the finite-dimensional subspace ifW'

the convergence also takes place in the norm topology. One can thus apply the

Info.Cap. of DLC - 9/5/89 - 9



preceding to the bounded operator 3 s j MdE A. and then let M -*mto

M n=-O n-i

obtain the result for S. 0

Lemma 3 is a key result in determining the capacity. It will be applied

to show that the capacity is completely determined (for a given set of

constraints) by (G n > 1), where G (N) - [# eigenvalues of S < X].
n n n n

Several results that demonstrate the importance of the essential spectrum

Gress (S) to the channel capacity will now be obtained. Let V[S.(Hn)] be the

set of all '-r in IR such that for any K and any & > 0, there exists n > K such

that the number of elements in the sequence (3j)satisfying Ifn _ 11 < 6 is
-- 1

> K. Note the importance of V[S,(H fl. For fixed X. lim -(*eigenvalues if
n n

n

=- K-1
S n < X] = rmn 2 [# eigenvalues of S in [a.,a. +u)] where a. K a.1 ,l

n i=-O11

0 < i < K, a 0 = -1, and aK = X. For -r < X. let a.=('e i+6). Then

7 E V[S,(H )] is a necessary condition for lrn1  [4E# eigenvalues of S inn n n

(i'-e, i'+e)] > 0 for every & > 0.

Lemma 4.t Let A be a K-dtmenstonal subspace of H, with P4A the projection

operator with roange(P A) = A. If (K -)e < 1, then lIP z.I2 > 1 - e for at

most K elements of the o.n. set {z 1 1z 2 . -ZK+d }

Proof. Let A be the span of the o.n. element3 g 1 .**,K Then ~+IIPA z i 1

,fX (z.> 2 
= K+l< 2 2 .Tui i~~I 6 for

i < K. then 11P z 11 2( K - K(l-e) = IKe < 1 - 6 if e < -.
A K+l -K+1*

Prop. 1. Suppose that (U n n > 1) is a c.o.n. set for H. Let {z 1

ni > 1) be an o.n. sequence in H such that II(S-irl)z n. 11 0. Then

E V[S,(l)J.

Info.Cap. of DLC - 9/5/89 - 10



Remark. The existence of an infinite o.n. sequence (zn) such that

T(S-,nI)Znl2 -+ 0 is a necessary and sufficient condition for -r C a (S) [7].

esssThus, Prop. I states that ess [S] C V[S,(H n) ] .

Proof. Suppose that there exists E > 0 and K > 1 such that

dim[span{v n: 3,n_-.l ( e}] ( K for all n > 1. By assumption, and using the
1 1

fact that the monotone family of projection operators (Pw) converges in the
n

strong topology to the identity,

0 = lim ll(S--rI)Z.l = lim lim I(S-YI)P W z.11
2

1 i n n

> lim lir lipW (S-YI)PW z.i1 2 , so that
i n n n

n n 2 n 2
0 = lim im . (. r) (z.; V.>

i n j=l 

Thus, for any 6 > 0 there exists io(6) such that for all i > i(56) ,

6>un ,n13; 2 n2.
lim I j -Y) <z i., V.>

n j--l J
n

Ordering {v? . i < n} such that - ri > E for K+l < i < n. we have

nn2
6/ > lim - <z. v i> for i > i56). For fixed 6. choose klk 2  kn j=K+ 1' j 0(1) 2......kK+l

n j=K+l1 J

such that k. > i0(6) for 1 < i < K+I. For any a > 0, A > 0, there exists

no(a,A) such that n > no(a,A) implies that IPW zk.l 2 > 1 - A and 6/ + a >
n i

n n 2
n <zk., v.> for 1 < i < K+I. For such an n, let A be the span of

j=K+l n
n n22

(v~ I v K . Then for i < K+1l lip Ai, zk' >~ lip z. (6/c + a) >
n 1 n 1

1 - A - (56 + a). Since A, 6, and a can be selected so that

[K+I](A + 6/E + a) < 1, one obtains a contradiction of Lemma 4. 0

Info.Cap. of DLC - 9/5/89 - 11



Prop. 1 gives V[S.(Hn)] D aess(S), so long as {un. n > 1} is complete. A

partial converse is given by the following result.

Prop. 2. Let 6L and 8U denote the smallest and Largest points in

C ess (S). Then V[S,(Hn)] C [EOO.

Proof. It will first be shown that no point in V[S, (Hn)] can exceed 0U when
9

S is bounded. -i is ii, o ess(S) if and only if II(S-'rl)z n11- - 0 for some o.n.

sequence (zn). and this requires that <Szn,Zn> -+ i. In order that -Y > 0U be

in V[S. (Hn)]. it is necessary that for any e > 0 and M < - there exists n > M

such that 1)3n -rl < e for i(i) = 1.2.....M. This requires that

<Sz. zi> - -Y! < e for at least M o.n. elements (zi) in H. For 6 > 0. let

A(6u 6 ) be the set of normalized x in T(S) such that x is an eigenvector of S' n

for some n > 1 and the corresponding eigenvalue is > 0 + 6. Let M6 be the

maximal number of o.n. elements in A(GU.6). M 6 < - for every 6 > 0 implies

that V[S, (Hn)] contains no number greater than 9U .

The operator I - E U+6/2 is compact, since it must have finite-

dimensional range space. Hence, if M6 is not finite, then for any n > I there

exists zn in A(O,6 ) with 1lz 11 = 1 and 11(I - Eu 2 )ZnI < 1. Let T =

sup <Sx,x>. Then, for any e > 0.
llxll=l

T+2

+ 9U + 6 < <(I+S)zn' Zn = > " (l+X)dllEXziin2
-I

aU+6/2 2 T+[ n 2
f (l+X)d1lE~z n + f (l+X)dIFxzn1
-1 0 U+6/2

0 U+6/2 2 28U5/

f (l+X)dllExznll2 + (I+T+e)II(I - E0 +6/2)Znif
-1 U

Info.Cap. of DLC - 9/5/89 - 12



U +6/2 2
< f (l+X)dIExIAZnI + (l+T+e)/n

-1

(1+0U +6/2) + (l+r+e)/n.

For sufficiently large n, this is a contradiction.

A similar approach shows that every number in V[S. (H n)] is > 6L . since

EOL_6 has finite-dimensional range for every 6 > 0. 0

The results of Prop. 1 and Prop. 2 lead naturally to several reasonable

hypotheses* that V[S,(Hn)] C ess (S), that V[S,(Hn)] = aess(S) when {un,

n > 1} is complete, and that lim [# eigenvalues of S < X] is independent of
n n

n

the choice of the c.o.n.s. {un , n 1}. Unfortunately, all three of these

desirable attributes are false, in general.

Prop. 3.

(I) If {un , n > 1} ts not complete for H, then V[S,(Hn ) n a ess(S)

ts possible.

(2) If {un , n > 1} ts complete for H, then:

(a) V[S,(Hn)] C aess(S) ts not always true.

(b) Let QA(S,H) be the number of etgenvalues 03n of S such that
nL n

It-xIl > A ) 0 for all x in as(S). Then Qn QA(S,Hn) can

be strictly positive.

(c) TLim [ # etgenvalues of S ) A may not be independent of the
n nn

choice of {u , n > 1).

Proof. Counterexamples will be constructed, each using the operator S defined

as follows. Let {v . n > 1} be any c.o.n. set in H, take 0 > a > 0. and let

Info.Cap. of DLC - 9/5/89 - 13



S = a I v v + 0 1 v Ov
n0l n n>2 nn

n odd n even

To prove (1). set

V 2n-1 + V2n

Then (P ) SP = ±- u, i < n. n > 1, while ae (S) = {a.l}.Sn n ' s

To prove 2(a), choose {un, n > 1} by

vn +V n+(k+1) 10k+l_klOk k k+l k
u - 2k!O < n < (k+l)l0 + klO

Vn - Vn-(k+1)l0 k++klOk (k+l)10 k + + klO k ( n ( 2(k+1)10 k + 1

for k = 0.1.2.... (Pi) then has the following composition:

n = (2k)lok: (P) (a,13. each of multiplicity klO )
1

n = (k+llOk+l + klOk: (fl) = (aP, each of multiplicity klOk)

U (2, each of multiplicity (k+l)lOk + l - klO k

For 2(b), note that if a21 < A < 0, then the above choice of {u n > 1}
2 n

-l+)1 k+l 1
gives 1rn -[# eigenvalues of S ( X] = lim kllokl10 Further

n n n k-.- (11 Further.
n k- (k+l)l0 kl+klO

for A > (- .), 1fm QA(S.Hn) = lrn (k+l)lo-klok

n k- (k+l)lok +klO k -1

Finally, 2(c) is shown by using {un n > 1} defined by u = v n > 1

which yields (P?) containing only a and 1. each of multiplicity n/2 (n even)
n+1

or a with multiplicity 2-, P with multiplicity 2 1(n odd). 0
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Average Information Capacity

The main result can now be obtained.

Theorem.

B B +1
(1) -tim 'A j lo g [-'' dFN(X) Cw(P)

a--P) --

where B (n 1) ts deftned by

B
P = fn (B n-X)dF n (X)

-I

and

F(X # etgenvatues of S < X1.

(2) If tim [# etgenuatues of S < X1 exists for alt X in R, then
n-% n

B+I C B+1 -17- ,'tog( -)jdF(X) CW(P t og[ -JdF(N) + ni N n(N)

where F is a distribution function defined by

1F(X) = Itm, H# eigenuatues of S n(- X] = tim Fn(N)'
ni

and the constant B is defined by

P f 1B 1[B X~dF(X1

(3) IF Limk H -(N) = 0. then C'(P) = 0 if and only if Uim [
n rnn nc

eigenvatues of S n < NJ = 0 for all X in IR. This requires that S be

unbounded and always occurs if +- is the onty limit point of a(S).

Proof. It is sufficient to evaluate 1im GL (nP). Applying Lemma 3 to the
n

expressions contained in Lemma 1,
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B r B+1] B r Bn+l
f ~ log ndG(?,) e"(nP) f lo n G M + n

n -1 +

1 B
where G (X) 1 [# eigenvalues of S < X] and P fn[B-X]dF(X), n > 1.whr n(X n n B-~( ) n n i

-l

Note that since the integrands appearing in the statement of (1) are

equal to zero when evaluated at the upper limit, and are continuous, the left-

continuous function C(X) = I [# eigenvalues of S < X] can be replaced byn n n

Gn(X+ ) = Fn(X). The same comment holds for the reminder of the theorem.

To prove (2). we can suppose that li- Hn (N) = 0. Then, let (n.) be
n

any subsequence of the integers such that

B(nj) B(n )+ 1

T-i' L nP) = 11im !6 f log[ -+ nj N.

Let B be any finite limit point of (B(n ), j 1) (assuming that at least one

exists). Then, restricting attention to (nj) such that B(nj) - B.

MB(n) B(n )+l]

2CW(P) =lim l g dF nj(X)

B FB(n )+1 B rB~n )+Il
li- -1n - f log l dFN

JLXl4w ~ B( LX l n J

Now
B -B~ )+lB(n )+l

lim fn log [ l ]dFnj I (X lmj o J If (B) - .(B(n)

j BB(n)+l I

lira liog[ BI = 0.

We thus obtain
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3 rB(n.) +1
2CW(P) =limflog dF NX

B B(n.)+l B+lld
= tim f j+ lo[] + IogL[TJ/,, F r n (X)

j-40 -I B+

B LB(n )+lj n I
and since flog B dF n. ( )  I log [. one has

1

00 B

B+l (i ~

Cw(P) = li B log[-+-dFn (N)
j- -I 3

and, similarly,

B
P = lim f [B -X]dF n.(X).

j-40 -I J

Assuming that F ( ) F(X) for all X in R. this gives (2) of the Theoremn.
J

whenever {B(n.), j > 1} has a finite limit point. Moreover, in this case it

can be seen that every maximizing sequence must have B as a limit point.

To complete the proof of (2) and simultaneously prove (3), suppose that
(n.) is as above and that no maximizing sequence (B(n j > 1) has a finite

B(n.i) 
40limit point. Since P = -1 [B(n.) - X]dFn (X) for all j > 1, and B(n.)

it follows that lim F (X) = F(X) = 0 for every finite X and every maximizing
n.

sequence (n.). Thus, in this case C(P) has the same value as if +- were the

only limit point of a(S); assume WLOG that this is true. For a fixed n, the

channel in Hn is given by X + P N = Y, where -X[Hn] = 1 and E IIxjj2 < nP. A
n W,n -

given x in H has the representation x = Vn %v for some unique v in H .andn Nn n'

IIxIWn = I[vIl. Vn is isometric on range(RP n ). The Hn channel is thus

equivalent to the H. channel Y = X + VP N, with X a.s. in H E llxII2
n n n Wn' X

' 2  <nP. For this n-dimensional channel, C(nP) C(nP. max), where
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CP (nP. max) is the informa.tion capacity of the infinite-dimensional Gaussian

channel when the noise has covariance operator RNand the transmitted signal

measure IXmust satisfy: dim[supp(p,)] n. pXi[range(Ry) = 1, and

EI11xiI 2 nP. From Theorem 2 of [2]

K(n)
Gq(nP, max) I log [Lx In

where Xl I X 2  X3  ... are the elgenvalues of I+S (since S has a finite set

of limit points, it has pure point spectrum).

P 1 K(n)
P [C(n) -Xi]

and

K(n) = sup~i: X. ( C(n)}.

Thus,

1-C(n. x) I K(n) rC(n-X il
n2n i

1K(n)
and since X wand- I [Cn- =l ti gives

Tlim - CGn(nP) li -1C~(nP, max) =0.

n n

Thus, for a mximizing subsequence (nj) either (B(n~) has a finite

limit point B. or else B(n~)-~ In the first case. (1) and (2) (when

applicable) of the Theorem give the capacity. In the second case. CW(P) =0.

It is clear that either every mximizing sequence (ni has (B(n.) with a

finite limit point, which has the unique value B. or else (B(n~) has no

finite limit point for any maximizing sequence (nj) D
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Remark. In part (2). the same result holds so long as F(X) rn lim F n(X) exists
no

for all X ( B. with B defined as in (2).

The following result is a slight refinement of part (1) of the Theorem;

the direct proof is omitted.

Corottartl 1. Suppose that -- amn  n() > 0 and that TIm nG-N(N) = 0.
n n

and Let B be the Largest number such that P 2 tt J B1 [Bn - X]dFn . Then
n

B B +11
TtW ic(nP) = t.i flogI ~~dF N( .n n 1

where (Bn) and (Fn) are deftned as tn Theorem.

Corol naru 2. When - (N) 0. then bounds on '(P) are given by

n

log(1 + PAX) C(P) " t Log(1 + PAX kt)

where itn ts the smatLest Limit point tn the spectrum of S, and X tsmax

the largest. Moreover, these bounds can be attatned by proper choice of

(H)
n

Proof. The bounds follow from Prop. 2. The upper bound is attained if (ui.

i 1} is chosen so that II(S--YI)u 111* Xmin such an o.n. set exists, since

X min is in a ess(S). The lower bound is attained in a similar manner. o

Applications

A number of applications of the main result are given in [3]. These

include new results for nonstationary discrete-time channels and for both

stationary and non-stationary continuous-time channels when the time of

transmission is fixed.
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Extensions

For the classical continuous-time channel, the time of transmission is

permitted to increase in order to define average information capacity. The

dimensionality n used here is replaced by the transmission time T, and the

subspace Hn is replaced by L2[OT]. The constraint EilXI~ 2 nP is replaced

by the constraint E 1xIIx 2  TP, where T [range(= 1, 11x1 2w,
T W , TAneR J)] WT

IIRWTXIIT. and 11-11T is the L2[O.T] norm. RW.T is a bounded linear operator in

L2[O.T] defined by a covariance function rW . with rw(t.s) defined for all s.

t 0.

The method used here can also be used to analyze capacity of such

channel- Those results will be given elsewhere.
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