y -

NAVAL POSTGRADUATE SCHOOL (¥

/ Monterey, California

i iIC
L CLECTE g
" DEC 281989 |

AD-A215 802

THESIS

DOA ESTIMATION BY EIGENDECOMPOSITION
USING SINGLE VECTOR
LANCZOS ALGORITHM

by
Daniel I.. Gear

Junec 1989

Thesis Advisor Murzli Tummala

Approved for public release; distribution 1s unlinited.

89 12 27 07%¢




THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
REPRODUCE LEGIBLY.



Unclassified

securnity classiication of s pase

REPORT DOCUMENTATION PAGE

[

Report Securnty Clas e Unclassified Th Restrictive Murxings

2a Secunity Classification Auth 3 Distribunon Avaldaiity of Report
2b Declassificaton Diewnarading Schedale Approved for public release: distnbution 1~ unlimited.
4 Performing Organization Report Numben ) S\ enttonnz Orgeamzation Report Number <
oa Name of Performung Orga:z:z:-.t:on EO;;E:-: Symbe! 7a Name of Moemtening Organizalion
Naval Postgraduate School if appdicarier 62 Naval Postgraduate School
oc Address 1 Ciry. staie. and ZIP code) b Address ( iy, staie qnd Z1P code
Monterev. CA 93943-5000 Monterey, CA 939435000
Sa Name of Funding Spensering Orgamizaten Kb Offce Svimbald S Procurement Instrument ldenitficaiion Number
irarplicabie)
3¢ Address (i siwie. and ZIF code 10 Source of Funding Numbars

> 7 1.
Program Eiement \ol droect o ]1;;« NoopWens L

A N

LANCZOS ALGORITHM

woncdarnd anon DOA ESTIMATION BY LIGENDECOMPOSITION USING SINGLE VEC

1OR

12 Persenal Aztror o Duniel Tl Gear

aType of Reputt 3™ Time Covered Y Date of Repartvvedr, moni s IS Puze Count

Master's Thesis [rom To June 1984 Ty

1= Supplemaniary Netainn Lhe views expressed in this thesis are those of the author and do not reflect the officiel policy or po-
sition of the De m tment of Defense or the ULS. Government

LT Cesan Codes o '\..“;.»1 iv:.'r."» . '..;'..'u RTERTEYRSY .V' Lee Gy e \'.‘L: R LS

PV OARSIrLcl rooniinue o peverie e ccanary and Wendv by block numbert
Subspace methods of solving spectral exumation and direction of armvad (DOAY probiems mveive finding w

be appronimuted without requinng the entire me xm\ decomposition theoretically saving many computations.
;

This thc\x\ develops a model and a form ot the Tanezos algorithm to solve the DOA pmm\m The relan
number of treenvectors used 1o the accuracy of the results 11 a low signal 1o noise ratio exwnpie are examnined.

1
< Jl‘_"\ v dryes

and eigenvectors of correlatien matnees. Using the Lanezos weonthm somie of the extreme civenvalues and cioenvedtors can

snahip of the

!
JDetnhution Aveabhos of Ao 21 Ablatract Security Classiicanon
B TS S S AT T T e ZODLIe e I'n u.i“lhxd
SlnNLm d Rer e e Ll I2n Pelepbone sondde drea e ]’.-» Oinee Symieg
Nurody ]1-7”1~‘ 14Ny A4 26045 (4210
DD FTORNM 137302348 CUAPR T G et s pase

Unclassified




Approved for public release; distribution is unlimited.

DOA ESTIMATION BY EIGENDLECOMPOSITION
USING SINGLE VECTOR
LANCZOS ALGORITHM

by

v

Daniel E. Gear
Lieutenant Commander, United States Navy
A.B., Umversity of North Carolina, 1977

Submitted n partial {fulfillment of the
requirements for the degree of

MASTER OF SCIENCE IN ELECTRICAL ENGINLEERING
from the

NAVAL POSTGRADUATE SCHOOL
JUNE 1989

Author:

Vo
t

D;miﬂ I.. Gear

v
Approved by: [\/\. \,\,\QC T\ AN~ ( 14

N

Murali Tummala, Thesis Adviser

CKMZM () T Fonrens

Charles W. Therrien, Second Reader
M@m\:"\:ﬁ
\\

John P. Powers, Chairman,
Department of Electrical and Computer Engineering

Slhk

Gordon E.Schacher, .
Dean of Science and Engineering




ABSTRACT

Subspace methods of solving spectral estimation and direction of arrival (DO}
problems invelve finding the eigenvalues and eigenvectors of correlation matrices. Using
the Lanczos algorithm some of the extreme eigenvalues and ecigenvectors can be ap-
proximated without requiring the entire matrix decomposition theoretically saving many
computations.

This thesis develops a model and a form of the Lanczos algorithm to solve the DOA
problem. The relationship of the number of eigenvectors used to the accuracy of the

results 1n a low signal to noise ratio example are examined.
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I. INTRODUCTION

Recently, a number of signal processing techniques have been developed that in-
volve resolving a received signal into so-called signal and noise subspaces. The ability
to perform spectral estimation or direction of arrival from the determination of the noise
subspace has been shown in the works of Pisarenko, Schmudt, Kav, Kailath, and others.
The methods vary in the manner in which the subspace 1s reached and how the resulting
eigenvectors are calculated. [References I, 2, and 3}.

1.

To achieve better results (detection at lower signal-to-noise ratios, better re.olution,
finer accuracy, less bias), more samples are required. This leads to larger, mere complex
matrices thut better describe the signal and noise subspaces. Determination of the sub-
spaces requires an cigendecomposition of an estimated correlution matrix. The generdl
eigendecomposition of @ matrix requires computations Op'), thus the larger muatrices

genvalues and

<

require many more operations. Once the matrix is decomposed 1nto its ci
cigenvectors the proper set of elzenvectors must be used to find the resulting spectruny.
Hence, estimation 1s required to split the cigenvalues into signal and noise subsets,

The difficulues in the procedures can be stated with two questions.

* Where is the threshold between signal and noise cigenvalues (and thus which. or
how muny cigenvectors are usedy!

¢ What method should be used to find those cigenvectors in a umely {ashion?

cenvalues

Proposed here 15 a method which will accuratelv estimate some of the e
and cigenvectors of a matriy without performing the entire decomposition. Computa-
tional savings ave reaiived when only a parual decomposition is reguired.  The

venvalues of the matrix.  With an

=
&

eigenvectors used correspond to the minimum et
over-spedilied matny (dimension much larger than the number of signals present), thiese
minimum cigenvalues will all correspond to the noise subspace. Lach noise eigenvector
contains all the information to find the actual spectrum, although spurious results will
also be apparent (because the matrix is over specified).  Several methods of handling
these spurtous peaks are illustrated. including eigenvector averaging, spectral averaging
and using the spectral product.

This thesis 1s organized in five chapters. Chapter 1, Direction of Arrival, discusses
classical spectral estimation theory and how it applics to the lincar arrav problem

{heamforming).  Subspuce methods starting with Pisarenko Harmome Decomposition




and proceeding to MUSIC and ESPRIT are discussed in detail.  Chapter 111, The
Lanczos Algorithm, includes all the basic theory required to  describe  this
eigendecomposition method. There we also compare several methods to negate the
spurious peaks with the proposcd spectral product giving the best results. Results of the
algorithm for numerdus cases are given in Chapter IV. The last chapter summarizes the
results and advantages of this Lanczos subspace method. This chapter also includes

some recommendations for future work and lists some possible applications.




1. DIRECTION OF ARRIVAL

Direction of arrival 1s a form of spectral analvsis, performing frequency detection
and resolution in the spatial domair: vice the conventionally considered time domuin.
The signals incident on an array are analyzed, and, if the presumptions of the analvis
are valid, the correct bearings to the sources are determuned. Formerlv it was only pos-
sible to analvze the output of an array by conventional Fourier techniques. More re-
cently numerous methods have been developed which enhance the ability to accurately
determine the spectral and angular resolution.

This chapter summarizes some of the salient poinmts of spectral estimation belore
discussing  classical direction of arrval wrray processing  (Bardett beamiormiing).
Projection-type superresolution subspace methods are then discussed, starting with
Pisarenkos Harmonic Decomposition. MUSIC and ESPRIT are discussed in detal and

several other subspace methods are mentoned.

A. SPECTRAL ESTIMATION

Spectral esumation 1s the term used to describe efforts to {ind the frequency coms-
ponenits of a signai sampled i time. Two conditions that arc required for the remainder
of this thess ure that the processes considered are wide sense stationuwry (WSS and
ergadic. The asscumption of WSS means that the process has finite mean and that the
autocorrelation is a function of the distance, or lag, between two samples and not of the
position of the samples themselves. Ergodicity aliows time averages to be used e de-
termine ensemble averages.

The autecorrelation function of the signal x(1) 18

Iim { .

R..0m) = <xtn-+m)xtn)> = -
) e Nevon| TN

xX{n 4+ m)x(a) - (1)

[~

n=—\

where x(n) arc the individual samples of the signal. When only a finite number of sam-
ples. M, are taken, the above defimtion must be modified. The sample autocorrelation

funcuen s Jdefined as




RXI (

V-
k) =—‘[~Y xtn+ K)xin),  for 0< k< (M~ 1) )

IZ:

th

[t is easilv shown that [Ref. J: pp. 56-58]

lé,u(“ =Rl —=k), for —(M-1)<k<O
and (3
R (D) 2 Rx,r,(/\‘), for all k

The sammple autocorrelation matrix R.

( R“((,) R“‘\( ~1) . . . lé_(‘( -3
SNEATI . e Ro4=M+1

T AN
. . L] L] .
R,,. = f=)
o L] . L] .
. . . L)

RUMI R UM=1) « o« R0

The power spectral denaty 1PSD s a measure of power per unit frequency. A\ plot
of PSD versus frequency will show the relative power at all the frequencies present. Tt
alvo deseribes the properties of the noice in the signal, e winte noise will have a fat
PSD shiowing that ¢l freguencies are equally represented [Refl Tooppo 3300 The PSD s

given by

S.h = —}— X‘ R, imye” =m0
£

where T 1¢ the samphng period.
The periodogram method of extimating the true PSD is one of the carlicst and most
widelv used fReis 30oppe Sanb The pertodogram is defined as the s-transform ol the

TR PR R R S . iy oty v I o N oS
SIS duiocuTelLion ety evadaated on the vt ardde [Ref <0ppls

-
\\‘




Sedz) = y R (h)= 13

It mav also be found by directly z-trar {orming the original data sequence x(n)

. 1 . o =1 " ; ] -n -
Slz) = —1‘[—"&!\;),\(: ) where A2) = / x(n): 17
=i
The pertodogram spectrum is found by substituting 2 = ¢ 7
L - | oA i ; —iz=mT
S = = AT = = S xtnwe T N
b N | X vl NI )
)

Duta s often run through a computationally efficient Fast Fourier Transform (FFT) to

fnd the penodogram spectrun.

The nicasures ol eifectivencess of a spectral estimator are based on comparisons of
resosution, Jdetectabilitv, bias and varance. Resodwrion relates te the ability of the est-
mater 1o sepurdale two separate spectral ines that are closely spoced in frequency. The
apiidty to locate woionr energy venal womeasured i detecubilitv, Bias iy the tendeney
of the ooserved peak to be shifted off the true spectral line. Variance 1s a measure of the
propensity 1o keep the true spectral shape. or how quickiv the PSD fulls off away from
the true peuk.  Different spectral estimators are sometimes compared 1 terms of
robusiness, or abtlitv to funcuon well with various types of signals and noise.

Findividua! signals are narrowband the resolution ¢riterion 1s said to be achieved
when direct ovbservation of the spectrum leads to the correct determination of the num-
ber of signuls. Scparute peaks are not required to deter:iune that two siginads ure present
{Refl 6], Resolution is mversely proporaonul to the length of the data samples. With /)
as the sinphng rate and T the sampic period, or tine between samples, ' = L the {re-

/

duency resolution 1w given by

H R
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Thus, with the periodogram, better resolution can onlv be achieved with longer record
lengths,

The above description s based on no windowing (or rectangular windowing) of the
data samples. The windowing in the ume domain is seen as convolution in the frequency
domain. The rectangular windows, for example, transform into sinc functions in the
frequency domain resulting in high sidelobe distortion known as leakage in the frequency
domain. ligh sidelobes result in many false peaks, making it difficult to discern the true
spectral peaks, so detectibility suffers.

Nonrectangular windows are used to taper the duta to minimize the discontinuitics
that cause the high sidelobes. Common windows include the Bartert and Hamming.
The lower sidelobes comie at @ cost of resolution, SO 1Wo Or More signais Ciose 1o cuh
other m frequency mav merge mro one. Resolution mayv be boosted by lengthiening the
camipic tmce, but the ancreased record dength miav viofate the reguiremient lor
ctattenerity. More can be found on the subject of windows i References 7 and 8.

Because of the difliculty in miceting the reguirements for both detecubuhity and re-
solution. parametrie methods have been developed that produce incressed resolution
with <hort dute lengthes The parametne methods are based on determinung an appro-
priate medel for the process that produced the datas 1t the process can be cffecrinely
modeied, then moere raasonable assumiptions may be made about the data’s belavior
ouiside of the window (e these data points do not have to be <et to zerod. Onee the
apprepriate moedel 1s chosen o represent the process, the parameters are estimated trom
the avalable dati inserted into the model, and the power spectral density expression for
the respectine model s determimed. A few common parametric methods are sunimarizcod
below. {Rel Ipp. Toe-108 Ref S:pp. 172-174)

Many random processes that are encountered in practice mav be represented by the

linear difference equition

IS a

Xt o=~ /T anxin — Ky + /‘ DAY — K) {10
L L
e =0




where w(n) 1s the input drniving sequence and x(n) i1s the output sequence. The a(h) pa-
rameters are the autoregressive coefficients and the (k) are the moving average coell-
cients. Equation 10 is thus known as the auroregressive-moving average (ARMA) model
or ARMAp.g, process and is the most general model with @ ratonal transfer function.
The power spectral density that resuits from the ARMA model exhibits both sharp
peaks and deep nulls. 1{ the tuiorcgiessive parameters of equation 10 are all set to zcro
except a’0,; =/, the resultant model is the roving average (MA) process of order g. The
MA spectrum will have deep nnlls, but relatively broad pcaks. With the 674, coeffi-
cients of equation 10 set to zero except b/ 0, = /. the aworegressive {AR) process of order
p results. The AR spectrum will exhibit sharp peaks but will have broad nulls. [Ref &
pp. 173-181] Each of the models will exhibit greater accuracy and flexibility as the order
15 inercased. With a high enough order the AR method can approximate an ARMA or
MA process, and, likewise, a very high order MA model can be used to approximute an
ARMA or AR process. Butif the model order is 100 high {or the actual process, esti-
mation errors will lead to nonsero coeliicients and spuricus peaks will result  Thus
proper esumation of model order i« important [Ref Lpp. T12-113, pp. 19§-207)

The parameters of these three models may be esumated by u-ing the Yule-Walker
cquations utilizing the autocorrelution mawrix of the avallable dura streain (Ref 1 pp.

115-115]
Ria= —r (11

While the true wutocorrelation function 1¢ impossible 1o determine, the mavarion
likeldiood estumator (ML v one micans to [ind goed approvimusions of the parameters

Sy - i1 i . 1o N e N N R gl ey en
for the AR mindel The M1 omethod uses a switable estmaete of the autecorrelstion or

covariance matnix and then <olves {Rel 1 pp. 183-190]
Ca = —c¢ (I

for the parameters a where € 1v the svmmetric covariance matry and ¢ s an
autocorrelated vector.
The Burg methed tmuximum entropy) estimates refiection coefliaents from the

1

process and then uses the Levinson recursion to find the estimated parameters [Ref 1
pp. 2282311
Generaliv, the various AR spectral estimators exeept the autocorrelation method are

unviased and have emilur variance. The covarance and Burg methods are restricted to




ranges that keep the summation within the available data and do not assume zero pads
outside of the samples, thus taking advantage of the basis which led to the creation of

the parametric methods in the first place. [Ref 1: pp. 240-252]

B. BEAMFORMING

A conventional approach to the direction of arrival (DOA) problem 1s through the
classical beamfornung (Bartlett) technique. Basically, this is a measure of coherency of
the signals arriving at an arrayv of sensors. The characteristics of an array are described
in terms of arrav gain, directivity, resolution, beamwidth, and sidelobes. These are based
on array size (number of sensors), sensor sensitivity, intersensor spacing, and post re-
ception processing.

Assuming a narrowband point source in the far field, a plane wave will pass through
a linear arrav in a specifled order, where the magnitude of the excitation on any indi-
vidual sensor will be related to the phase of the signal at the instant of samphng. The
individual sensors will see different mstantancous magnitudes based on this phase dif-
ference which 1s @ tunction of the [requency (or wavelengthy, the DOA, and the spacing
between sensorse The difference in phase for two successive sensors for a linear array

VoSpaced sensors 1s

2o

Ap=—=——xsinf 13

/.

where & 15 the Jdistance between sensors, « 1s the signal wavelength, and ¢ s the angle
between the wavelvont and the arrav axis. This phase difference Mg is also known as the
normaiized wavenumber. A [Ref. J pp. 341-3430 Tigure 1 oillustrates the arrun-
wavefront interaction.

The output of « simple narrowband delav-und-sum beamformer 1s

olt) = x, (1 —1,,) (1

where x.(¢), m=1,2,..., M is the signal at the mth sensor. The time jag. .. between
two adjacent sensors 1s to make up for the propagation delay caused by the wavefront
having to travel the extra distance dsin 0. One can adjust the magnitude of the output

to plane waves armving {from a particular direction § by itroducing appropriate tine




delays at each sensor prior to summung. This is known as “steering the array” or

“steering the beam”. An illustration of a typical beamformer arrangement is shown in

Figure 2.
WAVEFRONT
Ve /,/" /"
y S, \\\ p ///
e N ) S/
/ \\,// //
/ ,/ h p s
/__.// v L j /‘// /A/
C A S o
ARRAY

Figure 1.  Wavefront

In the multiple source case, especially if the undesired signals are interfering with the
detection of other sources, this technique mayv be modified to steer nulls instead of
beams thus minimizing output front “jamnicrs”. Nulls mayv be directed toward a single
known source to minimize the strength of the signal with respect to that source, with the
output being analyzed to determine what other sources arc present.  Another imple-
mentation 1s to steer the nulls to minimize the total output. The analvsis of the delavs
will indicate the directions of multiple targets. [Ref. 4: pp. 351-355, Ref. 9]

Beamfornung may also be analyzed in the frequency domain by transforming

equation 14 into the frequency domain

A

) = ) xyNe T (15)

m-=1
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Figure 2.  Simple delay-and-sum beamformer

In vector notation we can write e = w’x where w are the weights and x are the outputs

of M sensors

F —f2=f ] i ]
e .\’1(/)
e—er:f:J Xz(/)
where w= and x= (16)
eﬁu"f/?,nj <)

The steering vector s, 1s the phase relationship between the angle 0 and the normalized

wavenumber k given in equation i3

10




- 1 :
o
2k
¢
. 2nd ., -
Sy = . and k = y sin 8 (1N
AM=1Yy&
[¥
L J

It can be shown that the steering vector from an array with weights w, directed toward
an arbitrarv direction 6, can be expressed in terms of the steering vector as a = s, {Ref.
4 pp. 343-3444

Irequency domain beamforming 1s directly analogous to spectral estimation
decribed above. Spatial sampling has the requirement that sensor distances & must be
less than 2/2 apart to prevent “graung lobes™ (or aliusings corresponding to the Nvquist
rute in the frequency domain of  f < //2. Longer arravs, containing more sensors,
will give better resolution and smoothing. This is sinular to frequency resolution being

| - - I -
> : A4 1-335, o I LK .
‘\”.). [Ref. d: pp. 341-] Refll 10: pp

proportional to the Jdata record length (Af'x
4-S0Rell 11 pp. 243-299)

The DOA 1s actually a relative comparison of observed spatial frequency and known
signal frequency. The spatad frequency is greatest on endfire, when the wavefront s
perpendicular to the arruy (0 = 90° or <), llere the phase difference vetween adjacent

-

sensors 1s at a maximunm. A simultancous sampiing of all sensors at one mstant in time,
or saapshor, will indicate the maximum spatial frequency.  Observation of the spatial
wave over time (with a known temporal sampic rate) will indicate the end of the array
where the source 1s located.

O broadside 10 =0 or =y, the wavelront oxctes cach sensor identically.  Spatial
sampling indicates no phase dillerence along the entire arrav, except for the effects of
additive noise. resuluing i the computation of zero spatial fiequency.  Unfortunately,
linear arravs have an inherent ambiguity with broadside signals. The side of the array
at which the source is located cannot be determined without further information. Spatial
frequency is Hlustrated in Tigure 3.

An extra requirement in the standard DOA problem is a priori knowledge of in-
conung signal frequencies, Tyvpicallv, this is handied via a bank of bandpass filiers on

the output of the sensors. Data streams {rom the sensors at cach desired center (ve-
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Figure 3. Spatial  Frequency: Two  signals with SNR=2dB,

60,=1° and 6,=45° for two snapshots at time = (a) 1,, (b) 1,. Note

the variation in ‘DC level as the snapshots sample the nearly broadside
signal at different phases.

12




_—

quency (f;, f;....) are processed in parallel, resulting in spatial frequencies for cach
temporal frequency. The DOAs are calculated by comparing these spatial frequencies
with the center frequencies of their respective filter banks.
Improvement in beamforming mayv be secn through the use of windows, weighing
“ each sensor output bv the appropriate amount to narrow the beamwidth or lower

sidelobes, but, as discussed earlier, at a cost of lowering overall resolution.

- C. SUBSPACE METHODS
1. Introduction

The projection-type subspace method utilizes the properties of the
autocorrelation, covariance, or modified covariance data matrices and their
eigenvalue eigenvector decomposition into signal components and noise components in
estimating the DOA. Generally, subspace methods use an assumed property of the data
to provide good resolution if the data fits the particular assumptions, even for extremely
short data sets. If the data (and signals) do not mcet the assumptions. the results can
be quite misicading. The assumptions here call for white noise and a signal whose esu-
mated autocorrelation matrix converges to the true autocorrelation matrix as the erder
1$ increased.

Fer p complex sinusoids in additive complex white noise the combined

J autocorrclation function of the signal plus noise is given by
- fh
itmf 2.
R im) = P‘c’/' S a, o) (18)
Ld
We define R, as the signal autocorrelation matrix of rank p. R, = il of full rank M

and give the autoecorrelation matrix as

R, = Z Pee’ + oll = R, + R, (19

=1

where Iis an M by M identity matrix, R, is of full rank M due to the noise contribution,
P is the power of the ith complex sinusoid. ¢? 1s the noise variance. and

e, =[1. ¢ . e 70 Unfortunately, this decomposition is not possible without




absolute knowledge of the noise. The p signal vectors e, contain the frequency infor-

: . 1 .
mation and are related to the eigenvectors of R,, bv v, = ———e for i < p. The
eigendecomposition of R, is v
M
: Xy JH 2, H
Ry = (2 +ou)vivi + AR (20)
i=1 i=p+1

The principal eigenvectors of R,, arc a function of both the signal and noise. If no signal
15 present the autocorrelation matrix is simply a diagonal matrix with the eigenvalues

equal to the vanance of the noise [Ref. 1: pp. 422-423]:

oz 0
0 0'2 0 0
0 o e
R, = - (21)
0 . . 0
0 07
L .

The data gencrated from taking M samples of p sinusoids in white noise can be
used to generate an autocorrelation matrix with the following properties:

o The theoretical autocorrelation matrix will be composed ¢f a signal autocorrelation
matrix and a noise autocorrelation matrx,

o The vignal autocorrelation matnix is not full rank if M > p.

e The p principal eigenvectors of the signal autocorrelation matrix may be used to
find the sinusoidal frequencies.

® The p principal eigenvectors of the signal autocorrelation matrix are identical to the
p principal eigenvectors of the total autocorrelation matrix.
The matrix will have a nummum eigenvalue 2 = o2, [Ref. 1: pp. 422-434]

Furthermore, the noise subspace cigenvectors are orthogonal to the signal
eigenvectors. or any linear combination of signal eigenvectors.  For the theoretical
autocorrelation matnx, R,,. all eigenvalucs not associated with the signals are associated
with the noise and are identical in magnitude at 2 =¢? | the minimum eigenvalue of

R.. Thus,

\
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RyVar = ZounVay ()

The zeros of this nunimum ecigenvector polvnomial

A=)

Vo U+ 1):—1‘ (23)

J=0

will have p zeros on the unit circle corresponding *o signal frequencies [Ref. 4: pp.
335-337, Refl 5: pp. 371-372].

For the simple case of M - / complex sinusoids, the autocorrelation matrix Ry,
will have a single noise subspace eigenvector vy, with its associated cigenvalue £ =67,
the minimunm ecigenvalue of R,,. Thus, the resulung zeros correspond exactly to the
sinusotdal [requencices.

2. MUSIC

MUiipie Slgnal Clasaficaton (MUSIEC) 1« a form of a noise subspace fre-

quency estiimator, based on noise subspace eigenvectors with uniform weighting. The

-
Al

MUSIC aigorithm finds a pseudo spectral estimate {rom [Refl 5: p. 373]

N 1 :
Pt = v (2
,‘—w N
e”m( ) \-\,”)efﬂ
d
where e = [1, e o e )7 0 The advantage of this method is in its generalized

nature. There is no fonger 1v a requiremient for uniformy spaual sampling. Anyv array
geometry will provide a soiution. A well-designed array will eliminate bearing ambigui-
tics and provide unique solutions [Ref. 20 pp. 19-28].

R.O. Schmide [Refs. 20120 13] has shown that a group of sensors excited by a
stationary point source emitter of known frequency will have a magnitude and phase
relauonship (or correspondence) based on the DOA of the plune wave. This corre-
spondence depends on the arrav geometry, as well as individual sensors characteristics
fre.. directivity, gain, and {requency response), and mayv not be unique for that one Ji-

rection of arnval.




By exannning the signal in terms of an M dimensional complex ficld, where each

sensor provides an orthonormal axis, one can see that a single signal will result 1 one
steering vector. This steering vector describes the relutionship between the individual
sensors in terms of phase and magnitude differences, thus for any unique signal fre-
quency and direction of arnval there 1s one unigue steering vector.  The magnitude of
the vector will vary with ume, but its dirccuion in Af spuce is g constant deternuned by
the amplitude and phase refationship of the sensors for that particular signal as illus-
trated m Figure 4.

The theory of superposition applies, thus with two signals present the instanta-
neous received steering vector is a lincar combination of the individual steering vectors.
The time varying steering vector will move in a plane that is spanned by the idividual
steering vectors. Figure 5 shows the subspace plane spanned by two steernng vectors.
The same 1dea cun be expunded to a cuse of p independent signals causing the steering
vector to move through a p dimensional subspace (as long as M > p).

Unfortunately, the steering vector may not deternune the actual DOA uniguely.

In the example ol ¢ one-dimensional Lincar array, a stgnal gives an infinite number ol

Sensor 3

X(IZ)

x@)

Sensor 2

Sensor 1

Figure 4. Steering vector for 3 sensors and [ signal




Sensor 2

Sensor 1

Figure 5.  Signal Subspace for 2 signals

DOAs that lie in a cone that is formed by revolving the actual DOA about the axis of
the array. Thus the array design and its manifold (expected response) will play a large
part in achieving optimum results. The array manifold describes the piedicted response
of the array to any possible signal or combination of signals. The manifold mav be es-
timated analvtically or through physical calibration.

Analytically describing an array is a complex mathematical procedure for all but
the simplest arravs (i.e., cqually spaced sensors in a linear arrav or a 3 element
orthogonal array). It also assumes that absolute knowledge of the arrav geometry is
available -- an assumption which can lead to errors il the diffcrences are too large.

Calibration with test sources requires a known, low noise environment while the
test sources of each desired frequency are placed in a finite number of possible locations.
The estimated response to actual signals is an interpolation of these responscs. Each set
of calibration paramcters requires storage in memory, this results in overall massive
storage requirements for a comprehensive grid.

Scveral parameters such as the number of signals present, the dircctions of ar-

rival of those signals, and the signal strengths can be determined from the signal sub-
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space nformation.  More complex models. however. can be developed thuat can
determine signal frequency and polarization as deseribed in References 2 and 13.

We will now describe the basic steps in the MUSIC algornithm for the DOA
problem. First, we sample the signals and compute the autocorreiation matrix of the
data R. Then. we determune the ordered set of eigenvalues and cigenvectors of R. In
particular, the eigenvectors associated with the munimum eigenvalues must be accurate.
In the theoretical case the signal eigenvalues are composed of signal strength (2 ) and
noise variance (¢?) and the nonprincipal eigenvalues will all be identically 62

We now determine the number of signals by eigenvalue comparison. A simple
counting of the eigenvalues greater than o2 will give the number of signals present in the
theoretical case. However, the sample autocorrelation estimates does not lead to such
simple resulis. Small power level signals mav huve smali cigenvalues (perhaps smaller
than 7 0, and the noise aigenvalues will not actually be tdenticad but will group or cluster
ncar an approximation of o7 . Methods ol solution mclude likelthood ratio tests where

the gups between the cigenvalues deternune threshiold placement (Ref” 20 pp. 772790

Ornce we [ind the number of signals present we can determine the signal <ub-

space by the span o) the firs pocrzenvectors

\‘.Zz\" \: \.] ('\\‘

[hie conal nullspace is s orthovona! congplenient
v, =0y, v Vil (269
We now fnd the mitercection of the signal subspace with the array mantfoid. The

mlorsection I gnen noeguntion 24000 the case o the untenniy apaced Dinear arran . In
actuaty the antersection s estemated with @ best-1t” method used to Jetermine the
cpumiut rest o the nonlinear case the arrey muanibold s mach miore dulicul o rep-
resent,

Two major arcas of diliiculty with the MUSIC wlgoznithm are the calculation and
storage of the array mamfeid and perfornunyg the erigendecomposninion of  the
autocorrelation mainy that results from sers Large arrass.

3. ESPRIT

In Reference 14, Puulrap. Rove and Kalath desenbe Estimation of Signal

Puarimcters vie Rotenonad Irsanence Tedhongues tDSPRET L o cubepace method wviilh

vor i

Wioes e ndentidan subharro oy Noan S Y A Rnown distance calied GivPuaeeiont vectes
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separates the two parallel subarravs, but no rotation can be present  Lach sensor in a
matching pair (doublet) must be dentical, but knowledge of individual sensor and array
response characteristics is not required.

The N elements of both arrovs arc sampled simultancously with the signal at

each sensor being given by

r
{

.\“:([) = 5;\([)(1(91‘) + nX,( )

14
-
N ; A e L (a.) 4
v = stne 2 alb )+ n

i T )\.([‘)

where the sampied «ognel at cach <ensor in a doublet difters only by g phuase terny wnd
additive noise. With p signals present. s, 1s the wavefront at the reference sensor m the
N arrav, #oas the DOA relasne 1o the displacement sector, até,) 15 the response ¢f die
ith sensor 2 subarvavy relative to the reference sensor in that array for o signal from
bearing o, s thie megnitude of the displacement vector and » the neise termi In vector

NOLHDon the staoneis al e suparravs are

LRV

xt71 = Hst) - n.(n)

2Ny
viee = Hdsiny +~ nin
where
\ —_— DA K - . I
Ny o= [t oo ]l
;
Vi) o= vl v, o dn .
Lotanvan.nind’s .

nt/n =

o

[ ‘ i
and  ntyg =

o
(0 ()i (0]

The vector of wavelronts wt the reference senser m array Xos represented by so) All
displacements and phase ditferences are based on this sensor. The p by p diagonal ma-
trin, (O, contains the phase defavs that occur with each set of doublets

B = diag[ L 0] 0

of

where o, = SN as shewn o egquation 13,




If R, 1s the signal autocorrelation matrix, the subarray autocorrelation mutrix

is given by
R.. = HR H™ = &I (31)
xXx oy : v -
The cross correlation between subarrays is
_ Ty T .
R,, = HR,®'H (32)

where H is the direction matrix whose columns are the direction vectors for the p

wavelfronts
T bR
hi6,) = [h(8,). hiB)). ..., h,(8,)] (23)
Atfter some manipulation {Refl 15 pp. 251-253] we obtain the matrix
T TygT \
= HR,H" — HR, ®'H 134
HR, (1 — & )H
p— _— ) "
rrt )
I coneral, there will be petgenvalues of this matnix. But when ;= ¢ =7+ 7, the ith row
of 1T — D7 becomes zero, leaving p-1 cigenvaiues. Lach value of  where this occurs s
calied @ generdized crvenvalue (GLI. Now, the DOAs can be deternuned by
R R / (8 o -
H, = arcan{ — ) URRY

PEPIEN

Duc to esumation errors in the calculation of the correlation matrices, sonic
error will be mduced. Generally, the GE'¢ will be moved off the unit cirele and out from
the origin, but i the case of strong signals, they will still be easily discernibie. Tt should
be noted that poor array design may resuit in possible ambiguities (sinular to MUSICO),

Advantiages to note ever the MUSIC algorithm come with respect to the array
manifold. With ESPRIT. no mamfold is required. The considerable calibration efforts
and Storege requirements are nonexistent. However, the two subarravs must be identicd!

1l respects and st be posiuoned exactly parallel to cach other [Refl 141
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4. Other Subspace Methods

Large variance effects may be seen in the above methods due to the poor reli-
abilitv of the estimation of the eigenvectors associated with the minunum ecigenvalues
of the estimated autocorrelation matrix R A different method of spectral estimation
is the use of the principal components where only the eigenvectors associated with the
largest eigenvalues are used. Some methods have tried to minimize the eflect of noise
bv using R,, — o2l but the estimation errors in both R,, and o2 have hmited their suc-
cess [Ref. 1: pp. 425]. Other spatial spectral methods include the parametric methods
such as AR and ML [Ref. 1: pp. 426-427].

The structured matrix approximation of Kumaresan and Shaw [Ref. 16} uses K
snapshots in time of an .\ element uniformly spaced hnear array with each snapshot in
time forming a column of a data matrix X, whicli 1s then approximated by X\, in the least
squares sense. The bearings information 1s then caleulated using the preperties of the
Vandermonde matrix.

A combination of {requency Jomain beamforming and autoregressive modeling
techniques have been emploved in Reference 17 to estimate the direction of arrival in a
multiple source loculization situation using a planar array.

Halpeny and Childers [Ref. 18] use frequency-wavenumber {ilters to break the
multiple wave case dovn to a succession of single wave problems.

Reference 19 expluins an algorithm that uses non-noise cigenvectors from a
covariance matrix to obtamn high reselution divection of arrival for narrow bund sources.

An adaptive beamforming method singlar 1o @ minimum cnergy approach Is
deeribed m Reference 200 The eigenstructure of the correlation matnx is anahsed and

the commutations are modificd to optimize resolution but at g cost of arrav .
I .S
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II1l. THE LANCZOS ALGORITHM

Lancros algorithms provide a method to find some of the extreme eigenvalues
(smallest or largest) and their associated eigenvectors from large matrices with fewer
operations than required in an entire matrix decomposition. The procedure is a
tridiagonalization of the original matrix based on an iteration developed by Cornelius
Lanczos [Ref. 21: pp. 49-206]. Once the matrix is in a tridiagonalized form the
eigenvalues can be easily computed using a symmetric QR algorithm [Ref. 13: pp.
278-279] or bisection {(with or without Sturm sequencing) [Ref. 15 pp. 303-308). The
algorithm takes advantage of "minimized iterations” providing quick convergence to the
final tridiagonal matrix and avoiding accumulation of roundoff error. [Ref. 22

The method fcll from favor as a tridiagonalization technigue with the advent of the
Givens and [Houscholder transformations later on in the 1930s. Givens transformations
[Refl 151 pp. 38-47] use planc rotations (orthogonal matrices) to zero out undesired en-
tries in the matrix undergoing tridiagonalization.  The Houscholder methods {Rell 15
pp- 43-47] use elementary reflectors to accomplish the samic end. Both methods are in-
herently stable, with the Houscholder method being slightly superior in both speed and
accuracy. Both methods outperformed Lanczos as a complete tridiagonalization proce-
dure in the gencral case where all eigenvalues are required [Refl 23: pp. 42-43).

The real power of the Lanczes method however lies in obtaining the extreme values
quickly. The entire matrix need not be tridiagonalized before solutions start to converge.
Also. if the original matrnix 1s sparse, the Lanczos method mainuuns that property, suv-
ing even more computiations. Thus for large matrices (order > 100} the Lanczos method
will converge on extreme cigenvalues in many fewer operations.  Recently Tufts and
Melissinos [Ref. 240 pp. 42-47] have derived a variaton of the Lanczos method for high
resolution spectral estimation and showed that their method outperforms both the sin-
cular value decomposition and the power method of principal cigenvector and
cigenvalue computation.  Later in this chapter, 1t will be shown that <torage require-
ments are also mininuzed.

This chapter starts with an explanation of the classical Lanczos algorithm as devel-
oped by Lanczos and modified by Paige {Rell 25). Then we will discuss thie unorthodox
Lanczos algorithm of Cullum and Willoughby where no reorthogonalization 1< per-

formed {Rett 23] Fmallv, the algornithm used in the direction of arnival problem are




discussed in detail. Also, we present some results of the algorithm in the form of spectral

estimation of multple tones.

A. CLASSICAL LANCZOS AND ITS VARIANTS

The original algorithm was designed as a means to directly tnidiagonalize the sym-
metric matrix A. The development of Lanczos algorithm requires the knowledge of
Krylov sequences and subspaces. For an n by n matrix A and any arbitrary non-null

n by 1 vector v, the Krylov sequence of vectors 1s defined as:

i
Vigp = Av; = Ay, for k=1,2,..,n

—
9%
[on}

Nl

In the above sequence there will be a vector, sav v, _,, which can be expressed as a
lincar combination of all the preceding vectors. The Krvlov matrix of rank m i< then

given by

- r N i~ ~ -
Voo =1Dvivavy vl = vioAv Av s ATV {37
and the Krylov subspace 1s the space that spars the vectors [vy, vo oo, v L
-2 O e o . I E=17 N
K7UAY) = span Vs Avic ATvic 0 AT vy R

The columns of the # by m Krvlov muatrix 'V, are orthogonal. The tridiagonalization

of the «iven matnx A 1s then obtained as

T= \I]’A\m {39)

where T is an mbym tnidicgonal matrix. Thus, the given matrix.’ A can be
tridicgonalized provided we have an eflicient wayv 1o compute the orthogonal matrix 'V,
or to compute the ciements of matnix T by performing the decomposition of equation
3y directlv as proposed by Luanczos [Refl 22, Refl 15].

The most direct way of performung the tridiagonalization assumes that T = V/AV
where V=[v; v, ... v.] . Note that A is a svmmetric #bva matrix and V is an
n by m orthogonal matrix constructed {rom the WKryvlov sequence of vectors. The basic
recursion for a real n by n matris A starts with a randomly generated unit Lanczos vee-
tor v,. Define scular /1, =0 and v.=0. Define Lanczos vectors v and clements » and
[, for i = 1.2...., M,

foV = AV — oy — iy, (40

to
i




o= v/ Ay, (41)
by = "iTﬂAVi (42)

This is referred to as the basic Lanczos iteration or recursion. The actual Lanczos ma-
rix T, j =1, 2,..., M. is a symmetric tridiagonal matrix with o, 1 <7<, on the di-

agonal,and §,_,, 1 €/<(j— 1), above and below the diagonal.

o fy O
B ooy By O
() /)"; L L) L]
= y 43
T 0 « « « 0 33)
. L] L ] /;j
0L a./-J

Fach new Lanczos vector v,

i

1s obtained from orthogonalizing the vecter Av, with

v,and v, , . Theelements o, and ff

. are the scalar coeflicients that make up the Lanczos
matrix. The basic Lanczos recursion may be condensed into matrix notation by defining

V. = (v..vo ..., v.). Then {from equations 40, 41, and 42

AV, = V. T +

Brosi¥
" mim ’n:+1 ni+

where e, is the coordinate vector whose mith component is 1 while the rest of the com-

ponents arc 0, T, is the #1 by Lanczos matrix, the diagonal entries are

T,(kk) = a, for 1 <hk<im, (45)

A
K

and the entrics along the two sub-diagonals on either side of the principal diagonal are

T, hk+1)=Tk+1k)y= f,,, for I<k<m—1 (46)

Note that A is never modified (unlike in Givens and Houscholder transformations), thus
advantage mayv be taken of anyv cxisung sparsitv.  Also. the onlv storage reguirements
arc for the three Lanczos vectors (n dimension), the Lanczos matrix T.. and the original
matrix A.

We summarize the actual steps:

e Use the basic recursion of cquations 40, 31, and 42 to transform the svmmetric
matrix A into a fumily of svmmetric tridiagonal matrices T j= 1.2/




o For m < M find the eigenvalues of T,. u (also known as the Ritz values of T ).

e Use some or all of these eigenvalues, g, as approximations of the eigenvalues of
A, 4.

e For each eigenvalue u find a unit eigenvector u so that T,u= uu .

The Ritz vector y is the approximation of the eigenvector of A. [t is found from map-

ping the eigenvector u of the Lanczos matrix.
y=V,u (47)

So the eigendecomposition of T, finally results in the Ritz pair (4, y) which approxi-
mates the cigenvalues and eigenvectors of A. [Ref. 23: pp. 32-33., Ref. 15: pp. 322-325/]

Unfortunately, the effects of finite precision arithmetic prevent the theoretical
Lanczos algorithm from working. The cigenvalues of A and the eigenvalues of T, no
longer converge. Roundofl errors are partially to blame, but the domunant effect 1s from
the loss of orthogonahity of the Lanczos vectors v . From equation 40 1t can be seen
that a smull ,'f«?',l will have great effect on v_,. Paige showed that the algorithm runs
within allowable error constraints untl 1t starts to couverge on the first cigenvaiue. At
this peint ,/: . becomes simadl and the Lanczos vectors lose orthogonalitv. The loss of
orthogonahty is not random, however. It abwavs occurs in the direction of the Ritz
VCCTor V.

This trouble can be dealt with through reorthogonalization. But questions that we

must answer include:

e [{ow much reorthogonalization 1s required?
e Where should 1t be performed?

o Reorthogonalize with respect to whut?

Complete reorthegonalization s the first choice, inserting a Houscholder matnx
computation into the Lanczos algonithm.  This enforces orthogonahty among all the
Lanczos vectors und is effecuive at keeping the syvstem stable. But the extra computa-
tions 1t requires negate any advantage of the Lanczos algorithm, making the number of
computations on the same order as a complete Jecomposition. Numerous vectors have
to be stored and comnared requiring many swape into and out of storage. [Ref. 13: pp.
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Selective reorthogonalization is clearly more efficient. The extra computations are
performed only if orthogonality checks indicate loss is imminent. Paige shows that the
loss of orthogonality occurs only when the algorithm converges on a Ritz pair. Thus,
instead of reorthogonalizing against every other Lanczos vector, using the less numerous
Ritz vectors will be suflicient. Storage is thercfore mininmized. Only when all eigenvalues
of the matrix are required does this method become computationally more expensive
than other techniques. [Ref. 206]

The last option is no reorthogonalization. The explanation above would seem to in-
dicate that maintaining orthogonality is required. However by analyzing the causes and
effects of the original loss of orthogonalization one can insert corrections into the sol-
ution to give valid eigenvalues and eigenvectors. This is the procedure that will be ex-
anuned in the next section.

One other property will be mentioned.  Here the single vector Lanczos recursion
described above will not find duplicate eigenvalues of the matrix A. Parlett’s proof uscs
the power method to expand v to compute the columns of the Krvlov matrix K(v, A).
If #(v) 1s the smallest invanant subspace of B* which contains v. then the projection of
A onto #(v) has simple eigenvalues.  Also, the Krylov subspaces fill up #(v) and for

some /=< # we have
spanivic KA V) c KA v e . c KA Y) = RPYAY) = Jv) (49)

The recult 1s that some eigenvectors of A mav be mussed, and anyv repeated eigenvalues
will not be detected. [Refl 27: pp. 235239

The muluple eigenvalue problem can be treated by using a Block Lanczos algorithm.
Instead of obtainng a tridiagonal matrnx, the result 1s a banded block matrix, where the
dizgonal 1s M, an /[ by [ matrix, and the above and below the principal diagonal are
upper triangular matrices B, . Lach block must be dimensioned [ > p . where pis the

estimated multiplicity of the desired eigenvalue.

(M-l B] 0
B. M, B! o
0 By, « o

T = 39
/ 0 . . 0 (+9)
0O « + B
] 0 B, M,
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This is analogous to the general case [Ref. 15: pp. 337-339]. The block Lanczos algo-
rithm 1s briefly reviewed at the end of this chapter.

The above discussion assumes that the given matrix A is real and svmmetric. Besides
the algorithms summarized in this section for a real and svimmetric matrix case. there
are other general Lanczos algorithms proposed in the literature [Ref. 23] that are suitable

for Hermitian matrices, non-symmetric matrices, and for rectangular matrices.

B. IMPLEMENTATION
The Lanczos phenomenon states that a few, not all, of the eigenvalues of a very

large matrix A can be computed wusing the Lanczos recursici with no
reorthogonalization. But to find most of the eigenvaiues, the Lanczos matrix, T, will
grow in size approaching that of A, causing the loss of orthogonality of the Lanczos
vectors. The loss of orthogonality results in many spurious eigenvalues, as well as extra
copies of good eigenvalues. [n any case, & test is required to confirm either:

* a “found” cigenvalue is good, or

e the cigenvalue that appears 1s spurious.

Golub and Van Loun. Parlett, and Paige [Refs. 15, 27, and 28} describe procedures
that Teok et the eigenvalues for euch T, as ni iy stepped up in size. All the eigenvaiues
of T. are computed at cach step. The good eigenvalues will repeat at each larger T..
while the <purious cigenvalues jump around.  If an eigenvalue does not match at con-
secutive To'wat may be considered spurious and thrown out. 1 a good eigenvalue is
mistakenh doleted (due to numerical roundoll), it can be counted on to reappear in the
neNg step,

Cuatiamy ond Weitdoughby [Refl 23} woke a different tack by developing @ test to find
and chmunate bad eigenvalues and retam the rest. The advantage here is m utilizing the
muachine’s tolerance to drop bad eigenvalues, while not discarding good cigenvalues that
have vet to converge. A result a larger spectrum is available sooner, even though it

may only be a rough estunate of where the cigenvalues will finallv converge.

I practiee, parts of the Lancszos recursion (equations 41 and 42) are replaced by
g = Vi{Av, = ) (30)
and

Vo (3D
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Computation of the element «, is a moditied Gram-Schmidt orthogonalization proce-
dure. The new f_, is equivalent to the f_, of equation 42 but now it directlv controls
the size of the Lanczos vector.

In what follows we describe two Lanczos algorithms, namely the single vector
Lanczos algorithm which i1s modified and analyzed by Paige [Ref. 28] and the block
Lanczos algorithm described by Cullum and Willoughby [Ref. 23]. Both algorithms have
been considered for the esumation of the directions-of-arrival of multiple targets in noisy
environments in this thesis.

1. Single Vector Lanczos Algorithm

The first procedure to be described is the Paige’s single vector Lanczos algo-
rithin {Refl. 28} fer real symmetric matrices. The single vector Lanczos procedure is one
of the most straightforward implementations of the theory. This procedure will find
some or many of the eigenvalues and eigenvectors of a real svnunetric matrix A such that

Ax=/x. It will not detect repeated eigenvalues. However, it mav be noted that for

example. in the direction-of-arrival problems the smaliest eigenvalues of the
autocorrclution matrix corresponding to the noise associated with the target signals are
spread over a small range rather than coinciding on the same vulue [Ref. 2}

No rcorthogonalization is performed as part of the single vector Lanczos al-
gorithm. As mentioned earlier, the Lanczos vectors begin to lose their orthogonality
when we seck to esumate all or most of the eigenvalues of the real svmmetric matrix A.
Por the apphicatuon under consideration. however, we are generallv interested in onlv a
few of the minimum cigenvalues and the corresponding eigenvectors. It is mainly for this
reason that we have not attemypted the complete or selective reorthogonalization of the
Lanczos vectors in this study.

Now we shall outline the basic steps wmvolved in the single vector Lanczos al-
gorithni. This 1< based on the recursion described by equations 40, 530 and 51, Based on
these equations Paige [Refl 28] presented four different single vector algorithms. We
have adapted one of in this study. The complete eigenvalue eigenvector problem actually
consists of three parts: (a) obtaining the tridiagonal matrix T, from the given svmmetric
and real matrix A using Paige's recursion, (b) determining the smallest eigenvalues of
T. using the bisection method and Sturm sequencing, and (¢) estimating the corre-
sponding cigenvectors by computing the Ritz vectors. The details are presented in the

foliowing.




Step I As shown in equation 43 the symmetric tridiagonal matrix T, has entrics
o, and f§ along its principal, and the adjacent sub and super diagonals, respectively. The
following recursive expressions are then used to compute the entries of the tridiagonal

matrix, and also the Lanczos vectors v, [Ref. 28]:

Initial conditions: v, is an arbitrary n by 1 vector such that v}, = 1

u, = Ay,
g = fy =0
forj=1,2,...,m
o = vauj (52)
W= U — o
Bo= iw;

Vier = Wil
= A\'j+1 — [;‘j\'j

where w.and u arc some intermediate vectors. The vector v, is obtained by filling its
entrics with a random number sequence and then nermualizing it with respect to its
Luciidean norm. Now T, 1s obtained by simply filling its entrics as in equation 43, Note
that /< i in the above. One quick test to ensure that we have obtained a fairly accurate
esumate of T, 1s to compute the product v7v, . The result should be equal to 6, . where
o, 1s the Kronecker delws function.

Step 20 The eigenvalues of the tnidiagonal matrix T,. denoted by g, can be
computed using the bisection method and Sturm sequencing. Actually onc could obtain
both cigenvalues and cigenvectors of T, by emploving such methods as the QR algo-
rithm. However, when only a few eigenvalues are required. the bisection method seems

appropriate. For the given by s matnix T, we Jefine the characterstic polvnonual

prfu) = det (T, — ul) (33)
which can be recursively computed as follows
[’0‘,“) = ]
;(,u) = o, — U R
d 1 2 (3d)
plu) = (o, = wp_w) = fi_peqlu)
for /= 2.3 ... ,m
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The roots of the polvnomial p.(u) are the required eigenvalues. For our appli-
cation, we are onlv interested in a small range of eigenvalues at the lowest end of the
eigenvalue spectrum. We make use of the Sturm sequencing property that the
eigenvalues of T | strictly separate those of T, [Refl 15: pp. 305-307] and implement the

following iteration:

a+ b
= —>
b= if play,(b)<0 (55)

a=u if pla)y,(b)=0

and we repeat the above as long as |b—al > &b+ 1al). where ¢ is the muchine
unit round-ofl error and [a.b] is the range of our required eigenvalues. Determining the
range of interest in our application may require some a priori knowledge about the signal
to noise ratios (SNR) and it mayv take a couple of iterations to do this. Some alternatives
to the iteration given 1 cquation 35 are to use a straightforward polvnenial root {inder
and then pick the roots of mterest, or to employ the well known L-D-U factonizauion,
both of which mav not be computationaliv efficient.

Step 3: There are two wavs to obtamn the cigenvectors of A knowing its
cigenvalues, /. Note that w are the estimates of 4. In the first method, we compute

the eigenvectors of 7., . denoted by t, and then obtain the eigenvectors of A given by
N,o= Lt (500

where L, = [v, v, ... v_] iv the Lanczos matrix which ideallv 1s the senie as the
Krylov matnx of equation 37. Note that tu. t1e T,

The second method mmvolves computing the Ritz vectors either from the
Rayleigh quotient interation or by the orthogonal iteration. Here we assume that we
have good estimates of £, from the previous step., and proceed to obtain the eigenvector
X by munimizing the cost function

J = A =-/2Dx1; (37)
It can be shown that a simple minimization of J with respect to X vields the Ruavieigh

quotient of X




x,TA\/-
)(xj) = /; = N (5%)
X, X

Therefore, given «. and using equation 38 wc can formulate the Ravleigh quo-

tient iteration as follows [Ref. 15, 27]

Initial condition: X, is an arbitrary vector such that ||xpll, = 1
fork =0,1,2, ..

) I\;I-AX;(
r(,\J;) = T ({k)
NN 2l

solve (4 = r(x, Dy, = X, for ¥,

, — 'y "0
XNerp = VaritVesat:

where v, ., is some intermediate vector. We stop the iteration when !y, _.", converges 1o
a constant or when #(X,) = »,, one of the known cigenvalues. AU ecach 1teration step we
need to selve an 7 by e svstem of equations in this method. One advantege with this
method, however, 1s that it converges verv quicklv. Besides the above iteration. some
other methods are outhned 1n References 15023 and 270 We remark thataf oniy o fow

genvevtors isav, fiver are required, 1t mav be more direct 1o use

cigenvalues and eig
equation Se.

We now present an example of the ability of the single vector . nezos aigorithm
to esumate the direction of arnval, or to lind spectral Lines in noise, and the advantages

in extracunyg more than one cigenvalue and cigenvector m this process. We consider a

signal with three sinusends present in noise

Xty o= ) o cos(2rfn) 4+ nln) (60

L

=

where . are the amplitudes of sinusonds, f are the normalived spatial frequencies

(< £ < 0.5 correspondmg to O < 0 ) .and ata 1s the zero mean white norse with

tJII!

a4 vanaence ol a0




We have computed a 25 by 25 autocorrelation matrix of x(n), R,, , by using 100
data samples. We have uscd the covariance method for this purpose, hence R,, is recal
and symmetric. The eigenvectors x, of R,, corresponding to the lowest eigenvalues are
computed by employing the single vector Lanczos algorithm. The power spectral density

estimates are computed as follows:

s2 = — (61)

where x, are the elements of the jth eigenvector, X,
Figure 6 and Figure 7 show the power spectral density (PSD) estimates of

equation 60 with an SNR of 10 dB forj = 1 and 2, respectively.
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Figure 6. PSD of first eizenvector

Note that the index j indicates the increasing magnitude of the eigenvalues. Thus,
(41, x,) are the lowest eigenvalue and the corresponding eigenvector. In both figurcs we

have the peaks at the correct locations (9°, 27°, 63°). However, they both have spurious




smaller peaks at different Jocations. We can observe the same trend for the first five
eigenvectors as shown in Figure 8, where the spectral estimates are over laid on each
other.

Based on the above results one feels that we could employ scme kind of aver-
aging to get rid of the spurious peaks and improve the estimation performance. We have
implemented two such methods: the eigenvector averaging and the spectral averaging.
Figure 9 shows the result of the algebraic averaging of the first § eigenvectors, and -
Figure 10 shows the result of the algebraic averaging of the spectral cstimates of the
same eigenvectors. As secn from Figures 9 and 10, eigenvector averaging yields better
results than spectral averaging.

0 T ~ —r— =
10% ¢ " E
3
I 3
10-1¢
ey 3
%
I
v
2 3
i 3
o .
- —
b ]
& N
¢ ]
L -
| 3 1
o] -
a.
104 \\ E
10 & [ SR O ' : _
0 20 40 60 80 100

Nearings

Figure 7. PSD of second eigenvector

Improved results, however, were obtained by using what 1s called spectral

multiplication which is obtained by taking the product of the individual spectra, given
by

J
Sulf) = HSEQ(/) (62)
j=1
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where J is a predetermined number (J < m <n). Figures 11 and 12 show the results of
spectral multiplication for J = 2 and J = 5, respectively. As can be seen in these fig-
ures, using more spectra in cquation 62 greatly improves the performance. Also, even

for J = 2, spectral multiplication outperforms the eigenvector averaging method.
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Figure 8. Overlayed PSDs of first 5 eigenvector

In the remainder of the thesis, we have used spectral multiplication in prefer-
ence to the eigenvector or spectral averaging. Figure 13 shows the multiplication of §
spectra for the case when the SNR = 0 dB. We notice a sputious peak around
0 = 74°. More spurious peaks are observed when the SNR is decreased to -5 dB (sce
Figure 14) and Figure 15 shows the spectrum for the SNR but we have used the
eigenvectors 6-10 in this case. Improved performance is obtainced as shown in
Figure 16 (J = 10) and Figure 17 (J = 15) by using more and more cigenvectors in the
spectral multiplication.

In all the above cases we always observed the signal spectral peaks at the right
places. The spurious pcaks, however, did not appear at the same location as we used a

different eigenvector to compute the spectrum, SQ(/).
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2. Other Methods

The single vector Lanczos algorithm will not determine that repeating
eigenvalues exist, thus it cannot {ind the corresponding eigenvectors. The subspace that
results has an incomplete basis as it is described only by the cigenvectors that are com-
puted. The solution is to use a bloch :ncthod that is analogous to the single vector
Lanczos algorithm. As we mentioned earlier, the block form of the Lanczos algorithm
does find eigenvectors with multiplicity p as long as the blocks are dimensioned /> p.
We attempted to incorporate the Cullum and Willoughby hybrid block Lanczos algo-
rithm (Ref. 29 Chapter 8) into our dircction of arrival model. We postulated that it
would be desirable to compute a few of the extreme smallest repeating eigenvalues and
their respective cigenvectors. However we were never able to get the program to reliably
compute good eigenvalues and eigenvectors for the autocorrelation matrix. This has not
posed a problem for our model as the covaniance matrix does not appear to have re-
peating eigenvalues, but a larger order matrix may indeed include duplicating noisc

cigenvalues and require an algorithm that will accurately operate with that perturbation.
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The algorithm we attempted to use is actually a hvbrid approach to finding the

eigenvalues and eigenvectors of a real svymmetric matrix A. For insight into the problem

look at the block analogy of equations 40, 41, and 42. Define matrices
B, = 0and V, = 0. The n by ¢ matrix V, has columns that are orthonormal random

vectors. The value of ¢ must be greater than or equal to the number of eigenvalues to
be found.

for i =2,3, ..,s

7 14 14 T (()3)

VigBiyy = P = AV, = VM, - V_B,
M, = V/(AV,-V_,B]) (64)
VB = P (¢3)

1

The matrix B, is a modified Gram-Schmidt orthonormalization of the columns of P,
Also note that the matrix M, correspond to the o's of the single vector Lanczos.

The block analogy to the Krvlov subspace approach cun be performed with
KA.V, = span{ V). AV, Az\':,.‘..A‘F_iV} (66)

The blocks V. for j = 1. 2. ... . s form the orthonormal basis of the Krvlov subspace.
It can be shown that for a svmmetric # bv z matrix A and an orthonormaul
2 by ¢ sturung matnx Vo that the block recursion equations 63, 64, and 65 will gencrate

blocks V.o Vi 0 Vowhere gs < n. It is these blocks that form an orthonormal basis

D

f the subspace KA V) In much the same way as the single vector Lanczos algorithm
cenerates the tridiagonal Lunczos matrix, the biock variant generates blocks, but these

arc now nontridiagonal. At the end of cach iterauion the Lanczos matnx is of the form
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A, o] MTAM |
____I_.___._.______.______
bz | a; 183
_ | ﬁ3 oy fa
T, = |[M'AM,| f, o, - (67)
| . . .
I . . .
l R
| be o,
L .

The submatrix I(ITAI_\T consists of the reorthogonalized terms and l\~1; 18 the portion of
the {irst block that 1s not generating descendants.  Ritz vectors are computed on every
iteration and are used as the starting blocks for the next iteration. T'ach block is required
to be reorthogonalized with respect to the all the vectors in first block which is not being
allowed to generate descendants. It is apparent that the block procedure requires a great

amount of storage and is very computationally intensive.
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IV. RESULTS

Using the Lanczos algorithm it is possible to find some of the eigenvalues and
eigenvectors of a matrix without going through an entire matrix decomposition. The
smallest eigenvalue of the autocorrelation matrix and its corresponding eigenvector will
have the required spectral information to determine a source’s bearing (direction of ar-
rival) from an array. Multiplving several of the resultant eigenvectors” power spectral
densities will tend to reinforce the true spectral peak and zero out spurious peaks that
do not occur with every eigenvector.

The problem with finding the split between the noise and signal eigenvalues disap-
pears as onlv a few of the smallest eigenvalues of a large matrix (in rclation to the

number of sources) are used.

A. APPROACH

The received signal is modeled by sinusoids at normalized spatial frequencies pro-
portional to their bearings from endflire (0 = 0°, .5 = 90°). The sum of these
sinusoids 15 sumpled at a rate based on the interelement spacing of 4,,,/2. Thus a source
at endfire is sampled at the Nvquist rate and the sumple rate increases as the bearing

shifts toward the array broadside. The simulation uscs

sstn) == Acos(2afon) + n(n) (68)

(>4

)

where ss(7) 1s the instancous excitation for the sensor at location s, . is the amplitude
of each of the 7 signals. f is the normalized spatial frequency of the th source (de-
pendent upon bearing), and n(n) 1s white gaussian noise. The relationship between .4

and the noise variance a? is determined by the desired signal to noise ratio (SNR), where

-

Bk
SNR = 10log[ —=— (69)

By

v

The experiment consists of simulating a linear array with equally spaced sensors re-

ceiving signals of known temporal frequency from various bearings.  One possible




physical implementation would place a bank of bandpass filters on cach sensor with the
outputs from cach similar filter tied into a correlator. Advantages of this method include
1.2 processing gain found by prefiltering the noise and simple parallel implementation
with separate channels for each frequency band. The lowering of the noise bandwidth
will raise the SNR at the correlator. As more filters are used (smaller bandwidth) the
noise power decreases and the SNR is increased.  The algorithm creates an
autocorrelation matrix with the output of the correlator. The Lanczos tridiagonalization
and eigendecomposition provides the eigenvectors that are estimates of the spatial PSD.
The PSD corresponds to the sources directions of arrival. A possible implementation is

shown in Figure 18.

B. EXPERIMENT SET UP

The first three cases show the effect of different signal strengths on the ability to
accurately determine the number of targets and the bearing resolution for various di-
rections and target spacing. In each of these cases. the number of sensors is 100, a ma-
trix size of 235 i< used and 15 iterations (the number of eignevalues eigenvectors found)
are performed. Cuse <4 uses three 3 dB sources at 189, 36° and 41.4° to illustrate the ef-
fects on chunging the number of sensors (samples), the size of the autocorrelation mu-
trix, and the number of cigenvectors used.  The noise is randomly generated white
gaussian noise with a standard deviation selected to provide the desired SNR. Each

K
&

ficure shows, (ay the PSD of selected eigenvectors overluved and plotted versus beurin
and {b) the product of sclected PSDs of those eigenvectors.

Case 1 s with all sources at a signal strength of S dB. Figure 19 shows results from
the second through sixth eigenvectors of & single source at 18°. Note that somie of the
cigenvectors hiave mdividual peaks as high as the true signal peak. but onlv at the true
bearing Jo all have a common peak. Ifigure 20 illustrates the other end of the spectrum,
at 817, Once agaw the second through saxth eigenvectors are overlaved to show that the
correct bearing is consistently displaved. but in this case one eigenvector has an indi-
vidual peak higher than the true signal peak. The product of these PSDs provides suf-
ficient resolution. Figure 21 hus two closely spaced sources at 36° and 387, Resolution
is achieved but the PSD product of the second threugh sixth eigenvectors shows a spu-
rious peak near 75°. Tigure 22 i1s from three sources at 0°, 36° and 88.2°. The mdividual
eigenvector PSDs clearly show the excellent performance at broadside.

Case 2 Jowers the signal strength of all sources to 0 dB. Tigure 23 shows results

from the second through sixth eigenvectors of a single source at 18°. Manv more peaks
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Figure 18. A physical implementation

are visible in the PSD product, making the decision of how many targets more diflicult.

Iigure 24 shows that at the the other end of the spectrum (at 81°) the situation is
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slightly worse (due to a lower sampling rate). The overlavs of the second through sixth
eigenvectors show that the correct bearing is consistently displaved, but in this case
enough spurious peaks reinforce one another, resulting in the PSD product that has not
zeroed out the bad peaks. Figure 23 illustrates that the proper choice of eigenvectors
will resolve this problem. Here the PSDs of the first through fifth eigenvectors are used,
giving a product that is easier to determine correctly. Figure 26 shows the 0 dB case for
two close spaced sources at 36° and 38°. Resolution 1s achieved but the PSD product
of the first through fifth eigenvectors shows several spurious peaks, including the same
one as in Case 1 near 75°. Figure 27 is the three source example at 0 dB. The individual
eigenvector PSDs are repeating at the proper bearings but the performance at broadside
1s resulting 1n the product at the other bearings actuallv being driven down.

A signal strength of -3 dB is used for Case 3. Figure 28 shows results from the first
10 eigenvectors of a single source at 18°. Using more good eigenvectors increases the
likelthood that all spurious peaks will be dinunished. Tigure 29 illustrates results at the
cther end of the spectrum (at §1°). Resolution is fooked at in Figure 30. At -5 dB the
algorithm cunnot separate the two close spaced sources at 36° and 38°. A number of
spuricus pecks are higher than the bump at 36° making 1t impossible to accuratelv de-
ternune the number of sources as well as both locutions. Resolution is tried agoin in
igure 31 with 2 sources at 307 and 407 . Using five eigenvector PSD products produces
good results. Figure 32 <hows 3 sources at -5 dB. Good performance is scen both in
the overlavs and 3 the PSD product.

Case 4 starts with 100 <ensors and a 23 by 23 covariance matrix shown
Preure 330 As the numiber of sensors 1s decreased and the number of eigenvectors used
is held constant, more spurious peaks start to oceur (bigure 34 and bigure 533,
Figure 36 shows the spectral mmprovement as more eigenvectors are used.  As the

i

number of sensors 1s decrcased to 40 (Figure 37) and seven eigenvectors are used. the
results are sull acceeptanie. Using onlv 37 sensors we can no longer sce resolve between
the two dlosely spaced sources. With a sufficient number of cigenvectors no spurious
peaks are present but the true number of targets is nondeternmunable (Tigure 38 and

Figure 39).
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through sixth eigenvectors, (b) product of the first 5 cigenvector PSDs
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Figure 32. Case 3 -5 dB, 3 targets at 0 °, 36 ° and 88.2 ° (a) overlay of PSDs
from first through sixth eigenvectors, (b) product of the first 10 PSDs
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V. CONCLUSIONS AND RECOMMENDATIONS

The results plotted in Chapter 1V indicate that the eigenvectors found using the
Lanczos algorithm are sufficiently accurate to determine the spectrum. Although no
direct comparisons with other cigendecomposition methods are performed, the theory
indicates that many fewer operations are required. We handle the other diflicultv of
conventional subspace methods by using only a few of the eigenvectors associated with
the minimum eigenvalues of the autocorrelation matrix.  No estimation of the noise
subspace dimension is required or performed.

This theorv may be applied to anyv svstem requiring rapid decomposition of the
correlation matrix.  Examples include phased array radar and passive acoustic arravs
[Refs. 30, 31). Reierence 32 details an experimental svstem using the MUSIC algorithm
for muliiple source direction finding.

The followmy urcas are recommended for future study.

e ['se of the preducts of multiple spectra apparently resulted in good detection at fow
SNR.  More rescarch i this arca to determune a physical iterpretation of tins
method s reguiired.

e Analvsiy and comparicon of the results in terms of computational speed and accu-
racy with othier eigendecomposition methods should be performed to find the true
cverite
TCSHLLS,

e The Lancrzos algorithm developed uses no reorthogonahzation nor will it find re-
peating cigenvuiues.  Other forms of the Lancsos algorithm are avwhible. Com-
parisons between these different methods to deternine accuracy and speed muy
lead to more opumum results.

o A\ mere detaled model shouid be developed that will simulate an array with o hank
ol bandpuss filters 1o better forecast results of a physical implemientation (as seen
in Pigure 1y of Chapter TV,

e A method which implements the algorithm in paralle] fushion mayv be tried. Using
one long hineur array, several overlapping subarravs may be used to simuliancoushy
create several autocorrelation matrices.  The algonthm mayv be apphed to tiiese
matrices in parallel. It is predicted that the greater number of avalable
eigenvectors will more properly deseribe the noise subspace and therefore more
accurately estimate the spectrun,
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