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SECTION 1
INTRODUCTION

1. OBJECTIVES AND STATUS OF THE RE-
SEARCH

This annual report describes the results obtained during the second year of
the project directed towards the analysis of fundamental bounds on the maximal
achievable precision of aiming of dynamical systems with random disturbances
and application of these bounds to control of space structures. The specific
goals of the second year of the study were as follows: Conduct research into and

uncover the fundamental properties of the following topics:

1. State and output aiming controllers with output feedback: analysis and

design.
2. Aiming controllers with noisy measurement: fundamental tradeoffs.

3. Residence proability control vs. residence time control: analysis and syn-

thesis.

These goals have been achieved and the results are reported in Sections II-III

below. The summary of the results is as follows:

Section II is devoted to analysis of residence time control processes using the

dynamic output feedback. The main conclusions arrived at in this study are:




1. The linear system

dz = (Az+ Bu)dt+eCdw , z(0) =z

y = Dz | (1.1)

where z € R"*, u € R™, y € RP, w is a standard r-dimensional Brownian motion

and 0 < € < 1, with the noiseless output feedback

u = Kz

-
il

At +Bu+L(z—FE%), z=FEz, z€e R , (1.2)

is pointable with any desired residence time if and only if it is invertible and

minimum phase in an appropriate sense.

2. If it is not the case, the maximal achievable residence time T* < oo for
system (1.1), (1.2) coincides with that for system with state feedback, u = Kz,
if and only if E(sI — A)"!C is left invertible and minimum phase; otherwise,
the output controllers give a smaller residence time in comparison with the state

space controllers.
3. The residence time of system (1.1) with noisy output feedback
u = Kz
dt = (A% + Bu)dt + L(dz — Ezdt) (1.3)

dz = Ezdt+ eFdw, ,

where w, (t) is a g-dimensional standard Brownian motion, is always bounded,
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T* < co. Thus, the measurement noise has a more severe effect on the residence

time than the input noise.

4. The observer gain L that ensures the largest possible residence time in
system (1.1), (1.3) coincides with that of the corresponding Kalman filter. Thus,
Kalman filter is optimal not only with respect to the standard performance mea-
sure, i.e., the mean square estimation error, but also from the point of view of

the residence time.

5. The feedback gain K that ensures the largest possible residence time in
system (1.1), (1.3) is dependent on the optimal value of L mentioned above.
Thus, although the separation principle does not take place, the situation here
can be characterized as semi-separation: the optimal observations do not depend
on optimal control but the optimal control does depend on optimal observations.
As a result, the maximal achievable residence time for controllers derived in this

paper is larger than that for LQG-designed systems.

Section III is devoted to the formulation, justification, and solution of the
residence probabslsity control problem and to the introduction and analysis of the

notion of (D, T)-stability. Specifically, if

r., = inf{t >0: z(t) € 3D|zo € (Do]} , (1.4)

(D C R" and Dy C D are open bounded domains with 0 in their interiors) is the




first passage time of the trajectory of (1.1) with

u=Kz , (1.5)
from D, than the problem of aiming control can be reformulated in the two
following ways:

Residence time control: Given (1.1) and a pair (D,T), find a feedback law

(1.5) and an open set Dy C D such that

Elr,|>T, Vzo€|Do] . (1.6)

Residence proabslity control: Given (1.1), a pair (D,T) and a constant 0 <

p < 1, find a feedback law (1.5) and an open set Dy C D such that

Prob{r,, > T} >p, Vzo€[Dy . (1.7)

The residence time control problem (1.6) and its generalizations has been

analyzed during the first year of the project and in Section II of this report.

The residence probability control (1.7) appears to be a stronger reformulation
of the aiming control problem than the residence time control. Indeed, since 7.,

is non-negative random variable, the Markov inequality gives:

Prob{r,, > T} < —EL;“—] .

Therefore, if Prob{r,, > T} > p, the estimate for E|(r,,] follows immediately:

E|r.,] > pT .

4




Moreover, it is possible to show that for any D, Dy, T and 0 < p < 1 there exists
a feedback law (1.5) and zo € Dy such that the closed loop system (1.1), (1.5)
has the following property:

E[r,] > T

Prob{r;, > T} <p .

This implies that the closed loop system may exhibit a performance as good as
desired from the residence time point of view and as bad as desired from the

point of view of the residence probability.
These observations justify the problem of residence probability control.

The results obtained in Section III with regard to the residence probability

control problem can be summarized as follows:

1. The residence probability control gives a stronger reformulation of the
aiming control problem than the residence time control. However, the resulting
control problem is also more complex: the performance depends on the size of

the initial, “lock in”, domain and on the operating period.

2. The (D, T)-stability with probability p is a useful tool for characterization
of the performance of stochastic systems with no equilibrium points. The per-
formance in terms of (D, T)-stability may be contradictory to the performance

in terms of LQG criterion.

3. The residence probability of a controlled linear system with additive white




noise an be modified in any desired manner, for instance, made as close to 1 as
desired, if and only if the range space of the noise matrix is included in the range
space of the control matrix. Otherwise, the achievable residence probability
is bounded away from 1 and estimates of this bound are characterized herein

(Section III).

2. PROFESSIONAL PERSONNEL
ASSOCIATED WITH THE PROJECT

The results outlined above were obtained by a research team that included:
1. Semyon M. Meerkov, Professor, Principal Investigator.

2. Thordur Runolfsson, Post Doctoral Fellow (August 1, 1988 - January 15,
1989). Starting from January 16, 1989, Dr. Runolfsson has accepted a posi-
tion of an Assistant Professor in the Department of Electrical and Computer

Engineering, The Johns Hopkins University, Baltimore, MD 21218.

3. Seungnam Kim, Doctoral Candidate.

3. PAPERSIN THE AREA OF THE PROJECT

{1). A paper titled “Theory of Residence Time Control by Output Feedback”,
by S.M. Meerkov and T. Runolfsson has been accepted for presentation at the
28th IEEE CDC, Tampa, FL, Dec. 1989. This paper comprises Section II of this

report.




[2]. A paper, “Theory of Aiming Control for Linear Stochastic Systems”, by
S. Meerkov and T. Runolfsson has been submitted to the 11th IFAC Congress,

Tallinn, U.S.S.R., Aug. 1990. This paper is included as an Appendix herewith.

(3]. A paper, “Aiming Control: Residence Probability and (D, T)-stability,
by S. Kim, S.M. Meerkov and T. Runolfsson, has been prepared for submission

to the 29th IEEFE CDC. This paper comprises Section III of this report.

(4]. A paper: “Aiming Control: Design of Residence Probability Controllers”

is being prepared for submission to the 29th IEEE CDC.

[5]. A paper, “Output Residence Time Control” by S.M. Meerkov and T.
Runolfsson (reported originally in the Annual Report for 1987-1988) is to appear
in the IEEE Trans. Automat. Contr.. The galley proofs of this paper are included

in the Appendix.




SECTION 11

THEORY OF RESIDENCE TIME CONTROL
BY OUTPUT FEEDBACK

S. M. Meerkov
Department of Electrical Engineering
and Computer Science
The University of Michigan
Ann Arbor, MI 48109-2122

and

T. Runolfsson
Department of Electrical and
Computer Engineering
The Johns Hopkins University
Baltimore, MD 21218

Abstract

The problem of residence time control by the observer based out-
put feedback is formulated and solved for the case of linear systems
with small additive input noise. Both noiseless and noisy measure-
ments are considered. In the noiseless measurements case, it is shown
that the fundamental bounds on the achievable residence time de-
pend on the nonminimum phase zeros of the system. In the noisy
measurements case, the achievable residence time is shown to be al-
ways bounded, and an estimate of this bound is given. Controller
design techniques are presented. The development is based on the
asymptotic large deviations theory.

This work has been supported by the Air Force Office of Scientific Research under Contract
F49620-87-C-0079. The United States Government is authorised to reproduce and distribute
reprints for the governmental purposes notwithstanding any copyright notations hereon.




1. INTRODUCTION

Consider the following Ito stochastic system

dz = (Az + Bu)dt + ¢Cdw

y = Dz , (1.1)

where z € R",u € R™,y € R?,w(t) is a standard r-dimensional Brownian mo-
tion, A, B, C, D are matrices of appropriate dimensionality, and 0 < ¢ < 1. For a
given u, the behavior of (1.1) in a bounded domain ¥ C RP can be characterized

by the first passage time [1],

(u) = inf{t > 0: y(t,u) € IV|y(0,u) € ¥} ,

(0¥ is the boundary of ¥), or by its average value

7(u) = E[r(u)] .

The 7¢(u) is referred to as the (average) residence time of (1.1) in V.

Assume that control spccifications for (1.1) are given in the form of an aiming
(pointing) problem: maintain y(t) in a given domain ¥ C R® during a specified
time interval [0, 7], T < oo. In terms of the average residence time this problem
has the form

ru)>T . (1.2)




Technical examples of this problem can be found in {2].

To accomplish (1.2), the feedback control approach can be utilized. Papers (2]
and (3] address this problem under the assumption that all « cates z are available
for control and u is chosen as

u=Kz . (1.3)

In [2] it was assumed that D = I, i.e. the pointing of states has been considered,
and in (3] the general case of output aiming has been analyzed. It has been
shown that from the point of view of satisfying (1.2), all systems (1.1) can be
partitioned into two groups: weakly and strongly residence time controllable.
Roughly speaking, (1.1) is weakly residence time controllable (wrt-controllable)
if there exists T° < oo such that the closed loop system (1.1), (1.3) satisfies
(1.2) for T < T* and some K and does not satisfy (1.2) for T > T* and any K.
System (1.1) is strongly residence time controllable (srt-controllable) if T* = oo.
It has been shown in (2] that (1.1) with D = I is wrt-controllable if and only
if (A, B) is stabilizable and srt-controllable if and only if Im C C Im B. It
has been shown in (3] that system (1.1) wrt-controllable in states can, in fact, be
srt-controllable in outputs y # z. In particular, it was shown that a SISO system
(1.1) is srt-controllable if and only if all non-minimum phase zeros of G,(s) £
D(sI — A)~!B coincide with non-minimum phase zeros of Ga(s) & D(sI - A)-ic.
This means, of course, that minimum phase plants are pointable with any pre-
cision whereas non-minimum phase ones may or may not be, depending on the

location of the right half plane zeros of G,(s).

10




In the present paper we address problem (1.2) under the assumption that only
(measured) outputs are available for control and, therefore, the output feedback
has to be utilized. To simplify the problem, we consider here the observer based

output feedback, i.e. controllers of the form:

u= Kz
. (1.4)
Z= Az + Bu + L(z - EZ)
if the measured output,
2=FEz, 2z¢R', E€R"",
is noise free, or
u= Kz
(1.5)

d = (AZ + Bu)dt + L(dz — Ezdt)
if the measured output,

dz = Ezdt + ¢ Fdw, ,

is noisy. Here w,(t) is a ¢-dimensional standard Brownian motion and 0 < € <« 1.
In each case, (1.4) and (1.5), the problem is to choose the pair (K, L) so that

(1.2) is satisfied.
To this end, in this paper we derive the following results:

1. System (1.1) with feedback (1.4) is srt-controllable if and only if the system

is invertible and minimum phase in an appropriate sense.

11




2. If this is not the case, the maximal achievable residence time T for
system (1.1), (1.4) coincides with that for system (1.1), (1.3) if and only if
Gn,(8) & E(sI — A)~!C is left invertible and minimum phase; otherwise the

output controllers lead to a smaller residence time.

3. System (1.1) with feedback (1.5) is never srt-controllable. Thus, the
measurement noise has a much more severe effect on the residence time than the

input noise.

4. The observer gain L that ensures the largest possible residence time in
system (1.1), (1.5) coincides with that of the corresponding Kalman filter. Thus,
Kalman filter is optimal not only with respect to the standard performance mea-
sure, i.e., the mean square estimation error, but also from the point of view of

the residence time.

5. The feedback gain K that ensures the largest possible residence time in
system (1.1), (1.5) is dependent on the optimal value of L mentioned above.
Thus, although the separation principle does not take place, the situation here
can be characterized as semi-separation: the optimal observations do not depend
on optimal control but the optimal control does depend on optimal observations.
As a result, the maximal achievable residence time for controllers derived in this

paper is larger than that for LQG-designed systems.

The remainder of this paper is organized as follows: In Section 2 some mathe-

matical preliminaries are discussed. In Sections 3 - 5 system (1.1) with controllers

12




(1.4) and (1.5), respectively, is considered and in Section 6 an illustrative exam-
ple is given. In Section 7 the conclusions are formulated. The proofs are given

in the Appendix.

2. PRELIMINARIES

In this section, the notion of logarithmic residence time, i.e., the main tool
of asymptotic analysis of (1.1) with (1.3)-(1.5), is introduced and utilized for a

precise formulation of problem (1.2).
Consider the linear Ito system

dz Azdt + ¢ Cdw

y = Dz (2.1)

where, as before, z € R",y € RP,w(t) is a standard r-dimensional Brownian
motion and 0 < ¢ € 1. Let ¥ C R? be again a bounded domain with the origin

in its interior and a smooth boundary d¥. Define

N 2 {zeR": y=DzeV¥} , (2.2)

N 2 {(zeR": Di'ze ¥, t>0} . (2.3)

Assume that £(0) = zy € f} and introduce the first passage time as

r(zo) & inf{t > 0: y(t,z0) € ¥} , (2.4)

where y(t, zo) is the solution of (2.1). The following theorem was proved in (3.

13




Theorem 32.1: Suppose A is Hurwitz and (A,C) is disturbable, i.e. rank

[C AC...A™1C| = n. Then uniformly for all z, belonging to compact subsets

of {1 we have:
lim e In*(z0) = & |, (25)
where, as before, 7*(z,) = E,, ‘(1) and

.. 1l
# _:25% 2y Ny, (2.6)
N = (DXDT)"', AX+XAT+CCT=0 .

Constant 4 is referred to as the logarithmic residence time of (2.1) in V.

Let §(¢, zo, 29, K, L) be the solution of the deterministic system

t A BK z z(0) To
z LE A+BK-LE || 2 £(0) 2
y = Dz (2.7)
and define
Zo 3
(K,L) = € R™|g(t, 20,20, K,L) € ¥,t >0} . (2.8)
29

Then, with regard to control system (1.1) and controllers (1.4) or (1.5), The-
orem 2.1 allows us to conclude that for sufficiently small ¢ and (::") € (K, L),
problem (1.2) can be replaced by an alternative problem of selecting the pair
(K, L) such that

MV K L) > p (2.9)

14




where i(¥; K, L) is the logarithmic residence time of the closed loop system (1.1),

(1.4) or (1.1), (1.5) and u = €?InT. This is the problem solved in this paper.

As it was pointed out in the Introduction, the solution of this problem is given
in terms of the weak and strong residence time controllability defined precisely

below. In order to simplify the notations, we drop argument ¥ in (2.9).

Definition 2.1: (i) System (1.1) is called weakly residence time controllable
if for any bounded domain ¥ C RP(0 € ¥) there exists controller (1.4) (or (1.5))

such that i(K, L) > 0;

(ii) System (1.1) is said to be strongly residence time controllable if for any
bounded ¥ C RP(0 € ¥) and u > O there exists controller (1.4) (or (1.5)) such

that 4(K, L) > u.

In what follows, we will be assuming that:

Al: (A,C) is disturbable,

A2: (D, A) is detectable,

A3: FFT > 0, and w(t) and w,(t) are independent Brownian mo-
tions,

A4: Transfer matrices G,(s) = D(sI-A)"'B,G,(s) = D(sI-A)"'C

and G,(s) = E(sI — A)~'C have full normal rank.

1s




3. NOISELESS MEASUREMENTS CASE

Lt C2{KeR™": A+ BK isHurwitz }, L2 {Le R™P: A-LEis
Hurwitz } and define the maximal logarithmic residence time of (1.1), (1.4) or
(1.1), (1.5) in ¥ as

a* = sup 4(K,L) . (3.1)
Kek
LeL

Introduce the following hypotheses:
H1: G,(s) is right invertible and minimum phase.
H2: Gpy(s) is left invertible and minimum phase.

‘ H3: There exists an m x r rational matrix U(s) with no poles in Re s > 0 such

that Gna(s) + G,(s)U(s) = 0.

‘ H4: There exists a p x g rational matrix V(s) with no poles in Re s > 0 such
that Gn(8) + V(8)Gni(s) = 0.

Theorem 3.1: System (1.1) is

(i) weakly residence time controllable by controller (1.4) if and only if (A, B)

is stabilisable and (E, A) is detectable,

(ii) strongly residence time controllable by controller (1.4) if and only if (A4, B)
is stabilizable, (E, A) is detectable and either H1 and H4 or H2 and H3 are

satisfied.

16




Proof: See the Appendix.

Remark 38.1: As it was shown in (3], H3 is the condition for strong res-
idence time controllability with respect to the state space feedback u = Kxz.
Furthermore, H1 is a stronger condition than H3. Thus, either H4 or H2 are
the additional condition that has to be satisfied when the state space feedback

is replaced by the output feedback.

Remark 3.2: In SISO case with D = E, Theorem 3.1 implies that for strong

residence time controllability G,(s) should be minimum phase.

A comparison of the fundamental bounds on the residence time achievable by

state space (1.3) and output (1.4) feedback can be given as follows:

Consider the closed loop system (1.1), (1.3), i.e.

dz = (A+ BK)zdt + ¢ Cdw , (3.2)
and define as
u* = sup u(¥; K) (3.3)

its maximal logarithmic residence time in V.

Theorem 8.3: Equality 4i° = u’ takes place if and only if G,;(s) has a left

inverse with no poles in Re s > 0.

Proof: See the Appendix.

17




4. NOISY MEASUREMENTS CASE

Theorem 4.1: Let P be the unique positive definite solution of the (Kalman

filter) Riccati equation:

AP + PAT + CCT - PET(FFT)'EP =0 . (4.1)

Then the maximal logarithmic residence time of the closed loop system (1.1),

(1.5) in ¥ satisfies the bound

" .1 7 T\-1
A'<min 3y (DPDY)"y . (4.2)

Proof: See the Appendix.

Remark 4.1: It follows, in particular, from Theorem 4.1 that since the upper
bound in (4.2) is always finite, system (1.1) with control (1.5) is never strongly
residence time controllable. Therefore, the measurement noise in (1.5) has a

greater limiting effect on the achievable residence time than the input noise in
(1.1).
Theorem 4.2: The upper bound (4.2) is attained if and only if there exists

a rational matrix W(s) with no poles in Re s > 0 such that

Gi(s) + G.(a)W(s) =0 , (4.3)

where G,(s) is defined as previously and

Gi(s) = D(sI-A)'L , (4.4)

L

PET(FFT)-! . (4.5)

18




Proof: See the Appendix.

Remark 4.2: Theorem 4.2 illustrates that the upper bound in (4.2) is at-

tainable. Therefore, it is the best possible upper bound.

5. DESIGN TECHNIQUES

In the two previous sections we have characterized the fundamental bounds
on the achievable logarithmic residence time. In this section we develop the
controller design techniques that achieve these bounds. First system (1.1) with
control (1.5) is considered and then system (1.1) with control (1.4) is addressed.

An example is given in Section 6.

To select the pair { K, L} that maximizes 4(K, L) assume, for simplicity, that

domain ¥ is an ellipsoid

V={yekR: y"Sy<r?, §=5T>0} . (5.1)

Let W € R”™” be a nonsingular matrix such that S = WTW. Then by direct

calculations we obtain:

rl

MK L) = S —WDX(K,L)DTWT] (52)
where X(K, L) is given by
A BK X(K,L) T(K,L) (5.3)

LE A+BK-LE || TT(K,L) X(K,L)

l9




X(K,L) T(K,L) || A BK ccT o
+ =0
TT(K,L) X(K,L) || LE A+ BK - LE 0 LFFTLT

Therefore, the pair {K,L} is optimal if and only if it minimizes the largest
eigenvalue of I'(K,L) £ WDX(K,L)DTWT. The Ama(l) can be characterized

as follows:

Lemma 5.1: Let § > 0 be a scalar, [ > 1 be an integer and select K; € K

and L; € L such that

Tr T(Ki, L)' < (1+0)inf{Tr I'(K,L)'|K € K,L€ L} . (5.4)
Then
Jim Amax (T(Ki, L)) = inf (Amex(T (K, L))|K € K, L € £} (5.5)

Proof: The proof of this lemma is similar to the proof of Theorem 2.1 in (7).

We omit the details here.

Thus, in order to minimize Apex(T), we need only to minimise Tr T(K, L), | =

1,2,3.... To accomplish this, introduce

J!(K,L) = Tr T(K,L)' +~ Tr KX(K,L)KT , (5.6)

where X(K, L) is given by (5.3).
Lemma 5.3: Assume that K;' € K and L; € £ minimize J!(K,L). Then
iy JA(K7. £7) =

i
X

nf; Tr [(K, L)' . (5.7)
Lét

20




Proof: The proof of this lemma is similar to the first part of the proof of the

Theorem in [4]. We omit the details here.
From Lemmas 5.1 and 5.2 follows:
Corollary 6.1: Assume that the pair (K;,L]) with K] € K and L] € [

minimizes J! (K, L). Then

lim lim G(K;,L)=4a" . (5.8)

|—00 4—0

Thus, K; and L] provide the solution to (3.1). A necessary condition for
the optimality of (K], L;) in the sense of functional (5.6) can be formulated as

follows.

Theorem 5.1: Assume that K] € K and L] € £. Then in order for (K}', L")

to minimize J}(K, L) it is necessary that

L} = L=PET(FFT)! , (5.9)
(]

K = —% BTQ] , (5.10)

where P is given by (4.1) and

ATQ) + QA+ D'WTMIWD - % Q'BBTQ =0 , (5.11)
M} = (WD(X] + P)DTWT)""! | (5.12)
(A+BK)X) + X (A+ BK)T + LLT =0 . (5.13)

Proof: See the Appendix.
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Thus, in particular, the optimal observation gain is independent of optimal

control while the optimal control gain is a function of optimal observations.

Since (4.1) has a positive definite solution, L] = L € £, V 4,l. The following

lemma gives a condition for K|’ € K.
Lemma 5.3: Assume that M;' > 0. Then K] € K.
Proof: See the Appendix.

Remark 5.1: As it follows from Theorem 5.1, the optimal estimator gain L
given in (5.9) is the Kalman filter gain. Thus, the Kalman filter is optimal in
optimization problem (3.1). Moreover, consider the equation for the estimation

A .
error ¢ = r — #:

de =(A— LE)dt + ¢ C dw — ¢ LFdw, (5.14)

and define its logarithmic residence time in any domain A C R"(0 € A) as
f(A;L). Then

a(A; L) = grg -;- eTPY(L)e , (5.15)

where P(L) is the positive definite solution of

(A- LE)P(L) + P(L)(A- LE)T +CCT + LFFTLT =0 . (5.16)

Since P given by (4.1) satisfies the inequality

P<P(L), VLe L , (5.17)
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we conclude that

A(A L) = n = eTP e>j(A; L), VLe L . (5.18)

Thus, the Kalman filter is optimal in the sense of optimization of the estimation

error residence time in every bounded domain of R".

The optimal control law for system (1.1) with control (1.4) can be obtained
from (5.9) - (5.10) by selecting F = al and letting a — 0. Indeed, since the
optimal estimator law for (1.1), (1.5) is the Kalman filter, we know from optimal
filtering theory that the optimal (singular) filter for (1.1), (1.4) is obtained in the
limit a — O (see, e.g., [4]). Therefore, the maximal logarithmic residence time

for (1.1), (1.4) is given by

= lim hm lim a(K*, L) (5.19)

{~00 7—0 a—0

where L]'* and K;"** are given by (5.9) - (5.13) with FFT = a®I.

6. EXAMPLE

Consider the second order system

01 0 1

t = z+ u+€ w ,
-1 0 1 0

z = (1 Olz+eFuy .
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For this system

s -1 3
s Gn(") = 82— G,.l(.s) = T+l

G, = ’
(2) st +1 +1

(6.2)

Thus, since G,(s) = Gni(s) is minimum phase, this system is srt-controllable by

controller (1.4) when F = 0.

Assume that F # 0. Then, by Theorem 4.1, the logarithmic residence time

in the interval ¥ = (—a,b), a,b > 0, is bounded by

.1 7 ry-1 , _ (min(a,$))?
Furthermore, when a = b, the (sub)optimal controller can be calculated using

(5.9) - (5.13) to be

1
=P |, K=-0 K (6.4)
0
where K; > O satisfies the equation
K}y _ IFL\""
K1 (o, 0)" o5

The logarithmic residence time with this control is

- dz 2K3
G( K, = . . 6.6
KL L) = 31 3+ P (66)
Note that ﬁ(K,",z) is the upper bound in (6.3) multiplied by the factor
2K,
= —— 6.7
g 2K; + |F| ( )
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Thus, in order to obtain logarithmic residence time as close as desired to the
maximal value, (6.3), (6.7) can be used to calculate the necessary K; (for a given

p) and ! and v can be determined from (6.5).

As v — 0 equation (6.5) simplifies considerably. Indeed, in this case K; — oo

and, thus, for small v (6.5) becomes

K3y

TF-1 ~1 . (6.8)

Therefore,

I iz
Kg—\/;lF' |, (6.9)

7. CONCLUSIONS

It is shown in this paper that the observer based output feedback can be
efficiently used for pointing of linear systems subject to both input and mea-
surement noise. The fundamental bounds on the achievable precision of pointing
depend .on the locations of the right half plane zeros of the various transfer func-
tions involved. Roughly speaking, the best precision of pointing is obtained for
minimum phase systems. Any desired precision of aiming is attainable only if
no measurement noise is present. Therefore, the effect of the measurement noise
on the achievable precision of aiming is more detrimental than that of the input

noise.
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APPENDIX

Proof of Theorem 3.1: The proof of (i) parallels the proof of Theorem
3.1 in [3]. We omit the details here. In order to prove (ii) we first derive the
inequality

r? . pR?
< <
s x5O = ML < SR DXk, DDT

(A.1)

where K € K, L € L. To get the left inequality note that

. 1 TR
A(K,L) > Ez\mm[(DX(K,L)DT) ‘]:25:3 yTy

,.z

2Amx| DX (K, L) D7)

2 Tr DX (K, L)DT

v

For the right inequality we have (R? = max vTy, B(0,R) = {y|ly"y < R?})

i 1 -
F(K’L) = ’IEWG'IEVT(DX(K7L)DT) ly
. 1
min -
y€4B(O,R) 2
= %Am,,.[(DX(K,L)DT)"]R’

R’
Pl DX (K, L) DT]
pR?
2 Tr DX(K,L)DT

y"(DX(K,L)DT) 'y
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It follows from (A.1) that 4* = oo is equivalent to

inf Tr DX(K, L)DT =0 . (A.2)
€L

o

Next note that it follows from linear quadratic theory (4], [5] that

}nt; Tr DX(K, L)DT = li_x.ztl) Tr DX(K’,L")DT (A.3)
Ler a=0
where
K = - % BTQ", ATQ"+Q'A+ DD - -}; Q"BBTQ" =0 , (A.4)
e = - % P°ET, AP®+ P°A+CCT - é PETEP* =0 . (A.S)
Furthermore,

lim Tr DX(K",L")D" = lim Tr (DP2DT + aL®" QL%)
a—0Q a-0

= lim Tr (CTQ"C ++ K'P°K") . (A.6)
a—0

Therefore, with € = ‘l’% VaL®and D= ‘l’i_x‘:‘\) v K7, we have

Tr (DP°DT + CTQ°C)

inf Tr DX(K,L)DT
KeK
LeL

= Tr (DP°DT +CTQ%C) . (A.7)

Each of the terms Tr DP°DT, Tr CTQ°C, Tr DP°DT and Tr CTQ°C is nonneg-
ative. Thus system (1.1) with control (1.4) is strongly residence time controllable
if and only if all four terms are zero.
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It was shown in [3] that Tr CTQ°C = 0 if and only if there exists a rational

matrix U(s), with no poles in Re s > 0, such that

Gn(s) + G,(8)U(s) =0 . (A.8)

Similarlily, Tr €TQ°C = 0, Tr DP°DT = 0 and Tr DP°DT = 0 if and only if

there exist rational matrices {(s), V(s) and ¥(s), with no poles in Re s > 0,

such that
Gn(s) +G.(8)0(s) = 0, (A.9)
Ga(8) + V(3)Gri(s) = O, (A.10)
Gn(s) + V(s)Gmi(8) = O (A.11)
where
Ga(s) = D(sI-A)'C , (A.12)
Ga(s) = D(sI-A)'C . (A.13)

Now, if H1 is satisfied then U(s) = —G;!(s)Ga(s) and T(s) = —G(s)Gn(s)
(G;'(s) is the right inverse of G,(s)) are both without poles in Re s > 0 and
satisfy (A.8) and (A.9). Therefore, Tr CTQ°C = Tr CTQ°C = 0. Furthermore, in
this case DTD = DT D (see, e.g., [4]) and, thus, H4 implies that 0 = Tr DP°DT =

Tr P°DTD = Tr P°DTD = Tr DP°DT. Therefore, by (A.7) the system is
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strongly residence time controllable. Similarily, if H3 is satisfled, then V(s) =
—Ga(3)G7i(s) and ¥ (s) = —Ga(8)Gy}(s) are both without poles in Re s > 0 and,
thus, Tr DP°DT = Tr DP°DT = 0. Furthermore, CCT = CCT and, therefore,
H3 implies that 0 = Tr CTQ°C = Tr CTQ°C. This proves the sufficiency part

of the theorem.

Assume now that (1.1), (1.4) is strongly residence time controllable. Then
(A.8) - (A.11) are satisfied and, thus, H3 and H4 are true. Note that the existence
of U(s) such that (A.8) is satisfied and A4 imply that m > min(p,r). Similarly,
the existence of V(s) and A4 imply that ¢ > min(p,r). Assume p < r. Then
m > p and, thus, G,(s) is right invertible. Similarly, if p > r, then ¢ > r
and G,(s) is left invertible. Next, it can be shown that (A.10) implies that
Gn(3)GT(—3) = Ga(8)GT(—s). Furthermore, G,(s) has no zeroes in Re s > 0
(see, e.g. [6]). Similarly, (A.8) implies that GT(—s)Ga(s) = GT(~s)Gn(s) and
Gn(s) has no zerces in Re s > 0. Thus, if p < r, i.e. G,(s) is right invertible,
then it follows from (A.10) and (A.9) that G,(s) has no zeroes in Re s > 0. Thus
H1 is satisfied. Similarily, if p > r, then (A.8) and (A.11) imply that G, (s) is

left invertible and minimum phase, i.e., H2 is true. Q.E.D.

Proof of Theorem 3.2: Let u(K) be the logarithmic residence time of

(3.12). Then, obviously, for any K € K and L € L we have

a(K,L) < u(K) (A.14)
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and, thus,

::gﬁ(K,L) < u(K) . (A.15)

Furthermore, using a similar argument to the one in the proof of Theorem 4.1

(see below) we have

sup (K, L) = lim &(K, L®) (A.16)
Lel a—0
L* = P°ET , AP* + P°AT + CcCT - —;- P*ETEP* =0 . (A.17)

Thus, we want to show that left invertibility and minimum phase of G,,(s) is

necessary and sufficient for

liga(K,L%) = min 5 y"(D(X(K) + P)D7)'y

yeI?
= u(K) (A.18)
where
(A+ BK)X(K) + X(K)(A+ BK)+CCT =0 (A.19)
for all K € K. However, since
u(K) = min 3 yT(DX(K)D")y , (A.20)
(A+ BK)X(K) + X(K)(A+ BK)T+ccT =0 , (A.21)

it follows that (A.18) is true if and only if DP°DT = 0 and CCT = CC7. These
are exactly the necessary and sufficient conditions for Gn1(s) to be left invertible

and minimum phase. Q.E.D.
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Proof of Theorem 4.1: It is straight forward to show that X(K,L) > P

(see, e.g. equation (A.25) below). Therefore, since
A(K,L) = min - yT(DX(K L)D") 'y , (A.22)

inequality (4.2) follows. Q.E.D.

Proof of Theorem 4.3: The logarithmic residence time in a system with

the optimal estimator gain L = PET(FFT) ! is

A(K,L) = mln = yT(D(X(K) + P)DT)"ly (A.23)

where

(A+ BK)X(K)+ X(K)+ LLT =0 . (A.24)

Thus, the upper bound (4.2) is attained if and only if '}Iéfx Tr DX(K)DT =o.
However, by the same argument as was used in the proof of Theorem 3.1, this

happens if and only if (4.3) is satisfied. Q.E.D.

Proof of Theorem 5.1: Let L be the Kalman filter gain (5.9) and define

= (AZ + BK#)dt + L(dz - Ezdt) (A.25)

where 2 is the estimate (1.5) for an arbitrary L. Then (5]

X(K,L) = X(K,L)+ P (A.26)
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where P satisfies (4.1) and X is given by

T

A BK (i‘z X z A BK
+

LE A+BK-LE |\ 27 X 2T X LE A+ BK-LE

(f,FFTET LFFTLT
+ A =0 . (A.27)
\LFFTLT LFFTLT

Define
X X I 0 X z I I
— (A.28)
xT X, I -1\ 2T X|\o0o -1
Then
T
A+ BK -BK X x X x A+ BK -BK
+
0 A-LE X X, XT X, 0 A-LE

LFFTLT LFFT(L-L)T
+ =0 . (A.29)
(L-L)FFTL (L-L)FFT(L-L)T

In order to show that K , L satisfy the necessary conditions for minimizing

J4(K, L) we have to show that (F = (/%))

3J!(F) _
-—-a-.’?— =0 (A.30)

gives F = F]' = (gz.) (A.30) is equivalent to showing that

d i
= 3(F +¢AF)

a1 el
o = <—a? (F), AF) =Tr AF '5-1;;(F) =0 (A.31)
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for all AF = ( AA}}). In order to simplify notation we assume WD = [. Evaluat-
ing 45 (F+eAF)| gives
de 7 =0

d

2% qn
% J,(F + €AF)

= ITr X*'X' +~4 Tr KX'KT

=0

+~ Tr AKXKT +~4 Tr KXAKT . (A.32)

where
X = d;‘i X(K + €AK, L+¢AL)| | (A.33)
«=0
=4 ?(KHAK,LHAL)‘ : (A.34)
de =0
From (A.26) and (A.28) we get X = X — XT - X, + X; and
X =X-xT-x\+X; , (A.35)
X' = X' (since P = const.) (A.36)
where
¥ =43 | (A.37)
de =0 '
d
x; = T‘: Xl o ’ (A.38)
d
X = de X3 » (A.39)
Using this in (A.32) gives
4 JIF +eAF)| =1Te X'X
de =0
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+ 7T KTK(X' - XT - X, + X3) (A.40)

+ 7 Tr XKTAK +~4 Tr AKTKX .
From (A.29) we get the following equations for X, X, and X,
(A+BK)X + X(A+ BK)T - BKX, - XTKTBT + LFFTLT =0 , (A.41)
(A+BK)X,+ X\(A- LE)T ~ BKXs + LFFT(L-L)T =0, (A42)
(A— LE)X; + X;(A~ LE)™ + (L - L)FFT(L-L)T =0 . (A.43)
Thus, f’,X; and X satisfy
(A+ 'BK)Y' +X'(A+ BK)T + BAKX + XAKTBT

- BKX,- XTKTBT - BAKX; - XTAK"TBT =0 , (A.44)

(A+ BK)X, + X\(A - LE)T + BAKX, - X, ETALT
- BKX,- BAKXy; - LFFTALT =0 , (A.45)
(A-LE)X, + X\(A- LE)" — ALEX, - X:ETALT

~(L-L)TFFTALT - ALFFT(L-L)T =0 . (A.46)

Next we rewrite (A.40) using (A.35) and the adjoint equation for (A.44). This

gives
d

= JHF +eaF)| =Tr(XQB+1XK™ - X\QB)AK

«=0

34




+Tr AKT(BTQX + KX - BTQXT) - Tt(QB + 1KT)K X,

- Tr XTKT(BTQ +7K) +~ Tr KTK X} (A.47)

where

(A+BK)"Q+Q(A+ BK) +IX"! +4KTK =0 . (A.48)

Now, it follows from (A.46) and the last term in (A.47) that in order for (A.47) to
be zero for any AL it is necessary that X} = 0. Thus, EX; + FFT(L - L)T =o.
Substituting L — L = —X,ET(FFT)~! into (A.43) gives X; = 0. Therefore
L = L. Furthermore, with L = L and X; = 0 it follows from (A.42) that for
any K € K we have X; = 0. Therefore X = X and the first two terms on the
right hand side of (A.47) give 7K + BTQ = 0. However, this makes the third
and fourth terms in the right hand side of (A.47) also equal to zero. Therefore,
in order for (A.47) to be identically zero for any AF we must have L = L and

K =-1BTQ.

Finally, substituting K = K = —3BTQ into (A.48) gives (5.11) and (A.26),

(A.41) with X = X gives (5.13). Q.E.D.

Proof of Lemma 5.3: Note that if M > 0 then M = N7 N for some non-
singular N;'. Furthermore, since (D, A) is detectable it follows that (N'W D, A)

is detectable. Thus, Q] >0 and K| € K. Q.E.D.
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Abstract

In this paper, the problem of aiming control is formulated and analyzed in terms of

the residence probability measure. Specifically, the notion of residence probability in a
domain is introduced and its asymptotic expression is derived for linear systems with
small, additive white noise. The associsted notion of (D,T)-stability, which character-
izes the performance of stochastic systems with no equilibrium points, is introduced and
investigated. Finally, the controllability of residence probability is studied and the nec-
essary and sufficient conditions for (D, T)-stabilisability are derived. The development
is based on the asymptotic large deviations theory.
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S

1. INTRODUCTION AND STATEMENT OF
THE PROBLEM

Consider a system described by the Ito stochastic differential equation:

dz = (Az + Bu)dt + ¢ Cdw , z(0) =1z, , (1.1)

where z € R",u € R™,0 < ¢ « 1 and w is a standard r-dimensional Brownian
motion. Let D C R" be an open bounded domain with O in its interior and

T < oo a positive number. Consider the following problem:

Given system (1.1) and the pair (D, T), find a feedback law

u=Kz (1.2)

and an open set Dy C D such that the closed loop system (1.1), (1.2) has the

following property:

z(t,z0) € D, Vt € [0,T|, V 2o € [Do| ,

where [Dy] is the closure of D,.

This problem is referred to as the problem of asming control. Such a problem
arises in a number of applications where the goal is to accomplish a certain task
during a specified period (T) with a specified accuracy (D). Examples include
the telescope pointing problem (1], robot arm and laser beam pointing |2], (3],

missile terminal guidance (4], etc.
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It is well known, however, that

Prob{z(t, zo) € dD for some t > 0|z € [Do]} =1 ,

where 0D is the boundary of D and D is any open subset of D, [5|-[7]. There-
fore, the aiming process specifications, (D, T), cannot be met exactly and some
probabilistic meaning should be attached to their interpretation. This can be

accomplished using the notion of the first passage time:

T, = inf{t > 0: z(t) € OD|zo € [Dy]} . (1.3)
Specifically, the problem of aiming control can be re-formulated in the following
two probabilistic settings:

Residence time control: Given (1.1) and a pair (D,T), find a feedback law

(1.2) and an open set Dy C D such that
Elte,) > T, Vzo€[Do] . (1.4)
Residence probability control: Given (1.1), a pair (D,T) and a constant 0 <
p < 1, find a feedback law (1.2) and an open set Dy C D such that
Prob{r,, > T} >p, VY zo€ D] . (1.5)
The residence time control problem (1.4) and its generalizations has been ana-
lyzed in (8]-{12]. In these publications, the fundamental bounds on the achievable

values of E|r,,| have been investigated and the methods for controllers design,

compatible with these bounds, have been developed.

39




The residence probability control (1.5) appears to be a stronger reformulation
of the aiming control problem than the residence time control. Indeed, since r,,
is non-negative random variable, the Markov inequality gives:

Elr.,)
ol

Prob{r;,, > T} <

Therefore, if Prob{r., > T} > p, the estimate for E|r,,] follows immediately:

Elrs,) > pT .

On the other hand, it is possible to show (see Appendix 4) that for any D, Do, T
and 0 < p < 1 there exists a feedback law (1.2) and zo € D, such that the closed

loop system (1.1), (1.2) has the following property:
Elr,] >T ,

Prob{r,, > T} <p .

This implies that the closed loop system may exhibit a performance as good as
desired from the residence time point of view and as bad as desired from the

point of view of the residence probability.

These observations justify the problem of residence probability control and,
in addition, indicate that it has a more complicated mathematical structure than

residence time control problem.

This paper is devoted to the investigation of the controllability properties

of residence probability, i.e., to the question on when there exists a feedback
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law u = Kz that solves the residence probability control problem. The related
question of design of the residence probability controllers will be addressed in a
companion paper. As it was the case of [8]-(12], the development is based on the

large deviations theory of [7].

The idea of utilizing the residence probability as a measure of control systems
performance is not new. Apparently, it was first introduced in [13] and then
analyzed in [14]-{17]. The approach of [14] is based on the stochastic Liapunov
functions and as a result the estimates obtained are quite conservative. Indeed',

if (A + BK) and C of (1.1), (1.2) have the form of Example 4, Chapter 3 of [14],

i.e.,
o 1 0
A+ BK = , C=
-1 -1 1
and D is given by
1. 3 3 3
D={z€eR*: -2-1:,+z1z;+::,52} ,

then choosing, for instance, zo = [1 0|7, the approach of [14] results in

Prob{r,, < T} < 1 - 0.25¢"F . (1.6)

Using the asymptotic method of this paper, for the same example we obtain

Prob{r,, <T} < e ¥ 0<T< o . (1.7)

Obviously, (1.6) and (1.7) have different asymptotic behavior: when ¢ is very
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small, (1.7) gives

Prob{r,, <T}~0 ,

whereas (1.6) results in

Prob{r,, < T} <0.75 .

Thus, the asymptotic approach, although restricted by the condition ¢ <« 1, is

advantageous in comparison with the Liapunov functions method.

Note that along with [6] and (7], there are other asymptotic techniques for
calculating the residence probability (see, for instance, [18]|-(20]). However, the
problem of controllability of residence probability has not been explored. It is

done in this paper.

The structure of the paper is as follows: In Section 2 an asymptotic formula
for residence probability in a domain is derived. In Section 3, the notion of
(D, T)-stability, that characterizes the behavior of stochastic systems with no
equilibrium points, is introduced and analyzed. Section 4 presentes the conditions
for residence probability controllability and (D, T)-stabilizability. In Section 5,

the conclusions are formulated. The proofs are given in Appendicies 1-4.

2. RESIDENCE PROBABILITY IN A DOMAIN

Consider the Ito system

dz = Azdt + ¢ Cdw, z(0) =1z0 , (2.1)
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where, as before, z € R®, 0 < ¢ < 1 and w is a standard r-dimensional Brownian
motion. Let D C R™ and Dy C D be open bounded sets with 0 in their interior
and smooth boundaries 3D and dD,, respectively. The first passage time of the

trajectory originating at z, is

Tz = inf{t Z 0: I(t) € aD'.‘to € [Do]} . (22)

As a random variable, 7., is characterized by its probability distribution, i.e.,
Prob{r., < T}. Based on this distribution, the first passage probability of the

trajectories originating in [Dy| can be defined as follows:

Pp{r<T} % néﬁ;clProb{r,o <T} . (2.3)

Then the residence probabiisty in the domasn is

Pp{r>T} & 1-Pp{r<T} (2.4)

min Prob{r,, > T} .
20€{ Do}

These probabilities play a crucial role in the development that follows. They are

characterized next:

Theorem 3.1: Assume that (A4, C) is disturbable. Then

lim e&InPp {r<T}=- min min l(y — Az)T XY t)(y — etfzp) , (2.5)

20€[Dy) y€4D 2
0€[Dv) Ovslﬁf

where

X(t) = AX(t) + X(1)AT +cCT, X(0) =0 . (2.6)
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Proof: See Appendix 1.

The interpretation of this result is as follows: Let —o(D,) denote the right

hand side of (2.5), i.e.,

7. : : l _ LAt T y-1 _ At
“’(D°)fz.f’e‘['z’>‘ol :rggg Sy — e n) X )y — e o) - (2.7)

<

Then, according to Theorem 2.1, if ¢ is sufficiently small, for any § > 0,

'

2B < pp {r < T} < 5

i.e. Pp,{r < T} is logarsthmically equivalent to ¢~ =3 Due to this reason, (D)
is referred to as the logarithmic first passage probability. Obviously, the residence

probability in the domain, i.e., Pp,{r > T}, is logarithmically equivalent to

1—e «D’ .

As it follows from the above, the logarithmic first passage probability is in-
dependent of the distribution of initial points zo in Do. In addition, w(Do) is
a coordinate-free characterization of system’s performance. Indeed, consider a

similarity transformation

z=Qz, detQ#0 (2.7)
and the system
di = Azdt+eCdw ,

A = QtaQ, C=Q'C (2.8)
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Let

)
I

{teR": Qte D} ,

Do = {iER": QioeDo} .

and &( 50) be the logarithmic first passage probability from ﬁ, ie.,

~ _ - . l ~ ~ A— ~ ~
$(Do) = min  min ~(§ — eM20)TX 1 (e) (5 — e'2o) .
telDo] gcoD 2

Then
Lemma 2.1: $(Do) = p(D).
Proof: See Appendix 1.

This property will be used in Section 4 to establish the upper bound of the

achievable logarithmic first passage probability for system (1.1).
3. (D,T)-STABILITY

If a stochastic system has an equilibrium point, its stability can be char-
acterized by the usual notion of Liapunov stability modified in an appropriate
stochastic sense (14, [21]. If the system does not have equilibria, as is the case
for (2.1), the Liapunov stability does not apply. In this situation, the notion of
first passage time could be used to describe its “stability” features. One way to

accomplish this is as follows:
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Definition 3.1: System (2.1) is said to be (D, T)-stable with probability

0 < p < 1 if there exists an open set Dy C D such that

Po{r>T}>p (3.1)

or, equivalently,
PDo{TST}Sl—p ’ (32)
where Pp,{r > T} and Pp,{r < T} are defined in (2.4) and (2.3), respectively.

In this Definition, set D may be interpreted as a safe operating region, T as

a desired operating time, and D, as an initial, “lock in”, set.

Applying this definition to system (2.1) and taking into account Theorem 2.1,
we see that (2.1) is (D, T')-stable with probability p if there exists Dy C D such

that
Z‘Dﬂl
l—-e J >p ,

where ©(D,) is the logarithmic first passage probability. Thus, the analysis of
(D, T)-stability is equivalent to the calculation of ©(D,) for a given D.

The calculation of o(Dy) according to (2.7) may, however, be difficult. There-

fore, simpler sufficient tests for (D, T')-stability and instability are given below:

Theorem 3.1: Assume that A is Hurwitz, (A,C) is disturbable and there

exist a matrix M > 0 and a number Ro > 0 such that

ATM +MA<O
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: Ry
T £ min - >0,
g vl - ==
where Ap,in(M) is the smallest eigenvalue of M and || - || is the Eucledean norm

of a vector. Then (2.1) is (D, T)-stable with probability 1 — e~/¢* where

rz

S PAmm(X(T))

X(t) is the covariance matrix defined by (2.6) and Apu(X(T)) is the largest

eigenvalue of X(T'). The corresponding initial set D, in this case is:
Dy={z€R": 2TMz <R3} .

Proof: See Appendix 2.

Theorem 3.3: Under the assumption of (A, C) disturbability, system (2.1)

is not (D, T)-stable with probability p = 1 — e~%/¢ if

]
max llyll

Dol X(T)) &
Proof: See Appendix 2.

Thus Theorems 3.1 and 3.2 provide the lower and upper bound for the resi-

dence probability in the domain:

( 2

. Ro
min lyll - 7-——Am )

max ||y||*
l—-exp{ -

2Amax(X(T)) €3 » < Pp,{r > T} < 1-exp {_ v€ID

(3.3)
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To illustrate the application of these bounds and the utility of (D, T)-stability,
consider an example where two systems have identical LQG performance mea-
sures but different (D, T')-stability properties. Specifically, consider system (1.1)
with

A= , B= , C= (3.4)

and the initial point z, distributed uniformly in

Do = {z¢: Zhzo < 1} .

Assume that the goal of control u is to keep z(t) within

D={z: z2Tz<R}}, R>r

during the time period T. To find controls that achieve this goal with some

accuracy, introduce two performance indecies
.1 (Tr1
Jy = mdnﬁ/; [F(zi +z3) + u’] dt

and

I 1 Tr2 2 3 3]
J’ = muln 2T/o [R’ (zl + .‘t,) +0.0574 u dt

Minimizing the expected values of these criteria, in the limit as T — oo, for
R? = 2 we obtain

E.,|J3| = E.,|J2] =0.0576 r? .

48




These optimal values are achieved under controls u; = K;z,1 = 1,2, where

Ky = —[0.2949 0.2247) , (3.5)

K: = —[2.3627 3.2020] , (3.6)

respectively. Thus, under gains (3.5) and (3.6) the two closed loop systems have
equal LQG performance measures. Next we investigate their (D, T)-stability

properties.

Since matrices A + BK;, 1 = 1,2, are Hurwitz and pairs (A + BK;, C), i =

1,2, are disturbable, Theorems 3.1 and 3.2 are applicable. Since

(A+BK)"+(A+BK) <0, i=1,2,

choose M = I, nelg% lyll = R and Ry = r. The calculations of bounds (3.3)
1
gives:

1—-¢" l.“'l,-' - < PDQ{T(KI) > 10} <1l- c-#

’

1- e'm&‘;—_'ﬁ < Pp,{r(K3) > 10} <1 - e

When r is sufficiently small, the bounds defined by K, and K, do not overlap
and Pp,{r(K3) > 10} > P{r(K,) > 10}. Analogous situation takes place for T's

other than 10. Indeed, for T = 1 and T = 0.1 we obtain:
1. el d 3
1-e 45 < Pp,{r(K) >1} <1 - e'hﬂﬁ ,
2.79(R-¢)?
1- S5 <P (r(Ka) > 1) <1 - HHE

1
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T -r 3
1 - e ¥FE ¢ Pp,{r(K;) >0.1} <1 - LI

]

. —v)3 2
1- e 25 < pp{r(Ky) > 0.1} <1— %
Hence, in spite of their equivalence in the LQG-sense, the two feedback gains are
different in terms of the resulting residence probabilities or (D, T)-stability.

The LQG and the residence probability performance measures could be in

direct contradiction with each other. Indeed, continuing example (3.4) with
J(d) = mi 1 fT1d 2 2 2| 4
()—rn“mﬁ/o E(z,+z,)+u t,

it is possible to show that J(d) is an increasing function of d whereas Pp {r < T}

is decreasing. This is illustrated in the Table below:

d K4 Eto["(d)] PDo{T <1}
0.5 | —[0.1641 0.1180] | 0.0300 r? | [~ 244 | e"‘—“E“s-‘”-]

. - —
5 | —[1.8397 2.3166] | 0.6419 r? | |~ 2% | J ,]

4. RESIDENCE PROBABILITY CONTROL-
LABILITY AND (D,T)-STABILIZABILITY

Consider again system (1.1) with control (2.1). As it follows from Theorem

2.1, if (A + BK, C) is disturbable,

!I_l.% 52 In PDn{r(K) < T} = —W(DO)K) '

S0




where ©(Dy, K) is the logarithmic first passage time defined by

. .1 -
©(Do, K) = ,min min -2-(y — ABE) L )T XY (8, K)(y — e A+BX)z) | (4.1)
0<t<T

X(t,K) = (A+ BK)X(t,K) + X(t,K)(A+ BK)T + cCcT, X(0,K) =0 .
Note that if (4,[BC]) is disturbable, (A + BK,C) is disturbable for almost any
K|[22]. We would like to choose the feedback law (1.2) so that o(Dy, K) is as
large as desired, i.e., the residence probability, which is logarithmically equivalent

g!Dg.Kl
tol—e = & | is asclose to 1 as desired. This may or may not be possible. To

characterize the various situations, introduce

Deflnition 4.1: System (1.1) is said to be strongly residence probability con-
trollable (srp-controllable) if for any (D,T) and a > O there exists u = Kz and
Dy C D such that ©(Dy, K) > a. Otherwise the system is weakly residence

probabslsty controllable.
The srp-controllability is equivalent to the property of (D, T)-stabilizability:

Definition 4.3: System (1.1) is (D, T)-stabilizable if for any (D,T) and

0 < p < 1 there exists y = Kz and Do C D such that

PDO{T>T} >p .

Below, the class of srp-controllable systems is characterized.

Theorem 4.1: Under the assumption of (A,C) disturbability, (1.1) is srp-

controllable or, equivalently, (D, T)-stabilizable, if and only if Im C C Im B.
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Proof: See Appendix 3.

If Im C Z Im B, there exists an upper bound on the achiefrable w(Dy, K).

This bound is analyzed next.

Consider again (1.1) and assume that B has a full rank. Then there exists a

similarity transformation £ = Qz that transfers (1.1) to the form

di = (A% + Bu)dt + ¢ Cdw (4.2)
- ~ | Ay A .| T R o
Qa2i=|"" ""l oip=B=|"|, @uc=¢=|"
Au An 0 62

Since, according to Lemma 2.1, o(Do, K) = é(ﬁo, f(\), the bounds will be estab-

lished in terms of the realization (4.2).

Assume (A, B) is controllable and choose
v=K,z K, = —%ﬁTP, p>0 , (4.3)
where P, is the positive definite solution of
ATP,+ PA+1I- %P,Eﬁ"P, =0 . (4.4)
Let P;y be the positive definite solution of

AuPy + PpuAy + 1 - Pzzﬁnjflpn =0 (4.5)

and

1; = —A’.uj;.lpn + An . (46)
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Let a and S be positive numbers that satisfy the inequality:

(1Pr2An A3, Pl + 1)[|e* [} < ae™®* (4.7)
where || - ||; is the induced /;-norm of a matrix. Finally let M > 0 and R, > 0

be a matrix and a number, respectively, satisfying

y_x.%[(,i + BK,"™ + M(A + BK,)] <0 (4.8)
[ = min ||y|| - T >0 . (4.9)
ve€aD )‘min(M)

Theorem 4.3: Under the assumption of controllability of (4, B) and dis-

turbability of (A, C) and for all T > 0 such that

1-ae#T>9 , (4.10)

the maximal achievable logarithmic first passage time, max @(50, K ,), is bounded

as follows:
)
I o o maxl
—_— D = lim & < .
2\ = m}Xp\DO’Kﬁ) l‘f.%W(DOvKo) = 2)'(1 — ae_zpr) ' (4 11)
where
A AT
x = Amee(C2C7) (4.12)
2[Amax(A2143; + A22AL)|Y2
A = Te€TPnC, (4.13)

and I', M, a and J are defined by (4.9), (4.8) and (4.7), respectively.

Proof: See Appendix 3.
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Note that in the srp-controllability case €, =0, A\* = \* =0 and, therefore,

ln_x.%qo(Do,K,) =00 .

As it has been pointed out in Section 1, the residence probability control
problem has a more complex nature than residence time control. This complexity
manifests itself through the fact that, unlike the residence time (see 8], formula
(3.6)), the bounds on the maximal achievable residence probability depend on
the desired period of operation T and, more importantly, on the size of the initial,

“lock in” set D,.

To illustrate the bounds of Theorem 4.3, consider an example of the roll
attitude control problem in a missile disturbed by a random torque {23]. The

dynamics of the system are described as

sl [o o ol[s] [4 0]
w =110 -1 0|]]w|+]|ofjut+te|l1]|w (4.14)
(e L0 1 ojle}] [O] 1 0]

where § is the aileron deflection, w is the roll angular velocity, o is the roll angle,
u is control of aileron actuators and v is white noise. Note that (4.14) is in the
form (4.2) with 6’, # 0, i.e., the system under consideration is wrp-controllable
and ¢(Dy, K) is bounded. To evaluate this bound, assume, for simplicity, that

D is a ball with radius R and calculate
A*=004975, X' =01, a=12, =2 .
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Choosing M as i ]
0.25 0.25 0.25

0.25 0.35 0.35 (4.15)

0.25 0.35 1.35

and varifying that (4.8) holds, we finally obtain:

R \' . 10.05R? In12
5{R - < JK) < —— mlZ
( ¢0.042) < lime(Do, Kp) < o T> 3

Thus, there is no linear controller (4.3) for missile (4.14) that keeps the states
in the ball of radius R during interval T with probability p > 1—exp {-—-(—l—_lff-‘;;ﬁp } .
On the other hand, there exists a linear svate feedback that accomplishes this
task with probabiiity p<1-exp {-—;‘; (R - 70—’%—,)}, provided that at ¢t = O the
states are locked into the initial set Do = {z: zTMz < Ry}, where M is given

by (4.15).
5. CONCLUSIONS

1. The residence probability control gives a stronger reformulation of the
aiming control problem than the residence time control. However, the resulting
control problem is also more complex: the performance depends on the size of

the initial, “lock in”, domain and on the operating period.

2. The (D, T)-stability with probability p is a useful tool for characterization
of the performance of stochastic systems with no equilibrium points. The per-

formance in terms of (D, T)-stability may be contradictory to the performance
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in terms of LQG criterion.

3. The residence probability of a controlled linear system with additive white
noise can be modified in any desired manner, for instance, made as close to 1 as
desired, if and only if the range space of the noise matrix is included in the range
space of the control matrix. Otherwise, the achievable residence probability is

bounded away from 1 and estimates of this bound are characterized herein.
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APPENDIX 1

Proof of Theorem 3.1:

Consider

dz = Azdt + ¢ Cdw, z(0) =z, , {Al.1)

where z € R®, 0 < ¢ <« 1 and w is a standard r-dimensional Brownian motion.

Let U(t) be an absolutely continuous function in R” and define F,,(U) as follows:

T
F.(U)2¢=z +/° Addt +CU . (A1.2)

The mapping F.,(U) is continuous with respect to U and, assuming without loss
of generality that C has a full row rank, one-to-one. Therefore, as it follows from
Theorems 3.1 (Chapter 3) and 1.1 (Chapter 4) of [7], the action functional for
(A1.1) is:

’ 'f F;l . t
Sor(9) 2 Sor(w) ={ if F;;'(¢) is empty

}]or uTudt, ¢ = Ap + Cu, #(0) = zy, otherwise,
(AL.3)
where u(t) = U(t).
Define

7., 2 min{t : z(t) € D|zo € D} ,

where D C R" is an open bounded set in R™ with O in its interior and smooth
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boundary 8D and z(t) is the trajectory of (Al.1). Introduce also

Hp(T, z0) £ {¢ € Cor(R™) : $(0) = 2o € D, ¢(s) & D for some s € [0, T}
(Al.4)
Up(T,z0) £ {u C Cor(R") : ¢ € Hp(T,20), ¢ = Ap + Cu, $(0) = 7} (A1.5)

It follows from Theorems 1.1 and 1.2 (Chapter 4) of (7] that if

ueﬁi,ﬁt; ,,.,){S"(") : ¢ € [Hp(T, o)} = uevi,,n(fr,z.,){S"(u) : ¢ € Hp(T,z0)} ,

(AL.6)

then uniformly with respect to all zo € R",

lim€? In Prob{r,, < T} = - in S ) Al.7
lim ¢"In Pro {re, < T} ueﬁrﬁgm or(u) ( )

To prove that (A1.6) holds assume that the minimum of Sor(u) on set Up (T, zo)

is attained at function u*. Denote the corresponding ¢(t) as ¢* and assume that
¢° reaches D at t’, i.e., ¢°(t') € 3D. Define the neighborhood of ¢°(t°) as
follows:

Nyw)(6) 2 {z€ R™: |¢°(t") - 2| < 6, 6 >0} .

For any é§ > 0, choose ° € Ny,.(..) which is not contained in D. Due to the
assumption that (4, C) is disturbable there exists u’ such that ¢(u’(s)) = z° for
some s € [0, T). Therefore, ¢(u) is in the interior of Hp(T,zo). Since Sor(u) is
differentiable and

li-x.%sorr(“‘) = Sor(v’) ,
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this implies that condition (A1.6) is satisfied, and (A1.7) holds.

To solve the minimization problem of (A1.7) we observe that, as it follows

from (7], p. 107,

min Sor(u) = min V(t, z,, Al.8
2, S0 = i V(e 20 (A18)
where
1 ¢
V(t,Zo,y) = min= [ uTudt :
(t,z0,y) m‘}nz/ouu (A1.9)
6= Ad+ Cu, ¢(0) = zo, ¢(t) =y . (A1.10)

Problem (A1.9), (A1.10) can be solved using a standard variational approach.

The necessary conditions of optimality,

¢ = AP +Cu', ¢°(0) =120, ¢'(t) =y

p-o = _ Arpo

v = -CTp* ,
result in

u'(r) = —CTeAT(-7) X~1(¢)(y - e?*zo)
and, hence,
V(t,zo,y) = ';‘(y — e o) T XN (t)(y - e*'zo)

where

X=AX+XAT +CCT, X(0)=0 .
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Thus, according to (A1.8),

1
min  Sor(u) = min =(y — e*zs)T Xty — Az
w€U p(T.20) w( ) 0'<6¢a<g' 2(y zo) ()(!l o)

which, together with (A1.7), defines the distribution of the first passage time of

a trajectory originating at z.
To complete the proof consider

Pp,{r <T} = né[ag'Prob{r,o <T},

where Dy C D is an open set containing 0 with a smooth boundary dD,. Taking
into account the continuity of In Prob{r,, < T}, the uniformity of the limit in

(A1.7), and the compactness of [ D),

llme In Pp,{rz:y < T} = llme In max Prob{r,, < T}

zv€[Do

= lime* n, x In Prob{r,, < T} = max Ixm €2 In Prob{r,, < T}

=0  24€ ") 29€[Do] «—0
_ _ _ Ty-1 _
Joax, 'f&”r 2(y e20)T X7 () (y — e*'zo)
= -~ min (y—c t20)T X (t)(y — e*'zo) .

20€[Dy) .eao 2
Q.E.D.
Proof of Lemma 3.1: Since X(t) = QX(t)QT,
(9 — e420)T X (8)( — eM*20)
= (@ 'y-Q7'eMQQ'z)TRTX ! (1)Q(Q 'y - Q7'e**'QQ ' z0)
= (y—eMzo)TX () (y - e*20) .
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Therefore,

-~ g —~ . . 1 "~ A‘ S T A_l - A‘
(Do) = min min =(§ — e 20)" X " (t)(§ — e**2
(Do) 20€|Dy) °g<e‘a<% 2(y o) )9 Z9)

= min min l(y — A zo)T X1 (t) (y — eA'zo) = (Do) .

z4€[Do) y€D 2
0<t<T

Q.E.D.
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APPENDIX 2

Proof of Theorem 3.1: Observe that
. . l . -1 _ JAt 2
#(Do) 2 min min o Amin(X7(t))lly - e ol
0<t<T

. . At 2
min n - e
,Din  min lly zo|
0<t<T

2 2mex X (1))

Since A is Hurwitz, there exists M > 0 which satisfies

ATM + MA<O .

Then Dy = {z € R*: zTMz < R3} is an invariant set for (2.1) with ¢ = 0. If

Ro

' 2 min - —_— >0,
min [ly| e (0)

this invariant set is contained in D. Therefore,

. . —-CA‘ 3 ) 2

o528 3 v~ <l _ (minsesn vl - laz)”
_ 0<e< > 29, .
2Amax (X (t)) 2Amax( X (t))

w(Do) >

This implies that (2.1) is (D, T)-stable with probability 1 — e~/ where

O<a<®, .

Q.E.D.
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Proof of Theorem 3.2:
N N
w(Do) < min ~y" X '(t)y

D A (X1(2)) R?

min —
0<t<T 2

where B={z€ R": |z < R}and R = max llyll. This implies that (2.1) is not

(D, T)-stable with probability 1 — e~*/¢’, where a > ®,.

Q.E.D.
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APPENDIX 3

Proof of Theorem 4.1: Sufficiency: If Im C C Im B, the disturbability
of (A,C) guarantees the controllability of (A, B). Then, as it was shown in (8],
there exist a sequence { K,} such that (A + BK,) is Hurwitz for Ya € {1,0), a

set Dy which is invariant set for £ = (A + BK,)z for Va and, in addition,
ah—or{olo Xoo(Ka) =0,

where

(A+ BK,)Xoo(Ka) + Xoo(Ka(A+ BK,)T+CCT =0 .

Since X(T, K,) < Xoo(K,), YT >0

lim X(T,Ka) =0, VT 20,

where

X(t,K2) = (A+ BK,) Xo(Ka) + Xoo( Ka)(A + BK,)T +CCT .

Therefore, by using Theorem 3.1,

ali_ggoW(DOv Ka) = ,

which implies that (1.1) is srp-controllable .

Necessity: Assume that (1.1) is srp-controllable. Then there exists a se-

quence { K, } such that JL% ©(Do, K4) = 00, which implies that aqu.xo Amx (X (T, Ka)) =
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Oor lim TrX (T, K.) = 0. Then by Fatau’s lemma,
T
0 = lim TrX(T,K,) = lim Tr [ (A+BR) CCT (A+BKa)T gy
a—+00 a—00 0
> T lim i (A+BKa)t T (A+BKa)Tt
> [ Jim inf Tr(e cCTe )t . (A3.1)

Since e(4+BKtCCT(A+BK)Tt 5> 0 v ¢ € [0,T] and a, (A3.1) gives:

lim inf Tr(e(A+BKaltCCT(A+BK)T = g
a—00

for almost all ¢ € [0,T|. Therefore, there exists a subsequence { Ky} of { K.}
such that

ﬂllonolo Tr(eA*BKsNCCT [(A+BKs)TH - g (A3.2)
for almost all t € [0,T). Noting that X(t, Ks) obeys the equation
(A + BKs)X(t, Ks) + X(t,Ks)(A + BK,)T +CCT

= (A+BKINCCT (A+BK)TE |y (A3.3)

from (A3.2) and (A3.3) it follows that

Jim [((A+ BKg)X(t, Ky) + X(t,Ks)(A+ BKy)T + CCT| =0 (A3.4)

for almost all t € [0,T]. Since we know that X (¢, Ks) — 0 as § — oo, (A3.4)

implies that

Jim [BK, X (t, Ky) + X(t,Ks)K3BT|+CCT =0 (A3.5)
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for almost all t € {0, T]. Therefore, there exists Q(t) such that

BQ(t) + QT ()BT + ccT =0 (A3.6)

which is possible only if Im C C Im B.

Q.E.D.

Proof of Theorem 4.2: From Theorem 3.2 we know that

2
o(Do, K,) < —

S T X(TK,) (A3.7)

where R? = max lyll*. Ommiting, for the sake of brevity argument K , of function
v

X (T, K,) and taking into account that

X(T) = Xoo — eA+BEANT x_ (A+BK,)TT

where X, = 1!im X(T), the denominator of (A3.7) can be bounded as

Amax(X(T)) 2 Amax(Xoo) (1 = [[e4+B%AT|2) (A3.8)
In (8] it has been shown that Ay (Xo) > A* > O defined in (4.12). Therefore,
to specify estimate (A3.7), lim ||le(4+8KT|12 ghould be evaluated.

With this in mind, consider the realization (4.2) with control (4.3) (again, for

simplicity of notations we drop the sign A in al' 1ppropriate symbois):

;o z _ Au=-3iPu Au-iPu || o (A3.9)

I, Az An I3
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where P,; are defined by the positive definite solution of (4.4) represented as

follows:

P, = Py Py,
P};z Ppn

For p sufficiently small, (A3.9) can be analyzed using the singular perturbation

approach [24]. This results in

Pzy(t) = —Praza(t), Yt >0 (A3.10)

where

- . Pu 5 .
Py =1 £~ , P =lim-=
11 pl_l‘% /P 12 pLO 5

In addition, since lim P, < oo, it follows from (4.4) that
p—'

P? P, P,
lim P,BBTF, = lim | "' Sanlanll Y
— —

P};szll P};:P,lz

and, therefore, P,;; = P,;3 = 0 as p — 0. Denote

A .
Py = lim Py

-3 —— am—

Py, "PuPy |, lirg L P}y P11 Pps
2 lim -

T 5 T35 »~0p

P"Pu P‘zplz P'Tizppll P};:P,;z

Then from the above considerations it follows that

limy{ATP, + P,A+ I - ~P,BBT|

o= p
AT Al 0 0 0 0 Ay Ap

= + +1
Aly AL 0 Py 0 Py An An
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?:1 P, P,;

=T — =T =
P‘szu PPy
ie.,
ALPzz - ?11?12 =0,
—_T =
A;;Pzg + PnAgg + I - P12P12 = 0 .
Since P, > 0, from (A3.12) - (A3.14), respectively, we obtain
?11 =17 ’
Py = AL Py
AL Py + PpAgp + 1 - PypAy AL Py =0 ,

Therefore, from (A3.10) and (A3.9)

.‘L'l(t) = —AI,P;::;(t), t>0

and

£a(t) = Azy(t), t>0

where

A~ = —AHA;.an + Azz
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(A3.14)




is a Hurwitz matrix. Thus,

lim e(A+BK,)t =

p—

and

. ATt A AT A
| i el 4+ 25 = |je* e + A7 Pry Ay AT, Prac™ s

< (1 + ”PzzAnAfan”z)Ile‘“llg Yt>0 . (A3.15)
Therefore, for & > 0 and § > 0 satisfying (4.7), from (A3.8) and (A3.15),

i Amas(X(T, K,)) 2 X°(1 = ce™T)

and
2
< R
~ 2A*(1 — ae~?AT)

lin‘}qp(Do,K,) if 1-—ae T >0 .
b

This provides the upper bound for ¢ (Do, K,).

To obtain the lower bound, we write

Amx(X(T, K,)) < Amax(Xoo(K,)) < Tt Xoo(K,) .

Then, by [25],

lim Tr Xo(K,) = lim Tr CTP,C =Tr CTP,Cs & 2 .

Hence, by Theorem 3.1,

2

2Avo

Q.E.D.
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APPENDIX 4

Consider the closed loop system (1.1), (1.2) with

0 1 0

, C= : (Ad.1)
- _— 1

(A + BK) = A.(a,b) =

If eA<(>)tzy € D for V t > 0, the average residence time, E[r,,|, as estimated in
(8], is

lime®In E|r,,| = 1 min y7 X 'y > 'fgg%yry (A4.2)
€—0 =2 VeaDy oY= 2’\mu(xoo) , .

where
A X+ X0AT +CCT =0 .

Since in the case of (A4.1)

Y™
(]

from (A4.2) it follows that

Therefore, E|r,,] can be made as large as desired by an appropriate choice of b

The residence probability, as it follows from Theorem 2.1 is:

1
!i_r‘%ez ln Pl‘Ob{fz.. S T} = _5 vneloi% (y — eAr(G,b)‘IO)TX‘l(t)(y _ eA'(d,‘)lzo)
0<t<T
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1y - Aot

2 —— min .
2 gse‘ast;_ Amin(X(t))
where
X(t) = Ac(a,b)X(t) + X(t)AT(a,b) + CCT, X(0) >0 .
If 63 < 4a,

2 g 1
eAe(ab)t _ cos 6t + £ sin 6t ; 8in 6t

—i{ﬁsin& cos 6t — % sin 6t
where 0 = /2 and § = 1,/42 — b2, Therefore,

lim sup sup |je*(**||; = 00 .
3700 >0 {241

Thus, for any open Dy C D with O in its interior, T > 0, and 6 > O there
exists Z, and & such that eA<(3¥)¢z, ig arbitrarily close to 3D at some ¢t € [0, T).
Then, as it follows from (A4.3)

mi lly - A9z

Prob{r,, < T} > exp— T 2 (X(1))

is as close to 1 as desired and Prob{r,, > T} small as desired.
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APPENDIX 1

THEORY OF AIMING CONTROL FOR LINEAR STOCHASTIC SYSTEMS

S.M. Meerkov

Depastment of Electrical Engineering and Computer Science, The University
of Michigan, Ann Arbor, MI 48109-2122, U.S.A.

T. Runolfsson

Department of Electrical and Computer Engineeriog, The Johns Hopkins

University, Baltimore, MD 21218, U.S.A.

Abstract. The problem of aiming control is formulated and solved for linenr time-invariant
systems perturbed by small additive white noise. Both state feedback and dynamic output
feedback laws are considered. In the case of dynamic output feedback, noiseless and noisy
measurements are analyzed. In the noiseless measurement case, it is shown that the
fundamental bounds on the schievable precision of aiming may or may not be finite
depending on the nonminimum phase zeros and the invertibility of the system. In the noisy
measurement case the achievable precision of aiming is shown to be always bounded.
Aiming controller design techniques that result in controllers compatible with the bounds
are developed. The approach is based on the asymptotic large deviations theory.

Keywords. Stochastic control; pointing contsol; large deviations; first passage times.

INTRODUCTION

Given a dynamical system with states z(t), control u(t),
output ¥ () and disturbances £(¢), assume its desiced be-
haviour is specified by a pair {¥, 7}, where ¥ is the domain
to which the output y(t) should be confined snd r is the
period of the confinement, i.e., y(t) € ¥,t € [0,7). For a
given pair {¥, 7} we formulate the pair of eiming control
as the problem of choosing a feedback control law w, %0 s
to force the output y(t) to remain, at lesst on average, in
¥ during period r, in spite of the disturbances £(t) that
are acting on the system.

Deaign specifications of this form arise in numerous prac-
tical control problem, e.g., telescope pointing, beam point-
ing, missle guidance and sirplane landing. These and other
examples are discussed in Meerkov and Runolfsson (1988).

Existing control +'.cory does not offer tools for a direct
solution of the aiming control problem described above.
[n this paper & theory of siming control of linear systems
perturbed by small additive white noise is presented. The
approach is based on the modern asymptotic large devia-
tions theory.

The theory described in this paper is an extension of
a theory developed easlier by the authors in Meerkov
and Runolfsson (1988, 1989) and Runolissoa (1989). In
Meerkov and Runolfsson (1988, 1989) the theory was de-
veloped for linear systems with small white noise perturba-
tions and state feedback control laws. [n Runoifsson (1989)
systems with aoisy measurements and direct (static) out-
put feedback coatrol laws were considered. In the present

Sepprted by e Aw Pame Ofire of Seosislie Rrwwwh ondre Crmtrery
50 47 .CAMY
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paper the genearal case of dy i tput feedback with
noisy (and noise-free) measurements is considerd.

As in the earlier papers (Meerkov and Runolfsson (1988,

1989)) we divide all stabilizable linear systems into two
classes, weakly and strongly residence time controllable.
Roughly speaking, the system is weakly residence timne
controllable (wri-controllable) if there exists 8 0 < r* < 0
such that the aiming control specifications can be satisficd
by a choice of u = u(r,z) for all r < r* but not for any
r > r*. The system is stoagly residence time controilable
{ert-controllable) if r* = co.

The basic results, for linear time invariant system per-
turbed by small additive white noise, derived in the paper
can be summarized as follows:

1. A system that hes perfect (i.e., noise-free) measure-
ments is sri-controllable if and oaly if the system is
minimum phase and igvertible in an appropriate scnse.

2. Systems with noisy measurements are never ort-
controllable. Thus, the effect of the messurement noise
is more detrimental on the aiming ability of a system
than the input noise.

3. The obeerver gain that ensures the best precision of
aimiag is the Kalman filter gain. Thus, the Kaiman
filter is optimal oot only with respect to the standard
performance messure (the mean square estimation er-
ror) but also from the point of view of the residence
time.

4. The controller gain that achieves the best precision of
siming depends on the optimal value of the observer
gain. Thus, although the separation principle docs not
take place, the situation can be characterized as a semi-
separation: the optimal obeervations do not depend




on the optimal control but the optimal control does
depend on the optimal obeervations.

The paper is organized as follows: In Section 2 we present
some mathematical preliminaries and give a presice for-
mulstion of the control problem. In Section 3 an analysis
of residence time oontrollsblhty properties is given and in
Section 4 design tech are idered. An illustra-
tive example is given in Sechon 5 and conclusions can be
found in Section 6. Due to space limitations, all proofs ase
omitted and are available from the suthors upon request.

PRELIMINARIES AND PROBLEM FORMULATION

Consider the following linear Ito system

dz = Ardt + ¢«Cdw

y=Dz M

where z € R*,y € R?,w(t) is a standard r-dimensional
Brownian motion and 0 < ¢ € 1. Let ¥ C R® be
a bounded domain with the origin in its interior and a
smooth boundary 3¥%. Define

=(ze R*y=Dze ¥}, (2)

=€ RIDMz € W,t 20} (3)
Assume that r(0) = zo € (lo and introduce the first
passage time

T((20)=id(‘20'v(t|30)€ W}- (‘)

where y (¢, z9) is the solution of (1) with initial condition
zo. The following theorem was proven in Meerkov and
Runolfsson (1989) (see also Freidlin and Wentzell (1984)).

Theorem {: Suppose A is Hurwitz and (A.C) is dis-
turbable,i.e., rank{C  AC A*~'C] = n. Then uni-
formly for all zg belonging to compact subsets of {2 we have

}iu:e’\nf' (20) = 4, (5)

where #¢(29) = E,, [r*(20)] and
. 1l
A= rig oV Ny,

o (6)
N= (DxDT)

AX + XAT +cCT = 0.

Constant j is referred to as the logarithmic residence time
of (1) in ¥.

Coasider now the coatrolled linear system

dz = (A2 4+ Bu)dt + «Cdw ™
y=Ds

where u € R™ is the control. We assume that there is
available for control purposes s measured output ¢ € '
and consider control laws of the form

u=K¢

imAi+Bu+lis-~E}) 8y

if the measured output 1 = Ez is noise {ree, or
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u=Ki
di = (A2 + Bu)dt + L(dz - Eidt) )
if the measured output dz = Ezdt + ¢Fdv is noisy. Here,

v(t) is & ¢g-dimensional standard Brownian motion and, as
before, 0 < ¢ € 1.

For system (7) with control (8) or (9) we consider the
following residence time control formulation of the aiming
control problem: For a given pair {¥,r} select the pair
(K, L) such that the residence time in ¥, #¢ (29, u), satisfies
(z0,u) 2 r.

Let y (¢, 29, 20, K, L) be the solution of the deterministic
system

HE

Define

QK L) = {{::] € R™|j(t.zq,20. I, LY E W, t 2 0} .

(11)
Then with regard to control system (7) with controller (8)
or (9), Theorem 1 allows us to conclude that for sufficiently

small ¢ and :" € Q(X, L), the above formulation of the
o

residence time control problem can be replaced by the
alternative problem of selecting the pair (/(, L) such that

a(K,LY>p (12)
where i(J,L) is the logarirhmic residence time of the
closed loop system (7), (8) or (7). (9) and s = lnr.
This is the problem considered in this paper.

e aeni-ce) [} [56) -]

(10)

Definition:

i. System (7) is said to be weakly residence time control-
lable if for any bounded ¥ C R? (0 € ¥) there exists a
controller (8) or (9) such that i(K,L) > 0;

ii. System (7) is said to be strongly residence time con-
trollable if for any bounded ¥ C RP(0 € ¥) and
# > 0 there exists a controller (8) or (9) such that
u(K,LY > p.

Throughout the paper we make the following assumptions:

1. (A, C) is disturbable,

2. (D, A) is detectable,

3. FFT >0, and w(t) and v(t) are independent Brown-
ian motions.

4. transfer matrices G,(s) = D(sf - A)™' B, G, (s) =
D(sf - A)"'C and Gy (s) = E(s = A)"' C have
full normal rank.

RESIDENCE TIME CONTROLLABILITY

In this section we analyze the achieveable residence time
of system (7) with controllers (8) and (9) for the noisc-fice
and noisy measurement cases, respectively.

Lete K = {KeR* "4+ BKisHurwitz}, L =
{L € R*""|A - LE is Hurwitz} and define the maxunal
logarithmic residence time of (7) in ¥ with controi (8) or
(9) ae

sup a(K,L).
KeK. LebL

it = (13)




Noise-free messurements

We begin by introducing the following hypothesis:

I. G,(s) is right invertible snd minimum phase.

II. Gai{9) is left invertible and minimum phase.

11. There exists an m x r rational matrix U (s) with no
poles in Re s > 0 such that G4 (s) + G, (s) U (s) = 0.

IV. There exists an p x ¢ rational matrix V (s) with no
polcs in Re s > 0 such that G4 (s) + V (3)Gai(s) = 0.

Thearem 2: System (7) is

a. weakly residence time controllable by controller (8)
if and only if (A, B) is stabilizable and (E, A) is de-
tectable;

b. strongly residence time controllable by controller (8) if
and only if (A, B) is stabilizable, (E, A) is detectahle
and either [ and IV or II and III are true.

Remark 1: In SISO case with D = E, Theorem 2 implies
that for strong residence time controllability G, (s) should
be minimum phase.

The following results, derived earlier in Meerkov and
Runolfsson (1988, 1989), for systems with state feedback
control laws, u = Kz, can be derived from Theorem 2.

Corollary 1: Assume that £ = [ (the n x n identity

matrix). Then system (7) is

a. wrt-controllable by controller (3) if and only if (A4, B)
is stabilizable;

b. srt-controllable if and only if (A, B) is stabilizable and
II1 is true.

For the special case when the controlled output is the whole
state vector we have:

Corollary 2: Assume D = ][. Then system (7) is sri-
controllable if and only if (A, B) is stabilizable and Im C C
Im B.

Remark 2: Note that [ is a stronger condition than III.
Thus, either [V or I is the additional condition that has
to be satisfied when state feedback is replaced by output
feedback.

Noisy measurements

Theorem 3: Let P be the unique positive definite solution
of the Riceati equation

-1
AP+ PAT +CCT - PET(FFT) EP=0. (1)

Then the maximal logarithmic residence time of the closed
loop system (7), (9) in ¥ satisfles
-1

1
ﬁ's'rg;g;vr(DPDT) v. (13)

Remark 3: [t follows, in particular from Theorem 3 that
since the upper bound in (13) is always finite, system (7)
with control (9) is never strongly residence time control-
lable. Therefore, the measurement noise has a greater lim-
iting effect on the achieveable residence time than the in-

put noise in (7).

The following theorem illustrates that the upper bound in
(18) is the best possible bound.

Theorem : The upper bound in (15) is attained if and
only if there exists a rational matrix W (s) with no poles
in Re s > 0 such that

Gi(s) +Gs(s)W(s) =0 (16)
where G, () is defined as previously and

Gi(s)=D(sI-A)"" [, )
L=pET (FFT). (an

DESIGN TECHNIQUES

In the last section we characterized the achievable resi-
dence time in systems with observer based controi laws
and noise-free and noisy measurements. In this section we
develop controller design techniques that achieve (or ap-
proach) the maximal logarithmic residence time. We will
concentrate on the noisy measurement case and illustrate
how the .oise-free case as well as state feedback can be
obtained in a similar way.

Assume, for simplicity, that the domain ¥ is an ellipsoid
¥ = {y ERYTSy<,5=5" > o}‘ (18)

Let W € R?*? be a nonsingular matrix such that § =
WWT. Then a straight forward calculation gives
el
2\max (WD X (I, L) DTWT]
whete Ay (-] denotes the maximum eigenvalue of & sym-

metric matrix and X (K, L) is defined by
A BK X(K.L) 1_'(1\'.1.)}
LE A+BK-LE||TT(K.L) X(K.L)
X(K.L) T(KL)\{A Bk \"
TT(K,L) X(K,L)||{LE A+BK-~LE
ccT 0
+ { 0 LFFTLr} =0

(K. L)=

(19)

+

(20)
From (19) we conclude that a pair (K, L) is optimal if and
only if it minimizes the largest eigenvalue of T(K. L) =
WDX(K.LYDTWT. The following lemma, whose proof
is similar to the proof of Theorem 2.1 in Allwright and Mao
(1982), characterizes the minimum value of Amex {[' (X', L)].

Lemme 1: Let § 2 0 be a scalar, | > 1 be an integer and
select K; € K and L; € L such that

Te[(Ki. L) S(1+0) Bl T rk.Ly.
Then

Jim Ames [T (K, Li)] = nil?,an.’\""(r“"‘ n.oon
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It follows from the lemma that in order to minimize
Mmaz [[ (K, L)}, it suffices to minmize Tx ['(K, L)' for | =
1,2,3,.... To accomplish this introduce the regularized
“cost”

J(K.L)= T (C(K.L) + KR (K, L)KT)  (23)

where X (K, L) is given by (20).

Lemma 2 Assume K/ € K and L] € L minimize
JU(K,L). Then

lim J(K]L]) = elnt (24)

T C(K, L) .
K.LeL

Fromn Lemmas | and 2 we obtain

Corollary 3: Assume that the pair (K], L]) € K x L
minmizes J.', (K,L). Then

s lim A (KT LYY = ot
Jim },l_x_rxou(K, A (25)

A necessary condition for the optimality of (K, L]} in the
sense of minmizing functional (23) is given in the following
theorem.

Theorem 5: Assume that (], L]) € KxL. Then in order
for (K], L]) to minimize J} (X, L) it is necessary that

L} =L=PET (”-r)" . (26)

K] = —%BTQ,’ (27
where P is given by (14) and

ATQ] +Q]A+ DTWTMIWD - 1Q]BETQ] = 0, (28)

M} =1(wD(X] +P) DTWT)"' . (29)

(A+BK) X} + X7 (A+BK))T + LLT =0. (30)

Since (14) bas o positive solution, L] = L € L,vv,/. The
following lemma gives & coadition for K| € K.

Lemmas 3: Asgume that M > 0. Then K] € K.

Remerk §: 1t follows from Theorem 5 that the optimal
obeervation gain is independent of the optimal control
whereas the optimal control guin depends on the optimal
obeervations. Thus, a semi-separation principie holds.

Remark $: The optimal estimator (observer) gain L is the
Kalman filter gain. Thus, the Kalman filter is optimal
for optimization problem (13). Furthermore, consider the
equation for the estimation error ¢ = z — #

de m (A - LE)edt + ¢(Cdw - LFdv) (31)

and denote the logerithmic residence time of ¢ io a bounded
domsin T C R*(0 € Y) by jir{L). Then
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br(L) = mig 3T P (Lye

(32)
where P (L) is the positive definite solution of
(A-LE)P(L)+ P(L)(A~LE)T +CCT
+LFFTLT a0, (33)
Since P given by (14) satisfies
P<P(L),VLeL, (34)
we conclude that
pr (L) = min %JP": >ar(L).YLeL.  (35)

Therefore, the Kalman filter is optimal in the sense of
maximizing the logarithmic estimation error residence time
in any bounded domain T C R*(0 € Y).

Remark 6: The optimal control, law for system (7) with
noise free messurements and control law (8) can be ob-
tained from (26) — (27) by selecting F = al and letting
a — 0. Indeed, since the optimal estimator law for (7).
(9) is the Kalman filter we know from the theory of opti-
mal filtering that the (singular) optimal Glter for (7), (8)
is obtained in the limit a — 0 (see, e.g., Kwakernaak and
Sivan (1972)). Therefore, the maximal logarithmic resi-
dence time for (7), (8) is

F e lmimp G 0
w:xere K™ and L' are given by (26) — (30) with FFT =
a'l.

Remark 7: The state feedback controller that maximizes
the logarithmic residence time of (7) in ¥ can be con-
sructed in a similar way as the optimal controller in The-
orem 5. In particular, in this case we obtain that the con-

troller
u=RK]z,

(3N

Kl = —%BTQ',’. (38)

ATQ] + Q] A+ DTWTAWD - 50;’8870';' =0, (39)

. -1
M =1(wDx;o™wT) ", (40)

(a+BR]) X+ X7 (A+ aR,’)r +CCT=0 (41)

results in & logarithmic residence time , j (f\',’). that

satisfies )
R
'hm h_:g " (K‘ )

-an v

= sup 4 (K). (42)
KeK
EXAMPLE
Coasider the second order system
z':-[_ol 5]:+[?]u+¢[;]u’:.
y=[0 1]z,
0]z + eFu.

(43)
=1

For this system




Gi(o) = 55,
G. (‘) =
e (") =

-1

T 4o
3

8241

Therefore, since G, (s) = Gq) (s) is minimum phase, the

system is srt-controllable by controller (8) when F = 0.

Assume F # 0. Then, by Theorem 3, the logarithmic
residence time in the interval ¥ = (-aq,3), a,b > 0, is
bounded by

1 r\~!, _ (min(a,}))’ ‘

Furthermore, when a = b, the optimal controller given in
Theorem § is

K,’=—{0 Ki},

U

where K3 > 0 satisfies the equation

K}y ( 1P
—d— =14 —) : 47
tFy-t 2K, “n
The logarithmic residence time with this control is
2
(g ()= 2. 2
a(x7.E) 3F T+ 1FI (48)

Note that (K,", i.) is the upper bound in (39) multilpied
by the factor

2K,
= T F (49)
Note that p — 1 as v — O and ! — oo.

p

la order to obtain a logarithmic residence time as close
as desired to the maximal value (39), (43) can be used to
calculate the necessary K3 (for a given p) and { and 4 can
be determined from(41).

As 7 — 0 equation (41) simplifies considerably. Indeed, in
this case K3 — oo and, thus, for small ¥ (41) becomes

Kiy
n;“zm w1, (50)
Finally, this gives
l\'za-‘[;::li‘l‘i‘. (51)
CONCLUSIONS

{t is shown in this paper that the fundamental bounds on
the achievable precision of aiming of liness systems per-
turbed by white noise depend on the locations of nonmini-
murn phase 3eros of the various transfer functions involved,
and on the dimensions of the controlled snd messured out-
puts and control and noise iaputs. Roughly speaking, the
best precision of aiming is obtained for minimum phase
systems with the aumber of control inputs larger than
outputs. Any desired residence time is attainable only if
no measurement noise is preseat. Therefore, the effect of
measurement noise is more detrimental on the precision of
siming than that of the input rystem aoise.
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APPENDIX 2

Output Residence Time Control
S. M. MEERKOYV aAnND T. RUNOLFSSON

Abstract—The probdlem of residence time coatrol, introduced in (1), is
extended {0 systems with outputs. Necessary and sufficient conditions for
outlput residence time controllability in linear systems with small, additive
noise are derived. Siate feedback controller design techmiques are
developed and applied to a robotics coatrol probiem. The approach is
based om an extension of the asymptotic first passage time theory to
oulpul processes.

[. INTRODUCTION

/J

Given{a controlled dynamjcal sysiem with states x(/) *, control
u(t) € A=, output y(¢) € PR, and disturbances £(¢) € PR, assume
its desired behavior is specified by a pair {¥, r}, where ¥ C JIR” is the
domain to which the outputs ¥ () should be confined and r is the period of
the confinement. i.e.. (1) € ¥. Y € [tg, g + 7). 1o E[JL. . Problem
formulation of this form arises in numerous applications. For instance. in
the problem of telescope pointing, the domain ¥ is dcfined by the film
grain size and 7 is the exposure time (see (1] for additional cxamples).

For a given pair { ¥, r}, the problem of output residence 1ime conirol
is formulated as the problem of choosing a feedback controt law, so as to
force y(1) to remain, at least on average. in ¥ during period 7, in spite of
the disturbances £(¢) that «re acting on the system.

The purpose of the present note is to analyze the (undamental
capabilities and limitations of owlput residence time control for linear
systems with small additive perturbations. The approach is based on an
extension of the asymptotic first passage time theory to output processes.

The structure of the note is as follows: in Section [I the notion of an
output residence time is introduced: in Section I output residence time
controllability is defincd and analyzed: in Section IV output residence
umc controller tcchniques are given: and in Section V an example is
considercd. The proofs are given in the Appendix.

II. QUTPUT RESIDENCE TIME
Consider a linear stochastic system
dx = Axdt + ¢«Cdw

( y=Dx Q@.n

where x € ‘n » € (®?, w(1) is a standard rdimensional Brownian
motion and 0 < ¢ <€ | is & parameter. [t is assumed, without loss of
generality, the rank D = p.

Let ¥ C Q% be an open bosnded domain containing the onigin and
whose boundary 9 ¥ is smooth and define

Q= ({x € R*|y=Dx € ¥},
Q1= {x € R*|De*x € ¥, 120).

Assume that xo = x(0) € Qo and denote as y(!, x,) the output y(1)
defincd by (2.1) with the initial condition xq. Introduce the first passage
ume of y(1, xo) from ¥ as {ollows:

r(xe)mnf {120 : y(I, x4) € I¥) 2.2)
and its mean
(%) = E[r'(xq4)| xq). Q2.9

The calculation of #(xy) 15, 1n general, a difficuit task. To alleviate his
difficulty, asymptotic approzimations with respect to small ¢ can be used.
For the spccial case y(f) ® x(!) these approximations have been
cxtensively discussed 1n the literature (see. e.g.. [1]-{4] and references
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therein). An extension (o the more general case of y(¢) = Dx(?) is given
below (see also [4])).
Theorem 2.1: Assume that A is Hurwitz and (A, C) is completely
disturbable, i.e., rank [C AC -+ 4A*~!C] = a. Then uniformiy for all
‘Xo belonging to compact subsets of 3 we have

Ii_nJ edin 7(xy) = 3 (¥) (2.4)
where
G(¥)= min s y"Ny,  N=(DXDT)~' @.9)
yEaw 2

and X is the positive definite solution of
AX+XAT+CCT=0. (2.6)

Proof: See the Appendix.

The constant ji(¥) is referred to as the logarithmic residence time in
¥. The properties of this constant. as stated in Theorem 2.1, constitute the
mathematical foundation for the analysis in Sections Il and IV.

If y is a scalar, the logarithmic residence time can be expressed in a
more traditional form. Indeed, since in this case ¥ is an interval, say, ¥
= (~a,b),a, b >0, and Nis a scalar, from (2.5) it foliows that

A(*)a% (min (a, b))3N,

- -0
N= < S De*CCTe* ' DT dt) = <
0

= <2Lt S' 1 Galjulf? dw) -.'HG-“{'. G.(s) = D(sl- A)-'C.

r Tt CTeA"' DT Der'C dr) B
Q

Therefore,

min (a, )}

M TN T

Qmn

When y is not a scalar, the simple relationship (2.7) is not true. In fact, it
1s not difficult to show that in general

min 7'
e . 2.9
“ G.1]

{II. OUTPUT RESIDENCE TIME CONTROLLABLITY
Considcr now a controlled linear stochastic system
de=(Ax+Bu)dt+¢Cdw, u €ER"
y=Dx. 3.1)

Let w = Kx and let #'(xq, K') be the mean first passage time from ¥ of
the closed-ioop system

dx=(A +BK)xdt+¢Cdw
y=Dx // 3.2)
~ with imtial conditions xy = x(0) € Q4 = {x € én'!Dt“ MYy € ¥,
T 2 0). Define
ulv, K)-!l:l.l edin 7 (xe K). (5}
Definition:

1) The output y (1) of system (3.1) is sad to be weakly residence yme
~ controllable (y-wrt controllable) if for any bounded domain ¥ Cz)u'
with 0 1n its intenior, there cxisis 3 comrol ¥ = Kx such that 4 (¥, K) >
0.
) ¥(¢) 15 sad to be sirongly residence ime controllable (y-sn
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controllable) if for any bounded ¥ C{JR? (0 € ¥) and 4 > 0 there exists
u = Kxsuch that i(¥, X) 2 «.

The following theorem characterizes the class of y-wrt controllable
systems.

Theorem J3./: Assume that (3.1) has no modes that are both
uncontrollable and undisturbabie. Then system (3.1) is y-wrt controllable
if (A, B) is swabilizabile. If (D, A) is detectable then stabilizability of (A,
B) is also a necessary condition for y-wrt controllability.

Proof: Sec the Appendix. —

The assumption that (3.1) has no modes that are both uncontroilable &
and undisturbable, i.c., (4, (B C)) is 2 comnelles pair, is assumed to be @'l t"“"[f
true in the remainder of the note. It is made to rule out some mathematical
degeneracies. Methods for relaxing this assumption are discussed in [1].

Next we give conditions for y-srt controllability. Define transfer
matrices

G (N=D(sI-A)'8 (3.9)
and
Ga(s)=D(sl-A)-'C. 3.9)

Theorem 3.2: Assume (A, B) is stabilizable and (D, A4) is detectable.
Then (3.1) is y-srt controllable if and only if there cxists an m X 7 rational
matrix {/(s) with no poles in the open right-half compiex plane such that

Go(5)+ G,(s)U(5)=0. (3.6)

Proof: See the Appendix.

Remark 3.1: If G.(s) and G,(s) are scalars then it follows from
Theorem 3.2 that (3.1) is y-srt controllable if and only if all nonminimum
phase zeros of G,(s) are also zeros of G,(s).

Remark 3.2: When D is an n x n nonsingular matrix, i.e.. when (3.1)
has as many outputs as states. condition (3.6) becomes ImC G Im 8. This
condition has been carlier derived in [1] (see aiso [4})).

Although the above results are formulated in terms of multivariable
systems, to simplify the situation, in the remainder of the note we assume
that y, u, and w are scalars and address the following problemsf” < -— 0

Problem I: What is the fundamental bound on the achievable
logarithmic residence time of an output which is not y-srt controllable?

Problem 2: How to design a coritrolier which results in 3 desired output
logarithmic residence time?

We give the solution to Problem | in this section and to Problem 2 in
Section [V.
"Let K = {K|A + BK is Hurwitz} and define the maximal logarithmic

~Yesidence nme in ¥ by

ui(¥)= ::bi('. K). 3.7
Oy feleof
Obviously, u*(¥) = o» for a y-srt controllable output. Let z,, ---, 7, be

the open right-half plane (rhp) zeros of G,(s).
Theorem 1.3: Assume (A, B) is stabilizable. Then u*(¥) is given by

(mia (e, b))}

»(¥")= AG 3.8)
Golsym—221_ (3.9

[T

where £, is the compiex conjugate of Z, and @(s) ts the unique polynomial
of degree less than / detcrmincd by the interpolation constraints: at cach
rph zero : of G,(s) of multiplicity m, Go(S) sausfics

dl

dl
ds* Go(’)ln:.z;; Gn(’”'-n k=0, - . m-1 (3.10)

Proof: See the Appendix
Remark 1.3: The function G.(5) defincd by (3 9 s the rational
function of mimmum Hi-norm which satisfics the interpolation con-
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straints (3.10) [5), [6]. Thus, the problem (3.7) is equivaient to the
problem

min {{Gll; : G(s) € H?, G(s) rationai}

subject to the constraints (3.10). On the other hand, the H*-optimal
transfer function (7] which satisfies the interpolation constraints (3.10) is
an all pass filter, i.e.. constant in magnitude on the jw-axis. Thus, an
unweighted #*-optimal. stabilizing state feedback controller (8] leads to
a closed-loop system with the shortest possible logarithmic residence
time.

The formula (3.8) for u*(¥) simplifies considerably when the rhp zeros
of G,(s) are distinct. Defincan! x /matrix Zby z, = (2, + )" ', | 5

i.j S I, and an { % Acolumn vector g by g, = Gu(z,).j = 1, -+, I
eorem J3.4. Assume that the rhp zeros of G,(s) are all distinct. Then
(min (a, b)?

u(¥)= %7Z 73

3.1
where g# is the Hermitian transpose of g, i.c.. g* = ¢7.
Proof: See Appendix

IV. OUTPUT RESIDENCE TIME CONTROLLER DESIGN

In this scction we give a method for selecting a controtler which results
in any admissible logarithmic residence time 4 < u®(¥).
Recall that (¥, K) is given by

I
al¥, K)'i (min (a, ))IN(KX). 4.1)

Thus, the maximization problem (3.7) is equivalent to the minimization
problem

inf DX(K)D'. 4.2
Kex

Since the cquation which X(K') satisfies is linear in K, it is casy (o see
that the infimum (4.2) is not attained at any K € K. Thus, x*(¥) is not
atained for any K € K. We now construct a sequence of controllers
whose logarithmic residence times soverage to u®*(¥). Let Ky € K and
define a rcgulanized ““cost’’ ~__

J(K)=DX(Ko+ K)DT+yKX(Ko+ K)KT, ¥>O0. (4.3)
Obviously,

(min (a, b))}
FYATY)

It 1s well known from the theory of optimal coatrol {9} that J,(X) is
minimized by

(¥, K+ KNz . KEK. (4.4)

K= -5 87Q, .5
where Q, is the positive scmidefinite solution of
(A +BKe)'Q, + Q. (A +ax.).oro-$q.aafq.-o. (4.6)

The following theorem can be proved using the results of {9].
Theorem 6.1: Assume (A, B) is stabilizable. Then a(¥. Ky + K*) s
nondccreasing as y = 0, and

hn'\‘ ¥, Ko+ K*)mpuo(¥).

V. EXAMPLE

Example §.1: Consider the problem of controiling the tip position of 2
flexibie robut arm using control torques applicd at the robut arms hub

—
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{10]). A finite-dimensional spproximate model for a robot arm which is
flexible in the horizontal plane but not in the vertical plane or in torsion
was described in [10). The model is described by the following set of
equations:

0
. 0 1 o.(L
x"[-uf -2{,»,] X+ 71_?,(0) u+[ (0)]5
r az

y={e(L) Olx, i=0, 1, ---.n s.n

where L is the length of the arm. {,, w;, and ¢,(Z) (2 € [0, L}]) are the
damping coefficients. pinned-frec frequency. and modal gain, respec-
tively, of the ith mode of oscillation, /7 is the total moment of inertia, u is
the control torque, { is a random torque acting on the tip, and y = ¥ ¥,
is the tip position.

Assume that it is desired to maintain the tip position within the bounds
—a S y s b during a specified time-interval, 7, and assume that the
disturbance & can be modeled as 2 small white noise ew.

The system transfer function for (5.1) is

de,(0
. o) 29
Gi(s)= Eom (5.2)
and the noise transfer function is
2 LS+ 2 w)
Guls)= 2 ol TR

s34 2w s+ w!

It was indicated in [10] that taking 7 = 3 gives a good approximate
model and the values of the constants {,, w,, (L), d ¢.(0)/dz and /7
were detcrmined experimentally. The resuiting system has three right
haif-plane zeros at 2, = 12.04 and 23y = 20.5 = j 25.3. [t is easily
checked that G,(z)) # Q. Thus, system (5.1) is not y-srt controilable.
However. it is controllable and, thus y-wrt controllable and the maximal
loganthmic residence time can be obtained from (3.11) 1o be

(min (a. b))} (min (a. b))}

W) = Ty T 2(0.046)

= 10.87 (min (a, 8))3. (5.4)

Thus. any specified time-interval [0, 7] has to satisfy the bound

; :
In Ts 10.87 mn:: (a, b)) ] (5.5)

APPENDIX

Proof of Theorem 2. |: First note thet it follows from the definition
of Iy that

nl {r20{y(1) € 3¢} =inf (120|x(1) € M}. (A1)
Therefore,
7 (xg, ¥)mE [inf {1 20| y(t, X4) € 3¥}| %)
aEinf {120]x(1, X¢) € Halxe] =7 (20 D).  (A2)
Now. it follows from (4, Theorem 4| that uniformly for xo belonging to
compact subsets of O we have

him €2 In # (xq, fl) = 6(Qe) = min lt'MX (AD)
Rl “m 2

where M = X' and X s given by (2.6).
To completc the proof we show that O(flg) = 4(¥). Letxr = Tidbea
nonsingu'ar change of cuordinatcs that maps (2.1) into the form

a [:,] «T 'ATidt+eT 'Cdw
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A, A 2 ¢
[& &]{a] e ]a]
y=DTR=Dt={l 0) [;;] (A4

(such a T always exists since rank D = p). Under this change of
coordinates M is mapped into M = 7T MT and the domains Qo and Q
become
fo={2 € n°|2 € ¥},
fi={2 € R*|y=Def'2 € ¥, t20}. (A.5)

The logarithmic residence time in {}, is now given by
#(8o) = min li’ﬂx
2€¥0y2
1 M, M 2
= min 3 (2] 2] Yo "l A.
i,melgvz[ Bt [er Mu] [2;] (A-6)
x free
We minimize first with respect to the unconstrained variables ¥, giving
B =M MR, (W)
Substituting (A.7) into (A.6) and rearranging gives
- l e e e -tig
o(f)= min 3 (M), - MM M5 (A.8)
2 €002
The matrix My, = M,; M3' M7, is exactly Xk where
\—
M- 'sX= Xu t\’n NL‘{-
XL X}
Therefore.

étfla) = min SR (A.9)
5 €9

However, X,, = DRXDT and therefore
o(fl) = min lx,'wxar)--x.. (A.10)
newl

Finally, substituting back the original coordinates gives DXD™ =
DTT-' X(TT)-' T'D" = DXD'". Thus

() = ji(¥) = mia -'-y'Ny. (A.11)
2690 3

Q.ED.
Proof of Theorem J.1: The sufficiency part of the thcorem follows
direcily from {1, Theorem 3.1).

To prove the necessity note that y-wrt controllability implies that there
exists a control u = Kx such that DX(K)1DT > 0. Assume. without loss
of generality, that the closed-loop system has the Kalman canonic form,
1e..

A, 0 A, 0
/‘ll ‘u "u "u
A+BK=Ae) 0" 0 4L o
0 0 Ay Aa
s, c
= B' Cl -
8 ol C= c, D=(D, 0 O, 0l (A1)
0 C,
The subsysiem
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([% &) [5]

is controllable and the detectability of (D, A) implies that A, is Hurwitz.
If we can show that Ay, is Hurwitz, the proof is complete.
Note that

Xy X r
DX(K)D"=(D, Dy} [ X x: ] [g;] =BROT  (A.1Y)
n )

where X, | < i,j < 4 is a decomposition of X(K) compatible with
(A.12). Also, X satisfies the Lyapunov equation

AR+ RAT+CCT=0 (A.14)

= .‘u A.I C
(5% e[e]

The pair (D, A) is observabie. Therefore, by [11. Corollary 1] all
cigenvalues of A in Re s 2 0 are undisturbable. However, since [A, [8
C) is controllable, we can assume that (A + BK, C) is a disturbabie pair
(otherwise an arbitrarily small change in K, say 8K, will render (4 +
B(K + 6K), C) disturbable {12)). Therefore. (4, ) is a disturbabie
pair and. thus, 4 is Hurwiwz. Q.E.D.
Proof of Theorem 3.2: The proof is a simple application of the
resuits in (9] and [13). It is easy to show that ——

where

y . y
okt A sy ot AW

Thus, y-srt controllability is equivaient to
inf Tr DX(K)YD"=0. (A.16)
Kex

It follows from the resuits of [9] that

inf Tr DX(K)D"=lim Tr DX(K*)DT (A1)
KEX v=90
where
Kv, _l BTQ
y v
ATQ,+Q,A +o'o-$ 0,887Q, =0.
Funthermore,

lim Tr DX(K*)D"=lim Tr CQ,C. (A.18)
=8 e

Thus. it follows from (A.17) and (A.18) that (3.1) is y-srt controilable \f
and only if

limc’Q,c,=0, iml,--- ¢ (A.19)
v-9
l.c.
where C = (¢, -+~ 1. Now by [13. Theorem 1. (A.19) s true if and
only if there exist rational m-vectors u,(s), i = 1, - -, 7, with no poles 1n
Re s > O such that
D(sl-A) '(Bu,(s)+c]=0, sl
or equivalemly
G(s)U(s)+Gols) =0 (A 20

where U(s) = [u(8) - w (5] QED.

Proof of Theorem 3.3 We know from (2.7) and Theurem 4 | that

(min (g, B))°

- (A21)
G,
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where
G, (5)=G.(s, R,)=D(sI-A-BR,)-'C, K,=Ko+K". (A.22)
Note that G, (5) can be rewritten as
G()=D(sI-A-8R)-'C
=DI-(sl-A)-'BR,]-'(s[-A)"'C
=D{I+(sI-A-BR,)-'BR,\(sI-A)"'C
=D(sI-A)"'C+D(si-A-BR,)"'BR (sI-A)"'C. (A.23)

D(sl-A)"Ca% (A.242)

n(s)

D(si-A-8R,)"'B=
(s ) FRE]

(A.24b)

m,(s)

- -'C=
R, (sI-A)'C 3

(A.24¢)
and note that d, (s) = det (s/ - A — BR,) is Hurwitz forail y > 0 and

m,(s5) = R, adj (s/ = A)C is a polynomial of degree less than 2. Then
(A.23) becomes

a(s)d,(s) + n(s)m,(3)

G = ==C"a,5)

(A.24d)

Note that 4, (s) is the denominator polynomial of G, (s); therefore. d(s)
divides a(s)d,(s) + n(s)m,(s) forall y > 0. Writc n(s) = n,(s)n,(s)
where n,(s) has zeros only in Re s < 0 and n,(s5) has zeros in Re s > 0
only. It can be shown that Vy d,(s) = m(s)n,(—s)asy = 0[14] and
vy R, = Rasy ~ 0[9). Thus,

a(s)n(s)n.(=s)+n,(s)n,(5)ma(s)
dais)ym(s)n.(~s)

Go(s) = h_n; G,(s)=

:a(:)n,( =$)+n,(s)ma(s)
d(s)yn(~-s)

(A.29)

where mo(s) = K adj (s/ - A)C. From the previous discussion we
know thata(s)a,(—=$) + a,(s)mqy(s) = d(s)q(s) for some polynomial
4(3). Furthermore, since the degrees of a(s) and mo(s) are less than a
and n,(s) has degree /, it follows that g(s) has degree less than /.

It follows from (A.25) that Go(s) satisflies the constraits

d* d*
F G.(‘)'o-g'F a.(-')!l-u knQ, -, m-1 (A.26)

at cach nonminimum phase zoro of G,(s) of multiplicity m.€>
<Therelore,

o (C)
Ge(s)a s (A.2D
and g(s) 13 uniqucly determined by (A.26). Q.E.D.

Proof of Theorem 3.4: By assumption, the nonmimmum phase
zeros of G,(s) arc distinct. Therefore, we can rewrte G,(s) as

’
t
= A28
Go(-")".' Tes {

where 1,, 7 = |, -, [ arc some constams. Al each I, we have {from

.10
-
G.(:.)-zl TrpnClems (A 29)

Thus. (A.29) gives / equations which can be writien 1n matna notalion as
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Zimg (A.30)

where (7 = (£, **, ¢;) and Z and g are defined as previously.
Next we calculate | Goll3s

1 (* .
1Golli=3= | _1Getial? de

IS" Loy, e b
r -.Ez,e-juzz.ﬁud“

s (=i
, .
! g- 4
— et )
’?_:‘ It ). (4 +jokz—jw)
!

1 gl' 4
= E —_— s,
2% J_,m (4 +SKZ =5}

=l

(A.3D

Using the calculus of residues to evaluate the integrals appearing in (A.31)
gives

g" bi_ gm2e) 220 (A.32)
o (L +SHT-9) YA ‘
Thus
12§
1Goll= Y Pry Rl (A.33)

WL Y]

Substituting. ( = Z-'g from (A.30) (note that Z is an invertible
Hermitian matrix) gives

HGoliwg"Z's (A.34)
and (3.11) follows from (A.34) and (3.8). Q.E.D.
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