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Abstract

The information capacity of the mismatched stationary continuous-time
Gaussian channel is determined. The assumptions placed on the signal process
are less restrictive than those given in previous treatments. Moreover, .he

assumptions used may have operational advantages over those used previously.

*Department of Statistics, University of North Carolina. Chapel] Hill, N.C.
27599-3260

**Department of Mathematics, Faculty of General Education, Nagoya University,
Chikusa~-Ku, Nagoya 464. Japan

Research supported by ONR Grant NOOO14-89-]J~1175 and NSF Grant NCR-8713727.

.- o
™, " " ! . ST B [

A A g e




UNCLASSIFIED

SECURITY CLASSIFICATION OF TrHIL PAGE

REPORT DOCUMENTATION PAGE

1a REPORT SECURITY CLASSIFICATION 10. RESTRICTIVE MARKINGS
UNCLASSIFIED
28 SECURITY CLASSIFICATION mUTHORITY 3. DISTRIBUTION/AVAILABILITY OF REPORT
pyevors Approved for Public Release:
2 o RADING SCHEDULE . . . .
2n. DECLASSIFICATION/DOWNGRADING SC Distribution Unlimited
4 PERFCAMING DAGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBERIS,

68. NAME OF PERFORMING ORGANIZATION . OFFICE SYMBOL Ja. NAME OF MONITORING ORGANIZATION
(1 appucadic, .

Department of Statistics

6c. ADDRESS (City. State and ZIP Coae! V 7. ADORESS (City. State ana ZiP Coae;

University of North Carolina
Chapel Hill, North Carolina 27514

8a NAME OF FUNDING/SPONSORING 8b. OFFICE SYMBOL 9. PROQCUREMENT INSTRUMENT ! NTIFICATION NUMBER
ORGANIZATION (If applicoble) v~
Office of Naval Research NOOCG14-86-K-0039 and NOOD14-88-0-1175
Bc. ADDRESS (City, State and ZIP Code) 10. SOURCE OF FUNDING NOS
Statistics & Probability Program PROGRAM PROJECT | Task 1 WORK UNIT
-7 , ELEMENT NO. NO. NQ NO
Arlington, VA 22217
11 TITLE tinciude Security Clasaificetion; X .
Information Capacity of the Stationary Gaussian| Channel
12. PERSONAL AUTHORI(S)
C.R. Baker and S. Thara
13a TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Yr., Mo., Day) 15. PAGE COUNT
TECHNICAL FROM 10 July 1989 33
16. SUPPLEMENTARY NOTATION
17 COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by biock number)

FIELD sRoup | SUB. GAR. Information capacity, Gaussian channel.

|
1

19. ABSTRACT (Continue on reverse i/ necesaary and identify by block number)

The information capacity of the mismatched stationary continuous-time Gaussian
channel is determined. The assumptions pliaced on the signal process are less
restrictive than those given in previous treatments. Moreover, the assumaptions
used may have operational advantages over those used previously.

20. DISTRIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION

u~c‘_nssnnso.u~umreoﬁ same as ArT XX oTic users O

223. NAME QF RESPONSIBLE INCIVIDUAL 220 TELEPHONE NUMBER 22c OFFICE SYMBOL
tInciude Area Code)
C.R. Baker 1915, Doe- 189
DD FORM 1472, 22 APR EDITION OF 1 JAN 73 15 ORSOLETE. UNCLASSTHRIED

QEF . AITY r1 ACCIE I MAT AR AL THIR BONE

_



Information Capacity of the Stationary Gaussian Channel

I. INTRODUCTION

Information capacity of the continuous-time stationary Gaussian channel
{(per unit time, as transmission time T - ®) has been a problem of much
interest since the early days of information theory. Results date back to
Shannon's 1949 paper [12], which contains an analysis of the band-limited
channel. The treatment given in Gallager's 1968 book [6] is commonly
referenced as ""the" solution to the capacity problem. In fact, however., the
class of channels that fit the model of [6] is quite limited, due to the
nature of the constraints that are applied. These constraints eliminate from
consideration a very large class of channels that can be important for
applications.

The present paper contains an analysis of the capacity problem that
applies to those channels not fitting the model used in Gallager's book [6].
The development is also quite different from that of [6]; it is based on the
results of [3]. It will be seen that the treatment given here provides a
desirable generality on the class of transmitted signals which is not present
in previous treatments.

The model of the SGC (stationary Gaussian channel) is given by
Y(t) = X(t) + Z(t), t € R = (~» ), (1)

where X = {X(t)}., Y = {Y(t)} and Z = {Z(t)} represent the channel input,
output, and noise, respectively, Z i{s a stationary Gaussian process, and X is
a stochastic process independent of Z. All stochastic processes mentioned in

this paper will be assumed to be measurable and to have zero mean.
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Shannon [12] (see also Fano [5, Chap. 5] and Pinsker [10]) studied the

capacity per second of the SGC, defined by

C(#) = sup lim % I(X.Y).
Xey T-w

where IT(X.Y) = I(Xg,Yg) denotes the mutual information between the input

Xg = {X(t): 0 { t < T} and the corresponding output Yg.

taken for all admissible inputs X = {X(t)} € ¥. The class ¥ of admissible

and the supremum is

inpute {s given as follaws. Given a <tationary Gaussian process ¥V - [W/ield

with a spectral density function (SDF) fw and a constant P > O, an admissible

input is a wide-sense stationary process X having a SDF fx satisfying

J«- £, (\)
. ?;TXT d\ ¢ 2%P.

Formulas for Ek?) have been given for special cases ([5].[10].[12]). However,
it is known that there are some mathematical difficulties to derive the
formulas. In this paper we shall derive the capacity (see (16) and (22)) in a
rigorous way, assuming appropriate conditions on the processes W and Z. These
assumptions imply, in particular, that the reproducing kernel Hilbert space
(RKHS) of the process W is the same as the RKHS of Z.

In some previous works ([10].[12]; e stationarity of inputs is
assumed. To remove the assumption of stationarity, we introduce a class % of
admissible inputs which we show to contain ¥ under rather mild assumptions.
Denote by "'"W,T the norm of the RKHS HW.T corresponding to the process

Wg = {W(t): 0 { t < T}. The class % is the set of all processes X satisfying

— 1 T,2
lim = E[WX-HE ] < P. (2)
Tom T 0'W.T

Under modest assumptions, it will be shown that the capacity Ekﬁ). defined in
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the same manner as E(?). is equal to Ek?). This means that, even if we do not

require the stationarity of inputs, the capacity is attained in the class of
stationary inputs.

A constraint similar to (2) has been considered by Baker [2].{3]. He
determined the capacity

T 1
C = s;p T-IT(X.Y).

X0

for a fixed time T, where the supremum is taken for all processes Xg
satisfying

E[ uxgui'rj < P. (3)

This result for éT is essential for the derivation of our main results.

The average power constraints on the input studied in some previous works
are given in terms of the noise process Z. The constraints (2) and (3) are
stated in terms of a process W which is different from Z. The SGC subject to
(3) is called a mismatched channel ([2],[3]). On the other hand, the SGC is
called a matched channel {f W = Z. The capacity of the matched Gaussian
channel for a finite time intervai ie= known to be equal to $ P ([1], [7]) and
is not increased by feedback for a large class of channels [7].

In [6, Chap. 8], Gallager gives a comprehensive treatment of this
problem, which he attributes to Holsinger. As mentioned above, his setup and
assumptions are different. Relations between the Holsinger-Gallager result and
those obtained here will be discussed following the statement of ou: main
results. It will be shown that (when fw and fz are rational) the assumptions
of [6] are much more restrictive than those given here.

The precise definitions of the capacities are given in Section II. In
Section III we give the statements of our main results, with some necessary

lemmas given in Section V, and proofs in Section VI. Section IV contains a
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discussion of these results, and comparisons to previous work.
When toth fw and fz are rationnl. the results given here and those of [6]

provide a complete solution to the information capacity problem.

II. PRELIMINARIES

A basic assumption to be used throughout this paper is that the
constraint is given 1n terms of a covariance function Ty defined by a spectral
density function fW' Moreover, the Gaussian noise process Z is assumed to be
stationary with spectral density function fz and associated covariance
function r,. The integral operator in L2[0.T] with kernel T, (resp., rw) is
denoted by RZ.T (resp., RW,T)' Since r, and ry are both continuous, the
reproducing kernel Hilbert space (RKHS) defined by each covariance function
for the parameter set [0,T] is isometric to the range of the (positive) square
root of the associated integral operator in L2[0.T] (see, e.g.., [4a]);: we use
the two spaces interchangeably, noting that the RKHS is a space of functions,
while the range of the square root of the associated integral operator is a
space of equivalence ciasses. It should be noted, however, that since we work
with probabilities on the Borel sets of L2[0.T]. letting T - @, the range of

the square root operator is the mathematically-correct definition. In order

2 Y 5
to have a finite value of E"X"W.T' it is necessary [1] that RX.T = RW.TLTRW.T'

where LT is a trace-class operator with eigenvalues (Tn(T). n 2 1}, and then

2
E"x"W.T = Trace LT = nilTn(T). (4)

We shall also assume that the covariance function r, of the stationary

noise process Z is given by a spectral density function fz:

e (t.5) 4 EZ(t)2(s) = r e”‘("’)fz(x)dx.

-0
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In this paper we consider the following classes of admissible input

signals.

Definition 1 (Constraint on inputs):
(1) # =4/(?) (T>C. P>0) is the set of all X\ = {X(t): 0 ¢ ¢ < T}

such that the sample paths of Xg belong to HW T with probability one and

E[legl|3.T] < PT. (5)

= T
(2) &= QW(P) is the set of all X = {X(t)} such that Xo € HW,T for all T> O

with probability one and

—1 T, 2
%25 E(IXplly ] < P (6)

(3) ¢¥= VW(P\ is the set of all wide-sense-stationary processes X = {X(t)}

with SDF fx such that fx/fw is bounded and

£y (\)
J: 00 dr ¢ 2wP. (7)

Let £ and n be random variables or stochastic processes with patns in an
aprropriate space and denote by p,. and “En the induced probability
s
distribution of £ and the joint distribution of § and n, respectively. The

mutual information I{f.n) between § and nn is defined by
du
4 &0

if “fn is absolutely continuous with respect to the product measure ufxun,
wvhere dufn/dufxun is the Radon-Nikodym derivative; otherwise I(f.n) is
infinite. Denote by L (X.Y) 4 I(X].¥]) the mutual information between the

input Xg and the corresponding output Yg of the SGC, and define the mutual

LISS 39-SGC - 10/9/89 - 5




information Y(X.Y) per second by

4

1x.v) 4 lim 2 1(X.Y),
1
T—xo

if the limit exists. In order to be consistent with past work, particularly
[1] - [3]. the induced measures are defined on L2[O.T] for each fixed T.

The definiticn of capacity used in this paper is the mutual information
version. Thus, the capacity of the SGC is the supremum of IT(X.Y) or T(X.Y)
taken over all admissible inputs X. As is well-known, the information

capacity is an upper bound on coding capacity.
Definition 2 (Capacity of SGC):
T _ T,y A 1 Cowl &l
(1) C = CW(P) = sup {.—r- IT(X.Y)- XO € aw(P)) T > 0.
~ = AT - T
(2) C= CW(P) = lim CW(P)'
T

sup {Lim 7 I(X.Y): X € %(P)}.

T-xo

i

(3) C(#) = Gy(P:%)

1
sup {lim = L.(X,Y): X € ¥ (P)}.
Toxo T'T w

(4) C(¥) = Cw(P:Q)
The capacity C"r has been determined by Baker ([2].[3]) for a general
Gaussian channel, where W and Z are not necessarily stationary.

In order to state and prove our main results, we need some properties of

mutual information.

Lemma 1 (see [1]): Suppose that the input X of SGC (1) is a Gaussian process.

Then following conditions (a) - (c) are equivalent.

(a) Ly(X.Y) <o

(b) The sample paths of XT

o belong to HZ.T with probability one.

_4 1
(c) The operator RzzTRx TRZZT is of trace class.

LTSS 39-8GC - 10/9/89 - 6




If these conditions are satisfied, then IT(X.Y) is given by

@®

IT(X.Y) =3 nzllog(l + Tn(T)).

-1 i
= ; . F) 2
where Tn(T), n=1,2,... are eigenvalues of RZ,TRX.TRZ.T'

In the case where the input X is also a stationary Gaussian process,
there have been various works on the mutual information (e.g.,
[5].[9].[11].[12]). A "well-known" formula of the mutual information per

second is

- £,(7)
I(X.Y) = == Ja;log[l + f—)z(-(—)-\—)-]d)\. (8)

It is known that there are some mathematical difficulties to derive (8)
rigorously. Pinsker [11] proved (8) under some assumptions. Here, for later
use, we restate some of Pinsker’s results ;elated to (8). We note by F the set
of all SDF's f(A) which have the form f = p(1 -~ ¢) with a rational SDF p and a
measurable function ¢ such that 0 { ¢(A) < 1 for all A € R and
I:mllog(l—w(k))[dx { o A stationary Gaussian process is said to be

- ..m- av . 3 Ky
information regular it 1lim i(xgw.AT) = U. hwecessary aud sufficient cenditions
T

for information regularity are given in [8]. For example, if the SDF of X is

rational, ihen X is information regular.

Lemma 2 [11 (Chap. 10). 9]: Let the input X be a stationary Gaussian process

with SDF fx(k). Then

fe ()
1 1 X
) TRy [ el + IR

(b) If f, €For f

X € F, then (8) is true;

Y

(c) If Xor Y is information regular, then (8) is true.

LISS 39-SGC - 10/9/89 - 7




For later use, we denote by A the class of all pairs (X.Z) of input X and
noise Z for which (8) holds.

It is known (e.g.. [1]) that if X and ; = {i(t)) have the same covariance
function and X is Gaussian then IT(Q.;) 4 IT(X.Y). where ; is the output
corresponding to i. Noting (4) we know that the constraints (5) and (6)
involve only covariance functions. Thus 1in order to find the capacity of the

SGC we consider WLOG only Gaussian input signals.

We now consider the SGC (1) under the various constraints given in the
preceding section.
Define a constant 8 by

1 +08% inf {a: [‘:”[a - min[a. :—:g\%”dx = ®). (9)

Roughly speaking, 1 + 6 = lim fi(k)/fw()\) 1f f,(A) and f,(\) are smooth
A-—0

functions. The SDF fz of the noise process Z can be written in the form
fZ = (1+9)fw(l +0) = (1+9)fw(1 + a+)(1 +0_). (10)

where o (A) 4 max(0(2).0) and o_(A) 4 min(a(r).0). We assume that -1 < 6 < w

and
1 +0 (A) 2a,. A€R, (11)
where a, > 0 is a constant.
For ease of notation, o, and O_ wiil be us2d in the proofs. However, in

the statements of our main results o_ will be replaced. using the following

equality:
f2,.. 1
0_()\)=q()\)m—l A€EA
=0 otherwise

LISS 39-SGC - 10/9/89 - 8
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where A = {A: fz(k) < (1+8)fw(x)). Note that (11) is equivalent to

(F,/8,)(A) 2~ i+8).

IIT. MAIN RESULTS

We introduce auxiliary stationary Gaussian processes V = {V(t)},
U = {U(t)} and U(e) = (U(e)(t)) (e > 0) as follows. The process V is

independent of U and U(e). and these processes have SDF's

)

£y = f, (001 + 0, (M), (12)

FyA) = -F 1 + 0, (N1o_(N). (13;

Fo®) = -y o, (M)t ),

respectively, where afe)(k) 4 a_(k)-l[_1 _ei(k) for A € R with the indicator

function 1[_ ] of a set [-1,-¢]. Note that fZ = B(fV - fU) and consequently

R, 1= 8(Ry 1 - Ry 1) (14)

l,-e

If the formula (8) is valid for all Gaussian inputs X € ¥, then the

capacity Ek?) would be equal to

r(P) 4 s?p {Z% ijlog[l + ?§%§%]dx}, (15)

where the supremum is taken for all SDF's f satisfying

Jm AL o ¢ onp.
o TN
Using the so-called water filling method (cf. [5].[6]) we can determine I'(P).

Lemma 3: Let A = (A: £,(0) < (148)fy(A)}.
1 fZ
I. If P 5y IA[I +0 - ?;(A)]dk, then

LISS 39-SGC - 10/9/89 ~ 9
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1 fy P 1 f7
r(P) = g IAlog[(1+6)?£(k) d\ + 5(150) * T (170) IA[f;(A) - (1+8) |dA. (16a)
II. IfP< = [ z
; gz—w-fA1+6~f—v;(?\)d)\. then
f
r(P) = o~ IAllog[(1+B)A(P)T§{A)]dA (16b)

where A1 = {A: fZ(A) < (1+8)A(P)fw(k)} and A(P) ¢ 1 is uniquely defined by

1 f2
P = IAI[(1+G)A(P) - ?;(A)]dx. (17)
In Part I. I(P) 2 P/[2(1+6)]. In Part II, I'(P) 3 P/[2(1+8)A(P)] > P/2(1+8).

Theorem 1: (a) Assume that

f2
I [1 +06 - ?—{k)}dk { o, (19)
A L]
If
Pu(P) C % (P) (20)
and
(aU,V) € for sufficiently small a > O (21)

are fulfilled, where aU = {aU(t)}, then all capacities per second coincide and

are equal to I'(P):

Cu(P:9) = Gy(P:4) = G (P) = C(P) = I'(P). (22)
(b) Assume that
f2
I [1 +0 - ?-(x)]dx (o, (23)
A W
If (20) is satisfied and
(@{®) v) € A for sufficiently small € > O and @ > O. (24)

then (22) holds.

Theorem 1 is derived from the following theorem.

LISS 39-SGC - 10/9/89 -~ 10
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Theorem 2: Following (C.1) - (C.5') holds,

(C.1) T(P) < 6&(?;9).

(C.2) If (20) is satisfied then
Cy(P:¥) < Cu(P:%).
(C.3) EQ(P;Q) < E&(P+e). e > 0.

(C.3") If Eﬁ(P) is continuous in P, then

Gy(P:%) § Gy(P).
(C.4) Ty(P) < Ty(P).
(C.5) Under concdition (19), if (21) is satisfied. then

E&(P) = I'(P). (25)
(C.5') Under condition (23), if (24) is satisfied, then (25) holds.

As one can see, (20) and (21) are key conditions for our assertion (22).

Note that condition (20) is equivalent to

x(M)
lim =— E[uxonw 1< J°° .o 9 X € 9y(P). (26)
fy

Tqm

If (8) is true in general, then (21) holds. Although we do not have a proof,
it is expected that (26) and (8) (or (20) and (21)) can be shown, so that (22)
can be true under rather moderate conditions. We can give some sufficient

conditions for (20) and (21).
Theorem 3: I. Suppose that (19) is satisfied.

(a) If fw € F, then (20) is true.

LISS 395-SGC - 10/9/89 - 11




fy fy

€ F., let —— be continuous and w—(A) - (1+8) =
F F
z z

O(A"2) as A » @. Then (21) is true and (22) holds.

{(b) In addition to fw

I1. If fW and fz are rational, then (19) is satisfied and (22) holds.

Moreover., related to (20), the following theorem may be of interest.

Theorem 4: Every stationary process in RW(P) belongs to VW(P).

IV. DISCUSSION; RESULTS FOR RATIONAL SPECTRAL DENSITIES

In this section, we compare the results of Section III with those given
in Section 8.5 of [6]. In order to clarify the comparison, we shall assume
that fw and fZ are rational. Equations (19}, (20). (21}, and (22) then hold,
according to Theorem 3, and all capacities are equal to I'(P) as given by (16).

The model used in [6] is as follows. The initial message process X1
satisfies EJg 1(t)dt $ PT for every T > O. The transmitted signal, X, is

obtained by passing X1 through a linear filter with transfer function H. The

2
assumption is that IH(k)lzlfz < <o (o all A\ € R, and ffm l%i%%%—-dk < @, The
z

capacity is defined as lim CT(P)/T, where CT(P) is the capacity for the
T

observation interval [0,T].
To put this model into our context, we first note that fw(x) = |H(A)|2,
A € R. Since all capacities are equal when fw and fZ are rational, we can

assume that X, is wide-sense stationary, with spectral density fl' so that

1
£ 0 = £, HQ) | for A € R,

The assumption that ]H|2/fz is bounded and integrable implies that the

RKHS of fw is a proper subset of the RKHS of fz. That is, y in 22’“ ©) belongs
A 2

to the RKHS of f fw(k)

if and only if fjm d\ ( », where y is the L2 Fourier

L

LISS 39-SGC - 10/9/89 - 12
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2 f.(A)
transform of y. Thus, lXL—ll—dA —!——-dA {c f lzi—ll_dx

0 = f,,(x) 0y = ()

that y belongs to the RKHS of f_,. The converse inclusion cannot hold; the

z'
function h with Fourier transform H belongs to the RKHS of Z, but not to that
of W.

One of our assumptions is that -1 < 8 { ®, where 1 + 6 is the infimum

over all positive constants a satisfying

‘[:nLa - m1n{a. :wt::}]dk = ®©,

If f./f, is integrable and bounded, then f,/fy - ® as IA] »®, and so 8 =
0 = ®» is equivalent to the RKHS of W being strictly contained in that of Z. If
fZ/fw is integrable, then 6 = -1; this is equivalent to the RKHS of Z being
strictly contained the RKHS of W. In fact, -1 ¢ 8 { @ is equivalent to
equality of the RKHS of W to that of Z; we omit the proof.

If the RKHS of W is not contained in that of Z, then C%(P) = @ for every
T > 0, by the results of [3]. Thus, the results of this paper and those of
Section 8.5 of [6] together exhaust all cases for which the capacity is
finite, and the problems treated do not overlap, when fw and fZ are rational.

From an operational viewpoint, the model used in this paper may be
preferable to that used in [6]. That is, one might expect to attempt to limit
the transmitted signal to some part of the noise band, defined by a linear
filter with transfer function Hl' This would be done by filtering the received
waveform. The effective noise then has spectral density leHllz. The trans-
mitted signal has effective spectral density flellz. In order to provide the
maximum amount of information, one would then wish to have the spectral den-
sity fx be such that the signal sample paths, which are from the process with

spectral density f, |H 2. use as much of the available bandwidth as possible.
X

In essence, this means that the RKHS of fx|H|2 should equal that of fZ|H|2.

LISS 39-SGC - 10/9/89 - 13
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This would require that f_, and fZ have the same RKHS. This cannot be achieved

X
with the model of [6], whereas it is included in the model used here. It can
be seen that the model of [6] limits the received signal to a relatively small
part of the frequency region occupied by the effective noise process.

For example, if the effective noise at the receiver is described by a
rational spectral density fz such that fz(k) = 1/7\2p for |A| » », then the
model of [6] requires that fy(\) AP ag [A\] » ®. The model used here
permits fx(k) = l/)\2p as |[A\| 2 ®. In terms of signal sample paths, the sample
paths of the signal process under the model of [6] would be required to be
4p-differentiable, while under the present assumptions, the signal sample
paths need only be 2p-differentiable.

Thus, when fw and fz are rational, we conclude the following:

(1) The problem treated in Section 8.5 of [6] and the problem treated here
exhaust all situations where the capacity is finite.
(2) The problem treated here does not overlap with the problem treated in

[6].

(3) The model treated here appears to have some advantages over the model of

[6]. from an operational viewpoint.

We now summarize our main results for the case where fw and f., are-

Z
rational, and include the main result given in [6] and the case 8 = -1 in

order to cover all possible solutions.

Theorem 5. Suppose that fw and fz are rational. Then the capacity with the
input process required to be stationary is the same as the capacity without
this restriction: EQ(P;Q) = E&(P:R). For -1 { 8 {( @, the value of the

capacity is as follows.

LISS 39-SGC - 10/9/89 - 14
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1. B =-1. In this case EQ(P;Q) = ®, CE(P) = ® for every T > ®, and this
holds with the additional assumption that Xg is a one-dimensional
process.

2. -1<@ < Let A={\ £,(A) < (140)E (M)}

£
I. IfP) 5’;;&1 +0 - ?Z-()\)]d)\. then
W

£
P 1 Z
1+6) ' Zw(1+6) IA[FV_‘()‘) - (1+9)]d>\.

S pua) - L fy
CW(P’ ) = yr Alog[(1+9)FE(A)]dA + ST

£
II. IfP<==J |1 +6--%n)|d\. then
Zr JA Ty

£
Cy(P:%) = 2= f, log[(1+6)A(P)f—w d\  where
1 z

Al = {A: fZ(X) < (1+9)A(P)fw(A)} and A(P) ¢ 1 is uniquely defined by
P=ostJ, 1 [1+GAP -fzx]d)\
= 57 Alog( )A(P) f—wf() .

In Part I, EW(P;a) > P/[2(1+8)]. In Part II,

EW(P;Q) 2 P/[2(1+8)A(P)] 2 P/2(1+6).

3. 6 =« Then [6]

_— 1 fy
Cw(P.Q) = I fAzlog B(P)f—z-()\) dA,

where A2 = {A: fz(k) < B(P)fw(k)) and B(P) is uniquely determined by

P=cL7 BP-fz)\]d)\
- 3 Iy, B0 - 20

Moreover, in part II of 2) and in 3), capacity can be attained with a

stationary Gaussian signal process X with spectral density f For Part II of

X-
2). fy is defined by

()

(1+6)A(P) - [£,/£,]J(A) A in A

0 otherwise.
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For 3),. fx is defined by

fe(N)

B(P) - [f,/£,1(7) A in A,

=0 otherwise.

In considering Theorem 5, it can be seen that II of Part 2) is quite
similar to the Holsinger-Gallager result given in Part 3): in fact, Part 3)
can be formally obtained by substituting B(P)} = (1+8)A(P) in II. To gain
insight into this, one can compare these results with those contained in
Theorem 3 and Corollary 4 of [3]. Specifically, Part I above should be
compared with Part (a) of Theorem 3 in [3]: II of Part 2) above should be
compared with Part (b) of Theorem 3 in [3]: and Part 3) should be compared
with Corollary 4 of [3].

The question of attaining capacity (in particular, by a stationary
process) in I of Part 2) is still open. For any finite T, C;(PT) cannot be

attained when the conditions of Part I are satisfied (see Theorem 3(e) of

3.

V. LEMMAS

In this section we shall give several lemmas needed to prove our main
results. Proofs of the lemmas will be given in the Appendix.

Hereafter, for brevity, En signifies 2:=1 and [ signifies Ifw unless
noted otherwise.

We define an operator S; on L2[O.T] by

Alo-3 N
ezt b (20)

where I is the identity operator.

Lemma 4: Suppose that the condition (21) is satisfied. Then ST is a negative

definite trace class operator satisfying
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- x xoh
St = Ry'rRy R T (29)
The eigenvalues Rn(T), n=12,..., of ST are bounded by
-1 + a, < kn(T) €0, n=1,2,..., (29)

where a, 1s the constant of (11).

The capacity of a mismatched Gaussian channel is given in [3]. That
result can be directly applied for our SGC. We arrange the eigenvalues of ST

in increasing order: AI(T) < A2(T) $ ...

Lemma 5 ([2].[3]): Suppose that (19) and (21) are satisifed. Then Cy(P) are

given by
Cy(P) = 3 3 log [(IALTN T + B3+ 2 38 (M),
if PT 3 -8 S (T), (30a)
K K A (1) + 07lPT + K
T 1 110
&P) =57 2 log [ R(T+A_(T)) ]

1f PT < -6 3 A (T). (30b)

where K = K(T) = K(T.P) is the largest ‘integer such that

K
-1
izlxi(r) + 07 PT 2 IO (T). (31)

Remark: We note that if the SGC i{s a matched one then ST = 0 and (30) is

reduced to
Cy(P) = P/(28). P> 0. (32)

To examine the asymptotic behavior of the eigenvalues (An(T)) as T = o,

we prepare a lemma. Let (Tn(T)) (T > 0) be a suimable sequence and T(A),

LISS 39-SGC - 10/9/89 - 17




A € R, be an integrable function such that
0 < -rn(T) <M, 0< T(A) <M,
for alln=1,2,..., T >0 and A € R, where M {s a constant. Let F be a

bounded piecewise continuous function defined on [0,M] such that F is

continuous at x = 0 and F(0) =

Lemma 6: (a) Suppose that {Tn(T)} and T satisfy
lim 1 3_log (1+ar (T)) = 5= f log (1+ar(A))dA (33)
T

for every 0 { a ¢ aqe where a, is a constant. Then it holds that

0
1 1
'}3: T En F(Tn(T)) = 3y J F(T(A))dA. (34)
In particular,
1 k 1 k
lim T'zn Tn(T) = §;~I T(A)Y d\, k =1,2,.... (35)

(b) Suppose that

1{_1__: %zn log(1 + ar_(T)) 2 2—};[ log(l + ar(A))dA

for every 0 { a ¢ ay- Then

lim £3 v (N)* 22iJ.T(7\)kd)\. ‘k=1.2.....
Tqm

Lemma 7: For any X € ﬁw(P). it holds that

Trace R;%TRXTR‘;%T < Trace R;éTRXTR;éT (36)

or equivalently

E[le n2 v.pd ¢ ELuxT "w 7l (37)
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Lemma 8: Let f be a continuous SDF such that f(A) = O(R—z) as A =» «, Then for

any € > O there exists a rational SDF g(A) such that f(A) {( g(A), A € R, and

r [e(A) - £f(A)]dA < e.

VI. PROOF OF THEOREMS
At first we prove Theorem 2.

Proof of (C.1) - (C.4): (C.1) follows from (a) of Lemma 2. (C.2) is clear from

the definition of the capacities. Let X € aw(P). Then

1-:[ux u2 wTl $P+e

for sufficiently large T. Therefore
Tim £ I (X.Y) ¢ Cy(Pre)
T

and we obtain (C.3). It is clear from Lemma 7 that Q;(P) c Qz(P). yielding

(C.4). (C.3') is clear from (C.3).

Proof of (C.5): For each a > 0 we define a process Q( @) _ {Q(a)(t)} by

(¥ (t) = V& U(t) + V(t). Then by Lemma 1 and (28). we have
IT(U.Q(“)) = § 3 log(1 - @ (T)). (38)

where An(T). n =1,2,..., are the eigenvalues of the operator ST defined by

(27). Hence, noting (12) and (13), the assumption (21) implies that

1
}f,": ? 3 log(l - aA (T)) = ;;f log(1 ~ ao_(A))dA (39)

for sufficiently small a. We can apply Lemma 6. replacing Tn(T) and T(A) by

-An(T) and -o_(A), respectively. At first we shall show (25) for
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P g Ja_(A)dr. It follows from (35) that

lim 223 A (T) = 2 f o_(A)dr < P. (40)

T—xo0
Noting (11) and (29) we can apply (34) for F(x) = log(l-x) to obtain

%::11—.2 log(1 + A_(T)) = glj log(1 +o_(A))dA. (41)

Since CVT(P) is given by (30), using (40) and (41), we obtain

C.(P) = 1i P-li--‘-Fl 1+A_ (T ﬂ L3 A(T
C(P) = Lin (P) = Ui 1 (& 3, losl ()1 + B 4530 )
= & | 1ogl(130_(A)) " '1an + oot o Jo (A)GA = T(P).

Secondarily we shall show (25) for P ¢ -2_%1' o_(A)dA. It will be shown that

lim )‘K(T)(T) A(P). (42)

where K = K(T) is the constant in (30b) and A(P) is the constant given by

(17). To prove (42) we put

A =1lin T). A=W T).
o Mery (T A = 118 Ay (T)

There exists (Tn} such that Tn = ® as n =+ @ and
l1im (T ) = A.
wm K(T)

Applying (34) for F(x) = l[_-A- 0](x)-x (IB(x) is the indicator function of a

set B) we obtain

K(T ) 1
§1 T b (T ) = lim =— 3 (T) (43)
n—: n k=1 )\k n-: Tn k;}\k(Tn)Sx Xk n

]
I
=

Q
—
>
S
L
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where D(;) = {N: o_(A) & K}. By definition we have

K(T)+1 -
121 AT) + = KT+ 1Ny, (T). (44)

From (31), (43) and (44). we obtain

1 1 KT, P

lim =~ K(T T)=lim=t 3 T)+LE 45

" T (r.”‘K(Tn)( ) rr 2 o) g (45)
=z | o (Aan+ E

On the other hand, applying (34) for F(x) = 1[—X o](x) we get

1 . - 1
lim — K(T T )=A = #{k: (T)SA 46)
n—-l': Tn ( n)AK(Tn)( n) n_:: T #( )\k } (
1 = =
- o Ay

where #B denotes the cardinal number of a set B and |D| denotes the Lebesgue
measure of a set D. By (45) and (46) we know that A is a solution of (17).

Since (17) has the unique solution A(P), A is equal to A(P). In the same way
it is shown that A is also equal to A(P). Thus we get (42). In the same manner

as above, applying (34). we obtain the following equations.

K(T) "\, 1 1
i = lim & #{k; A (T) < A(P)} = == |D(A(P))]. (47
vin KL = 1im £k N () § AR = 51 IDCACR)) | (47)
1 K(T) s 1
lim 3 3 log(1+A (T)) = lim T log(1+A_(T)) (48)
T | nel T A_(T)$A(P)

1
= w— log(1+o (A))dA,
2'Luwn°g M)

K(T) )

umlxka umT N(T) = 5

J o _(N)dA. (49)
Mnxum D(A(P))
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It follows from (30), (47) - (49) and (17) that

T,(P) = lim G (P)

Txo
= %12 %% :§T10g(1+xn(T)) + 191¢§§lll-%:: 10g{1 + R%TT{%‘EET)Ak(T) * §>]
- i% D(A(P))log(l+a_(X))dA
+ lQL%%Elll log[l + TETK%FTTT{J;(A(P))a_(x)dx + Zgﬁ}}
2 D(A(P))mg[}—:—g_%]a - ().

Proof of (C.5'}): Let Z(e) = {Z(e)(t)} {e > O) be a stationary Gaussian process

with £(83(a) = 0f, (A)(1+0*) (1)) as the SDF and consider an scC

Y& (e) = x(o) + 2(8) (). e (50)

From (9) it is clear that -fafe)()\)d)\ < @  Therefore, we can apply (C.5) to

get the capacity

cp) 4 E 1 sup (1x.¥()): xT e al(py) (51)
of SGC (50). Noting (23) it can be shown for every fixed P that

E(ve)(P) = I'(P) for sufficiently small ¢ > O. (52)
Since

(o 2 1,00,
using Lemma 1 we can show that

L(x.¥(¢)) ¢ L (x.v)

so that
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Ef,e)(P) < Gy(P). (53)
On the other hand it can be shown that

. (e)y _
lim L (X.Y €y - L (X.Y).

e~0
And consequently, for every 6 > 0, we can show that there exists € > 0 such
that

C,P) < TP v 5. 0ce e, (51)
The desired equation (25) follows from (52) - (54).
Proof of Thecrem i: (a) It follows from (C.1) - (C.5) that

(P ¢ Cu(P:¥) < Tu(P:®) < Gy(P+e) (55)

< EQ(P+6) = I'(P+¢}., € > O.

Since I'(P) is continuous in P, we obtain (22) from (55).

{b} can be shown in the same way.

Proof of Theorem 3: I. (a) Let X € #,(P). By definition 7(A) 4 F (N/Eg(A) s

bounded (0 ¢ T(A) { M < @) and [r(A)dA ¢ 2#P. Denote by 7n(T). n=12...,

the eigenvalues of R;éTRX TR;éT' Let £ = {E(t)} and { = {C(t)} be mutually

independent Gaussian stationary processes, which are independent of X and W,

with SDF's ff = afwT and fc

SDF of the output process n

fw(l—aT), where O < a < 1/M. And let fn be the

{n(t)} of an SGC

n(t) = §(t) + {(¢). t € R.
Then it is clear that

f =f_+f =f € F.
n € ¢ L)

Therefore, by (b) of Lemma 2, we have

I(E.n) = Z% J [x + T—%Iéé%xj]dx. (56)
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We consider another SGC
8(t) = E(t) + W(r).

Since fc(k) < fw(A) for all AN € R, using Lemma | we can show that

L(E.n) 2 Tp(€.8) = 3 3 log(1 + a7 (T)). (57)
Using (a) of Lemma 2, (56) and (57) we obtain

1J‘ 1
— | log(l+ar(A))dA ¢ lim == 3 log(1+aT (T))
4 T 2T

< lim ﬁi log(1+ar (T)) < I(€.7)
T—x0

ar A

= -—f 1og[1 + T(M]dx (58)

Since a > 0 is arbitrary, in the same way as Lemma 6, we can derive

;m 1 37 (T) € 5 J T(\)dA (59)
X0

from (58). Noting (4) we know that (59) is equivalent to (26), and to (20).
(b) By Lemma 8, for any € > O, there exists a rational SDF g(A) such that

0¢-o_ <g(r). N €R, and

J“ [g(A) + o_(N)]JdA < e. (1)

Let U = {U(t)} be a Gaussian stationary process with SDF fw(x)g(k) and
independent of the process V. Let a > 0 be fixed and define processes Wa =

{W_(t)) and ¥ = {¥_(t)} by

~

W (t) = al(t) + V(t) and W_(t) = al(t) + V(t).

Since g is rational, the SDF fw~g of U belongs to F. Hence (alU.V) € A and

a 4w 1+a+

2
—_— -~ af 2
I(U.W ) = —‘r log[l + f"g]dx - 4_11rr log[l + “—S—]dx. (2)
e, .3 v -, . )

Noting
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FyN) = ~Fy (N (140, (Ao () = £y (N0 () < £y = £ (V).
we can show that

I (UW) < L (UW)., T>o. (3)

Using Lemma 2 we have

11

E]
—Jf
—t
-
~~
c
pi
L
[y
AI’_
3
—
&
—
p—
+
R
[aa)
-
LS
o,
>
]}
3]-
b o®
_
[e]
184
T
[}
—~| R
+
Q| Q
A
o
>I
=

¥l

It follows from (1) that

2
o_

y J‘:nlog[l + -1-5:](1?\ e J“:olog[l kv ]d}\

+
2
1 a”(g+o_)
= Z‘; —mlog[l + ———2-—](:1}\

40 ~a o_
1 2 a2 oze
< E-J‘:,log[l +a (gm_)]d)\ < E;Ji;(g-ka_)d)\ < e (5)
Using (2) - (5) we have
T w -1 1 T w a2e
— — 4 — n—
I(U.W ) 2 %i: T IT(U.Wa) 2 %ig T IT(U.Wa) > I\U.Wa) el (6)
Since ¢ > 0 is arbitrary, (6) means that
- 1 1 a2fU
I(U.W ) = lim = L (U.W ) = -—r log[l - -———]d)\.
a To T'T a v J_, fv

implying (aU,V) € A.

I1. If fw and fZ are rational, then o(}), a+(k) and o_(A) are
continuous. Noting that O < 8 = limxdmfz(k)/fw(A) { ®, we can easily see that
o(A) = O(A-z) as N » ®», Consequently, o_(A) = O(A-z). Thus the assumptions of

(b) are satisfied and (21) holds.
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Proof of Theorem 4: lLet X be an arbitrary stationary process belonging to

RW(P). and define T and {Tn(T)) as in the proof of Theorem 3. Since the first
inequality of (58) is valid for all sufficiently small a > O, using Lemma 6 we

obtain

1 1
5 J T(A)dA ¢ 1171-5 F37.(T) <P (60)

This means that X € VW(P).

APPENDIX

Proof of Lemma 3: Let us introduce some notations. Let S(P) be the class of

all SDF's f(A) which satisfy

j f(A)dA < 2wP/0

and J(f) be a functional defined by
£
36 = 3 [ ros[t + " Ty

Then, noting (10) and (15), we have
I'(P) = sup {J(f): f € S(P)}. (61)
We shall use the following inequalities,

log(1+x) ¢ x. x> -1, (62)

1og[1+z—";]2§, 0¢x<v < z. (63)

Suppose first that P 2 =— f o_(A)dA. Denote by F(P) the RHS of (16a). If

f € S(P), then from (62)
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wa0) = [[1os{rziny) + 1oL o

= J[log[I*UI X ] +1 g[l + 0_(N) + I{é%%ijl]dk
< ulog[ ] + J;_(x)dk + J}(A)dx
< | [10g [1+a (7\)] Ja_(x)dx + 27P/8 = 4nT(P).

This inequality means that

r(P) < I(P). (64)
From (9) and (10) we know that

[taes) - min (148). (000100 = o,

for every 6 > 0. Hence, for every fixed 6 > O, there exists a function u(A)

such that 0 { u(A} ¢ 6, u(Aj = 0 if o(A) 2 &. and

27?

f (\)dA = Jla_(x)d)\. (65)

Define an SDF f by f(A) = u(A) - o_(A). Then f € S(P). Noting

u(k)/(1+o+(k)) 2 u(A)/(1+6) and using (63) we obtain
S (A PRI
> [los st « sost + 2o

2 Hl°g[1+ai(x)] * 1u9%a]d"' (66)

It follows from (61), (65) and (66) that

4aT(P) f log lmi(k)d)\ + Tisp [23*’ + Ja_(x)dk]. (67)
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Since & > O is arbitrary, (67) gives
r(P) > I(P). (68)

The equation (16a) follows from (64) and (68). Next., we assume that P <
- 52 Jo_(A)dX. Define sets B_ = B_(P) and B, = B_(P) in R by B_ = {A;
o(A) < A(P)} and B, = {A: o(A) > A(P)}. Note that o(A) = g_(A) for A € B . By

(17) it is clear that a SDF fO' defined by

A(P) - a_(A). A€EB_,
fo(A) = {o

A€ B+.

belongs to S(P). For any f in S{P),

J} < J}o = 2wP/@ (69)
and we wish to show that

f
f 0

or

1+o+f

J [l+a+f ] $0.
f-f rn f~f f-f
0 0 0

But J}og[l * 1307t ] 4 [l+a+fO] = Jg iz * J; TFA(P)

+

<o, (70)

By ey I £-f,
g TFA(P) = ] T#A(P)

so that 4w J(f) < wJ(f It follows from (61) and (70) that I'(P) = J(f

o) o)

yielding (16b).

Proof of Lemma 4: The relation (28) is clear from (27) and (14), and implies
that ST is negative definite. The assumption (21) means that IT(U.Q(Q)) ( ®
where Q(a)(t) = alU(t) + V(t). Thus ST is a trace class operator by Lemma 1.

Noting (11) - (13) we know that
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£y(N)
X)

v( =-a (A) {1~ ay. on (fw # 0}. (71)
From (71), RU.T < (l—aO)RV.T' S0 R;%TRU.TR;?T < (l—ao)I. or
ST 2 (-1 + ao)I, (72)

where I is the identity operator. The relation (29) follows from (72).

Proof of Lemma 6: (a) At first we shall prove (35) by induction. We use the

following inequality,

k-1 k
X

K-1 K
[log(1+x) - = S'—llk——l sﬁ—. 0¢xg1, K=23,.... (73)
k=1

From (33) we know that (T—I)Enlog(1+aTD(T)) is bounded for sufficiently large
T. Hence (T_l)znrn(T) and, consequently, (T)—IEDTH(T)2 are bounded. Therefore,

there exists constants Ml and T1 such that

1

1 znrn('r)2 S, TT (74)

1
For any fixed € > O there exists a, > 0 such that

0¢ [royan - 1 Jlog(lﬂrr()\))d)x
a
< gff(x)zdx Come, O<aga. (75)

Similarly, we know that there exists > 0 such that

)
1 1
0« T-Enrn(T) - anog(1+afn(T))

(F3r(M®<e. O0Cagay T2T

ot (76)

1

Fix a number ay < min(ao.al.az). It follows from (33) that
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(a4T) '3, log(1+agr (T)) - (2m3)“1flog(1--aar(x))dxl < e. (77)

T2 T2.
where T2 is a constant. From (75) - (77) we obtain

I% 3 7 (T) - 5} Jr(x)dxl C3e, T max(T,.T,).

yielding (35) for k = 1. We now assume that (35) is true for k = 1,..., K-1.
Then,
1,1 K 1 K
2T 2, 7a(T)" - 5 [T(A)dr]
K k-1 k
1 1 1 k 1 k
< I+ =G 5 mk - g [Fookan)
a k=1
K-1 k-1 k
+ -}?l s B2 ('I‘) o T(x)kdx)l.
a 'k=1

The second term on the RHS of the inequality converges to zero as T = ®, for

all a > 0, by the induction hypothesis. The first term is majorized by

k-1 k
1 1 kK 1
| . 3 L L2 5 (T) ——Eznlog(l«ra‘rn(’r))l
Ta™ k=1 Ta
k-1 k
v |t s L@ fr(x) dx——— 10g(1+a‘r(>\))d7\l
2ra k=1

1 1
'-r_a—K- Enlog(lﬂrrn(T)) - 2—'.7(- Jlog(l'&a‘r()\))d)\l .

+

The last of these three terms converges to zero as T = ®, for all a { a., by

O'
(33). Using (73), the first two are majorized by

K+1
T(K+1) 3T (T) 2:(§+1) ™
Sl%HflzT 2,7 (M *Knx'lew (7‘)‘”‘5?{‘:16
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for a £ min(al.az). by (75) and (76). This proves (35). We turn now to the

proof of (34). For any fixed € > 0, there exist polynomials
K ¥ K &
P(x) = Zax ., Qx)= Zbx
k=lak k=1bk

such that P(x) § F(x) ¢ Q(x), 0 { x { M, and J'g{Q(T(x)) - P(r(x))}dx < e. It

is clear that

%i: 15 P(r_(T)) ¢ %%2 T'lan(rn(T)) < %EE-T—IEHF(Tn(T)) (78)
-1
< linT 3.Q(7_(T)).
Using (35) we get
lim T_IEnP(Tn(T)) = 20 Heer)ar < @) HF(r())an - e, (79)

T=oo0

lim T_IEnQ(Tn(T)) = (21)'1Jb(r(x))dx < (2w)"J%(T(x))dx +e.  (80)

T
Since € > O is arbitrary, (34) follows from (78) - (80). Finally, (b) can be

shown in the same manner as (a).

Proof of lLemma 7: Since fv()\) = fw()\)(l+o+(>\)) 2 fWD‘) for all A in R, we have

Rv T > Rw T and consequently R;,l.r < R;l.r. Therefore, R)z( TRV

Ri TR;IITR%(- T and finally we obtain

4 -

Trace Ry Ry RE | < Trace B (RyLRE

P

Trace RERy K5

Trace RyrRy Ry'r -

The inequality (37) follows from (36) and (4).
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Proof of Lemma 8: There exist A > O and a > O such that a rational function

¢(A). defined by

o) = a(aAZ + 2971 (A = 3me
satisfies

£(A) < o(A). Al 2 A.
Note that

Jm e(\)dr = 3mA"l = & |

00

w

Using Weierstrauss’ theorem, we can show that there exists a rational SDF y(A)
satisfying f(A) < ¥(A) for |A] < A, O < y(A) < f(A) + e/(12A) for |A| < 2A and
f|k|22A¢(x) < /3. We define the function g(A) by g(A) = ¢(A) + ¥(A). Then we
can show that f(A) < ¥(A) € g(A) for |A] < A, £(A) < o(A) € g(A) for |A] 2 A

and

3 r [g(d) - £(A)]dA

< J‘uwp\) - f(A)JdA + r Y(A)dA + qu,(x)dx <5 .
0 24 0
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