- mEWE g g

AD-A216 299

- s
'
} - 2 i "
1 .
B
- — 5 -
|, e ———————
- -
. -~ »
* Ao o 2 -
! L. - e -
| o
Je e - £
1. ~ s
e - A
Y
. -
o~ N
¥ - X
-~ -

>
e -

ST

- - -
® Y

;

ey

SRR

” J *

D

I e R T TN
) .:‘ . . . : ‘” “w. e - -:.‘s o -: " '::;;: R N B ;~
S o oo e et ~ e FE e A
. - -t '-‘_;T";‘o -t H
i S - A
’. f R Sl ,,;{"; ’ PR S S
- - 1 - [N E R Nt
2 DISTRYSUTION STXTEMENT X . e
. Appraved for public reloase o ‘
Dismibuaca Urniimited .
L YYYSTS Ay PO gr . . -
- ,

4

DEPARTM!{NT;OF THE AIR FORCE . o
‘ ' AIR UNIVERSITY . i

~ AIR FORCE INSTITUTE OF TECHNOLOGY ~ ._

- - -
e SN

Wright-Patterson Air Force Base, Ohio

00 01 062 087




- -' - A- -nr‘-' - ‘_~ - c- V-' -’- -’U‘-v -"..

AF1T/GA/ENY/89D-7

DTIC

TLECTE ppm
. JAN 03 1990

& n

TRACKING A HYPERSONIC AIRCRAFT FROM A

SPACE PLATFORM

David W. Ziegler
Captain, USAF

AFI1T/GA/ENY /8907

Approved for public release; distribution unlimited

AFIT/GA/ENY/89D-7




A N2 oo

Fa ity

hati L) S b 3 3 w e e b " e r " ™V Ty LIRS o S G

vy

=

113

TRACKIHG A HYPERSINIC AIRCRAFT FROM A SPACE PLATFORM

THESIS

Presented to the Faculty of the School of Engineering
o? the Air Force Institute of Tect.ology
Axir Universaty
In Partial Fulfillment of the
Requirements for the Degree of

Master of Science in Astronautical Engineering

David W. Ziegler, B.S.

Captain, USAF

December 1989

Approved for public release; distribution unlimited

0.‘\—§Q~.lli'l T.Q"— T
LTS Chesg v
Lot 1443 a
U oo g 0
BT BT LR .

b - - e -

BY e e

Dot ibutye |

Aot by e
A

Ot . a




fcknow] edgements

I am profoundly grateful to the many people whose guidance,
patience and support made this finished product a reality. Many thanks
to my faculty advisor, Dr. W. E. Wiesel, for his expertise, interest,
and continuing involvement amidst trying carcumstances. A great big,
special thanks to my new bride and best friend, Jan. The memories of
academic rigors and challenges will soon fade, but your sacrifices and
the delight of our first year of marriage will never be forgotten.
Finally, praise and thanksgiving to the Lord Jesus, creator of Kalman
filters and computers, author of many a textbook, and giver of life. He

endures forever.

vt

smg i avia Gy " ey N Rhikiecg ) Gl 230 T ity AL A PO A I TS S L LA ey [T LS s B At M LA e TR

LA

APXL

Lo Lo S e s

Cpid v

ii




T o

™ Calai ity b3 G 1 3 : Sy e Ty g2t v T r——— ey -

Table ot Contents

Acknowledgements . . . . . . o . . L .
List of Figures . . . . . . . . . . .
List pf Tables . . . . . .. . . . . . .
Abstract . . . . . . . 0 0. 0L
I. Introduction . . . . . . . . . .

Objectave . . . « . .+ .+ + . .
Approach e e e e e e e e e
System Qvervaew . . . . . . . .

il. Transatmospheric Vehicle Dynamics Model .

Definition of Dynamics Parameters . .
Equations of Mation . . . .
Propagation of the Equations of Motxon

IIl. Sensor Data Model i e e e e e e

Definition of Data Elements . . . .
Preprocessing of Data Stream . e e

1V. Six State Element Kalman Filter Development

Data Vector e e e e e e e e
State Vector . . . . ¢ . . . .
State Transition Matrix e e e e
Observation Function e e e e e e
H Matraix e e e e e e e e e e
State Covariance Matrix . e e .
Filter Equations and Algorlthm . e .

V. Tuning the Kalman Filter e e e e e .

Tuning Approach . . . . .+ . . .
Tuning Parameters e e e e e e s
Tuning Flight Profile . . . . . .
Results e s e e e e e e e e

VI. Six State Element Kalman Filter Results .
Serial Acceleration Results . . . .
Simul taneous Acceleration Results . .

Discussion . . + ¢« « o o+« ¢ o .
20 6 Acceleration Scenario e e e e

iii

Page

1L

viy
1y
1-1

1-2
1-2

-

1-3

4-2
4-2
-3
4-5
4-6
45
4-8

S5~1
5-3
5-4
55

6-1
6-16
&30
&-36




T

T

Q3

)

0

5 A b 5 b g ’ ¥ H ey e e g T | iasvcas T T T Listia aiaias 5 ™ LAM A et M Atk D s L T y

Vil. Four State Element Kalman Fialter .

Design Intentions . . . .
State Vector . . . . . .
State Transition Matrix . e
Observation Function . e
H Matrix e e e a4 e s
State Covariance Matrix . .
Filter Equations and Algoritim
Results . . . . . .. . .

VIIl. Recommendations . . . . . .

Appendix A: Six State Kalman Filter Flowchart

fppendix B: Eix State Kalman Filter Tuning Output

Appendix C: Four State Kalman Filter Flowchart .

Bibliography

Vita

iv

Page

7-1
7-2
7-3
7-3
7-5
7-5
7-6

-
-/




List of Figures

Faigure Page

2.1. Convention for TAV Heading . « <« ¢ v v v « v « v o o -2

1 2.2. TAV Dynamics Over a Small Tame Interval . . . . . . .. 2-3
: 2.3. Planar Approximation of TAV Trajectory Over Tame dt . . 2-4
3 2.4. ENZ Reference Frame . . « . « v v o s o v o o v . .. 28
; 2.5. ENZ and B Frame Relationships . . . . . . . . « ¢ . . . 2-6
3.1. Azimuth and Elevation Data fngles . . . . . . . . . . . -1

3.2. Planar Sensor-Earth Center-TAV Traangle . . . . . . . . 3-3

3.3. Spharical BGeometry of TAV Tracking Problem . . . . . . . 3-S5

é 5.1. Acceleration Response Defimation . . . . . . . . . . .. S5-4
&6.1. Sensor View of Serial 20 G TAV Trajectory .« . .« « « « . &-2

6.2. Kalman Longitude Estimate (Serial 4 G : Data
Interval = 93S2€) & & v v i b e e e e e e e e e e e e 6-10

Kalman Latitude Estimate (Serial 4 G : Data
Interval = 5 S8eC) & & ¢ ¢ vt e e e e e e e e e e e 6-11

6.4, Kalman Heading Estimate (Serial 4 G : Data
Interval = 5SeC) . & & ¢ v e 4 e e e e e e e e e e . 6-12

6.5 Kalman Velocity Estimate (Serial 4 G : Data
Interval = 58eC) . & v v v bt b s et e e e e e e e 6-13

6.6. Kalman Intrack Acceleration Estimate (Serial 4 G : Data
Interval = 5 8C) & & ¢ ¢ v ¢ ¢ o o o s s o 4 o s o a 6-14

6.7. Kalman Transverse Acceleration Estimate (Serial 4 G :
Data Interval = 5 8aC) & ¢« v v ¢ ¢« ¢ ¢ 4 v o 4 o e o e &6-15

6.8. Sensor View of Simultaneocus 20 6 TAV Trajectory . . . . 6-17

6.9. Kalman Longitude Estimate (Simultaneous 4 G:
Data Interval = $SeC) & v & ¢ ¢ v ¢ 4 o 4 ¢ 4 4 e e e . &-24

6.10. Kalman Latitude Estimate (Simultaneous 4 G:
Data Interval = S S8C) v ¢ v ¢ o ¢ ¢« o o o o o o o o o o &-25

6.11. Kalman Heading Estimate (Simultaneous 4 G:
Data Interval = 5Sec) . « & v ¢ ¢ ¢ ¢ o 4 o 4 4 4 4 o o 6-26

P 4 .. . " s " 5 sy » > o T g c (hdhs BRI C IS S ey T 4 ™ 7 T Pt St t
o
W
.




Cae g e ats Chiiiae B g (o o B AT L T T T T T

Figure
6. 12‘

6.13.

6.14,

6.15.
6.16.
6.17.
6.18.

6.19.

65.20.

7.4.

7.5.

7.6.

Kalman Velccity Estimate (Simultanecus 4 G:
Data Interval = 5S%ec) . . . . . . . . .

Kalman Intrack Acceleratiot Estimate (Simultanccus 4 G:
Data Interval =5Sec) « . ¢« ¢« ¢ ¢ ¢ ¢« ¢ o o e e e

Kalman Transverse fAcceleration Estimate (Simu) tanecus
46 : Data Interval =2 5Sec) . . . . ¢ ¢ v v e e

Longitude Average Error Vs. TAV Acceleration . .
Latitude Average Error Vs. TAV Acceleration

Heading Average Error Vs. TAV Acceleration . . . . .
Velocity Average Error Vs. TAV Acceleration . . . . .

F& Average Error Vs. TAV Acceleration . . . . .

AT Average Error Va. TAV Acceleration . . . . . . .

Acceleration Response Vs. Data Interval Size . . . . . .

Kalman Longitude Estimate (4 State :
Serial 2 6 : Data Interval = 5Sx) .. .. ..

Kalman Latitude Estimate (4 State :
Serial 2 G : Data Interval = S %ec) . . . . . .

Kalman Heading Estimate (4 State :
Serial 2 G : Data Interval = $Sec) . .. . . . ..

Kalman Velocity Estimate (4 State :
Serial 26 : Data Interval =5Sez) . . . ¢« ¢« ¢« « o« .

Kalman Intrack Acceleration Estimate (4 State :
Serial 2 G : Data Interval = 5Secy . . . « ¢« « . .

Kalman Transverse fcceleration Estimate (4 State :
Serial 2 G : Data Interval = S Sec) . . . . .

vi

&~29
6-32
&-32
&=33
6-33

&34

7-10

7-11

7-12

7-13




T TG

g g T —— s o 2 e} @) Y TrEreTY TYTT=Teo T o A e T T ACar

SRSt A e

Table
V.l.

V.2.

V.3.
Vi.1.
vi.2.
VvIi.3.
vi.4.
VI.S.
Vi.&.
vi.7.
vi.s.

VI.q.

vi.10.

vi.11.

Vi.12.

VI.13.

VI.14.

VI.15.

B.1.

B.2.

B.3.

List of Tables:

Tuning Flaght Profale . . « . . ¢ . 0 o o o o o ..
Optimal 0n Values for Data Interval/fcceleratioy Cases
Cptimal GB Values for Data Intervals . . . . . . . . .
Serial fcceleration Test Trajectory . . .

Serial fAcceleration Errors for 1 Second Data Interval
Serial Acceleration Errors for S Second Data Irterval
Serial fcceleration Errors for 10 Second Data Interval
fcceleration Response for 1 Second Data Interval . .

fcceleration Response for S5 Second Data Iaterval . . .

Acceleration Response for 10 Second Data Interval . . .

Simul tanecus Acceleration Test Trajectory . . . . .

Simul taneous Acceleration Errors for 1 Second
Data Interval . . . ¢ ¢ ¢ v ¢ 4 4 e e 4 e e e . . .

Simul taneous Acceleration Errors for 5 Second
Data Interval . . . ¢ & & ¢ ¢ ¢ 4 ¢ ¢ & o o o « o .

Simul taneous Acceleration Errars for 10 Second
Data Interval . & & ¢ ¢ ¢ ¢ ¢ ¢ o o o« o o o o W .« . .

Simul taneous Acceleration Response for
1 Sec Data Interval . . . . . ¢« ¢« ¢« o . . " e e e s s

Simul taneous Acceleration Response for
SSec Data Interval . . & v 4 ¢ ¢ v b e e i h 6 e v

Simul taneous Acceleration Response for
10 Secd Data Interval . . . . . . . . e 4 e e e 4 e

Optimal On Values for Data Intervals
(20 G Accelerations) . . & v ¢« v o 4 ¢ 0 e . s

Optimal On Values for Data Interval/Acceleration Cases .

Tuning Parameters for 1 Second Data Interval/ 1 G
Profile . & & ¢ @ v o ¢ o o« o o o o o o o o o o o

Tuning Parameters for 1 Second Data Interval/ 8 G
Profile . . ¢« & ¢« ¢ o o o ¢ o o o o o o o o o o s o

vii

Page
55

58

&b

&7

&-8

&-17

&~18

6-19

&-20

&2

6-23

&-37




TR

T

YR

T

37

Mt abd e it lacaaio )

” " YT YIS TS et , T T < T

03 2o

L

ol

M

oo e AR Ml 2 reas o o}

e

3 t 5 TR » . " "

Table
B.4.

B.S.

B‘bl

B.7.

Page
Tuning Parameters for 3 Second Data Interval/ 1 G
meile - L] - L] a . . - . - L] - - . ® » e & e s -« - - - 8-3
Tuning Parameters for 5 Second Data Intervals/ 8 G
Profile . . . . . . e e s e s e e e e e v e e e e s B-3
Tuning Parameters for 10 Second Data Interval/ 1 G
Profile . . . . . . .. O -

Tuning Parameters for 10 Secuond Data Interval’s 8 G
Profile . . ¢ v ¢t i i v i e it e e e e e e e e e e e B-4

viii




AF1T/GA/ENY/8ID~7

Abstract

This study developed a data processing algorithm for e space~-based
platform vngaged 1n traszking a hypersonic transatmospheric venicle. The
geosynchronass platform was assumed to possess Passive SeNsors e easuring
target position from data angles. The hypersonic vehicle w2s assumed to
be operating in the outer fringes of the atmosphere.

Four element state and six element state Kalman filters were
developed, cocdad, and tested against typical transatmospheric flight
profiles. Ffccuracy of the filters in estimating position, velocity,
beading, and acceleration was Cetermined for 1, 5 and 10 second data
intervals.

From this test data, it was concluded that the six element state
Kalman filter posed a viable option for trazking and estimating

performance parameters of hypersonic aircraft.

ix




TRACH ING A HYPERSONIC AIRCRAFT FROM A SPACE PLATFORM

I. lntroduction

Transatmospheric vehicle (TAV) tecmology synthesizes the
agvantages of airbreathing aircratft and platforms in arbit.
Arrbreathing aircraft have long enjoyed the advantage of operating from
a variety of bases, many remote and outside the effective range of
hostile detection networks. The maneuverable nature of aircraft allows
frequont inflight changes to course and destiratica, much to the chagrin
of those attempting to predict the when and where of a possible hostile
flight. It 1s no surprise that airbreathing aircraft are the weapon
system of choice when 1t comes to the invaluable tactic of operational
surprise. Unlike airbreathing aircraft, platforms in orbit do not enjoy
the advantage of operating ocutside the range of detection networks.
Indeed, they are continuously in full view of a tost of tracking
networks. These platforms are handicapped in their ability to
frequently maneuver, as well, being constrained by fuel requirements and
the dynamics of space operations. What platforms in orbit lack relative
to their airbreathing counterparts, bowever, they possess in the way of
range, speed and endurance. Operating in the ultimate "high ground®,
on-orbit platforms can reach warldwide targets in a matter of minutes
and do so at a time unpredictable to observers.

A TAV, possessing the advantages of both airbreathing aircraft and

on—orbit platforms, would be a formidable opponent. Central to efforts
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to defend against such a system is the ability to accurately detect,
observe, and predict any given TAV flight. Success in this task 1s made
possible, in large part, by a distinct disadvantage of the TAV concept:
the TAV is second only to the sun as an infrared source. The TAV's hot
and powerful engines are easy prey for currently available infrared
sensor technology. Even in the absence of engine operation, the TAV's
propaosed Mach 20 operation in the cuter fringes of the atmosphere, will
result in erceedingly bot airfoil surfaces. These surfaces again

provide a strong infrared signature to any observing sensor.

Objective
This thesis capltalizes ocn the TAV's infrared visibility and

investigates details of the associated tracking problem. The specific
objective is to develop a capability to process data from a tracking
node into information that exposes as much of a TAV's capabilities and
intentions as possible. The product of this thesis will be validated
software algoritims designed to receive data from a specific tracking
sensor and estimate position, direction, speed, and acceleration of a

TAV under observation.

Approach

The approach to achieving this objective cen be subdivided into
five areas. First, an assessment of the system, in a general sense,
must be completed. Where is the tracking sensor? Where is the TAV?
Are there any underlying assumptions to be stated? Second, the dynamics
of the TAV must be modelled accurately by equations of motion permitting
propagation of typicel flight profiles aver time. Third, the nature of

the sensor data itself must be expressly defined and related to the
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TAV's motion. Fourth, an algorithm to process this sensor data and
estimate the TAV's position, heading, speed and acceleration must be
generated. In this thesis, a Kalman type estimation algorithm will be
employed to thas end. Finally, the estimation algorithm must be tested
against typical TAV flight profiles (truth models) to determine how
accurately the algorithm estimated true position, heading, speed, and

acceleration. The next section addresses the first of these five steps.

System Overview

The tracking sensor platform will be located in a gecsynchronous
orbit. This orbit affords uninterrupted coverage of a large
geographical region whaere TAV activity might be expected. Realizing
that a TAV at hypersonic transatmospheric flight will almost certainly
produce a strong thermal signature from exhaust products and high speed
{low over airfoil surfaces, the platform will carry a passive infrared
sensor package. For thas study, sensor error intrcdduced by platform
pointing and position uncertainties will not be corsidered. Vibration
of the sensor will be assumed to be negligible.

The TAV will be modelled as a tot, isotropically radiating point
source operating i1n the outer fringes of an atmosphere surrounding a
perfectly spherical and rotating earth. The residual atmosphere between
the TAV and sensor should introduce negligible atmospheric jitter and
distortion into sensor position estimates. In addition, the ratio of
the geosynchronous range to the maximum beight of the atmosphere is very
large, allowing the assumption of negligible TAV motion in the vertical

(increasing/decreasing altitude! direction.




11. “ransataospheric Vehicle Dynamics Model

fs stated, one of the primary objectives of this thesis is to
produce an algoraitbm that estimates TAV position, darection, speed, and
acceleration. The evaluation of this algorithm requires knowledge of
the true position, direction, speed, and acceleration thus allowing a
direct comparison to assess the estimator's accuracy. The TAV dynamics

model is the algorithm that constructs this true trajectory.

Definition of Dynamic Parameters

TAV dynamics will be specitfically represented by six dynamic
parameters: longitude, latitude, heading, speed, intrack acceleration,
and transverse acceleration. Qs previocusly noted, TAV altitude relative
to the surface of the earth is assumed to be a constant zero and hence
does not represent a meaningful dynamic parameter. This assumption is
the result of the atmosphere’s maximum height being much smaller than
the great range involved with a geasynchronous sensor.

The dynamics algorithm and the estimation algorithm express
TAV position in terms of earth longitude (M) and earth latitude (&). In
these algorithms, longitudes east of the Greenwich Meridian are taken as
positive numbers, while longitudes west of the Greenwich Meridian are
taken as negative. North latitudes are taken as positive and south
latitudes as negative numbers, zero latitude, of course, being the
equator.

TAV direction of travel is expressed in terms of beading (h).
Heading is the angle measured positive, in the clockwise direction, from

the line connecting the TAV's position with the north pole. The




convention for heading is illustrated in Figure 2.1:

NORTHPOLE

ekt e Zencr i

EQUATOR

Figure 2.1. Convention for TAV Heading

TAV velocity (V) will always be defined as the rate of change of
position along the direction of heading.

The acceleration of the TAV is decomposed into two distinct
components, intrack acceleration (al) and transverse acceleration (aT).
a is the measured rate of change of speed along the direction of the
beading. Accelerations are considered positive, decelerations negat.ve.
a_r is the acceleration normal to the direction of heading with

accelerations ocut the left wing considered positive.

Equations of Motion

The TAV equations of motion can be expressed in terms of the six




parameters in the previous section. Consider Figure 2.2:

NORTHPOLE

| e R

EQUATOR

Figure 2.2. TAV Dynamics Over a Small Time Interval

Over time interval, dt, the TAV travels angular distance d\ and dé from
some starting longitude/latitude of A and &. The velocity nf (o2 TRV
can be broken into velocity components across lires of latitude (Vé) and
across lines of longituve (V, ). Assuming the effect of the earth’s
curvature on the TAV trajectory is negligible over time interval dt, the
planar geometry of this motion is represented by the planar triangle in
Figure 2.3.

From basic dynamics, velocity = anquiar velocity x radial distance.
In the direction of changing latitude

V. =w, *R (2.1)
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where

V<5 is the TAV velocity across lines of latitude

ws

Re is the radius of the earth

is the TAV angular rate of change in latitude

NORTH

) T
N v Vi ds
-‘h\‘
A
' 0° - A
rav , N kS
W
b dA -

Figure 2.3. Planar Approximation of TAV Trajectory Over Time dt

Eq (2.1) can be rewritten

dé
V- = — - .
cos h R (2.2)

where from Figure 2.3, V6 = v-sm(‘?o°-h), or by trigononetric identity

Vé = V+-cos h., Rearranging, produces the first equation of motion
. e
& = \S—i?i—" (2.3)
e
The equation of motion for i 15 derived in similar fashion. Across
lines of longitude
vV, = w, - Re'sin S (2.4)

where

2-4
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VJ\ is the TAV velocity across lines of longitude
Wy is the TAV angular rate of change in longitude

Re'sin 6 is the radial moment arm as a functiom of latitude

From Figure 2.3, V, = V'cos(90°-h) or ¥, = V'sin h . Eq (2.4) can now

be rewritten
dA

Vgl = — 'R _'s5i .3
sin h dtResmé (2.3)
Rearranging prociuzes the equation of motion for a non-rotating earth

- V-gsin h

w30 N 2.

» Re's.m o) (2.5)

Correcting for the contribution of the earth’'s rotation to the TAV

tr-iectory results in the second equatior of motion

. V.sin h
’*‘W We (2.7)

To derive the equations of mction for h and Q, two additional referen: z
frames must be introduced. First, consider the ENZ frame with crigin :t

the TAV (Figure 2.4):

NORTH POLE

2=



The E axis always points due east, while the l?! axis points continuously
to the north. The final axis, i, rounds out this right handed
orthogonal set and points directly to the zenith.

The second reference frame, the body reference frame B, will also
be attached to the TAV. In thas frame of reference, 81 points out the
out the TAV left wing, and 'é

2 3
orthogonal system. If small bank angles are assumed for any TAV flight

TAV nose, B rounds out the right handed,

profile then the ENZ frame and B frame are related as in Figure 2.5.

Note the coincidence of the 83 and the Z axes.

2 and B,
(out of page)

Figure 2.5. ENZ and B Frame Relationships

From the geometry of Figure 2.5, the coordinate transformation from the

ENZ frame coordinates to B frame coordinates are

E = sin h Bl - cos h §2 (2.8a)
I"\] = cos h 61 + sin h 52 (2.8b)
= 83 (2.8c)




With these reference frames and the above transformation established,
the equations of motion for h and v wil)l now be derived.

The inertial velocity of the TAY, expressed in the body frame is

P =v §1 (2.9)
The inertial acceleration of the TAV 1is
b
= _d = —bt =b
A= gt (V)Y + w x V (2.10)
db by -~ b ~
= 5 v Bl) + W ):VB1 (2.11)
=O§l+5°‘xv§l (2.12)

Now, expanding the @ °' term in Eq (2.12)

;b\=;bENZ+GENZ\ (2'13’

where
® ™ 15 the angular velocity of the B frame with respect to the
inertial reference frame

s b ENZ 1s the angular velocity of the B frame with respect to the

ENZ reference frame

@ FNZ ' 15 the angular velocity of the ENZ frame with respect to the

inertial reference frame.
From Figure 2.5

5° ™% = -hg (2.14)
and realizing that rotation of the ENZ frame with respect to the

mnertiral frame consists of contributions from the earth’'s rotation (Ge)

and the TAV angular velocities

w2t =5 4+ (2.15)
e TAV MOTION
= we + )\TAV+ 6TAV (2.16)
=¢T:e+;\-cos &N+ )'\-sin o) 2 -&5E (2.17)
In the ENZ frame
® = cos SN+w-sind 2 (2.18)
e e e

and substituting this result into Eq (2.17) produces

2-7




GENZ‘=-3E+(7'\*we)‘C°55§* ()'\*-we)-‘:‘nl“é’i (2.19)

Transforming Eq (2.19) from ENZ coordinates to the body frame

coordinates with the transformations of Eq (2.8) results in

Py ENZ « (S\'COS &'cos h - &'Sin h + we-cc}s & 2on h) BJ-

+ (N'cos &rsin h + &-cos h + W, COS & s1n W) 8z

. ' -
+ (N-sin & + w,'s.A &) 83 (2.20)

Substituting Eq (2.14) and Eq (2.20) into Eq (2.13) results an the

expanded form of @ " :
® =0 é-*wg-t-wa (2.21)
171 272 I3
where
w1==(J\coséco«sh—ésmh*-wecosécosh)‘i (2.22)
w2=(?~.cosésxnh+6cosh+weccsésxnh)8 (2.23)
Wy = (A-sin & + W, sin & - h) B {2.24)

With & °° now expressed in body frame coordinates, Eq (2.12) can be

written

wo

(2.23)

N

o €
o £ o

where the notation inside the brackets represents a cross product.
Since motion in the vertical (BS) direction is being nex lccted due to

assumptions of Chapter I, the acceleration in the 83 direction will be

zero, so Eq (2.25) reduces to

=VUB, + (V-isiné+ V& ‘sind =V h) B, (2.26)
1 e z

Substituting Eq (2.7) for A in Eq (2.26) produces the result

- . A V- sir hesin & I
A=VB + [ - A

V-h| B (2.27)
Re-cos é

From the definitions of the acceleration parameters in the previous

section

2-8
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intrack acceleration = a = A-Bl 12.28)
and
transverse acceleration = a_ = A-Bz {(2.29)
or
a = v (2.3
a n Vz':*?c:;s;" £ vk 270
e

Fron these two equations come the equations of motion tor 0 ang r'1:

V= a, (203
. -a V- ho f. - \':)
h = T " SN Sin o [ QPN
v R -cos &
o c

To complete the set of six equations of motion in the six dynamic
parameters A, &, h, V, 31 and a_r. assume for the TAV system constant
Jerk. That 1s

a

' Q (2.34)

a =09 (2.39)
T

Eqs (2.3), (2.7), (2.32), (2.33), (2.34) and (2.35) define six equations

of motion, i1n the six dynamic parameters, for TAV motion over a rotating

earth., Summarizing
. v. s
b = __c___'_‘

" (2.3)
e
. (VS
x=RS“7“ - w (2.7)
‘siN e
V= a, (2.32)
-a
h= T« V-sin h*'sin & (2.33)
v R -cos &
e
a_=0 (2.34)
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&? aQ (2.33)

Propagation of the Equations of rfotion

The dynamics of the TAV have been reduced to a system of six firat
order equations of form x= #(x,t) where x 1S the vector consisting of
the six TAV dynamic parameters. By varying the values assigned x over
time, the data for any TAV profile can be generated by integrating the
six equations of motion in parallel.

In this thesas, a predictor—torrector method developed by Hamming
was used to propagate the equations of motion over time. Given initial
conditions for x, the time step size, and the right hand side of the
equations of motion, the Haming algorithm produced detailed time
histories for X, &, h, V, a,y and a_. To prevent numerical difficulties
during the integration, care was taken an selecting the units associated
with each cne of these parameters. This involved expressing each
parameter in units that make it equivalent in magnitude to *the other
parameters during the integration. For this thesis, ), &, and h were
expressed in radians, V was expressed in DU/TU, and the accelerations

2

(ax and aT) were expressed in DUW/TU (Gs). These units were

successfully implemented in all algorithms.
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111. Sensor Data todel

In this chapter, the process of cdata collection at the
geosynchronous sencor 15 developad. The definitions of the data
clomeats are enumerated, followed by dascussion of preprocessing of this
data before its input to the Kalman estimation algorittm. This

preprocessing allows simplification cf the Kalman algorithm code.

Definition of Data Elements

fs stated earlier, the platform carrying the sensors is located in
a geosynchronous orbit. The sensaors themselives are assumed to be of the
passive infrared type, collecting data on the position of the TAV's
thermal signature. Thas position data comsists of two measured angles,

azinuth (Ax) and elevation (El), both represented in Figure 3.1.

NORTH POLE

EQUATOR

GREAT CIRCLE

Figure 3.1. Azimuth and Elevation Data Angles




Azamuth 15 defined as the mrasured angle from the censor platform s
constant longitudanal position to the great carcle connegting the
platiorm’s equatorial nadir and the TAV 1tself. It 15 measured positive
in the cloeckwise direction. Conveniently, any great circle running
through the platform’s nadir appearg as a straight line from the senscr
platform. Thas ensures that, regardless of the TAV s position along any
such great carcle, the azimuth is identical.

The elevation angle locates the TAV 5 precise position along the
identificd great circle. It 15 measured from the nadir to the TAV
directly. It can be alternmately thought of as the angle subtended by
the nadar=TAV segment wheh measured from the sensor platform. The
elevation 1s always a positive angle by convention and never exceeds
8.6°.

Associated with the serisor data is sone uncertainty due to sensor
position inaccuracies, poanting inaccuracies, sensor platform jitter
etc. These effects wall not be considered independently, but their sum
effect wall be modelled in terms of the introduced standard deviaticn
(0) to the data. Osedacz (2:3), estimates the nominal data standard
deviations as 3.5 x 10> radians for azimuth measurements and 4.3 x 10"
radians for elevation. These values will be carried forward into this
thesis, as well, and correspond to variances in the data covariance
matrix {0). If the azimuth and elevation cngles are assumed to be
statistically independent of one another in a given set of data, then

all covariances in (@] are zero. This information completes [Q) :

2 -9
@1=|%. © |-|tz=sx0 0 (3.1)

o o 0 1.849 x 10 **
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Preprocessing of the Data Stream

The azimuth and elevation angles have TAV position information
imbedded in them. Instead of processing the raw data angles in the
Kalman estimation algorittwm, it is very advantageocus to extract this
position information by transforming the angle data to raw
longitude/latitude data. In doing so, the data now directly provides
two of the six dynamic parameters characterizing TAV motion (A and 6).
Inputting this longitude/latitude data to the Kalman estimation
algorithm greatly simplifies two of the matrices required by that
algorithm. These matrices, [G] and [H), are discussed in detail next
chapter. The remainder of this section pursues the data transformation
itself.

Consider the planar triangle (Figure 3.2) with vertices at the

sensor, earth’s center, and the TAV:

NORTH POLE

<%
EQUATOR A!-

SENSOR

Figure 3.2. Planar Sensor-Earth’s Center-TAV Triangle
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From the iaw of sines for planar triangles

r Re
sin y = Sin El (3.2)

whetre

r 1s the distance from the sensor to the earth’'s center
Re is the radius of the earth

Solving for the interior angle »

1 r-sin El

R
e

Y = sin

From the geometry of Figure 3.2, it 1s evident at p» = 90°, the TAV 1s
imminently fading over the horizon from the sensor’'s point of view.
Indeed, for » < 90", the sensor “"sees" the TAV as behind the earth. In
view of these observations, the range of values for y i1s restricted:
%0° <y < 180" (3.4)
where » = 180° 1s achieved when the TAV is directly over the sensor
nadir point (El = 0°). With y determined, & is evaluated from the
observation that interior angles of a planar triangle sum to 180° :
o = 180° - (El + 7) (3.5)
Now that y and &« are evaluated in terms or r, Re and El, the more
complicated spherical geometry of the problem will provide the
relationships expressing longitude and latitude as a function of the
azimuth and elevation angles. This spherical geometry is depicted in
Figure 3.3.
Applying the law of sines for oblique spherical triangles relative
to Figure 3.3

in & in oY
212 =20 = (3.6)

sin (90°- Az) sin 90°




NORTH POLE
GREAT CIRCLE

EQUATOR b

LR
-
LY
“an

SENSOR

Figure 3.3. Spherical Geometry of TAV Tracking Problem

or
sin 6 = sin a°sin (90°- Q) (3.7)

which by trigonometric identity and further manipulation reduces to
6 = sin™' (sin o-cos Az) (3.8)

Substituting Eqs (3.3) and (3.95) for a in Eq (3.8) results in the first




of two desired data transformations:

Y | S LA
6 = sin {sm [El + sin [,3: sin El]]cos Az} (3.9}

The second transformation must produce a relationship expressing M as a
functaon of Az and El. This relationship can again be determined from
the geometry of Fiqure 3.3. It is clear from the figure that

A =X + AN (3.10)
where

A is the TAV longitude position
)\“n is the longitude position of the sensor

&N 15 the longitudinal distance measured from the sensor to the TAV
Since .\"n is predetermined, calculation of AX will complete this data
transformation to the TAV s longatudinal coordinate. Recognizing the
spherical triangle of Figure 3.3 as a right spherical triangle

sin A\ = tan &'cot (S0 - Az) (3.11)
which by trigonometric ident.ity and further manipulation reduces to

&) = sin™ [ tan &* tan Az] (3.12)
Substituting Eqs (3.9) and (3.12) into Eq (3.10) completes the

transformatica from data anyles to longitude:

_ -1 . =-q . R r . .
A= .\“n-*- 510 [tan [sm {sm [El + sin [f sin El]] (3.1%)

‘Ccos Az}] tan Az]
Given any Az and El data set, Egqs (3.9) and (3.13) transform the data
set to A and 6 data. Since the geometry of the problem ensures both &
and AN will always lie in tbe interval [-n/2,m/2], these equations have
no complicated quadrant uncertainties.
Recail the Az and El data had an aszociated data covariance matrix,

[Q], with variances reflecting the error imbedded in the data
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measurements. No such data covariance matrix for the N and & data
exists to this point. B8y transforming (0}, bowever, with the Jacobian,
(J), of the mathematical relationship between Az/El data and N/6 data,
the data covariance for A and & is determined. That is

(e = 3303 (37" (3.14)
where

(0] is the data covariance associated with the Az and El data
(J) 1s tbhe Jacobian matrix for the system

[OJ' is the data covariance associated with the A and & data
Recognizing that Eqs (3.9) and (3.13) are of the form
A= fx(nz,El) (3.15)
& = fz(Az.Ell (3.16)

the {J] and its transpose [J)T have elements derived from partial

derivatives:
[ aft a1t 1
2 1
(J] = oAz JEl (3.17)
at ot
2 2
i A2 el |
[ af af ]
1
(J1°= ghz Az (3.18)
af af
1 2
i dEl ¥l |
where

-1/2

af - 2
ﬁ% = { 1 - |jtan [sin-‘{sin [El + cs.j.n-1 [—:.\;—e'sin El]]cos Az}) tan Az] }

r

2 , ~1 . ., -1 r .
sec |sin {sm [El + sin [—R—-‘sm El]]cos Az}]
L e

37




-1/2
2
[ 1l - {sin[El + '_=.1'.n-1 [—g—-'sin El]]cos Az} ]
e

< (=sin Az} (tan Az)'{sin [El + sin t (-%-'sin El]]}
e

. (sec?Az) - tan [sin-‘{sin [El + san } [—;—- s1n El]]cos Az}]
e

-/2

at 2
3&"} = { 1l - [tan [sm_‘{sin [El - sm-‘ [%e-'sm El]]cos Az}) tan Az] }
'..=.em:2 [sm-x{sm [El + sm-‘ [—;—'sin El]]cos Az}]
e
- - 2
.= r
O {sin El + sin [—ﬁ—'sin El] cos Az}
L e N

J - r . 7
« cos Az'cos |El + san (-—R-'sm El]
e s

-1/2

e

r 2 -1/2 -
. { 1+ [1 - [—R—'sin El] ] '—R—'cos El}tan Az
e e

afz ol r 2) -1r2
v = 1 - {sm [El + sin [—-h—e-'sm El]] *Ccos Az}

. sin[ El + sin ® [—r—'sin El}] : [—sin Az]

R
e

a*fz ufr 2} -1-2
21 1 - {sin [El + sin [—R—e'sin El]] *Ccos Az}

+ cos Az cos [El + sin"1 [—g—e'sin El]]
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. 24 =3,2 -
{ 1+ [ 1 - [75-'sxn El] ] . -§—°cos El}
e e

Egs (3.17) and (3.18) complete the elements required for Eq (3.14).
The data covariance for longitude and latitude data is now resolvable
from Eq (3.14). This data covariance matrix and the attendant longitude
and latitude data is now ready for processing within the Kalman

estimation algorithm.
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[V. Six State Element halman Filter Develcnmens

In selecting the optimal estimator agpropriate to the TAV tirace
n-oblem, it i1s escential to farst recognize that estimation of * -

1. maramoters is a stochastic process. The unpredictability with wras
‘o TAW may mancuver, at a gui/en instant, rules out any possability o
¢o. - .. 1 this problem determinastically. In light of this stocha,’ iz
tatur . a sequent..-. sstimator 15 preferred over a batch estimation
algoric..n laxe a li-asi squares method.

Two sequential estimators considered were the Bayes filter and the
Kalman filter. Although the Bayes filter retains advantages over the
Kalman filter in sta. & up with ue initial data, the advantage enjoyed
by the Falman filter in processing demands clinched its selection. This
advantage :n processing stems from the fact that the Bayes filter
algorithm requires matraix invercions on the order of the state vector,
which for this problem amounts to a é6x6 matraix inversion. The Kalman
filter, on the other hand, requires inversions on the order of the data
vector; In this case a 2x2 matrix inversion (4:102).

This chapter derives the six state Kalman filter that will process
longaitude and latitude data from an observed TAV trajectory and output
estimates for the TAV's current position, heading, velocity, and
acceleration. A detailed description of the specifically tailored
elements that make up the Kalman filter for this tracking and estimation
task will be presented. All techniques and symbology of estimation
theory implemented in this thesis are derived from Wiesel (3:1-146)

except when annotated otherwise.




Data Vector
The data vector, Z, wnput to the Kalman filter is a two element
vector consisting of the current longitude (M) and latitude (£) of the

TAV:

1

={AN&6) (4.1)
The data elements in thas vector result from the preprocessing of raw
sensor azimuth and elevation angles. They are presented to the filter
1n units of radians. Ascociated with each input, z, is the data

covaryance matrix [(Q) developed wn Chapter @11, Egs (3.14)-{3.18).

State Vecto~

The state vector, x, being estimated by the Kalman filter algorithm
is a &xl1 vector consisting of the six TAV dynamic parameters developed
in Chapter 11:

;'-‘(}\éh\/al a_) (4.2)

At each data time (t_‘) the filter propagates x aver the data interval
(At) as an initial estimate of the TAY's current state. This amitial
estimate would be extremely precise if x was propagated using a
nunerical integration package such as Haming. Although Haming was well
suited for the task of generating the truth model for the TAV state over
time, it has drawbacks to 1ts use in the filter algorittm. Executing
the Haming integrator over every data interval is computationally very
burdensome and best avoided 1f possible. A better altemative is to
propagate x using a discrete time approximation. This approximation
implies that i1f the data interval is made sufficiently small, the Kalman

filter can accurately propagate x linearly, in lieu of direct

integration of the equations of motions. This is true even if the




equations of motion, themselves, are nonlinear. For this thesis, data
intervals of 10 seconds or less were employed, an interval range found
to be small enough to allow linear propagation of the AV state vector.

The discrete time approximation propagates x from t o tot |, by

1

x] -
{>
"
+
x

= . T‘
X a1 ‘y . ta.%)
Incorpaorating the first order equations of motion for cach state vector

element from Eqs (2.3), (2.7), (2.32), (2.33), (2.34), and (2.3%)

i 1 [ (V ‘san h/ R ‘cos &) - w | A ]
[ 1 \ [§ e \ e [}
(V ‘cos b}/ R é
L o8 1§ 1§ e 8
h . -a_ v vV o+ [(V‘-sin h‘".un B Y Rp-cos 6\] h
L d =
1§ = \ \ 1N 'At" A (4.4)
v a AL
A g I [
a
Ivet Q T
a 0 a
L Tl‘l_ L o L. T\-

State Transition Matrix

The discrete time propagation of x detailed in Eq (4.4) provides

an approximate solution to the TAV equations of motion in claosed form:
X, (8 =1 [x (), t] (4.5)

where f (S?L(t), t) represents the right hand sides of the six equations
in Eq (4.4). Since the state transition matrix, (&), describes a small

change in the initial conditions of x propagating into a change in the

final conditions:

[2(i+1,1)) = 7 [f t'{(t), t]] (4.6)

L

or
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where from Eq (4.4)
6.“.‘“ V\'sin h\ ‘sin é‘
aé = 2 nat
v R ‘cos 6
e v
Ll V\ "cos hl
ah * R ‘cos & rat
v e [}
6.\“1 s1n hk
N = R ‘cos O rat
v e .
‘ot -—V‘-sin h;
= <At
éh R s
v e
Lt cos ht
N R At
v e
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and all remaining partial derivatives are equal to zero.

Observetion Function

The Observation Function, [G), is the mathematical relationship
that expresses the data vector z as a function of the state vector
elements x:

z = G(x,t) (4.8)
Benefiting from the preprocessing of the angies data to longitude and
latitude data, {G] is simply the product of a scalar matrix and the
state vector. This product reflects that the longitude and latitude
data are identically the first two ~tate elements (A and &):

(4.9)

=_. |t 00000 -
01 0000 X

where




x|

(4.10)

(o 38 0
= QO
D0
20
(ol o]
O O

H Matrix

The H Matrax, [(H), relates the error in the current state estimate
to the error in the reference trajectory. 1t is essentially the
linearization of ({G] with respect to the state vector and isg
mathematically expressed

a(G)
ax

(H) =

- O

(4.11)

O ¥
00
00
O 0
(el a)

State Covariance Matrix

The State Covariance Matrix, (P], is a &xé matrix of covariances
and variances associated with the state vector elements at a given point
in time. It essentially measures how good the current state vector
estimate is. ([P] is initialized, upon target acquisition, assuming
statistical independence between the elerents of x. This assumption
reduces (P) to diagonal form:

Py =T ai a; a; 03 a: aiT ] (4.12)
fgain, this assumption is true only for the initial data point in a
trajectory. Subsequent iterations and data points will result in
nonzero covariances in (P].

Kalman filters require a reasonable initial estimate of [P] to
begin productive processing. The initial guess involves a compromise
between a (P) reflecting accurate data and a {P) reflecting inordinately
inaccurate data. The Kalman filter will not start properly in the event

of either extreme. A suitable {P] for initializing the filter for this

4-56




thesis sets all variances equal to 3 x 10'2, where ai . 0‘25 ard a: have

units of radz, a\zl units of DUP/TU° and the acceleration variances

(c: and ai ) units of /Ut or GF.
X T

During the interval between data points, the goodness of the last
state estimate degrades as the TAV remains dynamic. This degradation in
the accuracy of the estimate 1s reflected through the propagation of (P)
over the data interval. In executing this propagation of [P}, a
subtlety of Kalman filters must be reckoned with: the variances of (P)
must be prevented from going to zero. Should the zeros occur,
increasing state resaduals are ignored and the filter estimates cease to
be useful. This result is particularly unacceptable for the problem at
hand because the TAV system 15 modelled by stochastic dynamics. Thas
infers the variances should never be zero, but must always reflect the
reality of unpredictable dynamic inputs. In order to estimate
stochastic dynamics the Kalman filter must be “advised" of the constant
uncertainty through non-zero variances. Since the filter, with each
successive data point, tends to drive [Pl40, techniques are emgployed to
inject additional uncertainty into the {P] elaments. For this filter,
that technique will be noisy dynamics.

The equation for propagation of [P] using noisy dynamics is

[P) = [£1(PICEY" + [CICQ_I(CI” (4.13)
where
(C] is a matrix of ones and zeros serving to "noise" the desired
elements of [P] with the desired noise value from the noise matrix [Qn].
Simplifying for this scenario

exeic’=fe @ o e o a | (4.14)
n " " W Tar Tar
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The values of the diagonal elements in [GnJ are specified through the

tuning process addressed in the next chapter.

Filter Equations and Algorithm

The Kalman filter employed in this thesis is in its iterated form
and is not extended. As discussed, the dynamics and the observation
relationships have been linearized and convergence will rarely, if ever,
be attained in one iteration (2:7).

Three equations constitute the core of the Kalman filter algorithm:

(K3 = tP(=)1- (T [c03'+ tTJ-tm-)J-rTJT]" (4.15)
(P(+)] = [m - [KJ-ITJ]-[P(—)J (4.16)
Sx(+) = &x(=) + (K]- [F_ - CT]-6§(-)] (4.17)

where

(K] = Kalman Gain Matrix
(P(-)) = State Covariance Matrix from the previous estimate
{P(+)] = State Covariance Matrix of the new estimate

ox(-) = previous correction to the state estimate

6x{+) = new correction tc the state estimate

{7l = (H)- (2]

{I] = identity matrix of order of the state vector
r_ = data residual

In applying these equations in the most general Kalman filter
algorittm, (2], (K], and [P(+)] are recalculated for each iteration over
a single daa point. The considerable computational effort involved in
such a scheme was eliminated, without detriment, by assuming that the
previcus estimate is close to the true state. This allows for a single
reevaluation of the filter linearizations, (K], and [P(+)] for each data
point versus every iteration within a data point. The small data
intervals used in observing the TAV are critical to the validity of this

assumption.




The complete data processing algorittm, including the preprocessing
of the azimuth and elevation data, and the Kalman filter discussed in

this section is incorporated as a flowchart in Appendix A.
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V. Tuning the Kalman Failter

The process of tuning the Kalman filter involves the evaluation of
the individual matrix elements 1n the saimplified noise matrax of Eq
(4.14). The cbjectaive of the tuning process 1s to select a combination
of the six noise elements producing the best filter estimates over the
concelvable envelope of TAV operations. This section elaborates on the
strategy draving the tuning process for the TAV tracking scenario and

de a1ls the final tuning results for the six state kalman filter.

Tuning Approach

Each diagonal element of the simplified noise matrix in Eq i4.14)
reflects the degree of uncertainty that is being injected into the
variances for each state element. Since each of the six diagonal
elements have a possible range of values from zero to infinmaty,
evaluation of all possible combinations is impossible. Even the
starting point from which to begin the search for a set of noise
elements i1s difficult without some initial approach. The approach for
the tuning accomplished 1n this thesis was based on observations of the
TAV equations of motion.

The TAV equations of motion for the intrack and transverse
acceleration are very limited 1n applicetion. In words, zero jerk
implies the accelerations in both directions are not changing — an
assumption that would never allow the TAV pilot to alter the intrack and
transverse acceleration initial conditions for the rest of the flight!
If the value of the variances are thought of, in an intuitive sense, as

the degree of permission granted the Kalman filter to adjust the
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corresponding state elements, then the values of Qn and Qn are
alx aTt

expected to be large. Large acceleration noise components translate to
large acceleration variances, which in turn allow the filter to
significantly adjust acceleration estimates that could be severely

inaccurate.

For \, &, h, and V, the dynamics are well defined and over

the small data i -tervals between updates considered in this thesis, the
estimates can be expected to be reasonably close. Whereas the TAV can
change acceleration from 3.0 to -3.0 Gs, almost instantaneously, it
cannot drastically change A, &, h, and V unless a long data interval is
employed. As a result, the On elements being added to the variances for
A, &, h, and V should be small, allowing only enough noise to
precipitate small corrections and prohibit the variances from going to
zero.

Following these two rules of thumb, the tuning process was started

at@ =0 =0 =0rads’, @ =0DF/T%, and @ =0 = 100 DUS/TU .
n ] n N [a} n
kN & h Vv a1 aT

As alluded to earlier, tuning is the search for noise elements that
produce the best filter estimates over a conceivable flight envelope for
the TAV. Consequently, the range of TAV flight profiles that the Kalman
filter can expect to observe must be defined. This thesis considers TAV
profiles that approach orbital velocity (approximately 1 DU/TU) and
incorporate accelerations of up to eight G's. This acceleration
envelope is very liberal for any TAV developed in the near future.
Transverse G's are on the order of eight G's for the best fighter
aircraft, a mission role that the TAV is not envisioned for, and eight

intrack G's should cover even the worst case reentry scenarios of this

52




M D~ € oy

—_

manned system.

Having establashed the flight envelope the Kalman filter is
designed to observe, a single set of noise elements (Gn‘s) permitting
accurate estimation of the TAV trajectoery at all accelerations is
required. For a given data interval, a noise matrix that works for an
eight G profile and a zero G, great circle should also wark for the
intermediate values of acceleration. As a result, for a given data
interval, the Kalman filter was independently tuned to meet these two
cases by themselves. This method produced two sets of noise elements
which were then compromised to allow reasonable filter estimation of

both cases with oie set of noise values.

Tuning Parameters

Three parameters were particularly useful in evaluating tuning runs
made for a given data interval. These parameters were acceleration
response, maximum error, and average error.,

Acceleration response, A'_, measures the speed with which the filter
recognizes a sudden change in the TAV acceleration. It is defined as
the time measured from the i1nstant the TAV's acceleration changes to
the i1nstant the filter's estimate is 957 of the true acceleration value
(Figure 5.1).

Maximum error, ® ax’ is the largest deviation of the filter state
estimate from the truth model. Mathematically,

e =] x__ (t)-x (t (5.1)

max EST m TRUTH m) Iunx
where tm is the time the maximum error occured for the state element
being specified. For each tuning run, e .y Was evaluated for A, &, h,

V, a, and a_.
1 T
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Figure 5.1. Acceleration Response Definition

Average error, e e’ is the average error between the filter state
estimate and the truth model over an entire flight profile:

— -
i ! xzsr(tn) xrnurn(tu) I

N (5.2)

where
N = the number of total data points from the trajectory observed
t = time of the i*h data point

Average error was also calculated for all six state elements.

Tuning Flight Profile

To standardize the tuning process and allow a framework within
which to evaluate a variety of noise sets over a number of accelerations
and data intervals, a standard flight profile was created. All tuning

runs were accomplished with this profile zerving as the truth model.
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The tuning flight profile, in all cases, consisted of data over a
480 second duration. During the first 460 seconds of the flight, the TAV
flew a great circle, constant speed trajectory. Following this, an
intrack acceleration of 1 to B G's was executed for 120 seconds. This
intrack maneuver was followed by a 120 second interval of great circle,
constant speed flight. Over the subsequent 120 second interval, a 1 to
B8 G transverse acceleration was executed. To complete the profile, a
great circle constant speed trajectory was flown. Table V.1 summarizes

the standard flight profile:

Table V.1. Tuning Flight Profile

Time Interval Duration Trajectory
(sec) (sec)
0 - &0 &0 Great Circle, Constant Speed
61 - 180 120 Intrack Acceleration
181 ~ 300 120 Great Circle, Constant Speed
301 - 420 120 Transverse Acceleration
421 -~ 480 &0 Great Circle, Constant Speed
Results

Having established the flight profile and parameters to evaluate
tuning runs with, tuning results can now be addressed.

The standard flight profile was used to tune Kalman filters running
with three different data intervals: 1, S5 and 10 seconds. Tuning was
initiated with the On values defined earlier anu subsequent On values
were selected and tested as changes in the tuning parameters dictated.
Tuning was stopped when average error parameters ceased to improve with
changes to the first two significant digits in the acceleration Gn

terms. Filters were tuned separately over the the data intervals to
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optimally track the 1 G and 8 G acceleration profiles, where an N G
profile infers that both intrack and transverse accelerations were input
as N Gs. Aithough the O G case is the true low end of the acceleration
range, it Jdoes not provide acceleration response data. Therefore, a 1 G
profile was used to validate the lower acceleration limit. In all
cases, thn tuned noises for the 1 G acceleration case and the 0 G
acceleration case were identical for a given data interval.

The final values for the On elements are tabulated in Table V.2 by

Table V.2. Optimal 0n Values for Data Interval/fccelerations Cases

1 Sec Data Int S5 Sec Data Int 10 Sec Data Int
1 G | 86 1 G | 86
Tuned
Qn Valuef
0n
A .01 .01 .01 .01 .01 .01
(rodsz)
Dn
fe) .01 .01 .01 .01 .01 .01
(radsz)
On
h 0.0 0.0 0.0 0.0 0.0 0.0
(rads )
0n
Y 0.0 0.0 0.0 0.0 0.0 0.0
2
{(pu~/TU")
Q
f
ar 10 10 ? ? 3 S
2 2x10 2x40 2.93%x40 2.%%x10 2,3%x40 2.3%x10
(pu /TU )
Q
n 10 10 ? ? S S
ar 2x10 2%x10 2.5%40 2.5%10 |3.0x10 2.%5x10
{pu”/TL )
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data interval/acceleration case. The tuning results for thece six
cases, including the values calculated for the tuning paramreters, are
detailed in Appendix B.

The objective of tuning separate filters for each dawa interval at
the expected boundaries of acceleration was to choose noise values (Qn)
suitable for estimation over the entire TAV flight envelope. Now that
the noise values at the acceleration boundaries have been specified,
these all encompassing noise values can be selected. Using Table V.2,

the noise values appropriate for operating a Kalman filter at each of

the data intervals are listed in Table V.3:

Table V.3. Optimal Qr Values for Data Intervals
0n 0n On 0n 0n 0n
K ) h v ai aT
«raps?) | (raps?) [ craps?s [ cbusrus [ cou®oruty | coU® rut

e //////////////////// ///

1 .01 .0t 0.0 0.0 2x10° 2x10"
? ?
5 .01 .01 0.0 0.0 2.5x10 2.5x10
S [-]
10 .01 .01 0.0 0.0 2.5x10 2.5x10
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VI. Six State Kalman Filter Results

The six state Kalman filter was tested for performance at three
dirfferent data intervals: 1 second, S seconds, and 10 s :onds. Values
for the filter's noise elements were derived from Table V.3, aimplying
that each data interval specitfic filter differed in the [0n] set
employed. Once the three Kalman filte ~ére tailored to incorporate
their unique data intervals and noise elements, each filter was tested
against flight profiles varying in acceleration from O to 8 Gs. This
range was tested at acceleration intervals of one, producing 9
estimation runs per TAV trajectory type tested. In addition to this
acceleration range, a special test of the filter was conducted for 20 G
accelerations. Although, 20 Gs are beyond the reasonable operational
envelope of a manned TAV, this case opens the door to considering this
filter design for tracking problems involving high G maneuvers.

Two TAV trajectories were flown in simulation of data coming into
the sensor. The first was the trajectory used to tune the six state
filter in Chapter V. 1t consists of an intrack acceleration followed by
a transverse acceleration of like magnitude. The second trajectory
simulates simultaneous intrack and trarmsverse accelerations of equal

magni tude.

Serial Acceleration Results

The TAV trajectory tested in this section consisted of an intrack
acceleration followed separately by a transverse acceleration of equal
magnitude. This 480 second data profile is summarized in detail in

Table VI.1:
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Table VI.1. Serial Acceleration Test Trajectory

Time Interval Duration Trzjectory
{sec) (sec)
0 - &0 &0 Great Circle, Constant Speed
61 - 180 120 Intrack Acceleration
181 - 00 120 Great Circle, Constant Speed
30y - 420 120 Transverse Acceleration
421 - 480 &0 Great Circle, Constant Speed

fAs a visual aid to grasping the trajectories, this thesis produced
code that receives the truth model longitude and latitude as input and
autputs the TAV trajectory on a 2-D projection of the earth as seen from
the sensor platform. The trajectory of the 20 G serial acceleration

case 1s ancluded in Figure &.1.

Figure 6.1. Sensor View of Serial 20 G TAV Trajectory

The 20 G case was selected because of the exaggerated trajectory it
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prociuzes, making 1t possible to distanguish the intrach and trangeerse
acceleration phases. Note, the trajectory begins at the sensor nadir on
the equator and ends in the northern latitudes.

Each data interval specific Kalman filter was tested against the
serial trajectory for a total of 30 filter estimation runs. Results for
these runs are tabulated by cata interval an Tables VIL2 - VI.? using
the tuning parameters defined in Chapter V as performance parameters.

In addition to the average error, maximum errdr, and acceleration
response parameters, a detailed data point by data point comparison of
the TAY trajectory truth model and the khalman filter state estimates 1s
invaluable. By overlaying the truth model and estimate in graphical
{orm, 3 visual sense of where the filter estimates are close and where
the filter estimates diverge emerges. This graphical technique could
have been included as results for every data run. Not only would the
volume of graphs have been overwhelming, bowover, but 1t soon vould be
apparent that all the graphical comparisons per state are identical in
form. Only the values associated with the particular graphs would
significantly change. Since Tables V1.2 - V1.7 already provide these
numbers in detail, only a sangle set of graphs will be incorporated
here. A 5 second data interval and 4 G acceleration profile was
selected to be representative of all the serial acceleration tests. Its
position in the center of the acceleration and data interval ranges make
it a solid choice. In addition, 4 Gs is also fairly representative of
the maximum acceleration expected for most TAV trajectories. The

acceleration range was expanded to B8 Bs to be very conservative.
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Table VI1.2.

Serial Acceleration Errors for | Second Data Interval
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o wn wm -
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(DEQ)

e
max

Cave
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®max
6

tDEQ)

Cave
h

emax
h

(DEQ)

e
avev

emax
v

(P

eave
al

e
max
al

[JeX B

e
ave
aT

e
max

(Oe)

fccel ;//
(Gs) /
/7
o) 3.3E-10}|{1.3E~10|2.0E-03 |1.0E-01}{2.0E-03 ©.0E~03
. 3E~-10|3.8E~10]|4.0E-03}{2. 1E~-01|3.0E-03 {2.23E~0O«
N ©.9E-10|6.7E~10|1.4E-02 2. 92701 |0. 4E~-03 |o. 4E~O3
4.90E-08 |3.7E-08|3.9E-02|12. 6 1.00000 |1.00021
2 1, 0E~-09P]|1. 2E~Q00}2.3E-02|3. 2088 }1.39E~-02 1.9E~-02
1.1E=-07]2.1E-08 < TE~02]23.,1833]2.00014 2.00040
3 2.4E-0D|1.CE~090|2.0E~-02|8.d3341 1. 9E~-02 1.PE-02
1.9E-07|1.1E~07 0. 212210|37. 7633 |3.00026 |3.000087
4 3.3E~00|2.1E~0PD 8. 4E~02|11.32082|2.08E-02 2.06E.02
2.9E-07 |1.4E-07]0. 13963 |30. 3438 |4.00041 |4.00103
5 4. 2E-0Q 2. 0E~00|3. PE~-02 | 14. 4600 |3.2E~02 3.2E-02
4.0E~07}|1.8E-07]0.13220|062. 9243]|3.000062 |5.001903
& 3.9E-09 3. 0E-0PD |4.0E~02 |17, 4939 [|9.PE~-02 3.9PE-02
3.4E-07|2.2E-07|0.106123|73. 3043|6.00088 |6.00319
7 G.CGE~0P 13, SE~0P|4. 2E~02 [20. 4083?72 |4. SE~02 4. CE~02
7.2E-0? |2.CE~-07]0. 1462346 |88. 0048 |7.00121 ?2.00483
8 8.4E-09p|4.0E-0p | 4. 3E~02|23. 5532 |53.9E~-02 |3.3E-02
©.3E~07 |3.0E-07]0. 17208 |100.0663]|/8.00160 |8.00687
20 £.3E~08 |2. LE-OP|C. SE~-02]77. 182710, 18417 00,1797
1.BE-00|?7.3E-08|0.290125(394.7?90|20.0142 |20.0334




Table VI.3.

Serial fAcceleration Errors for 5 Second Data Interval

Eave eave eave eave eaVE eave
SNt (el IR s B B RN -2 S RN % 1
emax emax emax emax emax emar
A 6 h \V ai ‘aT
(DEG) (DEQG) tDEO) (B35 8] [Ze X ) [Ee X B
Accel ////
1Gs) /
o) 1. 7E~ 1, 4sE-D 1, 0E=2 5. 2E~12 1. 0E~4 4, PE~-4
3. 3E-D|4.2E-9 [2.0E-2 |1.04031 2.1E-4 . PE-4
1 4. CE~8 )3, PE=-8 7.2E-2 14, 72607 3.2E~-2 3, 2E~2
6.3E-7|4.0E=-7? |0.27207|38.208084 |[1.00033 |1.00107
- .2E-8|7.2E-8 0.11384 |29, 2182 d. B3E~2 S. 4E~-2
2 Dl IR S0 Dol detll oG b - DI S St S IS d it S
1.3E-06]|P. BE~? Q. 447421 }1106. 3081 2.00009 2,00200
3 1.3E-7]1.1E-7 |0.14603]43. 6430 9. 7E-2 . GE~-2
2.3E~G|1.3E~-0 [0.36423[174. 495 |3.00125 |3,00333
4 2.0E~? |1.4E=7? 0. 314809 |38. 23382 Q.130067 0. 129093
3.78~0|2.0E-0 |0.04300|232. 3593 |4.001938 |4.00324
5 2. ?E=? L. ?E~? 0.48304}73. 2143 0. 136415 O, 16197
3.3E~-6]2.3E-6 |0.720437|200.722 |3.00202 |3.00879
I 8. 3E~?}|2.LE~-? 0. 19841 |88. 3044 0. 19?7900 0. 19342
?2.2E-06{3.1E~OC 0.724714]|3¢8,. 831 G.00413 G.01400
7 4. 4E-? | 2. 4E-7 0.20919]1108., 6?0 0.231908 0.22944
©.BE-S|3.8E~-0 |0.77768[400. 937 [?.00363 |7.02228
8 3. CE~?|2.8E~7? 0.21800|149. 899 0.20044 O, 2064837
1.3E~-5|4.2E-6 |0.798B99|¢63.0080 [{6.00743 |B.03172
20 8,.3E~0}]2. 2E~? 0.91064 ]998. 8414 0. 94908 0.84372
S. OE~3 (3. 41E~O 1. 4499811698, 97 20.008620 20. 106914
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Table V1.4,

Serial Acceleration Errors for 10 Second Data Interval

eave eave eave Cave fave Cave
A _ é h Vv ar arT
emar emax emax emax emax emax
A <] h \Y al arT
({DEG) {DEG) {DEG) (MPHD {Qs8) (Gs}
7
Accel //;//
(Gs) // //
0 1.4E-8 |G.?E~9 |2.0E-2 |2.040671] 2.0E-4 O. PE~4
6.1E-8 |3.2E~-8 |[4.0E-2 [2.nc411]| 5.3E~-« 2.0E-9
L 1.1E~S |9.6E~? [0.14412(31.0404¢ 8E-2 6. 2E-2
8.0E~3 [6.2E-6 |0.37049]1124.763| 1.00894 |1.00182
2 2.3E-S_|1.9E-4S |0.23341|09.2408| 0.14208 [0.12109
1.8E-3 |1.3E-3 |o0.9804n|249.1282]| 2.00798 |2.009314
3 3.72E-0 |2.8E-0 |0.29487|93.0037] 0.21748 [0.18121
3.0E~-% |1.9E-3 |1.163106|373.588] 3.01236 |3.00301
4 3.2E-6 |3.8E-0 |0.33808(129.083]| 0.29332 [0.24200
4.3E~3 |2.3E-% [1.31912]|498.011] 4.01714 |[4.007653
5 S.PE-d |4.9E-S 10.37005)162.3909; =.33938_ |0.30342_
G.3E-3 |3.4E~3 |1.4240606]022.432] 3.02237 |5.01102
5 8.8E-G |3.0E-G [0.39419]195.3548| 0.443?9 |0.3080833_
8.4E-3 |3.8E-3 |1.38100(|740.8%26| ©6.02813% Jo.01522
7 1. 1E~5 |7.0E-6 |0.413106]|228.703]| 0.32089 |0.43436
1.1E~4 |4.4E-3 |1.049089]|871.200] 7.03442 |7.02029
g |1i4Ez3_|8:.1Ez9 |o.4zep5(2d1,. 703 0.59443 o 31089
1.4E-4¢ |3.1E-3 |1.727040|993.740| B8.04133 |8.020620
20 2.1E-3 |3.5E-6 |0.0614906|816.956| 1.628906 |1.47281
5.6E-4 |3.6E-5 |2..0911]2870.063| 20.1117 |20.3423
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! Table V1I.5. #6Acceleration Response for 1 Second Data Interval
g'
4
A A A A

4 r r r r
] 1 1 T T
& (Pg?ﬁ?s) (sEC) (gsgﬁrs) (sEc)
i —— 2
; (Gs) % //
. 0 N/A N/A N/A N/ZA
2 1 3 3 3 3
IE 2 3 3 3 3
‘ 3 3 3 3 3
i 4 3 3 3 3

S 3 K 3 3

6 3 3 3 3

7 R 3 3 3

8 3 3 3 3

20 4 4 4 4




Table VI.6.

Acceleration Response for 5 Second Data Interval

A A A A
r r r r
X } S T T
(PB?§ (SEC) 33?973) ({SEC)
Accel // /7
(Gs) / A
0 N/ZA N/A N/A N/A
1 3 15 3 15
2 3 15 I 15
3 3 15 3 15
4 3 15 3 15
S 3 15 3 15
6 3 15 3 1S5
7 3 15 3 15
8 3 15 3 15
20 4 20 4 20




Table VI.7.

Acceleration Response for 10 Second Data Interval

A A a A
r r r r
1 1 T T
(Pg?ﬁ?s) (sEC) gs?ﬁrs) (sEC)
Accel //
(Gs) //
(o] N/7A N/A N/A N/A
1 3 30 3 30
2 3 30 3 30
3 3 30 3 30
4 3 30 3 30
S 3 30 3 30
() 3 30 3 30
7 3 30 3 30
8 3 30 3 30
20 4 40 4 40

Figures 6.2 -~ 6.7 show this typical estimation vs. truth model

profile for A, &, h, V, a, and a. in a serial trajectory. From the
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figures for the two position parameters, X and &, the accuracy hanted at
by the previously tabulated average error values are borme out. The
truth model and estimated values of these states were so close as to
make the two lines indistinguishable. The figures for heading and
velocity show estimates very close to the truth model values as well.
For the serial acceleration cases, intrack accelerations precipitated a
divergence of the velocity estimate from the velocity truth model.
Similarly, 1nput of transverse accelerations precipitated an interval of
divergence between the heading estimate and truth model. Both intervals
of divergence begin as soon as the related accelerations are wnput. The
maximum divergence between the estimate and truth model usually occured
two data points rollowing termination of the accelerations, at which
poant the divergence quickly diminishes as the estimate recovers to
follow the truth model again. The figures representing the acceleration
trends show the greatest estimate error around both the inception and
completion of an acceleration interval. Mazimum error always occured
one data point after the acceleration was bequn and completed. As in
the case of heading and velocity, however, the acceleration estimates
quickly corrected back to the truth models in roughly three to four data

poants. Thas behavior was independent of the size of the data interval.

Simultaneous Acceleration Results

Testing of the simultanecus trajectory consisted of equal intrack
and transverse arcelerations, simultanecusly injtiated and terminated
over the same data span. This profile is also 480 seconds in length and

is summarized in Table V1.8:

6-16




Table VI.B8. Simultaneous Acceleration Test Trajectory
Time Interval Duration Trajectory
(sec) {sec)
0 - &0 &0 Great Circle, Constant Speed
61 - 180 120 Intrack and Transverse Accel.
181 - 300 120 Great Circle, Constant Speed
301 - 420 120 Great Circle, Constant Speed
421 - 480 &0 Great Circle, Constant Speed

The trajectory is illustrated in Figure 6.8. The 20 G acceleration

profile was again selected for its length and exaggerated

characteristics. The direction of the TAV motion is again from the

equatorial nadir to northern latitudes.

Figure 6.8. Sensor View of Simultanexs 20 G TAV Trajectory

Like the serial case, each data interval specific Kalman filter was
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tested against the simultaneous trajectory set.

Results for these nuns

appear in Tables VI.9 - VI.14., where data 15 again expressed by data

interval in terms ot the tuning parameters discussed in Chapter V.

Table VI.9.

Simul taneous Acceleration Errors for 1 Second Data Interval

eaVE eave eave eave eave JaVP
UL S ROt 2 R 2 N IR ———.3zx ——-__az
emax emax emax Emax emax emax
A é h v aix
(DEOQ?Y {DEQG) (DEQ) (MPH) {Ow )} tOn)
7
fceel /,// /// ////
(Ge) % /
Yooy,
o 3.9E~10]|]41.3E~10|{2.0E-0O3}1.0E~01 2.0E-03 . 8E-03
©.3E~-10}39.8E 4.0E~03)2.14E~-01 3.0E~03 2.3E-04
1 3.4E~10}]7.CE-10|1.0E-02|2.9201212 6. 3E-03 8, GE~-03
L. ?2E-OU|?.0E-0OB|8.0E~02|12.08229 1.00002 1.0004140
2 3.4E~210 1. 2E-OP|3.0E-02|3.63494 1.3E~-02 1. 4E~-02
G. 2E~O00 |1.4E~07 0. 1307203}[25. 43503 1.9090090 2.00010
3 8.4E~10 |1, CE~O09D|4.0E-02|8.31773 1, PE~-02 2. \E~-
1, 2E-07?7 |2, 4E-07]0.2933« |38, 3379 2. 9900908 39.00010
4 &;ZE-OO E.OE-OD 4, CE-02]113.01890 3.5E-03_ 2.85:02
2.0E-07]|2.8BE~-07}0.3 39131, 3009 3.99940 4.00010
5 1;62-09 2,.4E~090 |3, ?E-02}119. 80472 2.22-02 E.GE:OZ
2. PE-0O?7 |3.3E-07}]0.9839328[C4. 34 °* 3.00017? 3. 00010
X Z;OE-OO E.GE-OO 3. DE-02}16.9229 E.UE:OE_ 4.15:93_
3. BE-07 |4.2E~07]|0. 4385449 |7?77.8458 3. 00034 8. 00010
7 2. JE-O09|2.9PE~09|?.9E~-02]|20. 33090 4, 3E~ 2 3.2E~-02
4, 7E-07 }4.9E-7 0.3231094. 2007 ?2.00111 ?2.00010
8 2;95:09 2.1E~09 8. PE-02]24. 12906 _3.&5:93_ 6;15:02
3. 7E~-0? 3. GCGE~07?7 |0.58997|104. 693 8.00189 8.00010
20 2.2E-4140|7.4E~-10|0. 14837 }|31. 09093 0. 18008 0.20048
1. 3E-O7 |1.2E~07|1.18201|924. 710 20.0043 20.00014
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Table V1.10. Simultanecus fcceleration Errors for 5 Second Data Interval

eave €ave Cave Cave Cave ®ave
SRt Y IR - 2 IR 1 T IR ———o_3l ———_arT
emax emax emax emax emax emax
b N e h \V) at ar
(DEC) (DEQ) ({DEQG) {(MPH [XeX B [fel B
Accel
(Gs)
0 1.7E-9 |1, 4E-9 |1.02-2 |3.2E-12 4.90E-4
6.3E-9 |4.2E~p |[2.0E=-2 |1.04031% 2. 1E~4 . OE-4
L 8.06E~9 |4.0E-8 |8.9E-2 {14.06138 5.2E-2 3. 3E-2
2.4E~? [9,2E=-7 |0.33619|30. 7807 1.00014 1.000490
2 2.8E-9 |7.2E-8 |O0.14983]|28.306106 3. 4E-2 S. PE=-2
8.2E-? |1.8E-6 |O.c6?7830]122. 202 1.90000 2.00049
3 .OE~-8 |1.0E-7 |0.1p431|41.8328 ©.3E=2 0.10%513
1.dE-G |2.7E=-6 |[0.90001]|187. 190 2. 99000 3.00049
4 8.0E-8 |1.2E-7 lo.225317|35. 3802 0.127490 . 14234
2. 0E-G 7E-6 |1.23333]|234. 132 4.00001 4.00049
5 1. 1E-7 |1.3E-7 [0.27?4350[d9p. 35003 0.16017 0.18311
3.6E-6 |4.6E~0d |1.35873]|322. 853 5.00079 3.00049
5 1.3E-7 |1.7E-7 |o.82482|83.0078 0.19356 0.22804
4.0E-6 |[3.3E-~0 |1.86361[802. 704 G.002493 G. 00049
2 1.9E-7 |1.8E-7? |0.8372400]|102. 149 0.22780 | ©0.27093
3.7E~-0 |S.4E-06 |2.17?276|403. 210 7.00304 | 7.00049
g 2.8E-7 [2.0E-7 [0.42239]|121. 1453 0.238290 0.91787
G.BE-G |7?.4E-6 |2.49c090|333.821 8.008380 6.000490
20 1.2E-7 |6.0E-8 |0.03843|819. 405 o.81418 1.04685
9.1E-6 |1.8E-6 |3.24947|13508. 92 20.0300 20.0003
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Table VIi.11. Simultaneous Pcceleration Errors

for 10 Second Data Interval

eave €ave Cave Cave Cave Cave
—__A o) _ 5} v ai ___arT
®max ®max ®max Cmax Cmax Cmax
A b b v ax aT
({DEO) {DEO) (DEG) (MPH) tas) (Gp)
Accel
(Gs)
o 6. 7E~9 |2.0E-2 |1.04674| 2.0E-4¢ p. PE-4
.1E-8 |3.2E-8 [A.OE-2 |2.00411| S5.3E~-4 2.0E-9
N 4.0E-7 |9.2E-? |o0.18517]|20.7430] o©.39E-2 6. 0E~-2
2.5E-6 |1.2E~-3 |0.68331]130.433] 1.00275 1.00083
2 1.4E-6 |1.7?E-¢ |o.ss732|572.3327?2] o0.121722 0.14829
.1E-O6 |2.4E-3 |1.34880]|207.9083| 1.9090084 2.00083
< 2.5E~06 |2.0E-06 |0.414871]|83.09306) 0.18027 0.24087
1.3E-3 |3.06E~5 |[2.16314)400.5907] 2.909084 3.00083
4 4.0E-6 |3.8E-06 |Oo.499062|111.2063]| 0.20020 0.33894
2.2E~-5 |4.8E-3 |3.0d024|337.9590] 3.99p984¢ 4.00083
5 6.9E-! [3.3E-06 |0.59204|141.1354| 0.306734 0.48825
3.0E-3 |S.0E~3 |4.04577]|co8.500| 4.9090984¢ 5.13677
6 1.0E-5 |8.0E-S |0.09700[173.480| O.4895¢6 0.86179
< 1E-5 |7.2E-5 |5.00302|933.351| 4. 14343 6.99612
- 1.8E-5 |4.4E-5 |o.81308|218.147?] 0.006223 0.88939
1.0E-4 |8.4E-35 |c.20328|1232.91| 7.438390 ?.354843
8 2.7E-5 |1.3E-35 |0.94053|274.9012]| o0.890522 1.142067
2.2E-4 |1.0E-4 |7.373590|1592.96| B8.9031406 8.73334¢
20 3.2E-G_[2.4E-6 |1.31679|508.933| 1.73328 2. 19240
4.5E-5 |1.9E-5 |18.06178|3132.80| 20.0085 20.0010
620




Table VI.12. Simultanecus Acceleration Response for 1 Sec Data Interval

A A A A
r r r r

1 1 T T

(pg?g?s) (sEC) (33?@73) (sEC)
w0 0000007
(Gs) y d /

0 N/A N/ZA N/A N/A

1 3 3 3 3

2 3 3 3 3

3 3 3 3 I

4 3 3 3 3

S 3 3 3 3

6 3 3 3 3

7 3 3 3 3

8 3 3 3 3

20 4 4 S S
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Table VI.13. Simultanecus Acceleration Response for S5 Sec Data Interval

A A A A
r r r r
) & b ¢ T T
(Pg?§¢s) (sec) (331313) {sEC)

Accel //

(Gs) //
o] N/A N/A N/A /A
1 3J 15 3 15
2 3 15 3 15
3 3 15 3 15
4 3 15 4 20
S 3 15 q 20
() 3 15 4 20
7 3 15 4 20
8 3 15 4 20

20 4 20 4 20




Table VI1.14. Simultaneocus Acceleration Response for 10 Sec Data Interval

A A A A
r r r r
X X T T
(rg?ﬁ?s) (sEc) (38;ﬁrs) {sEc)
fccel ::;//

(Gs) A
(o) N/ZA N/A N/ZA N/A
1 3 30 3 30
2 3 30 4 40
3 3 30 q 40
4 3 30 4 40
S 3 30 4 40
b 3 30 4 40
7 3 30 4 40
8 3 30 4 40

20 4q 40 4 40

Graphical depictions of the S second data interval and 4 G
acceleration case for simultaneouz accelerations are given in Figures

6.9 - 6.14. Again, the shape of these plots are equivalent in form to
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the remaining data interval and acceleration cases. Only the relative

values vary from case to case as reflected in the preceding tables.

Discussion

On the whole, the results from the six state Kalman filter are very
good, indicating the filter design may be very appropriate for the TAV
tracking problem. In terms of average error over the expected O to 8 G
TAV flight envelope, the 10 second data interval filter estimating an 8
G simultanecus acceleration trajectory fared the poorest. Even the data
from this case, however, provides healthy accuracy for estimating the
TAV state. In this case, the longitude and latitude estimates,
determined to 10°° degree average accuracy, translate to position errors
of only & meters at the equator. The average heading error measured a
scant .94 degrees. The average velocity error of 275 mph 15 only 1
percent of the 24735 mph velocity averaged by the TAV over this profile.
The intrack acceleration error of .89 Gs is only 11 percent of the 8 G
maneuver that introduced it and finally the transverse acceleration
error of 1.14 Gs is 14 percent of the 8 G maneuver that introduced it.
These acceleration erivors are but a fraction of the magnitude of the
acceleration maneuvers themselves, despite the complete unpredictability
of the maneuvers. It should be stressed, again, this data represents
the poorest estimate from the data tables. By dropping to a 1 second
data interval, for example, the errors for the same simultaneous 8 G
acceleration trajectory are reduced by at least a factor of 10!
Although applications can be imagined where these errors are
unacceptable, for tracking and analysis of TAV capabilities this filter

is sufficient.

&-30




Further analysis of the results show three distinct trerds. First,
the filter s performance over serial acceleration trajcctories was, in
genaral, better than its performance over the simullaneous trajertories.
Second, as the magnitude of the acceleration manguvers increxsed, both
estimation errars (maximum and average) and the acceleration rFespanae
increased. Third, deocreas:ing the data interval effectively reduced both
errars and the acceleration response,

The supericrity of the kalman Tilter estimates for the serial
azceleration profiles over the samultanecus acceleration prafiles s
intuatively expected. Simultaneous atcelerations essentiall, introguce
sudden step inputs to tvo of the six TAV states. 1t 15 not surprising
this results i1n dynamics more difficult to estimate than the dynamics
asscciated with introducing the otep inpuis to the states one at & time.
It 1s amportant to note, however, that the d) fferences in the estimate
quality are very slight. In add:ition, whether the simultanpous or the
cserial trajectories are being estimated, changing the data interval or
the acceleration maneuver magnitudes effects the estimation errors ard
acceleration response similarly. This fact i1s used to simplify the
discussion of the remaining two data trends. Only the results for the
simul taneocus intrack and transverse accelerations will be examined in
support of the discussion of these two trends. The trends found to be
true for the simultanecus trajectory are also identically true for the
serial trajectories. Detailed analysis of both would prove redundant.

The effect on the filter estimates of altering TAV acceleration
magnitude or changing the data interval is graphically demonstrated in

Figures 6.15-6.21:
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Latitude Average Error Vs, TAV Acceleration
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These figures clearly support the remainder of the data trends.
Specificelly:

1) As the magnitude of the accelerations increased, the average
error for all of the state elements increased. (Figures 6.15- 6.20)

2) As the size of the data intervals decreased, the average error
for all state elements decreased. (Figures 6.15-6.20)

J) As the size of the data interval increased, the acceleration
response, in seconds, increased. (Figure 6.21)

Reproducing Figures 6.15-6.20, with the vertical axis reflecting maximum
error, would result in similiar graphical relationships between data

interval size, acceleration magnitudes, and emﬁx for all state elements.
As the magnitude of accelerations increased, maximum error for all state

elenents increased, and as the data interval decreased, the maximum
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error decreised.

The most important implicatior of the results of this section 15
the critical impact data interval size has on filter performance.
fccording to thesc results, filter designers can theoretically drive the
average error and acceleration response to zero by implementing filters
with anfinitesimally small data irtervals. In the case of the average
error, a smaller data interval allows less time for the true TAV state
to diverge from the estimated state before a fresh data point updates
the state. In the case of the acceleration response, the number of data
points required to recover 95 percent of the new acceleration value
doesn't change, but the sum duration of the three intervals co.
Therefore the smaller the data interval, the shorter the acceleration
response. Unfortunately for designers, budget constraints and computer
processing requirements usually prevent actual specifications from
achieving theoretical ideals. Nevertheless, the data interval provides

the designer with a powerful tool to control filter accuracy and

response speed.

20 G Acceleration Case

Fccelerations of 20 Gs represent a substantial departure from the O
to 8 G flight envelope already tested. The departure was so substantial
that a Kalman filter tuned to noise elements tabulated in Table V.3 was
unable to estimate this acceleration case. Instead, tuning iterations
for each of the data intervals were repeated for the filter. The new
noise elements incorporated into the filter for the 20 G acceleration

case appear in Table VI.15:
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Table VI1.15.

Optimal 0 Values for Data Intervals (20

G Accelerations)

Oﬂ On Qn Qn on on
A é h v at aT
(RADSZ) (RADS 3 (RADS Y EtDULTUYY (DU /TU b (DU 0TU )
Data Int :;;//

(sec) /
1 .01 .01 0.0 0.0 7.2x10° | 7.2x10°

5 .01 .01 0.0 0.0 1.1x10° | 1.1w107

o] - -3

10 .Ql .01 0.0 0.0 1.0x10 1.0x10

The filter results for the case of 20 B intrack and transverso

accelerations were natural extensions of the results for the TAV range

of accelerations.

From Tables V1.2 - V1.7, it is apparent that the

higher accelerations for this case sagnificantly increased the maximum

and average errors relative to errors from less dramatic acceleration

magni tudes.

between acceleration magnitude and error.

Thas is predictable, given the relationship already defined

What the data tables also

show, however, 1s that the errors and acceleration response remain

sensative to the data interval size, even at these extremely high levels
of acceleration. This 1s an encouraging result -— once again the data

wnterval can be decreased to achieve relatively accurate error and speed
specifications. Review of the filter performance at 20 simultaneous Gs
and a data interval of 1 second bears this out. For that case, average
position errors on the order of 107 degrees, average heading error on
the order of 107 degrees, average velocaity error on the order of &1.1

mph and average acceleration errors on the order of 2 G's, are excellent
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results. These results support the use of this six state filter against

high acceleration systems.
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Vil. Four State Element Kalman Filter

In addition to developing a six state Kalman filter to estimate the
TAV trajectory, a Kalman filter with four state elements was attempted.
This chapter explains the impetus behind this second filter, the
f1lter s design, and finally, the drawbacks of the filter s performarce

1n a TAV estimation problem.

Design Intentions

The six state kKalman filter estimated the intrack and transverse

accelerations by including them as state elements with equations of

motion
éx =0 (2.74)
a =0 (2.35)
T

Because of the unpredictable nature of the TAV accelerations, these
equations of motion are a crude approximation to propagating the
accelerations over time. By adding very high levels of noise to the
acceleration variances, however, the six state filter did remarkably
well 1n estimating the acceleration states over the TAV trajectory. The
acceleration estimates corresponded very accurately with the
acceleration truth model, with one notable exception —— the data points
coanciding and immediately following a step change in the truth model
accelerations.

Chapter VI results show that the acceleration estimates recovered
95% of the true acceleration values only after three data points were
processed by the six state filter. In light of this finding, designing

and testing a four state filter considers the following questions:




1) Could the accelerations be estimated explicitly by using slope
information from velocity and heading estimates (egq. ax =  AV/At)

instead of incorporating the accelerations as state elements?
2) Would this four state filter improve the acceleration response?

3) Are the estimates for A, &, h, V, an and a_ better than those

of the six element filter?

State Vector
The four state vector, x, being estimated by the Kalman filter
algorithm is a 4xl vector consisting of four of the TAV dynamic
parameters developed in Chapter II:
x={(XA & h V) (7.1)
As in the design of the six state filter, a discrete time approximation

1s used to propagate x from t to t, by
\

x =x * At + x
[§.3 1§ L

Incorporating the first order equations of motion for each state vector

element from Eqs (2.3), (2.7), (2.32) and (2.33)

2, ] [ (V ‘san h/ R "cos &) - w ] M, ]

teg \ ¥ e \ e ¥

6;01 (V‘ ‘cos h)/ Re o)

_ t -at+ |t (7.3)

h -a sV + [(V 'sinh *sin 8 )/ R ‘cos & ] h

Leg T v 8 8 8 e L v

v a \

g I L v

Note that the values for aI and a.r are not propagated by this
relationship. Instead, slope informatiun from the last two TAV
estimates are used to calculate these quantities. The values for a
and a; in Eq (7.3) would be computed

a.=(V - V-x)/At (7.4)

Il L |8

and

7-2




a = {[h - h ]/At - [[S'sm H*san D]/(R ‘cos Di]}'l—S) (7.5)
T ¥ \~1 e

where
D=(6 + & /2
v -t
H=(h + h /2
1§ [
S=(V +V )2
L A~1

Although complicated in appearance, Eq (7.5) simply recognizes that the
TAV's total change in heading includes a contribution from the earth’'s
rotation. This contribution must be subtracted cut to exclusively

determine tie contribution made to h by any transverse accelerat:on.

State Transition Matraix

The discrete time propagation of ;, detailes in Eq (7.3), provides
an approximate solution to the TAV equations of motion in closed form:
X ft) =1 [x (), t) (7.56)
L+ L
whare [;‘(t). t] represents the right hand sides of the four equations
in Eq (7.3). Since the state transition matrix, [($], describes a small
change in the initial conditions of x propagating into a change in the

final conditions:

[$(1+1,1)) = vx [f [;Z‘(t), t]] (7.7)

\

or
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- oN -
L8 A+l L8 Leg
an as ah av
t Y . v
a8é
[ 3 § [ 3% L1 Lot
)N ad an N
1 ¥ 1Y 1§ N
(2] = {7.8)
ah 8h an
[ 3§ L e L eq (€3]
OA 86 ah oV
A 19 1Y 1§
av av av
Lol L8 Lol Lot
an asé ah av
L L 1Y 1Y L J
where from Eq (7.3)
0‘\“‘ V\-sxn h “san 6\
& - - 2 "ot
v R ‘cos &
e 3
L+l V rcos h\
i \ .
oh ~ R cos 8 °F
[} e v
ah“‘ s10n h\
av R ‘cos & Tot
[} e [§
ot -V\'Sln i‘\‘
oh R rat
8 e
aé“‘ cos h‘
Vi R rat
L e
dh ‘san h V rsin h -sinzé
L +4 = L | 8 + 1S 19 v 'At
R
06‘ e R -cos 6
e L
ah"ﬁ Vt'cos hL -sin éL
ah = R -cos & at 4+l
v e v




ah a sin h ‘sin &
L4 = _:I'_ - 4 1§ At
GVL Vf Re-cos é‘
6K‘.‘ Leg av\ 1
-y Quiialiar.7 iy v il
1 ¥ 1 [ §

and all remaining partial derivatives equal zero.

Observation Function

As in the case of the six state filter, the observation function
{or the tour state filter benefits from the preprocessing of the angles
data to longitude and latitude data. Since tre longitude ind latitude

data remain wdentically the first two state elements (2 ani &):

G =

0o 0 -
10 X (7.9)

1 o
0 0
H Matrix

The H matrix, [H], relates the error in the current state estimate
to the error in the reference trajectory. [t 1s essentially the
linearization of [(G) with respect to the state vector and 1s

mathematically expressed for the four state Kalman filter

alG]

(H) = _= =

1 0 0 0
o O 1L 0 O (7.10)

State Covariance Matrix

For the four state Kailman filter, the state covariance matrix is a
4x4 matrix of covariances and variances associated with the state vector
elements at a given point in time. Again assuming statistical independence

between the elements of x at target acquisition

- M2 .2 2 2
PI=[ol o o < (7.11)

where units of the variances are identical to those of the six state




filter. As in the case of the six state filter, [P) was initialized
with all variances equal to 3x10™> and propagated using noisy dynamics
by
(P1 = C&)(PICEYT + (CICQ_3(CY" (7.12)

where

(coycy =fe e @ o a o | (7.13)

"N\ ) h 'V al aT

The values of th2 diagonal elements in (On] were again specified through

the process of tuning.

Filter Equations and Algor:ithm

With the exception of the means used to propagate a! and aT {or
the four state Kalman filter, the filter equations and the hosting
algorithm are identical to those of the six state Kalman filter already

dascussed. The equations remain

(K3 = (P(-)3-[TI"- [t01'+ m-rm-n-m’]“ (7.14)
(P(+)] = [m - m-m]-cm-n (7.15)
6R(+) = 6R(-) + (KI- [F_ - m-as;(—)) (7.16)

where

(K] = Kalman Gain Matrix
[P(-)] = State Covariance Motrix from the previocus estimate
(P(+)] = State Covariance Matrix of the new estimate

6%(-) = previous correcticn to the state estimate
6x(+) = new correction to the state estimate
7] = (H)-[2)

{1]) = identity matrix of order of the state vector

Fz = data residual

Once again it was assumed, without detriment, that the previous
estimate is close to the true state, allowing for a single reevaluation
of the filter linearizations, (K], and [P(+)] for each data point versus

every iteration within a data point. Small data intervals again made
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this assumption viable.

The comnplete data processing algorithm, including the preprocessing
of the azaimuth and elevation data, and the four state kKalman filter

discussed in this section 1s 1ncorporated as a flow chart an Appengix C.

Results

N—T

Very early in the testing of the four state Kalmon filter, 1t
] became chvious this filteor s estimation of TAV trajectories was

generally inferior to the estimates of the six element falter. Detailed

testing was discontinued as coon as 1t was determined that the results
being generated by the four state filter were consistently inferior
across the spectrum of data intervals and acceleration ranges. Because
of the reasonableness of th2 thought process that led to the development
of this four element filter, however, typical results from the {filter
have been incorporated in this section. These results serve to answer
the questions posed at the beginning of the chapter where the impetus to
designing thig aliermative to the six state filter was discussed.
Figures 7.1 - 7.4 illustrate the pattern of estimation typical of a
tour element filter operating over the data intervals and accelerations
discussed in Chapter VI. Like the six element filter, the estimated
longitude (Faigure 7.1) and latitude (Figure 7.2) values coincided nicely
with the position truth mocels. Thz estimates for the remaining four
state elements, however, continuously fluctuated about the truth model
lines. These fluctuations were particularly severe in the case of the
acceleration estimates, where the method of estimating accelerations
through slope information is seen to produce drastic adyustments over

short time intervals. TYe estimates for heading and velocity, both
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functions of the accelerations, are immediately influenced by these
acceleration fluctuations and btegin to fluctuate in tandem with tre
acceleration cycles.

Although, the oscillatory behavior exhibited by the four element
behavior i1s not desirable in an estimator, 1t nevertheless must be
concluded the accelerations can be estimatea explicitly using the
beading and velocaty slopes. From data point *o data point, the four
state filter 1is erratic in a dynamic acceleration envirvcnment, but from
an overall trajectory perspective the estimates do contain the same
information as those of the six element filter. By employing averaging
techniques, the four element estimates can conceivably be smoothed out
to estimates closely following the truth models. This "smoothing" was
not attempted in this thesis but may be an area for further study.

In terms of acceleration response, Ar’ the four element filter did
offer an improvement over the six element filter, although the
improvement was slight. For a given data interval, the four element
filter often reflected 95/ of the value of a recent acceleration change
one data point before the six element filter. This difference was
especially consistent in the intrack acceleration estimates. The
disadvantage of this response time, bowever, was the tendency of the
four state filter to overshoot the true acceleration value as soon as it
had attained it. Although one data point behind in acceleration
response, the six state filter settled to the acceleration truth model
very quickly. These results again reinforce the finding that although
filters cperating with the same data intervals can have their
acceleration responses compared in terms of data points, it is wiser to

consider acceleration response as a function of data intervals. Instead
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. T T

of selecting the four state filter over the six state filter for its
faster acceleration response, one should instead modify the six state
filter to opr-ate at the data interval providing the desired response.

In summary, the six state filter was superior to the four state

filter for the TAV estimation problem. Both filters were equally
matched in terms of position estimates, but in terms of beading,
velocity, and acceleration estimates, the six element filter was much

more precise from a data point to data point perspective.

” T > Ty > 1L st
- or aa s s
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VIiI. Recomwmendations

According to the results presented :n this thesis, the six state
Kalman filter offers accurate and flexible estimation of a typical TAV
trajectory vtbserved from a space platform. Position, headaing, velecity,
and acceleration information provided by the filter give not only a
strong grasp of the whereabouts and intentions of a TAV target, but are
also an accurate tool by which to assess the capabilities of such a
system when other means of access are prohibited. Consideration of this
filter for use in the space to TAV tracking problem is encouraged.

Further work to improve the six state filter could focus on making
the model more realistic. The assumptions of this thesis regarding
platform jitter and positional uncertainty might be replaced by models
predicting such effects in more detailed fashion. The assumption making
the TAV an isotropacally radiating paint source might also be replaced
by models representing the thermal signature »>f the TAV in greater
complexity., Software could then be written tc recoynize this signature
agsinst the earth background, determine the TAV's center of mass and
begin the tracking estimation process. The means by which the Kalman
filter first initializes after acquiring the TAV could also be made more
realistic. This thesis provided the filter with an initial state
estimate very close to the truth model initial state. In reality, the
filter must determine this initial state vector itself, perhaps by
constructing oosition, velocity, heading, and acceleration
approximations from the first few data points. These are but a few of
the possible refinements necessary should this concept ever go

Jperational.




Without altering the model and filter presented in this thesis, a
considerable amount of additional testing 15 very desirable for the sax
state Kalman filter. Although rudimentary tuning was accomplished while
constructing a Kalman filter suitable for accurate estimation of a TAV
trajectory, a concerted Monte Carlo analysis was not conducted. Such an
analysis shouid be performed to ensure the filter estimator is, on the
average, unbiased and that the state covariance elements are
representative of the uncertainty in the estimate. Ohce this analysis
is completed in sufficient detail, many more variations to the TAV
trajectory can be tested. These variations could then more deeply
anvestigate Kalman filter performance and isolate the limitations of the
filter near the apparent earth horizon, at increasingly higher
accelerations, and over smaller tima intervals between significant
changes to acceleration.

Addational study can also be cormmitted to improving the performance
of the four state Kalman filter. As noted in Chapter VII, optimal
smoothing may make the estimation from this filter more useable. In
general, bowever, study emphasis on the six state filter is recommended
over the four state filter.

As a final note, additional work may be appropriate in addressing
the Kalman filter's propensity to lag acceleration changes by the TAV.
It might be possible to build a numher of discrete Kalman filters, each
operating at a distinct acceleration value. This filter set, working in
conjunction with software tasked to select the appropriate acceleration,
could then have specific filters swapped in and out like filters aver a
camera lens. This method might improve the acceleration response and

ascist in initializing the filter when the TAV is first spotted.
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Appendix A: Six State ralman Filter Flowchart

This appendix detaxls the flowchart fc  the six state Kalman filter
algorithm used to process incoming sensor data. It includes tre

preprocessang U data angles to latitude and longatude.
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Appendix B: Six State Kalman Filter Tuning Dutput

In Chapter 35, the six state Kalman filter On values wie tuned over
six data interval and acceleration profiles. This appendix detalls tme
optimal Dn values deternined for each case along with tre values for the

associated tuning parameters.

Table B.1. Optimal Qn Values for- Data Interval/fccelerations Cases

1 Sec Data Int S Sec Data Int 10 Sec Data Int
16 8 G 1 G 8 G 16 1=]c]
M 2,
G, Values / 7 //// Y /
on
)N .01 .01 .01 Q1 .01 .01
(:cdsz)
Qn
é .01 .01 .01 .01 .01 .01
(radse )
ol"\
h 0.0 0.0 0.0 0.0 0.0 0.0
(rads™)
0n
v 0.0 0.0 0.0 0.0 0.0 0.0
(Duz/Tuz)
Q
n
aix 10 10 ? ? ) S
2 ‘ 2%10 2%x10 2.3%x10 2.3%x10 |2.3x10 2.3%x40
{pu”"/TU )
v]
n 10 10 ? ? G S
ar 2x10 Zx40 2.3%x10 2.5x40 |z2.3x10 2.5%x10
(DUz/TU‘)




Table B.2. Tuning Parameters for 1 Second Data Inte~val/ 1 G Profile

Transverse fAcceleration Response: 3 data puints
Intrack Acceleration Response: 3 data points
Maximum Longitude Error: 4.846526-08 degrees
Maximum Latitude Ervor: 3.55655-08 degrees
Maximumn Heading Error: 5.920506-02 degrees
Maximum Velocity Error: 12.506E-00 mph
Marimum Intrack Acceleration Error: 1.0000E~00 Gs
Maximum Transverse Acceleration Error: 1.00026-00 Gs
fverage Longitude Error: Q.3I226E~10 degrees
Average Latitude Error: 6.7225€-10 degrees
Average Heading Error: 1.4351E-02 degrees
Average Velocity Error: 2.9281£-00 mph
Average Intrack Acceleration Error: &.3583E-03 Gs

| Average Transverse Acceleration Error: 6.4304:-03 Gs

Table B.3. Tuning Parameters for 1 Second Data Interval/ 8 G Prefile

Transverse Acceleration Response: 3 data points
Intrack Acceleration Response: I data points
Maximum Longitude Error: 9.4847E-07 degree=
Maximum Latitude Ercror: 3.1304E-07 degrees
Maximum Heading Error: 0.1721E-00 degre=s
Maximum Velocity Error: 122.46E-00 mph
Maximum Intrack Acceleration Error: B8.0016E-00 Gs
Maximum Transverse fAcceleration Error: 8.0065E-00 Gs
Average Longitude Error: 8.4379€-09 degrees
Average Latitude Error: 3.94886-09 degrees
Average Heading Error: 4,3402£-02 degrees
Average Velocity Error: 23.553E-00 mph
Average Intrack Acceleration Error: 5.2539-02 Gs
Averace Transv-=rse Acceleration Error: 5.3162&-02 Gs
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Table B.4. Tuning Parameters for 5 Second Data Interval/ 1 G Profile

Transverse Acceleration Response: J data points
Intrack Acceleration Response: 3 data points
Maximum Longitude Error: 6.2785%€~07 degrees
Maximum Latitude Error: 3.6424E-Q7 degrees
Maximum Heading Error: 0.2721E-00 degrees
Maxamum Velocity Error: 58.266£-00 mph
Maximum Intrack Acceleration Error: 1.00QZE-0Q Gs
Maximum Transverse Acceleration Error: 1.0011E-00 Gs
Average Longitude Error: 4.6313E-08 degrees
Average Latitude Error: 3.8776E-08 degrees
Average Heading Error: 7.1894E-02 degrees
Average Velocity Error: 18.7706-00 mph
Average Intrack Acceleration Error: 3.2104E-02 Gs
Average Transverse Acceleration Error: 3.2316E-02 Gs

Table B.S5. 1luning Paremeters for 5 Second Data Interval/ 8 G Profile

Transverse fAcceleration Response: 3 data points
Intrack Acceleration Response: 3 data points
Maximum Longitude Error: 1.2968€-05 degrees
Maximum Latitude Error: 7 .1694E~-05 degrees
Maximum Heading Error: 0.7991E-00 degrees
Maximum Velocity Error: 465.07E-00 mph
Maximum Intrack Acceleration Error: 8.0074E-00 Gs
Maximum Transversz Acceleration Error: 8.0317E-00 Gs
Average Longitude Error: 5.5799%€-07 degrees
Average Latitude Error: 2.7917e-07 degrees
Average Heading Error: 0.21806-00 degrees
Average Velocity Error: 119.34E-00 mph
Average Intrack Acceleration Error: 2.66843-01 Gs
Average Transverse Acceleration Error: 2.6437E-01 Gs
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Table B.6.

Tuning Flarameters for 10 Second Data Interval/ 1 G Profile

Transverse Acceleration Response:
Intrack Acceleration Response:

Maximum Longitude Error:

Maximum Latitude Error:

Maximum Heading Error:

Maximum Velocity Error:

Moximum Intrack Acceleration Error:
Maximum Transverse Acceleration Error:

Average Longitude Error:

Average Latitude Error:

Average Heading Error:

Average Velocity Error:

Average Intrack Acceleration Error:
Average Transverse Acceleration Error:

3 data points
3 data points

B8.00314-0b degrees
6.2313E~04 degrees
0.5704E-00 degrees
124 ,76E-00 mph
1.0039e-00 Gs
1.001EE-QQ Gs

1.06656-05 degrees
?.6199E-07 degrees
0.1441E-0) degrees
31.040E-00 mph
6.83206-02 Gs
6.1714E-02 Gs

Table B.7.

Tunang Parameters for 10 Second Data Interval/ 8 G Profile

Transverse Acceleration Response:
Intrack Acceleration Response:

Maximum Longitude Error:

Maximum Latitude Error:

Maximum Heading Error:

Maximum Velocity Error:

Maximum Intrack Acceleration Error:
Maximum Transverse Acceleration Error:

Average Longitude Error:

Average Latitude Error:

Average Heading Error:

Average Velocity Error:

Average Intrack Acceleration Error:
Average Transverse Acceleration Error:

3 data points
3 data points

1.4035E-04 degrees
5.0741E-05 degrees
1.7785%-00 degrees
§95.746-00 mph
8.0141E-00 Gs
8.0263c-02 Gs

1.4039E~-05 degrees
8.0500E-06 degrees
0.4299€~00 degrees
261.70-00 mph
5.9445€E-01 Gs
S5.10569€E-01 Gs
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Appendix C: Four State Kalman Filter Flowchart

This appendix details the flowchart for the four state Kalman

tilter algorithm used to process incoming sensor data. It includes the

preprocessing of data angles to latitude and longatude.
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