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SECTION I

INTRODUCTION

1. OBJECTIVES AND STATUS OF THE RE-
SEARCH

This annual report describes the results obtained during the second year of

the project directed towards the analysis of fundamental bounds on the maximal

achievable precision of aiming of dynamical systems with random disturbances

and application of these bounds to control of space structures. The specific

goals of the second year of the study were as follows: Conduct research into and

uncover the fundamental properties of the following topics:

1. State and output aiming controllers with output feedback: analysis and

design.

2. Aiming controllers with noisy measurement: fundamental tradeoffs.

3. Residence proability control vs. residence time control: analysis and syn-

thesis.

These goals have been achieved and the results are reported in Sections Il-Ill

below. The summary of the results is as follows:

Section II is devoted to analysis of residence time control processes using the

dynamic output feedback. The main conclusions arrived at in this study are:



1. The linear system

dx = (Ax + Bu)dt + eCdw , x(O) = xo

y Dx , (1.1)

where x E R', u E R', y E RP, w is a standard r-dimensional Brownian motion

and 0 < E < 1, with the noiseless output feedback

u=K .

X = Ai+Bu+L(z-Ei), z=Ex, zER , (1.2)

is pointable with any desired residence time if and only if it is invertible and

minimum phase in an appropriate sense.

2. If it is not the case, the maximal achievable residence time T* < oo for

system (1.1), (1.2) coincides with that for system with state feedback, u = Kx,

if and only if E(sI - A)- 1 C is left invertible and minimum phase; otherwise,

the output controllers give a smaller residence time in comparison with the state

space controllers.

3. The residence time of system (1.1) with noisy output feedback

u = Kx

d1 = (A! + Bu)dt + L(dz - EUt) (1.3)

dz = Exdt + EFdw1

where w, (t) is a q-dimensional standard Brownian motion, is always bounded,
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T" < oo. Thus, the measurement noise has a more severe effect on the residence

time than the input noise.

4. The observer gain L that ensures the largest possible residence time in

system (1.1), (1.3) coincides with that of the corresponding Kalman filter. Thus,

Kalman filter is optimal not only with respect to the standard performance mea-

sure, i.e., the mean square estimation error, but also from the point of view of

the residence time.

5. The feedback gain K that ensures the largest possible residence time in

system (1.1), (1.3) is dependent on the optimal value of L mentioned above.

Thus, although the separation principle does not take place, the situation here

can be characterized as semi-separation: the optimal observations do not depend

on optimal control but the optimal control does depend on optimal observations.

As a result, the maximal achievable residence time for controllers derived in this

paper is larger than that for LQG-designed systems.

Section III is devoted to the formulation, justification, and solution of the

residence probability control problem and to the introduction and analysis of the

notion of (D, T)-stability. Specifically, if

r, = inf{t > 0: x(t) E 0DIxo E (Do0 } , (1.4)

(D C R" and Do c D are open bounded domains with 0 in their interiors) is the

3



first passage time of the trajectory of (1.1) with

u = Kx , (1.5)

from D, than the problem of aiming control can be reformulated in the two

following ways:

Residence time control: Given (1.1) and a pair (D,T), find a feedback law

(1.5) and an open set Do C D such that

Er,,J T , V xo E [Do] (1.6)

Residence proability control: Given (1.1), a pair (D,T) and a constant 0 <

p < 1, find a feedback law (1.5) and an open set Do C D such that

Prob{r., > T} > p , V X0 E [Do] . (1.7)

The residence time control problem (1.6) and its generalizations has been

analyzed during the first year of the project and in Section II of this report.

The residence probability control (1.7) appears to be a stronger reformulation

of the aiming control problem than the residence time control. Indeed, since r,

is non-negative random variable, the Markov inequality gives:

El r2 l

Prob{r,, _ T) _

Therefore, if Prob{r,, 2_ T} > p, the estimate for E[r,,l follows immediately:

EIQrl > pT

4



Moreover, it is possible to show that for any D, Do, T and 0 < p < 1 there exists

a feedback law (1.5) and zo E Do such that the closed loop system (1.1), (1.5)

has the following property:

E[r2 0 ] > T

Prob{ro > T} < p

This implies that the closed loop system may exhibit a performance as good as

desired from the residence time point of view and as bad as desired from the

point of view of the residence probability.

These observations justify the problem of residence probability control.

The results obtained in Section III with regard to the residence probability

control problem can be summarized as follows:

1. The residence probability control gives a stronger reformulation of the

aiming control problem than the residence time control. However, the resulting

control problem is also more complex: the performance depends on the size of

the initial, "lock in", domain and on the operating period.

2. The (D, T)-stability with probability p is a useful tool for characterization

of the performance of stochastic systems with no equilibrium points. The per-

formance in terms of (D, T)-stability may be contradictory to the performance

in terms of LQG criterion.

3. The residence probability of a controlled linear system with additive white
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noise an be modified in any desired manner, for instance, made as close to 1 as

desired, if and only if the range space of the noise matrix is included in the range

space of the control matrix. Otherwise, the achievable residence probability

is bounded away from 1 and estimates of this bound are characterized herein

(Section III).

2. PROFESSIONAL PERSONNEL
ASSOCIATED WITH THE PROJECT

The results outlined above were obtained by a research team that included:

1. Semyon M. Meerkov, Professor, Principal Investigator.

2. Thordur Runolfsson, Post Doctoral Fellow (August 1, 1988 - January 15,

1989). Starting from January 16, 1989, Dr. Runolfsson has accepted a posi-

tion of an Assistant Professor in the Department of Electrical and Computer

Engineering, The Johns Hopkins University, Baltimore, MD 21218.

3. Seungnam Kim, Doctoral Candidate.

3. PAPERS IN THE AREA OF THE PROJECT

[1. A paper titled "Theory of Residence Time Control by Output Feedback",

by S.M. Meerkov and T. Runolfsson has been accepted for presentation at the

28th IEEE CDC, Tampa, FL, Dec. 1989. This paper comprises Section II of this

report.
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12). A paper, "Theory of Aiming Control for Linear Stochastic Systems", by

S. Meerkov and T. Runolfsson has been submitted to the 11th IFAC Congress,

Tallinn, U.S.S.R., Aug. 1990. This paper is included as an Appendix herewith.

(3]. A paper, "Aiming Control: Residence Probability and (D, T)-stability,

by S. Kim, S.M. Meerkov and T. Runolfsson, has been prepared for submission

to the 29th IEEE CDC. This paper comprises Section III of this report.

[4). A paper: "Aiming Control: Design of Residence Probability Controllers"

is being prepared for submission to the 29th IEEE CDC.

(5). A paper, "Output Residence Time Control" by S.M. Meerkov and T.

Runolfsson (reported originally in the Annual Report for 1987-1988) is to appear

in the IEEE Trans. Automat. Contr.. The galley proofs of this paper are included

in the Appendix.
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SECTION 11

THEORY OF RESIDENCE TIME CONTROL

BY OUTPUT FEEDBACK

S. M. Meerkov
Department of Electrical Engineering

and Computer Science
The University of Michigan
Ann Arbor, MI 48109-2122

and

T. Runolfason
Department of Electrical and

Computer Engineering
The Johns Hopkins University

Baltimore, MD 21218

Abstract

The problem of residence time control by the observer based out-
put feedback i. formulated and solved for the came of linear systems
with small additive input noise. Both noiseless and noisy measure-
ments are considered. In the noiseless measurements case, it is shown
that the fundamental bounds on the achievable residence time de-
pend on the nonminimum phase zeros of the system. In the noisy
measurements case, the achievable residence time is shown to be al-
ways bounded, and an estimate of this bound is given. Controller
design techniques are presented. The development is based on the
asymptotic large deviations theory.

This work has been supported by the Air Force Office of Scientific Research under Contract
F4960-87-C-0079. The United States Government is authorised to reproduce and distribute
reprints for the governmental purposes notwithstanding any copyright notations hereon.
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1. INTRODUCTION

Consider the following Ito stochastic system

dx = (Ax + Bu)dt + eCdw

y= D , (1.1)

where x E R", u E R", y E RP, w(t) is a standard r-dimensional Brownian mo-

tion, A, B, C, D are matrices of appropriate dimensionality, and 0 < f < 1. For a

given u, the behavior of (1.1) in a bounded domain T C R' can be characterized

by the first passage time [11,

r'(u) = inf{t >0: Y(t,u) E a'Pjy(0,u) E ,

(61W is the boundary of W), or by its average value

l(u)-= E[,r'(u)].

The r"(u) is referred to as the (average) residence time of (1.1) in t.

Assume that control spciflcations for (1.1) are given in the form of an aiming

(pointing) problem: maintain y(t) in a given domain * C: RP during a specified

time interval 10, T), T < co. In terms of the average residence time this problem

has the form

,'(u) T . (1.2)
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Technical examples of this problem can be found in [2].

To accomplish (1.2), the feedback control approach can be utilized. Papers (2

and 131 address this problem under the assumption that all 16ates z are available

for control and u is chosen as

u = Kx (1.3)

In [2] it was assumed that D = I, i.e. the pointing of states has been considered,

and in [3] the general case of output aiming has been analyzed. It has been

shown that from the point of view of satisfying (1.2), all systems (1.1) can be

partitioned into two groups: weakly and strongly residence time controllable.

Roughly speaking, (1.1) is weakly residence time controllable (wrt-controllable)

if there exists T" < c such that the closed loop system (1.1), (1.3) satisfies

(1.2) for T < T" and some K and does not satisfy (1.2) for T > T" and any K.

System (1.1) is strongly residence time controllable (art-controllable) if T" = 00.

It has been shown in [21 that (1.1) with D = I is wrt-controllable if and only

if (A, B) is stabilizable and art-controllable if and only if Im C C Im B. It

has been shown in (31 that system (1.1) wrt-controllable in states can, in fact, be

art-controllable in outputs y z. In particular, it was shown that a SISO system

(1.1) is art-controllable if and only if all non-minimum phase zeros of G,(s) -

D(sI-A)-B coincide with non-minimum phase zeros of G,(.) A D(9I- A)-'C.

This means, of course, that minimum phase plants are pointable with any pre-

cision whereas non-minimum phase ones may or may not be, depending on the

location of the right half plane zeros of G,(a).
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In the present paper we address problem (1.2) under the assumption that only

(measured) outputs are available for control and, therefore, the output feedback

has to be utilized. To simplify the problem, we consider here the observer based

output feedback, i.e. controllers of the form:

ut= Kx
(1.4)

I= AI + Bu + L(z- Ei)

if the measured output,

z=Ez, zE , EER' ",

is noise free, or

(1.5)
di= (A! + Bu)dt + L(dz - Eldt)

if the measured output,

dz = Exdt + e Fdw,

is noisy. Here w, (t) is a q-dimensional standard Brownian motion and 0 < e < 1.

In each case, (1.4) and (1.5), the problem is to choose the pair (K, L) so that

(1.2) is satisfied.

To this end, in this paper we derive the following results:

1. System (1.1) with feedback (1.4) is art-controllable if and only if the system

is invertible and minimum phase in an appropriate sense.
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2. If this is not the case, the maximal achievable residence time T" for

system (1.1), (1.4) coincides with that for system (1.1), (1.3) if and only if

G.,(s) A E(sI - A)- 1 C is left invertible and minimum phase; otherwise the

output controllers lead to a smaller residence time.

3. System (1.1) with feedback (1.5) is never grt-controllable. Thus, the

measurement noise has a much more severe effect on the residence time than the

input noise.

4. The observer gain L that ensures the largest possible residence time in

system (1.1), (1.5) coincides with that of the corresponding Kalman filter. Thus,

Kalrnan filter is optimal not only with respect to the standard performance mea-

sure, i.e., the mean square estimation error, but also from the point of view of

the residence time.

5. The feedback gain K that ensures the largest possible residence time in

system (1.1), (1.5) is dependent on the optimal value of L mentioned above.

Thus, although the separation principle does not take place, the situation here

can be characterized as semi-separation: the optimal observations do not depend

on optimal control but the optimal control does depend on optimal observations.

As a result, the maximal achievable residence time for controllers derived in this

paper is larger than that for LQG-designed systems.

The remainder of this paper is organized as follows: In Section 2 some mathe-

matical preliminaries are discussed. In Sections 3 - 5 system (1.1) with controllers

12



(1.4) and (1.5), respectively, is considered and in Section 6 an illustrative exam-

ple is given. In Section 7 the conclusions are formulated. The proofs are given

in the Appendix.

2. PRELIMINARIES

In this section, the notion of logarithmic residence time, i.e., the main tool

of asymptotic analysis of (1.1) with (1.3)-(1.5), is introduced and utilized for a

precise formulation of problem (1.2).

Consider the linear Ito system

dx = Azdt +e Cdw

y= Dz (2.1)

where, as before, x E R',y E R P, w(t) is a standard r-dimensional Brownian

motion and 0 < e < 1. Let * C R' be again a bounded domain with the origin

in its interior and a smooth boundary 8. Define

no A (xER": y=D E*) , (2.2)

n A (zER: DeA'ZxEq, t> o) (2.3)

Assume that z(O) = zo E No and introduce the first passage time as

r'(zo) A inf(t > 0: y(t,zo) E at) , (2.4)

where y(t,zo) is the solution of (2.1). The following theorem was proved in 131.

13



Theorem 2.1: Suppose A is Hurwitz and (A, C) is disturbable, i.e. rank

[C AC ... A"-IC] = n. Then uniformly for all zo belonging to compact subsets

of 0I we have:

lim e2 In r'(zo) - (2.5)

where, as before, ,'(xo) = E..,r'(xo) and

1 T
A = min -y Ny

veat 2 (2.6)

N = (DXDT )-1 , AX + XA T+CCT=O

Constant A is referred to as the logarithmic residence time of (2.1) in 'P.

Let g(t, zo, io, K, L) be the solution of the deterministic systemE: = A BK ][ ] X(0) [ZO

[LE A+BK-LE [ 1(0) ] [0
y Dx (2.7)

and define

=(KL) {[ E R& g(t, xoto, K, L) E *, t > 0 (2.8)

Then, with regard to control system (1.1) and controllers (1.4) or (1.5), The-

orem 2.1 allows us to conclude that for sufficiently small e and (x") E fn(K, L),

problem (1.2) can be replaced by an alternative problem of selecting the pair

(K, L) such that

A(*; K, L) > j (2.9)

14



where f(W; K, L) is the logarithmic residence time of the closed loop system (1.1),

(1.4) or (1.1), (1.5) and u = e2 InT. This is the problem solved in this paper.

As it was pointed out in the Introduction, the solution of this problem is given

in terms of the weak and strong residence time controllability defined precisely

below. In order to simplify the notations, we drop argument * in (2.9).

Definition 2.1: (i) System (1.1) is called weakly residence time controllable

if for any bounded domain * C RP(O E *) there exists controller (1.4) (or (1.5))

such that Ii(K, L) > 0;

(ii) System (1.1) is said to be strongly residence time controllable if for any

bounded * C RP(0 E W) and 14 > 0 there exists controller (1.4) (or (1.5)) such

that f(K, L) > 14.

In what follows, we will be assuming that:

Al: (A, C) is disturbable,

A2: (D, A) is detectable,

A3: FFT > 0, and w(t) and wl(t) are independent Brownian mo-

tions,

A4: Transfer matrices G.(a) = D(aI-A)- B, G,,() = D(jI-A)- C

and G. 1(9) = E(81 - A)- 1 C have full normal rank.



3. NOISELESS MEASUREMENTS CASE

Let K A {K E R"x " : A + BK is Hurwitz }, Z A{LE RxP : A- LE is

Hurwitz } and define the maximal logarithmic residence time of (1.1), (1.4) or

(1.1), (1.5) in %F as

A* = sup fA(K,L) (3.1)
KEK
LE£

Introduce the following hypotheses:

HI: Ga(s) is right invertible and minimum phase.

H2: G,,(s) is left invertible and minimum phase.

H3: There exists an m x r rational matrix U(s) with no poles in Re 9 > 0 such

that G.(a) + G.(a)U((s) = 0.

H4: There exists a p x q rational matrix V(s) with no poles in Re a > 0 such

that G.(a) + V(a)G, (a) = 0.

Theorem 3.1: System (1.1) is

(i) weakly residence time controllable by controller (1.4) if and only if (A, B)

is stabilizable and (E, A) is detectable,

(ii) strongly residence time controllable by controller (1.4) if and only if (A, B)

is stabilizable, (E, A) is detectable and either Hi and H4 or H2 and H3 are

satisfied.

16



Proof: See the Appendix.

Remark 3.1: As it was shown in 131, H3 is the condition for strong res-

idence time controllability with respect to the state space feedback u = Kz.

Furthermore, HI is a stronger condition than H3. Thus, either H4 or H2 are

the additional condition that has to be satisfied when the state space feedback

is replaced by the output feedback.

Remark 3.2: In SISO case with D = E, Theorem 3.1 implies that for strong

residence time controllability G.(9) should be minimum phase.

A comparison of the fundamental bounds on the residence time achievable by

state space (1.3) and output (1.4) feedback can be given as follows:

Consider the closed loop system (1.1), (1.3), i.e.

d. = (A + BK)zdt + e CdW , (3.2)

and define as

" - sup(P; K) (3.3)

its maximal logarithmic residence time in t.

Theorem 3.2: Equality A* = A0 takes place if and only if G. 1 (3) has a left

inverse with no poles in Re . > 0.

Proof: See the Appendix.

17



4. NOISY MEASUREMENTS CASE

Theorem 4.1: Let P be the unique positive definite solution of the (Kalman

filter) Riccati equation:

AP + PAr + CCT - PET(FFT)-'EP = 0 . (4.1)

Then the maximal logarithmic residence time of the closed loop system (1.1),

(1.5) in % satisfies the bound

A 5 mi y" (DPD)y (4.2)

Proof: See the Appendix.

Remark 4.1: It follows, in particular, from Theorem 4.1 that since the upper

bound in (4.2) is always finite, system (1.1) with control (1.5) is never strongly

residence time controllable. Therefore, the measurement noise in (1.5) has a

greater limiting effect on the achievable residence time than the input noise in

(1.1).

Theorem 4.2: The upper bound (4.2) is attained if and only if there exists

a rational matrix W(s) with no poles in Re a > 0 such that

G(s) + G.(.)W(e) = 0 , (4.3)

where Go(s) is defined as previously and

GI(s) = D(aI - A)-'L , (4.4)

L = PEr(FFr)- I (4.5)

18



Proof: See the Appendix.

Remark 4.2: Theorem 4.2 illustrates that the upper bound in (4.2) is at-

tainable. Therefore, it is the best possible upper bound.

5. DESIGN TECHNIQUES

In the two previous sections we have characterized the fundamental bounds

on the achievable logarithmic residence time. In this section we develop the

controller design techniques that achieve these bounds. First system (1.1) with

control (1.5) is considered and then system (1.1) with control (1.4) is addressed.

An example is given in Section 6.

To select the pair {K, L} that maximizes A(K, L) assume, for simplicity, that

domain * is an ellipsoid

*={yERP: y's <__ r2, S = S r > o) (5.1)

Let W E RP'P be a nonsingular matrix such that S = WTW. Then by direct

calculations we obtain:

f&(K,L) = 2AmjIWDX(K,L)DTWT] (5.2)

where X(K, L) is given by

A BK X(KL) T(KL) (5.3)

LE A+BK- LE TT (K, L) j(K,L)

19



T

X(K,L) T(K,L) A BK CCT 0

TT(K,L) X(K,L) LE A+BK-LEJ + 0 LFFTLT]

Therefore, the pair {K, L} is optimal if and only if it minimizes the largest

eigenvalue of r(K, L) A WDX(K, L)DTWT. The A..(F) can be characterized

as follows:

Lemma 5.1: Let 9 > 0 be a scalar, I > I be an integer and select KI E K

and LI E Z such that

Tr r(K,L)'< (I + O)inf{Tr r(K,L)'IK E K,L E £} (5.4)

Then

Iim Ama(r(Ki, Li)) = inf{Am,\(r(K,L))IK E K,L E £} (5.5)L-*oo

Proof: The proof of this lemma is similar to the proof of Theorem 2.1 in (7].

We omit the details here.

Thus, in order to minimize ,,.(r), we need only to minimize Tr r(K, L)I, I =

1, 2, 3.... To accomplish this, introduce

J (K,L) = Tr r(K,L)' +- yTr KX(K,L)KT , (5.6)

where k'(K, L) is given by (5.3).

Lemmna 5.2: Assume that KI' E K and L" E £ minimize J.(K, L). Then

lim J1(K,', L') = inf Tr 1(K, L)' (5.7)
LEt

20



Proof: The proof of this lemma is similar to the first part of the proof of the

Theorem in 141. We omit the details here.

From Lemmas 5.1 and 5.2 follows:

Corollary 5.1: Assume that the pair (Ki,Lj') with K E K and L E £

minimizes J!(K, L). Then

im tim (K,L) = (5.8)

Thus, 10, and L' provide the solution to (3.1). A necessary condition for

the optimality of (K,, L) in the sense of functional (5.6) can be formulated as

follows.

Theorem 5.1: Assume that IQ E K and L E Z. Then in order for (K", L")

to minimize J!(K, L) it is necessary that

= I = PET(FF) -  (59)

_ = BQ 7  , (5.10)

where P is given by (4.1) and

ATQ? + Q7A + DrWrMYWD - _ Q7BBrQ7 =0 , (5.11)

Ar7 = L(WD(27 + P)DTWT) - I , (5.12)

(A + BK)j17 + 217(A + BK7)T ± r = 0 . (5.13)

Proof: See the Appendix.
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Thus, in particular, the optimal observation gain is independent of optimal

control while the optimal control gain is a function of optimal observations.

Since (4.1) has a positive definite solution, L' - L E C, V -y,l. The following

lemma gives a condition for KI E K.

Lemma 5.3: Assume that M11 > 0. Then K E K.

Proof: See the Appendix.

Remark 5.1: As it follows from Theorem 5.1, the optimal estimator gain

given in (5.9) is the Kalman filter gain. Thus, the Kalman filter is optimal in

optimization problem (3.1). Moreover, consider the equation for the estimation
A

error e = - :

de = (A - LE)dt + e C dw -e LFdwi (5.14)

and define its logarithmic residence time in any domain A C R^(o E A) as

A(A; L). Then

js(A;L) = min 1 eTp_1(L)e (5.15)

where P(L) is the positive definite solution of

(A - LE)P(L) + P(L)(A - LE)T + CCT + LFFTLT = 0 (5.16)

Since P given by (4.1) satisfies the inequality

P < P(L), VL E. , (5.17)
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we conclude that

A* mini cP - e >I (A; L), VL e C (5.18)

Thus, the Kalman filter is optimal in the sense of optimization of the estimation

error residence time in every bounded domain of R'.

The optimal control law for system (1.1) with control (1.4) can be obtained

from (5.9) - (5.10) by selecting F = aI and letting a --* 0. Indeed, since the

optimal estimator law for (1.1), (1.5) is the Kalman filter, we know from optimal

filtering theory that the optimal (singular) filter for (1.1), (1.4) is obtained in the

limit a --* 0 (see, e.g., [4]). Therefore, the maximal logarithmic residence time

for (1.1), (1.4) is given by

= lim lim lim fA(Ka,L '7) ,(5.19)-oo T-.O a-.O

where L7'* and K7" are given by (5.9) - (5.13) with FF =a2

6. EXAMPLE

Consider the second order system

0 1 0 1
c Z + U + w,

-1 0 l0

= 10 11Z , (6.1)

z [ {t 0lz+ Fihl
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For this system

+ 1' G (. )= , + +G' (,( )= + (6.2)

Thus, since G,(3) = G,,,(.) is minimum phase, this system is grt-controllable by

controller (1.4) when F = 0.

Assume that F $ 0. Then, by Theorem 4.1, the logarithmic residence time

in the interval %Y = (-a,b), a,b > 0, is bounded by

nin 1 YT(DPDT)lY= (min(a, b))2  (6.3)

yrE9 2 21F1

Furthermore, when a = b, the (sub)optimal controller can be calculated using

(5.9) - (5.13) to be

L[ ]TJ ,K7=-[0 K 2 1 (6.4)
[ 0

where K 2 > 0 satisfies the equation

-I+ IF (6.5)

The logarithmic residence time with this control is

(K,- a2 2K,
2F1 2K, + jE1 (6.6)

Note that /(KI, t) is the upper bound in (6.3) multiplied by the factor

2K 2

2K2 + IF (6.7)
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Thus, in order to obtain logarithmic residence time as close as desired to the

maximal value, (6.3), (6.7) can be used to calculate the necessary K2 (for a given

p) and I and -y can be determined from (6.5).

As -y -- 0 equation (6.5) simplifies considerably. Indeed, in this case K2 --+ oo

and, thus, for small -1 (6.5) becomes

K 2'- ,1(6.8)
1iFl11 -

Therefore,

K2 -'f FIY (6.9)

7. CONCLUSIONS

It is shown in this paper that the observer based output feedback can be

efficiently used for pointing of linear systems subject to both input and mea-

surement noise. The fundamental bounds on the achievable precision of pointing

depend on the locations of the right half plane zeros of the various transfer func-

tions involved. Roughly speaking, the best precision of pointing is obtained for

minimum phase systems. Any desired precision of aiming is attainable only if

no measurement noise is present. Therefore, the effect of the measurement noise

on the achievable precision of aiming is more detrimental than that of the input

noise.
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APPENDIX

Proof of Theorem 3.1: The proof of (i) parallels the proof of Theorem

3.1 in [3]. We omit the details here. In order to prove (ii) we first derive the

inequality

r 2 <_____ _<pR 2
2 Tr DX(K,L)D T  2 Tr DX(K, L)DT(A)

where K E K, L E C. To get the left inequality note that

fl(K,L) 1 \ ,,,,[(DX(K,L)DT )- 1 ] min yTy
2 year

r 
2

2A.m,[DX(K,L)DTJ
r2

2 Tr DX(K,L)DT

For the right inequality we have (R 2 - max yTy, B(O,R) = {yly Ty R2})VEOV

A(K,L) = Min 1 YT(DX(KL)D T )_1 y

< min - yT(DX(K,L)DT) _ly- eaB(oat)2

1 -,mi,[(DX(K,L)DT)_'R'

2
R 3

2Ama D IDX(K, L)DT]

< pR 2

2TrDX(K,L)D
T
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It follows from (A.1) that / = 00 is equivalent to

inf Tr DX(K,L)D T =0 (A.2)
KEg
LEt

Next note that it follows from linear quadratic theory [41, [51 that

inf Tr DX(K,L)DT = lim Tr DX(K',L')DT  (A.3)
KEK "7"*0

LEZ 0-0

where

K- = - BTQ, ATQ, + Q'A + DTD -I QBBTQ y  0 , (A.4)

La = - _PaET Ap a + P aA + CCT -_  P 2E EP =0 (A.5)a c

Furthermore,

lim Tr DX(K- , L)D T  = lim Tr (DP@DT + aLa' QIL*)
1"-0 --.0
-0 a-O

= lim Tr (CrQ'YC + -Y K'P*K') . (A.6)
0-.0

Therefore, with C = im V/ La and D = ir v1-V K', we have

inf Tr DX(K, L)DT = Tr (DPODT + 5TQO)
KEK
LEt

= Tr (bPob T + CrQOC) (A.7)

Each of the terms Tr DPOD r , Tr rQoC, Tr bPObT and Tr CTQOC is nonneg-

ative. Thus system (1.1) with control (1.4) is strongly residence time controllable

if and only if all four terms are zero.
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It was shown in [31 that Tr CrQOC = 0 if and only if there exists a rational

matrix U(s), with no poles in Re a > 0, such that

G.(a) + G.()U(s) = 0 . (A.8)

Similarlily, Tr CT = 0, Tr DP°DT = 0 and Tr DPoBr = 0 if and only if

there exist rational matrices U(-), V(s) and V(a), with no poles in Re a > 0,

such that

G. (a) +C, (a) (( = 0 , (A.9)

G~.) + V(s)G.,(a) = 0 , (A.10)

+ I (.)Gj (a) = 0 (A.11)

where

= D(sI - A)-' , (A.12)

(() = D(al- A)-' C . (A.13)

Now, if HI is satisfied then U(s) = -G;'(s)G,(s) and U(s) =-G;"(j)-G,(a)

(G,'(s) is the right inverse of G.(s)) are both without poles in Re a > 0 and

satisfy (A.8) and (A.9). Therefore, Tr CT QO = Tr (TQ0( = 0. Furthermore, in

this case DTD =-71D (see, e.g., [41) and, thus, H4 implies that 0 = Tr DPODT =

Tr P4 DTD = Tr PoB"r = Tr DPOBr. Therefore, by (A.7) the system is
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strongly residence time controllable. Similarily, if H3 is satisfied, then V(s) =

-G.(.)G'(a) and P(s) = -G.(a)G'(a) are both without poles in Res > 0 and,

thus, Tr DPoDT = Tr DPODT 0. Furthermore, CCT = eeT and, therefore,

H3 implies that 0 = Tr CTQOC - Tr (TQ0(. This proves the sufficiency part

of the theorem.

Assume now that (1.1), (1.4) is strongly residence time controllable. Then

(A.8) - (A.11) are satisfied and, thus, H3 and H4 are true. Note that the existence

of U(s) such that (A.8) is satisfied and A4 imply that m > min(p, r). Similarly,

the existence of V(a) and A4 imply that q > min(p, r). Assume p <_ r. Then

m > p and, thus, G,(a) is right invertible. Similarly, if p _> r, then q _: r

and Gni(s) is left invertible. Next, it can be shown that (A.10) implies that

G,()G(-)= ( -a). Furthermore, G,(s) has no zeroes in Re a > 0

(see, e.g. (6]). Similarly, (A.8) implies that Gcr(-s)Gn(s) = d(T(-)(G.~(s) and

d() has no zeroes in Re a > 0. Thus, if p _< r, i.e. G.(s) is right invertible,

then it follows from (A.10) and (A.9) that G.(.) has no zeroes in Re a > 0. Thus

HI is satisfied. Similarily, if p : r, then (A.8) and (A.11) imply that Gnl(a) is

left invertible and minimum phase, i.e., H2 is true. Q.E.D.

Proof of Theorem 3.2: Let u(K) be the logarithmic residence time of

(3.12). Then, obviously, for any K E K and L E £ we have

A(K, L) _ (K) (A.14)
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and, thus,

sup A(K,L) 5 &(K) (A.15)
LEZ

Furthermore, using a similar argument to the one in the proof of Theorem 4.1

(see below) we have

sup 14(K,L) = lim(K,La) (A.16)
LE£

La= PE, AP a + POAT + CCT _ - pETEP, =0 (A.17)

Thus, we want to show that left invertibility and minimum phase of GI(s) is

necessary and sufficient for

lim KLa) = min IY T(D(X(K) +

= A(K) (A.18)

where

(A + BK)X(K) + k(K)(A + BK) + CCT =0 (A.19)

for all K E K. However, since

&(K) = min YT (DX(K)DT )-Yi , (A.20)

(A + BK)X(K) + X(K)(A + BK)T + CCT = 0 , (A.21)

it follows that (A.18) is true if and only if DPODT = 0 and CCT =(-(T. These

are exactly the necessary and sufficient conditions for G,,(s) to be left invertible

and minimum phase. Q.E.D.
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Proof of Theorem 4.1: It is straight forward to show that X(K, L) > P

(see, e.g. equation (A.25) below). Therefore, since

/A(K,L) = min I YT (DX(K,L)D T)_ly (A.22)
vest 2

inequality (4.2) follows. Q.E.D.

Proof of Theorem 4.2: The logarithmic residence time in a system with

the optimal estimator gain , = PET(FFT)- l is

js(K,L) = min 1 y(D((K) + P)D)-ly (A.23)

where

(A + BK)X(K) + (K) + U T = 0 (A.24)

Thus, the upper bound (4.2) is attained if and only if inf Tr DX(K)DT = 0.
KeK

However, by the same argument as was used in the proof of Theorem 3.1, this

happens if and only if (4.3) is satisfied. Q.E.D.

Proof of Theorem 5.1: Let L be the Kalman filter gain (5.9) and define

di = (Ai + BK&)dt + L(dz - Eit) (A.25)

where I is the estimate (1.5) for an arbitrary L. Then [51

X(K, L) = k(K, L) + P (A.26)
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where P satisfies (4.1) and I is given by

T -ZT

LE A+BK-LE ZT X+( LE A+BK-LE

LFFTLT LFFTLT

Defne+ (LFL LFTT =0 .(A.27)
LFFTLT LFFTLT

Define

Then
T

(A+ BK -LJ( X , Y)X( A +BK :-1E

0 A-LE XI X2 X I X 2  0 A-LE

(Z- L)FFT  (L - L)FFr(L - QL)T

In order to show that K7 , L satisfy the necessary conditions for minimizing

J'(KL) we have to show that (F (K.,))

a J,7 (F)-. F 1 0 (A.30)

gives F = F'= (, . (A.30) is equivalent to showing that

d J'(F+ F) F (F), AF = Tr AF T-.(F)=0 (A.31)
e 14=0 1
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for all AF = In order to simplify notation we assume WD - I. Evaluat-

ing J,'-(F + eAF)o gives

J(F+ F) = lTr X'-Xl + -y Tr KkKY(F + ,F)1=0 =

+ -Y Tr AKK T + -y Tr KYK r  (A.32)

where

X1 -- X(K + eAK, L+ eAL) (A.33)

A L + eL) (A.34)

From (A.26) and (A.28) we get X = - X - X, + X, and

k = k - xri- xf+ X4 , (A.35)

X' = (since P = const.) (A.36)

where

_dx _ (A.37)14.
xf= x, (A.38)

*=0

=f d (A.39)
4=0

Using this in (A.32) gives

d J,(F + eAF) = lTr XI-'
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+ -y Tr KTK )-r - X1, + X12) (A.40)

+ y Tr XKTAK + y TrAKTKY.

From (A.29) we get the following equations for X, X, and X3

(A + BK)k+ X(A + BK)T - BKX1 - XTKTBT + LFFTLT -0 , (A.41)

(A + BK)X, + X,(A - LE)T - BKX2 + LFFT(L - L)T -0 (A.42)

(A - LE)X + X 2 (A - LE)T + (L - L)FFT(L - L)T= 0 (A.43)

Thus, X',XV and X'. satisfy

(A + BK)k + k(A + BK)T + BAKX + XAKTBT

- BKX' - X",KBT T - BAKX, - XT AKTB r = 0, (A.44)

(A + BK)X4 + XfI(A - LE)T + BAKXI - X 1 ET ALT

- BKX', - BAKX, - LFFT ALT = 0 , (A.45)

(A - LE)X, + X1(A - LE)T - ALEX - XIETALT

- (L - L) r FFTALT - ALFFT (L - L)T = 0 (A.46)

Next we rewrite (A.40) using (A.35) and the adjoint equation for (A.44). This

gives

d J'(F + AF) = Tr (YQB + YZKT - X 1QB)AK
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+Tr AKT(BTQI + '7KX - BTQX T) - Tr(QB + yKT)KX'

- Tr X4, KT(BTQ + 'K) + - Tr KTKX1 (A.47)

where

(A + BK)TQ + Q(A + BK) + IX'-' + KK = 0 (A.48)

Now, it follows from (A.46) and the last term in (A.47) that in order for (A.47) to

be zero for any AL it is necessary that X = 0. Thus, EX 2 + FFT(L - L)T = 0.

Substituting L - L = -X 2ET(FF') -l into (A.43) gives X2 = 0. Therefore

L = L. Furthermore, with L = L and X2 = 0 it follows from (A.42) that for

any K E K we have X, = 0. Therefore X = X and the first two terms on the

right hand side of (A.47) give -yK + BTQ - 0. However, this makes the third

and fourth terms in the right hand side of (A.47) also equal to zero. Therefore,

in order for (A.47) to be identically zero for any AF we must have L = L and

K = -'TQ.

Finally, substituting K = K17 = -I BQ into (A.48) gives (5.11) and (A.26),

(A.41) with X = I? gives (5.13). Q.E.D.

Prootof Lemma 5.3: Notethat ifM7I > Othen M7 = NTN for some non-

singular Nl'. Furthermore, since (D, A) is detectable it follows that (Nj7WD, A)

is detectable. Thus, Q7 > 0 and IV E K. Q.E.D.
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Abstract

In this paper, the problem of aiming control is formulated and analyzed in terms of
the residence probability measure. Specifically, the notion of residence probability in a
domain is introduced and its asymptotic expression is derived for linear systems with
small, additive white noise. The associated notion of (D,T)-stability, which character-
izes the performance of stochastic systems with no equilibrium points, is introduced and
investigated. Finally, the controllability of residence probability is studied and the nec-
essary and sufficient conditions for (D,T)-stabiliuability are derived. The development
is based on the asymptotic large deviations theory.
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1. INTRODUCTION AND STATEMENT OF
THE PROBLEM

Consider a system described by the Ito stochastic differential equation:

dz=(Az+Bu)dt+eCdw, z(O) =zo , (1.1)

where x E R', u E R ' , 0 < e <: 1 and w is a standard r-dimensional Brownian

motion. Let D C R' be an open bounded domain with 0 in its interior and

T < oo a positive number. Consider the following problem:

Given system (1.1) and the pair (D, T), find a feedback law

u = Kz (1.2)

and an open set Do C D such that the closed loop system (1.1), (1.2) has the

following property:

z(t, zo) E D, V t E [0,T), V zo E [Dol

where (Do] is the closure of Do.

This problem is referred to as the problem of aiming control. Such a problem

arises in a number of applications where the goal is to accomplish a certain task

during a specified period (T) with a specified accuracy (D). Examples include

the telescope pointing problem [I, robot arm and laser beam pointing [21, 131,

missile terminal guidance (4I, etc.
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It is well known, however, that

Prob{z(t, zo) E 1D for some t > Olzo E (Do]) = 1

where aD is the boundary of D and Do is any open subset of D, [5-[7]. There-

fore, the aiming process specifications, (D,T), cannot be met exactly and some

probabilistic meaning should be attached to their interpretation. This can be

accomplished using the notion of the first passage time:

TZO = inf(t > 0: z(t) E aDzXo E [Do]) (1.3)

Specifically, the problem of aiming control can be re-formulated in the following

two probabilistic settings:

Residence time control: Given (1.1) and a pair (D,T), find a feedback law

(1.2) and an open set Do C D such that

E[r] _> T , V zo E [Do] (1.4)

Residence probability control: Given (1.1), a pair (D, T) and a constant 0 <

p < 1, find a feedback law (1.2) and an open set Do C D such that

Prob(ro > T} > p, V zo E [DOI . (1.5)

The residence time control problem (1.4) and its generalizations has been ana-

lyzed in 181-1121. In these publications, the fundamental bounds on the achievable

values of Efr.,, have been investigated and the methods for controllers design,

compatible with these bounds, have been developed.
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The residence probability control (1.5) appears to be a stronger reformulation

of the aiming control problem than the residence time control. Indeed, since r,..

is non-negative random variable, the Markov inequality gives:

Prob{ro : T} <

-T

Therefore, if Prob{r,, > T} > p, the estimate for E[r 0 ] follows immediately:

E[rJ >_ pT

On the other hand, it is possible to show (see Appendix 4) that for any D, Do, T

and 0 < p < 1 there exists a feedback law (1.2) and zo E Do such that the closed

loop system (1.1), (1.2) has the following property:

E~r.0J > T ,

Prob{r. > T} < p

This implies that the closed loop system may exhibit a performance as good as

desired from the residence time point of view and as bad as desired from the

point of view of the residence probability.

These observations justify the problem of residence probability control and,

in addition, indicate that it has a more complicated mathematical structure than

residence time control problem.

This paper is devoted to the investigation of the controllability properties

of residence probability, i.e., to the question on when there exists a feedback
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law u = Kz that solves the residence probability control problem. The related

question of design of the residence probability controllers will be addressed in a

companion paper. As it was the case of [81-[121, the development is based on the

large deviations theory of [7].

The idea of utilizing the residence probability as a measure of control systems

performance is not new. Apparently, it was first introduced in [13] and then

analyzed in [141-[171. The approach of (14] is based on the stochastic Liapunov

functions and as a result the estimates obtained are quite conservative. Indeed,

if (A + BK) and C of (1.1), (1.2) have the form of Example 4, Chapter 3 of [141,

i.e.,

A+BK= , C=

and D is given by

D={zER': z'x+zjz 2+z<2}

then choosing, for instance, ZO = [1 0 1T, the approach of [14] results in

Prob{r 0 S T} :5 1 - 0 .2 5 e-'a . (1.6)

Using the asymptotic method of this paper, for the same example we obtain

Prob{r., < T} <e - L"'  , 0< T< oo . (1.7)

Obviously, (1.6) and (1.7) have different asymptotic behavior: when E is very
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small, (1.7) gives

Prob{r 0 _< T} = 0

whereas (1.6) results in

Prob{r., !S T} < 0.75

Thus, the asymptotic approach, although restricted by the condition E < 1, is

advantageous in comparison with the Liapunov functions method.

Note that along with [6) and [7], there are other asymptotic techniques for

calculating the residence probability (see, for instance, (181-(201). However, the

problem of controllability of residence probability has not been explored. It is

done in this paper.

The structure of the paper is as follows: In Section 2 an asymptotic formula

for residence probability in a domain is derived. In Section 3, the notion of

(D, T)-stability, that characterizes the behavior of stochastic systems with no

equilibrium points, is introduced and analyzed. Section 4 presentes the conditions

for residence probability controllability and (D, T)-etabilizability. In Section 5,

the conclusions are formulated. The proofs are given in Appendicies 1-4.

2. RESIDENCE PROBABILITY IN A DOMAIN

Consider the Ito system

dz = Azdt + E Cdw, z(0) =z , (2.1)
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where, as before, z E RI, 0 < e < 1 and w is a standard r-dimensional Brownian

motion. Let D C R" and Do C D be open bounded sets with 0 in their interior

and smooth boundaries aD and 8Do, respectively. The first passage time of the

trajectory originating at Zo is

r.o = inf{t > 0: z(t) E aDxo E [Do]J (2.2)

As a random variable, r, is characterized by its probability distribution, i.e.,

Prob{r, < T}. Based on this distribution, the first passage probability of the

trajectories originating in [Do) can be defined as follows:

PDo{r T) A max Prob{r.. < T} (2.3)

ZoE[Dol

Then the residence probability in the domain is

PDO{r > T} 1- PDo{r < T} (2.4)

= min Prob{r, > T}
xee(DoJ

These probabilities play a crucial role in the development that follows. They are

characterized next:

Theorem 2.1: Assume that (A, C) is disturbable. Then

limE2 nPD,,{r < T} = - min min I(y _ eAlo)TX-I(t)(y _ eAt. 0 ) , (2.5)
4-0 -UEID,,I VE-D 2

where

Xk(t) = AX(t) + X(t)AT + CCT , X(0) = 0 (2.6)
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Proof: See Appendix 1.

The interpretation of this result is as follows: Let -p(Do) denote the right

hand side of (2.5), i.e.,

S(Do) in amin I (y eAtXo)TX-l(t)(y - eAt z 0 ) (2.7)

Z.,E(Daj VEOD 2

Then, according to Theorem 2.1, if e is sufficiently small, for any 6 > 0,

e 
-6

i.e. PDo{r < T} is logarithmically equivalent to e- ,zL. Due to this reason, vo(Do)

is referred to as the logarithmic first pau8age probability. Obviously, the residence

probability in the domain, i.e., PDO(r > T}, is logarithmically equivalent to

As it follows from the above, the logarithmic first passage probability is in-

dependent of the distribution of initial points Xo in Do. In addition, Vo(Do) is

a coordinate-free characterization of system's performance. Indeed, consider a

similarity transformation

z=Q!, detQ30 (2.7)

and the system

d! = Aldt + e Cdw

= Q-1 AQ, = Q-'C (2.8)
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Let

D = { ER": Q! ED ,

Do = {-fE Rn: Q-toE Do}

and O(Do) be the logarithmic first passage probability from D, i.e.,

=(o muin muin 1 0-e1 X
*~f ~ 2 ' A~)Z(00( - CAto

Then

Lemma 2.1: (D) = (Do).

Proof: See Appendix 1.

This property will be used in Section 4 to establish the upper bound of the

achievable logarithmic first passage probability for system (1.1).

3. (D,T)-STABILITY

If a stochastic system has an equilibrium point, its stability can be char-

acterized by the usual notion of Liapunov stability modified in an appropriate

stochastic sense (141, [211. If the system does not have equilibria, as is the case

for (2.1), the Liapunov stability does not apply. In this situation, the notion of

first passage time could be used to describe its "stability" features. One way to

accomplish this is as follows:
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Definition 3.1: System (2.1) is said to be (D,T)-stable with probability

0 < p < I if there exists an open set Do C D such that

PD.{T > T} > p (3.1)

or, equivalently,

PD(r < T} 1 - p , (3.2)

where PDO{r > T} and PDO{r < T} are defined in (2.4) and (2.3), respectively.

In this Definition, set D may be interpreted as a safe operating region, T as

a desired operating time, and Do as an initial, "lock in", set.

Applying this definition to system (2.1) and taking into account Theorem 2.1,

we see that (2.1) is (D, T)-stable with probability p if there exists Do c D such

that

1> ,

where V(D 0 ) is the logarithmic first pasge probability. Thus, the analysis of

(D, T)-stability is equivalent to the calculation of v(D 0 ) for a given D.

The calculation of V)(Do) according to (2.7) may, however, be difficult. There-

fore, simpler sufficient tests for (D, T)-stability and instability are given below:

Theorem 3.1: Assume that A is Hurwitz, (A, C) is disturbable and there

exist a matrix M > 0 and a number R0 > 0 such that

ArM + MA < 0
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r A rain [[y[[ - > 0
VeOD VA. (M)

where \,mi(M) is the smallest eigenvalue of M and l[ lis the Eucledean norm

of a vector. Then (2.1) is (D, T)-stable with probability I - e- /42 where

r 2

2A<ma(X(T))

X(t) is the covariance matrix defined by (2.6) and Am.(X(T)) is the largest

eigenvalue of X(T). The corresponding initial set Do in this case is:

Do={zER": xTMX < }

Proof: See Appendix 2.

Theorem 3.2: Under the assumption of (A,C) disturbability, system (2.1)

is not (D, T)-stable with probability p = 1 - e-*/' if

max lvll1
EOD <a2Ama( X(T) )

Proof: See Appendix 2.

Thus Theorems 3.1 and 3.2 provide the lower and upper bound for the resi-

dence probability in the domain:

r t II - ax IEGO
1-exp 2 A--(X(T))J,' .(X(T))

(3.3)
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To illustrate the application of these bounds and the utility of (D,T)-stability,

consider an example where two systems have identical LQG performance mea-

sures but different (D, T)-stability properties. Specifically, consider system (1.1)

with

A], B= , C= (3.4)
2 -111

and the initial point zo distributed uniformly in

Do= {xo: zo o < ,r}

Assume that the goal of control u is to keep z(t) within

D = {x: x z < R}, R> r

during the time period T. To find controls that achieve this goal with some

accuracy, introduce two performance indecies

J,= mi 92 ) 2d

and

min fT [-(z, + Z) + 0.0574 u'] dt

Minimizing the expected values of these criteria, in the limit as T - 00, for

R' = 2 we obtain

E..[J3j = EoIJ:I = 0.0576 r
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These optimal values are achieved under controls u, = K x, i = 1, 2, where

K, = - [0.2949 0.22471 , (3.5)

K2 = - [2.3627 3.29201 , (3.6)

respectively. Thus, under gains (3.5) and (3.6) the two closed loop systems have

equal LQG performance measures. Next we investigate their (D, T)-stability

properties.

Since matrices A + BK, i = 1,2, are Hurwitz and pairs (A + BK,, C), i =

1, 2, are disturbable, Theorems 3.1 and 3.2 are applicable. Since

(A+BK,)T+(A+BK,) <0, i=1,2

choose M = I, min I1y1 = R and R0 = r. The calculations of bounds (3.3)
VEOD

gives:
I-644t-P)3

1e- ' < PD.(r(Kl) > 10) < I- C I -

1- e- , < PD.{r(K) > 10)< 1-e -

When r is sufficiently small, the bounds defined by K, and K2 do not overlap

and PD.(r(K2) 2! 10) > P(r(KI) > 10). Analogous situation takes place for T's

other than 10. Indeed, for T = I and T = 0.1 we obtain:

1-e ,r < Poo{r(K) > 1) < 1-e-".f- ,

I - e- < PD,.(r(K,) > II < I- - e
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1- ,i0 < PD°{r(KI) > 0.1} < 1 - 2

1 - -1 < P 0 {r(K2 ) > 0.1} < 1 -e -L -

Hence, in spite of their equivalence in the LQG-sense, the two feedback gains are

different in terms of the resulting residence probabilities or (D, T)-stability.

The LQG and the residence probability performance measures could be in

direct contradiction with each other. Indeed, continuing example (3.4) with

J(d) = min 1 f -i(.t+z2 )+ ujdt

it is possible to show that J(d) is an increasing function of d whereas PD,,{r < T}

is decreasing. This is illustrated in the Table below:

d Kd Eo[J(d)] PDo{r 1}
r2 e "V -'L2

0.5 -10.1641 0.11801 0.0309 2 [- ,84  , e-I,]

5 -[1.8397 2.31661 0.6419 r Ie- ,e- , I

4. RESIDENCE PROBABILITY CONTROL-
LABILITY AND (D,T)-STABILIZABILITY

Consider again system (1.1) with control (2.1). As it follows from Theorem

2.1, if (A + BK, C) is disturbable,

Jim ( 2 ln PD,{r(K) < T} = -V(Do, K)
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where Vo(DO, K) is the logarithmic first passage time defined by

po(DO, K) = min min -(i - (A+BK)o)TX- (t,K)(y -e(A+BK)X 0 ),(41

soEIDoJ WED 2(41

k(t, K) = (A + BK) X(t, K) + X(t, K) (A + B K) T + CCT, X(O, K) =0

Note that if (A, [BCJ) is disturbable, (A + BK, C) is disturbable for almost any

K[221. We would like to choose the feedback law (1.2) so that V(Do, K) is as

large as desired, i.e., the residence probability, which is logarithmically equivalent

to 1 - C" ' is as close to 1 as desired. This may or may not be possible. To

characterize the various situations, introduce

Definition 4.1: System (1.1) is said to be st ron gly residence probability con-

trollable (srp-controllable) if for any (D, T) and a > 0 there exists u = Kz and

Do C D such that %'(DO, K) > a. Otherwise the system is weakly residence

probability controllable.

The srp-controllability is equivalent to the property of (D, T)-stabilizability:

Definition 4.2: System (1.1) is (D, T)-stabilizable if for any (D, T) and

0 < p < 1 there exists u = Kz and Do C D such that

PD,{1 > T} > p.

Below, the class of srp-controllIable systems is characterized.

Theorem 4.1: Under the assumption of (A, C) disturbability, (1.1) is srp -

controllable or, equivalently, (D, T)-stabilizable, if and only if Im C C Im. B.
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Proof: See Appendix 3.

If Im C 9 Im B, there exists an upper bound on the achievable o(D, K).

This bound is analyzed next.

Consider again (1.1) and assume that B has a full rank. Then there exists a

similar;ty transformation z = Qi that transfers (1.1) to the form

d! (Ai + Bu)dt +E Cdw (4.2)

=A A A Q-'B = = ,Q-lc = d=

[A2 1 A22 10C

Since, according to Lemma 2.1, Vo(Do, K) = "(o,), the bounds will be estab-

lished in terms of the realization (4.2).

Assume (A, B) is controllable and choose

u=KI, K,=-!hBP, p>O , (4.3)
P

where P, is the positive definite solution of

ATp, + pA+ I p, rp,=o . (4.4)

p

Let P22 be the positive definite solution of

A 11)'22 + P22 A1 + I - P 2 A2dA 1 P22 = 0 (4.5)

and

A = -A 2 1P22 + A22  (4.6)

52



Let a and 6 be positive numbers that satisfy the inequality:

(ItP22A2 A 1 P22 12 + 1)IleA ll< e- ' '  (4.7)

where I1" 112 is the induced 12-norm of a matrix. Finally let M > 0 and Ro > 0

be a matrix and a number, respectively, satisfying

lim[(A + bK)TM + M(A + BK,)] <0 (4.8)

r = min Ilyll >0 (4.9)
vEaD XdfjM)

Theorem 4.2: Under the assumption of controllability of (A, B) and dis-

turbability of (A, C) and for all T > 0 such that

1 _ fe- 20T >0 , (4.10)

the maximal achievable logarithmic first passage time, max 0(Bo, K,), is bounded

as follows:

r 2 max Ilyll'
<1. <max0(o, k) =lim 0(Do, k,, < O ma4.11)

2A*' - , -02A'(1 - ae- 20T) (

where

- A m(d 2df) (4.12)
2ma( 2 1~f + A22 2) 2

"= Tr TPn22 2  (4.13)

and r, M, a and # are defined by (4.9), (4.8) and (4.7), respectively.

Proof: See Appendix 3.
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Note that in the srp-controllability case C2 = 0, A* - * 0 and, therefore,

lim V(Do, K,)= oo
'0-0

As it has been pointed out in Section 1, the residence probability control

problem has a more complex nature than residence time control. This complexity

manifests itself through the fact that, unlike the residence time (see [81, formula

(3.6)), the bounds on the maximal achievable residence probability depend on

the desired period of operation T and, more importantly, on the size of the initial,

"lock in" set Do.

To illustrate the bounds of Theorem 4.3, consider an example of the roll

attitude control problem in a missile disturbed by a random torque [231. The

dynamics of the system are described as

0 000 6 1 0

= 10 -1 0 w + 0 U+e 1 ti (4.14)

0 0 10 V 0 0

where 6 is the aileron deflection, w is the roll angular velocity, Vo is the roll angle,

u is control of aileron actuators and w is white noise. Note that (4.14) is in the

form (4.2) with C 0 0, i.e., the system under consideratioL is wrp-controllable

and Vo(Do, K) is bounded. To evaluate this bound, assume, for simplicity, that

D is a ball with radius R and calculate

A=0.04975, ,A"=0.1, ct=12, 1.=2
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Choosing M as

0.25 0.25 0.25

0.25 0.35 0.35 (4.15)

0.25 0.35 1.35

and varifying that (4.8) holds, we finally obtain:

_ R o0\02  10.05R2  1n12
R- lmo (Do, K,) < 1.52,T > In 1

0 -0 - 1 - 12e - 2T' 2

Thus, there is no linear controller (4.3) for missile (4.14) that keeps the states

in the ball of radius R during interval T with probability p > 1 -exp {- 0 }.

On the other hand, there exists a linear sate feedback that accomplishes this

task with probability p <_1 -exp {- (R - )}, provided that at t =0the

states are locked into the initial set Do = {z : rTMz < Ro}, where M is given

by (4.15).

5. CONCLUSIONS

1. The residence probability control gives a stronger reformulation of the

aiming control problem than the residence time control. However, the resulting

control problem is also more complex: the performance depends on the size of

the initial, "lock in", domain and on the operating period.

2. The (D, T)-stability with probability p is a useful tool for characterization

of the performance of stochastic systems with no equilibrium points. The per-

formance in terms of (D, T)-stability may be contradictory to the performance
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in terms of LQG criterion.

3. The residence probability of a controlled linear system with additive white

noise can be modified in any desired manner, for instance, made as close to 1 as

desired, if and only if the range space of the noise matrix is included in the range

space of the control matrix. Otherwise, the achievable residence probability is

bounded away from 1 and estimates of this bound are characterized herein.
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APPENDIX 1

Proof of Theorem 2.1:

Consider

dz = Azdt + E Cdw, z(O) = zo (A1.1)

where x E R', 0 < e < 1 and w is a standard r-dimensional Brownian motion.

Let U(t) be an absolutely continuous function in R" and define F.0 (U) as follows:

F, (U) = 0o+T A4dt + CU (A1.2)

The mapping F. 0(U) is continuous with respect to U and, assuming without loss

of generality that C has a full row rank, one-to-one. Therefore, as it follows from

Theorems 3.1 (Chapter 3) and 1.1 (Chapter 4) of [71, the action functional for

(AI.1) is:

00 , if F.o.(0) is empty

SOT(0) SaT()=
I f'T uTudt, = AO + Cu, 0(0) = zo, otherwise,

(A1.3)

where u(t) = U(t).

Define

, min{t : x(t) E aDIzo E D}

where D C R" is an open bounded set in R" with 0 in its interior and smooth
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boundary OD and z(t) is the trajectory of (A1.1). Introduce also

7D (T, x0) A {€ E CoT (R"): 0(0) = zo E D, 0(a) i D for some a E [0, T]}

(A1.4)

TTD(T, xo) A {u C Co(R"): E ffD(T,xo), € = A0b + Cu, 0(0) = zo} (A1.5)

It follows from Theorems 1.1 and 1.2 (Chapter 4) of [71 that if

inf {SoT(u): E [HD(T,zo)J} inf {So (u): kE HD(T, 0)}
ueU0 (Tzo) UEUD(Tzo)

(A1.6)

then uniformly with respect to all zo E R",

lim e2 In Prob{r 0 , < T} - rin SoT (u) (A1.7)
1-O uEUoD(T,zu)

To prove that (A 1.6) holds assume that the minimum of SoT (u) on set UD (T, z0 )

is attained at function u*. Denote the corresponding 0(t) as 0' and assume that

" reaches 8D at t*, i.e., 0*(t*) E aD. Define the neighborhood of 0*(t*) as

follows:

N,.,)6 { E R' (t) - < 6, 6 > 0}

For any 6 > 0, choose z' E N.(t.) which is not contained in D. Due to the

assumption that (A,C) is disturbable there exists u6 such that 0(u'(s)) = z for

some . E [0, T1. Therefore, 0(u') is in the interior of THD(T, zo). Since SOT(U) is

differentiable and

limSo2 (u') = SO,(U)
6-0

58



this implies that condition (A1.6) is satisfied, and (A1.7) holds.

To solve the minimization problem of (A1.7) we observe that, as it follows

from [71, p. 107,

min SOT(U) = rain V(t, zo, y) (A1.8)
UEUD(T,so) VEaD

where

V(t, xo, y) = mn 1 f uTudt (A1.9)

= A + Cu, 0(0) = xo, 0(t) = y (A1.10)

Problem (A1.9), (A1.10) can be solved using a standard variational approach.

The necessary conditions of optimality,

* = A4b'+Cu" , 0'(0)=zo, *(t)=y

04 = -A p"

result in

U'(.) = _-e-A(t-r)X-'(t(y _ eAtZo)

and, hence,

V(t, Zo, Y) = -(y - eAIzo)T X - I(t)(y - eAt xo)
2

where

=AX+XA r + CCT, X(O) =0
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Thus, according to (A1.8),

mi So02 (u) = min - O)TX-'(t)(Y - eAzo)
ueUo(T,ze) vEOD 2

O<t<T

which, together with (A1.7), defines the distribution of the first passage time of

a trajectory originating at z0 .

To complete the proof consider

PD,{r < T} = max Prob{r. o _< T} ,
ZoE(DoJ

where Do C D is an open set containing 0 with a smooth boundary aDo. Taking

into account the continuity of In Prob(r.,, !_ T}, the uniformity of the limit in

(A1.7), and the compactness of [D0 ],

lime2 InPD{r0 _. T} = lime' In max Prob{r 0 :_ T}
-0 C-0 zUE(Do]

= lim e2 n. x In Prob{r 6 , :< T} = max lim e' In Prob{r, _ T}
C-.0 zoEt. 'nl xoe(Do] -0

1 (y - eA Z O )T X -t -

= max min M-(y-(y-eA r)
0ee(D,.j - edD 2 --

I( AtzO)TXlI(t)(Y eAtzoxoe{Dul reOD 2

Q.E.D.

Proof of Lemma 2.1: Since X(t) = QX(t)QT,

(- eA t)T 'O - e~to

= (Q-1y _ Q-1eAIQQ-1zo)TQX-1(t)Q(Q-ly Q-IeAQQ-Izo)

= (Y - eA1zo)TX - (t)(Y - eAo)
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Therefore,

Do) = min min ( - lo)X- (t)(9 - e*oE{bol 9 Eb2

= m in 1(y - e AtZo)TX-l(t)(y - eAz o) =O(Do)

O<t<T

Q.E.D.
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APPENDIX 2

Proof of Theorem 3.1: Observe that

rp(Do) > mi rain 1Ai(X-1 (t))1y - eAtZo12
zoE(DoJ tEOD 2

O<t<T

minO mi 1k' - e AzXO12

2Ama(X(T))

Since A is Hurwitz, there exists M > 0 which satisfies

ATM + MA <0

Then Do = {x E R": ZTMz < R} is an invariant set for (2.1) with e = 0. If

yEOD

this invariant set is contained in D. Therefore,

ranm Mill LJ' ezol ()
x-(DD) mmo minEaD 11Y11 - 7.,77)(Do) _>5!S >_,_ __ =0

2Amw(X(t)) 2Am=(X(t))

This implies that (2.1) is (D, T)-stable with probability 1 - e-'" 2 where

Q.E.D.
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Proof of Theorem 3.2:

v (Do)< min ly mX (t)1

1EGB 21 1~~
-- ~t<OT<

R 2

2Am.(X(T))

where B = {x E R': Vjxjj < R} and R = max IlylI. This implies that (2.1) is not
E-GD

(D, T)-stable with probability 1 - e- */ ' 2 , where a > *2.

Q.E.D.
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APPENDIX 3

Proof of Theorem 4.1: Sufficiency: If Im C C Im B, the disturbability

of (A, C) guarantees the controllability of (A, B). Then, as it was shown in [81,

there exist a sequence {K.} such that (A + BK.) is Hurwitz for Vot E 11, 0o), a

set Do which is invariant set for i = (A + BK,)x for Va and, in addition,

lira Xo. (K,,) = 0,
ai--ii0 K

where

(A + BK.)Xoo(K,.) + X.o(Ka(A + BK,) r + CCT= 0

Since X(T,K.) -5 Xoo(K,,), VT > 0

limX(T, Ka) =0, VT > 0

where

X(t, K.) = (A + BK.) Xo,(K.) + Xoo(Ka)(A + BK. )T + CCT

Therefore, by using Theorem 3.1,

jim (Do,K.) =oo

which implies that (1.1) is srp-controllable

Necessity: Assume that (1.1) is srp-controilable. Then there exists a se-

quence {K. } such that lim w(Do, K.) = o0, which implies that lim Ama(X(T, K,)) =
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0 or lim TrX(T, K.) = 0. Then by Fatau's lemma,

0 = lim TrX(T, K,) = lim Tr r eC(A+BK.)tCCTe(A+BK.)Ttdt
0 -00 a-0 0 f 0

>T lim inf Tr(e(A+BK.)tCCTe(A+BK.)t)dt (A3.1)

Since e(A+BK)tICCTe(A+BKa)Tt > 0, V t E [0, T] and a , (A3.1) gives:

lim inf Tr(e(A+BK.)ICCTC(A+BKa)?t) = 0

for almost all t E 10, T]. Therefore, there exists a subsequence {Ks} of {K.}

such that

lir Tr(e(A+BKP)tCCr(A+BK)
T t) = 0 (A3.2)

for almost all t E [0, T]. Noting that X(t, K,) obeys the equation

(A + BKO)X(t, K#) + X(t, K,)(A + BKO )T + CCT

= e(A+BKP)tCCTe(A+BKD)T t , V t , (A3.3)

from (A3.2) and (A3.3) it follows that

Iim [(A + BKO)X(t, KO) + X(tKO)(A + BK,9)T + CCTI=0 (A3.4)

for almost all t E [0,TJ. Since we know that X(t, KO) -. 0 as 3 -- oc, (A3.4)

implies that

lim [BKoX(t, KO) + X(t, K,)KBr + CC r = 0 (A3.5)
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for almost all t E [0, T). Therefore, there exists Q(t) such that

BQ(t) + QT(t)BT + CCT = 0 (A3.6)

which is possible only if Im C C Im B.

Q.E.D.

Proof of Theorem 4.2: From Theorem 3.2 we know that

(Do, O,) , R2

p(Do, K,) < Am.(X(T, K,) (A3.7)

where R 2 = max lyll 2. Ommiting, for the sake of brevity argument K, of function

X(T, K,) and taking into account that

X(T) = X00 - e(A+BK)TX 0e(A BK, ) r T

where X00 = lir X(T), the denominator of (A3.7) can be bounded as
T-.oo

Am.(X(T)) > Am.(Xoo)(1 - II2A+BK,)TII:) (A3.8)

In [81 it has been shown that Am,(Xm) _> A* > 0 defined in (4.12). Therefore,
to specify estimate (A3.7), lim Ile(A+BK,)T 11 should be evaluated.

With this in mind, consider the realization (4.2) with control (4.3) (again, for

simplicity of notations we drop the sign A in al' -kppropriate symbols):

[in] A21  A22  [ ]
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where P 1 are defined by the positive definite solution of (4.4) represented as

follows:

P, 11 P P,12 1PT
p"2  P022

For p sufficiently small, (A3.9) can be analyzed using the singular perturbation

approach [241. This results in

Piizi(t) = -P 2X 2(t), V t > 0 (A3.10)

where

P -= lim~m ,7 P12 = lim Pp1
p-0 Pp-0VI

In addition, since lir P, < oo, it follows from (4.4) that

limP,BBT p = lim P PP 0
. PTp-Pp1 P1,12Pol2

and, therefore, P 1 = P 12 = 0 as p - 0. Denote

P22 A lim P02p-.,

'PILP 12  1 im1 Pu1 P1 IIP012
Pl2-P 1P12 P P2 p P pp p#p

Then from the above considerations it follows that

lim[ATp, + P,A + I- !PBBTp,]
0-0 P

AT AT 0 0 0 0 All A 1 2

[ A 2 ][ 0 P22  0 P:2  A21 A22
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=0 , (A3.11)

i.e.,
-p=-0 , (A3.12)

1P2 - 11P= 0 , (A3.13)

A- T

ArP 22 + P 2A 22 + I - P 2 P1 2 --0 (A3.14)

Since P > 0, from (A3.12) - (A3.14), respectively, we obtain

P1 1 = I ,

P12 = A21 Pc,

2222 + P22 A22 + I - P22A2 1A 2  =

Therefore, from (A3.10) and (A3.9)

xz(t) = -AT'P 22 z2(t), t > 0

and

i,(t) = AX2(t), t > 0

where

= -A 21A TP 22 + A 22
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is a Hurwitz matrix. Thus,

0 -AT p2e t
Jim e(A+BK,)t [ 1

-0 e]

and

- ie(AZBKP. -+ Ar, P22 A 1A T P2 2 et 2

_ (1 + IIP22A2jA2IP 2212 )jeAtII' Vt > 0 (A3.15)

Therefore, for a > 0 and 3 > 0 satisfying (4.7), from (A3.8) and (A3.15),

lim Am(X(T, Kp)) > A(1 - ae - 20T)P-0

and

Iimp (Do, K,) < R2 if 1 _ ae-20T > 0
0-o- 2,\'(1 -

This provides the upper bound for w (Do, K,).

To obtain the lower bound, we write

Am.a(X(TK,)) !5 Amm(Xoo(K,)) <_ Tr X.,(K,)

Then, by 1251,

limTr X,.(K,) = iimTr CrPC = Tr Cr 2 2C2 _
-, p-.0

Hence, by Theorem 3.1,

2A2Iiv (Do, Kr,) > A"i=

Q.E.D.
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APPENDIX 4

Consider the closed loop system (1.1), (1.2) with0o 1  [0
(A + BK)= A(ab)-[ , . (A4.1)

If eA,(ab)tzo E D for V t > 0, the average residence time, E[rzo], as estimated in

[81, is

lim f 2 In Ef = min yTXyr> YaD
2-0 y2GD y > (A4.2)

where

AcX.o + X.oA +CC T =0

Since in the case of (A4.1)

xoo=d ;]0
from (A4.2) it follows that

(b rai yTy,

Efr,,i > exp j E2  if b <a

Therefore, E[r. ] can be made as large as desired by an appropriate choice of b.

The residence probability, as it follows from Theorem 2.1 is:

limE2 In Prob{r,, < T} = _ main (y -eA()zo)T X - l(t)(y - eA,("'b)t O)t--.0 -- 2 yEBD
o<7sr
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1 I li - e'")X0 112>-- mai
2 vEOD A -I.(X(0)o<t<T

where

X() = A,(a,b)X(t) + X(t)A(a, b) + CCT, X(0) > 0

If b3 < 4a,

cos 6t + sin 6t sin 6t

-2+2 sin 6t cos6t - 1 sin6t

where a = b/2 and 6 = V - b2 . Therefore,

lim sup sup IeA':(ab) t912 = 00a-00o t>0 11z,,11<1

Thus, for any open Do C D with 0 in its interior, T > 0, and 6 > 0 there

exists 1o and a such that eA(a,')t 0 is arbitrarily close to 9D at some t E [0, TI.

Then, as it follows from (A4.3)

Prob{r., !_ T } 2! exp - "st-

I 2AMi,(X(t))

is as close to 1 as desired and Prob{r,. > T} small as desired.
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APPENDIX 1 7

THEORY OF AIMING CONTROL FOR LINEAR STOCHASTIC SYSTEMS

S.M. Meerkov
Department of Electrical Engineering and Computer Science, The University

of Michigan, Ann Arbor, MI 48109-2122, U.S.A.

T. Runolfison
Department of Electrical and Computer Engineering, The Johns Hopkins

University, Baltimore, MD 21218, U.S.A.

Abstract. The problem of aiming control is formulated and solved for linens time-invariant

systems perturbed by small additive white noise. Both state feedback and dynamic output

feedback laws are considered. In the cae of dynamic output feedback, noiseless and noisy

measurements are analyzed. In the noiseless measurement cae, it is shown that the

fundamental bounds on the achievable precision of aiming may or may not be finite

depending on the nonminimum phase zeros and the invertibility of the system. In the noisy

measurement case the achievable precision of aiming is shown to be always bounded.

Aiming controller design techniques that result in controllers compatible with the bounds

are developed. The approach is based ort the asymptotic large deviations theory.

Keywords. Stochastic control; pointing control; large deviations; first passage times.

INTRODUCTION paper the genearal case of dynamic output feedback with

noisy (tand noise-free) measurements is considerd.
Given a dynamical system with states z (t), control u (t),

output V (t) and disturbances ( (t) , assume its deaised be- As in the earlier papers (Meerkov and Runolfson (1988,

haviourisspecified by apair {tr), where * is the domain 1989)) we divide all stabilizae linear systems into two

to which the output V (t) should be confined and r is the classes, weakly and strongly residence time controllable.

period of the confinement, i.e., V (t) e *,t E [0,r]. For a Roughly speaking, the system is weakly residence time

given pair (t, r) we formulate the pair of aimixg control controllable (wrt-controllable) if there exists a 0 < r* < o

as the problem of choosing a feedback control law %, so a such that the aiming control specifications can be satisfied

to force the output v (t) to remain, at least on average, in by a choice of u = u(r,z) for all r < r' but not for any

* during period r, in spite of the disturbances f (t) that r > rt. The stem is stongly residence time controllable

are acting on the system. (art-controllable) if r* - co.

Design specifications of this form arise in numerous prac- The basic results, for linear time invariant system per-

tical control problem. e.g., telescope pointing, beam point- turbed by small additive white noise, derived in the paper

ing, miale guidance and aisplam landing Theme and other can be summarized as follows:

examples are discussed in Mewhmv and Runolfoon (198). 1. A system that has perfect (i.e., noise-free) measue-

meats is Mrt-controllable if and only if the system is
Existing cont"l #'AMy dos O offer tools for a direct miniumm phase and invertible in as appropriate sense.

solution of the saming contiol problem described above. 2. System with noisy measurements are never srt-

n this par a theory of aiming cotrol of linear systems trollable. Thus, the dect of the measurement noise

perturbed by smal additive white oime is presented. The is mote detrimental on the aiming ability of a system

approach is based an the modem asymptotic large devia- than the input noise.

tiom theory. 3. The observer gan that ensur e the best precision of

aiming is the Kalman filter gain. Thus, the Kalman
The theory described in this papse is an extension of filter is optimal not only with respect to the standard

a theory developed earlier by the authors in Meakov performance meaure (the mean square estimation er-

and Runolssom (I96, 1M) and Runollfmo (1989). In ror) but also from the point of view of the residence

Meerov and Runolfsaw (198, 1989) the theory was de- time.

veloped for linear systems with Small white noise perturba- 4. The controller gain that achieves the best precision of

tions and state feedback cont laws. In Runolfssm (1089) aiming depend on the optimal value of the obse'er

systems with noisy measurements and direct (static) out- gain. Thus, although the separatio principle does not

put feedback control laws wer considered. In the present take place, the situation can be characterized as a semi-

separation: the optimal observations do not depend

S.I4d by Am. Am 7... 0b. A 5e..i 5b w 0-6- 4
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on the optimal control but the optimal control does u = Ki
depend oan the optimal observations. - (Aa + 9u)dt + L(da - Efdt)

if the measured output da = Erdt + eFdv is noisy. Here,
The paper is organized as follows: In Section 2 we present v (t) is a q.dimemional standard Brownian motion and, as
some mathematical preliminaries and give a presice for- before, 0 < e < I.
mulation of the control problem. In Section 3 an analysis
of residence time controllability properties is given and in For system (7) with control (8) or (9) we consider the
Section 4 design techniques are considered. An illustra- following residece time control formulation of the aiming
tive example is given in Section 5 and conclusions can be control problem: For a given pair (t,r} select the pair

found in Section 6. Due to space limitations, all proofs are (K, L) such that the residence time in *, f' (z0, u), satisfies
omitted and are available from the authors upon request. f, (go, u) _. r.

Let I (t, zo, io, K. L) be the solution of the deterministic
PRELIMINARIES AND PROBLEM FORMULATION system

Consider the following linear Ito system ILE A+BK-LE ;i 1(0)1 = [0I

dz = Axdt + eCdw V=D (10)

y = Dz Define

where x E R',y E R',w(t) is a standard r-dimensional A (K,L) = E R
2
"19(t,so,io, K,L) E k',t > 0

Brownian motion and 0 < e C I. Let * C R
P 

be Lr0 -

a bounded domain with the origin in its interior and a (l1)

smooth boundary 04'. Define Then with regard to control system (7) with controller (8)
or (9), Theorem I allows us to conclude that for sufficiently

no= (z E R')y = Dz E ', (2) smalle and [ E II(K, L), the above formulation of the

residence time control problem can be replaced by the

= { E R jDeA1Z E ',t 0}. (3) alternative problem of selecting the pair (K, L) such that

Assume that x(0) = zo E no and introduce the first j,(K,L) > p (12)

passage time where A(K,L) is the logarirhmic residence time of the

closed loop system (7), (8) or (7), (9) and ss = el In r.
r'(zo) = inl{t > 0(t,za) E fl , (4) This is the problem considered in this paper.

where V (t, zo) is the solution of (1) with initial condition

sq. The following theorem was proven in Meerkov and Definition:

Runolfason (1989) (see also fteidlin Lad Wentzell (1984)). i. System (7) is said to be weakly residence time control-

lable if for any bounded * C RP(0 E P') there exists a

Theorem 1: Suppose A is Hurwits and (A.C) is dis- controller (8) or (9) such that A (K,L) > 0;

turbable,i.e.,rank[C AC ... A'-CJ = n. Then uni- ii. System (7) is said to be strongly residence time con-

formly for all zo belonging to compact subsets off) we have trollable if for any bounded * C RP (0 E 4') and

p > 0 there exist a controller (8) or (9) such that

limE:in'(xo)= A, (5) A(K,L) > u.
C-0

where " (zo) = Ese fr' (zo) and Throughout the paper we malke the following assumptions:

m 1 TN. (A,C in distubable,
m = in !V7 NIt. 2. (D, A) is detectable,
pea 2 (6) 3. FFr >0. and t(t) and v (t) are independent Brown-

N - ( DXDT) -, AX + XA
r 

+ CCT = 0. ian motions.
4. transfer matrices G.(s) - D(I -A)-' B, G.(s) =

D(sI - A) C and G, (s) E(sfI - A)- C have

ConstantAis rsired to as the logarithmic residence time full normal rank.

of (1) in t.

Consider now the controlled inw s m RESIDENCE TIME CONTROLLABILITY

dr = (Az + Bu) dt + eCdw( In this section we analyze the achieveable residence tine

V a Ds of system (7) with controllers (8) and (9) for the nos-face
and nolsy measurement cases, respec tively

where u C R' is the control. We assume that there is

avilable for control purposes a measured output z E M Let K - (K E RmW'.A + BK is Hurwitz}, L =

aand consider control laws of the form I L E R*"91A - LE is Hurwmtz) and define the mitxtnnl

u = Ki logarithmic residence time of (7) in * with control (8) or

-=As+Bp+(K-E,) (L) (9)(3

if the measured output s = Es is noise free, or sup a(K,L). (13)
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Noise-free measurements put noise in (7).

We begin by introducing the following hypothesis: The foowing theorem illustrates that the upper bound in

1. Gs(s) is right invertible sad minimum phase. (15) is the best possible bound.
11. G.i (s) is left invertible and minimum phase.
I1. There exists an m x r rational matrix U(j) with no Theorem 4: The upper bound in (15) is attained if and

poles in Re 3 > 0 such that G. (s) + G. (s) U (j) = 0. only if there exists a rational matrix W (a) with no poles
IV. There exists an p x q rational matrix V (j) with no in Re a > 0 such that

poles in Re s > 0 such that G. (s) + V () G. () 0.
Gi (s) + G. (j) W (s) = 0 (16)

Theorem 5: System (7) is
a. weakly residence time controllable by controller (8) where G. (s) is defined an previously and

if and only if (A,B) is stabilizable and (E,A) is de-
tectable; G(s) =D(sd- A)

-
,

b. strongly residence time controllable by controller (8) if PEr (Tr- (17)
and only if (A, B) is stabilizable, (E, A) is detectahle LFF

and either I and IV or 1I and III are true.

Remark I: In SISO case with D = E, Theorem 2 implies
that for strong residence time controllability G. (s) should DESIGN TECHNIQUES
be minimum phase.

In the last section we characterized the achievable reai-
The following results, derived earlier in Meerkov and dence time in systems with observer based control laws
Runoffiwon (1988, 1989), for systems with state feedback and noise-free and noisy measurements. In this section we
control laws, u = Kz, can be derived from Theorem 2. develop controller design techniques that achieve (or ap-

proach) the maximal logarithmic residence time. We will
Corollary 1: Assume that E = I (the n x n identity concentrate on the noisy measurement case and illustrate
matrix). Then system (7) is how the .oise-free case as well as state feedback can be
a. wat-controllable by controller (1) if and only if (A,B) obtained in a similar way.

is stabilizable;
b. srt-controllable if and only if (A, B) is stabilizable and Assume, for simplicity, that the domain * is an ellipsoid

III is true.

For the special case when the controlled output is the whole * = { p& R'ITSV _ r,S = Sr > 0. (18)
state vector we have:

Let W E RPXP be a nonsingular matrix such that S =
Corollary 3: Assume D = I. Then system (7) is Sri- WW r . Then a straight forward calculation gives
controllable if and only if (A, B) is stabilizable and Im C q
Im B. r2

i('.,) = 2A 1,.ZIWDX(K,L)DTWTI (10)

Remark 5: Note that I is a stronger condition than Il1.

Thus, either IV or 1I is the additional condition that has where A. 1.] denotes the maximum eigenvalue of a sym-
to be satisfied when state feedback is replaced by output metric matrix and X(K,L) is defined by
feedback. A 9K I (KL) T(KL)

[LE A+BK-LEJ[T(K,L) X(KL)J

Noisy measurements IFX(KL) T(K, L) I A BK
Tr(KL) X(KL) LE A+BK-LE

Theorem : Let P be te unique positive deite solution +CCr O.
of the Riccal equaiou 0 LFFTLT 1 (.

(20)

AP+ PAT + CCr- pe (FF)- EP =0. (14) Fom (19) we conclude that a pair (K, L) is optimal if and
only if it minimizes the largest eigenvaiue of r(K.L) =

Then the -imal lopithuni reidence time ofthe closed WDX(K,L)DTWT. The following lemma, whose proof
loop system (7), (9) in9sa t eis similar to the proof o(Theorem 2.1 in Allwright and Mao

(1982), characterizm the minimum value of A,,.. [ (K, L)j.
no r (DPDr) ',t(5p*-m~ IT(DP ]V2 (1L) emma : Let9 0 be a scalar, I>I be an integer and

select K, e K and L, E L such that

Remark S: It follows, in particular from Theorem 3 that TKrr(KaL)<_(1 ) 'K..inf Tr"(K,). (21)
since the upper bound in (15) is always finite, system 17)
with control (9) is newr strongly residence time control- Then

lable. Therefore, the measurement nois has a greater lia- lim A.. [r (K, L.)j - mt A [I (K, L )II (22)
iting effect on the achieveabe residence time than the in- I,-M KqKiL
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It follows &o the l--a that in order to minimize I
i., ir (K, L)J, it aufices to minmise Tr r (K, L)' for I AT(L) 2eTP - ' (L)e (32)
1,2,3,.... To accomplish this introduce the regularized
"cost" where P(L) is the poitive definite slution of

(A - LE) P(L) + P (L) (A - LE)r + CC r

J (K, L) ffi T,(r(K, L)+K (K, L)KT )  (23) +LFFrLr =0. (33)

where fX(K,L) is given by (20). Since P given by (14) satisfies

Lemma 5: Assume KI( E K and L' E L minimize P 5 P(L),VL 6 L, (34)

J. (K, L). Then we conclude that
ir 4 (J 7, Ll) = inf Tr r(K,L)I. (24) AT (L) = in eTP-le >_ iAT (L),VL E L. (35)

KE.LEL e4EeT 2
Therefore, the Kalman filter is optimal in the sense of
maximizing the logarithmic estimation error residence timc

From Lemmas I and 2 we obtain in any bounded domain T C R" (0 E T).

Remark : The optimal control, law for system (7) with
Corollary 3: Assume that the pair (K7,L7) E K x L noise free measurements and control law (8) can be ob-
minmizes J.' (K, L). Then tained from (26) - (27) by selecting F = of and letting

lint ira (K' , V) -- .(25) a - 0. Indeed, since the optimal estimator law for (7),
imo li ( L2) (9) is the Kalman filter we know from the theory of opti-

mal filtering that the (singular) optimal filter for (7), (8)
is obtained in the limit a -* 0 (see, e.g., Kwakernaak and

A necessary condition for the optimality of (ICI, L") in the Sivan (1972)). Therefore, the maximal logarithmic resi-
sense of minmizing functional (23) is given in the following dence time for (7), (8) is
theorem. =i" lim lim A (K ' ,L /'&) (36)

I-*o@ 7-.O@---0

Theorem 5: Assume that (K?, L') E K x L. Then in order
for (K7, L") to minimize J1 (K, L) it is necessary that where K7' and L" are given by (26) - (30) with FFr =

a
1
1.

LIL PEr(FF) (26)
Remark 7: The state feedback cntixillr that maximizes
the logarithmic residence time of (7) in *I can be con-

K17 = - -BrQ (27) sructed in a similar way as the optimal controller in The-
7 orem 5. In particular, in this case we obtain that the col-

where P is given by (14) and troller

ATQ" + Q7A + DTWTM7 WD - Q'BBTQ, = 0, (28) = k7z(
1 1'

I-ikj .7~BT~ (38)
M,' =1I (WD (kX7 + P) DrWr)', (29)

(A BK)k+t7A+ K ) T r Ar. + 0,'A + DT WTM7 WD - =oBr,0, (39)

Af7 - (WDX7DrWT)'t (40)

Since (14) has a positive solution, L' L. LV-y,I1. The ,)r
following kmza ivsacoditio forK,"E K. (A + 7) X1'+XV7 (A +BK7 + CCT 0 (41)

Lemmas 9: Asw that 2.17 > 0. Then K'7 E K. results in a Logarithinic residence time , A~ (ki7). tha't

Remo*k 4: Is kilows from Theorem 5 that the optimal saisie lim i A (k') - sup A (K) (421
observatios gain is independent of the optimal control ME AK

whereas Lbs optimal contri pain depends on the optimal
observations. Thus, a semi-seperation principle holds.

EXAMPLE
Remark 5: The optimal estimator (observer) gain L is tie
Kalznaz filter gain. Thus, the Kalman filter is optimal Consider the second order system
for optimization problem (13). Ftrrthermore. consider the0
equation for the estimation error e = x - i * 0 '

de =(A -LE) ed* + e(Cdw -LFdu) (31) V-10 liz, (3

and denote the logarithmic residence time of 4 in a bourided For this system
domain T Cr(0 GT) by AT (L). Then
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G. (a) -+-L(44) Allwright, J.C.. and J.Q. Mao (1982). Optimal Output
53+1 Feedback by Minimizing IIK(F)112 . ISSE Trans. Au.

G., (a) - - t+m't. Contr., AC-27, 729-731.

Therefore, since G, (a) - G., (a) is minimum phase, the Freidlin, M.I., and A.D. Wentzell (1984). Randau Per-
system is srt-controllle by controller (8) whes F a 0. tarbstionu of Dynamicel Systems. Springer-Verag, New

York.
Assume F 0 0. Then, by Theorem 3, the logarithmic
residence time in the interval ' = (-a,b), a,b > 0, is Kwakernak, H., and R. Sivan (1972). The Maximally
bounded by Achievable Accuracy of Linear Optimal Regulators and

( (a, b))2  
Line Optimal Filters. IES Trsvu. Automat. Contr.,

min p ' (45).A,,29-8

Furthermore, when a = b, the optimal controller given in Meerkov, S.M., and T. RunoLfon (1988). Residence TimeTheorem 5 in Control. IEEE Tmen.. Automat. Contr., AC-33, 323-332.

K1 =-fO K2 1, Meerkov, S.M., and T. Runolfsson (1989). Output Rtes-
(46) idence Time Control. IEEZ Treu. Automet. Cont..,

0'' AC-34, November.

where K2 > 0 satisfies the equation Runolswn, T. (1989). Residence Time Control of Systems

K 2 1  + 1-['Subject to Measurement Noise. J. Math. Anal. Appl., to2 1 + F - (47) appear-

The logarithmic residence time with this control is Zabczyk, J. (1985). Exit Problem and Control TLeory.

(2K 2K (48) Syst. Contr. Lett., 6, 165-172.

Note that A (K,, L)is the upper bound in (39) multilpied

by the factor
2K(# 2K 2+IFI 

(49)

Note that p - 1 as y - 0 and I -. oo.

In order to obtain a logarithmic residence time as close
as desired to the maximal value (39), (43) can be used to
calculate the necessary K I (for a given p) and I and -y can
be determined from(41).

As -r - 0 equation (41) simplifes considerably. Indeed, in
this cae K2 - oo and, thus, for small - (41) becomes

I IFj' ' 1. (30)

Finally, this gives

K a/s IIl 1L. (51)

CONCLUSIONS

It is shown in this pape" that the fundamea bounds on
the achiew" pemm of aiwin o linea sytems per-
turbed by whit* naiss depend oan the locations of nonmin-
mum phase ses of the various transfer functions involved,
and on the dimesinos of the controlled and measured out.
puts and control and noise inputs. Roughly speaking, the
beat precision of aiin is obtained for minimum phase
systems with the number of control inputs larger than
outputs. Any deired raidenc time is attainable only if
no measuement noise is premnt. Therefore, the effect of
measuree noise is mo e detrimental on the precision of
aiming than that of the input system noise.
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APPENDIX 2

Output Residence Time Coutrol

S. M. MEERKOV AmD T. RUNOLFSSON

Abstract-The problem of residence time cotmoll. aintrodeed In (1). Is O Rh IG IN A L
extended to systems with outputs. Necessary sod sufficient coudltloin for

output residence time controllability in linear systems with small. additive .O B RE-rURNED
noise~~~~~~~ aSFeie.Saefebc o~rle eintcnqe r

dev.eloped and applied to a robotics control problem. The approach is WrIHTj CO R C I N 4
based on an extenson of the asymptotic first passage time theory to
output processes.

1. INMODUCnioN

Givnj cntoleddynlanlal system with states x(t) .control

u- t 6. '. upt o Aand distubances E()E assume
its desired behavior is specified by a pair {t. r), where ?I C P is the
domain to which the outputs y( 1) should be confined and r iqAh period of
the confinement. i.e.. y(t) G *. Vt 6 (to, to + i'j. to E PU.. Problem
formulation of this form arises in numerous applications. For instance. in
the problem of telescope pointing, the domain *' is dcfined by the film
grain size and r is the exposure time (see [IlI for additional examples).

For a given pair (t. r), the problem of output residence time control
is formulated as the problem of choosing a feedback control law. so as to
force y(t) to remain. at least on average, in *' during period r. in spite of
the disturbances J (1) that are acting on the system.

The purpose of the present note is to analyze the fundamental
capabilities and limitations of output residence time control for linear
systems with small additive perturbations. The approach is based on an
extension of the asymptotic first passage time theory to output processes.

Thc structure of the note is as follows: in Section 11 the notion of an
output residcnce time is introduced; in Section III output residence time
controllability is defined and analyzed; in Section IV output residence
time controller techniques are given: and in Secion V an example is
considercd. The proofs are given in the Appendix.

II. OuTpuT REsiDENcE Time

Consider a linear stochastic system

dxr - Axdt. + Cdw

yi a Dx (2.1)

where x E yr' yE SR'. w(t) is a soadmid r-dimensional Brownian
motion and 0 < # -4 1 is a parameter. It is assumed, without loss of
generality, the rank D - p.

Lct * c #J20 be an open bounded doain containing the origin and
whose boundary 8 * is smoo* ad deine

0.-is IE EI,-Dx e fl,.

OfrE eI*D#AxE f tO).

Assume that xG - x(0) 6 00 and denote as y(t. xo) the output A0t
defined by (2. 1) with the initial condition xe. Introduce the firiA passage
time of y(t. xo) from *' as follows:

r,(zx#) ninf ( 0: ytI. x) F684') (2.2)

and its mean

r'(4) - El r,(z.)Iz.I. (2.3)

The calculation of(xe) is. in general. adifficult task. To alleviate 'hi%
difficulty, asymptotic approximatiun with respect to small e can be used.
For the spcial case y(t) a x(t) thesm approximations have been
exteribively discusned in the literature (see. c 1.. 111-141 and references
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therein). An exutensio to die more pat os ofy(t) - Dx(t) is given
below (see also (41).
Theorem 2. 1: Assume that A ias Hurwitz and (A. C) is completely

disturbable. i.e.. rank [CAC'" A'C1 - n. Then uniformly for all
xo belonging to compeet subsets of 0 we have

lim el In f(xo),,,l(*) (2.4)
.-0

where

At) min I yTNy. N.(DXDT)- '  (2.5)
ye, 2

and X is the positive definite solution of

AX+XAr+CCr-O. (2.6)

Proof: See the Appendix.
The constant 1(*) is referred to as the logarithmic residence time in

+. The properties of this constant, as stated in Theorem 2. 1. constitute the
mathematical foundation for the analysis in Sections III and IV.

If y is a scalar, the logarithmic residence time can be expressed in a
more traditional form. Indeed. since in this case *, is an interval, say. 1'

a (.-a b), a. b > 0, and N is a scalar,. from (2.5) it follows that

1 I) , (min (a. b))11N.

2

N,., De-CCreA t'Dr di) - ( I Tr CreTrDrDeAC dt)

= ( iG, ~d ,,G., G.()M-D(sI-A)"C.

Therefore.

min (a, b))' (2.7)
21G.131

When y is not a scalar. the simple relationship (2.7) is no true. In fact, it
is not difficult to show that in general

min yry

(,);aT, M (2.8)

Ill. OUTPUT RESIDENCE TIME COITUOLLA TY

Considcr now a controlled linar s5 tic syM

dx-(Ax+8)dl+Cdw u E a,

y-Dx. (3.1)

Lct u = Kxand let fl(xe, K) be On imnn fir m mp time from * of
the closed-loop system

dx = (A + BK)xdt + eCdw

y-Dz / (3.2)

with initial conditions xo a x(O) E 0g a (x E IN-! DeA ., x E*.
T a 0). Dcfine

D(,. K) -lm #I In f(z., K). (3.3)
,-1

Definition:
i) The output y(t) of system (3. 1) s said to be weakly residence me

controllable (y.wn controllable) if for any bounded domain ' C I
with 0 in its interitr. there cxiss a control u - Kx such that M(*. K >
0.

ii) y(t) is said to be strongly residence lame controllable (y-sn
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controll ) if for any bounded * C4 10 6 and) > Oe x

The following theorem characterizes the claws of y-wrt controllable
systems.

Theorem 3.1: Assume that (3.1) has ro modes that are both
uncontrollable and undisturbabie. Then system (3. 1) is y-wrt controllable
if(A, B) is stabilizable. If(D. A) is detectable then stabilizability of(A,
B) is also a necessary condition for y-wn controllability.

Proof. See the Appendix.
The assumption that (3. 1) has no modes that are both uncontrollal i1 4 4

and undisturbable. i.e., (A, [ B C1) is a eentoAl pair. s assumed to be ("(0rt r--
true in the remainder of the note. It is made to rule out some mathematical
degeneracies. Methods for relaxing this assumption arm discussed in [1].

Next we give conditions for y-srt controllability. Define transfer
matrices

G,( : - D(sl - A)" 'S (3.4)

and

Gs) - D(sl- A) 'C. (3.5)

Theorem 3.2: Assume (A, B) is stabilizable and (D. A) is detectable.
Then (3.1) is y-srt controllable if and only if there exists an m x r rational
matrix U(s) with no poles in the open right-half complex plane such that

G.(s) + G,(s) U(s) = 0. (3.6)

Proof: See the Appendix.
Remark 3.1.I If G.(s) and G,(s) are scalars then it follows from

Theorem 3.2 that (3. 1) is y-sn controllable if and only if all nonminimum
phase zeros of G,(s) are also zeros of G.(s).

Remark 3.2: When D is an n x n nonsingular matrix. i.e.. when (3. 1)
has a& many outputs as states, condition (3.6) becomes ImC 9. ImB. This
condition has been earlier derived in f[I (see also 141).

Although the above results are formulated in terms of multivariable
systems, to simplify the situation, in the remainder of the note we assume
that y, u, and w are scalars and address the following problem ,if --- (

Problem 1: What is the fundamental bound on the achievable
logarithmic residence time of an output which is not y-srt controllable?

Problem 2: How to design a cortrolier which results in a desired output
logarithmic residence time?
We give the solution to Problem I in this section and to Problem 2 in
Section IV.

'o n (KIA + BK is Hurwitz) and define the maximal logarithmic
r4 Zssdence time in + by

;i .A&*,(*) - sue'(*. K). (3.7)

Obviously. o(*) c for r y-rlcoaoiabhau . I ,, .. , z,be
the open right-half plane (hp) zros of Q,(s).

Theorem 3.3: Assume (A, 8) is sitabizable. Then ia(*) is given by

00)-(man (e. b)), 38
210.11

G,(s)m q( ) (3.9)
H (.-S)

where f, is the complex conjugate of z, and q(s) is the unique polynomal
of degree less than I determined by the interpolation conarainu: at each
rph zero : of G,(s) of multiplicity m, Ge(s) satisfies

dt d&
Z G; sI., - ;G. (s)1,.,. k-0. m- I. (3.10)

Proof- See the Appendix
Remark J.J: The function G,() defilncd by (3 9) im the rational

function of minimum H:.norm which ,atisfics the interpolation con-
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straints (3.10) [5). (6]. Thus, the problem (3.7) is equivalent to the
problem

main GhI : 0(s) E H. G(s) rational)

subject to the constraints (3.10). On the other hand, the Ho-optima
transfer function 171 which satisfis the interpolation constraints (3. 10) is
an all pass filter. i.e.. constant in magnitude on the jw-axs. Thus, an
unweighted H"-optimal. stabilizing state feedback controller (81 leads to
a closed-loop system with the shortest possible logarithmic residence
time.

The formula (3.8) for ;*(*) simplifies considerably when the rhp zeros
ofG,(s) armdistinct. Defineanl x Imatrix Zby z, - (z, + t,)-, Is
i < I, and an I )kcolumn vectorgby g, = Gn(z,).j = I. ,.

1- / ,Keorem-7-4: siume that the rhp zeros of G5(s) are all distinct. Then

(min (a. b))'
2g'Z'g (3.1)

where gH is the Hermitian transpose of g, i.e.. SH gr.

Proof., See Appendix

IV. OUTPUT RESIDENCE TIME CONTROLLER DESIGN

In this section we give a method for selecting a controller which results
in any admissible logarithmic residence time A < is(*).

Recall that ,(*, K) is given by

A*.P K) - (min (a. b))IN(K). (4.1)

Thus. the maximization problem (3.7) is equivalent to the minimization
problem

inf DX(K)D r . (4.2)
KEN

Since the equation which X(K) satisfies is linear in K. it is easy to oee
that the infimum (4.2) is not attained at any K E K. Thus. p&"i.*) is not
attained for any K E K. We now construct a sequence of controllers
whose logarithmic residence times .ovemp to ga(*). Lt Ko E K and ,
define a regularized "'cost"

J,(K) -DX(Ko+ K)Dr+1 KX(Ke+K)Ki ,  ->O. (4.3)

Obviously,

~(* K0 X~a(min (a, b))'
J,(K) K 4E K. (4.4)

It is well known from the theory o' opti d eomM 191 that J,(K) is
minimized by

K'- _t BrQ, (4.5)

.7

where Q, is the positive semideisit sokio of

(A+BKO)rQ,+Q,(A+5K)+DrD-1 Q,88rQ, ,0. (4.6)

The following theorem can be proved using the results of 191.
Theorem 4.1: Assume (A. B) is stabilizable. Then Ko1t. +* K') is

nondccreasin as y - 0. and

hrm (*. K@+ K') = (').

V EXAMPLE

Example J. I. Consitdcr the problem of controlling the tip position of a
flexible robot arm using control torques applied at the robot arms hub
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1101. A finite-dimemiol approximate model for a robot am which is
flexible in the horizontal plane but not in the vertical plane or in torsion
was described in 110J. Themo is described by the following set of
equauons:

01 0 o
-,1 .+ I d, u+

r dT J
ywhereL) Ox,. i-0, . n (5.1)

where L is the length of the arm. , i, and 0,(z) (z r [0. L1) are the
dampinC coefficients. pinned.free frequency, and modal gain. mepee-
tively, of the ith mode of oscillation, r is the total moment of inertia. u is
the control torque. r is a random torque acting on the tip, andy - EQ.0yj
is the tip position.

Assume that it is desired to maintain the tip position within the bounds
-a S y S b during a specified time-interval, T, and assume that the
disturbance can be modeJed as a small white noise e w.

The system transfer function for (5. 1) is
d*,(0)

0,(L)!*

G , (5) =2 ,, + (5.2)
Ir_0 S$2rw w

and the noise transfer function is

G. (S)= ' (5.3)
s1 .+ 2'w,)

It was indicated in ( 101 that taking n = 3 gives a good approximate
model and the values of the constants r, w., O,(L). d #,(0)/dz and 1r

were determined experimentally. The resulting system has three right
half-plane zeros at z, = 12.04 and Zzj = 21.5 t j Z5.3. ft is easily
checked that G.,(z,) * 0. Thus, system (5.1) is not .- srt controllable.
However. it is controllable and, thus y.-wrt controllable and the muimai
logarithmic residence time can be obtained from (3.11) to be

(min (a. h)), (min (a. b)) 1
0' 2 M'Z' = 2(0.046) .10.87 (mi (a. b)). (5.4)

Thus. any specified time-interval [0, T] has to satisfy the bound

10.87 min (a, b)),
In Ts (5.5)

AoP. NDIX

Proof of Thtoreru 2.1: Fir no e di foilows from the definition

of %, mat

inf {t'0l.y(t) FE it) -isf {ImOtx(s) G Me,}. (A. 1)

Therefore.

E(. [i-£ (tr tz01y(t, ze) e ") llzei

E jinf {I 01x(I. x.) E ID.Ix.] - l(x. 0). (A.2)

Now. it follows from (4. Theorem 41 that umformly for xe belonging to
compact subsets of 0 we have

.hn In fP(x.0.)= (0)- ma xrmx (A.3)

where M = X"' and X is given by (2.6).
To complete the proof we show that i(ga) - (t). Let x a T1 be a

nonslguar change of .ciordinatc.s that maps (2. I) into the form

S r 'ATidttr 'Cdw
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rA, A1ir.. 1 d -' c~d

y"rf'fl 01 (A.4)

(such a T always exists since rank D - p). Under this change of
coordinates M is mapped into ? T- MT and the domains 00 and 0
become

(2. 6 j =- I y,, t01. (A.5)

The logarithmic residence time in C"o is now given by

,irdO0
2

m im - (2 ] P11 iiJ . (A.6)
X2 frMAr q

We minimize first with respect to the unconstrained variables if giving
2 - Ixf , (A.7

f = -M 11l,.C./

Substituting (A.7) into (A.6) and rearranging gives

i;(A.), man j? .,, , - ,, ''A r ].f,. (A.8)

The matrix a,, XMf rj I is exactly )~~where

Therefore.

ifo) 2 in i. ,X,, ,. (A.9)

However, X1' r and therefore

m) ri r(O° r)"n,. (A.10)

Finally. substituting back the original coordinates gives 6 r

D 'T7- I X(Tr) "- TrDr - DXDr. ThuL

*(o .)-m -(-a$ ' . (A. 1)
And 2

Q.E.D.
Proof of Theorem J.1: Tb. sufficiency p t of the theorem follows

directly from I. Theorem 3.11.
To prove the necessity nf dat y-wwt coarllability implies thai there

cxist a control u - Kx such tW DX(K)D r  0 0. Assume. without loss

of gcncraliry. hat Ith close-loop system as the "lman canonhc (orm.
i.e.

Alt 0 All 01
A BK-A-{ ll An A .4,

0 Al, 0
o o A., A.

91 rc,1
[ 0, I , . C . I .l 0.10 0 D o 01. (A 12)

0 C°

The subsystem
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A~, 0l r'D
is controllable and dt y of(D. A) implies t A, is Hurwitz.
If we can show that A 3 is Hurwiiz. the proof is complete.

Note that r,, :"] [Di
DX(K)Dr,(D, Dz] L X D ,.or (A.13)

1L1
3  

1J

where X,, I S i, j s 4 is a decomposition of X(K) compatible with
(A. 12). Also. I satisfies the Lyapwiov equation

A2 2.g r+C¢.o 0(A. 14)

where

'4- A3  .Ii, I
" l~1 ' L. C,].

The pair (0. A) is observable. Therefore, by [Il. Corollary II all
eigenvalues of A in Re s a 0 are undiswrbable. However, since [A, [B
Cl) is controllable, we can assume that (A + BK. C) is a disturbable pair
(otherwise an arbitrarily small change in K. say 6K. will render (A +
B(K + 6K). C) disturbable 1121). Therefore. (A, C) is a disturbable
pair and. thus. A is Hurwiiz. Q.E.D.

Proof of Theorem 3.2: The proof is a simple application of the
results in [91 and [131. It is easy to show that

min yry & r
'ed %pe* (A I5)

2TrDX(K)DrS 2( K)S2TrDX(K)Dr

Thus. y-sn controllability is equivalent to

inf Tr DX(K)D rT0. (A. 16)
KeS

It follows from the results of [91 that

inf Tr DX(K)D - lim Tr DX(K')D r  (A. 17)
KE-

where

K1 
u

A rQ, + Q,A +DrD- Q,5aQ,,o.1'

Fu.hermore.

lim Tr DX(XK')Dr, liam Tr CrQ,C. (A. I)

Thus. it follows from (A.17) aid (A. 18) tha (3.1) is y-srn controllable if
and only if

lim erQ,c,,_0. i,. I*.... r (A. 19)

f.C.
. where C - (c, •. ll. Now by 113. Theorem II. (A. 19) is tre if an

only if there exist rational m-vectors u,(s), a - I. . r, with no poles in
Res > 0 such that

D(sI-A)"Bu,(s) +,]0. is l.

or equivalently

G,(S) U(S) + G. (s) - 0 (A 20)

where U(s) a luI(I) .. u,(s)l. Q ED
Proof of Theorem J.' We know from 1..7) and Thcorcm 4 I that

A*) I'm b) (A 21) 85
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where

G,(s).. ~ ~ ~ ~ ~ ~ K Gs ,-~IA#,-C K+ K,. (A.22)

Note that G,(s) can be rewritten as

G,(s) D(s!-,A - BR,) -'C

=.D[I- (si-A)-'I , -'(si-A)- 'C
D I I[+ (1 - A - B9,)' OR, 1(31 -,A) C

=D(i-A)'C+D(si-A -BR,)-'B,(SI-A)-'C. (A.23)

Let

D(sI-A)- 'C (A.24a)d(s)

d,(s)

, (51 - A) -C- m,(s) (A.24c)
d(s)

and note that d,(s) - det (si - A - B,,) is Hurwitz for all - > 0 and
m,(s) - , a (sl - A)C is a polynomial of degree less than n. Then
(A.23) becomes

G,(s) - a(s)d,(s) + n(s)m,(s) (A.24d)
d(s)d,(s)

Note that d,(s) is the denominator polynomial of G,(s); therefore. d(s)
divides a(s)d,(s) + n(s)m,(s) for all -y > 0. Write n(s) = n,(s)n,(s)
where ni(s) has zeros only in Re s S 0 and n,(s) has zeros in Re s > 0
only. It can be shown that Nyd, (s) ". ni(s)n,( - s) asT - 0 ( 14and

- R as -f - 0 [9]. Thus.

G(S)-Ism G,(s) - a(s)n,(s)n.( - s) , ,(s)n,(s)m,(s)
d(s)n) m),,(-s)

.a(s)n,( - s) +. n,(s)m (s) ( .5
d(s)n,(-s)

where mis(s) - R adj (sl - A)C. From the previous discussion we
know that a(s)n,(-s) + n,(s)mo(s) - d(s)q(s) for some polynomial
q(s). Furthermore, since the degrees of a(s) and mis(s) are les than n
and n,(s) has degree I, it follows that q(s) hWs dege les than I.

It follows from (A.25) that GG(s) satisfs thc consraints

G(s)I, .- G.(s)I.,. k0, a .. m- I (A.26)

at each nonminimum phale aw o( G,(S) o multiplicity m-071

q(S) (A.27)

and q(s) is uniquely determined by (A.26). Q.E.D.
Proof of Theorem J.4: By assumpton. the nonminimum phase

ero of G,(s) are distnct. Therefore. we can rewnre Go(5) as

Os)0i.bL. (A 28)

where r,. j - I. . I arc some conants. At each *, we have [from
(3. 10)1

Go .- -- G.(t.)- (A 29)

Thus. (A 29) gives I equations which can be written in mtnix not ion a
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Ztft$ (A.30)

where t r t , ) OW Z W4 S am defined as previously.

Next we calculate I GoI,

IlCol'= - i Gol +x)l dw

2- 9, .jW Z. -.

I -d w

2 rZ+jX&jw

Using the calculus of residues to evaluate the integrals appearing in (A.3 1)

gives

ds.Zs ,,- (A.32)

Thus

(A.33)

Substituting. I - Z-' from (A.30) (note that Z is an invertible

Hcrmiuan matrix) gives

iiGoCl-,4,z-,S (A.34)

and (3.11) follows from (A.34) and (3.8). Q.E.D.
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