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Abstrac t

This study developed a data processing algorithm for a space-based

platform ongaged in tracking a hyper~wnic transatmospheric vehicle. The

geo.ynchr~nits platform was assumed to possess passi. e sensors measuring

target position from data angles. The hypersanc vehicle ws assumcd to

be operating in the outer fringes of the abosphere.

Four element state and six element state Kalman filters wre

developed, coded, and tested against typical transatmospheric flight

profiles. Accuracy of tie filters in estimating position, velocity,

heading, and acceleration was determined for 1, 5 and 10 second data

intervals.

From this test data, it was concluded that the six element state

Kalman filter posed a viable option for tracking and estimating

performance parameters of hypersonic aircraft.

ix



TRPO INO A HMERSON IC AIROWT FIRr A SE PLATFCF*1

I. Introduction

TransatrcSpheric vehicle (TAV) te'rinology svnthe-Ize- the

ad.antaqes of airbreathing aircraft and platforms in orbit.

Airbreathng aircraft have long enjoyed the advantage of operating frW

a variety of bases, many remota and outside the effective range of

hostile detection networks. The maneuverable nature of aircraft allos

frequent inflight changes to course and destir2tii, much to the chagrin

of those attempting to predict the when and where of a possible hstile

flight. It is no surprise that airbreathing aircraft are the weapon

system of choice when it comes to the invaluable tactic of operational

surprise. Lhlike airbreathing aircraft, platforms in orbit do not enjoy

the advantage of operating outside the range of detection networks.

Indeed, they are continuously in full view of a host of tracking

networks. These platforms are handicapped in their ability to

frequently maneuver, as well, being constrained by fuel requirements and

the dynamics of space operations. What platforms in orbit lack relative

to their airbreathing counterparts, however, they possess in the way of

range, speed and endurance. Operating in the ultimate "high ground",

on-orbit platforms can reach worldwide targets in a matter of minutes

and do so at a time unpredictable to observers.

A TAV, possessing the advantages of both airbreathing aircraft and

on-orbit platforms, would be a formidable opponent. Central to efforts

1-1



I
3 to defend against such a system is the ability to accurately detect,

observe, and predict any given TAV flight. Success in this task is made

possible, in large part, by a distinct disadvantage of the TAV concept:

1. the TAV is second only to the sun as an infrared source. The TAV's hot

and pcwerfui engines are easy prey for currently available infrared

3 sensor technology. Even in the absence of engine operation, the TAV's

proposed Mach 20 operation in the outer fringes of the atmosphere, will

result in exceedingly hot airfoil surfaces. These surfaces again

I provide a strong infrared signature to any observing sensor.

Objective

This thesis capitalizes on the TAV's infrared visibility and

I, investigates details of the associated tracking problem. The specific

objective is to develop a capability to process data from a tracking

node into information that exposes as much of a TAV's capabilities and

intentions as possible. The product of this thesis will be validated

software algorithms designed to receive data from a specific tracking

9 sensor and estimate position, direction, speed, and acceleration of a

TAV under, observation.

Approach

9 The approach to achieving this objective can be subdivided into

five areas. First, an assessment of the system, in a general sense,

3 must be completed. Where is the tracking sensor? Where is the TAV?

Are there any underlying assumptions to be stated? Second, the dynamics

of the TAV must be modelled accurately by equations of motion permitting

propagation of typical flight profiles over time. Third, the nature of

the sensor data itself must be expressly defined and related to the

1
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TAV's motion. Fourth, an algorithm to process this sensor data and

estimate the TAVs position, heading, speed and acceleration must be

generated. In this thesis, a Kalman type estimation algorithm will be

employed to this end. Finally, the estimation algorithm must be tested

against typical TAV flight profiles (truth models) to deter.itine hcw

accurately the algorithm estimated true position, neading, speed, and

acceleration. The next section addresses the first of these five steps.

System Overview

The tracking sensor platform will be located in a geosynchronous

orbit. This orbit affords uninterrupted coverage of a large

geographical region where TAV activity might oe expected. Realizing

that a TAV at hypersonic transatmospheric flight will almost certainly

produce a strong thermal signature from exhaust products and high speed

flow over airfoil surfaces, the platform will carry a passive infrared

sensor package. For this study, sensor error introJuced by platform

pointing and position uncertainties will not be corsidered. Vibration

of the sensor will be assumed to be negligible.

The TAV will be modelled as a hot, isotropically radiating point

source operating in the outer fringes of an atmosphere surrounding a

perfectly spherical and rotating earth. The residual atmosphere between

the TAV and sensor should introduce negligible atmospheric jitter and

distortion into sensor position estimates. In addition, the ratio of

the geosynchronous range to the maximum height of the atmosphere is very

large, allowing the assumption of negligible TAV motion in the vertical

(increasing/decreasing altitude, direction.

1-3



I!. 'rransatnospheric Vehicle Dynamics Model

As stated, one of the primary objectives of this thesis is to

produce an algorithm that estimates TAV position, direction, speed, and

acceleration. The evaluation ol this algorithm requires knowledge of

the true position, direction, speed, and acceleration thus allowing a

direct ccmpariscn to assess the estimator's accuracy. The TAV dynamics

model is the algorithm that constructs this true trajectory.

Definition of Dynamic Parameters

TAV dynamics will be specifically represented by six dynamic

pariameters: longitude, latitude, heading, speed, intrack acceleration,

and tr.insverse acceleration. As previously noted, TAV altitude relative

to the surface of the earth is assumed to be a constant zero and hence

does not represent a meaningful dynamic parameter. This assumption is

the result of the atmosphere's maximum height being much smaller than

the great range involved with a geosynchronous sensor.

The dynamics algorithm and the estimation algorithm express

TAV position in terms of earth longitude (X.) and earth latitude (6). In

these algorithms, longitudes east of the Greenwich Meridian are taken as

positive numbers, while longitudes west of the Greenwich Meridian are

taken as negative. North latitudes are taken as positive and south

latitudes as negative numbers, zero latitude, of course, being the

equator.

TAV direction of travel is expressed in terms of heading (h).

Heading is the angle measured positive, in the clockwise direction, from

the line connecting the TAV's position with the north pole. The

2-1



convention for heading is illustrated in Figure 2.1:

SORTHPOLE

EQUATOR

~LONGITUDE

Figure 2.1. Convention for TAV Heading

TAV velocity (V) will always be defined as the rate of change of

position along the direction of heading.

The acceleration of the TAV is decomposed into two distinct

components, intrack acceleration (a) and transverse acceleration (a).
T

a is the measured rate of change of speed along the direction of theI

heading. Accelerations are considered positive, decelerations negat../e.

a is the acceleration normal to the direction of heading with
T

accelerations ou.t the left wing considered positive.

Equations of Motion

The TAV equations of motion can be expressed in terms of the six

2-2



parameters in the previous section. Consider Figure 2.2:

NORTHPOLE

EQUATOR ,," ",

G.M. '

Figure 2.2. TAV Dynamics Over a Small Time Interval

Over time interval, dt, the TAV travels angular distance dx and d6 from

some starting lcngitude/latitude of X and 6. The velocity nf "r-. TAV

can be broken into velocity components across lires of latitude (V6 ) and

across lines of lngituoe (V,). Assuming the effect of the earth's

curvature on the TAV trajectory is negligible over time interval dt, the

planar geometry of this motion is represented by the planar triangle in

Figure 2.3.

From basic dynamics, velocity = angular velocity x radial distance.

In the direction of changing latitude

V 6 = 6 Re (2.1)

2-3



where

V6 is the TAV velocity across lines of latitude

w 6 is the TAV angular rate of change in latitude

R is the radius of the earthe

NORTH

4V

TAV 1'1

Figure 2.3. Planar Approximation of TAV Trajectory Over Time dt

Eq (2.1) car. be rewritten
d6

V-cos h = d- R (2.2)
dt e

where fron Figure 2.3, V6 = V'sin(90"-h), or by trigononetric identity

V6 = V-cos h. Rearranging, produces t.he first equation of motion

SVcos h (2.3)

e

The equation of motion for X is derived in similar fashion. Across

lines of longitude

VX = . *sin 6 (2.41)

where

2-4



VY is the TAV velocity across lines of longitude

W is the TAV angular rate of change in longitude

R "sin 6 is the radial moment arm as a function of latitude
e

From Figure 2.3,. V = Vcos(90°-h) or V = V'sin h . Eq (2.4) can now

be rewritten

dX~h=* 'sin 6 (2.5)
dtV-s~n h n 6-'R

Rea-ranging procPl:ces the equation of motion for a non-rotating earth

SV-sin h
R -sin 6

e

Correcting for the contributi-n of the earth's rotation to the TAV

tr Jectory rpsults in the second equation of motion

V-sin h- o(2. 7)
R -sin 6 -e

e

lo derive the equations of motion for h and V, two additional referen 2

frames must be introduced. First, consider the ENZ frame with crigin -.t

the TAV (Figure 2.4):

NORTH POLE

z

TAV

A

EQU. fOR

/-

G.M.

'-.igure '.4. ENZ Refe.--ence Frame



The E axis always points due east, while the N axis points continuously

to the north. The final axis, Z, rounds out this right handed

orthogonal set and points directly to the zenith.

The second reference frame, the body reference frame B, will also

be attached to the TAV. In this frame of reference, 81 points cut the

TAV nose, 82 cut the TAV left wing, and 83 rounds out the right handed,

orthogonal system. If small bank angles are assumed for any TAV flight

profile then the ENZ frame and B frame are related as in Figure 2.5.

Note the coincidence of the 83 and the Z axes.

A, °

S S

Zand A
(out of Page)

Figure 2.5. ENZ and B Frame Relationships

From the geometry of Figure 2.5, the coordinate transformation fron the

ENZ frame coordinates to B frame coordinates are

E= sin h B - cos h B2 (2.6a)

N= cos h B + sin h B2  (2.8b)

Z = 8 3 (2.8c)

2-6



With these reference frames and the above transformation established,

the equations of motion for h and V wl I now be derived.

The inertial velocity nf the TAV, expressed in the body frame is

V4) 63 (2.9)

The inertial acceleration of the TAV is

= ' ( ) + W_ bt b (2 .10 )
dt

db  -bd- (V ) x V (2.11)

V + xZV; (2.12)

Now, expanding the a term in Eq (2.12)

-bl. - b IENZ - ENZ'- = +bE~ -ZN(2.13)

where

W is the angular velocity of the B frame with respect to the
inertial reference frame

- b cNZ
wis the angular velocity of the B frame with respect to the

ENZ reference frame

W I is the angular velocity of the ENZ frame with respect to the
inertial reference frame.

From Figure 2.5
-b r.NO'

= -h (2.14)

and realizing that rotation of the ENZ frame with respect to the

inertial frame consists of contributions from the earth's rotation ()
e

ani the TAV angular velocities

-ENZ L

e TAV MOTION (2.15)

e TAV TAV

we + kcos 6 N + Xsin 6 Z - 6 E (2.17)

In the ENZ frame

W= cos 6 N + w -sin 6 Z (2.18)e e e

and substituting this result into Eq (2.17) produces

2-7



tjEZ E cos*, ) 6 N + + )-sin 6 Z (2.19)

Transforming Eq (2.19) from ENZ coordinates to the body Irarf?

coordinates with the transformations of Eq (2.8) results in

() ('cos 6'cos h 6  sin h + wecos 6"*os h)

+ C cos 6'sn h + "cos h + w e 'cOs 6,sn h) 82

+ (X-sin 6 + we'S n 6) 83 (2.20)

Substituting Eq (2.14) and Eq (2.20) into Eq (2.13) results ir. the

expanded form of wo'

I 1 B+ wl 2 8+ W3 83 (2.21)

where

W cos 6-cos h - 6sin h + W cos 6"cos h) (2.22)

2= (cos 6"sin h + 6cos h + w cos 6 -sin h) 82 (2.23)

= -sin 6 + w -sin 6 - h) 83 (2.24)

With W now expressed in body framie coordinates, Eq (2.32) can be

written

B 1 8 2 8V B 1 2 (2.25)

1 L) 1  L) 2  (a) 3

V 0 0

where the notation inside the brackets represents a cross product.

Since motion in the vertical (B3) direction is being neL lr.ted due to

assumptions of Chapter I, the acceleration in the B3 ditecticn will be

zero, so Eq (2.25) reduces to

S= V B + (V'.2*sin 6 + V" 'sin 6 - V'h) B. (2.26)
1 e 2

Substituting Eq (2.7) for \ in Eq (2.26) produces the rsult

A = V [ VB+ sir' h'sin 6 (2.27)

R -cos 6
e

From the definitions of the acceleration parameters in the previous

section

2-8



intrack acceleration a t2.-'49)1 1

and

transverse acceleration a a A-B , Z.--29

or

a = V i..30)

I

"VT in hVsin n
a " -- ]

v R .cos A-
e

To complete the set of shx equations of motion in the six dynamic

parameters X, 6, h, V. a , and aT, assume for the TAV system constant

jerk. That is

aa=0 2.5)
T

Eqs (2.3), (27), (2.32), (2s33t, (2.3A) and (2.35 define six equations

of motion, in the six dynamic parameters, for TAV motion over a rotating

earth. arizing

a G12.3)

R

e

_V'sin h R~sin6 O~e(2.7)

e

=a (2.32)

-a T+Vsin hsin 6 (2.33)

V R -cos 6
e

a =0 (2.34)
2

Eqs(2.), 2.7, (.32, (.33, 2.3)ad(.5-efn i qain



a 0Q (2.35)

Propagation of the Equations of Motion

The dynamics of the TAV have been reduced to a system of six f1 At

order equations of form x= f(x,t) where x is the vector consisting of

the six TAV dynamic parameters. By varying the values assigned x over

time, the data for any TAV profile can be generated by integrating the

six equations of motion in parallel.

In this thesis, a predictor-corrector method developed by Hamnming

was used to propagate the equations of motion over time. Given initial

conditions for ;, the time step size, and the right hand side of the

equations of motion, the Haming algorithm produced detailed time

histories for A , h, V, aI, and a T . To prevent numerical difficulties

during the integration, care was taken in selecting the units associated

with each one of these parameters. This involved expressing each

parameter in units that make it equivalent in magnitLde to #he other

parameters during the integration. For this thesis, .. , 6, and h were

expressed in radians, V was expressed in DU/TU, and the accelerations

(a and a ) were expressed in M/TU (Gs). These units %ereI T

successfully implemented in all algorithms.

2-10



I1. Sensor Data rodel

In this chapter, the process of data collection at the

geosynchronous sensor is developed. The definitions of the data

clcyc.ts are enumerated, fol lowed by discussion of preprocessing of this

data before its input to the Kalman estimation algor-thn-. This

preprocessing allows simplification of the Kalman algorithm code.

Definition of Data Elements

As stated earlier, the platform carrying the sensors is located in

a geosynchrncurs orbit. The sensors themselves are assuied to be of the

passive infrared type, collecting data on the position of the TAV's

thermal signature. This position data consists of t, o measured angles,

azimuth (Az) and elevation (El), both represented in Figure 3.1.

NORTH POLE

EQUATOR. .............. . .. ...........
a *

NAI

GREAT CIRCLE

Figure 3.1. Azimuth and Elevation Data Angles
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Azimuth is defined as the measured angle from the sensor platform s

constant longitudinal position to the great circle connecting the

platform's equatorial nadir and the TAV i.tself. It is measured positive

in the clockwise direction. Conveniently, any great circle ruining

through the platform's nadir appears as a straight line from the sensor

platform. This ensures that, regardless of the TAV s position along any

such great circle, the azimuth is identical.

The elevation angle locates the TAV s precise position along the

identified great circle. It is measured from the nadir to the TAV

directly. It can be alternately thought of as the angle subtended by

the nadir-TAV segment whe.1 measured from the sensor platform. The

elevation is always a positive angle by convention and never exceeds

8.6".

Associated with the senssor data is some uncertainty due to sensor

position inaccuracies, pointing inaccuracies, sensor platform jitter

etc. These effects will not be considered independently, but their sum

effect will be modelled in terms of the introduced standard deviaticn

(a) to the data. Osedacz (2:3), estimates the nominal data standard

deviations as 3.5 x 10 "0 radian.s for azimuth measurements and 4.3 x 10 - A

radians for elevation. These values will be carried forward into this

thesis, as well, and correspond to variances in the data covariance

matrix [0]. If the azimuth and elevation angles are assumed to be

statistically independent of one another in a given set of data, then

all covariances in [03 are zero. This information completes [0)

= [ a ]0 1.225 10 10-0 ]031
IM A=3 (3.1)0 oC7.L  0 1.B49 x 16- 1'
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I

NPreprocessing of the Data Stream

The azimuth and elevation ancgles have TAV position information

imbedded in them. Instead of processing the raw data angles in the

3 Kalman estimation algorithm, it is very advantageous to extract this

position information by transforming the angle data to raw

3 Iongitude/latitude data. In doing so, the data now directly provides

two of the six dynamic parameters characterizing TAV motion 1A and 6).

Inputting this longitude/latitude data to the Kalman estimation

I algorithm greatly simplifies two of the matrices required by that

algorithm. The e matrices, (GJ and CHI, are discussed in detail next

3 chapter. The remainder of this section pursues the data transformation

itse3fConsider the planar triangle (Figure 3.2) with vertices at the

3 sensor, earth's center, and the TAV:

I

3 NORTH POLE

I EQUATOR CENTER

SENOR

I

Figure 3.2. Planar Sensor-Earth's Center-TAV Triangle
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From the law of sines for planar triangles

R
r e (3.2)

sin r sin El

where

r is the distance from the sensor to the earth's center
R is the radius of the earthe

Solving for the interior angle

sn-1 [r'stn El ](3.3)

From the geometry of Figure 3.2, it is evident at ) = 90 , the TAV is

imminently fading over the horizon from the sensor's point of view.

Indeed, for - < 90 ° , the sensor "sees" the TAV as behind the earth. In

view of these observations, the range of values for r is restricted:

go- < Y < 160 * (3.4)

where r' = 160 is achieved when the TAV is directly over the sensor

nadir point (El = 0*). With ), determined, a is evaluated from the

observation that interior angles of a planar triangle sum to 180 °

=190 ° - (El + r) (3.5)

Now that r and cx are evaluated in terms oT r, Re and El, the more

complicated spherical geometry of the problem will provide the

relationships expressing longitude and latitude as a function of the

azimuth and elevation angles. This spherical geometry is depicted in

Figure 3.3.

Applying the law of sines for oblique spherical triangles relative

to Figure 3.3

sin A sin (3.6)

sin (900- Az) sin 900
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NORTH POLE

GREAT CIRCLE

SENSOR

As

-As

NADIR

Figure 3.3. Spherical Geometry of TAV Tracking Problem

or

sin 6 = sin arsin (900- CO) (3.7)

which by trigonomnetric identity anid further maniplation reduces to

6 = sin-' (sin axcos Az) (3.68)

Substituting Eqs (3.3) and (3.5) for ct in Eq (3.6) results in the first
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of two desired data transformations:

6 = s (Sin [El + sin-, p:-'sin El ]cos Az} (39)

The second transformation must produce a relationship expressing . as a

function of Az and El. This relationship can again be determined from

the geometry of Figure 3.3. It is clear from the figure that

= X, + A% (3.10)son

where

X is the TAV longitude position
X is the longitude position of the sensorson

X, is the longitudinal distance measured from the sensor to the TAV

Since ., is predetermined, calculation of AN will complete this data
son

transformation to the TAV s longitudinal coordinate. Recognizing the

sphericdl triangle of Figure 3.3 as a right spherical triangle

sin AX = tan 6"cot (90 ° - Az) (3.11)

which by trigoncmetric identity and further manipulation reduces to

& \ = sin-1 [ tan 6 tan A] (3.12)

Substituting Eqs (3.9) and (3.12) into Eq (3.10) completes the

transformation from data angles to longitude:

+ sin " 1 tan in -  E in l + sin- -s E
Ron El]] (3.13)

cos Az} tan Az]

Given any Az and El data set, Eqs (3.9) and (3.13) transform the data

set to X and 6 data. Since the geometry of the problem ensures both 6

and AX will always lie in the interval C-n/2,n/2J, these equations have

no complicated quadrant uncertainties.

Recall the Az and El data had an associated data covariance matrix,

[0], with variances reflecting the error imbedded in the data
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measurements. No such data covariance matrix for the ). and 6 data

exists to this point. By transforming (03, however, with the Jacobian,

(J), of the mathematical relationship between Az/El data and )V/6 data,

the data covariance for X and 6 is determined. That is

Q]* . J" [ C]' [CIT (3.14)

where

(0) is the data covariance associated with the Az and El data

(J) is the Jacobian matrix for the system

[0) is the data covariance associated with the .\ and 6 data

Recognizing that Eqs (3.9) and (3.13) are of the form

'\ = f (Az,El) (3.15)
I

6 = f (AzEI) (3.16)

the (JJ and its transpose (J)T have elements derived from partial

derivatives:

Of 0

[j] = dAz OE 1(3.17)
of 0f

22

L Az OEl j

Of Of
1 2

(j] T= [ Az ] (3.18)
Of Of

L OE1 C1 j

where

-Of 1 [tan sin- {sin [Ell- + sin-:L r-e sin Eli cos Az] tan AzI z - / 7

2 -1 -11(
sec sin -sin[El + sin -sin El ]cos Az)I

ISe
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1 t {sin[El + I El]R_ Ai2 ]E

*(-sin Az) (tan Az)" {sin[El + sin a"e sin El

(sec7A,) tan sin1{in [El + sin' :- [ sin El))cos Az]

tan isn-sin [El sin- sin ElJcos Az}tan Az2

SsecZs 2sin-in[El + sin [-%rsin El]cos Az
In-1 -1 r

i [E1 + - L ]]Cos Az

C cos Az.cosIEl + sin- i sin Ell]

I + [I- 1--sin El 2 11] r-Cos El tan Az

OI -21 sin[El +L sin - rT sin El ] cos Az
= e

sin[rEl + sin'l 1:- sin Ell]1'*I-sin Az]

Of I - in El + sin-i sin El1  cos Az)

cos Az cos[El + sini--7 sin El]
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* + I sin El r -- cos El
e e

Eqs (3.17) and (3.18) complete the elements required for Eq (3.14).

The data covariance for longitude and latitude data is now resolvable

from Eq (3.14). This data covariance matrix and the attendant longitude

and latitude data is now ready for processing within the Kalman

estimation algorithm.
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I'. Six State Element balman Filter Development

In selecting the optimal estimator aFropriate to the TAV t, ac..

a-oblem, it is esscntial to first recognize that estimation of 6 -.

.TY. ga-ameters is a stochastic proceas. The unpredictaLilitv witt" ,

Tr. may maneuver, at a gien instant, rules out an, possibility 7 -

. this problem deterministically. In light of this stocti..'

rat.,r.- a sL-quent,.-. jstimator is preferred over a batch estimation

algorit.,n lie a 1,.zsf. squares nethod.

Two sequential estimators considered were the Bayes filter and the

Kalman filter. Although the Bayes filter retains advantages over the

Kalman filter in ste. t ..p with tie initial data, the advantage enjoyed

by the alman filter in processing demands clinched its selection. This

advantage ±n processing stems from the fact that the Bayes filter

algorithm requires matrix inver1ions on the order of the state vector,

which for this problem amounts to a bxb matrix inversion. The Kalman

filter, on the other hand, requires inversions on the order of the data

vector; in this case a 2x2 matrix inversion (4:102).

This chapter derives the six state Kalman filter that will process

longitude and latitude data from an observed TAV trajectory and output

estimates for the TAV's current position, heading, velocity, and

acceleration. A detailed description of the specifically tailored

elements that make up the Kalman filter for this tracking and estimation

task will be presented. All techniques and symbology of estimation

theory implemented in this thesis are derived from Wiesel t3:1-146)

except when annotated otherwise.
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Data Vector

The data vector, 7, input to the Kalnan filter is a two element

vector consisting of the current lcngxtude (%) and latitude (6) of the

TAV:

X 6 ) (4.1)

The data elements in this vector result from the preprocessing of raw

sensor azimuth and elevation angles. They are presented to the filter

in units of radians. Associated with each input, 7, is the data

covariance matrix [0) developed in Chapter III, Eqs (3.14)-{3.1.

State Vecto-

The state vector, x being estimated by the Kalman filter algorithm

is a bxl vector consisting of the six TAV dynamic parameters developed

in Chapter II:

;= ( X 6 h V a a ) (4.2)

At each data time (t) the filter propagates x over the data intervali

(Alt) as an initial estimate of the TAV's current state. This initial

estimate would be extremely precise if x was propagated using a

numerical integration package such as Haming. Although Haming was well

suited for the task of generating the truth model for the TAV state over

time, it has drawbacks to its use in the filter algorithm. Executing

the Naming integrator over every data interval is computational ly very

burdenscme and best avoided if possible. A better alternative is to

propagate x using a discrete time approximation. This approximation

implies that if the data interval is made sufficiently small, the Kalman

filter can accurately propagate x linearly, in lieu of direct

integration of the equations of motions. This is true even if the
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equaticns of motion, themselves, are nonlinear. For this thesis, data

intervals of 10 seconds or less wre emplcyed, an interval range found

to be small enough to allow linear propagation of the ;AV state vector.

The discrete time approximation propagates ; from t I to t -1 by

x I * At + x (4.3)

Incorporating the first order equations of motior for each state vector

element from Eqs (2.3), (2.7), (2.32), (2.33), (2.34), and (2.35)

(V sin h R cos 6)-
t~t t e t e

6 (V "cos h / R 6

h -a . V + (V "sin h "!..in 6 e R. cos 6 3 h
= • At (4.4)

V a V
kol It

a a

a n a
L Tt*L L TL

State Transition Matrix

'The discrete time propagation of x detailed in Eq (4.4) provides

an approximate solution to the TAV equations of motion in closed form:

; (t) = f [x(t), tJ (4.5)

where f (L (t), t represents the right hand sides of the sax equations

in Eq (4.4). Since the state transiticm matrix, (i], describes a small

change in the initial conditions of x propagating into a change in the

final conditions:

R (i+1, i)]I = Vx f [; (t), ti) (4.6)

or
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ov 49v av av ov ov
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where from Eq (4.4)

OX V sin h -sin
%1 %. • A t

a6 R •cos 6 2

e

OX V •cos hL - %t
Oh R • cos 6

e

OX sin h
+ _L "AtoV R -cos Z

e

06 -V • sin h
%.+ L. At

Oh R
1. e

06 cos hI. - .At
aV R

L e
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and all remaining partial derivatives are equal to zero.

Observation Function

The Observation Function, )G], is the mathematical relationship

that expresses the data vector z as a function of the state vector

elements x:

z = G(x,t) (4.8)

Benefiting from the preprocessing of the angles data to longitude and

latitude data, (G is simply the product of a scalar matrix and the

state vector. This product reflects that the longitude and latitude

data are identically the first two -tate elements QA. and 6):
1[ 0 0 0 0 0 (4.9)

z 0 1 0 0 00 X

where
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= 0 1 0 0 0 0(4.10)

H Matrix

The H Matrix, CH), relates the error in the current state estimate

to the error in the reference trajectory. It is essentially the

linearization of (G with respect to the state vector and is

mathematical ly expressed

( ) 0 0 0 0 0

H = [; 0 1 0 0 0 0 (4.11)

State Covariance Matrix

The State Covariance Matrix, CP3, is a 6x6 matrix of covariances

and variances associated with the state vector elements at a given point

in timel. It essentially measures how good the current state vector

estimate is. [P] is initialized, upon target acquisition, assuming

statistical independence between the eltr-ents of ;. This asiumption

reduces [P] to diagonal form:

2a 2 (4.12)CP3 ~ r ' % 'J '
1 T

Again, this assumption is true only for the initial data point in a

trajectory. Subsequent iterations and data points will result in

nonzero covariances in [P].

Kalman filters require a reasonable initial estimate of [PJ to

begin productive processing. The initial guess involves a compromise

between a (P] reflecting accurate data and a (P] reflecting inordinately

inaccurate data. The Kalman filter will not start properly in the event

of either extreme. A suitable [PJ for initializing the filter for this
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thesis sets all variances equal to 3 x I0, where a. , 0 and 0, have

units of radZ, a units of Du./Tuf and the acceleration variances

(a andz ) units of DXz/TuJ or G'.
a a

I T

During the interval between data points, the goodness of the last

state estimate degrades as the TAV remains dynamic. This degradation in

the accuracy of the estimate is reflected through the propagation of (PJ

over the data interval. In executing this propagation of (PJ, a

subtlety of Kalman filters must be reckoned with: the variances of [P]

must be prevented from going to zero. Should the zeros occur,

increasing state residuals are ignored and the filter estimates cease to

be useful. This result is particularly unacceptable for the problem at

hand because the TAV system is modelled by stochastic dynamrncs. This

infers the variances should never be zero, but must always reflect the

reality of unpredictable dynamic inputs. In order to estimate

stochastic dynamics the Kalman filter must be "advised" of the constant

uncertainty through nn-zero variances. Since the filter, with each

successive data point, tends to drive EPJ-O, techniques &re employed to

inject additional uncertainty into the [P] elements. For this filter,

that technique will be noisy dynamics.

The equation for propagation of [PJ using noisy dynamics is

[p] = .J[p)C,]T + [C)I3 Q C]T (4.13)
n

where

CC] is a matrix of ones and zeros serving to "noise" the desired

elements of CP] with the desired noise value from the noise matrix CO 3.
n

Simplifying for this scenario

[CJCO ][C]T =rQ 0 X 0 0 0 J (4.14)
n ) n6 nh nV a a7
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The values of the diagonal elements in (0 J are specified through the

tuning process addressed in the next chapter.

Filter Equations and Algorithm

The Kalman filter employed in this thesis is in its iterated form

and is not extended. As discussed, the dynamics and the observation

relationships have been linearized and convergence will rarely, if ever,

be attained in one iteration (2:7).

Three equations constitute the core of the Kalman filter algorith:

(K) = .P(-)J*(T ]T. II'+ [TJ.[P(_)].[T]T) -1 (4.15)

(P(+)] = (CII - K]'[T])] [P(-)] (4.16)

6Z(+) = 6 (-) + CK]' - - [T]'6 (-)] (4.17)

where

[K] - Kalman Gain Matrix
(P(-)] - State Covariance Matrix from the previous estimate
[P(+)] - State Covariance Matrix of the new estimate

6x(-)- previous correction to the state estimate

6x(+) - new correction to the state estimate
[T] = CH]J[]
(I] - identity matrix of order of the state vector
r - data residual

In applying these equations in the most general Kalman filter

algorithm, [I], [K], and [P(+)] are recalculated for each iteration over

a single d.":i point. The considerable computational effort involved in

such a scheme was eliminated, without detriment, by assuming that the

previous estimate is close to tie true state. This allows for a single

reevaluation of the filter linearizations, (K), and [P(+)] for each data

point versus every iteration within a data point. The small data

intervals used in observing the TAV are critical to the validity of this

assumption.
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The complete data processing algorithm, including the preprocessing

of ttr. azimuth and elevation data, and the Kalman filter discussed in

this section is incorporated as a flochart in Appendix A.

4-9



V. Tuning the Kalman Filter

The process of tuning the Kalman filter involves the evaluation of

the individual matrix elements in the simplified noise matrix of Eq

(4.14). The objective of the tuning process is to select a combination

of the six noise elements producing the best filter estimates over the

conceivable envelope of TAV operations. This section elaborates on the

strategy driving the tuning process for the TAV tracking scenario and

de ails the final tuning results for the six state Kalman filter.

Tuning Approach

Each diagonal element of the simplified noise matrix in Eq i4.14)

reflects the degree of uncertainty that is being injected into the

variances for each state element. Since each of the six diagonal

elements have a possible range of values from zero to infinity,

evaluation of all possible combinations is impossible. Even the

starting point from which to begin the search for a set of noise

elements is difficult without some initial approach. The approach for

the tuning accomplished in this thesis was based on observations of the

I TAV equations of motion.

The TAV equations of motion for the intrack and transverse

acceleration are very limited in application. In words, zero jerk

implies the accelerations in both directions are not changing - an

assumption that would never allow the TAV pilot to alter the intrack and

I transverse acceleration initial conditions for the rest of the flight!

If the value of the variances are thought of, in an intuitive sense, as

the degree of permission granted the Kalman filter to adjust the

5-1



corresponding state elements, then the values of 0 and 0 aren n?ai aT

expected to be large. Large acceleration noise components translate to

large acceleration variances, which in turn allow the filter to

significantly adjust acceleration estimates that could be severely

inaccurate.

For X, 6, h, and V, the dynamics are well defined and over

3 the small data i "tervals between updates considered in this thesis, the

estimates can be expected to be reasonably close. Whereas the TAV can

change acceleration from 3.0 to -3.0 Gs, almost instantaneously, it

cannot drastically change X, 6, h, and V unless a long data interval is

employed. As a result, the 0 elements being added to the variances for

X, 6, h, and V should be small, allowing only enough noise to

precipitate small corrections and prohibit the variances from going to

zero.

Following these two rules of thumb, the tuning process was started

at 0 = 0 = 0 = radsQ = 0 DL/TU , and 0 = 0 n= I00 DU/TUA.n n n n n aT

As alluded to earlier, tuning is the search for noise elements that

produce the best filter estimates over a conceivable flight envelope for

the TAV. Consequently, the range of TAV flight profiles that the Kalman

filter can expect to observe must be defined. This thesis considers TAV

profiles that approach orbital velocity (approximately 1 DUJ/TU) and

incorporate accelerations of up to eight G's. This acceleration

envelope is very liberal for any TAV developed in the near future.

Transverse G's are on the order of eight G's for the best fighter

aircraft, a mission role that the TAV is not envisioned for, and eight

intrack G's should cover even the worst case reentry scenarios of this
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!
manned system.

Having established the flight envelope the Kalman filter is

designed to observe, a single set of noise elements (0 n's) permitting

accurate estimation of the TAV trajectcry at all accelerations is

required. For a given data interval, a noise matrix that works for an

eight G profile and a zero G, great circle should also work for the

intermediate values of acceleration. As a result, for a given data

interval, the Kalman filter was independently tuned to meet these two

cases by themselves. This method produced two sets of noise elements

which were then compromised to allow reasonable filter estimation of

f both cases with one set of noise values.

Tuning Parameters

Three parameters were particularly useful in evaluating tuning runs

n made for a given data interval. These parameters were acceleration

response, maximum error, and average error.

Acceleration response, At, measures the speed with which the filter

recognizes a sudden change in the TAV acceleration. It is defined as

the time measured from the instant the TAV's acceleration changes to

the instant the filter's estimate is 95. of the true acceleration value

(Figure 5.1).

Maximum error, e max, is the largest deviation of the filter state

estimate from tt truth model. Mathematically,

max EST (tin m TRUTH (t m MAX

where t is the time the maximum error occured for the state element
m

being specified. For each tuning run, e was evaluated for X, 6, h,
max

V, a, and a

I T

* 5-35



N

ACCEL
(Ga) T~AMxc

- Filter EJisma Ic

0

TIME

Figure 5.1. Acceleration Response Definition

Average error, eave, is the average error between the filter state

estimate and the truth model over an entire flight profile:

; (t - X (EST N TNUTH (5.2)

where

N the number of total data points from the trajectory observed

t time of the i data point

Average error was also calculated for all six state elements.

Tuning Flight Profile

To standardize the tuning process and allow a framework within

which to evaluate a variety of noise sets over a number of accelerations

and data intervals, a standard flight profile was created. All tuning

runs were accomplished with this profile serving as the truth model.
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The tuning flight profile, in all cases, consisted of data over a

480 second duration. During the first 60 seconds of the flight, the TAV

flew a great circle, constant speed trajectory. Following this, an

intrack acceleration of 1 to 8 G's was executed for 120 seconds. This

intrack maneuver was followed by a 120 second interval of great circle,

constant speed flight. Over the subsequent 120 second interval, a 1 to

8 G transverse acceleration was executed. To complete the profile, a

great circle constant speed trajectory was flown. Table V.1 summarizes

the standard flight profile:

Table V.1. Tuning Flight Profile

Time Interval Duration Trajectory
(sec) (sec)

0 - 60 60 Great Circle, Constant Speed
61 - 180 120 Intrack Acceleration

181 - 300 120 Great Circle, Constant Speed
301 - 420 120 Transverse Acceleration
421 - 480 60 Great Circle, Constant Speed

Results

Having established the flight profile and parameters to evaluate

tuning runs with, tuning results can now be addressed.

The standard flight profile was used to tune Kalman filters running

with three different data intervals: 1, 5 and 10 seconds. Tuning was

initiated with the 0 values defined earlier anu subsequent 0 valuesn n

were selected and tested as changes in the tuning parameters dictated.

Tuning was stopped when average error parameters ceased to improve with

changes to the first two significant digits in the acceleration 0n

terms. Filters were tuned separately over the the data intervals to
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optimally track the I G and 8 G acceleraticn profiles, where an N 6

profile infers that both intrack and transverse accelerations were input

as N Gs. Although the 0 G case is the true low end of the acceleration

range, it does not provide acceleration response data. Therefore, a I G

profile was used to validate the lower acceleration limit. In all

cases, tht tuned noises for the I G acceleration case and the 0 G

acceleration case were identical for a given data interval.

The final values for the 0 elements are tabulated in Table V.2 by
n

Table V.2. Optimal 0 Values for Data Interval/Accelerations Casesn

I Sec Data Int 5 Sec Data Int I10 Sec Data Int
1 _ S G I G G 66

Tuned

O Values

0
n .01 .01 .01 .01 .01 .01

2
(rods;

0 n6 .01 .01 .01 .01 .01 .01

(rads 2 )

0
nh 0.0 0.0 0.0 0.0 0.0 0.0

(rcida2 )

nV 0.0 0.0 0.0 0.0 0.0 0.0

2 2
(Du /TU )

0nax £0 10 7 7 6 6
ZXIO 2x10 2.5x10 2.5xi0 2.5x10 2.5x1O

(DU / TU'

0n 10 10 7 7 d d
aT 2x10 2x10 2. 5x10 2. 5x 1o .0x1O 2. 5xLO

2 4

(DU /TU 4
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data inteival/acceleratin case. The tuning results for these six

cases, including the values calculated for the tuning parameters, are

detailed in Appendix B.

The objective of tuning separate filters for each data interval at

the expected boundaries of acceleration was to choose noise values (0n

suitable for estimation over the entire TAV flight envelope. Now that

the noise values at the acceleration boundaries have been specified,

these all encompassing noise values can be selected. Using Table V.2,

the noise values appropriate for operating a Kalman filter at each of

the data intervals are listed in Table V.3:

Table V.3. Optimal 0 Values for Data Intervals
n

0 1 0 0 0 0

X6 h V ai an n6  nh  n n n

2 2 2 2 4 2 4
(RADS ) (RADS ) (RADS ) (DU/TU) (DU /TU ) ('OU /TU

Data Int//
(sec)_ _ _77

1 .01 .01 0.0 0.0 2x101 0  2x10Lo

5 .01 .01 0.0 0.0 2.5x1O 7  2.5x10 7

10 .01 .01 0.0 0.0 2.5x10 2 .5x10
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VI. Six State Kalman Filter Results

The six state Kalman filter was tested for performance at three

different data intervals: I second, 5 seconds, and 10 s4:onds. Values

for the filter's noise elements were derived from Table V.3, implying

that each data interval specific filter Oiffered in the COn ] set

employed. Once the three Kalman filte ere tailored to incorporate

their unique data intervals and noise elements, each filter was tested

against flight profiles varying in acceleration from 0 to 6 Gs. This

range was tested at acceleration intervals of one, producing 9

estimation runs per TAV trajectory type tested. In addition to this

acceleration range, a special test of the filter was conducted for 20 G

accelerations. Although, 20 Gs are beyond the reasonable operational

envelope of a manned TAV, this case opens the door to considering this

filter design for tracking problems involving high G maneuvers.

Two TAV trajectories were flown in simulation of data coming into

the sensor. The first was the trajectory used to tune the six state

filter in Chapter V. It consists of an intrack acceleration followed by

a transverse acceleration of like magnitude. The second trajectory

simulates simultaneous intrack and trar,3verse accelerations of equal

magnitude.

Serial Acceleration Results

The TAV trajectory tested in this section consisted of an intrack

acceleration followed separately by a transverse acceleration of equal

magnitude. This 480 second data profile is summarized in detail in

Table VI.i:
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Table VI.l. Serial Acceleraticn Test Trajectory

Time Interval Duration Trjec tory
(sec) (sec) _

0 - 60 60 Great Circle, Ccnstant Speed
61 - 190 120 Intrack Acceleration
161 - 30 120 Great Circle, Constant Speed
301 - 420 120 Transverse Acceleraticn
421 - 480 60 Great Circle, Constant Speed

As a visual aid to grasping the trajectories, this thesis produced

code that receives the truth model longitude and latitude as input and

outputs the TAV trajectory on a 2-D projection of the earth as seen from

the sensor platform. The trajectory of the 20 G serial acceleration

case is included in Figure 6.1.

Figure 6.1. Sensor View of Serial 20 6 TAV Trajectory

The 20 G case was selected because of the exaggerated trajectory it



crodu'es, making it possible to distinguish the intrack and tran5vaerse

acceleration phase-. Note, the trajectory begins at the sensor nadir on

the equator and ends in the northern latitudes.

Each data interval specific Kalman filter was tested against the

serial trajectory for a total of 30 filter estimation runs. Results for

these runs are tabulated by oata interval in Tables VI.2 - VI.7 using

the tuning parameters defined in Chapter V as performance parameters.

In addition to the average error, maximum error, and acceleration

response parameters, a detailed data point by data point comparison of

the TAV trajectry truth model and the Kalman filter state estimates is

invaluable. By overlaying the truth model and estimate in graphical

form, a visual sense of where the filter estimates are close and where

the filter estimates diverge emerges. This graphical technique could

have been included as results for every data run. Not only would the

volume of graphs have becn overwhelming, howcver, but it soon would be

apparent that all the graphical comparisons per state are identical in

form. Only the values associated with the particular graphs would

significantly change. Since Tables VI.2 - VI.7 already provide these

numbers in detail, only a single set of graphs will be incorporated

here. A 5 second data interval and 4 G acceleration profile was

selected to be representative of all the serial acceleration tests. Its

position in the center of the acceleration and data interval ranges make

it a solid choice. In addition, 4 Gs is also fairly representative of

the maximum acceleration expected for most TAV trajectories. The

acceleration range was expanded to 8 Gs to be very conservative.
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Table VI.2. Serial Acceleration Errors for I Second Data Interval

ae> e a ve6 ave h eave V eave ai ave ar

e e e e e e
max max 6 max h max V max ax max a

I DEO) (DrC) I DEC) HP11) (00) (08)

Accel/

0 3. 3c- 10 1. 3E- £0 2. OC-03 1. OE-0 .CEO?. EO
P. 3E- 3.7E-b 4. -; 2. 1i-0 *. CE-OS 2. 3E-0'

P. 3E-10 6. 7E -014E-02 2. 02701 6. 4E-03 6.4 4E03?
4.E-8 .7E-06 S.E-2iZ. 404 1.00000;G ;.00021

2 I* 6F.0p 1. 2E-OP 2. 3E0 .766 . -02 1. 3E:?02
1.IE-07 7.£E-08 P.7.E-02 25.1353 Z.00014 Z.00040

3 2.4c-OP 1.OE-00 Z.0E-02 3.63341 1.PE-02 1.PX-02

1.PE-7 1.1-07;.12210 37. 76S5 3.0002 3.006

4 .E0 2.L!5-O! !.4E-02 I I L2a:Z 3L6E-oz 2.6E.023
2-PE-07 1.4F.-07 0.13PdO 50.3430 4.00041 4.00105

4 EL-00 2. dC-OP 3. 7023 14. 4600 3. 2E-02 3 . 2E-02-
4.OE-07 1.aSE-07 0. 15220 62. P243 S$.00062 5.00103

6 5 E O 3 . E O P 4 O -0 ,43 P 3 P E - 0 2 - 1 3 . 1 E -0 2

;. 4E-07 2.2E-07 0.1£6123 7Z50S45 6.00068 6.0031p

7 4E-0Pl3 L. !tH: 2t!
8.SE-OP 4. 25-0H 20. 4637 4.4E-02 4. BE-02
7E-:07 3.070 0. 1666 7.0437002 7.0048

P.SE-7 3.O-07 .1720a 100.665 a.0010 6008

I E0 . E-OP 6.5SE-02 77. 1327 0. 19417 0. 17917
20----------------------------------------

I.OE-06 7.3E-08 0.2P125 334.700 20.0142 20.0334
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Table VI.3. Serial Acceleration Errors for 5 Second Data Interval

ave e e e e e
ae ave 6 ave h ave V ave ax ave aT

eV
max max 6 max h max V max al max a

(DEG) (DEO) 4DEC) cmruI) (Os) (00)

Accel7 /

1.)/ 7r- 1./-

0. VC-0 4. 2E-P 2.OE-2 1.04051 2.IE-4 P.PE-4

4.4K-8 3.PK-U 7 -E3 14.7497 3.2E-2 S.2K-2

4.3K-? .6K-? .27207 5.64 1.003 1.010

2~ P.21C-8 7.2K-S 0.11504 29.18 -I!-6.5K-2 6.E

;7;i-; ;7.5- 0.471 1.301 2.0004P 200200

3 1.5E-? 1.1K-? 0. 144505 43.4436 0.7E-2 P. 4K-2

4 L2.OE-7 1.4c-? 0. 1630P 58. 3380 0107 0.90
j3.7E-4 Z.OE-6 0.44590 232.5P5 4.00106 4.005Z4

5 2.7E-7 1.7K-? 0.80 315 0141 0117

5.3K-6 Z.ZK-d 0.70457 290.722 5.00202 5.0087P

7.2K-4 3.I-4d 0.74714 348.831 6.00413 CS.01444

4.4K-? 2.4K:-? 0.20919 103.670 0.23190 0.22944
P. DE-<s 3.4E-d 0.778 404.957 7005d3 7.02228

8 5 6K? .5-? 0.21300 LIP390264 0.26437
1.3K-S 4.ZK-6 0.70899 460.044 0.00743 8.03172

L .OE-5 I3.ILE-6 1. 44OPS8 1608.9P7 120.0626 20.16P1
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Table VI.4. Serial Accelerationi Errors for 10 Second Data Interval

ave h ave 6  eave h eave V eave al eave a
e e e e e e
max > max 6 max h max V max al max a

(DEG) 40KG) (DEG) (h4(P) (06) ( 0

Accel

0 1.KS 47- .O-Z.47 .OE-4_ P.O-4

d.1K-8 B.2K-O 4.OK-2 2.O4411 O.ZK-4 2.4K-B

1. IE-d P. 4K-7 0.14412 3!.0404 -d-- E-Z 4.K-
O.OE-d d.2K-4 0.5704P 124.745 1.00904 1.00182

2 Z. 3E-6 L. PC-4 0. 23340J 63. 2408 0. 14208 0.12109

1.8KE-5 1. 3K-5 0. 090,040 240. 182 2.00708 2. 003 14

3. 7E . OE-O 0.2P07 04. 0437 0.21740 0. 10121

3 .0KF- 1.0P- 1. 1431d 373.SGo 3.01236 3 00 01

4 . ZE-d 3 .2L 8E-60338d0 120.083 0. 20352 0.24200

4.K5E .K- 1.31012 4P8.011 401714 4.00 65

5 d.PE-d 4. PE--6 0. 3704:$5 d 142S300 .36058 0.303T42
4. 3E-* 3. IE-5 1.42444 422. 452 *. 02Z27 5.01102

6 8.8K- 5. 0K-6 0.34015 4 0.44570 0.34455
0.4E-5 B.8K-S 1.53100 74.6.7d 4.02811 6.0152

7 .KS7O- 0.41316 228.70 ?L52000 0.43450
1.IK-4 4.4E-5 1144P8p 871.0 7034 7022

8 2.E- L!5- 0.205 2$1 . 709 0.5p445 0.04

1.4E-4 5.1K-S 1.77846 P95.740 8.04135 8.02424

20 .1K-S 9.5E- 0.6L0 816.0565 1.4? 2806 1.47 21

5:.-4K- .4- 2.6011 2870.631 20.1117 20.3423
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Table VI.5. Aceleratio Respcnse for I Second Data Interval

A A A A
I I T T

DATA DATA
(POINTS) (SEC) (POINTS) (SEC)

0 N/A N/A N/A N/A

2 3 3 3 3

2 3 3 3 3

3 3 3 3 3

4 3 3 3 3

5 3 3 3 3

6 3 3 3 3

7 3 3 3 3

6 3 3 3 3

20 4 4 4 4
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Table VI.6. Acceleration Response for 5 Second Data Interval

Ar Ar Ar J r
A A AA

I I T
DATA DATAPONTS ) (SEC) P PO I NTS) [(SEC)

Accel '

0 N/A N/A N/A N/A

1 3 15 3 15

2 3 15 3 15

3 3 15 3 15

4 3 15 3 15

5 3 15 3 15

6 3 15 3 15

7 3 15 3 15

8 3 15 3 15

20 4 20 4 20
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Table VI.7. Acceleration Response for 10 Second Data Interval

A A A A
r r r r

I I T T

DATA I DATA
(POINTS) (SEC) (POINTS) (SEC)

Accel7

0 N/A N/A N/A N/A

1 3 30 3 30

2 3 30 3 30

3 3 30 3 30

4 3 30 3 30

5 3 30 3 30

6 3 30 3 30

7 3 30 3 30

6330 3 30

20 4 40 4 40

Figures 6.2 - 6.7 show this typical estimation vs. truth model

profile for X, 6, h, V, a , and aT in a serial trajectory. From the
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figures for the two position parameters, X and 6, the accuracy hinted at

by the previously tabulated average error values are borne out. The

truth model and estimated values of these states were so close as to

make the two lines indistinguishable. The figures for heading and

velocity show estimates very close to the truth model values as well.

For the serial acceleration cases, intrack accelerations precipitated a

divergence of the velocity estimate from the velocity truth model.

Simil3rly, input of transverse accelerations precipitated an interval of

divergence between the heading estimate and truth model. Both intervals

of divergence begin as soon as the related accelerations are input. The

maximum divergence between the estimate and truth model usually occured

two data points following termination of the accelerations, at which

point the divergence quickly diminishes as the estimate recovers to

follow the truth model again. The figures representing the acceleration

trends show the greatest estimate error around both the inception and

completion of an acceleration interval. Maximum error always occured

one data point after the acceleration was begun and completed. As in

the case of heading and velocity, however, the acceleration estimates

quickly corrected back to the truth models in roughly three to four data

points. This behavior was independent of the size of the data interval.

Simultaneous Acceleration Results

Testing of the simultaneous trajectory consisted of equal intrack

and transverse accelerations, simultaneously ini.ti.ited and terminated

over the same data span. This profile is also 490 seconds in length and

is summarized in Table VI.8:
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Table VI.8. Simultaneozs Acceleration Test Trajectory

Time Interval Duration Trajectory
(sec) (sec)

0- 60 60 Great Circle, Constant Speed
61 - 190 120 Intrack and Transverse Accel.

161 - 300 120 Great Circle, Constant Speed
301 - 420 120 Great Circle, Ccnstant Speed
421 - 480 60 Great Circle, Ccnstant Speed

The trajectory is illustrated in Figure 6.6. The 20 G acceleration

profile was again selected for its length and exaggerated

characteristics. The direction of the TAV motion is again from the

equatorial nadir to northern latitudes.

Figure 6.8. Sensor View of Simultaneo'us 20 G TAV Trajectory

Like the serial case, each data interval specific Kalman filter was
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tested against the simultaneous trajectory set. Results for these nins

appear in Tables Vl.9 - VI.14., where data is again expressed by data

interval in terms of the tuning parameters discussed in Chapter V.

Table VI.9. Simultaneous Acceleration Errors for I Second Data Interval

ave1 a 6 ave h ave e ave ax ave aT

e e e e e e
max max 6  max h  max V  maxam aT

(DECO) tDEO) (DEO) (MPH) (O) (Oo)

3. SE-I0 1. SE-IO 2. OE-03 I. OE-01 2. OE-05 9. BE-05
). 3E-10 S. SE-1O 4. OE-O3 2.1Et-CI 5.COE-O5 2. 3E-O4

3.1E-1O 7.dE-iO I.@E-Oz 2.0O121 6.3E-03 6.dE-03
1.7E-00 7.OE-O8 U.OE-OZ 12.72 a 0 1.0002 1.0 0010

2 5. 4E- 10 1, E-O2 3. OE-02 5. 63404 1. 3E-O 4?E-O2
.2:6E-08 1.4E-07 0.1507 25.450 I, PPPP 2.00010

9. IE- 10 1. E-C 4. OE-02 8.31775 1. 9E-O2 2. 1E-O2

1.ZE-07 Z.IZ-07 0.23554 38.3579 2.99996 3.00010

4 . 2E-O 2. OE-OP 4. dE-02 11.01896 2. 5E-02 Z. 8E-02

. OE"-7 2."-O7 0.3103; 51.3;0 3. 9910 4.00010

5 . dE-C9 2. 4E-OP 5. 71-02 19. 0471 3. ZE-OZ . 4E-02

2.OE-O7 3.5E-07 0.39328 64.54 ° 5.00017 5.00010

6 OE-O 2. dE-OP d. UE-02 £d. P2Z2 3. @E-02 4. 4E-02

3.GE-07 4.ZE-O7 0.4541P 77.8158 d.00054 d.00010

2 SE-OP 2. OE-0 7. OE-02 20. 3399 4. 5-2 ! . 2E-O2

4. ?E-07 4.PE-7 0.52310 1.2007 7.1 OOL 7.00010

8 . CE-O2 3. iE-CO 8. PE-02 Z4. 1zpd 5. IE-02 d. tE-02
5.7E-07 5.dE-O 0. 58997 104. d3 . 00189 8.00010

20 7.2E-10 7.iE-1O 0. 14637 61.0005 O.1dOO8 0.20040

--------------------------------------------1. 3E.-07 1. 2E-07 1. 18201 924. 710 20. 0043 20. 0001

6-18



Table VI.IO. Simultaneous Acceleration Errors for 5 Second Data Interval

e e e e e e
e % ave 6  ave h  ave V aVeax aVet

e e  e e e e
max max6  max h  max V  max max aT

(DEO) CDCO) (DEO) (MPH) too) (0 )

Accel

1.?7E-0 1. IC-P 1. OE-2 5. 2E-1 1. OE-4 4. OC-40
6.5E-0 4.2E-0 2.OE-2 1.04051 2.IE-4 0.OP-4

O. -0 4.OE-8 O.PE-2 14.158 9. Z-Z 3. 3-2
2.4E-7 O.2E-7 0. 35d1 5P.7 07 1.00014 1.0004p

2 2 SC-U 7.ZC-8 0.14039 21.3616 6.4C-2 d.PE-2

*. Z-7 £.BE-6 O.67850 12Z.202 i.PPPP 2.00040

5. O- 1.OE-7 0. 1491 41. 832 0.5E-2 0.10513
SL5--------------------------------------- --------
I. dE-d 2.7E-d O.O001 187.130 2.00pO 3.0004P

8. 0 1-8 1. 2E-? 0.22517 55. 3P2 0. 12740 0. 14234

2.E-6 3.7E-6 1.25535 254.15Z 4.00001 4.00040

1.1--? 1.5E-? 0.27450 60.5005 0.16017 0.18311

.dE-d 4. (E-d 1. 55879 322.853 5.00070 5.0004

6 1.S5-7 1.?E-7 0. 2482 35.0078 0. 1035 0.20204
4.E-d 5.5E-6 1.96561 3Z.704 d.00249 6.00040

1. 0E-7 1. BE-? 0. 37460 102. 140 0. 22780 0. 27003

5.7E-d d.4E-d 2.1777d 463.210 7.00504 7.00040

6 2. 3C-7 2. 0K-? 0. 42230 121. 145 0. 2620 0. 91787

O.BE-d 7.4E-6 2.40600 593.821 8.00860 0.00040

1.2-? .0O-B 0.63845 91P. 405 0.1418 1.04685

3.I -6 1.8E-6 3. 2447 15P8.02 20.0900 20.0005
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3 Table VI.11. Simrultaneous Acceleration Errors for 10 Second Data Interval

e e e e e e
ave X ave 6  ave h ave V ave a i ave 2

e e- - e- - e- - e -- - e- -
Max X Max 6  max h max V maxa max a

3 DEO) (DEG) (DKO) j(M4PH) (0g) j 00)

6.1K-fl 3.ZE-e -. OE-2 2.00411 5.5K-4 Z.6K-s

4. OE-? 0. E-7 0. ±8517 !?L!. 745L 6. S- -f23 __2.5E-d 1.2K-5 0.6833± 130.453 1.00275 1.00083

3 .IE-d 2.4K-5 L.34000 267.P63 1.00084 Z.00083

2. 5K-6 2. 6- 0.4167± 3 360 82 0.24687

1.5E-5 3.6KE-5 2.163141406.107 Z.VO084 3.00003

4 2 4.OK6 3O- 6 0.40062 111. 23 02!5!6 20 0.358
2.2KS E .8-5 3.066;4 5-97.05P 3.00084 4.00003

5 . S E - s I . 5 K - 6 0 . 2 0 1 4 . 1 4 . 3 7 3 0 . 4 8 O 2 S

3.0K-S 6$.0K-S 4.04577 608.500 4.084 5.13d77

4.1K-S 7.2K- 5.00302 033.351 6.14545 6.33612

1 .8K-S 1.1K-S 0.8130821 !8. 147! 0.2- 2 02.8803P

I.OE-4 8.4K-5 d.20328 1232.0± 7.4583P 7.54843

(6 2.K- 5-S0.453 702 0.80522 1j.14267

2.2E-4 1.OK-4 7.373550 1502.06 B.0314d 8.73334

3.E62.4E-6 t.5±670 508.033 1.L73328 2.10240

4.5K-S 1.PK-S 13.61V58 3132.80 20.0085 20.0010

* 6-20



Table VI.12. Siffultaneojs Aceleratx Response for I Sec Data Interval

A A A A
r r r rI I T T

DATA DATA
(POINTS) (SEC) (POINTS) (SEC)

Accel XI_ _ _ _ _ _ _

0 N/A N/A N/A N/A

13

2 3 3

3 3 3 3 3

43 3 3 3

5 33 3 3

6 33 3 3

7 3 3 3 3

3 3 3

204 5 5
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Table VI.13. Simultaneous Acceleraticn Respcnse for 5 Sec Data Interval

A A A Ar r r r
I I T T

DATA DATA
(PoxwTs) (src) (POINTS) (Sr:c)

Accel7
(Gs) _ _ _

0 N/A N/A N/A N/A

1 3 15 3 15

2 3 15 3 15

3 3 15 3 15

4 3 15 4 20

5 3 15 4 20

6 3 15 4 20

7 3 15 4 20

8 3 15 4 20

20 4 20 4 20

6-



Table VI,14. Simultaneous Acceleration Response for 10 Sec Data Interval

A A A A
r r r r
I I T T

DATAS DATA
(rONTs) (SEC) (POINTS) (SEC)

(Gs)/

O N/A N/A N/A N/A

1 3 30 3 30

2 3 30 4 40

3 3 30 4 40

4 3 30 4 40

5 3 30 4 40

6 3 30 4 40

7 3 30 4 40

a 3 30 4 40

20 4 40 4 40

Graphical depictions of the 5 second data interval and 4 G

acceleration case for simultaneous accelerations are given in Figures

6.9 - 6.14. Again, the shape of these plots are equivalent in form to
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the remaining data interval and acceleration cases. Only the relative

values vary from case to case as reflected in the preceding tables.

Discussion

On the whole, the results from the six state Kalman filter are very

good, indicating the filter design may be very appropriate for the TAV

tracking problem. In terms of average error over the expected 0 to 8 G

TAV flight envelope, the 10 second data interval filter estimating an 8

G simultaneous acceleration trajectory fared the poorest. Even the data

from this case, however, provides healthy accuracy for estimating the

TAV state. In this case, the longitude and latitude estimates,

determined to 10 "' degree average accuracy, translate to position errors

of only 6 meters at the equator. The average heading error measured a

scant .94 degrees. The average velocity error of 275 mph is only 1

percent of the 24735 mph velocity averaged by the TAV over this profile.

The intrack acceleration error of .89 Gs is only 11 percent of the 8 G

maneuver that introduced it and finally the transverse acceleration

error of 1.14 Gs is 14 percent of the 8 G maneuver that introduced it.

These acceleration errors are but a fraction of the magnitude of the

acceleration maneuvers themselves, despite the complete unpredictability

of the maneuvers. It should be stressed, again, this data represents

the poorest estimate from the data tables. By dropping to a I second

data interval, for example, the errors for the same simultaneous 8 G

acceleration trajectory are reduced by at least a factor of 10!

Although applications can be imagined where these errors are

unacceptable, for tracking and analysis of TAV capabilities this filter

is sufficient.
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Further analysis of the results show three distinct tr-s. First,

the filter s perforinnce over serial acceleration trajectories was, in

general, better than its performance over the simultaneous traje-:ties.

Second, as the magnitude of the acceleratic maneuvers increased, both

estimation errors (maximum and average) and the acceleration response

increased. Third, dccreasing the data interval effectivel-, reduced both

errors and the acceleration response,

The su xpriority of the Kalman filter estimates for the serial

acceleration profilcs over the simultaneous acceleration profiles 1

intuitively expected. Simultaneous accelerations essentiall, intrc..ce

sudden step inputs to two of the six TAV states. It is not surprisiNg

this results in dynamics more difflicult to Estimate than the dynaics

asscciated with introducing the step inputs to the states or e at a tie-.

It is important to note, however. that the differctnm in tht estimate

quality are very slight. In addition, whether the simultaneou or the

serial trajectories are being estimated, changing the data interval or

the acceleration maneuver magnitudes effects the estimation error! ard

acceleration response similarly. This fact is used to simplify the

discussion of the remaining two data trends. Only the results for the

simultaneous intrack and transverse accelerations will be examned in

support of the discussion of these two trends. The trends found to be

true for the simultaneous trajectory are also identically true for the

serial trajectories. Detailed analysis of both would prove redundant.

The effect on the filter estimates of altering TAV acceleration

magnitude or changing the data interval is graphically demonstrated in

Figures 6.15-6.21:
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These figures clearly support the remainder of the data trends.

Specifically:

1) As the magnitude of the accelerations increased, the average
error for all of the state elements increased. (Figures 6.15- 6.20)

2) As the size of the data intervals decreased, the average error
for all state elements decreased. (Figures 6.15-6.20)

3) As the size of the data interval increased, the acceleration
response, in seconds, increased. (Figure 6.21)

Reproducing Figures 6.15-6.20, with the vertical axis reflecting maximum

error, would result in similiar graphical relationships between data

interval size, acceleration magnitudes, and e for all state elements.
m<Lx

As the magnitude of accelerations increased, maximum error for all state

ela ents increased, and as the data interval decreased, the maximum
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error decresed.

The most important imDlicati o r of t- results of this section is

the critical impact data interval size has on filter performance.

According to these results, filter designers can theoretically drive the

average error and acceleration response to zero by implementing filte's

with infinitesimally small data irtervals. In the case of the average

error, a smaller data interval allows less time for the true TAV state

to diverge from the estimated state before a fresh data point updates

the state. In the case of the acceleration response, the number of data

points required to recover 95 percent of the new acceleration value

doesn't change, but the sum duration of the three intervals do.

Therefore the smaller the data interval, the shorter the acceleration

response. Unfortunately for designers, budget constraints and computer

processing requirements usually prevent actual specifications from

achieving theoretical ideals. Nevertheless, the data interval provides

the designer with a powerful tool to control filter accuracy and

response speed.

20 G Acceleration Case

Accelerations of 20 Gs repr -sp.it a substantial departure from the 0

to 8 G flight envelope already tested. The departure was so substantial

that a Kalman filter tuned to noise elements tabulated in Table V.3 was

unable to estimate this acceleration case. Instead, tuning iterations

for each of the data intervals were repeated for the filter. The new

noise elements incorporated into the filter for the 20 6 acceleration

case appear in Table VI.15:
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Table VI.15. Optimal 0 Values for Data Intervals (20 6 Accelerations)

0 0

X6hVal aT

(RADS ) RADS ( RADS ) IDU'TU) (DU 4/TU 4 (DU z-TU 4

Data Int/'

1 .01 .01 0.0 0.0 7.2X0lP  7.2xI0o

5 .01 .01 0.0 0.0 1. IxI 1. 1Ixl&0

10 .01 .01 0.0 0.0 1 .0ox 0 1 . OXl0

The filter results for the case of 20 CZ intrack and transverso

accelerations were natural extensions of the results for the TAV range

of accelerations. From Tables VI.2 - VI.7, it is apparent that the

higher accelerations for this case significantly increased the maximum

and average errors relative to errors from less dramatic acceleration

magnitudes. This is predictable, given the relationship already defined

between acceleration magnitude and error. What the data tables also

shoi, however, is that the errors and acceleration response remain

sensitive to the data interval size, even at these extremely high levels

of acceleration. This is an encouraging result - once again the data

interval can be decreased to achieve relatively accurate error and speed

specifications. Review of the filter performance at 20 simultaneous Gs

and a data interval of 1 second bears this out. For that case, average

position errors on the order of 10-10 degrees, average heading error on

the order of 10- 1 degrees, average velocity error on the order of 61.1

mph and average acceleration errors on the order of 2 G's, are excellent
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results. These results support the use of this six state filter against

high acceleration systems.
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VII. Four State Element Kalman Filter

In addition to developing a six state Kalman filter to estimate the

TAV trajectory, a Kalman filter with four state elements was attempted.

This chapter explains the impetus behind this second filter, the

filter s design, and finally, the drawbacks of the filter's performarWce

in a TAV estimation problem.

Design Intentions

The six state Kalman filter estimated the intrack &nd transverse

accelerations by including them as state elements with equations of

motion

a = 0 (2.34)
I

a =0 (2.35)
T

Because of the unpredictable nature of the TAV accelerations, these

equations of motion are a crude approximation to propagating the

accelerations over time. By adding very high levels of noise to the

acceleration variances, however, the si' state filter did remarkably

well in estimating the acceleration states over the TAV trajectory. The

acceleration estimates corresponded very accurately with the

acceleration truth model, with one notable exception -- the data points

coinciding and immediately following a step change in the truth model

accelerations.

Chapter VI results show that the acceleration estimates recovered

95% of the true acceleration values only after three data points were

processed by the six state filter. In light of this finding, designing

and testing a four state filter considers the following questions:
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I) Could the accelerations be estimated explicitly by using slope
information from velocity and heading estimates (eg. a = AV/tt)I
instead of incorporating the accelerations as state elements'

2) Would this four state filter improve the acceleeation response)

3) Are the estimates for X, 6, h, V, a , and aT better than thse

of the six element filter'

State Vector

The four state vector, x, being estimated by the Kalman filter

algorithm is a 4x1 vector consisting of four of the TAV dynamic

parameters developed in Chapter II:

x= ( X 6 h V ) (7.1)

As in the design of the six state filter, a discrete time approximation

is used to propagate x from t to t by

x x At+x

Incorporating the first order equations of motion for each state vector

element from Eqs (2.3), (2.7), (2.32) and (2.33)

(V 'sin h/ R 'cos 6)-t1t t e e

6 (V cos h )/ R 6
S e "At+ (7.3)

h -a T V + ((V -sin h -sin 6 )/ R e*cos 6) h

V a L V

Note that the values for a and a are not propagated by thisx *r

relationship. Instead, slope information from the last two TAV

estimates are used to calculate these quantities. The values for a

and a . in Eq (7.3) would be computedT1

a . = (V - V )/At (7.4)

and
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a I {(h h t_ /At - [s.sin H'sin D]/(Recos D) (-S) (7.5)

where

D (6 +6 )/2

H (h + h )/2

S (V + V )/2

Although complicated in appearance, Eq (7.5) simply recognizes that the

TAV's total change in heading includes a contribution from the earth's

rotation. This contribution must be subtracted out to exclusively

determine tve contribution made to h by any transverse acceleratin.

State Transition Matrix

The discrete time propagation of x, detailed in Eq (7.3), provides

an approximate solution to the TAV equations of motion in closed form:

't) = f (; (t), t] (7.6)

whe-e f (x t), t represents the right hand sides of the four equations

in Eq (7.3). Since the state transition matrix, [(1-, describes a small

change in the initial conditions of x propagating into a change in the

final conditions:

[ 1+,)]=V f CX(t) tQ (7.7)

or
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OX OX OX OXaaX a-xa
OWX7 Oh ovI L tL

06 06 06 06

OX OZ -h- ov

[€3 = (7.6)
Oh Oh Oh Oh

0'v OV oV oV
%*. I11 t.1 .*I

ON OT Oh Ov

where from Eq (7.3)

OX V -sin h -sin 6- . k % k t
R cos6

e

Ox V •cos h% * P .c s 6 A tOh Rcos6
e

a , sin h

-- = At
av R .cos 6

e

06 -V -sin h
%+ L At

Oh Rt e

06 cos h
- AtaV R

e

Olh VV *snsin h -sin 6
-076 I + 2 1'.+1 _ '. L '. L At

e R cos6 jL e Re

Oh V "cos h -sin 6
•At + I

Oh R -cos 6L e
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Oh (a sin h sin 6
t~ - TL + t

OV 1.2 R co 6%

ax 0-

and all remaining partial derivatives equal zero.

Observation Function

As in the case of the six state filter, the observation function

for the Tour state filter benefits from the preprocessing of the angles

data to longitude and latitude data. Since tie longitude and latitude

data remain identically the first two state elements (1. ani 6):

G 0 0 0 O (7.9)G= 1 0 0

H Matrix

The H matrix, CHI, relates the error in the current state estimate

to the error in the reference trajectory. It is essentially the

linearization of (G) with respect to the state vector and is

mathetnatically expressed for the four state Kalman filter

0(6__.) 0 0 0ol

[HI= 1= 0 0 0] (7.10)

State Covariance Matrix

For the four state Kalman filter, the state covariance matrix is a

4x4 matrix of covariances and variances associated with the state vector

elements at a given point in time. Again assuming statistical independence

between the elements of x at target acquisition

[P z "z Oz - z
" r . -6 -h V ( . 1

where units of the variances are identical to those of the six state
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filter. As in the case of the six state filter, (P] was initialized

with all variances equal to 3x1O-z and propagated using noisy dynamics

by

CP) = (')([PICu']T + (C)O][CJT  (7.12)

where

(C)(OJ][CT =r[ 0O 0 0 0 J (7.13)
CCE)n nc, . n 6  an h o V  ahai r naT(.3

The values of the diagonal elements in (0n were again specified through

the process of tuning.

Filter Equations and Algorithm

With the exception of the means used to propagate a and a for

the four state Kalman filter, the filter equations and the hosting

algorithm are identical to those of the six state Kalman filter already

discussed. The equations remain

(K) = (P(-)]'TT. ICO]+ CT).(P(-)J(T )T]Y1 (7.14)

(P(+)] = ([II - CKJ" CT]) " (P(-)) (7.15)

6x(+) = 6x(-) + (K)- C- J6(-) (7.16)

where

[K) a Kalman Gain MatriA
[P(-)] State Covariance Matrix from the previous estimate
[P(+)] State Covariance Matrix of the new estimate

6x(-) -previous correction to the state estimate

6x(+) a new correction to the state estimate
(T] = [H]'[,]
(I] - identity matrix of order of the state vector

r data residual
z

Once again it was assumed, without detriment, that the previous

estimate is close to the true state, allowing for a single reevaluation

of the filter linearizations, (K), and [P(+)) for each data point versus

every iteration within a data point. Small data intervals again made
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this assumption viable.

The complete data processing algorithm, including the preprocessing

of the a ziuth and elevation data, and the four state Kalman filter

discussed in this section is incorporated as a flow chart in Appendix C.

Results

Very early in the testing of the fou- state Kal.:rn filter, it

became obvious this filter s estimation of TA., trajectoriem was

generally inferior to the estimates of the six element filter. Detailed

testing was discontinued as soon as it was determined that the results

being generated by the four state filter were consistently inferior

across the spectrum of data intervals and acceleration ranges. Because

of the reasonableness of the thought process that led to the development

of this four element filter, however, typical results from the filter

have been incorporated in this section. These results serve to answer

the questions posed at the beginning of the chapter where the impetus to

designing this alternative to the six state filter was discussed.

Figures 7.1 - 7.6 illustrate the pattern of estimation typical of a

four element filter operating over the data intervals and accelerations

discussed in Chapter VI. Like the six element filter, the estimated

longitude (Figure 7.1) and latitude (Figure 7.2) values coincided nicely

with the position truth models. The estimates for the remaining four

state elements, however, continuously fluctuated about the truth model

lines. These fluctuations were particularly severe in the case of the

acceleration estimates, where the method of estimating accelerations

through slope information is seen to produce drastic adjustments over

short time intervals. T-e estimates for heading and velocity, both
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functions of the accelerations, are immediately influenced by these

acceleration fluctuations and begin to fluctuate in tandem with tte

acceleration cycles.

Although, the oscillatory behavior exhibited by the four element

behavior is not desirable in an estimator, it nevertheless must be

concluded the accelerations can be estimate3 explicitly using the

heading and velocity slopes. From data point Io data point, the four

state filter is erratic in a dynamic acceleration envirenmeit, but 1r,=

an overall trajectory perspective the estimates do conthin the same

information as those of the six element filter. By employing averaging

techniques, the four element estimates can conceivably be smoothed out

to estimates closely following the truth models. This "smoothing" was

not attempted in this thesis but may be an area for further study.

In terms of acceleration response, A , the four element filter did

offer an improvement over the six element filter, although the

improvement was slight. For a given data interval, the four element

filter often reflected 95% of the value of a recent acceleration change

one data point before the six element filter. This difference was

especially consistent in the intrack acceleration estimates. The

disadvantage of this response time, however, was the tendency of the

four state filter to overshoot the true acceleration value as soon as it

had attained it. Although one data point behind in acceleration

response, the six state filter settled to the acceleration truth model

very quickly. These results again reinforce the finding that although

filters operating with the same data intervals can have their

acceleration responses compared in terms of data points, it is wiser to

consider acceleration response as a function of data intervals. Instead
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of selecting the four state filter over the six state filter for its

faster acceleration response, one should instead modify the six state

filter to oper-ate at the data interval providing the desired response.

In sumnary, the six state filter was superior to the four state

filter for the TAV estimation problem. Both filters were equally

matched in terms of position estimates, but in terms of heading,

velocity, and acceleration estimates, the six element filter was much

more precise from a data point to data point perspective.

I
I

i
i
I
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VIiI. Recowrendaticns

According to the results presented in this thesis, the six state

Kalman filter offers accurate and flexible estimation of a typical TAV

trajectory observed from a space platform. Position, heading, velocity,

and acceleration information provided by the filter give not only a

strong grasp of the whereabouts and intentions of a TAV target, but are

also an accurate tool by which to assess the capabilities of such a

system when other means of access are prohibited. Consideration of this

filter for use in the space to TAV tracking problem is encouraged.

Further work to improve the six state filter could focus on making

the model more realistic. The assumptions of this thesis regarding

platform jitter and positional uncertainty might be replaced by models

predicting such effects in more detailedi fashion. The assumption making

the TAV an isotropically radiating point source might also be replaced

by models representing the thermal signature if the TAV in greater

complexity. Software could then be written to recognize this signature

against the earth background, determine the TAV's center of mass and

begin the tracking estimation process. The means by which the Kalman

filter first initiaiizes after acquiring the TAV could also be made more

realistic. This thesis provided the filter with an initial state

estimate very close to the truth model initial state. In reality, the

filter must determine this initial state vector itself, perhaps by

constricting position, velocity, heading, and acceleration

approximations from the first few data points. These are but a few of

the possible refinements necessary should this concept ever go

-perational.
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Without altering the model and filter presented in this thesis, a

considerable amount of additional testing is very desirable for the six

state Kalman filter. Although rudimentary tuning was accomplished while

constructing a Kalman filter suitable for accurate estimation of a TAV

trajectory, a concerted Monte Carlo analysis was not conducted. Such an

analysis should be performed to ensure the filter estimator is, on the

average, unbiased and that the state covariance elements are

representative of the uncertainty in the estimate. Once this analysis

is completed in sufficient detail, many more variations to the TAV

trajectory can be tested. These variations could then more deeply

investigate Kalman filter performance and isolate the limitations of the

filter near the apparent earth hori:on, at increasingly higher

accelerations, and over smaller time intervals between significant

changes to acceleration.

Additional study can also be committed to improving the performance

of the four state Kalman filter. As noted in Chapter VII, optimal

smoothing may make the estimation from this filter more useable. In

general, however, study emphasis on the six state filter is recommended

over the four state filter.

As a final note, additional work may be appropriate in addressing

the Kalman filter's propensity to lag acceleration changes by the TAV.

It might be possible to build a number of discrete Kalman filters, each

operating at a distinct acceleration value. This filter set, working in

conjunction with software tasked to select the appropriate acceleration,

could then have specific filters swapped in and out like filters over a

camera lens. This method might improve the acceleration response and

assist in initializing the filter when the TAV is first spotted.
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Aoendix A: Six State Kalman Filter Flochart

This appendix details the flcizhart fc the six state Kalman filter

algorithm used to proc.es incomning sensor data. It include- thie

preprocessing iw" data angles to latitudc, ind longitude.

initial ize

EP(-)). %afr, fOn

preprocess angles

where

= f (Az, E . , N)

16 = (Az, ElI. F. R)

[OAz: OEI

ReOAz E I

propagate 1, to t

A-1



Qi-opgate state estimate x-

over At to new 7C-) att

x CI -)~ -A x

CK P(+)) CT T t ICJ(KJT))P(-)JC 
TY I

CP(+)]= (C -KT) x -

6Z = 6-xC-) + (KJ( r~ (T)6x(-)]
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r*('I6ref

<Fand[0
c ose 

?

output new estimate

Ccntants employed (1:429): 1 DUi = 6378.145 km,

r = 42162.93133 km

A = 0.058336565 rad/TU
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Appendix 0: Six State Kalman Filter Tuning Output

In Chapter 5, the six state Kalman filter Dn values w-.'e tuned over

six data interval and acceloration profiles.. This app-ndix details trv

optimal 0n values deternined for each case along with tfe valjes for the

associated tuning parameters.

Table B.1. Optimal 0 Values 1cr Data Interval/Accelerations Casesn

1 Sec Data Int 5 Sec Data Int 10 Sec Data Int

G 8 G i G 8 G 1 G G

Tuned // 7 '

0 Values

0
n.01 .01 .01 .01 .01 .01

(:od& 1 0 0

0

n6 .01 .01 .01 .01 .01 .01

2

0
nh 0.0 0.0 0.0 0.0 0.0 0.0

2
(rad= )

0
nv0.0 0.0 0.0 0.0 0.0 0.0

Z Z(ou ,,Tu)

Q
n
ai 10 10 7 7 06

2xIO 2x10 2. 5x1o 2.5x1o 2.5xi0 2.5x102 4
(Du /TU )

n 10 10 7 7 a 6
aT 2x10 Zx1O Z. 5x0 Z.5xiO Z. 5x0 2.5x10
2 4

(DU /TU )
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Table 8.2. Tuning Parameters for I Second Data Interval/ 1 6 Profile

Trzwnsverse Acceleration Response: 3 data points
Intrack Acceleration Response: 3 data points

Maxinum Longitude Error: 4.8652E-06 degrees
Maximum Latitude Error: 3.5565E-O8 degrees
Maximum Heading Error: 5.9060E-02 degrees
Maximum Velocity Error: 12.606E-O0 mph
Maximum Intrack Acceleration Error: 1.0000E-00 Gs

Maximum Transverse Acceleration Error: 1.0002E-00 Gs

Average Longitude Error: 9.3226E-1O degrees
Average Latitude Error: 6.7225E-1O degrees
Average Heading Error: 1.4351E-02 degrees

Average Velocity Error: 2.9281E-00 mph
4erage Intrack Acceleration Error: 6.3583E-03 Gs

Average Transverse Acceleration Error: 6.4304E:-03 Gs

Table 8.3. Tuning Parameters for I Second Data Interval/ 6 6 Profile

Transverse Acceleration Response: 3 data points

Intrack Acceleration Response: 3 data points

Maximum Longitude Error: 9.4847E-07 degree-
Maximum Latitude Error: 3.1304E-07 degrees
Maximum Heading Error: 0.1721E-00 degrees
Maximum Velocity Error: 122.46E-00 mph
Maximum Intrack Acceleration Error: 8.0016E-00 Gs
Maximum Transverse Acceleration Error: 8.0069E-O0 Gs

Average Longitude Error: 8.4379E- 09 degrees
Average Latitude Error: 3.948SE-09 degrees
Average Heading Error: 4.3402E-02 degrees

Average Velocity Error: 23.553E-0 mph
Average Intrack Acceleration Error: 5.2539E-02 Gs
Average Transv-rse Acceleration Error: 5.3162E-02 Gs
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Table 8.4. Tuning Parameters for 5 Second Data Interval/ I G Profile

Transverse Acceleration Response: 3 data points
Intrack Acceleration Response: 3 data points

Maximum Longitude Error: 6.2785E-07 degrees
Maximum Latitude Error: 4.6424E-07 degrees
Maximum Heading Error: O.2721E-00 degrees
Maximum Velocity Error: 58.266E-0 mph
Maximum Intrack Acceleraticn Error: I.O003E-O0 Gs
Maximum Transverse Acceleration Error: 1.O011E-O0 Gs

Average Longitude Error: 4.6313E-06 degrees
Average Latitude Error: 3.8776E-06 degrees
Average Heading Error: 7.1894E-02 degrees
Average Velocity Error: 14.770E-00 mph
Average Intrack Acceleration Error: 3.2101E-02 Gs
Average Transverse Acceleration Error: 3.2316E-02 Gs

Table B.5. luning Parameters for 5 Second Data Interval/ 6 G Profile

Transverse Acceleration Response: 3 data points
Intrack Acceleration Response: 3 data points

Maximum Longitude Error: 1.296GE-05 degrees
Maximum Latitude Error: -^.1694E-06 degrees
Maximum Heading Error: 0.7991E-00 degrees
Maximum Velocity Error: 465.07E-O0 mph
Maximum Intrack Acceleration Error: 8.0074E-O0 Gs
Maximum Transverse Acceleration Error: 8.0317E-O Gs

Average Longitude Error: 5.579SE-07 degrees
Average Latitude Error: 2.7917E-07 degrees
Average Heading Error: 0.21BCE-00 degrees
Average Velocity Error: 119.34E-00 mph
Average Intrack Acceleration Error: 2.6643E-01 Gs
Average Transverse Acceleration Error: 2.6437E-01 Gs
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Table B.6. Tuning rarameters for 10 Second Data Interval/ I G Profile

Transverse Acceleration Response: 3 data points
Intrack Acceleration Respcnse: 3 data points

Maximum Longitude Error: 8.0031E'-06 degrees
Maximum Latitude Error: 6.2315E-O degrees
Maximum Heading Error: 0.5704E-00 degrees
Maximum Velocity Error: 124.76E-00 mph
Maximum Intrack Acceleration Error: !.0039E-O Gs
Maximum Transverse Acceleration Error: I.O01E-O0 Gs

Average Longitude Error: 1.0665E-06 degrees
Average Latitude Error: 9.6199E-07 degrees
Average Heading Error: O.1441E-00 degrees
Average Velocity Error: 31.040E-00 mph
Average Intrack Acceleration Error: 6.812EE-02 Gs
Average Transverse Acceleration Error: 6.1714E-02 Gs

Table 8.7. Tuning Parameters for 10 Second Data Interval/ 8 G Profile

Transverse Acceleration Response: 3 data points
Intrack Acceleration Response: 3 data points

Maximum Longitude Error: 11.q035E-04 degrees
Maximum Latitude Error: 5.0741E-05 degrees
Maximum Heading Error: 1.7785E-00 degrees
Maximum Velocity Error: 995.74E-00 mph
Maximum Intrack Acceleration Error: 8.0141E-00 Gs
Maximum Transverse Acceleration Error: 8.0263E-00 Gs

Average Longitude Error: I .4039E-05 degrees
Average Latitude Error: 8.05OE-06 degrees
Average Heading Error: 0.4299E-00 degrees
Average Velocity Error: 261.70E-00 mph
Average Intrack Acceleration Error: 5.9445E-01 Gs
Average Transverse Acceleration Error: 5.1069E-01 Gs
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Appendix C: Four State Kalman Filter Flowchart

This appendix details the flowchart for the four state Kalman

filter algorithm used to process incoming sensor data. It includes the

preprocessing of data angles to latitude and longitude.

initial ize

(-), a, a TI [P(--)], %son' ICn

(Z'], r, R, (0), At, CC]

Read Az, El

at t

preprocess angles

z =(X 6)
where

= f (Az, El, r, R)

6 = f (Az, El, r, R)

Of Of

OAz OEl

Of Of
22

dA z O F-1l

I
DC] = (]([][( T

F propagate § to t

(x(-), At, aT)
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propagate state estimate x(

overt ne 7(-) a

(P( )J I C ~ P(-))(U T + (CH O(n)CC T ]

CT] C H)( *J

CK) =P PC)TJ3T (CC)]+[ T)P T)T)-iJ

r z-

6x(+) ~ ~ x)(- + -[K r [T6.
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Calculate a, and a Tusing slope

information from current and
previous estimate. Refer to

Eqs. (7.4) arid (7.5)

rand (0)'

clIose7

E(P(-)) [ P(+)]
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