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kAbstract

~In this paper we present efficient, exact algorithms for the problems of output encoding,
state assignment and four-level Boolean minimization. All previous automatic approaches
to encoding problems have involved the use of heuristic techniques. Other than the
straightforward, exhaustive search procedure, no exact solution methods have been
proposed.

The problems of output encoding and state assignment targeting two-level logic
implementations involve finding appropriate binary codes for the symbolic outputs or states
s0 2 minimum number of product terms results after two-level Boolean minimization. A
straightforward, exhaustive search procedure requires O(N/) exact Boolean minimizations,
where N is the number of symbolic outputs or states. We propose a novel minimization
procedure of prime implicant generation and covering that operates on symbolic outputs,

rather than binary-valued outputs, for solving the output encoding problem. An exact
solution to this minimization problem is also an exact solution to the encoding problem.
While our covering problem is more complex than the classic unate covering problem, a
single logic minimization step replaces O(N!/) minimizations.
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The input encoding problem can be exactly solved using multiple-valued Boolean
minimization. We present an exact algorithm for state assignment by generalizing our
output encoding approach to the multiple-valued input case. kf\ \JL\,?;

Four-level Boolean minimization entails finding a cascaded pair of two-level logic functions
that implement another logic function, such that the sum of the product terms in the two
cascaded functions or truth-tables is minimum. Four-level Boolean minimization can be
formulated as an encoding problem and solved exactly using our algorithms.

We present preliminary experimental results which indicate that medium-sized problems
can be solved exactly. Computationally efficient heuristic approaches based on the exact

‘ algorithms are proposed for output encoding, state assignment and four-level Boolean -
minimization. 1
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Abstract

In this paper. we present efficient. exact algorithms for the
problenis of output encoding. state assignment and four-level
Boolean minimization. All previous automatic approaches to
encoding problems have involved the use of heuristic tech-
niques. Otbher than the straightforward. exhaustive search
procedure. no exact solution methods have been proposed.

The problems of output encoding and state assignment
targeting two-level logic implementations involve finding ap-
propriate binary codes for the svmbolic outputs or states
so a minimum number of product terms results after two-
leve]l Boolean minimization. A straightforward. exhaustive
search procedure requires O{.\N'!} exact Boolean mininuza-
tions. where N is the numbe: of svimbolic outputs or states.
We propose a novel minimization procedure of prime mpli-
cant generation and covering that operates on symbolic out-
puts. rather than binarv-valued outputs. for solving the out-
put encoding problem. An exact solution to this minimiza-
tion problen is also au exact solution to the eucoding prob-
lem. \While our covering problem is more complex thau the
classic unate covering problem. a single logic niuimizatiou
step replaces O(.\'!) nuninnzations.

The input encoding problemn can be exactly solved using
multiple-valued Boolean ninimization. We preseut an exact
algonitlim for state assigmment by geueralizing our output
encoding approach to the multiple-valued input case.

Four-level Booleanu miuimization entails fiuding a cascaded
pair of two-level logic functions that implement another logic
function. such that the sum of the product terms in the
two cascaded fuuctions or truth-tables is minimum. Fouwr-
leve] Boolean nunimization can he formulated as an encoding
problem and solved exactly using our algorithms.

We present preliminary experimental results which indicate
that medium-sized problems can be solved exactly. Compu-
tationally eficient heuristic approaches based on the exact
algorithis are proposed for output encodiug. state assigu-
ment aud four-level Boolean minnnization.

1 Introduction

Encoding problems in switching theory include tie input encoding and
ontput encoding problems which involve the assignment of binary codes
to symibolic inputls and outputs so as to minimize a given cost function
(typically. the area of the resulting logic network). State assignment,
one of the oldest problen: in automata theory. is also an encoding

n. i we view the State Transition Table (STT) of » finite state
machine (FSM) as a truth-table with & symbolic input corresponding
to the present states and a symbolic output ing to the next
states. then state assignment can be seen as an input-output encod-
ing problein for the truth-table. This encoding problem has associated
constraints on the equality of codes thal are assigned (o the input and
output symbole (symbols that cotrespond to the same symbolic state in
the sequential machine). Depending on the targeted implementation,
the goal of the encodiug step. be it input or output encoding or state
assigimnent. varies.

Encoding problems are difficult because they typicaliy have (o model
a complicated optimization step that follows. For instance. if we
have symbolic truth-tables like those in Figure 1. whicli are to be
implemented in PLA form. one wishes to code the inpl. ... inp\
(outl, .., ouf M) so as to minimize the number of product terms (ot
the ares) of the resuiting PLA after two-level Boolean minimization.
A straightforward. exhaustive search technique to find a optimum en-
coding would require O(N!) ((O(M?')) eract two-level Boolean nuni-
mizations. Two-level Boolean minimization algorithins are very well
developed -- the programs ESPRESSO-EXACT [14] and Mc¢BOOLE
(4] minimize large functions exactly within reasonable amounts of CPU
time. However, the numberof required minimizations makes an exhaus
tive search approach to optimum encoding infeasible for anything but
the smallest problems.

10 inp1 1010 0001 outt
01 inp1 0110 00-0 out2
10 inp2 1010 0011 out2
-1 inp2 1011 0100 out3
1- inp3 0110 1000 out3
0- inp3 1001 1011 outd
- inpd 0010 1111 outs
- inp5 1101
(a (b)

Figure 1: Symbolic Covers

Early approaches to slate assignment (e.g. [1]. [9]. [7]. [19]) targeted
sum-of-products implementations of finite state maclhines. Heuristic
search methods attempted Lo produce a state encoding that mininzed
the number of product terms in the resulting truth-tabie or the nnuber
of gales in the resulting two-level network. More recently. nuilti-level
combinational logic implementations have been targeted l')) [20].

In[13). 1t “‘M:TIO\\‘II that the input encoding problem. when the objec.
tive is to minimize the number of product terns in the eventual PLA.
can be molved exactly by means of an exact muitiple-valued Boolean
mininuzation. A minimum cardinality cover equal to the cardinality of
a one-hot coded cover is obtained and the number of bitx required to
code the symbolic inputs can be minimized as a secondary objective.
The program KISS [13] approxiniates the state assignment algoritlin
ac one of inpul encoding and prochices FSMs impleimented as PLA<
whose product term cardinality i« no greater than that of a one-hot
coded FSM. However. since the next state space is completely ignoredl.
no guarantees as 1o the global optimality of the result for the original
state assignment problem can be made.

Optimum state assigniment reguires the optimum integration of inp
and outpul encoding slgorithms. Unfortunately. no exact methods for
output encoding (other than the trivial exhaustive search method) have
been proposed to date. Heuristic output encoding sirategies (e.g. [Il‘.’].

16]} have been proposed and used in conjunction with the approac in
13] to state assignment.

e problem of minimizing & cascaded chain of linked PLAs. multi-
level Boolean minimization. ie one of great theorelical and practical
interest, Several heuristic methods inv '::gdgrbuk and Boolean de-
comrooition techniques have been (e.g. [2). [8]. [6]). Aun ex-
act {actorization algorithm for single-output functiont was proposed in
{10} In J6]. the problem of decomporing a given two-level function into
8 cascaded pair of two-level funclions was posed as an encoding prol>




lem (similar 1o that of state assignment) and solved heuristically. The
methiod was inexact because the associated output encoding problem
could not be solved exactly.

In this paper. we present an exact algorithm for output encoding.
The algorithm finds an encoding that minimizes the number of product
terns in an optitnized PLA implementation. The algorithm consists of
the following steps:

1. Generation of generalized prime implicants (GPls) from the original
symbolic cover.

[

. Solution of a constrained covering problen tmvolving the selection
of a minimwn nuwber of GPls that for an encodeable cover.

‘3. Encoding of the symbolic outputs respecting the encoding con-
straints generated during Step 2.

4. Given the codes of the symbolic outputs and the selected GPls, a
PLA with product term cardinality equal to the number of GPIs
can be trivially constructed. This PLA represents an exact solution
to the encoding probiem.

Various techniques to generate GPls that are modifications to classical
prime implicant generation techniques can be used in Step 1. The cover-
ing problemn of Step 2 is more complex than the unate covering probiem
and hence classical covering algorithims cannot be directly used. Step
3 involves constrained encoding where the objective is to minimize the
number of encoding bits required to satisly the constraints. This step is
also NP.complete. However, our focus here is (o exactly minimize PLA
prociuct terin cardinality and heuristically minimize PLA area.

We have aiso developed an exact state assignment algorithm that
has essentially the same structure as the above procedure. In the state
assignment case. the present states are represenied as different values of
a single multiple-valued variable (as in [13]). The covering problem is
more complex than in the output encoding case and <o is tle constrained
enncodmg problen. We use the formulation of {6} 10 pose the problem
of four-level Boolean minimization as one of input-output encoding and
give an exact solution similar to our state assignment algorithm.

In Section 2. basic definitions and notations used are given. The
exact output encoding algorithin is described in Section 3. We give
theorems thal prove the correctness of the procedure. The procedure is
generalized for the problems of state assigninent and four-level Boolean
minimization in Sections 4 and 5. Pruning heuristics that can be used
in the exact solution of the different covering problems resulting in the
output encoding. state ascigninent and four-ievel Boolean minimization
cases are described in Section 6. Techniques for the creation of reduced
prime implicant tables are al<o described. Heuristics to mininnze the
number of encoding bits used are touched upon in Section 7. Output
encoding with a bound on the number of encoding bits is formulated as
a Boolean satisfiability problem. Preliminary experimental results are
presented in Section 8. output encoding can be handled.

2 Preliminaries

Let B = {0. 1}.)Y = {0. 1. 2}. A logic (Boolean, switching)
function ff in u input variables. x;. ;... r,. and m output variables.
1. Y2-. Y. 18 A function

ff:B" — YY"

wherer = {ry. ..r,] € B"istheinput andy = [y;. ..ym] € Y™ is
the output of ff. B" ic the Boolean n-space associated with the func-
tion [ f. Note that in addition to the usual values of 0 and 1. the outputs
¥ may also take the don’t care value 2 (or —). Such functions are
called incompletely specified logic functions. A completely spec-
ified funection f is a logic function taking values in {0, 1}™, i.e..
all the values of the imput map into 0 or | for all the components of
J. For each component of an incompletely specified logic function ff,
If. i = 1. .. m. one can define: the ON-get, X% C B", the set
of input values r such that ff,(r) = 1. the OFF-set, X;97F the set

of values such that ff,(r) = 0 and the don’t care set X,PC the set
of values auch that ffi(x) = 2. A logic function with m =1 is called a
;in;lg-output function. while m > 1. it is called a multiple-output
unction.

A cube in a Boolean n-space associated with a logic function, f,
can be specified by its vertices and by an index iudiuti:’; to which
components of f it belongs. An input cube ¢ is specified by a row
vector ¢ = fe). .. cof where each inpul variable takes on one of three
values 0. 1 or 2 (or =). A 2 in the cube it & don’t care input, which
meant that the input can take the values of eithier 0 or 1. For example.
the cube 002 is equal to the union of the cuber 001 and 000. A minterm
is a cube with only 0 and 1 entries. Cubes can also be classified based

0001 001 0001 10000
00-0 010 00-0 01000
0011 010 0011 01000
0100 O11 0100 00100
1000 011 1000 00100
1011 100 1011 00010
1111 101 1111 00001

(a) | (b)

Figure 2: Possible Encodings of the Symbolic Outpun

on the number of 2 entries in the cube. A cube with I entries o bite
whicls take tlie value 2 is called a k-cube. A minterm thus i« a U-cube.

A cube c; is said Lo cover {contain) another cube cj. if eacl entr
of ¢; i= equal o the corresponding entry of 3 or is equal to 2. ‘[ he
supercube of a st of cubes is the smaliest cube that covers eacli cube
in the set. A minterm m, is raid to dominate another minteri nr,
(written as 1n; D mg3) if for each bit position in the second minteri that
contains a 1. the corresponding bit position in the first ninterm alo
contains a 1. Minterm my is dominated by iy (written as my C 1y
The conjunction of two minterms is the bitwise OR (written as [ o1 U,
of the two minterms. The disjunction of two minterins is the bitw e
AND (written as N) of the two minterns.

A logic function may have multiple-valued or symbolic input vari.
ables and symbolic output variables as in Figure 1. A symbolic injun
or output variable takes on symbolic values.

A finite siate machine i< represented by i1« State Transition Graph
{STQ) or State Transition Table (STT). GV E. WV (£}) witere b e
the set of vertices correspoinding 10 the set of states S, where ||S1i = \|
is the cardinality of the set of states of the FSM. an edge (r,.r,) joms
v, to r, if there is a primary input that causes the FSM 10 exolve fiom
state v, to state r,, and W(E) is a sct of labels attached 10 each edp..
each label carrving the information of the value of the input that cansd
that transition and the valnes of the primary outputs cortesponding 1o
that transition. lu general. the W{E) labels are cube< or mimterc

3 Output Encoding

3.1 Introduction

The output encoding prablem entails finding binary codes for <vinbohe
outputs in a switching function as as to mininnze the ajea o1 an estinat,
of the area of the encoded and optinm‘zed logi function  Hepe, we an
concerned with two-level or PLA implenntaticas of logic .iid lence
the optinization step that follows encoding is one of two-level Boolean
minimization.

An arbitrary output encoding of the function shown in Figure 1(h). i~
shown in Figure 2(a). The encoded cover is now a multiple-out pnt logic
function. This function can be minimized using standard two-level logic
minimization algorithms. These aigorithins exploit the sharing betweey,
the different outpits so as 1o produce a mimimum cover. I ic pacy 1o sne
that an encoding such as the one in Figure 2(h). where each «yibolic
value corresponds to a separate output, can have no sharing hetweep
the outputs. Optimizing the function of Figure 2(b) woukl produce a
function with a number of product ternis equal to the total number of
product terins produced by disjoimtly mininuzing each of the ON-set< of
the symbolic valuer of Figure 1{h). This cardinality is typically far fron
the minimum cardinality achievable via an encoding that maximaliv
exploits sharing relationships. ’

3.2 Review of Previous Work

Some heuristic approaches to solving the output encoding probiem have
been taken in the past (e.g. [12]. [16]). The program CAPPUCINO [12]
sttempts to minimize the number of product terins in a PLA implemen-
tation and secondarily the number of encoding bits.

The algorithm in CAPPUCINO is based on exploiting dominance re-
lationships between the binary codes assigned to diflerent values of a
symbolic outpul. For instance. in the example of Figure 1(b). if the
;yimbol. l" outl s eﬁiven a bimlu'_\' r::de 110 which donunates 1he

nary cae 170 assigned (o ouf2. then the input cubes correspondin
tooufl -+ " Lsed as don’t carex for minimll)z‘in; the input cubes osf
out2. Usii:; edon’t cares can reduce the eardinality of tlie ON.ret of
the symbolic vahie onf2. In CAPPUICINO, dominance relationships he.
tween symbolic values that result in maximal reduction of the ON.seis




101 outt 1 101 001
100 out2 1 100 011
111 out3 1 111 111

(a) (b)

101 111 10- 011
100 011 11 101
111 101

() (d)

Figure 3: Dominance and Conjunctive Relationships

of the dominated symbolic values are heuristically constructed. Satis
fving these dominance relationships (which should not conflict) results
in some reduction of the overali cover cardinalits. Minimum cardinality
cannot be guaranteed because all possible donunance relations are not
explored. nor is an optimum set selected. A more basic shortcoming is
that dominance relations are not the only kind of relationships between
svimbolic values that ca:. be exploited. After a syimbolic cover has been
encoded. it represents a multiple-output logic function and minimizing
a multiple-outpul function entails exploiting other sharing relatiouships
than just dominance.

3.3 Conjunctive Relationships

Counsider the symbolic cover of Figure 3ta). The function has one sym-
Lolic cutput and one binary-valued output. Using dominance relation-
shipe alone in an encoding. it is not possible to reduce the size of any
of the ON-sets of the sy mbolic values. One such encoding is shown in
Figure 3(b). with ouf} given the binary code 00. ouf2 given 01 and ouf3
given 11. However. if we code ont1 with 11. our2? with 0] and ouf3 with
10 as in Figure 3(c). we obtain a reduction in cover cardinality after
minimization {Figure 3(d)). Note that in a dominance relationship. the
ON-set of the dommated sxmbolic value is reduced. However. in Figure
3(c) and 3(d). it is in fact the donnnating svmbolic value, oufl, whose
ON-.set cardinality has been reduced from 1 to 0. This is hecause of
the disjunctive relationship between the codes of ouf2. out3 and oufl.
out} = 0112 | out3 and hence the ON-set of out] can be reduced using
the ON-set of ou!2 and outd. Just aking out) donnnate out2 and outy
i« not enough. the code of ouf| has 10 be the conjanction (bitwise OR)
of the codes of ont? and out3. Exploiting these relationships is basic
to a multiple-output logic minimizer and hence an exact encoding algo-
rithin has to take into account these relationships in order to produce
a minimum cardinality cover after optimization. Conjunctive relations
may involve any number of svibolic values. For instance. the code of
a symbolic value may be the bitwise OR of thiee other symbolic value
codes.

Enumerating dominance or disjunctive relationships is very time.
consuming. Finding the reduction in cover cardinality that can be
accrued via an encoding satisfying each dominance or disjunctive rela-
tionship requires an exact logic minimization. Also. these relationships
interact in complex ways and their effects are not simply cumulative.
To solve the output encoding problem efficiently and exactly, we have
to modifs the prime implicant generation and covering strategies thal
are basic to two-level Boolean minimization.

3.4 An Exact Algorithm for Output Encoding

In this section. we present an exact algorithm for output encoding that
guarantees 8 minimum cardinality encoded cover. As described briefly
n Section 1. this algorithm is a four-step procedure. These stepe are
dexcribed in detail in the remainder of the section.

We are given a symbolic cover S with a single svmbolic output (see
Section 3.6 for generalization 1o the multiple symbolic output case). The
different symbolic values are denoted ry. ... va. The ON-pets of the v;
are denoted C;. Each C; is a set of D, minterms {m,,. .. m;p,}. Each
ninterm m;; bas & tag a8 1o what symbolic value’s ON-set it belongs
(0. Note that a minterin can only belong to a single symbolic value’s
ON-set. Minterns are comunonly called O-cubes.

3.4.1 Generation of Generalised Prime Implicants

The generation of generalized prime implicantz (GPls) proceeds as in
the well-known Quine-McCluskey (Q-M) procedure {11]. with some dif-

1101 (outt) 110- {out?, out2)
::&‘) :“g 1100 (out2) 1141 (outt, out3)
iy oz 1111 (ou3) 000- (outd)
0000 (outa)
0000 outa 0001 (outd)
0001 outd
(a) (b)

Figure 4: Generation of Generalized Prime lmplicanis

ferences.

I-cubes are constructed by merging all pairs of mergeable O-cubes. If
iwo O-cubes with the same tag. (1, ). are merged then the l-cube hias e
same Lag (r;). On the other hand. if a O-cube of tag (¢, ) is merged with
8 O-cube with tag (v;). the resultant l-cube has a tag (¢,. rj). The rule
for canceling O-cubes covered by I-cubes is also different from the Q-
method. A U-cube can be canceled by a l-cube if and only if their tage
are identical. A l-cube 11— with tag (r;. r3) cannot cancel a O-cube
110 with (ag (vy).

The above can be generalized 1o the k-cube case.

1. When two k-cubes merge 1o form a b+ l-cube. the tag of the &+ |-
cube is the wnion of the two k-cube tags.

2. A k4 l-cube can cancel a b-cube only if the & + I-cube covers the
k-cube and they have identical Lags.

A cube with a tag that contains all the symbolic values (ry. ... 1y}
can be discarded and is not & GPI. Threr ~rhee are not required i1 a
minimum solution (Theorem 3.3). The generation of generalized prinic
implicants for the symbalic cover of Figure 3(a) is shown in Figure 4.
We have 6 GPls with associated tags.

3.4.2 Selecting a Minimum Encodeable Cover

Given all the GPls. we have to scleet a minimum subset of GPls such
that they cover all the minters and formi an encodeable cover. Howe dnl
not have the additional restiiction of encodeabilits for a selected suliet
of GPls. then the output encoding problem would be equinalent to 1w o-
level Boolean minimization. Vhe selection is carried out by cohiig »
covering problemn (Section 6 deals with the covering problemi. Iu the
sequel. we describe what an encodeable corer means.

Consider a minteri. nr. in the original symbolic cover S, Let the
minterm belong (o the ON-set of r,,,. Obviousls. in any encoded cover
the minterm m has 10 assert (he code given 1o t,,. namely ¢( v, ).
Let the selected subset of GPls be py. ... pi:. Let the GPls that cove
m in this selected subset be py, . o puoar. For functionality 1o be
maintained. the following relation has to be satisfied. for all minferms

meS.
A
U n'("lv.,,..j) = e¢(ry,) VY N
=1 ]

where the ¢, represent the evmbolic valuer that are in the tag of
the GPl p,,;. In Figure 5. we have a selection of GPls for the symbolic
cover of Figure 4(a) (whore GPls are enumerated in Figure 4(b)). W\e
have selected the GPls 110—. 1! — 1 and 000- from Figure 4(b) in
Figure 5(a}. The constrainis corresponding 1o Eqn. 1 for each minterm
are given in Figure 5(b). The minterm 1101 is covered by both selected
GPls. one of which has a tag (oufl. out2} and the other has a tag
(oufl, outd). Therefore. Eqn. 1 specifies

e(oull) N e(out?) U cfoull) N e(ouwtd}) = e(oufl)

for the minterm 1101 and other constraints for the rentaining minternis.
If & minterm is covered by & GPI with the same tag as the minterm.
then the constraint specified by the minterm via Equ. 1 is an identity.
Eqn. 1 gives a set of constraints on the codes of the symbolic values.
given a selection of GPls. If an encoding can be found that satisfies all
these coustraints. then the seleciion of GPls is eucodeable. Howeves.
o selection of GPls may have an essociated set of constraints that are
mutoally conflicting. In Secticqn 7. we show how Lhe encodeability check
for & set of GPls. giva" = “ound on the number of encoding bits that
can be used. can be formulated as a Boolean satishiability problem.




1101 s{out1) M e(ou2) Ll e(outt) 1 e(outd) = e(out1)
1100 e{out]) M e(out2) = s(out2)

110- (o1, out2) 1111 o(outt) M e{out3) = e{out3)
11-1 (out1, out3) 0000 e{outd) = s{out4)
000- (outd) 0001 e(outd) = B{outd)

(O] ()

Figure 5: Eucodeability of Selected GPls

3.4.3 Dominance and Conjunctive Relationships to Satisfy
Constraints

The constraints specified by Eqn. 1 can be satisfied by means of dom-
inance and disjunctive relations between symbolic values. Continuing
with our example. to satisfy

clouti) N e(out2) |J etoutl) N c(outd) = eloutl)

one has three alternatives:
1. c{out?) O cloutl)
2. eloutd) D efoull)
3. efoutl} C efoul2) | efould:

Given an arbitrary constraint. a set of dominance and disjunctive rela-
tionships can be derived such that satisfving any single relation satis-
fies the constraint. Dominance and dicjunctive relationships may con-
flict acroc< a set of constraints. For inctance. one cannot satisfy both
eloutl) O elout?) and e{out?) O «(outl). This represents a cycle
in the dominance graph. Also. if one picks the equality in choice (3)
above. then we require e(oufl) D e{oul2) and e{oull) D €(outd). In
that case. one cannot satisfy botli (1) and (3) witl the same encoding.

Given a selection of GPl<. we derive a set of constraints via Eqn. !
and construct a graph where each node represents a symbolic value. Di-
rected edges in the graph represent donnnance relations and undirected
edgres enclosed by ares represent disiunciive relations. Bach direcired
edge and arc has a label. corresponding 1o the minterm that produces
the constraint represenied by the edge or arc. The graph corresponding
10 the selected GPls of Figure 5 is shown in Figure 6(aj. A directed edge
from out] to out? implies the code of out] should dominate the code of
ont?2. The dotted arc around the two undirected edges emanating from
outl implie< that the code of oufl <hould he equal to or be dominated
by the conjunction (bitwise OR) of the codes of its fanout symbolic val-
ues. in this case, onf? and ou!3. That is. e{onfl) C e{out2) | e{outd).
ouf] is calied the parent in the dicjunctive are and ouf2 and out3. the
siblings in the disjunctive arc. The disjunctive arc specifies equality or
dominance, however. due to other relationshipe equality may be specif-
icaliy required. In the case of disjunctive dominance the edges will be
undirected. in the case of disjunctive eyuality the edges will directed
towards the siblings to indicate that the parent dominates the siblings.

The graph corresponding (o a selection of GPls is encodeable and
logic functionality is mamtained. if two condiiions are met. One selects
either an edge or an arc of each label. In the case of selecting an
arc. all dominance edges covered by the arc (implied by the disjunctive
relationship) are also selected. For some selection.

1. There should be no directed cycles in the graph.

2. The siblings in any disjunctive arc should not have directed paths
between each other.

3. No two disjunctive equality arcs can have exactly the same siblings
and different parents.

4. The parent of a dirjunctive dominance (equality) arc should not
dominate (any symbolic value/node that donminates) all the siblings
in the arc.

The graph of Figure 6(b). derived from the graph of Figure 6(a),
sat isﬁn‘:hﬁr properties and hence the selection of GPls is valid. Thl)s
implies that we can find an encoding such that the optimized cover has
2 product terms.
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Figure 6: Encodeability Graphs
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Fignre 70 Constructing the Optimized Cover
Given a constraint specified by Equ. | of the form
anbne U anNdne U anNfNg = u [

we liave 1more complex choices than the equation in our exampie |
sahicfy 6 b = o, for mstance. we need 10 catisly hotl b 2 an
¢ Da. Tins metely corresponeds 1o a pair of direcied edgec that have 1
be selected simultaneously. Further. one can satisfhy o Nbne Y on
daf = abyratisfyvingbne | Jdnf D . Thic corresponels 1o
a disjunctive relationship with nested conjunctive terms. The siblings<
here are conjunctive nodes L N c and N f. These conjunctive nodec
are dominated by b. ¢ and o, [ respectively. Conditions 2-4 <houlil
be satisfied for arcs whose siblings are conjunctive nodes as well. [ he
symbolic values whose disjunction forms the comjunctive node are called
the ancestors of the node. ‘I'he ancestors dominate the conjunctive
node. Also. if all the ancestors dominate a particular symbolic value,
then the conjunctive node also dominates that value. For instance, if
we have all the ancestors of & conjunctive node dominating the paren
of a disjunctive arc that the node i< a sibling of. then we fnme acxcle
in the graph rendering it unencodeable.

3.4.4 Constructing the Optimised Cover

I a selection of GPls has been made that covers all minterms and ic
encodeable. then an encoding can be trivially found that satisfies 1he
constraints (see Theorem 3.4). We can now construct an encoded and
optimized cover. The cover will contain the selected GPls. For each
GP1. the output combination in the cover is found using the tag cot-
responding to the GPl. Tihe codes corresponding to all the symbolic
values in the tag of the GPI are intersected (bitwine ANDed) 10 pro-
duce the outpul part. Continuing with our example. the GPlx selected
and the tags for the GPls are shown in Figure 7(a). There GPIlx have
sn associated graph that is encodeable and an encoding satisfying the
constraints is given in Figure 7(b). Note that the ing has to ral-
isfy disjunctive equivalence ¢(oufl) = e¢(ouf2) | ¢(ou’3). rather than
disjunctive dominance e(owfl) C e(ouf2) | ¢(ouf3). This is because of
the dominance relationshipe c{ouf1) D ¢(on?2) and c(ovf1) D e(ouf3).
We have constructed the optimised cover with the GPls by internect-
ing the codes of symbolic values in the tags of each GPl 1o obtain the
output part (Figure 7(c)).




3.5 Correctness of Procedure

Proposition 3.1 The scleetion of a mavvmum cardimality encodeable
cover from the GPls represents an cract salulion to the oulpul encoding
problem.

1u the remainder of this section. we will justify Proposition 3.1. First,
we show that logic functionality is retained.

Lemma 3.2 Satisfying Eqn. 1 and construcling the oulpuf parf as in
Section 3.4.4 retams logie functionahity.

Proof: \e construct the output part of a GPJ by intersecting all the
codes of the symmbolic values contained in its tag. That is precisely the
intersection term in Egn. 1. The output of a munterm in a PLA is the
OR of all the outputs asserted by the cubes that cover the minterm.
This corresponds to the union (OR) in Eqn. 1. Thus. satisfying Egn.
1 implies that each mintern: asserts the same outpul combination as it
would have in the original encoded but unoptimized cover. Q.E.D.

Next. we show that the canceled k-cubes during GPI generation are
1ot necessary in a minimun: solution.

Theorem 3.3 A minimum cardinality encodeable solution can be made
wp entirely of GPIs.

Proof: Assume that we have a minimum cardinality solution with a
cube ¢ that is not a GPj. Let the tag of ¢; be T. We know a GPI
p1 exists such that py D ¢p and such that the tag of p; is T. Re-
placing ¢; with p; will not chauge the cardinality of the cover. The
minterms correspoiding to p; — ¢, will be covered by an extra GPI p,;
and therefore Eqn. 1 for those minterms will be different. However,
the extra tag in the equation merely represents an extra option in the
graph corresponding to the encodeability. Since the original graph was
encodeable, adding edges witl the same lahel as the Jabele of edges
originaliy contaimed in (he graph will not change the encodeability.

We have also diccarded cubes with tags that contain all the symbolic
values. If such a cube exists in a mininnnmy encoded cover. it asserts
the output combination given by the intersection of the codes of all
the svinbolic values. If this intersection is null (all 0s). then the cube
can be discarded to obtain a smaller cover. Il the mtersection is nol
null and the cube as<eris some outputs. then it means that for the bit<
corre<poiding 1o these output<. all the codes of the sy mbolic values have
a 1. We can reduce the codec of the all the valnes and still maintain
their identities Iy discarding the<e ontputc. Thesi. the cube asseris a
null entput combination and can be diccarded. Thus. the cube is not
recuiited 1 a Minumum cover.

Hence. we have a minimunm cardinality encodeable selection can be
wade up entigely of GPls. Q.E.D.

Thue 1f one selecic a mimimuim set of (GPIs that cover all minterms
and hiave an associated <et of conetramts by Equ. 1 that is encodeable.
we are guaranteed a minimum solution to the encoding problem. It
reinains 1o prove that the conditions to the satisfied by the graph for
encodeability are necessary and suflicient conditions. The proof of the
following theoreim has heen omitted for the sake of brevity.

Theorem 3.4 Condifrons |- stated 1n Scction 3.4.3 are necessary and
siflicient for the graph to be (ncadeable.

3.6 Multiple Symbolic Outputs

The procedure outlined can be generalized Lo the case where we have
multiple svinbolic outputs. Each minterm initially has a number of
tags equal to the number of symbohc outputs. Each tag corresponds
to the symbolic value whose ON-set the minterm belongs Lo, for each
symbolic output. Minterin pairs are merged and the operations on the
tags are performed exactly the same as before. A k + l-cube cancels a
k-cube only if all of its Lags are identical to the corresponding tags of the
k-cube. Cubes with tags such that ali corresponding lym%olic values
are contained in the tag can be discarded. Thus. the GPls can be
enerated. We have separate graphs representing encoding coustraints
For each symbolic output. Given a selection of GPls, these graphs can
be constructed and checked for encodeability as before. All the graphs
have to be encodeable for a selection of GPls to be valid.
The generalization to functions with both symbolic and binary-valued
outputs is described in Section 4.2.

3.7 The Issue of the All Zeros Code

If a code of all zeros is given Lo a symbolic value, then it is possible that
one or more GPls can be dropped in a PLA implementation. from an
otherwise minimum cover. This is because in a PLA implementation,
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Figure & State Transition Table of Finite State Machine
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Figure 9: NMultiple-Valued Functions

one is ouly concerned with the ON-sets. The procedure presented hac
not taken this {act into account.

A solution is to perform N 4 | minimizations whete N is the puihne
of symbolic values. One nununization is as before. In the other \
mininnizations. we drop all the minterims in the ON-set of each of the
N symbolic values, one value’s ON-sel a1 a time. We select the hest
solution out of the A+ | minimizations. The reason we have 1o perforin
the firet minimization without dropping any of the minterms e i
the all zeros code cannot appear in disjunciive relations, since 1. is
dominated by all other codes. Hence. constraining onesell 10 use a code
of all zeros may result in a suh-optimal sohution.

We can prove the following theorem which gives conditions where
multiple mininnzations are not required.

Theorem 3.5 (rren a crorer wilth one o0 mere symihedre autpute anid
bivary-valncd cutpats of all navterms w the cora belona fo tic O\
of at lcast onc binarvy-valucd output. then there can b wo adrantage 10
using an all :cros code,

Proof: The only advantage in using an all zeros code is that minterne
may be dropped by putting them mto OFF-set<. We can alwave sat.
isfy reguired dominance amf/or dicjunctive relationshipe via codes ot et
than the all zeros code. In the case of & cover with the property hen-
tioned above. we caunot drop any of the minterms. Hence. we can
obtain a minimum cardinality solution without using (he all zeros code.

Q.E.D.

4 State Assignment
4.1 Introduction

The atate assigniment problem is an input-out put encoding problem witlh
equality.constraints on the symbolie mpis and outputs. ln Figure 8. a
State Transition Table (STT) of a finite state machine (FSN ) is show .
The present states (2nd colunn) can be viewed as a syimbolic input aud
the next states (3rd column} can be viewed as a symbolic output.

An input encoding probiem in isolation can be solved by representing
the symbolic input as a multiple-valued variable ‘[13]. where each die
tinct svmbolic value represents a distinct value of the mubtiple-salund
variabie. Exact minimization of the resulting muitiple-valued funciion
produces & minimum cardinality multiple-valued cover. The symbolic
cover of Figure 1(8) lins been represented as a multiple-valued function
in Figure %(a). The symbolic value inpl is the value 10000, inp? s
01000 and so on. Minimizing the function produces the result of Figure
®(b). The merged input im‘glia.nu in the minimised mulitiple-valued
cover r:rmt constrainis that the binary codes assigned Lo the sy
bolic values have to satisfy. in order (o produce an encoded binary cover
with the same cardinality s the minimised multiple-valued cover. Any
set of Lthese inpal conatrainta can alwaye be satisfied by some encoding.

A symbolic value ix contained in a multiple-valued implicant if the
position corresponding to the symbolic value has a | in the implicant.
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Figure 10: Generation of GPls in State Assignment

For instance. the svmbolic values inpi and mp? are contained in the
implicant 11000. The constraint specified is that the szpercabde of the
coddes of all the symbolic values contained in the implicant should not
intersect any of the codes given to the symbolic values not in the impli-
canl. In our example. it means that the simallest cube covering the codes
assigned to inpl and inp?2 should not intersect the codes of inp3. inp4
and inp5. Each distinct multiple-valued implicant specifies a distinct
constraint on the codes that can be assigned to the symbolic values. A<
mentioned previously. an encoding satisfving the constraints specified
by any =et of maltiple.valued implicantis can always be coustructed.

To solve the state assignment problenn exactly. one can treat the
present stale space as a multiple-valued variable and solve the resulting
ontput encoding problem exactly. Modifications that are required to
the strategy presented in Section 3 will be described in the remainder
of this section.

4.2 Generation of Generalized Prime Implicants

We now have a function with multiple binary-valued inputs. a single
multiple-valued input. one symbolic output and multiple binary-valued
outpuis, that is to be encoded. Each minterm has a tag corresponding to
the symbolic next state whose ON-set it helongs to. Each nunterm also
has a tag that corresponds to all the outpute asserted by the minterm.

Two minterms or O-cubes can merge 1o forn: a l-cube. Merging may
occur between minterms with the same binary-valued part and different
multiple-valued parts or uni-distant binary-vaiued parts and the same
muluple-valued part. The next state tag of the 1-cube is the union of
the next state tags of the two minterms. As in the Q-M method. the
binary-valued output tag of the I-cube will contam oniyv the outputs
that both minterms asserted. A l-cube can cancel a 0-cube if and only
if their next state and binary-valued ontpul tags are identical and their
mulitiple-valued parts are identical. "Thus. a I-cube 1 011 (where tle
second term is & multiple-valued implicant) cannot cancel 1 001 even
if their next state and outputl tags are identical. This is because the
merging of the multiple-valued part represents an input constraint as
described in Section 4.1. One excepiion is when the multiple-valued
input part of the l-cube contains all the symbolic states ~ in this case
the implicant represents an input constraint that is satisfied by any
encoding.

Generalizing to k-cubes. we have:

1. A k + l-cube formed from two k-cubes has a next state tag that
is the union of the two k-cubes’ next state tags and an output tag
that is the intersection of the outputs in the k-cubes’ output tags.

2. A k<4 l<cube can cancel a k.cube only if their multiple.valued input
paris are identical or if the multipie-valued input part of the k + i-
cube contains all the evmbolic states. In addition, the pext state
and output tags have to be identical.

A cube with a next state tag containing all the symbolic states and
with a null outpul tag can be discarded. The generation of GPls for
vhe FSM of Figure 8 is depicted in Figure 10. 13 GPls are eventually
produced

4.3 Selecting a Minimum Encodeable Cover

Given all the GPls. we select a minimum encodeable set that covers all
minterns by solving a covering problem (Section 6). ss before. However,
the definition of encodeability is different due to the complication of
baving the input constraints.

An mput constraint may conflict with dominance or disjunctive rela-
tions. Therefore. when we pick a set of GPls. we need Lo check that the
input constraints. given by the merging of the multiple-valued imph-
cants, as well as the relations given by E‘,qn. 1 are compatible. In [12].
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Figure 11: Logic Decompasition

the question of compaltibility between input constraints and dominance
relationships was posed and a theorem stating necessary and sufficient
conditions for compatibility was gi\'en. Here, we have a more complex
case of possibly mutually conflicting inprut. dorninance and disjunciive
relations. The proof of the following theorem has been omitied for the
sake of brevity.

Theorem 4.1 Gircn a scf of dominance and disjunctive relations rop-
rescnied by a graph and a st of mpul relations. a weeessary and sufl-
erent sl of conditions for the cristence of an cncoding satisfyrng all the
relafions ave:

1. Conditions 1-4 of Theorcm 3.4 are satisficd.

2. For auy statc tuple s}, 82 and §3 such that s1 D 2 and s2 O <3.
no suput velation should crist such that the position corresponding
fo sl and <3 has a | aud the position carmsponding tn s2 ha< o
0. This should hold cien if s1 D s2 1s a disjunctive domnanee
relation. with sl representing a disjunction of two or more sfafes,

3. No mnput velation shonld crist where all the siblings of a disjunct .
cquality ave have a 1 and the pavent 0. In the casc of the siblings
berng conjunchire nodes, wa impuf velafion showld crist where all ti
ancestors of cach compunetiee siblimg have a 1 aud the parent 0.

We have formulated the encodeability check for a set of GPIs. given
a bound on the nuiber of encodiug bits that can be used. as a Boolean
satisfiability probiem. This formulation is given in Section 7.

4.4 Constructing an Optimized Cover

Once the GPls have been selected and an encoding satisfving all re-
lations is found. it a simple matter to construct the optimized cover.
The outpul tag of each GPI gives the ouiputs asserted by the GPY.
Intersecting the binary codes of all siates in the next state tag gnes
the next state part (in binary form). The multiple-valued inpmt pan
of a GPI is replaced by the supercube of the codes of all staies in the
multiple-valued implicant.

Arguments very similar to those of Section 3.5 ean be used to show
that the procedure described in this mection does indeed result in a
minimum solution to the state assignment problem.

5 Four-Level Boolean Minimization
5.1 Introduction

The problem of multi-level Boolean minimization aims at finding an op-
timum representation of a logic function as a cascade of two-level logic
functions. The objective is to minimize the area of the eventual imple-
mentation. The m we address is the following:
Given a two-level function. find an oplinum decomposition of the func-
tion into two Lwo-level functions such that the inputs Lo the first funciion
are the original primary inputs, the inputs to the second function are
outputs of the first. function and the oulputs of the second function are
the original primary outputs. An oplimnm representation is definet a
representation where a function of the number of product terms in the
two-level functions is minimized.

Example decompositions are shown in Figure 11. Several points are
worthy of note.




1. We consider that all the primary inputs (Pls) or a selected subsel
of Pls feed into the first function and all the primary outputs are
asseried by the second function. However. in an optimum decous-
position. an output of the first function may. in fact. be a direct
connection to a primary input and be used in the second {unction.
as shown in Figure 11(h). Similarly. a primary output may, in fact.
be asseried by the first function and pass unchauged through the
second function.

2. A subset of primary inputs may be initially specified for a deconi-
position as shown m Figure 11(c). This is the more general case
of decomposition. Note that. even in this case. some wlerinediate
lines (ILs) may. in reality. be Pls or POs

3. The cost function that is optimized should ideally be the area of
the decomposed functions. i.e. a {uuction of the number of Pls.
POs. ILs and product terms in each function or PLA. Since. we
cannot easily estimate the number of 1Ls beforehand (it involves
an encoding step). the cost function used here is a linear weighted
sum of the number of product terms in the two PLAs (the cost
function may be non-linear if required).

This problem was first addressed in [17]. o [6]. & decomposition
heuristic based on multiple-valued mininnzation was proposed. Given
a two-level cover and a subset of selected inputs. the algorithm in (6}
performs the following steps:

1. The two-level cover is made disjoint in the selected subset of inputs.
This identifies a set of disjoint input combinations for the selected
subset. The combinations may be cubes or minterms.

w

. A PLA with the input combinations represented as values of a
symbolic input and asserting the original outputs is constructed.
This PLA is calied the driven PLA.

3. A driving PLA with the oniginal mput combinations producing a
svinbolic output is constructed. The symbolic values asserted by
the symbaolic output of the driving PLA and the symbolic values
taken by the symbolic input of the driven PLA have a one-to-one
correspondeice.

4. The driving and driven PLA forin a cascade. We have now an
input-outpul encoding problem. Tlie problem is approximated as
an input encoding problem for the driven PLA and solved using
muitiple-valued nunimization.

This algorithm is heurictic becauce the size of the driving PLA i< not
taken into account — the output encodiug problem for the driving I'LA
is completely ignored.

In the next section. we describe Liow the state assighment algorithin
described in Section 5 can be modihed 10 the four-ievel Boolean mini-
mization case. .

5.2 Modifications

There are two important dillerences hetweei the four-level Boolean miu-
imization problem addressed liere and the state assigniment problem.
Firstly. in the Boolean minimization problen. we have two distinet cov-
ers rather than a single one. Our goal is to minimize a linear weighted
sum of the 1wo cover cardinalities. The second difference is more subtle.
The combinations corresponding 1o the selected inputs become values
of a symbolic input to the driven PLA which are to be re-encoded. If
one symbolic valne alwavs asseris tire saine primary output as another
values (for the different unselected input combinations). these two val-
uet can have the same code in the driving or driven PLAs. Constraining
them to have the same code or constraming them to be different may
result in a sub-optimal solution to the output encoding problem and
therefore for the Boolean minimization problem. We have o use this
extra degree of freedom in an optimum way.

The generation of generalized prime implicants (GPls) is separate {or
the two covers. For the driving PLA with the symbolic output, GPls
are generated as described in Section 3.4.1. The svmmbolic input in the
driven PLA is replaced by & multiple-vaiued variable. The generation
of GPls is similar Lo the state sssignment case — a k + l-cube cancels a
k-cube only if the multiple-valued input parts and the output tags are
identical (the binary-valued input parts will differ).

We thus have two sets of GPls and we have to select a subset from
each of the two sets such that the subsets cover all the minterms in each
cover snd together form an encodeable cover. Like in the state assign-
ment case. we have equality constraints between the symbolic values
representing the same selected input combination. The compatibility
between the input relations given by the selected subset of GPls for the
driven PLA and the output relations given by the selected subset of
GPIs for the driving PLA it determined via the conditions of Theorem

0001 outt 0001 11110
00-0 out2 000 11101
0011 out2 0011 11101
0100 out3 0100 11011
1000 out3 1000 11011
1011 outd 1011 10111
1111 outs 1111 01114

(a) ®)
Figure 12: Transformation for Output Encoding

4.1. A difference is that some symbolic values may be allowed to have
the same code and hence Conditions 1-4 of Theorem 3.4 may be relaxed
for these values. For example. cvcles are permitted within these values
alone and these values can be parents of a disjunctive arcs with exactl)
the same sets of siblings.

The covering probiem to be solved in the output e
signment and %o
next seclion.

 in Lhe ing. stete as-
ur-level Boolean minimization cases is described in the

6 Solving the Covering Problem
6.1 Introduction

The classical covering problem of two-level Boolean minimization in-
vohes finding a mininm set of prime implicants {Pls) that form a
cover for a logic function. llere. we have the additional restriction on
the selected generalized pritne implicants (GPls) — they have to form an
encodeable cover. The definition of encodeability varies for the output
encoding. stale assignment and four-level Boolean minimization case<.
However. the covering algorithm need only be concerned with a black
box that deterinines encodeability of the selected set of GPls and a feun
other properties of the constraint graph associated with the selectied
GPls (Section 6.4).

In Section 6.2 we first describe how various techniques for generating
the prime tmplicant< of binary-valued output functions can be used 1o
generate all the GPls for functione with symbolic outputs. In Section
G.3. we review sirategies for solving the classical covering problem and
i Section 6.4 we describhe our approach 1o solving the covering problen:
with associated encodeability counstraints.

6.2 Reduced Prime Implicant Table Generation

Many techniques for determining all the Pls of single and multiple-
output logic functions have been published in the past [11) [18}. An
algorithm based on tite recursive decomposition of a function foflowed
by a pairwise consensus operation lias been reported {3] and has been
improved upon in the program McBOOLE [41 Other techniques have
been reported in [14]. These techniques not ouly efficiently generate Pls
without duplication of eflort but aiso create a redweed prime implicaut
table. In the prime implicant wabie of the Q-M algorithm, each coluinn
in the table corresponds to a minterm of the function and each row to
a PL in a reduced prime implicant table. each column corresponds to a
collection of minterms (i.c. a Iarger subspace), all of which are covered
by the same set of Pis. Thus. using the algorithme of [14) for example.
rather shan the Q-M method leads to & more efficient creation of the
prime implicant table.

We cannot directly use these techniques on funciione with symbolic
outputs to generate all GPls. The canceliug rule for GPls is not the
sae as the canceling rule for Pls. However, we can transform a func-
tion with a symbolic output iuto a function with multiple binary-valued
outputs such that the Pls for this new multiple-output function have a
one-to-one correspondence with the GPls of the original function. This
is illustrated in Fisun 12. The function with & 'ylt'iolk output of Fig-
ure 1(b) has been duplicated in Figure 12(a). Each symbolic value is re.
placed by an output combination to produce the binary-valwed multiple-
output. function of Figure 12(b). Af outpats are required if Lhere are A/
symbolic values. A symbolic value bas an output combination of all 1s
and oue 0 in a unique identil'_vin; position. oulputs perform the
same function as the output tag in GPl generation (Section 4.1).

Lemma 6.1 The Pls of the function oblained vie the transformation
deacribed are the GPls of the original fanclion with the symbolic oulpal.
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Figure 13: Transformation for State Assignment

Proof: The set of outputs asserted by any cube in the new function is
the set of svmbolic values not in the tag of the corresponding cube in
the original function. While generating the Pls for the binary-valued
multiple-output function. a cube. ¢;. cancels another cube, ¢;. only if
¢; covers ¢; And the outputs asserted by ¢; are the sanre as the outputs
asserted by ¢z. This implies that the set of evmmbolic values in the Lns of
the two corresponding cubes in the original function are identical and ¢,
would have canceled ¢, there as well. Finally. cubes in the binary-valued
function formed with a null output combination are discarded. This
corresponds 10 discarding cubes with tags containing all the aymboll:i)c
values. . .

Thus. via this transformation we can make use of the classical tech-
niques for prime implicant generation. In the state assigniment case,
we have a symbolic or multiple-valued input variable. We aiso have
the restriction during GP] generation that the multiple-valued part of
a b + I-cube that cancels a k-cube has to be identical. This does ot
apph 10 PJ generation in multiple-valued input. binary-valued output
functions [15) We thu< bave a more comples transformation in the case
of a function with a symbolic input and output. This transformaticn i<
illustrated in Figure 13. in Figure 13(a). we have duplicated the State
Transition Table (STT) of Figure 8. The new function of Figure 13(1h)
has three sets of binars-valued outputs. The first set corresponds to the
original biary-valued outputs in the STT. The second set corresponcs
to (he next states. Given N states. we have Ng binary-valued oulpute
in this set. This set petforine the function of the next state tag in GI'l
generation (Section 4.2). The third and last set of outputs incorporates
the restriction of the equality of the multiple-valued input parts for cube
cancellation. This set of N¢ outpute corresponds 10 the present state
space. It i constructed like the second set — each state has a unique
Nc-bit code with V(=1 ls and one 0.

The argument that generariug the Pl for this translormed function
is equinalent 1o generating the GPls for the original function follows in
a similar way to the proofl of Lemma 6.1.

I the four-ley el Boolean minimization case, we generate the GPls for
the driving PLA by transforming it as in Figure 12. The driven PLA
has a svmbolic input and binary-valued outputs. We append a set of
outputs corresponding to the symbolic input like the present state set
{in Lhe state assigininent case) and generate the Pls for the transformed
function.

Onee the GiPls have been generated, the additional outputs are dis-
carded. since we have to solve a different covering problem from the
standard covering problem. The next state tags and/or output tags
for each GP1 are consiructed by finding all the symbolic values whose
ON.sets intersect the GPl.

6.3 The Classical Covering Problem

The standard branch-and-bound solution to the mininum cover prob-
lem involves 1he following ateps (rows correspond to Pls and columus
to collections of niinterms):

1. Remove colunms that contain other columns and remove rows
which are contained by other rows. Detect essential rows (a col-
unmn with a single 1 identifies an essential row) and add these to the
selected set. Repeat until no new essential elements are detected.

2. If the site of the selected set exceeds the best solution thus far,
return from this level of recursion. If there are no elements left to
be rof:fnd, declare the selected set as the best solution recorded
thus far.

3. Heuristically select a branching row.

4. Add this row to the selected set and recur for the sub-table resulting
from deleting the row and all columns that are covered by this
row. Then. recur for 1he sub-1abie resulting from deleting this row
without adding if to the selected set.

It [14]. & lower bounding technique based on a maximal independent
set heuristic was proposed. In Step 2. a maximal set of colmmme. ali
of which are pairwise disjoint is found using a straightforward. greed:
algorithm (Finding & marimuw independent sef ol columns is itseif NP.
complete). Because each colunm must be covered and all the colummne
in the maximal independent set ghare no row in common. the size of
the maxinial independent set is a lower bound on the number of rou-
required to complete the cover. Al Siep 2. the recursion can be houndedd
if the size of the selected set at Step 2 plus the size of the maxunal
independent sel equals or exceeds the best solution known.

6.4 Covering with Encodeability Constraints

The algorithm we use is a modification of the algoritliun described i1
the previous section. The modifications are described in the sequel.

In Step 1. 8 row (GPI) is deemied 1o contain another row (GP1) only
if the tn?s of the two GPls are identical or the tag of the first GPJica
subsel of the tag of the second (This may happen lower in the recursion
after some columns have been deleted). The lower bounding criterion
8t Step 3 uses the size of Lhe maximal independent set of columns. Tin<
bound is loorer than in standard covering hecause even if a cover can
be constructed with a number of elements equal to the lower hound. 1t
may not be encodeable.

Once the selected set covers all elements. we perform an encodeabiins
check. I the cover is encodeable. we declare the solution as the best
recorded until then. If not. we perforin another branch-and-hound ste:
to find the mimimam number of GPis (rows) which when added 10 1)
selected sel renders it encodeable. The GPls during this branch-and-
bound step are selected fromt the current sub-table in the recursion
This branch-and-bound rtep is now described.

1. ¥ the selected set i< encadeable. then declare the celectied <ot ac tin
hest encodeable sotution thus far. If not. check if 1he «ize o 110
selected set plus a Jower bound on the required number of rowe to
produce an encadeable set equals or exceeds the best encodeahl
solutioit obtaimed thus far. if ro. return from this level of recur<ion.

2. Heuristically select a branching row.

3. Add thic ron 1o 1he selected sel and recur for the sub-table resiling
from deleting this row. ‘Lhen. recur on deleting the 1ov withom
adding it to the current set.

We are no longer concerned with covering the minteriue m thee hiaele
and-bound step. since afl minferms fiave alieady been covered W
estimate the lower bhound on the nunber of GIls required 1o rendes
the graph encodeable by finding the number of drsjomt violations of
the encodeability conditions of Theorem 3.4 and Theorem 4.1, In the
sequel. we elaborate on disjoint violations.

I there are two cycles in the graph such that the edge< in excle |
have different labels from all the edges in cxcle 2 and no unselected GPI
exists that contains both inters corresponding to the labels of am
pair of edges. then (wo GPls are required Lo break both cycles. Tle<e
two cyeles are disjoint cyeles. Similarfy. assumie we hiave two instances
of directed paths beiween siblings of a disjunctive arc. 1l the two set<
of edges in the two pathis have disjoint sets of labele and 1o nnsejected
GPI exisis that covers the pair of minteris corresponding 1o any pan
of edges in the two paths, then two GPls are required to remove the
two violations. We can have disjoint violations of Conditions 3 and 4 of
Theorem 3.4 as well.

Disjoint violations of Condition 2 of Theorem 4.) would have 2 state.
tuples with dominance edge pairs that have different pairs of fabelc
with the same GPI restriction as the restriction above. Similarls. one
can have disjoint violations of Coudition 3 of Theorem 4.1. ’

The heuristic selection of a GPl to add Lo the selected set at Step
is performed by selecting a GPJ that covers a large mumber of minterne
corresponding to the labels of edges that are involved in violations of
the encodeability conditions.

7 Constrained Encoding

Given a set of compatible input and gutput relations. in order Lo min-
imise the area of the PLA implementation, one wishes Lo construct an
encoding satis{ving all relations using & minimum number of bits. in this
section, we present heuristics 1o minimize the number of encading hite
used as well as a Boolean satisfiability formulation of the encodeability
checking problcin. :




7.1 Heuristics to Minimize the Number of Encoding
Bits

Heuristics were proposed in [13] and [61rfor encoding a set of input
relations with a minunal number of bits. The heuristics of [13) were ex-
tended to include dominance relations in [12]. We propose the following
procedure based on the procedures of {6} and {12}

1. Compact the et of input relations using techniques of [13] and {6).
Some iuput relations may be implied by others.
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. Represent thie reduced set of input relations by a matrix. where
each colunin corresponds 1o a synibolic value and eacli row to a
constraint. Construct an encoding as the transpose of the matrix.
i.e. each symbolic value/node receives as a code the column cor-
responding to the node in the original matrix. This encoding is
guaranteed (o satisfy the inpul relations [13].

3. Find the set of dominance relations between each pair of nodes that
are not satisfied. No dominance relation could have been violated.
Select & maximal disjoint set of pairwise dominance relations (By
disjoint. we mean that the two nodes in the dominance relation are
distinet from the nodes in the other dominance relation). Satisfy
these relations by adding a single bit to the encoding. Do so till all
dominance relations are satisfied.

4. Conjunctive relations have 1o satisfied for each bit in the encoding.
If for a given disjunctive equality arc. a bit in the codes correspond-
ing to the parent /siblings in the arc violates the reiation. it can only
be because the bitwise OR of the siblings is a 0 and the parent is a
1 {This is because all the dominance relations have been satisfied).
We try the choices of raising the bits in each possible subset of the
sibliugs (0 a 1 (from a 0). At least one of these choices will not
violate the dominance relations. However. an input relation ay
be violated and /or a dominance relation may no longer be satisfied.

. For the input relations that are not satisfied. append a set of bits
corresponding to the transpose of the compacted set of relations.
Go to Step 3.

ot

The procedure will converge since the set of relations is compatible.

7.2 Encoding Via Boolean Satisfiability

The problem of determining encodeability for a selection of GPls and
finding an encoding within a ccrtam length that satisfies the constraini<
specified by Eqn. 1 can be formulated as a Boolean satisfiability prob.
lem. 1t should be noted that Theoren 3.4 gives conditions for a graph
obtained via a particular selection of edgr« 1o be encodeable. Hence. 10
determine encodeability of a set of constraints given by Egn. 1. one has
to effectively try all possible selections.

Satisfving Eqn. 1 can be viewed as satisfying a Boolean expression.
Given a cover with a set of svmbolic values 0;. 0;. .. on and a bound
on the number of encoding bits that can be used. B. one can construct
a logic function corresponding to the encodeability of a selection of
GPls. If the logic function is satisfiable. then the selection of GPls is
encodeable and an encoding can be determined from any minterm that
salisfies the logic function.

Each of the o, is represented a set of B distinct variables ,,. 1 <
J < B. We have the constraint that the vectors corresponding to the
1,, hiave to be different for all /. This is accomodated by writing the
Boolean expressions

by iy + o+ iz + ..+ g+ bip 1<, k<N i#k (3)
Each of these expressions has to evaluate to a 1 (4 is the exclusive-or
operation). The Boolean expressiors corresponding to Eqn. 1 are the
equations themxelves with N replaced by a bitwise AND, U replaced by
an OR and = replaced by an exclusive-nor. For example, an equation
0;No; U o;Noy = o0 becoies a Boolean expression

(Wl + Inlsy) 2 Iy Malas + Galse) @ ly2) . ((iplap + Liplas) ®l|48))

where () is the exclusive-nor operation. These Boolean expressions also
have to evaluate Lo a | to satisfy Eqn. 1. Thus. we have to find 0/1
values for all the /;; such that Equs. 3 and all Eqns. 4 evaluate to a 1.
i we can find such a set of values. then we Liave an encodeable set of
GPls end an encoding for the symbolic values.

The state assignment and four-level Boolean minimization cases have
more complex formulations. since we have input constraints as well as
output relations. We can write 8 Boolean equation Lo check if an input
constraint is satisfied by a given encoding. Assume we bhave N symbolic
siates 5,. .. sy Each s, it represented by a set of B distinct variables
Ly. L. .. I,p us before. Given an arbitrary input constraint, let the

EN T [ o [ val T om gh L prod {enc | CPT
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exl 2 L] 4 1 [ J - | 0L
ex? 4 19 [ )| 23 [ 31 0%m
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Table 1: Results Using Output Encoding Algorithm
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Table 2: Results Using State Assigniment Algorithm

states that are in the consiraint be &,,. .. 5, and the states that are
not in the constraint be s, . .. 5,,. The input constraint can be written

as:
“1,] " lr.‘)(ll;] < lr.l)n“ryl l“]) +
[T A [R 1Y Loa) o thy e l,2) +
B U B 3 1€ o' Ali,n L,g) 1<k< i

Eacli of the above J? equations has to evaluate fo a 1. Sucli eyuatione
can be wnitten for ail the non-trivial constramnis in a <elected (P et
Eqgns. 3. Egns. 4 and Eqgns. 5 all have to be satished in order for a <ct
of GPls to be encodeable,

The formulation for the four-level Boolean minimization case i< idlen-
tical. except for the fact 1hat since some of the svimbolic implicants
are allowed (o take on the same code. we will have fouer expressjone
corresponding to Egns. 3.

8 Experimental Results

In this section. we present prefiminary expetimental resulic we have ol
tained on a set of examples. In our current implementation. generalized
prime implicants are generated via the procedures of Section 3.4.} and
Secion 4.2.

The resulis obtained using the output encoding algorithm are given
in Table 1. In the table. the number of input< to the function tinpt.
the number of minterms in the original function (min). the numbes
of symbolic values (val). the number of binary-valued outputs (out}.
the number of GPls generated (gpi). the number of product terins in
the minimized result (prod). the number of encoding bits (enc) and
the CPU time in minutes required for GPl gencration. covermg and
encoding on a microvax-11} (CPU time) are given for each example. For
example ¢r5, the covering problem could not be solved in fess than a
CPU-hour. For example ¢r6 all the GPlx could not be generated dune
to memory limitations. However. examples ¢r? and erd which have
upto 20 symbolic values have been successfully encoded. An exhaustive
search ethod is not feasible for these examples.

Resulis obiained using the state assignient algorithm are given in
Table 2. The number of inputs (inp). states (sta). outputs (out) and
edges (edg) are indicated for each FSM. Also. the number of GPis gen-
erated (gpi). the number of product terms in a minimm encodeable
result (prod). the number of encoding bits required (enc) and the ('PU
time in minutes on a nicrovax-lll are given. Again for examples fsm3
and fsm6. an exact solution could not Px found. An exhiaustive searci
wethod is only feasible for fsm .

We believe that using the transformations of Section 6.2 prior to
prime implicant generation wifl increase the size of the examples that
can be handled, since a reduced prime implicant table can be directly
constructed. :

9 Symbolic Don’t Cares

Don’t cares for binary-valsed functions are simply represented and ex-
ploited in logic minimization. Functions with symbolic outpuils may




0000 outt

0011 outt

0001 out2

0100 out2

0101 out3

1000 out4

1010 out1/out2/out3/outd
1011 outt/out2

Figure 14: Symbolic Don’t Cares

have associated don’t care conditions with certain input combinations
as well. \We denoted these don’t cares to be symbolic don’t cares.

A symbolic don’t care is defined on the set of syimbolic values that the
function can take. For iustance. the cube 1010 in the function of Figure
14 is a syinbolic don’t care. A symbolic don’t care may encompass
all the symbolic values of the function or only a subset. Cube 1011 of
Figure 14 is a don’t care which can take on only a subset of the complete
set of symbolic values.

One can produce an exact solution to an output encoding problem
under an arbitrary svmbolic don’t care aet as follows. Add the don't
care minterms to the ON-sets of each of the symbolic values tha: the
minterm can take. GPls are generated as before. However. we may
have a situation where two identical k-cubes have tags such that the
first one’s tag is a subset of the other. In this case the first k-cube
cancels the second.

Given all the GPls. the covering problem is solved as before. The
minterms corresponding to the symbolic don’t cares have to be covered
as well and Equ. | has 1o be satisfied for thenn. else they may assert an
mvalid binary combination in the encoded cover. However. Egn. | for
these minterms has more choices. .ince a miutenu effectively belongs to
multiple symbolic vaiue ON-sets (multiple rp,<in Eqn. 1}. Any one of
these constraints is to be satisfied. For example. we may have

outl N out? U outf N outd = oull or out?

for a svimbolic don’t care. Symbolic don’t care< are easily incorporated
into the Boolean satisfiability formulation of the encodeability problemn
(Section 7).

16 Conclusions

In this paper. we presented exact algoritlins for the problems of output
encoding. state assignment and four-leve] Boolean minimization.

The procedures described are much more efficient than a straight-
forward. exhaustive gearch procedure to solve these problems. We pro-
posed a novel minimization procedure of primme implicant generation and
covering that operates on syinbolic outputs. rather than binary-valued
outputs, for solving encoling problems.

Preliminary experimental resulis indicate that medium-sized prol-
lems can be =olved exactly. Computationally efficient heuristic ap-
proaches based on the exact algorithine have heen proposed. The effi-
ciencdy and quality of these heuristic approaches is currently being eval-
ualed.
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