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ABSTRACT

W'e coi..ider thle probtlemi of direct ioi fi iid ing ( DF) of mnultiple. cofreqiieiic

nlarrowb a liii signlals xx it il a phiasedl ai t emiia arra ' wheni direct Ioit-(leperideii arrayv-
c~ili1)rat ion errors as well &> t hernial nise , are preseiit Lower- bounds. oni thle varialiwe
of unfnasecl e tiunat or> for DF are dlerived ind)er two diffe rent tvpes of signal iiiodel :
comiipletely tunkiiown (i.e.. genieric ) signals and unknowni colst arit -etielope signal!-.
lit both ii odels,. thle comlplex aniplit udes of tilie signals awe modeled as on known pa-
ranet ers,. W~e den xe anid evaluate lower bounids cai DE of these signals wheni compJlex
Gausiani arrayv eriror>, and t hernial nioisec are p~resent. In our inumerical exaniple>,.
lie hound for genecric signials tenided to dlecrease with icreasing interference powerc

and. for closelv spaced signials. became nvre opri -istic wheniai 1i lit\ errors, were
addh ed. WithI a suifficienitlv large signal-of-itecrest (SO! ) array signial-toJ-noise( l)t\M
ratio AS.N R) aiid iiiiiliber of' looks, the bound iitunericall ' approached thle bound
Onl F of nnilt ipie gen~eric signjals wvithI array' errors but no t hernial nioise (i.e.. thle

iiiil ilegeterc-i il.arra-rror-oil. hound). The latter bound depenided onl
thle signal separat ion anid thle power of thle arrayv errors. It -was inckLpci.r-t of (ie
signal -waveforms an(i powers a].(l was lar-est at 'nderate signal sep~arations, c.-

0.3 1wleainidthIi, The latter bound approached the sigle-signal array-errors,-onily
hound as tile signal separat ion approached zero.

1i1ie resul11ts for coiistaiit-enivelope signals showed thlar thle bound withi arrax

errors- and t hernial noise was miore op~timist ic thaii the anialogous, geniet ic-sigial
founid anld had little depeiidletice on signal separation and iterference l)oxver. Ti ns

wvas also thle case ii thle absence of direct ioui-depenident errors. Thle iniproements ii

lie h uiiid were nitore significant at sniall arra ' errors. low ASNR . siiall imlhers, of'
lot ks. anid inoderat e signial sep~arat ion-, At all signit I separations,. withI a sufficient v
fi-h () ASNP aitd wimiber of looks, the hounid wiiurica, ,roacdied thle sing-le-
signlal. onef-ftok . array-errors-i ii hound (thle latter l)oiuni sanie for generic

auth conlstant -elixelola sigiials
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PREFP CE

lo pcrfo rm direction finding (DlF) of multiile, cofrequency iarrowband signals
with aI pla,e( antlenina array, it is necessarv t'2 know the array-response pattern as

fuoctioi ot" tie signal direction. In practice. this fiiction is known only approx-
iniately. I is therefore appropriate to model tile array-response pattern vector a,
a pertiribed versioii of a deterministic function of the igignal direction (i.e.. tie as -
s1i1iied i.rra.,-resporow vector). It is useful to decompose the pert urbat ions jiult Wxw,

coinpollen'.>. a iirect ion-independent component and a dire, t ion-dependent coin p-
nelt . TLe direct ion-indeoendent component is comnion, v modeled a" multiplicative
errors that are the same for all of the signals in each receiver channel ec.g.. in-
,crnal receiver-calibration errors). The direction-dependent cormponent i.- due 1t,
errors that are different for each of the signals in each receiver cliarinl I eg.. e -

rors due to array-response Pattern calibration residuals and near-fiev;I iimlt ;it
The direction-dependent component is modeled as adding errors to tih(, a>il11'wdi
array-response vectors of the individual signals. In this report. we shall linit ,n
consideration to the direction-dependent componett of the errors.

Direction-dependent array errors can be an important limiting factor in rlie

performance of DF algorithms. To help determine whether current algorithnis are
performing near the intrinsic limitations of the problem. it is useful to compute
lower bounds on the variance of unbiased DF estimates in the presence of direct ior
dependent e ors.

in Section 1 of thii report, we derive lower bounds on the variance of unbiased
estimators for DF of unknown generic and constant-envelope signals when inde-
pendent, complex Gaussian. direction-dependent array-calibration errors as well as
complex Gaussian thermal noise are present. (Note that. in a real ervironment, the
array errors might be correlated ait na-element-to-antenna-element and/or signal-
direction,-t o-sigial-direction, which could impact the performance achievable.) Nu-
nierical results for some cases of interest are presented in Section 2. Conclusions
and directions for future w.urk are presented ir Section 3 and Section 4. respectively.
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1. SIGNAL MODELS AND LOWER BOUND DERIVATIONS

1.1 NOTATION AND SOME MATHEMATICAL NOTIONS

Recal andi complex scalars are dlenoted b ' lowercase Roman or Greck letters. Vectors are
_Antie h.\d lowercase Roman or Greek letters with anl arrow on top (e.g.. ). Miat rices are (letloted
IwI uplperca ,e Romn or (;reek letters. Exceptions are- the symbl~s uised to (lenfote the dimensions of
vect r~ andi mat rices, as well as the svimbols usedI to denote the numbler of signials. antennita elemtenit.

dbcvatlt~i i.e.. look,-,), and] unknown parameters. iainielv S, 1.. N. andI '. respectively. ThIe
let t r, ., w,. ii. in(l Ji are usedI to index over the signals. antenna elements. looks, andI unknown
pa Iramc r, respect ivel v. Thel( it h columin of the matrix X will be dletoted 1) '. v .X the ithI row of
t he mat ri x X writ telIt a:, a colunmn vector) will be (leliot e(l b) ' v ,. and the ijt iiComponent of t he

mattrix X\ will he decnot cml bY N ),. The ith component of the vector Y7 will lbe dienotedl1 lv ()
IIeC reail and iliiaginary parts, of a quantit v AX will be menotedl by ?( X ) andi .2) . respectivelv.
"Ille t aips.complex Conjugate. andl Hertnitian (i.e., complex conjugate transpose) of at mat rix
X arc1 dleiotc~ edv bX A1 V*. andI A 1, respect ively.

We dteine as, tile vector whose ith component equals 1 andi whose remaining coilponellt.
eyii 0. 1 a tht liX-vector whose components all equal 1, ILyN as the N ' N identit ' matrix.t) 7

t> t ie Pl - mITIIat rix W hoSe components all equal 0. and E~ as the matrix whose ijtli compilonenIt
equals I an(! whose remainingc component,, equal 0. We shall need the identities

(rA~ T -IB t r BA) 11

2.12 Eq.. 1,2K a

t r (CJ'Aj (Eq. 1. 1)

tr 1 . ) ,

(,4)j, (1.2)

1.1.1 The Kronecker Product

Fle Ixroiiecker lpro(illct of the I ,.1 matrix A4 and the K x L matrix B is definedI as the IN .,*JL
trait rix 2. Sec. 2.2

't ('A) 2 ) L" (A4) 2~B ... ( A) 2 jB(.)

(A) 1 1 B (.4)1213 .. (4)IjB



It has tile properties

A :2 (uB) = (aA) . B = o(A ' B) (1.4)

2. Eq. 2.5 and a trivial extension).

(A .B) = 
H X B" (1.5)

(1, p. ,9i),

(A B- =A -  B-' (.)

2. Eq. 2.12 ). if tihe inverses exist, and

(A 2: B)(C :.. D) = AC -: BD 1.7

2. Eq. 2.11'). where C is a J x Al matrix and D is an L x A' matrix.

1.1.2 The Hadamard Product

The Hadamard product of the I y J matrices A and B is defined as the I x J matrix

(A)II(B) 1 1 (A)12(B) 12  . (A) 1j(B)1.;1
A-Bdef (A)21(B)21 (A)22(B)22 ... (4)2J(B)2J

(A),I(B)I1 (A)1 2 (B)I 2 .. (A),j(B)j

The Hadamard product is obviously commutative and associative, so that

A B = BZA (1.9)

and

(,ZB)(C = 4(BDC). (1.10)

\c shah need the identities

(,1:113)" = -4"-B". (1.11)

(Jb )7) = (a5(id) ,  (1.12)

2



and

(EqrA):1(BEt) = c'q(Ar )T](B ,T') (!2, Eqs. 1.27 and 1.28')

= (CEBs)((74Ar) T  (Eq. 1.12)

= (Jq(Bq.,G!AItCtT

= (A)rt(!3)qsJ7/.

= (A)rt(B)q.,Eqt (!2. Eq. 1.5). (1.13)

1.1.3 The Khatri-Rao Product

The Khatri-lao product of the Al I X matrix .4 and the P x N matrix B is defined bY tile

-11' . N matrix

(1.14)
A-lB= ~AVBI A.,);B2 .. 1 N .L.Nj

We shall need the identities

(A B)(C--* D) = (AC BD) (J4, Eq. 1.5.91) (1.15)

and

(.4 B)"(C- D) = (A Hc)(BHD). (1.16

The latter is proved by noting that the ijth element of the left-hand side is equal to

(A, .)H(c~j . D.j) = (A H  :B.H)(C.j ,i: D.j) (Eq. 1.5)

= (A'C.) S (B.HD.j) (Eq. 1.7)

= (AHC) 2 2j (B1H D)ij

- (4"C)ij (B"D)j. (1.17)

We shall also need tho identity

(A. B )H(C : D)(E - F) = (A -- B)H(CE : DF) (Eq. 1.15)

= A"CECEB"DF (Eq. 1.16). (1.18)

3



1.1.4 Matrix-Inversion Identities

We shall need the niatrix identity

At- B('D' A - _'B C - DA-'B'-DA- (1.1)

tas.,iming the necessary inverses exist) 5, Eq. A.3'. and tile following result oin the inverse of a
partitioned niatrix i5,. E.. A.2,. Let A be an invertible square matrix partitioned as

-11 -412 
(120

21 A n 1 . ( 1.20,

L - 22

with -I,)) invertible. Then tie upper-left block of A- 1 . i - given bly

t - (1.21 )
-1 = (All - .41'_,A . ,2  1 -

the inverse indicated on the right side of the equation can be shown to exist under the given
conditions) . and

A 11 - 1 A 1. (1.22)-,-'-,421 A- A,- A,7 4 2A- 1 4 -,2-4  "-2.. . 11 22_

Note the notational distinction between the iith block of A - ' A- ' ,. and the inverse of the ii"'
block of A. A,,-1

1.2 DATA MODEL

1.2.1 Array-Response Model

The signal environment will be modeled as S narrowband cofrequencv signals. The complex
amplitude of the sth signal during the nth observation (i.e., look) will be denoted by c,,. The c,,.
will represent an unknown generic or constant-envelope signal. The details of these signal models
will be described in Subsections 1.2.2 and 1.2.3. We define the S-vector of complex amplitudes
durinu the nth look, F,,, by

c, :Cc,, " c2 ,n (1. 23)

the concatenation of these vectors, c. by

A

.4



and t .he N -. S matrix of complex ampitudes. ('b. Yv

CIl I ('12 ... C , I
, ef "2i 2 e2. [

c d 1 . (1.251

C.% I C'_% 2 ",,

Wc will a.s,,uzne that \ ' .5 and that C i, of full rank. S.

The ignals are observed usimg an array (4 -'1 antema ehmeiit,. The ideal i.e.. crr<or-free

array -respoilse vector (f' the .th "i al will ow dileie(l liv u . and t lie error in thli, vector will 1w

del'ot c .d )X Defin' t ie compIex .1 • . irices. of ideal a rrayv-respolise vectors ami( their err r

" dcef r
1 :1.2 1

anld

C , 1.21

Thl respose ,,of t he array during the nth look., . will be modeled a,

where W, deiiote, the t liernial-noi-be vector corrupting the observat ion. The vectors C,} and { 6,

will be inodeled as, sequence of independent . zero-mean complex (circular) Gaussian 2 raidol

vectors with covariance 1a1rices t 21. amid (r-'. I, respectively. The { -} and { K,,} are assumed t,,

be statisticallv iiidependent of each other.

Define the concateiiated thernial-noise vector, H. bY

A
t , de V ( (,, .w ,,) ( 1.2)

t -. I

i11(d the concatenated observation vector. 5. I)v

cF

A look (or observation) i.- defined as a sinultaneous veclor snapshot of the hasehaid colmplex

amplitudes at the outputs of the .11 antenna elements composing the array.

It the rc)ort. we shall often t-( the termini(logy 'complex Gaussian" in place of 'complex

circular Gai,,sian" for simplicity.

• • m II |5



A, A

= (1 ) , . : (Eq. 1.4)

Tui, the vctor z is a complex Gaussian random l N-vector with mean

and covariance EC H)i i.: ( H
.A E {:(C ' -)-)i', - , 1 (' -)II H }

- L {'.Z CU: .Z )3 :. ,}"- .( hT" )-(Eq, 1.7)
SS

(c.,

Ely. - E(.,n )  (q. 1.)

-(( ., 21 .\. ) (2, p2 ( . ::1.32)

Define .v. by

.\v ,te rf . •  (2(cH : (1.33)

A I , -- ' (1.351

6



with 1 being giv.n by

A (ar I.. -~2ccI1)-I

.. = (a~Ix a -, -

= 1 12l', -a( )

a- -

1, Ix , .- .( () 1(,H (Eq. 1.19) (1.36)
a7- a- a-

whel aT .0. a, r bY

wheii -' = 0, N = S, and 2

The ideal array-response vector of the sth signal, i , is assumed to be a differentiable function
of the one dimensional direction of the sth signal. which we denote by u.,. (The assumption of
a one-dimensional space of signal directions is made only for simplicity: the method of analysis
could be extended to a multidimensional space of signal directions.) The real S-vector of signal
directions. U. is defined by

U I Ui 02 ... 3US

We denote the derivative of i., with respect to u, (evaluated at the true value of u,) by f,, and
define the matrix 1' by

d f L. 1L"= KI 1 V2 I'S. (1.39)

1.2.2 Generic-Signal Model

In the generic-signal model, the complex amplitudes of the signals are modeled as being un-
known. More specifically. c, will be modeled as

Cn.s = ( , L ''. (1.40)

where U,. and 0,0. are the unknown magnitude and phase, respectively, of the sth signal during
the nth look.

\'( define the real S-vector of signal magnitudes during the nth look, d by

an n2 ' n

m m | || |7



the concatenation of these vectors, ji. by

( def (n ::(,,( .2

n = 1

the real S-vector of phases during the nth look. 0', by

- der [T

and the concatenation of these vectors. C). bY

W~e also define the complex S-vector, t'.of phases (in exponential notation) during the nth look
bY

o,, = ,, 0,2 *.. o,,'s • (1.45)

and the concatenation of these vectors, V. by

N
- def Z ,, - ,.( ,4

v =Y F ,'Wn-(.6

n=l

The vector of unknowns, F, is defined by

-def [ 7T jn -TOn €T.1(n;

f T = (P. (1.47)

1.2.3 Unknown Constant-Envelope Signal Model

In the unknown constant-envelope signal model, the complex amplitudes of the signals are
modeled as being of unknown, but constant, magnitude and of unknown phase. More specifically,

cn. will be modeled as

% , = a ,ejo '-,  (1.4 8 )

where o, is the unknown magnitude of tile sth signal and On, is the unknown phase of the sth
signal during tile nth look.

We define the real S-vector of signal magnitudes, 6, by

• l I l l i l I I8



1 (1 ... (1 j(

awil 1,~ awil &and ini Sectioin 1.2.2. TOW vector of iikiiowiis. F. is (letjiie(1 by

i i '-I C- Ij ( .0

1.3 The Cram~r-Rao Bound on DF

1.3.1 The Crarn6r-Rao Bound

Dein" f Le(eIfrnlnivco

,,lii ,, as tit( rowvec wvIio.se ith ci omponient is equlal to 01- . eF'earii on eA
whwo'e pr('bliity v Jeniity h iniction. 1)(5: Q). (lepeniripo a1)0 aiinkii wli L -dIinisioiial real parailct (

with iite a ltac Ft. Let F (Idiote an est unat o of F (AK is a fi inct ion of 5 - andi(llefiiie

a (6) Q 1(. (1.51

where ,-. dlen oic .exp cctat jon -withI resluet to the lproiml lty v (eniit v fuinetion IQ F: k Tlhe covani-
atice of thle estzimatoi F xx hen F rF is (leiie(l by

Ht" ,% F - i (FK)K F ,(', ' (1.52)

We say t hat Fis d ifferentialiv nbiasedl for- (FK) at Ft if

I" U~>~ "(1.53)

an(l that 7- is, (lifferei liv iiilhiase(l at 6 if'

IDefilie thle F-isher informiation Iiiaitrix by

d' f ' z('i 1 ) )lip : K) 'f
F.[, - UK-- OF) ( U cr )H (1.55)

The Cramiir-Iiao lbilii(l stat('s thai~t

.~U . .. ... .. ..



w.here -meanis that the differeace betweenl the matrices i.,,lpoitive semi(effifitc 3. Th. 2.7.3'.

if F is different ialiv Lnbiased for (F), at Ft. theni

va r ()

C;R i, ('2. Eq. 1.19 )

= ~~j F~i~:1 ( 2. Eqs. 1. 16 and 1. 17.

r-, F ~J(Eq. 1.53)

'T'-', (2. Eq. 1.19 ). .

III thli> case. the hounld oil the variance of the lth unkniowni parameter is giveni siniplY byN the hhl
(liagoial elemnent of V- 1 . III the sequel, for any paaee fineet r,. we shall onily cons ider

est imitors which are dijiferentiallyv inhiased for (711 at Ft. For anl estimator which Is different all.\
unbiased at F,. Equation 1.56) redutces to

R > F_'. (1.5,,)

Lastly'v.,Awe niote that locally *unibiased estimators of (F), at Ft (i.e.. estimators for which SFj

f(r-) for all F ill some neililborhoo1 of Ft) are always also differenitially unibiased estimators of ( F)l
ait Ft . This is showni bY niotinga that

C, .(1. 59

.1.3.2 Generic-Signal Case

Usinig Equationi (1.47). the symnmetric matrix F may be partitiedl as

[F1jj Fjj T'_ 1
I..= F, Fiqj a .

10



Ftj' T112I . Fiy T i~ I F . . . .F .-

di01 aIO

F -1 F F-. F_ . F -

where F.K is dehined bY

Since F- is, svrinretric. we nieed o. exlcil compute the (diagonlal and lower-left -,ubbIlocks of T'.

The observ-ation is a complex Gaussian random vector with mean j7 and cov-ariarice A\. For thlis

case. it follows fromi 1, EqIs 2.6 and 2.231 that the ijth element of F is gvnby

FIJ =24(R A i~ I r ((I . . 162)

wvhere A\ andI the deriv-atives are ev-aluated at the true value of the unknown parameter v-ector.
Explicit exp~ressions- for the suimat rices of F are givef in Appendix A.

1.3.3 Constant-Envelope Signal Case

I'iig Equiat ion (1.50). the svmnnietric Fisher information matrix F mnay he partitioned as,

T, F(; , T(;(; 0

T . V.- -_
0 01; 0.) 00 1

Tfil F-. F......... F--
0tic 0\ NI U 0..

c~j 11 c~o 0 1 1 C)1( 63



1.4 A BOUND ON DF OF STOCHASTIC SIGNALS

lie hounds onl est imat ion ofun derived in Sect ion 1.3.2 and Sect ion 1.3.3 depend. in general.
oil thle specihic complex ampjliturdes of the signals (as well as their direct ions) and apply' to estiniators
which are different iall ' unbliased for n 1 (see Section 1.3.1). Ini tis section. we will use this bounld to
obtain a lower b~ounld onl the variance of a niore restricted class of estimators for tII( case where the
complex amplitudes of thle signals have a probabilistic distribution. This bound has the desirable
property of not depending onl the specific comiplex aniplit ude-s of thle signals.

Part it ion thle paramlet er vect or F nt ot

We -'a. t Ihat F isglbal differenit iall.\ uiiliasewl for (I) I withi resliect to I"' anid differcnt ial11v% iihia til
withI resp~ect to 1; t I II'

liolos for all poss.ibh ) Nte t hat thlos implies, t hat ( tio . ?")) is constant with reht'ct t 1"'
F-or Ihe remiaiiider itf tIs sw-ect ion, we will refer. to t llis (jillt it v as oI1( 7-

III this, sect ion. we considler et iiiiators of' iII which are globally different iallvN uiaseid wi611i
respect to the signal complex aniphit ules as, well as, ditferenitiallv unhias"ed withI respec',t( IIt I(,
signi d~i rectionis at 11t Note thI at thle reqiiremuen t of global di iferenit ial timnbiasedriess with rci P t'li

to t be complex amiplit udes esserit iallv Tilearrs that t ie est iniat or still treats thle compillex anil itudn e,
as be-ing unikniown paran ict ers rat her t hani as having somuie kiiovii prob~ability (list ril im i.3

Let I" (lentite thle paramret ers associatedi with thle comnplex amtplittude.Tes pa raniet e> art,

now assuinied to have some fixedh probailit v distribution. Let denote (le remiainider of the randki~ti

variables, in thli problemi. Let p( C. fr') deniote thle joint prohiabilv density function of CandI r'1 .

An estitiiat or which 'kin iws thle probal i lit 'v dist ri hut ion of thle complex aniplit ides, is, sait I,
be different iall 'v uinibiasedl for a at F, if' it satisfies Equation ( 1.53) with I -r 1 and F, - W, (i.e.. t lit,
unknown piaramuet er vector (hoes niot i ncliide thle complex ainplit udes) . where thle expect at iot ini tlit'

decfiiii tionl t) JITI ELquation ( 1.51), is t akeni with respect to the distribution of the complhlex amipli t icle
ats well as, thle other ranrdoItniiant it les in the p~roblemn. It can be shown that an ' estimnat or of III
which i!s globally* different iallY unbiased with respect tco the signal complex amplitudes as well i15

different iallv uiltiased withI respect to thle signal direct ions also satisfies t his condit ion, However.
lie coniverse stat deit is riot true.

12



Let y he an unbiased Qi thle weise giken dlhove) est ilnator of the direct ion al . The mecan of y with
respect to theloint dit riblit ion of ( arid t" is given by

/y/K(1'~ A~d &W ~ / P~i d(2 iiO"

71) t(1.66i)

where Z (leiot (, the doiiiaiii of 4. Q (lelot es t.he (lollajin of 1". and the second equality follows by
he coliitielt aft er Lquati ion 1 .65) Let q 2 deriote the %varialice of y~ withi respect to p((C. r'). Let

ilnt I I( Cirallr- 11ao bountd Wibtinled in Sect ion 1.3.2 tor Sect ion 1.3.3) on the est imat ion of
111fo I- I I i c Iar aIe c I vectIor r. We ha\ve

2 4f 4f

IIi ,Ilit (I.'it elo I I, wer 1 iiii on11( lth valianilct 4f est ilators (.) ii which are globally (hiitITIIiiA1lv

(I ih c I t It i ci Iii *< t ho , ignidi cm1lflfcX aziipli des and differentially N iihia.ted wit ii re e t to
t >1-Iglii tiirtciw III- lIi t le qiiel. vwe xvili evalutate t i bound. which wve termn the integrated'

Imin 11 W( \vi! tnikt' aIf(% ew xceptills tt ) t his. iWcali~t. iii -orie Cs, the (ran~r-Pao hounds
deried ili ')et ill 1.3.2 anid Sct oni 1.3.3 t lit U)t be rniumerically inidepetideiit of t lie -,pteifii

eotiiplt.\ alophl id- 4 thle signal>. III suich case,. tI lit itegratedi hound iii Equat ion I .67) j,
tiiitntriial% \ olttira) t thle C rallier-RHa(i hioundi which is, obtained for any- allo-wable set o)f ctjlih~l

iliilt iit~hii 'iiiii wet~.V fiiid it iset41i1 1() (WIl 1111 to refer to Ihe relevant b ruitrH ono
;it 11"T I I)anJ tI lint c(ii Ii I iii )1111. In vliat ft Ilos thle I erlll (ratimtr-Jiio b~ounld will bt iiet whet,
iull ('1i1% kV lwii I lie itegatd ii giJvei IA Equiatlon ( 1.67 is, iot initendied.

1 3



2. NUMERICAL EVALUATION OF THE BOUNDS

2.1 METHODS

2.1.1 Array Signal-to-Noise Power R~atio (ASNR)

IIn %vhat followvs. it is: useful to teitlie ASNR of apgiven smurce. Ill our b~oun~d evallttatIolls.

kvc %ill c(onXjiier ()111. WtCtltavS cistcsalSucs A definie

XX L) (*. 1. . V\ ). ..... . (2.1)

\.l~t' L(i~i i mati ihe"Iilat ical expect;1tioli.

I F.lqieii H ii (1.2 in tile abs('E 'c of arrav err-ors and interferers. if one( xere tUalii

(nlI i 1NAI-v\1(to u',of weg .i to thec alit enra eleenit ouitpuits at thle o ii look. onle wvouhl Iobt ai

111C' fi rt tern11 inl Lutiion (2.2) cani be identified as thle signal component of thle arraly ou t put and

Inl semol at. tlil oise component . Thle signal-to-noise poAwer ratio (SNfl) ai thle arraY output canI
tlus h e (lefilled as

I"F11iw 2 E( icn. 2)

li\ ilI -,cilwarz inequality, thle weights whlich maximize the output SNP are of the form i~ wh, Iere

I n an )m;rit rar,% rimnzeroi corriplex scalar. The resulting maximized output S.N1 is termled thle

AS~~ - tmax
71

(2.4)

nc hr.' ft* %k( ~ivtiur.Weill asumlie inl tile se lthat the ideal i. raN-response vectors, thle j F.

aIref, ii IITii 'iI hus tlie :\)SNli of aI given signal is (lehuled as thle mnaximnum SNIR oht ainaibie for

111.1 si ;ina illenit put of t ile array inl tile absence of array errors and interferers.
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2.1.2 Array-Response Vector Model

ThV ltieal ;irra\N responsc was modleledI as that of a uiniformi linear arraY of Al i') i:;o i opic

aiit eiuxii celiieit . Fo)r this array., th li ith iicompow)(iil of ?\, is equal to

~.p72 wtherc

II *~l I(2 6)

> tfi he li centrlier14 i rra % A is, thle w;,ve(eiigt ih of the carrier. (I is the initereleinent spain~g of

he arral\ (hene (1.2AI ;. arid 0, is the( aiigle of arrival of the Stli signal relative to t lie hroadIside ian

(iiiiWl a"5 11v plauie t hat passes thlroiighi thl phase (cuter tif thli arrii\ aiitI i.5 perpeniula~~r to thle

i;Ixis, sec Vlgire 2-1) . I-i' c. is of unlit niormi. ais tleiretl

OFF-BROADSIDE
ANGLE

PHASE
CENTER SOURCE

OF ARRAY DIRECTION

BROADSIDE
PLANE

ANTENNA
ELEMENTS

ARRAY
AXIS

Figure 2-1, F Jiforui linear arrayv gcnit ,.

\\ \ill 1use lealiithI (13W ) units for anigle of arrival. where ilie anigl( of arrival cf thle Still

swilalin bWIs dlli bY

ii Alti sli Q(2.7)
A



The uise of B\V uniits is iotivated as follows. Iii Sectioni 2.1.1. we deterinied that. i the absenlce
of arra , errors anil initerferers, the SNR at the ouitpuit of the arra ' couild Ibe iniaxiiinizedl by selectig

a witing- vector for tlic array elemienit otputs which is a scalar inui-lt iple of the arrav-reslponse
vector of thle souirce. i.e..

I= 3i., (2.1,)

for sonice nonizero comiplex scalar .3. Use of this arraty weightig vector is commonimly termed conveni-
tioiial beamiforiinig. If these weights were held conlstant while the souirce wvere mioved aw.%ay' froml
directioni I, to directioii ii. theni thle ouitpult SNR of the arrayv wvould cliange fromi the AS.NE-. 1), (T.

to see Equiationi (2.3)

/)1, FT ( 11.f~) 2

aT-

W\e tHils obtaini a *,gaiii lpatterii for the array, as a funictioni of thle souirce directioii. ii. For thle linecar
arraY Which Nv have deffined. this, Iatterii is giveni bY

SN RI () 2y) (2.1(0)

6. p. 9~.which, as expected. has its peak valuie of p, (T
2 at u = a,. anid also has its first nuills (i.e..

(lirect ioii., of zero gaini) for siunials which are onie BW awayv fronii u, (i.e.. for which u- e,= 1 ). U.Sc
of BW iiimit s facilitates Ijerforiaiiice comiparisonls for arrays havinig differenit initerelenienit spacings,
e.gp.. niote that Equiationi (2.1i0) is a fiituct ion of ti. buit not of (d 'A)7

Arra '%-error powers are giveni ini (lB relative to the elemients of the ideal array-responise vectors,.
S-i iice t lie iilagiiit tide of each elemient of thle , is L1 \/ 1, this mieanis array' errors of xr dB corresponid

to all ( 2 o f 1X" '(') Approximiate gaini anil phase error equivalenits of variouis array-error pow~ers
are 1-iveii iii Table 2-1.1~

2.1.3 Numerical Implementation of the Bound Calculations

WVe coniipuited thle initegrated bounds giveni by Equiationi (1.67) with the s derived ill Sect iou>
1.3.2 and 1.3.3. For evalulatig the genieric-signial hounid. two classes of (listributioii funictions oil
the signials were considered: we shall termi these the ranidomi conistatit-envelope signial miodel anld
the (;ati.siaii-signial iiodel. i the raniloiii conistant-envelope signial mrodel, the signial waveforisl
Were n10oleed ats hiaving phases t hat were indepenident (look-t - look and sigrial- to-signial) raridoni
va riables uniiforniilv distribuited over the interval '0, 27-) with a constant iinagiiitude for each signlal.

The vali ics in t his table were obtainied frotni a M ote Carlo siitilat ioni usinig 10 r) trials, for each

error power.
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TABLE 2-1.

Approximate Standard Deviations of Gain and Phase Errors Induced in Each Antenna
Element by Complex Gaussian Errors of Various Powers

Array-Error I Std. Dev. of Std. Dev. of
Power (dB) Gain Error (dB) Phase Error

-30 1.9 1o 1.3
-25 3.5 ~ 10J 2.3
-20 6.2 10--1 4.1

-15 1.1 loll' 7.3

hI thle (; issianr-sign-al inodlcl. the signal waveforriis were niodeled as being independent (look-to-
look and sig-nal-to-signal) coniplex G aussian randomn variables with. possibl 'y different, fixed powers
for each signal. For evaluating the constailt-eiivelupe signal h~ounld. we considlered only the randomn
const ant -envelope ns.gna1 modelI.

The Fisher informnation mnatrix for the gyeneric-signal case was comiputed using Equations
(A.22). (A.30J). (A-31). (A.3,s). (A.39). and (A.40). Thie mnatrix A-Q was c- aluated using Equa-
tion (1.36) or Equation (1.37). as appropriate. Note that ev-aluation of A-1 using Equation (1.36)
requires, thle inversion of oiilv- an .5 , m atrix, not an X > A' matrix. Thle informiation mnat rix for
the const ant -en velope signal case was comiputed from the information mnatrix for thle generic-signal
case usinig Equations (13.5), (13.7). andl (13.9).

The Cam -aobounds on DF for use in Equation (1.67) are giv-en b)'y the diagonal elenien-t, of
the upper-left S .' S submnat rix oif T--1 (see Section 1.3.1). This submratrix was comiputeuc accordin-
to the procedure outiilined in Appendix C.

The expect at i in1tegral in the expression for the integrated bound 'Equation (1.67) was,
approiximiated )% liv M \onte Carlo miethod using 3. 100. 1000. and 1000 Monte Carlo trials, for
experinient swithI 1001. 1(0. 2. and I look(s,). rcsIpect ivel 'y. For each Monte Carlo trial, a samiple
valule of thle applrop~riat e random signal was obtained using a pseudlorandolin lnmber generator.
arid1 th li (rairiocr-lao b~ounid for that sample v-alue was cornputed using the procedure descril ed
above. The mnt egrat ed bound was5 approxiniat ed by the mnean of the Crainur-Rao boundls for thle
,signial,, generat ed. (The nwiwr of Mont-' Carlo triaiis was v-aried as a function of looks since tile
boundi~ took longer tou c, miit when the numiber of looks became large and it was found that as the
in iiiler of looks, 1,, ca tue large., thme btound becanie relativ-el inde pendent of the particular signal
waveformns.) \e al- o coriput ed thr standard error of thle est inmate (SEE) of this inean (i.e.. the ratio



of the standard deviation of the Crainr-Rao bounds for the signals generated to the square root

of the number of Monte Carlo trials) as an index of the error in the approximation. We expressed

the SEE as a percentage of the mean.

2.2 RESULTS

For scenarios including thermal noise, we evaluated bounds for the following scenario parame-

ters: two signals, 10 and 100 looks, signal-of-interest (SOI) ASNR's of 10, 30. and 50 dB relative to

thermal noise, interferer ASNR's of 10, 30, and 50 dB. direction-dependent array error powers of

-x., -30. -25. -20. and -15 dB and signal separations of 0.01, 0.0316, 0.1. 0.31i. and 1.0 BXW.

We also computed bounds on DF with direction-dependent errors in the aib,,cxce of thermal
noise. We shall refer to these bounds as array-errors-only bounds. Since, in the absence of thermal

noise, the probability distribution function of the observation is singular for N > S' (where N is

the number of looks and S is the number of sianaL). we restricted ourselves to scenarios where

N = S when thermal noise was absent. (Cramn6r-Rao bounds can be generalized to handle singular

distributions, such as those that orcur in the N > S case here. Moreover. when this is done for
generic signals. the array-erors-onlv bound in the N > S case can be shown to be equal to the

analogous bound in the N = S case. However, the necessary analysis would take us too far afield.
and so is nof hicluded here.)

Monte Carlo estimation of the expectation of the Cramdr-Rao bound (see Section 2.1.3) was

found to be quite satisfactory, with an SEE of the mean of the bound on variance of less than 9/

in all cases. This corresponds approximately to an SEE of the mean of the bound on standard

deviation of less than 5%. (To see this, note that a small fractional change a in x results in
approximately a fractional change of 2a in x2. since

(x ± ax)2  =-2 ± 2ax 2 + a 2X 2

X2 ± 2ax 2 .) (2.11)

When the ASNR and/or number of looks was hirrh. the SEE of thi ,can of the bound was much

smaller.

2.2.1 Array-Errors-Only Bounds

In the one-signal, one-look case. it is easily shown from Equations (1.40) and (1.48) that the

riodel.s. and hence the Cramnir-Rao bounds for the unknown generic and constant-envelope signals.
are identical. This also holds in the absence of thermal noise, when the only DF perturbations

are caused by the array errors. In this case, the observation simply consists of aii unknown scalar

multiple of the perturbed array-response vector. It is shown in Appendix D that this bound is
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LOWER BOUNDS ON DF
0

10 CE SIGNAL BOUND

RANDOM CE SIGNALSIUNIFORM LINEAR ARRAY

10 ANTENNA ELEMENTS

- - - - -_ - - - 1 SIGNAL

" 102 1 LOOK

zNO THERMAL NOISE
z
o 0 -30 dB ARRAY ERRORS

LU -25 dB ARRA Y ERRORS

0
10 -20 dB ARRAY ERRORS

102 10 10

SOURCE SEPARATION (BW) -15dB ARRAY ERRORS

Figure 2-2. Generic or constant-envelope signal Cramr-Rao bounds - 1 signal. I look.

no thermal noise.

independent of the signal waveform sample. The results of numerically evaluating this Cramr-Rao
bound are presented in Figure 2-2.

In the two-signal, two-look case, the Cramr-Rao bound on DF of generic signals with array

errors only was found numerically to be independent of the sample values of the signal waveforms.
depending only on the power of the array errors and the signal separation. This bound is plot-
ted in Figure 2-3. The bound increased with the power of the array errors, was largest at the
0.316 BW signal separation, and approached the one-signal, array-errors-only bound as the signal
separation approached 0 (c.f., Figure 2-2). In contrast, the array-errois-only Cram6r-Rao bound
for constant-envelope signals was found to depend on the signal waveforms. The results of nu-
merically evaluating the integrated version of this bound with random constant-envelope signals

are presented in Figure 2-4. The bound attained a maximum at moderate signal separations (0.1
and 0.316 13WV) and approached the one-signal, array-errors-only Cram6r-Rao bound as the signal
separation approached 0.
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LOWER BOUNDS ON DF

10 - GENERIC SIGNAL BOUND

RANDOM CE SIGNALS

16- UNIFORM LINEAR ARRAY
010 ANTENNA ELEMENTS

. -L - 2 SIGNALSn_. - -. ..

162 -- 2LOOKS

0
NO THERMAL NOISE

Z

3ca 10 -30 dB ARRAY ERRORS

-25 dB ARRAY ERRORS
0

10-4 ________________ -20 dB ARRAY ERRORS
C'4o102 10 10 -15dBARRAYERRORS

SOURCE SEPARATION (BW)

Figure 2-3. Generic signal Cramr-Rao bounds - 2 signals, 2 looks, no thermal noise.

2.2.2 Integrated Generic-Signal Bound with Thermal Noise

2.2.2.1 Evaluation Using Random Constant-Envelope Signals

The results for this case are presented in Figures E-1 to E-18. They may be summarized as
follows:

Effect of signal separation In the absence of array errors, the bound increased monoton-
icallv and unboundedly as the signal separation decreased. When array errors were included, the
bound for signals at large separations generally increased, particularly for high SOI ASNR and a
large number of looks. However, the bound for signals at small separations generally decreased. In

addition, for a fixed power of array error, the bound became well behaved as the signal separation
decrea~ied. With all of the array-error powers tested, the bound generally was largest at moderate
signal separations and smallest at the extreme separations of 0.01 and 1.0 BW.

Effect of array-error power With high SOl ASNR and numbers of looks, the bound

decreased as the (nonzero) power of the array errors decreased. However, when the SOI ASNR and

the number of looks were sufficiently small, the opposite occurred.
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LOWER BOUNDS ON DF

10 CE SIGNAL BOUND

0 RANDOM CE SIGNALS

1(} UNIFORM LINEAR ARRAY
1 0

10 ANTENNA ELEMENTS
L, -_ 2 SIGNALS

0 10 - ----- - ... 2 LOOKS

o NO THERMAL NOISE
z

0 3103 -30 dB ARRAY ERRORS

-25 dB ARRAY ERRORS
0

.. J

10 11 dBARRAY ERRORS
-2 10.. .0 . . .

SOURCE SEPARATION (BW)

Figure 2-4. Constant-envelope signal bounds - 2 random constant-envelope signals, 2
looks, no thermal noise.

Effects of signal power and number of looks In the absence of array errors, the bound

decreased as the power of the SOI or the number of looks increased. It was independent of the power

of the interferer. In the presence of array errors, the bound continued to decrease as the power of

the SOl or the number of looks increased when the SOI ASNR and number of looks were small.

However, given a sufficient SOI ASNR and number of looks, the bound became almost independent
of number of looks and signal powers, numerically approaching the two-signal, array-errors-only

Cram6r-Rao bound. The bound for a signal at a given power tended to decrease to a limiting value

when the power of the other signal was increased. The tendency to decrease was most noticeable

when the signal separations, the ASNR of both signals, the number of looks, and the array-error

powers were small.

2.2.2.2 Evaluation Using Gaussian Signals

The results ubtained by evaluating the generic-signal bound with Gaussian rather than random
constant-envelope signals are presented in Figures E-19 to E-36. These results, though slighter

higher in the 10-look cases. are qualitatively similar to the results for random constant-envelope
signals.
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2.2.3 Integrated Unknown Constant-Envelope Signal Bound with Thermal Noise

The results for this case are presented in Figures E-37 to E-54. They' may be summarized as
follows,

2.2.3.1 Effect of Signal Separation

In the absence of array errors, the bound had a very weak dependence on signal separation
with a maximum at moderate signal scparations. This pattern persisted in the presence of array
errors. with the bound 1 ',coming numerically independent of signal separation, given sufficient Sol
ASNR and number of looks. Both with and without array errors, the constant-envelope signal
bounds were close to the analogous generic-signal bounds at a signal separation of one BW.

2.2.3.2 Effect of Array-Error Power

Unlike the generic-signal bound, the constant-envelope signal bound generally increased with
increasing array-error power at all SOl ASNR's and numbers of looks.

2.2.3.3 Effects of Signal Power and Number of Looks

In the absence of array errors, the bound decreased with increasing power of the SOl or number
of looks. In the presence of array errors, a similar pattern occurred when the SOl ASNR and
number of looks were small. However. given sufficient SOI ASNR and number of looks. the bound
numerically approached the one-signal, array-errors-only Cram r-Rao bound. Thus, in contrast to
the limiting bound for the generic-signal case, the limiting bound for the constant-envelope case
was independent of signal separation. The bounds (with and without array errors) showed little
variation with the power of the interferer. The constant-envelope signal bounds tended to be more
optimistic than the generic-signal bounds. When array errors were present, this difference was most
noticeable at moderate signal separations, when the SOl ASNR and number of looks were low and
the array errors were small. When array errors were absent, this difference was largest at small
signal separations and quite significant at all ASNRs and numbers of looks examined.

2.3 DISCUSSION

Several aspects of the results bear some discussion. One significant aspect is the tendency of

the bound on [)F of a generic signal to decrease as the power of the generic interferer increases.
This inav be due to the fact that the subspace spanned by the array-response vectors (i.e.. the signal
subspace) becomes easier to estimate as the power of the interferer increases. While the bound
i., not necessaril 'y achievable, it suggests that the presence of direction-dependent errors does not
preclude accurate DF of signals at low signal-to-interference power ratios.
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Another significant aspect is that the presence of small array errors improved the bound on DF
of generic signals at small signal separations. This finding may be due, in part. to the fact that array
errors increase the mean distance (in complex Al-space) between the actual array-response vectors
of tile signals and thus result in an apparent increase in signal separation. However, the increase
in iiean distance between the array-response vectors does not entirely explain this phenomenon.
since the bound with array errors actually decreased sig:,ificantly as the signal separation went
from moderate to small. While the bound is again not necessarily achievable. it is consistent with
the possibility of' performing DY with direction-dependent eriors and siall signal separations.

II tile geneiic-.4;iLa ca.e the integrated bound on DF of 2 signals with array errors and
therinal noise approached the 2-s4nal. array-errors-only Crami6r-Rao bound as the SOI ASNR and
the nmber of looks became sufficiently high. Tile array- errors-only Crain6r-Rao bound was found
to b)e independent of the signal waveforiis. depending only on the power of the array errors and
tle signal separation. This finding is conaistent with the notion that. given a sufficient SO ASNI?
and number of looks, tile array errors are the dominant factor limiting DF. The arrav-errors-only
('ranir-lRao bound was fohnd to be markedly different from the integrated bound on DF with
thermal noise, but no array errors, with respect to its dependence on signal separation. The latter
bound increased sharply as the signal separation decreased, while the former did not. In fact. the
array-errors-only Cramir-Rao bound for two signals approached the array-errors-only Crairiir-Iao
hound for a single signal as the signal separation approached zero. This latter bound is independent
of the signal waveforms, depending only on the power of the array errors, and is identical for generic
and constant-envelope signals (see Section 2.2.1).

With respect to the integrated bound for constant-envelope signals, the results are significant
in that. in many cases. in spite of the presence of array errors, the bound remained more opti-
miistic than the analogous bound for generic signals. particularly in scenarios with moderate signal
separations, small array errors, and a low SOI ASNR and number of looks. This suggests some
potential improvement in DF still exists through use of the constant-envelope signal assumption
in the presence of small direction-dependent errors, though not to the extent that is true in the
absence of errors.

In the constant-envelope signal case. the integrated bound on DF of 2 signals with array errors
and thermal noise approached the single-signal, array-errors-only Cram~r-Rao bound as the SO
ASNP and number of looks became sufficiently high. The latter bound is simply the bound on DF
of a signal given an observation consisting of an unknown scalar multiple of the perturbed array-
response vector of that signal (see Section 2.2.1). This finding is consistent with the notion that,
given a sufficient SO1 ASNR and number of looks, the array-response vector of the SO becomes
determinable to within a complex scalar. Since the dependence of the observation on the direction
occurs onlly Ihrough this vector and the array errors on this vector were modeled as independent
of all the other randoni quantities in the problem, we may conclude that the interfering signal has
little ,tegradiiig impact on DF.
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3. CONCLUSIONS

Crair-Rao lower bounds, on the variance of unbiased DF algorithms, were derived for un-
known generic and constant-envelope signals received with complex Gaussian direction-dependent
array errors and thermal noise. These bounds were, in general, functions of tile specific complex
amplitudes of the signals. The Cram6r-Rao bounds were used to obtain other lower bounds, which
we term integrated bounds, ol the variance of DF algorithms for th- case where tile complex am-
plitudes of the signals have a probabilistic distribution which is unknown to the algorithm. The
integrated bounds have the desirable property of not depending on the specific complex amplitudes
of tiIe signals. In some cases. the Cramr-Rao bounds on DF turn out to be functionally independent
of the specific complex amplitudes of the signals. In such cases, the integrated bound is numnerically
identical to the Cramr-Rao bound which is obtained for any allowable set of complex amplitudes.
We evaluated the bounds under various conditions, for up to two generic or constant-envelope sig-
nals. Those Cram&-Rao bounds which were independent of the specific complex amplitudes of the
signals were evaluated exactly, while the integrated bounds were evaluated using a Monte Carlo
simulat,,n to approximate expectation integrals with respect to the probability distributions of the
complex amplitudes [see Equation (1.67)]. The behavior of the bounds is briefly summarized below:
nonzero array-error powers are assumed unless otherwise noted.

I. Unknown generic-signal bound:

(a) The integrated bound tends to decrease with increasing
interferer power, approaching a limiting value as the power
of the interferer gets large.

(b) At small signal separations, the integrated bound without
array errors increases unboundedly as the signal separation
decreases. The addition of small array errors results in a
marked decrease in the integrated bound at small signal
separations, with the bound becoming well behaved as the
signal separation decreases. These results suggest that the
presence of array errors may actually improve DF of closely

spaced signals.

(c) With a sufficiently large SOI ASNR and number of
looks, the integrated bound for two signals approaches the
Cranir-Rao bound for DF of two signals (given two looks)
with array errors only. The latter bound was nurnerically
independent of the complex amplitudes of the signals.

(d) The array-errors-only bound on DF of two signals (given
two looks) depends only on the power of the array errors
an(l the signal separation. The bound increases with the
power of the array errors, is largest at moderate signal
separations. and approaches the single-signal (one-look)
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bound as the signal separation approaches 0. The latter
bound is also independent of the signal waveform.

2. Unknown constant-envelope signal bound:

(a) The integrated bounds, both with and without array er-
rors, are only weakly dependent on the power of the inter-
ferer and signal separation, and are close to the analogous
bounds for generic signals at a signal separation of one BW.

(b) With no array errors, the integrated bound for constant-
envelope signals is far more optimistic at small signal sep-
arations than the integrated bound for generic signals, as
can be concluded from observations (1b) and (2a) above.
With array errors, the integrated bound for constant-
envelope signals is still somewhat more optimistic than the
analogous bound for generic signals, particularly at small
array errors, low SOl ASNR and numbers of looks, and
moderate signal separations.

(c) With a sufficiently large SOI ASNR and number of
looks, the integrated bound for two signals approaches the
Cram6r-Rao bound for DF of one signal with array errors
only. The latter bound is identical to that for a single
generic signal, discussed in (1d) above.
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4. FUTURE WORK

For practical ai)plication , it would be useful to have bounds with more realistic models for thh

direction-dependent errors. For example. one shouild allow for errors of unknown, possiblv different

variances for each .iignal with l)oUSil)le eleieit-to-element and or signal-to-signal error correlation,.

One should also incorporate other error sources into the model. such as multiplicative direction-

iiet)epeet error, aid deviat ions of the signals from perfect constant-envelopeness. Finally. arrays,

desigied lto have dillerem response vectors for, say, vertically vs. horizontally polarized sources could

have ditferent senisitiitie, to tle varioums error sources. in terins of their DF capabilities.
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APPENDIX A
THE INFORMATION MATRIX FOR GENERIC SIGNALS

lIn the dlerivationi that follows, we shall use a number of defined terms. For the convenience of
lit, reader, wec list a number of these here.

W\e define the 5 - matrices It- W,' and II by
def (.1

t*I.1, (A.3)

(thle notation>, It' and 6- are minemionic only: the\- do not indicate derivatives of IV ). the S" S
Hermjit ian nmatrix P) bY

-e C"Ax-'C, (A.4)

the S , A matrix Q b,,

Q~ (A. 5)

the S-vector ii, bY

def
= Q.,~ (A.(;)

thle S - S nmatrices D7, by

the .1 x S Hertmitian matrix B by

B dfIt'-- A,4p -, (A. )

0 the ,S S matrices GTnb

anid the S -S rratrices 1,, by

117111'~ 2A( , ,)Z(>) (A. 10C)
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When cr2  0, P is given explicitly by

P = (=HJ - - ', I + -CHC-1 C ( Eq. 1.36

_ )cHC q C ll('(. ,- < CHc) Icl(c.  ( .
(7- 04"A.11

Whenl ( 2  0N S. and (2 > 0. P is given expliCitly, byN

-- 
2 jIS.(A. 12)

We will now derive an explicit expression for the Fisher information matrix in the generic-signal

case. The derivatives in Equation (1.62) are given by

Oc 01Or T)I (A i-c-:3 (~ )

andt

O, Or, Or,

? [C CH C C0 (A.14)
~LOr 19 r7 !

Ev-duating these equations for the various components of F, one obtains

(C I'E.,)ls (2, Eq. 1.29]), (A.15)

OCn

(H aI Oans

dcn.
(E,, V I)s, (A.i16)

a _ ( _ )1Ie ) s 0 g rtS

Oc (E t )is. (A. 17)
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OA
i )aO 0a\

2. .' m" )

-- , i 7 ..( CEs, ::. (A. 19)

0kk -,0
d.L i, us - ( iu- -

2) "" E, X'  - (' Es 1 1 111 (A.2H)

d oC. .. / rl

We >liail now evaluate the F;- starting with Fi7,. Substituting into Equation (1.62) gives

= 21? [[i(C VE,,) t1 (.\1 ' : I ~f)(C' iVE is1)[..

2 i? AQ , ( E.,C)Z(E Hi",,i ) I (Eq. 1.18)

2R [ P-(ELlU E,) 'Is (Eqs. A.4 and A.3)

2 L 1., P('(1< ,2. Eq. 1.32)

- 2 R [(P j i' ].(A.21)

I hat

f ,- 2 R( P - I (A .22

Next we a r,, , th I.-,;. where .3,, equals (Y, or 0,. Definop b,., and , by

... if (A.23)

,3ll1
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b", bn T. IA. 21)

Thus for i7, = et,.

,= ', (Eqs. 1.40 and 1.45). (A.25)

while for -- ,,

6,, = jd,-L,, (Eqs. 1.40 and 1.4-5). (A.26)

Substituting into Equation (1.62) gives
a / \ H 0,71]

= 2R b,4,,(E,,,. - X (X' I.)

(C E,,)is] (Eqs. A.15. A.17 and A.16)

2 -R ?HI -E ,,,)l S] (Eq. 1.18)

2R, [b-, (Eqs. A.2 and A.5)

= 2? [b;R1(QH ,, (Eq. 1.13)

= 2 R[b,-(Q);,, (i-.,

R b,( ,,'* (I

21? {R ,,.( ( i) J .l.,,} (Eq. A.6)

21? {(b);'(l",} .. A.2

Thus

2 , : )ZI- " . (A.29)

Substituting for t hc, . one obtains

, 21(u ).l '  (Eq. A.25)

= R(D,) (Eq. A.7) (A.30)
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and

F - 21?{(jad,,E c .,!ZI1 "*} (Eq. A.26)
2 9){j!(t ,7 ,-, ,-

21{(d,5 t11)( 1-1,,)Tlzll ' } (Eq. 1.11)

-_. 2{ ( ,, is )Z( 4 )ZI} (Eq. 1.12)

- (,, 1./ ) 2 [( Gn q' ) I i i  (Eq. 1.10)

- (J, . )Z (D,, ) (Eq. A.7). (A.31)

Lastlyv we address the F3 .,.where J, i equal to d, or o,, and 2n, is equal to d,, or c0,,,.

Define g,,, and g, by

dclef __,,__ (A.32)

and

clef r ]. (A33)
gn = ( g,,1 gnz2 .." '" (A.33)

Substituting into Equation (1.62) gives

Fj-- ), .-9 '] -tr( ( A.3 3-)
0,3" A 1 ' r A -  -

The left-hand term evaluates to

2? 3FR '

= 2)? [b*,.ng,,,.1, (nI':. -. I )H(\l ) I,,t )(Ens, - I)1s]

= :1 [',, ;..'rc( A "l ,.s , . . ......) I VI )]i ] (Eq. 1.18)

2[(,)nn(Ess,)Z1i1]S ([2. Eq. 1.31' and Eq. A.1)

cx21? k[(b71q, >4Y')n<IV )s'

(2J,{(.1. (,4T)Z-w}) , (A.35)
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The right-hiand termn evaluates to

t tr {(A x .1 1 10,,2 { Y E n8 C s ~) a3,5:1 I

(En's'C a CE,,,1 1 fi} (Eq. A.Bi dnd A.20)

(4 t r {AQ(bnsEsCH -bsCEsn)

AK.*(,,,El ,H - '! (Eq. 1.7)

Ar -qlsEnsC nng~ .X- E 1  H Q'E

=A
4 t r (bg, 5,A E 5 CHXE'C"'.* sH-E

-b Af t -\ 1

= 114 bg -,r, ,E,CH K C A-'EK2 CH +~g5 C 5 ~ bg,,A-.'ECE. k.' Eq. 1.1

-bg,.XK,',,A 'E,CE5 H.) (Eq. 1.1)s, -C ,A-C ,,,) p3-

- M17J tr ,,,A% sA 'E,,

-b,g, 5,,E~,PE1 1CHA.XK1)j (Eqs + . and g C ,,A-. En5)') (q.11

= 2-11( 4 ,R tr (bnn, q' Qqn'E Is

- bn5g,,,E,,, (P) ~ k -A')],A ) ( (.Eq. 1. 1)

2A1( 4T?,, Eb,,,,Q, n~Q~~ -t .V b(E ''() 8 5 (.- Afn4 ands 1..ad5)1

2,II('RJ t [(bn,,g ',, ( +(bJ, SS'(P )8 5 (A ' )n

= (2AI4} {+(r~)(~n7) (A-I)nn(bC)C](P-)}) . (A.36)

:34



Thus 0,e are given by

2Rf (ANp~j, +A.34p)

Substituting for the J~and -,-n. one obtains

F, 2R Alc(U+-D & 7

= (Gnn' + Hnn') (Eqs. A.9 and A.10), (A.38s)

F - =21Rf(A-,1)l,r[(jdnlE1_f)*tcW1EjB

+ Alf4 [(jd iw) u7j, D'~

=2Q~{(ANj )n'(dC:p)' (,EB)TE

4(~3~)}(jF

-Alf



(d= 7 [] Gn - H~n') (Eqs. A.9 and A.10). (A.40)
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APPENDIX B
THE INFORMATION MATRIX FOR CONSTANT-ENVELOPE SIGNALS

If one ma kes the identificatioln
d,, K,(B. 1)

the expressions for Oft.Ou.. Oft j),. OA Oi,. and OA o, given by Equations (A.15). (A.17).
(A.1 S). and (A.20), respectively, remain valid. since the observation and its functional dependence
on u and the o, remain nnclhanged. \Ve then onil need to evaluate

Oft 00'

_,,_ - _ 1)11, (Eq. A-13)

" O -iki

0 -a

- ,, (Eq. A.16) (B.2)

0 A c C 1 - C \ i I .c Y ( q . A .1 1 )

On, o,, o .j

,c~l Oc"CE,11 I

A .

0A (Eq. A.f)). (13.3)

where the partial derivative, with respect to a, iii Equations (B.2) and (B.3) ai e unders tood to
be defined as ill lhe generic-signal case. to obtain expressions for all the Oft Or, and OA Or,.

Since the partial derivatives of fi and A with respect to Wi and the o, are the same as in Ihc
_ eneric--i),11a I case. it follows that the F4.: with .3 6 n and z Ci are given by the corresponding
expressions ii Appendix A. It remains to evaluate

2h' ( O ) (Eq. 1.62)
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Z2 [~
1 2 R O A -'/ (Eq. B 2)

= ( ,as , (Eq. A.27). (B.41)n=1

which gives

F = - (B.5)
n=I

(Fadj),,1, 2R k A -' Oa7 J- t - ' ( A ' Os' (Eq. 1.62)
' -' (9 1 wo , 00")

.\ n'=

N N

tcr A-r A-

,'= \ a" OaW',

= E (F),,s,. (B.6)

n~n'=

which gives

= - .(B.7)

and

(Fnd ,,=2?J? 0 ., A-'0-,4t(- (Eq. 1.62)

E -- 2R O ,, - tr \ 0- -. 0Am -

= (F - < ., (B .8 )
n'=l

wvhich gives

Fa° - Fo<,.(B..9)

Thus the information matrix for the unknown constant-envelope signal case is easily constructed
from the information matrix for the generic-signal case.
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APPENDIX C

NUMERICAL REDUCTION OF THE INFORMATION MATRIX

For notational convenience in this section. let YKm' denote the upper-left m x m submatrix of a
positive-definite snymnetric N x N matrix Y'. Suppose F is the L x L Fisher information matrix for
the L-dinensional vector of unknown parameters, F. As derived in Section 1.3.1. the Cram6r-Rao
bounds on DF for the individual signals are given by the diagonal elements of the upper-left S x S

suhniatrix of F- 1, (F- 1 ). We shall now describe a procedure for obtaining (F-1 )js,.

Partition Y as
1= [ >'. (Y.tvv ] (l

Define the function R.v mapping the set of N x N positive-definite symmetric matrices to the set
of (A' - 1) x (N - 1) positive-definite symmetric matrices by

I - -T
Rx(Y) = --_' YvN (C.2)

Thus we have that,

( ) ., -1 -[RNO(Y)] - . (C.3)

(Eq. 1.21). We shall show that (F- 1)[q] can be obtained by applying, L - q times, the operator R
(appropriately dimensioned) to F, i.e., that

(F-1) q] = [Rq ,Rq+2 ... RL(F)] - 1.  (C.A)

The result is true for q = L - 1 by Equation (C.3). Assume (the induction hypothesis) that it

is true for q - 1. Then

(F-')[ql [(F-1)[q+lj][q]

f{[Rq+2Rq3 - RL(F)]-1 I(q

= {Rq 1[iRq+2Rq+3...RL(F)J} - 1  (Eq. C.3)

= [Rq-,Rq+2... RL(F)]-' (C.5)

(the first line merely identifies the upper-left q x q submatrix of F - 1 with the upper-left q x q
submatrix of the upper-left (q + 1) x (q + 1) submatrix of F-1). The result is thus true for q. and

the theorem follows by mathematical induction.

We used the technique described above to obtain (F-)F .
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APPENDIX D
THE ARRAY-ERRORS-ONLY CRAMER-RAO BOUND FOR S = !; 1

In this appendix, we shall evaluate the array-errors-on1y Cram6r-Rao bound for the case where
5 =A = 1. As noted in Section 2.2.1. the models for generic and constant-envelope signals are
identical for this case. Thus, with no loss of generality, we shall compute this bound using the
notation of the generic-signal case. For simplicity, we shall assume that the ideal array-response
vectors are obtained from an array of omnidirectional elements with pairwise symmetry about some
phase-reference point in space. For such an array, the ideal array-response vectors are of unit length
and have real inner products with each other. Letting ut denote the true value of u. we have

jj" = 7 H ( tt)F( zt) (E q . A .I1)

= 1. (D.1)

I I H(ut),(ut) (Eq. A.2)

d
du

F , " ( ,) (u ) ] ,:,

I ri7H(Ut):V(Ut) + :-H

I , H

= 0. (D.2)

1- = (u,)F(u,) (Eq. A.3)

1! i:(Ut) 2 , (D.3)

a,, (D.4)

(,q 1.33).

1 (D.5)
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(Eq. D.4),

= (D.6)

(Eq. A.4).

1Q 2-

f 
1

1 (D.7)(2(11 1 cdl

(Eq. A.5),

D =0 (D.8)

(Eq. A.7).

B =1 + AU( 2  (D.9)

(Eq. A.8),

G 2+ 2M 2  (D.10)
2a(2a/21

(Eq. A.9),

H -r 4eJ2011 (Eq. A.10)
f

4 alflei
2 oli

2M (D.11)
a21
all

F =211V (Ut)2 (D.12)

(Eq. A.22),

F,,, = 0 (D.13)

(Eq. A.30).

Fo, = ( (D.14)
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(Eq. A.31),

2 + 2A1 2  2,A
Faa+ (Eq. A.38)

2 + 2AR12 + 2]At 2

2 4AIc2  (D.15)

Foa =0 (D.16)

(Eq. A.39),

Fo2= (2 M - (Eq. A.40)2a,, all]

2 -- 2AIe 2 - 2Mc 2

(2

(22" (D.17)

and

F= 0,- 0 0

0 0

(Eq. 1.60). Thus the Cram~r-Rao bound on DF is given by

2
var (i) > 2hi7-(,, 1!2' (D .19)

which is independent of the complex amplitudes of the signals. This is equal to the thermal-noise-

only Cram6r-Rao bound on DF of a generic signal with an ASNR of 9 in the S = N = 1 case [1.

Eq. 2.17' . where the value of j1L(Ut)112 here is equal to the quantity (27r() 2 in [1], where 2 is the

mean-squared distance of the (linear) array elements from the phase center of the array in units of

wavelengths-squared.
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APPENDIX E

GRAPHICAL RESULTS

Thi - appendix gives a graphical presentation of the results discussed in Sections 2.2.2 and
2.2..:1
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Figure E-1. Generic signal bounds - 2 random constant-envelope signals, 10 looks.
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Figure E-5.- Generic signal bounds - 2 random constant -envelope signals, 10 looks,

SOI ASNR 30 dB, interferer ASNR =30 dB.
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Figure E-6. (Generic signal bounds - 2 randonm constant -envelope signals. 10 looks,
S01f ASNI? = 30 dB3, interferer ASYVR =50 dB.
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Figure E-7. Generic signal bounds - 2 random constant-envelope signals, 10 looks,
SO ASN:R = 50 dB, interferer ASNR z= 10 dB.
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Figure E-8. Generic signal bounds - 2 random constant-envelope signals. 10 looks.
SO ASNI? ,50 dB. interferer ASNR = 30 dB.
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Figure E-9. Generic signal bounds - 2 random constant-envelope signals, 10 looks,
SOl ASNR 50 dB, interferer ASNR =50 dB.
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Figure E-10. Generic signal bounds - 2 random constant -envelope signals. 100 looks.
S01 ASNR 10 dB, interferer ASJNR = 10 dB.
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Figure E-1I. Generic signal bounds - 2 random constant-envelope signals, 100 looks.

S01 ASNR 10 dB. interferer ASNR = 30 dB.
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Figure E-12. Generic signal bounds - 2 random constant-envelope signals, 100 looks,

SO ASNR - 10 dB, interferer ASNR 50 dB.
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Figure E-13. Generic signal bounds - 2 random constant -envelope signals, 100 looks,
S01 ASNR =30 dB, interferer ASNR = 10 dB.
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Figure E-14. Generic signal bounds - 2 random constant -envelope signals, 100 looks,
SOl ASNR = 30 dB, interferer ASNR 30 dB.
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Figure E-15. Generic signal bounds - 2 random constant-envelope signals, 100 looks.

SO] ASNR = 30 dB, interferer ASNR = 50 dB.
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Figure E-16. Generic signal bounds - 2 random constant-envelope signals, 100 looks,

SO! ASNR = 50 dB, interferer ASNR = 10 dB.

53



0 LOWR BONDS N DFGENERIC SIGNAL BOUND
10 RANDOM CE SIGNALS
100 OWERBOUDS O DFUNIFORM LINEAR ARRAY

U) 16,10 ANTENNA ELEMENTS
10 2 SIGNALS

o . 100 LOOKS

Z 162- - ---- - -- _ P1 = 50dB ASNR

o 0

I103 NO ARRAY ERRORS

W: -30 dB ARRA Y ERRORS

10 
-25 dB ARRAY ERRORS

10-2 0100 -20 dB ARRA YERRORS6

SOURCE SEPARATION (BW) -15 dB ARRAY ERRORS

Figure E-1 7. Generic signal bounds - 2 random constant -envelope signals. 100 looks,
SOl ASNVR 50 dB, interferer ASNR = 30 dB.
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Figure E-18, Generic signal bounds - 2 random constant -envelope signals. 100 looks.
501 ASNR = .50 dB. interferer ASNR - 50 dB.
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Figure E-19. Generic signal bounds - 2 complex Gaussian signals, 10 looks. SO1

ASNVR = 10 dB, interferer ASNR = 10 dB.
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Figure E-20. Generic signal bounds - 2 complex Gaussian signals. 10 looks, S0l
ASNR = 10 dB. interferer ASNR = 30 dB.
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Figuie E-21. Generic signal bounds - 2 complex Gaussian signals, 10 looks, SOI
ASNR = 10 dB, interferer ASNR = 50 dB.
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Figure E-22. Generic signal bounds - 2 complex Gaussian signals, 10 looks, SO1

ASNR = 30 dB, interferer ASNR = 10 dB.
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Figure E-23. Generic signal bounds - 2 complex Gaussian signals, 10 looks, SO1
ASNR = 30 dB. interferer ASNR = 30 dB.
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Figure E-24. Generic signal bounds - 2 complex Gaussian signals, 10 looks, SO1
ASNR = 30 dB. interfercr ASNR = 50 dB.
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Figure E-26. Generic signal b)ounds - 2 complex Gaussian signals. 10 looks, SO!
A SN!V? = 50 dB. interferer ASNI? = 30 dB.
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Figure E-27. Generic signal bounds - 2 complex Gaussian signals, 10 looks. SOl
A S2N-R = 50 dB, interferer ASINR = 50 dB.
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Figure E-28. Generic signal bounds - 2 complex Gaussian signals, 100 looks, SOl
ASNR =10 dB. interferer ASNR =10 dB.
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Figure E-29. Generic signal bounds - 2 complex Gaussian signals. 100 looks. SO1
ASNR = 10 dB. interferer ASNR = 30 dB.
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Figure E-30. Generi signal bounds - 2 -omplex Gaussian signals. 100 looks. S01
,,SNY 10 dB, interferer ASNR = 50 dB.
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F iImr' E-31. ("',u'ric signal hounds - 2 complex Gaussian signals, 100 ok., SO(
S. V -3( dB, interferer AS\' - 10(ld B.
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Figure E-33. G eneric signal bounds - 2 complex Gaussian signals. ]00 looks. S01
ASN R = 3(0 dB3, interferer ASNR = 50 dB.
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Figure E-35. Generic signal bounds - 2 complex Gaussian signals, 100 looks. S0I
A SNR =50 dB, nterferer ASNR =30 dB.
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Figure E-36. Generic signal bounds - 2 complex Gaussian signals, 100 looks, S01
ASNR = 50 dB, interferer ASNR = 50 dB.
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Figure E-37. Constant-envelope signal bounds - 2 random constant-envelope signals.

10 looks. SOI ASNR = 10 dB, interferer ASNR 10 dB.
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:l-urc' E-3. ('onstant-envelope signal bounds - 2 random constant-envelope signals.

It) hok .S01 ASNR = 10 dR. interferer ASNR = 30 dB.
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Figure E-39. Constant -envelope signal bounds - 2 random constant-envelope signals.

10 looks, 501 ASXR 10 dB, interferer AS.NR =50 dB.
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Fgre' E-40. C'onst ant-envelope signal bounds -2 random constant -envelope signal.

10 looks, S01 ASNI? = 30 d13, interferer ASNR = 10 dB3.
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Figure E-41. Constant-envelope signal bounds - 2 random constant-envelope signals.
10 looks. S01 ASNR = 30 dB, interferer ASNR 30 dB.

LOWER BOUNDS ON DF CE SIGNAL BOUND

10( RANDOM CE SIGNALS

UNIFORM LINEAR ARRAY

n10 ANTENNA ELEMENTS
10 2 SIGNALS

LL. 10 LOOKS

Z 1d
2

- - - - - P1 = 30 dB ASNR

-_. P2 = 50 dB ASNR
z

0 NO ARRAY ERRORS
10

3

.J -30 dB ARRAY ERRORS

0 -25 dB ARRAY ERRORS

10 -_ - _ - _- -_

2 0 -20 dBARRAYERRORS
10 10 10

SOURCE SEPARATION (BW) -15 dB ARRAY ERRORS

Figure E-42. Constant-envelope signal bounds - 2 random constant-envelope signals.

10 looks, SOI ASNR = 30 dB, interferer ASNR = 50 dB.

66



LOWER BOUNDS ON DF CE SIGNAL BOUND

S10 °f RANDOM CE SIGNALS

UNIFORM LINEAR ARRAY

10 ANTENNA ELEMENTSu 101
02 SIGNALS

L. 10 LOOKS

z 102 P1 =50dBASNR

o P2 = 10 dB ASNR
z
0 NO ARRA Y ERRORS1 03

uJ ____ ___-30 dB ARRAY ERRORSa) 16 3_ -----------------

O -25 dB ARRA Y ERRORS
,-

10 . -_ - _ - - -
-2 0 -20 dB ARRAY ERRORS

10 10 10
go

SOURCE SEPARATION (BW) -15 dB ARRA Y ERRORS

Figure E-43. Constant-envelope signal bounds - 2 random constant-envelope signals.
10 looks. S0l ASNR = 50 dB, interferer ASNR = 10 dB.
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Figure E-44. Constant-envelope signal bounds - 2 randon constant -envelope signals,

10 looks. S01 ASNR = 50 dB, interferer ASNI? = 30 dB.
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LOWER BOUNDS ON DF CE SIGNAL BOUND
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Figurc E-45. Constant-envelope signal bounds - 2 random constant -en velope signals,

1 0 looks, SO! AS.NR = 50 dB, interferer ASN7R =50 dB.
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Figure E-46, (.onstant-envlelope signal bounds - 2 random constant -en velope signals.

100 looks. SOl ASXVR = 1(0 dB. interferer ASN7R =10 dB.
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Figure E-47. Constant-enelope signal bounds - 2 random constant-envelope signals.
100 looks, Sol A.SNR = 10 dB, interferer ASNR = 30 dB.
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Figure E-4,1. C'onstant-envelope signal bounds - 2 random constant-envelope signal.,.

100 looks, SO ASNVR = 10 dB. interferer ASNR = 50 dB.
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LOWER BOUNDS ON DIF CE SIGNAL BOUND
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Figure E-49. Constant-envelope signal bounds - 2 random constant-envelope signals.

100 looks. S01 ASNR =30 dB, interferer AS\R =10 dB.

LOWER BOUNDS ON DF CE SIGNAL BOUND

100 RANDOM CE SIGNALS

UNIFORM LINEAR ARRAY

10 ANTENNA ELEMENTS
101

2 SIGNALS

LL--------------------------------------------0OLOOKS

0 --- - - - - -- - - - - - - - - - - - - - - - - - - - - - - - - - - - P21=30 dB ASNR

0 NO ARRAY ERRORS

a10 -30 -dB -AR -RA-Y ERRORSw

0 -25 dB ARRAY ERRORS

10- - _ _ --

10-2 10' 10 0 -20 dB ARRA Y ERRORS

SOURCE SEPARATION (BW) -15 dB ARRAY ERRORS

Figurv E-.50. Constant -envelope signal bounds - 2 random constant -envelope signals.

100 looks. .50 ASNR =30 dB. interferer ASNVR = 30 dB.
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LOWER BOUNDS ON DF CE SIGNAL BOUND
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Figure E-51. Constant-envelope signal bounds - 2 random constant-envelope signals.
100 looks, SOl ASNR - 30 dB, interferer ASNR = 50 dB.
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Figure F-52. Constani-envelpr signal bounds - 2 random constant-envelope signals,
10( looks. SO ASNR = 50 dB, interferer , SNR = 10 dB.
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LOWER BOUNDS ON DF CE SIGNAL BOUND
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Figure E-53. Constant-env,-iope signal bounds - 2 random constant-envelope signals.

100 looks. SO! ASNR = 50 dB, interferer ASNR = 30 dB.

LOWER BOUNDS ON OF CE SIGNAL BOUND
0 RANDOM CE SIGNALS

-10

0UNIFORM LINEAR ARRAY

L10 ANTENNA ELEMENTS

D101 2 SIGNALS

U.--100 LOOKS
Q
z 02 -_ - -- P1 =50dBASNR

a P2 = 50 dB ASNR
z
0 NO ARRA Y ERRORS
m 10- ----------------

Uj-30 dB ARRAY ERRORS

0 -25 dB ARRAY ERRORS
4-2 1

10 -1 
10 -20 dBARRA Y ERRORS CS

SOURCE SEPARATION (BW) -15 dB ARRAY ERRORS

Figure E-54. Constant-envelope signal bounds - 2 random constant-envelope signals,

100 looks, SO1 ASNR = 50 dB, interferer ASNR = 50 dB.

72



REFERENCES

1. D.F. DeLong, -Nlultiple Signal Direction Finding with Thinned Linear Arra ' s," Project Re-
port TST-68. Lincoln Laboratory, MIT (13 April 1983). DTJC AD-A128924.

2. A. Graharn. Kronecker Products and Matrix Calculus: With Ap~plications, (John WileY and
Sons. New \'ork. 1981I).

3. E.L. Lehmanni. Theoryv of Point Estimation. (John WileY and Sons. .New York. 1983).

4. ('R. Rao and S.K. Mitra, Generalized Inverse of Matrices and its Applications. (John XWileY
and Sons. New York, 1971).

5. F. C. Schweppe. U1 ncertain Dvnjaz..ic SYstems, (Prentice-Hall. Inc.. Englewood Cliffs. N.J.
19 73).

(6. B. Steinberg. Principles of Aperture and Arrav Svs tern Desin. (Wiley-Interscience. New York.
1976).

H.L. Van Ti-es. Detection, Estimation. and Modulation TheorY Part IL (John) Wile,\ and
Sons. New York. 19538).

73



UNCLASSIFIED
SECURITY CLASSIF-ICATION OF THIS PAGE

REPORT DOCUMENTATION PAGE
1a REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE~ MARKINGS

I nchrssified
2a SECURITY CLASSIFICATION At -HORITY 3. DISTRIBUTION/AVAILABILITY OF REPORT

2b DECLASSIFICATION /DOWNGRADING SCHE~DULE Appro,,ed for public release: distribution is unlimited.

4 PERFORMING ORGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBER(S)

Technical Report 799 ESD-TR-88-321

6a NAME OF PERFORMING ORGANIZATION 6b OFFICE SYMBOL 7a. NAME OF MONITORING ORGANIZATIONI (If applicable)
Lincoln T!aborator%. N111' Electronic S~stems Division

6c ADDRESS (City, State, and Zip Code) 7b.ADDRESS (City. State, and Zip Code)

P.O. Box 731
Lexington. MXN 02173-910)8 Hanscom AFB. MA 01731

Ba NAME OF FUNDING, SPONSORING 8 b. OFFICE SYMBOL 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (if applicable)

Department Of D)efense FI19628-90-C-0002

Se ADDRESS (City State. and Zip Code) 10. SOURCE OF FUNDING NUMBERS

Pentagon PROGRAM PROJECT NO ITASK NO WORK UNIT
Nashington. DC 20301 ELEMENT NO ACCESSION NO

g3340IG 281

11 TITLE (Include Security Classification)
Loser Bound, onl Multiple-Source Direction Finding in the Presence of Direct ion-D)ependent
.Anitenna-A-rras -CIalibrationI Errors

12. PERSONAL AUTH-OR(S)
Aksin 4. Korurc

13a TYPE OF REPORT 13b TIME COVERED 14. DATE OF REPORT (Year. Month. Day) 15. PAGE COUNT
Technical Report FROM -____ TO ______2-4 October 1989 92

16 SUPPLEMENTARY NOTATION

None1

17 COSA7 CODES 18 SUBJECT TERMS (Continue on reverse if necessary and identify by block number)

FIELD GROUP SUB-GROUP direction finding linear arrais

Cramer-Rant bounds array processintg
antenna-cali brat ion errors

19 ABSTRACT (Continue on reverse if necessary and identify by block number)
la lonsidelr Ilb- probitlemn of directiion funding I1)Fl of mltiple-. cofrequencN narrowband signals with a phased antenna arcri% 5. iv

di.-.tio-depen-l.-ot arrasi aliliration error, a' -ell as thermal noise are present. Lower hounds on the s~arianli- of unbiased v'tirniiuc' fo,
III art- ileriII-l under two, diffe-renii thp- o. signal miodels: completclN unknown (i.e.. generic)t signal, and unknowni ciinstaiit-eniIoii,

' it'ril-. In both Model'. the Coromph-s amplitude, of the signals are- modeled as unknown parameters. We dense and esalitate lower b~oiund-
onfIliof the- signals when tomplex ;ausiran arra' errors and thermal noise are present. In our numerical exiamples. the hound fior

welicril signal- tended to dlecrease with increasing interference power arlid, for closel% spared si 'gnals, became moire opt imnt. whe l-i al;
arra% errors were added V ithI a sutfitientlI, large signal-of-itterest ISOOl arraN signal-to-noise po0w r ratio I ASNR i and number of loo.k,-
ti h- bloundI numl-ri.alkI approached the hound on OIF of multiple gent-ic signals wsith arra% errors but no thermal noise ii.c.. tI,,l iItiIc.
r.-oeric-sienal. arrav-ecror.-ons boiundi. The latter hound depended on thle signal separation and the power of tbh- arra. errors, It wa,
.idependent of the signal wasefoirms and po'. rs arid was largest at moderate signal separations er.g.. 0.3 beamwidthsl. The latter l'ouonl
apprlai bed the siingle-signal, arraI,-errors-,nN bound as the signal separation approarhed zero.

The re~ults for conqtant-en% elo~pe signals showed that the b~ound with arra ' erro~rs anJl thermal noise was nmore optimistic than. tli.
Analogous generi,-signal hcound and had little dependence on signal separation and interference power. This was also the case in the.

l'etn- o of (ir. clion-lep , .- ot errors. The imprlisemeots ill the borund wee- more .ignificant at small arra% errors, low ss NR. small1
nttmbers lit lcooks,. and modlerate- signal separations. N1 all signal separations. with a sufficientls high Soll .ASNR arid number oif look', tit,
blountd nujmerical l. approat tit-l the single-signal, orte-look. arra!I-errors-onls bound (the latter bounnd is the same for generic artil (-(istant.
e-nsrlop signual')

DD FORM 1473, 84 MAR 83 APR editionr miay be wsd uritil exhtred UNCLASSIFIED
All other editions are obsolete

SECURITY CLASSIFICATION OF THIS PAGE


