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MINIMUM CYCLE COVERINGS AND INTEGER FLOWS

Cun-Quan Zhang!
Department of Mathematics
West Virginia University

Morgantown
West Virginia 26506 USA

ABSTRACT
It was conjectured by Fan that if a graph G=(V,E) has a
nowhere-zero 3-flow, then G can be covered by two even
subgraphs of total size at most |V|+|E|-3. This
conjecture is proved in this paper. It is also proved
in this paper that the optimum solution of the Chinese
postman problem and the solution of minimum cycle
covering problem are equivalent for any graph admitting

a nowhere-zero 4-flow.

1 This research was partially supported by AFOSR under the grant 89-

0068




We use notations of [BM]. Let G=(V,E) be a graph with
vertex set V and edge set E. An even subgraph of G is a
subgraph of G such that the degree of each vertex is even in
H. It is clear that an even subgraph is a union of edge-
disjoint cycles. The set of all neighbors of a vertex v is
denoted by N(v).

Let D be an orientation of G, an assignment of a
direction to each edge. Let f be a weight function on E(G),
an assignment of an integer f(e) to each edge e. A k-flow of
G is a pair (D, f), consisting of an orientation and a weight
function, such that

(1) -k<f(e)<k, for each edge e;

(2) the net outflow from each vertex in G is zero.
(refer to [Y] for properties of integer flow). The support
of a k~-flow f is the set of all edges with non-zero weights.
A positive k-flow is a k-flow such that f(e)>0 for every edge
e of G and a nowhere-zero k~flow is a k-flow such that f(e)=z0
for every edge e of G. (Note, we allow the negative weight
in the general definition of k-flow. The existences of
positive k-flow and nowhere-zero k-flow are equivalent for
any graph since a positive k-flow can be obtained by changing
the signs of negative weights and reversing the directions of
edges with negative weights in a nowhere-zero k-flow.) For a

simple graph G=(V,E), an orientation D of G can be considered o
DT“,

as a mapping D: V(G) X V(G) — {-1,0,1} such that D(uv) = 0 if \\\f“
PECTED /

uve E(G), D(uv)=1 (or -1) if uveE(G) and the direction of uv

is from u to v (or from v to u, respectively). It is clear ’
that D(uv)=-D(vu). For the sake of convenience, we write For 7,1,
D(uv) f (uv)=Df (uv) if uv is an edge of a simple graph G with a t O
k-flow (D, f). Thus the definition of a k-flow (D, f) of a 2| (]
simple graph G can be written as - O
(1) -k < f(e) < k for each edge e of G,
(2) Y Df(vu) = 0 for each vertex v of G. ... . on/

u€ N{v) Aval{gbili&v Codes




Let C=viv2...vrvy be a cycle of a simple graph G which has a
k-flow (D, f). A 2-flow (D, tp,¢c) with support E(C) is

defined as Dtp,c(vivi+1)=Dtp,c(vev1) =1 for i=1,...,r-1 and
tp,c(uv)=0 if uveE(C). That is, tp,c(vivi+1)=1 (or -1) if the

direction of the edge vivi+1 in D is from vi to vi+1 (or from
vi+1 to vj, respectively). An even subgraph H of G is a union
of edge-disjoint cycles {Ci=vy , vr;: i=1,...,s}. A 2-flow

(D, tp,n) of G with support E(H) can be defined as the sum of
) s

(D,tp,cy) . That is, tp,n =E tp,cy -

i=1

The minimum cycle covering problem (abbreviated to MCC)
is to find a family F of cycles (or even subgraphs) in a
graph G such that each edge of G is contained in some
cycle(s) (or even subgraph(s)) of F and the total length of
cycles in F is minimum. This problem has been studied
extensively in recent years (see [AT], ([AZ], (BJJ], (F1],
(21, (FP], (GF], (IR}, (J11, (S11, [S2], etc.). To find a
solution of MCC for a general graph might be an NP-hard
problem?. Efforts have been made by mathematicians to
estimate upper bounds of the solutions of MCC for general
graphs or certain families of graphs (see [AT], [BJJ], (F1],
[F2], [FP], etc.) and to determine the equivalence of MCC and
the Chinese postman problem (see [EJ] or [BM}, abbreviated to
CPP), which is a polynomially solvable problem, for certain
families of graphs (see [AZ], [GF], [IR], [Sl]). One of the
main results in this paper shows that the optimum solution of
CPP is equivalent to the solution of MCC for any graph
admitting a nowhere-zero 4-flow. Another main result in this
paper verifies a conjecture by Fan (([F1l]), which gives an
upper bound of the solution of MCC for graphs admitting a

nowhere-zero 3-flows.

2 The author cannot find any reference on the complexity of MCC. He
would appreciate if anyone could provide information about this problem.




A weight w: E(G) — (1,2} is called a (1,2)-eulerian
weight of the graph G if the total weight of each edge-cut is

even. Let (D, f) be an integer flow of G. The parity weight
wg of £ is a weight function on E(G) such that

_ { 1 if f(e) is odd
we(e) = 2 if f(e) is even
for all e in E(G). It is easy to verify that we¢ is a (1,2)-

eulerian weight of G since (D,f) is an integer flow. If a
graph G with a (1,2)-eulerian weight w has a family of even
subgraphs such that each edge e of G with weight w(e) is
contained in exactly w(e) even subgraphs of the family, then
this graph G is said to be faithfully covered by the family
of even subgraphs with respect to the weight w. The concept
of faithful cycle covering problem was introduced and studied
in [S1], [(Ss2]), ([AZ) and [AGZ].

Denote
Ef=even = {€ € E(G): f(e) is even}

and Ef=odd = {e € E(G): f(e) is odd},
where f is the weight function of an integer flow (D,f) or an
eulerian weight of G. It is trivial that Ef=oqq 1s an even

subgraph of G.

The following theorem might be known by some experts in
this field. Sin-ze the proof of the first part of the
following theorem has not been seen in any publication, an
outline of the proof will be included in this paper. (Note:
The second part of the theorem was contained in the proof of
Theorem 4.1 in ([F1l]).

THEOREM 1

Let G be a graph having a nowhere-zero 4-flow (D, f) and
w be a (1,2)-eulerian weight of G. Then G can be faithfully
covered

(i) by three even subgraphs with respect to w;




(ii) by two even subgraphs with respect to the parity
weight of f.

PROOF .

Let Fg = Ey=odd and F1 = Ef=0qd. It is easy to verify
that (D, £2) = (D, Z(f+tp,py)) and (D, £3) = (D, S(f-tp,p;))
are 3-flows of G. Let Fj = Ef;=odd for i=2,3. Then G can be
faithfully covered by ({F2, F3} with respect to the parity

weight of £ and can be faithfully covered by {Fg A F1, Fo A F2,

Fg A F3} with respect to the weight w.
#44

COROLLARY 2
Let G be a graph having a nowhere-zero 4-flow (D, f) and
w be a (1,2)-eulerian weight of G. Then G can be covered by'
(i) three even subgraphs with total size
IE(G) | + |Ey=even!:
and (ii) two even subgraphs with total size
[E(G)| + |Ef=even! -

This is an immediate corollary of Theorem 1. (The
second part of the Corollary was contained in the proof of
Theorem 4.1 in [F1]).

Let T be a shortest closed tour of G (the optimum
solution of CPP) with total length L(T), and let F be a
family of cycles covering E(G) with the minimum total length

L(F) = Z L(C) (the solution of MCC). The optimum solution T
CEF

of CPP is equivalent to the solution F of MCC if L(T) = L(F).
It was pointed out in various articles (eg. [IR], [GF]) that
L(T) S L(F) for any graph. It has also been proved that CPP
and MCC are equivalent for 2-edge-connected planar graphs




([GF]1), for 2-edge-connected graphs without subdivision of
the Peterson graph ([AZ] and [AGZ]).

The following proposition shows a relation between the
faithful cycle covering problem and the equivalence of CPP
and MCC.

PROPOSITION 3

If a graph G 1is faithfully coverable with respect to any
eulerian (1,2)-weight, then the optimum solution of the
Chinese postman problem and the solution of MCC are

equivalent.

PROOF.
We only need to show that the optimum solution of the
Chinese postman problem is not less than the solution of MCC.

Let T be an optimum solution of the Chinese postman problem

for G. Define a weight wp: E(G) — {1,2} by wr(e) = h if L
passes through the edge e h times. Since G is faithfully
coverable with respect to any eulerian (1,2)~-weight, there is
a family of cycles faithfully covering E(G) with respect to
the weight wy and therefore the proof of the proposition is
completed.
44

Here an immediate application of Theorem 1 and

Proposition 3 shows that

COROLLARY 43

If a graph G has a nowhere-zero 4-flow, then the optimum
solution of the Chinese pcstman problem and the solution of
MCC are equivalent.

3. Corollary 4 was also independently proved by B. Jackson recently
(see (JB])




Let 231 be the set of all 2-edge-connected graphs

containing no subdivision of the Peterson graph, 252 be the

the set of all 2-edge-connected graphs which have nowhere-

zero 4-flows, 253 be the set of all 2-edge-connected graphs

which are faithfully coverable with respect to any eulerian

(1,2)-weight and 234 be the set of all graphs for which the

optimum solution of the Chinese postman problem is equivalent
to the the solution of the minimum cycle covering problem.

Problem 54

~J

(1) ISZ3=24

(ii) 1sZ,=2,

)

)

(1ii) 1s /=2,

It was proved that Z1 o 23 (see [AGZ]),
22 < Z3 (Theorem 1), Z3 o Z4 (Proposition 3 ). The
problems (ii) and (iii) are certainly stronger than Tutte's

conjecture that Zl o 22 (the 4-flow conjecture, see [T]

or [Y]),.

4 .| problems (ii) and (iii) were also independently proposed by H. Lai
(personal communication)




It was proved (see [BJJ] or (F1l]) that every graph
G=(V,E) admitting a nowhere-zero 4-flow can be covered by two

4
even subgraphs of total size no more than §|E(G)| and

|IV(G) |[+1E(G) |-1. The following theorem was conjectured by
Fan in [F1].

THEOREM 6 .

If a simple graph G=(V,E) has a nowhere-zero 3-flow,
then G can be covered by two even subgraphs with the total
size at most |E(G)| + [V(G)| -3.

By Corollary 2 and the equivalence of nowhere-zero k-
flow and positive k-flow, we only need to prove the following

lemma,

LEMMA 7
If a simple graph G=(V,E) has a positive 3~flow, then G
has a positive 4-flow (D, f) such that |Ef=even! £ |V(G) ] -3.

Both Theorem 6 and Lemma 7 are best possible since the
complete bipartite graph K3,3kx (k is a positive integer) has a
positive 3-flow but the total size of a cycle cover is at
least [E[+]|V]|-3 (see [F1]). Also the condition of the
existence of a nowhere-zero 3-flow cannot be weakened since
K4 is a graph having a positive 4-flow for which the total

size of a cycle cover is at least |E|+|V]|-2.

Let {V', V"} be a partition of V(G). The edge-cut
between V' and V" is denoted by E(V', V"). If D is an
orientation of E(G), let

Ep+(V', V") = {uve E(G): ue V' and veV", D(uv)=1}

and Ep-(V', v")

[}

{uve E(G): ue V' and veV", D(uv)=-1}

PROOF OF LEMMA 7




I. Let (D, fo,) be a positive 3-flow on G with an

orientation D. Since f, is positive, it is well-known that

1
(1) 2 |Ep+ (T',T") | < |Ep-(T',T") | < 2|Ep+(T', T") |

II. Let (D, f) be a positive 4-flow of G such that the
set Ef=even 1S as small as possible (Note that the positive 3-
flow (D, £f¢) is a positive 4-flow of G with respect to the
orientation D). We claim that Ef=even is a forest of G. If
not, let C' = vi...v.vy be a cycle in Ef=eyen. Then (D, £') =
(D, f+tp,c') is a positive 4-flow of G for which the set
Eft=even = Ef=even\E(C') 1is smaller than Ef=even- This

contradicts the definition of (D, f).

III. Let G2 be a subgraph of G such that E(G2) = Ef=even
and V(G2) = V{(G). By II, the subgraph G2 is a spanning forest
of G. If G2 has at least three components, then |E(G2)]| =
|Ef=even!| € |IV(G) |-3 and the lemma is proved. Thus we assume
that G2 has at most two components T3 and T».

IV. We claim that G2 has exactly two components Ty, T2
and E(G) \Ef=even 1S exactly the edge cut between T; and T:.
That is, each edge of G with an odd weight must join a pair
vertices of two different components. Suppose not, let xgx1
be an edge of E(G) \Ef=even such that both xg and x; are in the
same component T of G. Note that Df (x¢x;) € {1, -1 3, -3}.

If Df(xgx1) € {1, -3} (or e€{-1, 3}). Let C"=x¢Xx1...XrXo be

the cycle in T3 U {x¢x1}. Then (D, £") = (D, f+tp,c") (or =
(D, f-tp,c"), respectively) is a positive 4-flow of G which

has a smaller

Efvaeven = [Ef=even\E(C")] U {x0Xx1}
since G is a simple graph. This contradicts the choice of
the 4-flow (D, f).




V. Note that Df(uv) € {*l1l, 3} for each edge
uv € E(T1,T2) = E(G) \Ef=even. Denote
Lt = {uve E(G): ue Ty, v€E€ Ty, Df(uv)= 1 or -3}

and L™ = {uve€e E(G): ue T, ve Tz, Df(uv)= 3 or -1}.

We claim that neither L* nor L~ is empty. Suppose that L~ is
empty. Thus, for each edge uv, f(uv)=1 if uv € Ep+(T1,T2) or

f(uv)=3 if uv € Ep-(T3,T2). Since (D, f) is a flow of G, we

must have that |Ep+(T1,T2)| = 3|Ep-(T1,T2)|. This contradicts
the inequality (1).

VI. Since the case of the graphs of order at most three
is trivial, we will assume that the graph G contains at least
four vertices. Therefore we assume that T; has at least two
vertices and u be an endvertex of the tree T;. Since the
edge incident with u in T3 has weight 2 and (D, f) is a 4-
flow, u must be incident with at least two edges of odd
weights which are in E(Ty,T2). Since G is a simple graph, T>

must have at least two vertices adjacent to u. Hence both
T; and T2 are non-trivial trees.

VII. Since neither T; nor T2 is a single vertex, the
diameters of T; and T2 are at least one. Assume that the
diameter of T; is not less than the diameter of T2. It is
very easy to see that 1f the diameter of T; is one then G
must be the complete graph K4 which cannot have a positive 3-
flow. Thus the diameter of T; is at least two.

VIII. We claim thz2t there is no cycle C* in G such that
the length of C* is at least five and |[C* N LY} = |C*NL"| =
1. If not, let C*=uv...yx...u be such a cycle with uve L*
and xy € L. The flow (D, f*) = (D, f+tp,c«) is a positive 4-

flow of G. But the set

10




Ef*=even = [Ef=even\E(C*)] U {uv, xy}
is smaller than Ef-even and this contradicts the choice of

(D, f) .

IX. Let u be an endvertex of the tree T;. We claim
that u must be incident with at least two edges of L* or two

edges of L. If not, then

2, Df (uv) # 0,
vEN(u)

and this contradicts the definition of (D, f).

X. Without loss of generality, we assume that an
endvertex u of T1 is incident with at least two edges ux and
uy of L*. Let w be a vertex of T1 incident with an edge wz of

L-. We claim that the distance between w and u is at most
one in T;. Assume, without loss of generality, that x#z.

There is a cycle C° = ux...zw...u in G such that |C°NLt| =

IcC°NL"| = 1. If the distance between w and u is at least
two in Ti, then the length of C° is at least five and

contradicts the conclusion of VIII.

XI. Since the distance between any pair of endvertices
of Ty is at least two and one endvertex u is incident with
two edges of L*, an endvertex of T; other than u cannot be
incident with any edge of L~ (by X). By X again, u cannot be
incident with any edge of L~ because any endvertex of T; other

than u is incident with at least two edges of L*.

XII. Sinc:= L~ is not empty by V, let w be a vertex of T;
incident with some edge of L-. By XI and X, the distance
between w and every endvertex of T; is one in T3. Thus w is
the only vertex of T3 incident with some edge of L~ and T; 1is

a star with w as its center.

11




XIII. Let uj, uz be two endvertices of T; and w be the
center of T1. Since uj is incident with at least two edges of
Lt for i=1 and 2, let uj1Xj, Uuzx2 be two disjoint edges of L*.
That is, x1#x2. Let wy be an edge of L-. We claim that the
distance between y and xi in T2 is at most one for i=1 and 2.
If not, let the distance between x; and y be at least two in
T2. Then there is a cycle C# = uixj...ywuy in G of length at

least five with |[C# N L'} = |C#NL"| = 1. This contradicts
the conclusion of VIII. Thus the subgraph of T2 induced by
{x1,x2,y} is a path of length one or two with xj; and xy as its

endvertices.

XIV. Let Cy = ujxjywuj if xj#y or Ci = ujxjwui if xj=y
for i=1 and 2. Then the flow (D, fy) (D, f+tp,c,+tp,c,) is a

positive 4-flow with a smaller

Efy.—.—even = {Ef:even\ [E(Cl) 1 E(CZ)]) (v {ulxlf u2x2} .
This contradicts the choice of (D, f) and completes the proof

of the Lemma.
44

REFERENCES

AGZ B. Alspach, L. Goddyn and C.Q. Zhang, Cycle coverings of
graphs and binary matroids, preprint.

AT N. Alon and M. Tarsi, Covering multigraphs by simple
circuits, SIAM J. Alg. Dis. Math. 6 (1985), 345-350.

AZ B. Alspach and C-Q. Zhang, Cycle coverings of graphs,
preprint.

BJJ. C. Bermond, B. Jackson and F. Jaeger, Shortest covering
of graphs with cycles, J. Combinatorial Theory (B) 35
(1983), 297-308

BM J.A. Bondy and U.S.R. Murty, Graph Theory with
Applications, Macmillan, London and Elsevier, New York,
(1976)

12




EJ J. Edmonds and J. Johnson, Matching, Euler tours and
the Chinese postman, Mathematical Programming 5(1973) 88~
124.

Fl G. Fan, Integer flows and cycle covers, preprint.

F2 G. Fan, Covering weighted graphs by even subgraphs, J.
Combinatorial Theory (B), (to appear).

FP P. Fraisse, Cycle covering in bridgeless graphs, J.
Combinatorial Theory (B) 39 (1985), 146-152.

GF M. Guan and H. Fleischner, On the minimum weighted cycle
covering problem for planar graphs, Ars Combinatoria, 20
(1985) 61-68.

IR A. Itai and M. Rodeh, Covering a graph by circuits,
Automata, Languages and Programming, Lecture Notes in
Computer Science 62, Springer-Verlag, Berlin (1978), 289-299.
Jl F. Jaeger, A note on sub-eulerian graphs, J. Graph
Theory 3 (1979), 91-93.

J2 F. Jaeger, Flows and generalized coloring theorems in
graphs, J Combinatorial Theory (B) 26 (1979), 205-216.

JB B. Jackson, Shortest circuit covers and postman tours in
graphs with a nowhere zero 4-flow, preprint

S1 P. D. Seymour, Sums of circuits, Graph Theory and
Related Topics (ed. J. A. Bondy and U. S. R. Murty), Academic
Press, New York (1979), 341-355.

S2 P. D. Seymour, Matroids and multicommodity flows,
European J. of Combinatorics, (1981) 257

T W. T. Tutte, On the embedding of linear graphs in
surfaces, Proc¢. London Math. Soc., Ser. 2, 51 (1949) 474-489
Y D. H. Younger, Integer flows, J. graph Theory 7 (1983),
349-357.

13




