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ABSTRACT

We consider the problem of direction finding (DF) of multiple. cofrequency
narrowband signals with a phased antenna array when direcrion-dependent array-
calibration errors as well as thermal noise are present. Lower bounds on the variance
of unbiased estimators for DF are derived under two different tvpes of signal models:
completely unknown (i.e.. generic) signals and unknewn constant-envelope signais,
In both models. the complex amplitudes of the siguals are modeled as unknown pa-
rameters. We derive and evaluate lower bounds on DF of these signals when complex
Gaussian array errors and thermal noise are present. In our numerical examples.
the bound for generic signals tended to decrease with increasing interference power
and. for closely spaced signals. became more ontimistic when stnai array errors were
added. With a sufficiently large signal-of-interest (SOI) arrayv signal-to-noise pow.
ratio [ ASNR) and munber of looks. the bound numerically approached the bound
on DF of multiple generic signals with array errors but no thermal noise {(i.c.. the
multiple-generic-signal. arrav-crrors-only bound). The latter bound depended on
the signal separation and the power of the arrav errors. It was independent of die
signal wavetorms and powers and was largest at maoderate signal separations .e.g..
(0.3 beamwidths . The latter bound approached the single-signal arrav-errors-only
bound as the signal separation approached zero.

The results for constant-envelope signals showed thar the bound with arrav
errors and thermal noise was more optimistic than the analogous geneijc-signal
bound and had little dependence on signal separation and interference power. Thixs
was also the case in the absence of direction-dependent errors. The improvements in
the bonnd were more significant at small arrayv errors. low ASNR. small numbers of
looks. and moderate signal separations. At all signal separations. with a sufficiently

hich SOI ASNR and number of looks. the bound mumericall’ - roached the single-
siznal. one-look. arrav-errors-only hound (the latter bouna = ' same for generic

and constant-envelope signals),
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PREFACE

Yo perform direction finding (DF) of multiyle. cofrequency narrowband signals
with a phased antenna arrayv. it is necessary to know the arrav-response pattern as
A function of the signal direction. In practice. this function is known only approx-
imately. I' is therefore appropriate to model the arrav-response paitern vector as
a perturbed version of a deterministic funetion of the signal direction (i.e.. the as-
sutned wrrav-respanse vector). It is useful to decompose the perturbations into two
components. a direction-independent component and a direction-dependent compio-
neut. The direction-independent component is commonly modeled as multiplicative
errors that are the same for all of the signals in each receiver channel 1e.g.. in-
ternal receiver-calibration errors). The direction-dependent component is due to
errors that are different for each of the signals in each receiver channel 1c.g.. e1-
rors due to arrav-response pattern calibratior: residuals and near-fiexd multipath
The direction-dependent component is modeled as adding errors to the assumed
array-response vectors of the individual signals. In this report. we shall linnt Hur
cousideratinn to the direction-dependent component of the errors.

Direction-dependent array errors can be an important limiting factor in the
performance of DF algorithms. To help determine whether current algorithms are
performing near the intrinsic limitations of the problem. it is useful to compute
lower bounds on the variance of unbiased DF estimates in the presence of directior
dependent e rors.

In Section 1 of this report, we derive lewer bounds on the variance of unbiased
estimators for DF of unknown generic and constant-envelope signals when inde-
pendent. complex Gaussian, direction-dependent array-calibration errors as well as
complex Gaussian thermal noise are present. (Note that, in a real er.vironment, the
array errors might be correlated aii: 1na-element-to-antenna-element and; or signal-
direction-to-signal-direction. which could impact the performance achievable.) Nu-
merical results for some cases of interest are presented in Section 2. Conclusions
and directions for future wurk are presented in Section 3 and Section 4. respectively.

XV




1. SIGNAL MODELS AND LOWER BOUND DERIVATIONS

1.1 NOTATION AND SOME MATHEMATICAL NOTIONS

Real and complex scalars are denoted by lowercase Roman or Creek letters. Vectors are
denoted by lowercase Roman or Greek letters with an arrow on top (e.g.. r). Matrices are denoted
by uppercase Roman or Greek letters. Exceptions are the svmbols used to denote the dimensions of
vectors and matrices as well as the symbols used to denote the number of signals. antenna elements.
observations {ie. looks). and unknown parameters. aamely S. A, N and P. respectively. The
fetters s0 m s and poare used to index over the signals. antenna elements. looks. and unknown
parameters, respectively. The ith column of the matrix X will be denoted by X, the ith row of
the matrix X {written as a column vector) will be denoted by X,.. and the /jth component of the
matrix X' will be denoted by «.Y),,. The ith component of the vector F will be denoted by (F),.
The real and maginary parts of a quantity X will be denoted by R(X') and 3(.Y). respectively.
The transpose. complex conjugate. and Hermitian {i.e.. complex conjugate transpose) of a matrix
X are denoted by X7 X and XY respectively.

We define €, as the vector whose ith component equals 1 and whose remaining components
equal (1. 1y as the V-vector whose components all equal 1, I as the N > NV identity matrix. Oy«
a~ the M- N omatrix whose components all equal 0. and E,; as the matrix whose {jth component
eqguals b and whose remaining components equal 0. We shall need the identities

tridAl) = tr(BA4) (1.1)

2. Fq 140 and
tridL,) = tr(A,&) (2. Eq. 1.28))

T4, (Eq 11)

i
—~
o
NN
g

1.1.1 The Kronecker Product

The Rronecker product of the I « J matrix 4 and the R x L matrix B is defined as the Th" » JL

matrix 2. Sec. 2.2

(A B (A)2B - (4)yB
wof | (A B (A)B - (A)yyB
AL B _ e . (13
(A)nB (A)pB - (A)yB
1




It has the properties

A (aBy=(ad) s B=a(A= B) (1.4)
(:2. Eq. 2.5 and a trivial extension).

(4B = 4 pH (1.5)
(L. p. 9).

(4B t=4"te B! (1.6)
{ 2. Eq. 2.127). if the inverses exist. and

{45 BYC -~ Dy=AC = BD (1.7)

(2. Eq. 2.11). where (" is a J » M matrix and D is an L ~ N matrix.

1.1.2 The Hadamard Product

he Hadamard product of the I x J matrices A and B is defined as the [ x J matrix

(An(B) (A)we(B) - (A>u(B_>1.,]
Anp (‘4)21'(3)21 (44)22-(3)22 (A)ZJ.(B\)QJ . (18)
(A (B (A)re(Blrz -+ (A)s(B)yy

The Hadamard product is obviousiv commutative and associative. so that

ACB = BZA {1.9)
and

(ASB)2C = AD(B3C). {1.10)

We shalt need the identities

(Ao = AToB™. (1.11)
(ab VzedTy = (asdbTd)T (1.12)
2




and

(Eqr AVT(BEg) = (6(A)78(B,&)  (|2. Egs. 1.27 and 1.28))

—

= (GOBGTA)T  (Eq 112)

'

= (B)gelyilA)na)T
= (A)rt(B)qs(?qé‘;I‘
= {(A)e(BlgsEy (2. Eq. 1.5]). (1.13)

1.1.3 The Khatri-Rao Product

The Khatri-Rao product of the Al » N matrix 4 and the P » N matrix B is defined by the
MP - N matrix

4A.B% l A5 B, Ay=Ba --- Anz= By ] (1.14)
We shall need the identities

(A= B)(C:D)=(AC: BD) (4, Eq. 1.5.9)) (1.15)
and

(4 B+ D)= A"C)o(BY D). (1.16)

The latter is proved by noting that the ijth element of the left-hand side is equal to

(A, =B (C,=D,) = (A" = B¥)C,;aD,) (Eq 15)
= (A"C;)z(B¥D;) (Eq 17)

= (Af0y; @ (BY D),
= (AHC);(BY Dy,,. (1.17)

We shall also need the identity

(A BYH(C . DWE - F)

i

(A= BYY(CE + DF) (Eq 1.15)
= AM"CEoB"DF (Eq. 1.16). (1.18)




1.1.4 Matrix-Inversion Identities

We shall need the matrix identity
A-BC'D'=a4t AT BIC-DAT'B DAY (1.19)

tassuming the necessary inverses exist} 5. Eg. A3l and the following result on the inverse of a
partitioned matrix 5. Ec¢. A.2,. Let A be an invertible square matrix partitioned as

A= [’1“ Az | (1.20)
Lo Ax

with Ay, invertible. Then the upper-left block of A4~ 1. A1 1y- I given by
AT :("111*-41143[1-421)'1 (1.21)

(the inverse indicated on the right side of the equation can be shown to exist under the given
conditions). and

q-1 -1 -1
ATy —A  Ardy

-1 _
S Ay A Agy !l + Ay T Ap AT A Ay,
~lo A2 11 Az T An Ana pdindn

(1.22)

~1 h

Note the notational distinction between the ii'" block of A7}, 4
block of 4. A, 7%

.~ and the inverse of the it

1.2 DATA MODEL

1.2.1 Array-Response Model

The signal environment will be modeled as S narrowband cofrequency signals. The complex
amplitude of the sth signal during the nth observation (i.e., look) will be denoted by ¢,5. The ¢,
will represent an unknown generic or constant-envelope signal. The details of these signal models
will be described in Subsections 1.2.2 and 1.2.3. We define the S-vector of complex amplitudes
during the nth look, &,, by

o del T Y
Cp = Cnl Cn2 *° CnS ) (12';)
the concatenation of these vectors. ¢. by
c S
. de -,
FEN G, v E). (1.24)
n=]




and the N < 5 matrix of complex amplitudes. ', by

C1i c12 (SN -l
!
, def Cap 22 e (2N )
(= (1.2
NP O o ONY

We will assume that N > § and that (7 is of full rank. S.

The signals are observed using an arrav of M anteuna elements. The ideal {(i.e.. error-frec;
arrav-response vector of the sth signal will be denoted by F.and the error in this vector will be
denoted by £.. Detine the complex M - S matrices of ideal arrav-response vectors and their errors.
Voaad =0 by

RN O (1.26

and

n

15
,'\.‘
/“X

c .
QN

N a

The response of the array during the nth look!. 2,0 will be modeled as

n = {‘V‘"E)(Z]*Eu‘ (1.2\}
where &, denotes the thermal-noise vector corrupting the observation. The vectors {&.} and {~,}
. .. . ‘ . 9
will be modeled as sequences of independent. zero-mean complex (circular) Gaussian® random
. . . o ) . - -
vectors with covariance matrices e={y; and /. respectively. The {&} and {R,} are assumed to
be statisticallv independent of each other.

Define the concatenated thermal-noise vector. K. by

~ def — -
k (é Z(fn ) ""H) (1‘2(“

and the concatenated observation vector. Z. by

of N

~ e - -

< - § (fu - :n)
n-l

''A look (or observation) is defined as a simultaneous vector snapshot of the baseband complex
amplitudes at the outputs of the M antenna elements composing the array.

= In the report. we shall often use the terminology “complex Ganssian® in place of “complex
circular Ganssian® for simplicity.




N
= }:{(‘” (\. - E)(?n - KII}

nol
\ N N

= Z{{‘n - :Z('ns(" - E)\} s Z((ﬂu SR
=1 s 1 no-1

- N (v eE) -
s

= .- (V-Z)le=F (Eq 1.14).
Thus the vector Zis a complex Gaussian random A/ .NV-vector with mean
q=(C - V)l

and covariance

\ = E{(C - Ens-m e g
S S
= EDCongaS et ey« B(reM)
s—-1 s =1
= E{N N cdCoyt &€y + E(RRM) (Eq. 17)
s=ls' =1
S S ‘
S I D ARIG LI NL) TS SN
s=1g"—1

= S CACHT Lyl Uy 7 )

= (0PI~ ECCH) Ty (20p016),
Define Ay by
Av tef (72[\' - (ZC'C'”:
then

A = ‘\‘\‘ oAy

(1.30}

(1.31:

(1.32)

(1.33)

(1.34)

We will assume that either ¢® > 0 or that both A’ = § and ¢ > 0 so that Ax is of full rank. \.

Then. using Equation (1.6).

AT o= A Iy

6

(1.35)




with A\f\-l heing given by

AY (0 Iy ~ CCHy!

1
= (I - o0ty
o2 3
1. e 2 .
= —Iv- Cls- scltoy et (Eq 1.19) (1.36)
a- a- a-
when o - 0, ard by
-1 |V -
AV = ¢ ( (1.37)

P
when @ = 0, N = 5. and € > (.

The ideal arrav-response vector of the sth signal. 7. is assumed to be a differentiable function
of the one-dimensional direction of the sth signal. which we denote by u.. (The assumption of
a one-dimensional space of signal directions is made only for simplicity: the method of analvsis
could be extended to a muitidimensional space of signal directions.) The real S-vector of signal
directions. 4. is defined by

T
Jd:d[u, us - ug-} . {1.3%)

We denote the derivative of s with respect to u, (evaluated at the true value of ug) by ¢ and
define the matrix V7 by

IENAE N | (139

1.2.2 Generic-Signal Model

[n the generic-signal model. the complex amplitudes of the signals are modeled as being un-
known. More specifically. ¢,s will be modeled as

Cns = ‘Lnspjom- (1.40)

where a,,, and 0, are the unknown magnitude and phase, respectively, of the sth signal during
the nth look.

We define the real S-vector of signal magnitudes during the nth look, a@,. by

L def T
iy = Qn)y An2 -~ QAns . (1.41)

|




the concatenation of these vectors, d. by
— def [,
a = Z(:n Vol (1.42)

the real S-vector of phases during the nth look. @,. by

= def T .
On = [ Onl Op2 -~ Ops ] . (1.43)

and the concatenation of these vectors. o. by
N

o XS 6, o (1.44)

n=1 -

We also define the complex S-vector. v,. of phases (in exponential notation) during the nth look
by

= def T >
oy, % {(,Jmm eionz .. e]%s} . (1.45)

and the concatenation of these vectors, . by
def o~
- de - -
Y= E €n T WUn- (1.46)

The vector of unknowns, 7. is defined by
odef [ o o (T
r o= [ a0 . (1.47)

1.2.3 Unknown Constant-Envelope Signal Model

In the unknown constant-envelope signal model, the complex amplitudes of the signals are
modeled as being of unknown. but constant, magnitude and of unknown phase. More specifically.
tns Will be modeled as

Cns = Cael®m, (1.48)

where «, is the unknown magnitude of the sth signal and ¢,s is the unknown phase of the sth
signal during the nth look.

We define the real S-vector of signal magnitudes, a, by




QT Q) o A I {1.49)
and @, and 0 as in Section 1.2.2. The vector of unknowns. 7. is defined by

Ldef Ty L = 2] o

gl ato ot (1.50)

1.3 The Cramér-Rao Bound on DF

1.3.1 The Cramér-Rao Bound

S : . af -
Detfine 75 as the row vector whose ith component is equal to 5==-. Let ' be a random vector

whose probability density function. p( 2 7). depends upon an unknown L-dimensional real parameter

vector 7 with true value 75 Let 7 denote an estimator of 7 (7 is a function of T) and define

et

mir) = I‘.‘,:,(IVT'). (1.51

where E- denotes expectation with respect to the probability density function p( 22 7). The covari-
auce of the estimator 7 when 7 = 7 is defined by

R E AT i) - i ) (1.52)

We sav that 7 is differentially unbiased for (7); at ry if

[ i ) B
[ !

\ or
and that /i~ differentially unbiased at ry if

A} -
S = ];. (1.54)

i S

Define the Fisher information matrix by

po g dnp(=:r)

-r N - N
! ar

?111])(5:2 (1.55)
fhr e ’ ’

ey

The Cramér-Iiao bound states that

"
i \ R )
B E - . (1.00)
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where > means that the difference between the matrices is positive semidefinite (3. Th. 2.7.3".

If 7is differentially unbiased for (7); at r;. then
var (7). = (R
= & Re (2. Eq. 1.19)

A — \ .
N e _y [ om -
B T B F Y €

I, ar =

=1

am 4 am
- —— F U == (2. Egs. 1.16 and 1.17) ’
o wr ), I v ), '

= A F'G  (Eq. 1.53)

— {F Yy, (2 Eq. 1.19)). (1.57
In this case. the bound on the variance of the lth unknown parameter is given simply by the Ith
diagonal element of F~ 1. In the sequel. for any parameter of interest. (7);. we shall only consider

estimators which are differentially unbiased for (7); at 7. For an estimator which is differentially
unbiased at 7. Equation (1.56) reduces to

R>F L (1.5%)

Lastly. we note that locally unbiased estimators of (7); at r; (i.e.. estimators for which ‘m(r};
= () for all Fin some neighborhood of 7}) are always also differentially unbiased estimmators of (r);

oF

= €. (1.5

at ;. This is shown by noting that

(0171(7?') )
ar F=7y .

1.3.2 Generic-Signal Case
Using Equation (1.47). the symmetric matrix F may be partitioned as

Fﬁif Fii(i F

uQ

o= Fu'u' FrTJ Y G0
!:;'7 (:;(7 (5(5

10




[ Fer Fan o Fay Fogoooo P
L ol L. I
fu;u fu]m Laaxn d1op I-EIOA\'
= ]‘u';\-(j Fica, - Fa,w;\ dver 0 Tanew (1.60)
oy ii ody ordN ooy 0108
L Teova oxd andx cxvor onon |
where F;_ ix defined by
Yinp(=7)\ " dlnp(s) |
def dlap(sir dlmp(zi/m) | .
Fi;. = Ej ; (1.61)

a3 %

=5,
Since F s symumetric. we need only explicitly compute the diagonal and lower-left subblocks of F.

The observation is a complex Gaussian random vector with mean £ and covariance A. For this
case. it follows from 1. Eqs 2.6 and 2.23" that the ijth element of F is given by

(a8

353 H 9
”’) L et -1 (1.62)
Jr; or, or,

F,, =2R (—
J or,

where A and the derivatives are evaluated at the true value of the unknown parameter vector.
Explicit expressions for the submatrices of £ are given in Appendix A.

1.3.3 Constant-Envelope Signal Case

Using Equation (1.50). the svmmetric Fisher information matrix F mayv be partitioned as

[uu PIIIY io
Fo= F, an I8 aa Eq,g
L Foi Fas Fos
Fai Fas 1“&.(5] T Fgo_\. W
‘L({lf F(;(i' (;C:l e 5,;’\.
= QA| N (,‘;14; (;;1 C:} e 61 6_\- ( l.().{)
L “ o r.‘;,\‘ " ox o 6,\' on |

As in the generic-signal case. the observation is a complex circular Gaussian random vector with
mean g and covariance A. so that the ijth element of F is again given bv Equation (1.62). It is
shown in Appendix B that the information matrix for the unknown constant-envelope signal case
is easily constructed from the information matrix for the generic-signal case.
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1.4 A BOUND ON DF OF STOCHASTIC SIGNALS

The bounds on estimation of u; derived in Section 1.3.2 and Section 1.3.3 depend. in general.
on the specific complex amplitudes of the signals (as well as their directions) and apply to estimators
which are differentially unbiased for uy (see Section 1.3.1). In this section. we will use this bound to
obtain a lower bound on the variance of a more restricted class of estimators for the case where the
complex amplitudes of the signals have a probabilistic distribution. This bound has the desirable
property of not depeuding on the specific complex amplitudes of the signals.

Partition the parameter vector into

r= . (1.6

i 2

We sav that 7is globally differentially unbiased for (7)) with respect to 7 and differentiallv unbiased
. =3 R . | .
with respect to " at 7 if

Amir .
Py € BN
ar r
;
e
7
L i

11).

holds for all possible (rF Note that this implies that (. 7)) is constant with respect to ™,

For the remainder of this section. we will refer to this quantity as my (7).

I this section. we consider estimators of vy which are globallv differentially nnbiased with
respect to the signal complex amplitundes as well as differentially unbiased with respect to the
signal directions at ;. Note that the requirement of global differential unbiasedness with respect
to the complex amplitudes essentially means that the estimator still treats the complex amplitndes

as being unknown parameters rather than as having some known probability distribution.®

Let 7 denote the parameters associated with the complex amplitudes. These parameters are
now assiumed to have some fixed probability distribution. Let ¢ denote the remainder of the random
variables i the problem. Let p(f. P} denote the joint probabilitv densityv function of Cand #

* An estimator which “knows™ the probability distribution of the complex amplitudes is said 1o
be differentially unbiased for u; at 7y if it satisfies Equation (1.53) with { = 1 and 7} = «, (i.e.. the
unknown parameter vector does not include the complex amplitudes). where the expectation in the
definition of 1 Equation (1.51) is taken with respect to the distribution of the complex amplitudes
as well as the other random quantities in the problem. It can be shown that any estimator of i
which is globally differentially unbiased with respect t2 the signal complex amplitudes as well as
differentially unbiased with respect to the signal directions also satisfies this condition. However.,
the converse statement is not true.




Let y be an unbiased (in the sense given above) estimator of the direction u;. The mean of y with

respect to the joint distribution of ¢ and 7 is given by
/ upl S ddr = / ( / yp(C ) df} pir)ydr’
JO L7

- /,m(r*,)p(r*’)df”
9

my(i). (1.66)

Ii

where Z denotes the domain of (. denotes the domain of 7. and the second equality follows by
. ~ . . - 3 . . Pa—

the comment after Equation (1.65). Let = denote the variance of y with respect to p(¢. 7). Let

s- denote the Crameér-Rao bound (obtained in Section 1.3.2 or Section 1.3.3) on the estimation of

iy for the parameter vector o We have

ES) ' Y , ', ‘. ,.‘
n" /,!/ e el T A dr
' ' 2 RN ,1‘ _ 3
/ | / woo U Fpr O d p ' di”
AR 4 ' 1
[
| v

1
“ I.’/ J

This i~ the desired Tower hound on the variance of estimators of uy; which are globally differentialiv
! g A

P Py de (1.67:

unbiascd with respect to the signal complex amplinndes and differentially nnbiased with respect to
the signal directions. In the sequel. we will evaluate this bound. which we termn the “integrated”
bound, We will make a few exceptions to this. because. in sote cases. the Cramér-Rao bonnds
derived in Section 1.3.2 and Section 1.3.3 turn out to be numerically independent of the specitic
complex aupiitude- of the siguals. Iu such cases. the integrated bound in Equation (1.67) i~
nurnericallv identical to the Crameér-Rao bonnd which is obtained for anv allowable set of complex
amphitudes. Insuch cases. we find 1t usetul to continue to refer to the relevant Crameér-Rao bound
rather than the integrated bonnd. In what follows, the term Cramer-Rao bound will be used whern

and only when the integrated honnd given by Equation (1.671 is not intended.




2. NUMERICAL FVALUATION OF THE BOUNDS

2.1 METHODS

2.1.1 Array Signal-to-Noise Power Ratio (ASNR)

In what follows. it is useful to cefine the ASNR of a given source. In our bound evaluations.
we will consider only stationary stochastic sigual sources. We define

de¥ )

o T EC e T = b V(s =l S). (2.0

where B derates mathematical expectation.

Using Eqguation (1.258) in the absence of arrav errors and interferers. if one were to apply a
complex M-vector of weights, o', to the antenna element outputs at the nth look. one would obtain
anarras ontput of

ot -t i, (2.2)

The first tenn in FEquation (2.2) can be identified as the signal component of the arrav output and
the second as the noise component. The signal-to-noise power ratio (SNR) at the array output can
thus be defined as

RS 2
def E(‘U‘H ll's(‘”nsi-)

SNRou; CE(adH R )

a? il
nH 52
pe 1 T o
S (2.3)
a= e

By the Sehwarz inequality, the weights which maximize the output SNR are of the form J¢,. where
i i~ an arbitrary nouzero complex scalar. The resulting maximized cutput SNR is termed the
ASNR:

ASNR T max SNRou

u

Fs ‘
S (2.4)
P

where, for comventence. we will assume in the sequel that the ideal « ray-response vectors. the {r.}.
are of noit nore Thus the ASNR of a given signal is defined as the maximum SNR obtainable for
that signal st the ontput of the array i the absence of arrav errors and interferers.




2.1.2 Array-Response Vector Model

The ideal array response was modeled as that of a uniform linear array of A/ =10 otiopic
antenna elements. For this arrayv. the mth component of 7 is equal to

71 . (‘_,;‘mlsmll.)m my N (
v A

6. p. 72 where

det \l ‘ ]

9
i Y (2.6)

i~ the phase center of the arrav, X is the wavelength of the carrier. d is the interelement spacing of
the arrav (here .2A7, and #, is the angle of arrival of the sth signal relative to the broadside plane
defined as the plane that passes through the phase center of the array and s perpendicular to the

arrav axis (see Freure 2-1) 0 FEach o is of unit norm. as desired.

OFF-BROADSIDE

. ANGLE
x /
\
PHASE N\
CENTER —_o f \ /\ SOURCE

OF ARRAY DIRECTION

fe—r —=
BROADSIDE

PLANE
ANTENNA
ELEMENTS

Figure 2-1. Uniform linear array geotaetry.

We will use beamwidth (BW) units for angle of arrival. where the angle of arrival of the sth
stienal in BW s defined by

def Aldsind, (-
A ‘

iy

to
=1
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The use of BW units is motivated as follows. In Section 2.1.1. we determined that. in the absence
of array errors and interferers, the SNR at the output of the array could be maximized by selecting
a weighting vector for the array element outputs which is a scalar multiple of the array-response
vector of the source. i.e..

= 37, (2.5)

for some nonzero complex scalar 3. Use of this arrayv weighting vector is commonly termed conven-
tional beamforming. If these weights were held constant while the source were moved away from
directicn u, to direction u. then the output SNR of the array would change from the ASNR. p, o~.
to see Equation (2.3)

pe T (0) 2

SNRUUI(“ ) = 5 T =S
ag- LT
= /}:‘FH(US)F(LI)"'). (2.9
o2

We thus obtain a ‘gain pattern’ for the array. as a function of the source direction. u. For the linear
array which we have definerd. this pattern is given by

- - D
. D sin wlu — ug) )‘
it o2 \ Msinim(u — ug) M }

6. p. 9= . which. as expected. has its peak value of p, a? at u = u,. and also has its first nulls (i.c..
directions of zero gain) for signals which are one BW awav from u, (i.e.. for which ‘u— e, = 1). Use
of BW wunits facilitates performance comparisons for arravs having different interelement spacings
e.g.. note that Equation (2.10) is a function of u. but not of (d 'A).

Arrayv-error powers are given in dB relative to the elements of the ideal arrav-response vectors.
Since the magnitude of each element of the © is 1,y . this means array errors of r dB correspond
to an e” of \l] 107 ' Approximate gain and phase error equivalents of various array-error powers
are given in Table 2-1.1

2.1.3 Numerical Implementation of the Bound Calculations

We computed the integrated bounds given by Equation (1.67) with the s2 derived in Sections
1.3.2 and 1.3.3. For evaluating the generic-signal bound. two classes of distribution functions ou
the signals were considered: we shall term these the random constant-envelope signal model and
the Gaussian-signal model. In the random constant-envelope signal model, the signal waveforms
were modeled as having phases that were independent (look-to-look and signal-to-signal) random
variables uniformly distributed over the interval |0.27) with a constant magnitude for each signal.

' The vames in this table were obtained from a Monte Carlo simulation using 10° trials for each
error power.
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TABLE 2-1.

Approximate Standard Deviations of Gain and Phase Errors Induced in Each Antenna
Element by Complex Gaussian Errors of Various Powers

. —

| i |
Array-Error | Std. Dev. of f Std. Dev. of
Power (dB) : Gain Error (dB) Phase Error ()

-30 1.9« 10 ! | 1.3 i
225 35%10°0 2.3 !
-20 6.2 » 1071 41 ‘
-15 * 1.1~ 10" ‘ 73

In the Gaussian-signal model. the signal waveforms were modeled as being independent (look-to-
look and signal-to-signal) complex Gaussian random variables with. possibly different. fixed powers
for each signal. For evaluating the constant-envelupe signal bound. we considered only the random
constant-envelope signal model.

The Fisher information matrix for the generic-signal case was computed using Equations
(A.22). (A30). (A31). (A35%). (A.39). and (A.40). The matrix A\f\'l was cvaluated using Equa-
tion (1.36) or Equation (1.37). as appropriate. Note that evaluation of ;\;-1 using Equation (1.36)
requires the inversion of only an S ~ S matrix. not an .V » N matrix. The information matrix for
the constant-envelope signal case was computed from the information matrix for the generic-signal
case using Equations (B.5). (B.7). and (B.9).

The Crameér-Rao bounds on DF for use in Equation (1.67) are given by the diagonal elemenis of
the upper-left S~ S submatrix of F~! (see Section 1.3.1). This submatrix was computea according
to the procedure outlined in Appendix C.

The expectation integral in the expression for the integrated bound Equation (1.67) was
approximated by a Monte Carlo method using 3. 100. 1000. and 1000 Moute Carlo trials for
experiments with 100, 10. 2. and 1 look(s). respectively. For each Monte Carlo trial. a sample
value of the appropriate random signal was obtained using a pseudorandom numiber generator.
and the Cramér-Rao bound for that sample value was computed using the procedure described
above. The integrated bound was approximated by the mean of the Cramér-Rao bounds for the
signals generated. (The nomber of Monte Carlo triais was varied as a function of looks since the
bound took longer to enmpute when the numnber of looks became large and it was found that as the
nunber of looks brcame large. the bound became relatively independent of the particular signal
waveforins.) We al-o computed the standard error of the estimate (SEE) of this mean (i.e.. the ratio

Ix




of the standard deviation of the Cramér-Rao bounds for the signals generated to the square root
of the number of Monte Carlo trials) as an index of the error in the approximation. We expressed
the SEE as a percentage of the mean.

2.2 RESULTS

For scenarios including thermal noise. we evaluated bounds for the following scenario parame-
ters: two signals, 10 and 100 looks. signal-of-interest (SOI) ASNR's of 10. 30. and 50 dB relative to
thermal noise. interferer ASNR's of 10. 30. and 50 dB. direction-dependent array error powers of
—x. —30. =25. —20. and -15 dB and signal separations of 0.01. 0.0316. 0.1. 0.31%. and 1.0 BW.,

We also computed bounds on DF with direction-dependent errors in the ab.cuce of thermal
noise. We shall refer to these bounds as array-errors-only bounds. Since. i the absence of thermal
noise. the probability distribution function of the observation is singular for N > 5 (where N is
the number of looks and S is the number of signzl,,. we restricted ourselves to scenarios where
N = S when thermal noise was ahsent. (Cramér-Rao bounds can be generalized to handle singular
distributions. such as those that ercur in the N > § case here. Moreover. when this is done for
generic signals. the array-er.ors-only bound in the N > S case can be shown to be equal to the
analogous bound in the N = S case. However, the necessary analvsis would take us too far afield.
and so is no* iucluded here.)

nlonte Carlo estimation of the expectation of the Cramér-Rao bound (see Section 2.1.3) was
found to be quite satisfactory. with an SEE of the mean of the bound on variance of less than 9%
in all cases. This corresponds approximately to an SEE of the mean of the bound on standard
deviation of less than 5%. (To see this, note that a small fractional change a in r results in

approximately a fractional change of 2a in r°. since
(r+ar)® = 7%+ 2a7? + a’2?
~ 1+ 2azr’) (2.11)

When the ASNR and/or number of looks was hich. the SEE of tiie wcan of the bound was much
smaller.

2.2.1 Array-Errors-Only Bounds

In the one-signal. one-look case. it is easily shown from Equations (1.40) and (1.48) that the
models. and hence the Cramér-Rao bounds for the unknown generic and constant-envelope signals.
are identical. This also holds in the absence of thermal noise, when the only DF perturbations
are caused by the arrav errors. In this case, the observation simply consists of an unknown scalar
multiple of the perturbed arrav-response vector. It is shown in Appendix D that this bound is
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Figure 2-2.  Generic or constant-envelope signal Crameér-Rao bounds - 1 signal. 1 look.
no thermal noise.

independent of the signal waveform sample. The results of numerically evaluating this Cramér-Rao
bound are presented in Figure 2-2.

In the two-signal, two-look case, the Cramér-Rao bound on DF of generic signals with array
errors only was found numerically to be independent of the sample values of the signal waveforms.
depending only on the power of the array errors and the signal separation. This bound is plot-
ted in Figure 2-3. The bound increased with the power of the array errors, was largest at the
0.316 BW signal separation, and approached the one-signal, array-errors-only bound as the signal
separation approached 0 (c.f., Figure 2-2). In contrast, the array-errois-only Cramér-Rao bound
for constant-envelope signals was found to depend on the signal waveforms. The results of nu-
merically evaluating the integrated version of this bound with random constant-envelope signals
are presented in Figure 2-4. The bound attained a maximum at moderate signal separations (0.1
and 0.316 BW) and approached the one-signal, array-errors-only Cramér-Rao bound as the signal
separation approached 0.
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Figure 2-3.  Generic signal Cramér-Rao bounds - 2 signals, 2 looks, no thermal noise.

2.2.2 Integrated Generic-Signal Bound with Thermal Noise

2.2.2.1 Evaluation Using Random Constant-Envelope Signals

The results for this case are presented in Figures E-1 to E-18. They may be summarized as

follows:

Effect of signal separation  In the absence of array errors, the bound increased monoton-
ically and unboundedly as the signal separation decreased. When array errors were included, the
bound for signals at large separations generally increased, particularly for high SOI ASNR and a
large number of looks. However, the bound for signals at small separations generally decreased. In
addition. for a fixed power of array error, the bound became well behaved as the signal separation

decreased. With all of the array-error powers tested, the bound generally was largest at moderate
signal separations and smallest at the extreme separations of 0.01 and 1.6 BW.

Effect of array-error power  With high SOI ASNR and numbers of looks, the bound
decreased as the (nonzero) power of the array errors decreased. However, when the SOI ASNR and
the number of looks were sufficiently small, the opposite occurred.
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Figure 2-4. Constant-envelope signal bounds - 2 random constant-envelope signals, 2
looks. no thermal noise.

Effects of signal power and number of looks  In the absence of array errors, the bound
decreased as the power of the SOI or the number of looks increased. It was independent of the power
of the interferer. In the presence of array errors, the bound continued to decrease as the power of
the SOI or the number of looks increased when the SOI ASNR and number of looks were small.
However, given a sufficient SOI ASNR and number of looks, the bound became almost independent
of number of looks and signal powers, numerically approaching the two-signal, array-errors-only
Cramér-Rao bound. The bound for a signal at a given power tended to decrease to a limiting value
when the power of the other signal was increased. The tendency to decrease was most noticeable
when the signal separations, the ASNR of both signals, the number of looks, and the array-error
powers were small.

2.2.2.2 Evaluation Using Gaussian Signals

The results ubtained by evaluating the generic-signal bound with Gaussian rather than random
constant-envelope signals are presented in Figures E-19 to E-36. These results, though slighter
higher in the 10-look cases. are qualitatively similar to the results for random constant-envelope
signals.

22

116880-3




2.2.3 Integrated Unknown Constant-Envelope Signal Bound with Thermal Noise

he results for this case are presented in Figures E-37 to E-54. They may be summarized as
follows.

2.2.3.1 Effect of Signal Separation

i1 the absence of array errors, the bound had a very weak dependence on signal separation
with a maximum at moderate signal scparations. This pattern persisted in the presence of array
errors. with the bound becoming numerically independent of signal separation. given sufficient SOl
ASNR and number of looks. Both with and without array errors. the constant-envelope signal
hounds were close to the analogous generic-signal bounds at a signal separation of one BW.

2.2.3.2 Effect of Array-Error Power

Unlike the generic-signal bound. the constant-envelope signal bound generally increased with
increasing arrav-error power at all SOI ASNR's and numbers of looks.

2.2.3.3 Effects of Signal Power and Number of Looks

In the absence of array errors. the bound decreased with increasing power of the SOI or number
of looks. In the presence of array errors, a similar pattern occurred when the SOl ASNR and
number of looks were small. However, given sufficient SOI ASNR and number of looks. the bound
numerically approached the one-signal, array-errors-only Cramér-Rao bound. Thus. in contrast to
the limiting bound for the generic-signal case, the limiting bound for the constant-envelope case
was independent of signal separation. The bounds (with and without array errors) showed little
variation with the power of the interferer. The constant-envelope signal bounds tended to be more
optimistic than the generic-signal bounds. When array errors were present, this difference was most
noticeable at moderate signal separations, when the SOI ASNR and number of looks were low and
the array errors were small. When array errors were absent, this difference was largest at small
signal separations and quite significant at all ASNRs and numbers of looks examined.

2.3 DISCUSSION

Several aspects of the results bear some discussion. One significant aspect is the tendency of
the bound on DF of a generic signal to decrease as the power of the generic interferer increases.
This may be due to the fact that the subspace spanned by the array-response vectors (1.e.. the signal
subspace) becomes easier to estimate as the power of the interferer increases. While the bound
is not necessarily achievable. it suggests that the presence of direction-dependent errors does not
preciude accurate DF of signals at low signal-to-interference power ratios.




Another significant aspect is that the presence of small arrayv errors improved the bound on DF
of generic signals at small signal separations. This finding may be due. in part. to the fact that array
errors increase the mean distance (in complex Al-space) between the actual array-response vectors
of the signals and thus result in an apparent increase in signal separation. However. the increase
in mean distance between the arrav-response vectors does not entirely explain this phenomenon.
since the bound with array errors actually decreased siguificantly as the signal separation went
from moderate to small. While the bound is again not necessanly achievable. it is consistent with
the possibility of performing DF with direction-dependent eriors and small signal separations.

In the generic-sigizal coce. the integrated bound on DF of 2 signals with array errors and
thermal noise approached the 2-signal. array-errors-only Cramér-Rao bound as the SOI ASNR and
the number of looks became sufficiently high. The arrav-errors-only Cramér-Rao bound was found
to be independent of the signal waveforms. depending only on the power of the arrav errors and
the signal separation. This finding is consistent with the notion that. given a sufficient SOl ASNR
and number of looks. the array errors are the dominant factor limiting DF. The array-errors-only
Cramér-Rao bound was found to be markedly different from the integrated bound on DF with
thermal noise. but no array errors. with respect to its dependence on signal separation. The latter
bound increased sharply as the signal separation decreased. while the former did not. In fact. the
array-errors-only Cramér-Rao bound for two signals approached the array-errors-only Cramér-Rao
bound for a single signal as the signal separation approached zero. This latter bound is independent
of the signal waveforms. depending only on the power of the arrav errors, and is identical for generic
and constant-envelope signals (see Section 2.2.1).

With respect to the integrated bound for constant-envelope signals, the results are significant
in that. in many cases. in spite of the presence of array errors. the bound remained more opti-
mistic than the analogous bound for generic signals. particularly in scenarios with moderate signal
separations. small array errors, and a low SOI ASNR and number of looks. This suggests some
potential improvement in DF still exists through use of the constant-envelope signal assumption
in the presence of small direction-dependent errors, though not to the extent that is true in the
absence of errors.

In the constant-envelope signal case. the integrated bound on DF of 2 signals with array errors
and thermal noise approached the single-signal. array-errors-only Cramér-Rao bound as the SOI
ASNR and number of looks became sufhiciently high. The latter bound is simply the bound on DF
of a signal given an observation consisting of an unknown scalar multiple of the perturbed array-
response vector of that signal (see Section 2.2.1). This finding is consistent with the notion that.
given a sufficient SOT ASNR and number of looks, the arrav-response vector of the SOI becomes
determinable to within a complex scalar. Since the dependence of the observation on the direction
oceurs only through this vector and the array errors on this vector were modeled as independent
of all the other random quantities in the problem. we may conclude that the interfering signal has
little degrading impact on DF.
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3. CONCLUSIONS

Cramér-Rao lower bounds, on the variance of unbiased DF algorithms. were derived for un-
known generic and constant-envelope signals received with complex Gaussian direction-dependent
array errors and thermal noise. These bounds were, in general, functions of the specific complex
amplitudes of the signals. The Cramér-Rao bounds were used to obtain other lower bounds. which
we term integrated bounds. on the variance of DF algorithms for the case where the complex am-
plitudes of the signals have a probabilistic distribution which is unknown to the algorithm. The
integrated bounds have the desirable property of not depending on the specific complex amplitudes
of the signals. In some cases. the Cramér-Rao bounds on DF turn out to be functionally independent
of the specific complex amplitudes of the signals. In such cases. the integrated bound is numerically
identical to the Cramér-Rao bound which is obtained for any allowable set of complex amplitudes.
We evaluated the bounds under various conditions, for up to two generic or constant-envelope sig-
nals. Those Cramér-Rao bounds which were independent of the specific complex amplitudes of the
signals were evaluated exactly. while the integrated bounds were evaluated using a Monte Carlo
simulat.on to approximate expectation integrals with respect to the probability distributions of the
complex amplitudes [see Equation (1.67)]. The behavior of the bounds is briefly summarized below:
nonzero arrayv-error powers are assumed unless otherwise noted.

1. Unknown generic-signal bound:

(a) The integrated bound tends to decrease with increasing
interferer power, approaching a limiting value as the power
of the interferer gets large.

(b) At small signal separations, the integrated bound without
array errors increases unboundedly as the signal separation
decreases. The addition of small array errors results in a
marked decrease in the integrated bound at small signal
separations, with the bound becoming well behaved as the
signal separation decreases. These results suggest that the
presence of array errors may actually improve DF of closely
spaced signals.

{c) With a sufficiently large SOI ASNR and number of
looks. the integrated bound for two signals approaches the
Crameér-Rao bound for DF of two signals {given two looks)
with array errors only. The latter bound was numerically
independent of the complex amplitudes of the signals.

(d) The array-errors-only bound on DF of two signals (given
two looks) depends onlv on the power of the array errors
and the signal separation. The bound increases with the
power of the array errors, is largest at moderate signal
separations. and approaches the single-signal (one-look)
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bound as the signal separation approaches 0. The latter
bound is also independent of the signal waveform.

2. Unknown constant-envelope signal bound:

(a) The integrated bounds, both with and without array er-
rors, are only weakly dependent on the power of the inter-
ferer and signal separation, and are close te the analogous
bounds for generic signals at a signal separation of one BW.

(b) With no array errors, the integrated bound for constant-
envelope signals is far more optimistic at small signal sep-
arations than the integrated bound for generic signals, as
can be concluded from observations (1b) and (2a) above.
With array errors, the integrated bound for constant-
envelope signals is still somewhat more optimistic than the
analogous bound for generic signals, particularly at small
array errors, low SOl ASNR and numbers of looks, and
moderate signal separations.

(c) With a sufficiently large SOI ASNR and number of
looks, the integrated bound for two signals approaches the
Cramér-Rao bound for DF of one signal with array errors
only. The latter bound is identical to that for a single
generic signal, discussed in (1d) above.
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4. FUTURE WORK

For practical applications. it would be useful to have bounds with more realistic models for the
direction-dependent errors. For example. one should allow for errors of unknown. possibly different
variances for each signal with possible element-to-element and ‘or signal-to-signal error correlations.
One should also incorporate other error sources into the model. such as multiplicative direction-
independent errors and deviations of the signals from perfect constant-envelopeness. Finally, arrays
designed to have ditferent response vectors for. say. vertically vs. horizontally polarized sources could

have ditferent sensitivities to the various error sources. in ters of their DF capabilities.




APPENDIX A
THE INFORMATION MATRIX FOR GENERIC SIGNALS

In the derivation that follows, we shall use a number of defined terms. For the convenience of
the reader. we list a number of these here.

We detine the S » S matrices W, 1" and 1" by

ey (A1)

ol yay (A.2)
and

oy (A.3)

(the notations W™ and 1" are mnemonic only: they do not indicate derivatives of 117). the S » §
Hermitian matrix P by

def

p cHadc, (A1)

the S - N matrix Q by

def _
QU oM AL, (A

<N
~—

the S-vector ¢, by

i 0. (A.6)

the § ~ 5 matrices D, by
def ., — -+ -
D, F 2u,gh)ane, (A7)
the S »~ S Hermitian matrix B by

BY W oaretpr (A.8)

the § « S5 matrices G, by
1 ] r - —“
Gt = 2AA e (CoI)OB, (A9)
and the S - 8 matrices H,, by

How S 20 G0 D] ). (A.10)
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When o2 > 0. P is given explicitly by

2

1 : ‘
P = -—020”{1,\- _ S s+ S ooyt cHie (Ea 1.36)
o g

- Lode- Sl Seteyicic
(el a g~
When 0” = 0. N = S. and € > 0. P is given explicitly by
1
p = CcHcHe'Cc (Eq 1.37)
o

I
= s
7

(A.11)

{A.12)

We will now derive an explicit expression for the Fisher information matrix in the generic-signal

case. The derivatives in Equation {1.62) are given by

o oC gt -
V-7 — s
ar, (dr, ) B‘rl) 5
and
A '3(6('0” | Cf)C”){.I
or, ‘ ar, or, M

I

((‘ H dC
{dr; cr~c (8r1> } oo

E+luating these equations for the various compenents of 7, une obtains

57 . B
L (€ VEWTs (12 Ea. 129).
g
i oC .
T ()T
gy, Jans
Hons
. En.e -
dan<( s
A()i/v _ ‘(')(' - ‘.)r\‘
(’“ns OOns
IC s 1T
= g’_" ns - { )1s
o
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(A.i3)

(A.14)

(A.15)

(A.16)

(A.1T)




ZA

= = Uvag. (A.18)
Ju,

A L[ ac CaC \H
i SR ,(—*('H - ('<,( ) g
iy Oy, s Od s

3 ‘) ‘Il.\‘ - 0 .7 8 ) -
- €” [ii_b”s(v” - ( . o > CESU} - 1.\/' (‘Al(“
[ dan. Uy
and
JA S ac aC \H
B R GRS S
Jen. ‘ Lm,“ ¢ ( Doms ) Y
") ‘) .Yl\’ ( ‘VZS )
= ¢ !“( ECH - (()—(——) (‘E,.,,} “ g {A.201
L()Ons ([)C)Hs

We shall now evaluate the F . starting with Fg;. Substituting into Equation (1.62) gives

. o\t o
Fooe = 2R ( ) Ao
Wi, {dus Juy

= AR VEOMAL © L)€ VEa T

v
h
S

2-)?ff;’:(('”.\_;-1('):(Eﬁ\"”‘."Es/sr)jfg} (Eq. 1.1%)
= 2R T PEMTEgg)Ts]  (Eqs. Ad and A.3)
— 2R Y PS(i ) Ewils] (20 Eq 132)

L
= 2k [f.l\!(1)).¢.~"(".‘.')ss’Ess'f.“}

~0 that
];:fu' — -)R(I‘;”) (‘\'.’.Z|
Next we address the /o owhere 3, equals @, or 0. Dcfine b, and &, bv

def Dy

}) = -
ns ‘
i).3,.

and
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b, ‘*:“f(bnl by - b,,s}T.

Thus for 3, = a,.
by =ty  (Egs. 1.40 and 1.4

while for 4, = o,.

5).

b, = ja, Tty (Egs. 1.40 and 1.45).

Substituting into Equation (1.62) gives

(Fj“[;)“' = ?R

Thus
FA;,;A = 2R'(b,ql)oW .
Substituting for the .3,. one obtains
Fai = 2R(ungn)COH7
= R(D,) (Eq. A.T)

H |- o1
T Ouy

EnQf)Y“(WEgy) fg} (Egs. A.2 and A.5)

(Eq. A.25)
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SSITS] (Eq. 1.13)

(Eq. A.6)

rA.24)

(A.26)

(A.30)




and
F-. = 2R{(j@.Sun)dOW "} (Eq. A.26)
= 2R{(G,Z0,)g oY
= =23{ (@, 3v)q on)
= -23{(a@,Zua)(I5Cq, ) oW}
= —23{(@ ) (1sDg) 1o} (Eq. 1.11)
= 23{(@ 15 Z(ngH)au ™} (Eq 1.12)
= (@23 (engh oW (Eq. 1.10)
= —(@15123(Dy)  (Eq. A7) (A.31)

Lastly we address the F; . . where 3, is equal to @, or 0, and ~, is equal to d, or o, .
T

71’

Define g, and g, by

def i')(‘rz s

ns - A32
g O e ( )
and
- def T T .
gn = lL gnl gn2 - gus } . (A.33)

Substituting into Equation (1.62) gives

, o \" ., og L 0N, BA
Fi. oo =2 A -+ AT —AT — ). A3
( o & i [< ( ) (‘)A}n's' i ( : J3ns 071)’3’ ) ( )

The left-hand term evaluates to

g\t | o
R ( ) A
[ 8»3713 aaln’s’

= 2R (B g TH (Ens = VM 2 L) (Ewe = V)]

.

-~ 2R [b' s f.{f:(_ES,,A\;'IE,IISI)S(VH")]TS} (Eq. 1.18)
— 2R [bgsgnwfgf(.\}l)nn'(Ess’)D“'lfS} (12. Eq. 1.31, and Eq. A.1)
= 2R [(B G )aw (A D (W)

R

: {(Af\-l),,nr{(f;;_cj;{})ﬂﬂ'}})“’. (A.35)
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The right-hand term evaluates to

oA JA
AT A )
tr ( (‘),,)),(5 aﬂ,’n’s'
OCne
03ns

Oy«
O3

= tr {(\\l o [‘\[)i(?' { EnsCH T ( ) CEsn] = 1.\11(*\_'_\'1 = ].’\I)

(‘){T 'y
En'S/CH + ( n’s

-
s

o [OChe
x :‘('

) C'Esln,} = Inr1} (Eq. Al and A.20)

Drst
= r { A (bneEnsCH + b3, CEgy)

< AN g EneCH + gy CEgp) 2 Ing} (Eq. 1.7)
= by AV EnsCHEAT Epg CF = b0gi o AV Ene CH AL CE G,y

~br e AN CE AT En o CF 4 b7 070 G AV CEn AV CE ) = Loy
= M tr (bnsgne AV Ens CH AT Enig CF 4 bogrng AV Ens CH A CE

b G AR CEsn A Enr o CH 4 07, g g A CEqn AV CEgr) (2. p230)
= Mt (bpegn e AV EnsCHA N E o CF + b0 g AV Ens CHAL CE iy

b Gnrs Enrg CTALICEGARY + 035000 CEw AR CERAS)  (Eq. 11)
= 2R [[r (bnsg,,ls,A;.lE,ISCHA;_IER,S,CH

b G Ew e CTA CE AT
= 2MER [t (busgury EneC YA Epe CHAY

b Ewe CHALCEQATY)]  (Eq. 1.1)
= 2MERNUT (bnsGnrs EnsQEn s Q

b Ewe PEnAY')] (Egs. Ad and A5)
= 2ME R (brygn e (Q)en EneQ

b g (P)esEnnA3)] (2. Eq. 1.31))
= 2Me'R {bn.ﬂgn’s’(Q)sn’(Q)s’n 4 b2 gnre (P)ors(A ! ;nn:} (kgs. 1.2 and 1.1)
= 20R [(bngl ) (@ Daw + (Badh)ssr (P (AR um]

= (2R [(BaG)0(@ )] + (AR (8,800 ) - (A.36)

ss’
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Thus the Fj -
Yyt

Substituting for the In

and

Fj..

nln

Foia,,

Ona,r

On(ﬁ '

are given by

QR{(AN o (BT )TW

+ M (bngh)0(Gndh) + (AR e (07,67 ) O P7]}

2R{(AR nre (b5,G1)D(W + M PY)

+MeH(Br G ) DG )}

OR{ (AN o (636258 + Me* (b gp)O(Gwdn )} (Eq. AB).

and ~5. one obtains

2%{(‘\/_\'1\)7171'(1’7“;17712—’)DB + AI( ( 711 n' ) (QH Qn )}
R(Gpn + Hpn')  (Egs. A9 and A.10), {A.38)

QR{(AR ) [(jBnBn) 10} 0
+Me“l(janau?nnifdm(c;;@l')}
OR{—G{(AR ) [(@ D) 0| OB
—Me*|(@,0un) -Z]D(Qn dn)}}

S{AR ) [(8nDwn)" U5 |OB

~ MM (@ 00wl 0(gndrn )}

23{(AR Y (@.15)0(¢ yl)OB

~MeN (@ 15)0(Wnin)0(dwdn)}  (Eq. 1.12)
2@, 15)0S{(A§"Jnn (V591 )OB

— M e (Vn¥])O(Grdn )}

(@n15)0S(Grn' — Hnn')  (Egs. A9 and A.10), (A.39)

2§R{(A]_\,1 )nn’ [(jd‘nau_}‘n)‘ (jan'Du;n')T]DB
+A[f4 [(janD'lEn)(jan’Du;n’ )T]D((Tn/(j‘;{)}
2R{ (AR ) nm (@2 00n) " (@ D) T|OB

— M (@Dt ) (@ DU ) T|0(Gre G )}




QR{(AN Jnn(@ndr )O(v¥L)OB
— M (@ndT ) O (3 ) DU Gurdh )}
2@n @D )IR{ (AR D (V5 00)OB
~ M e} ()0 (G )}

(Gn@L)OR{Gnn' — Han')  (Egs. A9 and A.10). (A.40)
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APPENDIX B
THE INFORMATION MATRIX FOR CONSTANT-ENVELOPE SIGNALS

If one makes the identification

a, = Q. (B.1)

the expressions for dji duy. O dope. dX due. and I\ do,,. given by Equations (A.13). (A.17).
(A.1¥). and {A.20). respectively. remain valid. since the observation and its functional dependence
on u and the o, remain unchanged. We then only need to evaluate

Nt (' -
TE (T UL (Eq Al
v, Jog
v
ey -
= Z(.( - (1:47).\‘ - )1\
= da,

N

3 - L
- Zf—(L(Ens . 1 )IQ
da,, .

n=

N a7
= Y (EqoAa6) (B.2]
: 71()(1”_\
and
A L | ac 2\
.( - = ¢ ;i('[l*('<i> Iy (Eq. A.14)
v, da dag
\ , , .
. “) ) ‘ns e &
= Z(- {<(( : > Eus(VH - <£{n_> ('Esn} o ].\[
= Cda day

al -)r.)’» .)'. * 1
= Y S ECT - (5 CEw| 5 Ty
n=1

e s
N .
- ZA
- ! (Eq. A.19). (B.3)
— Jua,,

where the partial derivatives with respect to ane in Equations (B.2) and (B.3) are understood to
be defined as in the generic-signal case. to obtain expressions for all the . dr, and 9\ Or,.

Since the partial derivatives of 7 and A with respect to & and the o, are the same as in the
generic-signal case. it follows that the Fy. with 3 # @ and ¥ # & are given by the corresponding
expressions in Appendix A. It remains to evaluate

957 H 977
(Figlew = 2}1‘[(”’) .\‘—”’} (Eq. 1.62)

‘o, Du o
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n=1
A\
= > (Faase (Bq A27) (B.4)
n=1
which gives
N
Fsg = ZFa,a (B.5)
n=1
i of L 0A  _, 0A .
Fiilee = 2 AT ( 1A ) . 1.6:
(Faa)s. R{(aa) A™ aag,}“r A 805/\ Gau (Eq. 1.62)
AN = .
A du -1 (9[1
= 2 A
E_:Z m|:<6ans> aan’sj|
n=1in'=1
NN
n=ln'=1 dans Jayy

which gives

NN
Qu Z Z Fin(}‘”r: (BT)

n=1ln'=1

and

(Fc;nd)ss-‘ = 2}? I:( ()H ) A—l 6# :} (A 1 8,\ /\—1 8A > (Eq 16‘2)

8071; ()OS 8@”8 8(151
N - H N
8/»1 > _1 (r)l.l < 1 a\ -1 6.\ >
= 2R A AT
,1'2::1 [<8Ons Oa,e g aan Oay e
AY
B Z(F‘,a,)“’ (B.®)
n'=1 i
which gives
N
on Z G,y (B.9)

Thus the information matrix for the unknown constant-envelope signal case is easily constructed
from the information matrix for the generic-signal case.
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APPENDIX C
NUMERICAL REDUCTION OF THE INFORMATION MATRIX

For notational convenience in this section. let Y, denote the upper-left m x m submatrix of a
positive-definite symmetric N’ x A" matrix Y. Suppose F is the L x L Fisher information matrix for
the L-dimensional vector of unknown parameters, 7. As derived in Section 1.3.1. the Cramér-Rao
bounds on DF for the individual signals are given by the diagonal elements of the upper-left 5 x S
submatrix of F7!1 (F7')¢. We shall now describe a procedure for obtaining (F ™!}

Partition Y as

. Yovoop yN
Y = o . C.1
{ e (Y)vn } (1)

Define the function Ry mapping the set of N x N positive-definite syvmmetric matrices to the set
of (N = 1) » (N ~ 1) positive-definite svmmetric matrices by

N . 1 I
Ry(Y)=Yn_p ~ ——yAyr’. (C.2)
T (Y)aN
Thus we have that,
(Y v = [Rv(Y)7L (C.3)

(Eq. 1.21). We shall show that (F‘l)[ql can be obtained by applying. L — ¢ times. the operator R
(appropriately dimensioned) to F, i.e., that

(F Yy = [Rgs1Rygwz- RL(F)™. (C.4)

The result is true for g = L — 1 by Equation (C.3). Assume (the induction hvpothesis) that it
is true for ¢ + 1. Then

(F Yy = [(F g1l
= {[Rq+2Rq+3‘"RL(F)rl}[q]
= {Ry1|Rge2Rysz--- Ro(F)}7'  (Eq. C.3)

i

= [Rq*quJf?"'RL(F)]_l (C.5)

(the first line merely identifies the upper-left ¢ x ¢ submatrix of F~! with the upper-left ¢ x g
submatrix of the upper-left (g + 1) x (g + 1) submatrix of F~!). The result is thus true for ¢. and
the theorem follows by mathematical induction.

We used the technique described above to obtain (F‘l)l;53.
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APPENDIX D
THE ARRAY-ERRORS-ONLY CRAMER-RAO BOUND FOR S=N =1

In this appendix. we shall evaluate the array-errors-only Cramér-Rao bound for the case where
S =N = 1. As noted in Section 2.2.1, the models for generic and constant-envelope signals are
identical for this case. Thus. with no loss of generality. we shall compute this bound using the
notation of the generic-signal case. For simplicity, we shall assume that the ideal array-response
vectors are obtained from an array of omnidirectional elements with pairwise svmmetry about some
phase-reference point in space. For such an array, the ideal arrav-response vectors are of unit length
and have real inner products with each other. Letting u, denote the true value of u. we have

W= H(u)Fw)  (Eq. A1)
= ;\‘ﬁ(ut);"z
= ] (D.1)
W= (u)t(uw) (Eq A.2)
d
= d——&IFH(U()'I_"(U)))u:Ur
= %{d—,[z”(uzﬁ(u)]m:u,}
U
= SR{“q(ur)l‘(ut)}
1.
= ;{FH(u,)l(ut)+1 (ur)0(uy))
— l i-:H 3
- 2{duz ()5} }
1(d. _ ,
_ §{d—umv<um?m=u.}
= 0. (D.2)
W= @ (u)ilu)  (Eq A3)
= T (uy)ll (D.3)
Ay = el (D.4)
(Eq. 1.33).
NS (D.5)
o e*af,
‘/




(Eq. D.4).

(Eq. A.5),

(Eq. A7),

(Eq. A.8).

(Eq. A.9).

(Eq. A.22).

(Eq. A.30).

1
1) == Y
€2
1
Q = -
e=cq
B 1
© e2apeson
D=0
B =1+ Mé
2+ 20 €
G = __2_2L
€cat,
2M edeizon
H = _4_26 6*2
€ alle] @11
_ 20
‘1§1’
oo 2l
uu — _-2—
€
Fau =0
Fou =10

(Eq. A.10)
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(D.6)

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)




(Eq. A.31).

Faa =

FOa =0
(Eq. A.39).

Foo =
and

F =

2 +2Me*  2M
€°a71, ag

2+ 2M€? + 2N €2

PN
€an

-2 4+ 4M €

2,2
€°an,

ay)

. [2+2Me2 27
520%1 ay,

2 4+ 2702 — 2Mé?

€2
2
€2’
T 12
21\1({11,)\ 0 0
2+4Mé°
0 aZ, 0
0 0 2

(Eq. 1.60). Thus the Cramér-Rao bound on DF is given by

var (i) 2 ————
2050}

-
2

62

. (Eq. A.38)

5 ) (Eq. A.40)

(D.15)

(D.16)

(D.18)

(D.19)

which is independent of the complex amplitudes of the signals. This is equal to the thermal-noise-
onlv Cramér-Rao bound on DF of a generic signal with an ASNR of (—15 in the S = N =1 case [1.

Eq. 2.17]. where the value of Il0(u;)}f? here is equal to the quantity (27¢)? in [1], where ¢? is the
mean-squared distance of the (linear) array elements from the phase center of the array in units of

wavelengths-squared.
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APPENDIX E
GRAPHICAL RESULTS

This appendix gives a graphical presentation of the results discussed in Sections 2.2.2 and
2.2.3.
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Figure E-1.  Generic signal bounds - 2 random constant-envelope signals. 10 looks.
SOI ASNR = 10 dB. interferer ASNR = 10 dB.
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Figure E-2. Generic signal bounds - 2 random constant-envelope signals. 10 looks.
SOI ASNR = 10 dB. interferer ASNR = 30 dB
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Figure -5. Generic signal bounds - 2 random constant-envelope signals. 10 looks,
SOI ASNR = 30 dB, interferer ASNR = 30 dB.
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Figure E-27. Generic signal bounds - 2 complex Gaussian signals. 10 looks, SOI
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Figure E-35. Generic signal bounds - 2 complex Gaussian signals. 100 looks. SOI
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Figure E-42.  Constant-envelope signal bounds - 2 random constant-envelope signais,
10 looks. SOI ASNR = 30 dB, interferer ASNR = 50 dB.

66




116880-46

116880-47

-3
10

LOWER BOUND ON DF (BW Std Dev)
=

0
10

LOWER BOUNDS ON DF

CE SIGNAL BOUND
RANDOM CE SIGNALS
UNIFORM LINEAR ARRAY
10 ANTENNA ELEMENTS
2 SIGNALS

10 LOOKS

P1=50dB ASNR

P2 = 10 dB ASNR

NO ARRAY ERRORS

-25 dB ARRAY ERRORS

10° 10 10°
SOURCE SEPARATION (BW)

Z20 0B ARRAY ERRORS

15 dB ARRAY ERRORS

Figure E-43. Constant-envelope signal bounds - 2 random constant-envelope signals.

10 looks.

0
10

10

LOWER BOUND ON DF (BW Std Dev)

2
10

3
10

S0I1 ASNR = 50 dB. interferer ASNR = 10 dB.

LOWER BOUNDS ON DF

T
adidil

CE SIGNAL BOUND
RANDOM CE SIGNALS
UNIFORM LINEAR ARRAY
10 ANTENNA ELEMENTS
2 SIGNALS

10 LOOKS

P1 =50 dB ASNR

P2 = 30 dB ASNR

NO ARRAY ERRORS

-25dB ARRAY ERRORS

10 10" 10
SOURCE SEPARATION (BW)

220 dB ARRAY ERRORS

215 0B ARRAY ERRORS
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