z‘;‘. Sy - .
[ 2 X [TRY 5
ik (DB

INFORMATION CAPACITY OF DIMENSION-LIMITED CHANNELS

C.R. Baker

Department of Statistics
University of North Carolina
Chapel Hill, NC 27599, U.S.A.

DTIC

May 1989 ELECTE
0eC 041989

o

Average information capacity is determined for a class of communication

AD-A215 238

Abstract {

g

channels containing additive noise. Gaussian noise processes and a large
class of nonGaussian processes are included. The constraint on the trans-
mitted signals is given in terms of an increasing family of finite-dimensional
subspaces. The results apply to the classical discretejﬁime channel and to
continuous—-time channels with fixed signal duration.
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Introduction

Coding capacity of additive Gaussian channels is a fundamental problem in

the Shannon information theory [1]., [4]. However, concrete results on this
problem have actually been obtained only for special cases involving
stationary noise.

In this paper, capacity is obtained for dimension-limited Gaussian
channels. The result also holds for a large and important (in applications)
class of nonGaussian channels. Bounds on capacity are obtained for a larger
class of nonGaussian channels. The results given are for information
capacity, but in a form suitable to use for obtaining coding capacity: that
application is given elsewhere [3].

It will be seen that the development entails extensive use of the
spectral representation of a self-adjoint linear operator. This operator
defines the relation between the energy constraint on transmitted signals and
the channel noise covariance. In particular, the essential spectrum of this

operator plays (fittingly!) an essential role in the development.

Problem Formulation
The channel is described by Y = X + N, where Y, X, and N represent
measurable stochastic processes in an underlying probability space (Q.B.v).

with paths a.s. in a real separable Hilbert space H. H has inner product

{+,*> and norm li*ll. N is represented by a probability MN+ My need not be For

countably additive. Thus, MN is defined on the cylinder sets of H.

Associated with My is a covariance operator RN that is linear, bounded, self—s

o

adjoint, and non-negative: By

Ryu.v> = IH(x.u)(x.v>duN(x).

%

A
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We assume WLOG that My is strictly positive with zero mean.
In order to obtain finite capacity, any set of constraints on the signal
X must involve (explicitly or implicitly) a self-adjoint bounded linear

operator Rw which is strictly positive and satisfies

Ry = Rﬁ(hS)Rﬁ.
In this representation (I+S)-1 exists and is bounded, but the self-adjoint
operator S need not be bounded. See [2] for details.
In order to formulate the problem in a form consistent for application to
coding capacity. the constraints will involve an increasing family of linear
manifolds (Hn)‘ Hn C Hn+l C H. dim[Hn] = n. Pn will be the projection

operator in H with range equal to Hn' Pw will be the projcction operator
n

with range equal to range[R:P 1.
n
For each n, the constraint on the class of admissible transmitted signals
x is given as follows:

1) an € Hn a.e. dux
2

2) Eux"PHXHW.n < nP
where My is the cylindrical probability describing the transmitted signal,
P (» is fixed, and Hy"% n = Hu"z. where u is the unique element in Hn

satisfying (PanPn)%u =y. For each n, this defines a channel of the form
Y? = x™ + N®, where X" represents a stochastic process w#iti: paths a.s. in Hn
n n -1
and described by a (zero-mean) probability Hy s ux(A) = uXOPn [A] for each

n

n 5-1
Borel set in Hn' N is defined by the zero mean probability My = uNOPn .

The constraints (1) and (2) are equivalent to the following:

1Y mylH ] =1
2') E _WxiiZ ¢ nP
Hx
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where u§ is a probability. The equivalence of these two definitions follows
from the fact that a cylindrical probability on a Hilbert space is uniquely
defined by its projections on the finite-dimensional subspaces.

For any n 2 1, let ugN be the zero-mean Gaussian probability on Hn with
covariance operator Rs = ;nRN;n' The development here will make use of the
relative entropy HEN(N). n2l,

n

Tu [1°g du: ]d“;

n duGN

Hay (M)

n,,. n -
We define HEN(N) o {f duN/duGN does not exist. The most precise results (an
exact value of the capacity) will be obtained for channels such that

lim %'HEN(N) = 0. Of course, this includes all channels defined by Gaussian
n

cylinder set measures; it also includes many nonGaussian channels. In fact,

let HGN(N) = sup HEP(N)' Many important nonGaussian channels satisfy
n

HGN(N) { o, For example, if My = Wy where Hy 1s zero-mean Gaussian with
covariance operator Rv and My is zero mean with covariance operator RX = RtTRt
for T trace-class, then HGN(N) { ® regardless of the other characteristics of
Hy [3].

Two concrete examples of this setup are the classical discrete-time
channel and the continuous-time channel with fixed (finite} transmission time
for the code words. In the classical discrete-time channel, H = 82. Hn = {x
in 82: X, = 0. 1 > n}, and RN is the noise covariance matrix. Rw is also
defined by a covariance matrix; when the channel noise is stationary, then Rw
is typically defined by a time—-invariant linear filter h with Fourier

transform h. |h|2 then gives a spectral density which defines the covariance

operator R,. The present paper is limited to obtaining expressions for the
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average information capacity, and related results, in the above framework. In
[3]. these results are applied to the classical discrete-time channel to
obtain new results on coding capacity. Capacity of the stationary channel
when Rw = I has been known/assumed for many years; however, it is apparently
only recently that a rigorous proof has been given for the channel with memory
[5].

The other principal concrete example is for H = L2[O.T]. T < o, with Hn =
span{el....,en}. where {ek. k 2 1} is an infinite o.n. set. The application
to such channels is described in [3], which also contains a number of specific
results.

For each n, one thus has a channel in Hn‘ described by the joint
probability ”§Y' u;Y(A) = u;@ug{(x,y)! x + y € A} for A a Borel set in anHn'

The mutual information is then

n
k “XY(A')
I(uD,) = sup 3 P (A.) log ——————l——]
Mxy k<K izluXY i n@“$(Ai)
K2>1
and the sup is over all Borel-measurable partitions Al' A2, ce e Ak of anHn.

The capacity is C;(nP) = sup I(u;Y). where the sup i< over all u; such that

2
E n"x"W,n < P.

The channel’s average information capacity is then C;(P) = lim % C&(nP).
. n-x

Of course, coding capacity is the important operational parameter of the
channel. If N is Gaussian, then it can be shown [3] that coding capacity is
equal to the average information capacity C;(P) for the class of channels
considered here. In addition, if MN is not Gaussian, but satisfies HgN < o,
then C;(P) gives an upper bound on the coding capacity [3].
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The program here is to give a general expression for C;(P). valid for all
channels satisfying the abovz model. Such channels are (escribed by a noise
covariance operator RN' a constraint operator RW' an increasing family of
finite-dimensional linear manifolds (Hn). and an "average signal-to-noise
energy” limitation P. Equivalently, the channel is characterized by P, by S
(the operator defining the relation between the noise covariance and the

channel covariance), and by (Pw ). a monotone increasing family of projection
n

1
operators, Pw having range equal to range(Rgﬁﬂ).
n .

As part of the development, it will be seen that the results depend on
the spectrum o(S) of S, but only upon the part belonging to the essential
spectrum aess(S). This set, which is also the "limit points of the spectrum,”
consists of limit points of distinct eigenvalues, eigenvalues of infinite

multiplicity, and points of the continuous spectrum [7].

Preliminary Results

o — 1
The average capacity C,(P) is defined as lim = C,(nP). (nP),
% RGP G

information capacity of the Hn channel, is given by the following wel l-known

result.
N(n) N(n)
Lemma 1 [2.5,6]. % 3 g [—(ﬁl*—] < Ch(nP) < % 3 log[m] + HE (M)
: =1 B7+1 GN
i
where BT < Bg < ... ¢ ﬁz are the eigenvalues of Sn' N(n) = sup{i € n:

ﬁ? < B(n)}, and B(n) is defined by

N(n)
P (B0 - A,
1=

The next lemma gives several fundamental relations.
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i i ~ ~
Lemma 2: Let S: H - H satisfy Ry = R;(I+S)R§, define RW,n = P R,P and

nw¥n

~ ~s i 1
- D Qo : R 2 2
RN,n = rnRNPn’ and let S, : Hn - Hn satisfy RN,n = RW,n(In+Sn)RW,P’ for

n > 1, where In is the identity in Hn' Then:
3 3 pay¥ . C oy th initial
(1) RW,n = PnRan’ where Vn: H- Hn is a partial isometry with initia

1.
set equal to range(R;Pn) and final set Hn'

(2) S =VSV, n>t.

n 2
(3) Let Pwn be the projection operator with range equal to HWn =

1
range(RéPn). The eigenualues of PWnSPWn (and their multiplicity)

are the same as those of Sn'

Proof. (1) follows from results in [4]. (2) is obtained by equating the two
definitions of yielding P %(I+S) zﬁ - R% (I +S )R% and then applying
RN.n' nRW RW n RW.n n n’ W

€
part (1). (3) follows from the fact that range(Pwn) = Hwn = range(Vn). o

The family of partial isometries (Vn) plays a key role in the analysis of

capacity. Consider L = 82 and the classical discrete-time channel.

1
Range(Ré?n). the range space of V:, is then equal to the span of the first n

1 ~
columns of Ré, If Rw = I, this of course gives V: =V = Pn' the projection

n

onto Hn = {x: X, = 0, i > n}. This is the simplest possible case, and enables
one to immediately give the capacity of the stationary Gaussian channel as a
corollary to the general expression for the capacity [3].

{ei. i 2 1} will be used to denote any o.n. set in H such that Hn =

span{el.....en}. Similarly, (ui. i > 1} will denote any o.n. set such that

Hwn = span{ul.....un}. The partial isometry Vn is defined by Vnui =e,.
i {n. For fixed n, {v?: i < n} will denote o.n. eigenvectors of Pw SPw

n n
corresponding to the eigenvalues (B?)Z Pw SPw v?
n n

n n .
= f,v, for i < n.
ii
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Let {Ek‘ A € R} be the left-continuous resolution of the identity [7] for
S, so that for x in the domain ¥(S) of S, Sx = ITIAdExx. For S bounded, this

representation 1s the limit of a finite-limit-point approximaticn (FLPA) to S.

(SK). defined as follows. For S bounded, 1 { i ¢ K, let -1 = ag < a? <
K K K K
. < A, where 1+aK_1 < II+SH < 1+aK. Let Ai be the range of EaK ~ EaK
i i-1
K K K K
and set E , = E , - E . Let SK = 3 GKE , where 8, € [a, ,,a_ ). Then
K K K - i’ K i i-1'"71
A, a, a, i=1 ~ A;
i i i-1 i
SK K K . . .
IS™-SIl - 0 as K » «© and sup{ai a1 <K} -0 ([7]. If S is not bounded,
M
: . n n
then for any x in 9(S), Sx = lim 2 fn—IAdEAx' where for each n, fn_IAdER
M- n=0
exists as the limit of a FLPA (SK[n]) and "fg_lkdEk - SK[n]H -0 as K- o [7].

k N . .
The operators (Tk). Tk = k_1)\dE7\. are pairwise orthogonal: Tk- H- Hk'

PO k n n . . .
Hk L Hj if j # k. Also, T, = k_lkdE)\. where Ek is the restriction of ER to

k
- k' - I -
Hn. Thus, H = :Hk‘ Ex- n-D. Sx = Tkx whenever x € 9(S) N Hk'
If S is not bounded, then there exists a FLPA to S on [-1,B] for any
Mk
finite B > 1. That is, for any x in #(S8), Sx = lim 2 J, ,NdE,x, where for
M- k=0

each k, ft_lkdEk is the limit in the uniform operator topology of a FLPA.
Thus, if B and B' are finite, then the bounded operators EBS and EB,S each
have a FLPA, and the approximating sequences are consistent: if B' > B, then
any FLPA (AK) to EB.S provides a FLPA to EBS. given by (EBAK).

If (SK) is a FLPA to (S), then Mﬁ(j) will denote the number of
eigenvalues (repeated according to their multiplicity) of PWn(SK)PWn that lie
in the interval [a?_l.aﬁ).

The integral representation 6f S will play a key role in the following

analysis. For S bounded, II+Sll { 146, and f any continuous function on

6+
(0, 1408], it is noted that [f(I+S)]x = [ f(1+A)dE,x for all x in H [7].
-1
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Note that for any fixed n, the ordered eigenvalues of (PnSKPn) converge

to those of P SP .
n n

Lemma 3. Let B be any positive real number, with f any continuous

function on [0,B]. For all n > 1, define

K
R K Ko K, .
A, = —-I 3 2 Lo, 5)HEDILAEY] = Uin 3 1o gy (1+0))FLLe0) ()]

where K 2 1 and (I+8%) is a FLPA to I+S. Then, A =0 for all n > I,

and the convergence is uniform for all n > 1.

Proof. First, assume that S is bounded and that B > lII+Sil. Let f(x) = xP for
any integer p > 0 and suppose that 1+6§ { MC® all K> 1. Then,

n K

3 (1+P - lim 3 2 (140 )PMK(J)I

>
1
=R

i

It is obvious that An = 0 if p = 0; thus, suppose p 2 1.

n K
A = 1 lim 3 1+BK - lim I (146, )pMK(J)l
n Mgy -1 K j=1
where (B?'n) are eigenvalues of VnSKv:
K
- Lim 3 [ s (g myP - (1+eK)pMK<j)]
"Ik =1ty Ken K ' o
i an 125
K
<Liim 3 I s (1465 ™)P - (1+GK)pMK(J)l
K j=1 n ! J n
J i:ﬁf' €[
K
< Liim 3 [ b (1+eK K_aK )P - (HGK)”MK(J)
DK g n PR I B! J°n
i:ﬁ?' €la; ., )
K
<Liim 3 Hj;(J)[(l+9K+a : P - (1+e )P
K j=t J

Info.Cap. of DLC - 9/5/89 - 8




I~
=N
—
e

3
I M X

W [(rafre )P - (1+e,‘§)p]

where eg = sup{a - Jj <€ K}.

K_K
i1

Now, Mﬁ(j) =n, every K 2 1. Thus,

I ™M X
—

J

; K P _ Kyp . P _ P! _
An < 1;m[(1+GK+eK) (1+GK) ] < l&m[(M+eK) M| = O,

since the sequence (BK) is bounded and eg > 0. The same procedure obviously
gives An = 0 when f is any polynomial. Note that the convergence is uniform
for all n > 1.

Next,suppose that f is any continurus function on [O,M], take ¢ > O, and

let Q = Q(e.f) be a polynomial such that sup |Q(A) - f(A)| < e. Then
0<A<M

K
ne + ¢ lim =2 M (J)
K=o j=1

s Q(1+p”) - lim 3 Q(1+8K)MK(J)
i= K= j=1

>
InN
D=

+_

and the result follows as above.

To incorporate B ¢ II+Sll, one makes an obvious modification in the above
argument. Each FLPA (SK) is chosen to contain B in its partition (a?). and
the sums are taken (for SK) only over those j such that 1 + 9? < B.

Similarly. the (B?) and (ﬁf'n) are summed only over tnose values < B.

For unbounded S, since n if fixed. for any ¢ > O there exists M(e) such

M
that when M > M(c). then Il 3 [ A dE,x - sxI® ¢ ellxl®, for all x in H,
n=0 n-1 n
M n
That is, X [ AdEx converges to S in the strong (pointwise) operator
n=0 n-1

topology on #(S): however. restricted to the finite-dimensional subspace Hw
n

the convergence also takes place in the norm topology. One can thus apply the
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M n

preceding to the bounded operator SM = 2 J AdEx. and then let M - © to
n=0 n-1

obtain the result for S. o

Lemma 3 is a key result in determining the capacity. It will be applied
to show that the capacity is completely determined (for a given set of
constraints) by (Gn' n 2> 1), where Gn(x) = % [# eigenvalues of S, < A].

Several results that demonstrate the importance of the essential spectrum
oess(S) to the channel capacity will now be obtained. Let V[S.(Hn)] be the
set of all v in R such that for any K and any ¢ > O, there exists n > K such
that the number of elements in the sequence (B?) satisfying |B? - 1| < e is
> K. Note the importance of V[S,(Hn)]. For fixed A, Tim % {# eigenvalues of

K-1 .

3 [# eigenvalues of S in [a ,a, .)] where a_ < a
i=0 i+l 1

’J|>—

S < A] = Tim e
n
a

0 ¢i <K, 0 -1, and ay = A. For v < A, let a = (r-e., v+e). Then
T € V[S.(Hn)] is a necessary condition for lim % [# eigenvalues of Sn in

{(v-e. v+e)] > O for every ¢ > O.

Lemma 4. Let A be a K-dimensional subspace of H, with P\ the projection

operator with range(PA) = A. If (K+l)e <1, then IIPAziII2 >1 - € for at

most K elements of the o.n. set {21.22.....2K+1}.

Then =Fiup 2 12 -

Proof. Let A be the span of the o.n. elements Bye-- By i=1"PA% 4
?K+1 Eﬁ _ Eﬁ +1 , 2 _

1(2 ,gk = EK <z .gk g K. Thus, if ”PAZi“ > 1 e for
. 2 1
i < K, then "PAZK+1“ CK~-K(l-e) =Ke <1 -¢€ if e T a

Prop. !. Suppose that (un, n)1l} is ac.o.n. set for H. Let (zn
n > 1} be an o.n. sequence in H such that II(S-*rI)znll2 - 0. Then

v € V[S.(H)].
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Remark. The existence of an infinite o.n. sequence (zn) such that
H(S—wI)znll2 - 0 is a necessary and sufficient condition for v € aess(S) [77].

Thus, Prop. 1 states that aess[S] C V[S.(Hn)].

Proof. Suppose that there exists ¢ > O and K > 1 such that
dim[span{v?i |B?—7| <e}] {K for all n > 1. By assumption, and using the

fact that the monotone family of projection operators (Pw } converges in the
n

strong topology to the identity,

0 = lim II(S—wI)ziII2 = lim lim Il(S—‘rI)Pw 21”2
i i n n
. . 2
2 l*m lim IIPw (S-'VI)Pw ziH . so that
i n n n

S 2 n.2
0 = lim lim 2 (B, - 7)™ <z., v >".
i n j=1 9 L
Thus, for any 6 > O there exists io(é) such that for all i > 10(6).
o 2 n. 2
6> lim Z (B? - 1)Kz, v O,
n j=1 1 J

Ordering (v?. i < n} such that [B? - wl > e for K+1 < i < n, we have

n

. n.2 . . .
8/e > lim . z <Lz, vj> for i > 10(6). For fixed &8, choose kl'k2 ..... kK+1
n j=K+1
such that ki > io(é) for 1 < i < K+1. For any a > 0, A > O, there exists
. . 2
no(a.A) such that n > no(a,A) implies that HPwnzkiH > 1 A and 8/¢ + a >
n n. 2 .
s < , v.27 for 1 < i ¢ K+1. For such an n, let A be the span of
. J n
j=K+1 i
n n . 2 2
(v1 ..... VK}. Then for i ¢ K+1, "PAnzki" 2 HPwnzkiH - (6/e + a) >

1 - A - (8/e + a). Since A, 6, and a can be selected so that

[K+1](A + 6/e + a) < 1, one obtains a contradiction of Lemma 4. a
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Prop. 1 gives V[S.(Hn)] . oess(S). so long as (un. n > 1} is complete. A

partial converse is given by the following result.

Prop. 2. Let BL and 6., denote the smallest and largest points in

u
aess(S). Then V[S,(Hn)] C [BL,B"].
Proof. It will first be shown that no point in V[S, (Hn)] can exceed GU when
‘)
S is bounded. ~ is in aess(S) if and only if H(S—vI)an” -+ 0 for some o.n.

sequence (zn). and this requires that (Szn.zn) - v. In order that v > BU be

in V[S, (Hn)]. it is necessary that for any ¢ > O and M < @ there exists n > M
such that IB?(7)—7| { e for i(v) = 1,2,...,M. This requires that

|<Szi.zi> -~ 4! < e for at least M o.n. elements (zi) in H. For 6 > O, let
A(BU,6) be the set of normalized x in #(S) such that x is an eigenvector of Sn

for some n > 1 and the corresponding eigenvalue is ? QU + 6. Let M(5 be the

maximal number of o.n. elements in A(Gu.é). Mé ( o for every 6 > O implies

that V[S, (Hn)] contains no number greater than GU.

The operator I - E9U+6/2 is compact, since it must have finite-

dimensional range space. Hence, if Ma is not finite, then for any n > 1 there

) . . _ _ 1 _
exists z_ in A(GU.G) with Han =1 and (I E9U+6/2)Zn“ < = Let 7 =
sup <{Sx,x>. Then, for any e > O,
lxli=1
T+e °
1+ BU + 56« ((I+S)zn, zn> = _{ (1+A)dHEAan
9U+6/2 9 T+e 5
= (1+A)dHExz <+ f (1+A)dHExz 1
n n
-1 8, +56/2
U
0, +6/2 2

¢ Jr (1+A)dHEkan2 + (1+1+e)li(I - E

Yz M
-1 8U+6/2 n
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9U+6/2 2
{1 (1+A)d"Ekan + (1+71+e)/n

I

I

(1+9U+6/2) + (l+1+e)/n.

For sufficiently large n, this is a contradiction.
A similar approach shows that every number in V[S, (Hn)] is 2 BL. since

0. -5 has finite-dimensional range for every & > O. a
L

The results of Prop. 1 and Prop. 2 lead naturally to several reasonable
hypotheses* that V[S.(Hn)] C aess(S), that V[S.(Hn)] = aess(S) when {un,

n 2 1} is complete, and that lim % [# eigenvalues of Sn { A} is independent of
n

the choice of the c.o.n.s. {un. n > 1}. Unfortunately., all three of these

desirable attributes are false, in general.

Prop. 3.
(1) If {un, n > 1} is not complete for H, then V[S,(Hn)] n aeSS(S) = ¢
is possible.
(2) If {un, n 2 1} is complete for H, then:
(a) V[S,(Hn)] C oess(S) is not always true.
(b) Let QA(S.Hn) be the number of eigenvalues B? of Sn such that
- . — 1
Iﬁ’i‘ x| 24> 0 for all x in o, (S). Then Tim = Q,(S.H_) can
be strictly positive.

(c) lim i [# eigenvalues of Sn > A] may not be independent of the
n

choice of {un, n>1}.

Proof. Counterexamples will be constructed, each using the operator S defined

as follows. Let {vn. n > 1} be any c.o.n. set in H, take 8 > a > 0, and let
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S=zalI v +p5 3 vn@vn.
1 0 B n>2
n odd n even

To prove (1), set

+ . .
Then (PwnSPwn)ui - F%fqlﬁr i <n n3l whileo_(S) = {a.p).

To prove 2(a), choose {un. n > 1} by

v +v k+1 k
u =B n+(k+1)10" "-kl10 2k10k <n < (k+1)10k+1 + klOk
n. V2
v -V k+1 k
_.n n-(k+1)10" "+kl10 (k+1)1ok+1 + k10X ¢ n < 2(k+1)10k+1
V2
for k =0,1,2,... (ﬁ?) then has the following composition:
k. n sy s k
n = (2k)10: (Bi) = (a,B. each of multiplicity k10")
n = (k+1)105*! + K10k (63) = (a.B. each of multiplicity k10¥)

U (E%Eg each of multiplicity (k+1)10k+1 - klOk.

For 2(b). note that if 2 ¢ X < . then the above choice of {u_. n > 1)

2
+1
gives Tim H-[# eigenvalues of Sn <A] = (k+1)10 T = %% . Further,
n kqm (k+1)105*L4k10
(k+1)10 *lok o

for 4> (5 - 2). Tim = Q,(S.H ) = lim =
n

ko (k+1)105* Lek10¥
Finally, 2(c) is shown by using (un. n > 1} defined by u =v..n > 1,

which yields (ﬁ?) containing only a and B, each of multiplicity n’2 (n even)

or a with multxpllcxty 2 , B with multxpllcxty (n odd). 8]
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Average Information Capacity

The main result can now be obtained.

Theorem.
___ B Bn+1 ©
(1) Tim % [ log[ A+1]an(A) < Cy(P)
ns° -1
?“ B +1
< ltm[ log[ ]dF (A) +
ol =g A+l
where Bn (n 2 1) is defined by
B
P = I'; (B -N)dF_(\)
and
1 .
Fn(x) = H-[# eigenvalues of Sn < AJ.
(2) If lim i-[# eigenvalues of S (¢ A] exists for all A in R, t
nxo " n
% Log[Zrl]dF(A) < Ca(P) < % I°) log[ExL]dF(A) + Tim = H)
n
where F is a distribution function defined by
F(A) = lim —{# eigenvalues of S {A] =lim F (A)
n-—x n—x
and the constant B is defined by
B \
P = f_I[B‘k]dF(A,.
(3) If Tim £-HgN(N) 0. then CW(P) 0 if and only if le = [#
n n—xo

eigenvalues of S {A] =0 for all A in R. This requires t

unbounded and always occurs tf +® is the only limit point o

Proof. It is sufficient to evaluate lim %-C;(nP). Applying Lemma 3
n

expressions contained in Lemma 1,
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Br B +1 B +1 1 n
% J© log|—<——|dG (A < —c“(np) { % f log [~ |dG, (A) + = HOW(N)
-1 A GN
1 Bn
where G_(A) = = [# eigenvalues of S_ ( AJ and P = J [B -AJdF_(A). n > 1
n n n , n n

Note that since the integrands appearing in the statement of (1) are
equal to zero when evaluated at the upper limit, and are continuous, the left-
continuous function Gn(k) = % [# eigenvalues of Sn < A] can be replaced by
Gn(k+) = Fn(k). The same comment holds for the remainder of the theorem.

To prove (2), we can suppose that lim %-HSN(N) = 0. Then, let (nj) be
n
any subsequence of the integers such that

B(n )

. B(n, )+1
1:1 n(#(n?) limA i)

! log[—x_‘ll—]df-’nj()\)u

Let B be any finite limit point of (B(nj). J 2 1) (assuming that at least one

exists). Then, restricting attention to (nj) such that B(nj)'e B,

. B(ny)  B(n )i
2C5(P) = Lim . log[ L ]anJ(x)
B(n,)+1 B B(n )+1
lim[ s log[ L ]anJ(A) - B{nj)log[ L ]dpnj(x)].
Now
B(n )+1;
5;2 1°g[ B+l | = 0.

We thus obtain
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3 [B(n.)+1

®(P) = lim J log|——/|dF_ (a)
2CW jom -1 A+1 ] nj

B B(n,)+1

= lim § [log[——E%T——] + log[%%%ﬂ]an (\)
= -1 J

B(n_)+1

? log[——ﬁii——]an.(A)l ) B(n )+1
-1 j

log [_Bi_l_—] I one has

and since

B
lin % J log[3etldF_ (A)
J

LR

Cy(P)

and, similarly,

~d
]

B
lim § [B - A]dF_ (A).
j== -1 J

Assuming that Fn (A) = F(A) for all A in R, this gives (2) of the Theorem
J

whenever {B(nj). j 2 1} has a finite limit point. Moreover, in this case it
can be seen that every maximizing sequence must have B as a limit point.
To complete the proof of (2) and simultaneously prove (3), suppose that

(nj) is as above and that no maximizing sequence (B(nj). j > 1) has a finite
B(n,)
limit point. Since P = [  ° [B(n;) - A\J4F, (A) for all j > 1. and B(nj) > =,
J
it follows that lim Fn (A) = F(A) = O for every finite A and every maximizing
J*=
sequence (nj). Thus, in this case C;(P) has the same value as if +® were the

only limit point of o(S); assume WLOG that this is true. For a fixed n, the

. . . >N _ 2
channel in Hn is given by X + PnN = Y, where ux[Hn] = 1 and EuX”x”W.n < nP. A

%
given x in Hn has the representation x = Van LY for some unique v in Hn' and

1
Hwa'n = livll. Vn is isometric on range(Ré;n). The Hn channel is thus
E g
equivalent to the Hw channel Y = X + VPN, with X a.s. in H ., E IIxII2 =
n nn W.n My w

-4 .2 . .
Eux”RW xlI” ¢ nP. For this n-dimensional channel, C;(nP) < CS(nP, max), where
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C;(nP. max) is the information capacity of the infinite-dimensional Gaussian
channel when the noise has covariance operator RN and the transmitted signal
1
measure Ly must satisfy: dim[supp(px)] {n, ux[range(Rc)] = 1, and
2
EuxHwa € nP. From Theorem 2 of [2]

K(n)
(ﬂ(nP. max) = % 3 log[%\ml]
i=1 i
where Al < A2 < A3 < ... are the eigenvalues of I+S (since S has a finite set

of limit points, it has pure point spectrum);

| K(n)
P = izl [C(n) - A,]
and
K(n) = sup{i: A, < C(n)}. {
Thus,

K(n) (C(n)-A
LR R

- 1 K(n) P
and since A, 7 @ and 5 1§1 [C(n)—ki] = 5. this gives

Tfn'%cg(np) < Tilarl—lc";(np, max) = O.

Thus., for a maximizing subsequence (nJ). either (B(nj)) has a finite
limit point B, or else B(nJ) - o, In the first case, (1) and (2) (when
applicable) of the Theorem give the capacity. In the second case, C;(P) = 0.
It is clear that either every maximizing sequence (nj) has (B(nj)) with a
finite limit point, which has the unique value B, or else (B(nj)) has no

finite limit point for any maximizing sequence (nj). -
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Remark. In part (2). the same result holds so long as F(A) = lim Fn(x) exists
n—e

for all A < B, with B defined as in (2).

The following result is a slight refinement of part (1) of the Theorem;

the direct proof is omitted.

—_—1 —1
Corollary 1. Suppose that lrtln '-‘—c"'(np) > 0 and that 1:-. = HgN(N) =0,

and let B be the largest number such that P 2 Tim J° [B_ - AJdF_(A). Then

n
. __B (B4l
l;m ;-C;(nP) = l;m {llog[xzi—-an(k).

vhere (Bn) and (Fn) are defined as in Theorem.

H.

GN(N) = 0, then bounds on C;(P) are given by

S

Corollary 2. VWhen Tim
n

(-]
% log(1l + P/Anax) < CW(P) < % log(1l + P/Rmtn)

where xnin is the smallest limit point in the spectrum of S, and Amax is

the largest. Moreover, these bounds can be attained by proper choice of

(Hg ).
n

Proof. The bounds follow from Prop. 2. The upper bound is attained if {ui.
i 2 1} is chosen so that H(S—vI)uiM - Amin: such an o.n. set exists, since

A is in o__ _(S). The lower bound is attained in a similar manner. o
min ess

Applications

A number of applications of the main result are given in [3]. These
include new results for nonstationary discrete-time channels and for both
stationary and non-stationary continuous-time channels when the time of

transmission is fixed.
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Extensions

For the classical continuous—-time channel, the time of transmission is
permitted to increase in order to define average information capacity. The
dimensionality n used here is replaced by the transmission time T, and the
subspace Hn is replaced by L2[O,T]. The constraint E n"xH% n ¢ nP is replaced

Hx
by the constraint E IIxII2 < TP, where T[range( 4 )] =1 llxll2 =
T W, T ' Hx Rv.T " )

iR% e, and li-ll. is the L,[0.T] norm. Ry . is a bounded linear operator in
Ry, M T 2l®: ' T
L2[O.T] defined by a covariance function Ty with rw(t.s) defined for all s,
t 2 0.

The method used here can also be used to analyze capacity of such

channel=  Those results will be given elsewhere.
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