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1. Introduction

By using a technique of W. R. Mann [6], we show that in a Hilbert space, a mean value iterative

process generated by a continuous quasi-nonexpansive mapping always converges to a fixed point

of the mapping without any precondition. We then employ this result to obtain approximating

solutions to the variational inequality and the generalized complementarity problems.

2. Preliminaries

Let K be a nonempty subset of a Hilbert space X. A mapping T from K into itself is said

to be quasi-nonezpansive if T has a fixed point in K and for for any fixed point p of T in K, we

have JIT(z) - p[l <_ liz - pll for all x E K. A nonexpansive mapping with a fixed point is clearly

quasi-nonexpansive but not conversely. For example, let T be a mapping from R into itself defined

by T(0) = 0 and T(x) = zsin(1/z) for z $ 0. Then T is quasi-nonexpansive but not nonexpansive.

Let z E K be arbitrary. Given a sequence of real numbers {an) so that 0 < cn < 1, and

E=1 cn(1 - an) = o, let M(zi, rn, T) be a sequence {z,,},°- iteratively defined by

Zn+1 = (1 - a.)x, + aT(z,,).
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Let IV denote n-dimensional Euclidean space with the usual inner product and norm. Let R.

denote the nonnegative orthant of R. Given a subset K of R1% and a mapping T from Rn into

itself, the classical variational inequality problem, denoted by VIP(T, K) is to find a vector z E K

such that

(u - z, T(z))> 0, V u EK.

This original problem has been extensively studied in the past years. For details of the theories,

algorithms and applications of the variational inequality problem, we refer readers to [3]. Basically,

the task of the above problem is to find a vector x E K such that the image of z under the function

f will form an acute angle with any vector with tail z and head u E K.

Motivated by the work of Habetler and Price [2], Karamardian [5] introduced the following

complementarity problem. Given a closed convex cone K of R" and a mapping T from K into R,

the generalized complementarity problem, denoted by GCP(T, K), is to find a vector x E K such

that

T(x) E K*, (z, T(z)) = 0

where K* = {y E Rn : (y,x) >. 0,V z E K) is the polar cone of K. When K = R, GCP(T,K)

reduces to the following classical nonlinear complementarity problem which is denoted as CP(T):

find a vector x E R such that

x > 0, T(z) _ 0, (z,T(x)) = 0.

The CP was first studied by Cottle [1] where the notion of positively bounded Jacobians was

introduced and the proof was constructive in the sense that an algorithm was employed to compute

the unique solution.

The variational inequality and the generalized complementarity problems are closely related to

each other. In (5], Karamardian has shown that if the set K is a closed convex cone, then both the

variational inequality problem VI(T, K) and the generalized complementarity problem GCP(T, K)

have the same solution set.
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3. The Main Results

We now state and prove the main results of this paper.

Theorem 3.1. Let K be a nonempty compact and convex subset of a Hilbert space X and T

be a continuous quasi-nonexpansive mapping from K into itself. Then for arbitrary xi E K, the

sequence M(zxl, ct, T) converges to a fixed point of T.

Proof. Let p be any fixed point of T. Without loss of generality, we may assunie that x, $ p.

Since X is a Hilbert space, it can be shown that

I1xn+1 - p112 = On1T(xn) - P112 + (I - On)llx. - p112 - cln(l - czn)IIT(xn) - Xnll2 .

Since T is quasi-nonexpansive, IIT(xn) - AII < l1xn - ll for all n. So

llxn+' - p1l 2 < Ilxn - p112 - Q.(1 - ct.)IlT(x) - Xnll2.

Hence for every positive integer m, Ilxm+l - p]l _ Ilxk - p~l and

llxM+1 - p1j 2 < -l 1l2 - Y c1i(1 - ori)llT(xi) - xill2
i=1

from which it follows that E"=' oti(1 - oti)IIT(zi) - zill2 < oo. Hence

linm-..o IlT(xn) - Z. = 0. (1)

Since K is compact, the sequence {xn} contains a convergent subsequence {x,, } with limit q E K.

From (1) it follows that q is a fixed point of T. For any c > 0, there exists an integer nk, so that

IIxni - qjj < e. Then for all n > nk, we have IIx. - qjl < Ilxnk - qlj < c. Consequently, the entire

sequence {xn) also converges to q, and the result follows.

In the case that the Hilbert space X in Theorem 3.1 is finite-dimensional, the compactness of

the set K can be eliminated.

Theorem 3.2. Let K be a nonempty closed and convex subset of a finite-dimensional Hilbert

space X and T be a continuous quasi-nonexpansive mapping from K into itself. Then for arbitrary

z1 E K, the sequence M(x,c1n,T) converges to a fixed point of T.
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Proof. Let p be any fixed point of T and let B be the closed ball of X with center p and radius

I li - p1l. Then xn E B for all n. Since B is compact, the sequence (,} contains a convergent

subsequence {xJ } with limit q E B. By the same argument as that in the proof of Theorem 3.1,

it can be shown that q is a fixed point of T, and hence the result follows.

We note that the result of Theorem 3.2 may not be true if the Hilbert space X is infinite-

dimensional. This is because that in this case, the set B in the proof of Theorem 3.2 is no longer

compact (see, e.g., [4, Theorem 4, p. 180]).

Before we consider the application of Theorem 3.2 to the variational inequality problem, we

need the following lemma. Let K C RWn be nonempty closed and convex. Let PK(.) denote the

orthogonal projection operator on K. That is, PK(x) = y where Ily - xli = minvEK lJx - vil.

Lemma 3.3. Let K C R n be nonempty closed and convex and T be a mapping from K into

n.

(i) If x C- K is a solution to VI(T, K), then x is a fixed point of the mapping PK,p defined by

PK,p(x) = PK(Z - pT(x)), x E K, for all p > 0.

(ii) If x is a fixed point of the mapping PK,p for some p > 0, then x is a solution to VI(T, K).

Proof. (i) If x E K solves VI(T, K), then (u - x, T(z)) > 0, V u E K. Then for each u E K

and for every p > 0, we have

Ili - x + pT(x)Il2 = Ilu - l2 + 2(u - z, pT(x)) + IlpT(x)ll2

_ IpT(x)Jl2 .

Therefore z = PK,p(x), and hence x is a fixed point of PK,p.

(ii) Suppose that x is a fixed point of PK,p for some p > 0. Then

IIpT(z)112 < Ilu - z + pT(x)1 2, V u E K. (2)

From (2), we have

I1i U- X112 + 2p(u - x, T(z)) > 0, V u E K. (3)
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Now for any 0 < A < 1 and any u C K, we have Au + (1 - A)z E K. By substituting Au + (1 - A)z

into (3), we have

A2 Iu- x112 + 2p(u- x,T(z)) >_ 0, V u E K. (4)

Finally by first dividing A on both sides of (4) and then letting A -+ 0, we have

(u - x,T(x)) _0, V u E K.

Hence x is a solution to VI(T, K).

Let T be a mapping from K into R. T is said to be #-monotone on K if there exists an

increasing function 6 : [0, oo) - [0, oo) with /3(0) = 0 and O3(r) -* oo as r -- oo such that for

any x, y E K, we have

(T(x) - T(y), x - y) >_ Ijx - yll(Ilx - yll).

If ,(r) = kr for some k > 0, then T is said to be strongly monotone on K.

Theorem 3.4. Let K be a nonempty clos(d convex subset of R and T be a continuous mapping

from K into R n . Suppose that

(i) T is (-monotone on K,

(ii) there is some p > 0 so that plIT(x) - T(y)112 < iz - yl!i3(llx - yII) for all x, y E K.

Then for arbitrary xi E K, the sequence M(xIan, PK,2p) converges to the unique solution of

VI(T, K).

Proof. The fact that VI(T, K) has a solution p E K follows from [8, Corollary 3.2.7]. To see

that this solution is also unique, suppose that q E K is another solution of VI(T, K). Then

(T(p), z - p) > 0, and (T(q), z - q) >_ 0, V z E K. (5)

From (5), we have

(T(p) - T(q), p - q) ! 0. (6)



On the other hand, since T is ft-monotone, there exist an increasing function/i: [0, 0o) -- [0, oo)

with /(0) = 0 and /3(r) --- + oo as r & oo such that

(T(p) - T(q), p - q) > IlIp - qii/3(Ilp - qIl). (7)

From (6) and (7), we conclude that p = q.

Since the orthogonal projection operator is nonexpansive, by (i) and (ii) we have for all x, y E K,

IIPK,2,(x) - PK,2p(y)ll 2 < JJ(x - y) - 2p(T(x) - T(y))112

- IIX - lii1 - 4p(T(x) - T(y), x - y) + 4p2IIT(x) - T(y)112

IIX _ Y112 .

Hence PK,2p is nonexpansive. By Lemma 3.3, p is the unique fixed point of PK,2p. The result then

follows from Theorem 3.1.

The following corollary immediate.

Corollary 3.5. Let K be a nonempty closed convex subset of R' and T be a continuous

mapping from K into R. If T is strongly monotone and Lipschitz continuous on K with constants

k and L, respectively, then for arbitrary zi E K, the sequence M(xl,an,PK,p) converges to the

unique solution of VI(T, K), where p = 2k/L.

Proof. By the assumptions, for all x, y E K, we have

(T(z) - T(y), x- y) >_ kJll - Y11 2

and

lIT(x) - T(y)II < LJIx - yli.

The result then follows from Theorem 3.2 by letting pi = k/L 2

A version of Theorem 3.4 for the generalized complementarity problem is the following.
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Theorem 3.6. Let K be a closed convex cone of R and T be a continuous mapping from K

into IV . Suppose that

(i) T is a-monotone on K,

(ii) there is some p > 0 so that PIIT(z) - T(y)11 < jIx - yllI/(llx - yII) for all X, y E K.

Then for arbitrary xi E K, the sequence M(xi,Ct,,PK,2p) converges to the unique solution of

GCP(T, K).

Proof. This result follows from Theorem 3.4 and the fact that VI(T, K) and GCP(T, K) have

the same solution set.

The following corollary is immediate.

Corollary 3.7. Let T be a continuous mapping from R into R. If T is strongly monotone

and Lipschitz continuous on R with constants k and L, respectively, then for arbitrary xi > 0,

the sequence M(xl, a, PRn,p) converges to the unique solution of CP(T), where p = 2k/L 2.

References

1. R. W. Cottle, Nonlinear programs with positively bounded Jacobians, SIAM J. Appl. Math.

14 (1966), 147-158.

2. G. J. Habetler and A . J. Price, Existence theory for generalized nonlinear complementarity

problems, J. Optim. Theory Appl. 7 (1971), 229-239.

3. P. T. Harker and J.-S. Pang, "Finite-dimensional variational inequality and nonlinear comple-

mentarity problems: A survey of theory, algorithms, and applications," Preprint, University

of Pennsylvania, December 1987.

4. G. Heimberg, "Introduction to Spectral Theory in Hilbert Space," North-Holland Publishing

Company, Amsterdam, 1969.

7



5. S. Karamardian, Generalized complementarity problem, J. Optim. Theory App. 3 (1971),

161-168.

6. W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506-510.

7. J. C. Yao, "Generalized quasi-variational inequalities and implicit complementarity prob-

lems," Technical Report SOL 89-15, System Optimization Laboratory, Department of Oper-

ations Research, Stanford University, Stanford, California, 1989.

8



UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE Mb9'a ON.tew1600._________________

REPORT DOCUMAENTA.TION PAGE BRE FSRU ORM

1. REPOT NUMB. GOVT ACCEssiou NO.T nECIPITu S CATALOG NUMBER

4. TITLE (and &abd~ti. S. TYPE OF REPORT & PERIOD CovERVO

On Mean Value Iterations with Application to Technical Report
Variational Inequality Problems a. PERFORMING Oita REPORT NUMBER

7. AUTHOR(a) 6. CONTRACT OR GRANT NuM@IR()

Jen-Chih Yao N00014-89-J-1659

9. PERFORMING ORGANIZATION NAME AND ADDRESS 1. PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT NUMBERS

Department of Operations Research - SOL
Stanford University 1111 MA
Stanford, CA 94305-4022

11. CONTROLLING OFFICE NAME AND ADDRESS It- REPORT OATS

Office of Naval Research -Dept. of the Navy December 1989
800 N. Quincy Street 13. MUMBER OFPAGES

A tslisbt io, Vs un2im7ted

16. DISTRIBUTION STATEMENT (of dhi ftepU . I *.h2.i Efit )

1S. SUPPLEMENTARY MOTES

IS. KEY WORDS (Ca~leue mi uevwse aide It necoseaw ned Idmitt by Woo& n.mabw)

quasi-nonexpansive mapping; fixed point;
variational inequality problem; generalized complementarity problem.

20. ABSTRACT (Contum , evwov elde Iffanecosmy npd Idiby 17 lk mnwm')

In this report, we show that in a Hilbert space, a mean value iterative process
generated by a continuous quasi-nonexpansive mapping always converges to a
fixed point of the mapping without any precondition. We then employ this
result to obtain approximating solutions to the variational inequality and the
generalized complementarity problems.

D OAN"1 1473 EDITION OF I NOV 65 IS OSS9OLETE

SECUOUTY CLASSIICATION OF T1416 PAGE 011144 0N. 64MO


