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ABSTRACT

This is the final scicntific report describing results obtained under Aic Force Office
of Scientific Research grant number AFOSR 84-0372. The main objective was the proba.
bilistic analysis of algorithms for the Satisfiability problem. The main results were that,
in a prohabilistic sense, it is easy tn ind a satisfying truth assignment to an instance rif
Satisfiability but it is hard to verify that an unsatisfiable instance has a selution. A side
issue was the analysis nf prnbabilistir indels used tn obtai. the main results.

Accession For
NTIS GRAAI
DTIC TAB 0
Unannounced 0
Justifieation

By ..
Distribution/

Availability Codes
Avail and /or

Dist Special

,,~~~~ ~ / I Im Iam -m • -
-•mimm .



TABLE OF OONTENTS

1. Research ObIjcctive and Main Results ................................... 1
2. Overview of Results for the Satisfiability Problem ......................... 5
3. Results on Algorithms for SAT ......................................... 9
4. Recent Results in Design Automation .................................. 17
5. Parallel Algorithms and Quadtree Itepresentati, ,s ....................... 18
6. Average Case Analysis of Hashing with Lazy Deletions ................... 20
7. Publications Under the Grant ........................................ 24
8. Recent Invited Talks ................................................. 2 6
9. Recent Prnfessional Activities ................... .............. ..... 2,q

10. References ......................................................... 29

.0



1. Research Objective and Main Re'sults

The goal of this research is to develop and analyse algorithms which can, in some prac.
tical sense, solve NP-complete problems quickly. NP-complete problems appear in many
disciplines such as Cryptology, Operations Research, Artificial lnteligence and Computer
System Design. NP-complete problems are the "hardest" of a class of problems known as
NP. Associated with each NP problem we consider is an infinite set of instances. Instances
may take the form of graphs, logic expressions, sets or many other structures d pending
on the problem. Each instance has a jize denoted by n. Although the size of an instance
r may be formally defined as the number of bits needed to efficiently encode r, for our
purposes, we may regard the size of I to be the number of distinct objects in r. So, for
example, a graph containing E edges and Q vertices has size n = E 4. Q. Associated with
each instance I is a set of variables, a set of values that can be assigned to each variable
and a constraint function UI that maps value assignments to variables to {true, false).
For example, if I is a graph with Q vertices we might associate Q - 1 variables which
take edge labels as values and a constraint fuznction which hxs value true if and only if
the edge set corresponding to the assignment given to the variables is a spanning tree of
I. An assignment t such that U,(t) = true is a solution to 1. An algorithm solves I if it
determines whether or not a solution exists for !.

A problem in NP is said to be solved efficiently if there is an algorithm whtich solves
every instance of the problem in time bounded by a polynomial in n. Unfortunately, there
is no known computational scheme for efficiently solving any NP-complete problem and it
is considered higldy unlikely that one will be found (see (2) and [18)). Thus, every known
method for solving an NP-complete problem P cannot find the solution to some instances
of P in a reasonable amount of time. Furthermore, there is little hope that even an effective
randomized algorithm (see (191, (27) and (28)) will be found for any NP-complete problem
since, as is well known, this would imply an unlikely collapse nf the polynomial hierarchy.
However, if a method A can be found to efficiently find solutions to all but a few instances
of P then A might be a practical method for solving P. We are interested in such (A, P)
pairs.

We use probability theory to measure success in meeting ,tar goal. A distribution D is
assigned to the set of all pQssihIt inslnnces of P of size 1, and we prove mne (if three kids
of results for a given algorithm .A-

a) A finds a solution to an instmncp, -f P ch.-sen randomly aco, -rditng tr D if time bounded
by a polynomial in n with probability greater than some positive constant &. as i gets
large. Then we say A efficiently solves P in bouncded probability under D.
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b) A finds a solution to an instance of P chosen randomly according to D in time bounded
by a polynomial in n with probability approaching I as n gets large. Then we smy A
efficiently solves P in prokbility under D.

c) A solves all of a large sample ofijhstances of P chosen randomly according to L) in
averae time that is bounded by a polynomial in n as n gets large. Then we say that
A solves P in polynomial average time.

Results of type (a) ar. weaker than results of type (b) and results of type (b) hre
weaker than results of type (c). It is often the case that we can prove a weaker reult but
not a stronger one for a particular (A, P) pair under D. Although a type (c) result is the
strongest type of result, even a type (b) result will allow us to conclude that A, in some
practical sense (at least under D), efficiently solves P. A result of type (a) cannot always
allow us to draw the same conclusion since x may be very small (say .01). However, many
algorithms that we consider make repeated attempts at finding a solution and, even if P.
is small, there is a good chance that one will be found after several attempts as explained
below.

Many algorithms we consider proceed by assigning values to variables in some order
which is decided during computation and assignments are never undone either totally
or partially. These algorithms either continue until all variables are assigned values (in
which case a solution has been obtained) or they' top prematurely because they discover
that every set of assignments of values to unassigned variables cannot possibly lead tv
a solution (in which case it cannot be determined whether or not a solution exists). A
property of these algorithms is that the next variable to be- assigned a value is chsen
randomly from a large group of possibilities. Thus, repeated runs of such algorithms will
execute differently and possibly give different results. If the probability that a run finds
a solution is bounded from below by a constant and all runs execute independently then
only a constant number of runs would be necessary for us to solve a random instance of P
with probability arbitrarily dose to I (this can be strengthened to a type (b) result if the
number of runs is allowed to grow slightly with n). Unfortunately, it is not the case that
all runs execute independently. However, for the algorithms we consider, the dependence
is very weak and, according to the results of our experiments, we are justified in supposing
that a small number of repeated runs of A, will allow us to solve P with probability tending
to 1. Thus, a result of type (a) seems to translate to a result, of type () f.r the kinds
of algorithms -e consider. When referring to results ,f either type (a), (1)) e#r (c) we will
sometimes phrase "probabi~ftiically efficient".

Others .. 'taken this approach for specific NP-complete problems. Algorithms which
are probabilistically efficient have been found for the Hamiltonian Circuit problem III and
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1231, the Planar Traveling Salesman problem (22J, the Processor Scheduling problem (9),
the Bin Packing problem 1211 and other NP-complete problems. We have looked for similar
results on algorithms for the Satisfiability problem.

An instance of the Satisfiability problem is, for the purposes of this research, a Boolean
expression in Conjunctive Normal Form (CNF). The disjunctions, also called clauses, con.
tain a subset of the set of positive and negative literals obtained from % set V of Boolean
variables. An assignment of truth values to the variables of V' is called a truth assignment
to V. If v E V is assigned the value true then the positive literal v I as the value true
and the negative literal 1 has the value false. The two unit clauses (v) and (e) are said
to be complementary. A clause is satisfied if one or more of its literals has value true. An
instance is satisfiable if there exists a truth assignment t to V which satisfies all clauses
in it. Such an instance is said to be satisfied by t. The Satisfiability problem is, given an
instance 1, find a truth assignment which satisfies I, if one exists, or verify that no. such
truth assignment exists.

In order to understand performance over a range of instance types we attempt to get
results for a family of distributions. We call such a family an input model or instance
model.

Our main results, based on two input models, show the existence of probabilistically
efficient algorithms for solving random instances of Catisfiability which are satisfiable with
high probability. These results may be found is [51, [61, (71, 11li, [121, 113J, and (171. The
best algorithms are variants of the Davis-Putnam procedure which choose elimination vari-
ables successively and dynamically from clauses containing the least number of unassigned
variables. The breakthrough in attaining these results is the application of flow analysis
techniques in which clauses are regarded as objects which flow into and out of levels, where
level i represents the set of clauses containing exactly i unassigned variables. A flow of less
than one clause per iteration into the bottom level (one unassigned variable in a clause)
caai be handled without accumulation in the bottom level by choosing to assign a value
which satisfies a clause at the bottom level. A flow greater tha one per iteration results
in an acumulation analogous to a bathtub overflowing because the drain is too small.
Heavy accumulation at the bottom level increases the probability that two complementary
clauses exist there. In such a case a satisfying truth assignment cannot be found. This
mechanistic way to look at the operatinn of the algorithm has j)rvided great insight it,,
its probabilistic performance.

On the other hand, it is sometimes the case that a family 4 atIgorittis almsost always
requires exponential time to solve random instances of an NP-complete problem. For
example, in (8] it is shown that a powerful formal system for determining the stability
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number of a graph requires exponential time on almost all randomly, generated graphs with
a sufficiently large linear number of edges. We have obtained similar pessimistic results for
Search Rearrangement Backtracking (a general, powerful family of search procedures which
includes the Davis-Putnam Procedure (10)) on the Satisfiability problem when random
instances are nearly always unsatisfiable 1141. Stated another wa,- this result says that,
regardless of what heuristic one uses, verification that a given instance is unsatisfiable will
take exponential time on the average. An important aspect of this result is that the analysis
explains why no heuristic can possibly be probabilistically efficient. The pessimistic result
is due to two properties that most random instances have: each variable appears in at
most a small fraction of the clatises, and the number of times that variables are linked in
large enough subsets of the original set of clauses is not much greater than the number of
clauses in the subset (if a variable v is in five clauses of a particular subset of clauses then
four links are contributed by v to the number of links). In fact, any instance with these
two properties is "hard" in the sense that no heuristic (on top of backtracking) can sWlve
it in polynomial time.

Since probabilistic results of the kind stated above depend on input distribution,
some justification and analysis of the input model is desirable. Part of our work has been
to investigate properties of input models which induce probabilistic efficiency. We have
found that some models generate a preponderance of "trivial" instances: those which can
be solved by an algorithm that would be considered too weak to be used in practice. For
example, some models allow clauses which contain no literals (null clauses). But instances
which contain a null clause cannot be satisfied by any truth assignment to the variables
contained in them. Thus, if a null clause exists in a random instance with probability
tending to 1, then random instances are efficiently solved in probability simply by seaxching
the input for a null clause. Clearly, this algorithm would be useless in practice.

However, some favorable results, on backtracking variants, which appear in the liter-
ature (e.g. [251, and [261) depend on the high frequency of null clauses generated by the
input model, although this fact is hidden in the analysis. We have shown ([12), and [131)
that even exhaustive search, after checking the input for a null clause and finding none, is
average-case superior to the algorithms analyzed in the citations above because it usually
dtups early due to a null clause. More remarkably, exhaustive search was shwn by us 113]
to run in polynomial average time under the same conditiis that (he relatively sephis-
ticated pure-literal-rule algorithm was showit to require superpllyn,:.ininl average time 13
(because this algorithm failed to check for null clauses first). Thus, .ur investigati.iis itit,,
input model properties have provided great insights into the nature of previous, results and
the utility of past and future results in this area.

The remainder of this report details the results we have attained under the grant.
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In addition to the work on Satisflability we have collaborated with other rereatchers on
related problems in Quadtree representations (parallel architectures), hashing with lazy
deletions (data bane theory), and VLSI testing and verification. Sections 2 andc3 describe
our results on algorithms for Satisfiability. Sections 4 to 6 describe results in the other
areas. Sections 7,8, and 9 list publications under the grant, recent invited talks, and recent
professional service.



2. Overview of Results for the Satishiability Problem

The Satisfiability problem (SAT) it the first 9roblem found to be NP-complete. Any
problem in NP can easily be transformed to SAT and transformations from SAT to other
NP.conplete problems are ofteng straightforward. SAT is, therefore, one of the more im-
portant NP-complete problems.

SAT is also an important problem because it turns up in a number of practical areas.
For example, a collection of propositions P and a hypothesis H can be transformed to an
instance 1 of SAT such that 1 is not satisfiable if and only if H follows logically from P.
Thus, SAT is the basis for a number of theorem provers and is of interest to the Artificial
Intelligence community. SAT also appears in automatic hardware testing and dsigin as -

the following examples show:

1. A combinational circuit C computes one Boolean function of it inputs for each of its
outputs. Its functionality car., therefore, be described by a set of Boolean forte"le
(DJ(C), B2(C), ..., B.(C)}, ne for each output. A test sequence S for G must aet
input values to exercise both logic levels of each output of C. Finding a set of input
values which forces the ith output to level 1 (0) is equivalent to finding a truth assign.
ment to the variables of B(C) which satisfies Bi(C) (-B,(C)). Thus, the problem
of generating (designing) a test sequence for a combinational circuit that checks for
stuck-at faults can be stated as an instnce of SAT (actually a set of instances 40f
SAT).

2. Trhe VLSI design process typically proceeds through many levels of abstraction from
the functional level through the gate level down to the layout level. Functional eqlitiv-
elence must be maintained after each translation from one level to the next level down
or else the end product may not perform as expected. If the circuit is combinational,
functional equivalence may be regarded to Boolean equivalence between two levels of
abstraction. Without going into the details of how one can obtain a Boolean formult'
describing the functionality of a particular level of abstraction, one way to test f'r
Boolean equivalence at different levels is to determine whether the Boolean formu!0a
formed from the exclusive-or of the formulas at both'levels is a tautolov" if it, is
then the circuit descriptions at both levels are identical. ,,therwise they are aot. Bt t
the problem of determining whether B is a tautklogy is wituivaleta t-, the pribleii r
determining whether -B has w,, so,-lutins (this is an instance of SAT). Thus, SAT is
important to functional verilicatiin (also known as logic verificatioaa) between differ-
ent levels of abstraction in the design of VLSI combinatinal circuits. The problem of
testing for functional equivalence between different levels of abstraction in the design
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of sequential circuits may be reduced to it combinational circuit problem by means of
the level sensitive scan design or equivalent approaches. Thus, SAT is important to
VLSI design over a wide variety of circuit types.

Unfortunately, SAT is an NP-complete problem. Therefore, there is no known efficient
algorithm for SAT (Rn algorithm that has running time bounded by a polynomial on the
length of the given instance is considered efficient). Thus, the best that can be hoped for is
an algorithm, based on some heuristic, whi:h requires polynomial time on most instances.
If the probability that an algorithm A for SAT runs in poly!,icmial time tends to I as
instance size in:reae st then A may be regarded as an efficient algorithm for SA1r in a
practical (or at least probabilistic) simnse. We have been looking at the qt4ettion of % hether
probabilistically efficient algorithms exist for SAT and other NP-complete pr'ilems.

In order to answer the question of probabilistically efficient al*orith'!ns ,, SAT we
inist impose some distribution on instances. This )resents two problems xq:trding the
robustness of probabilistic results. First, a result obtained under one die.ibution does
not necessarily hold under another (or, more appropriately, analyzed behavior asuming
one distribution may be dramatically different from empirical behavior ow a naturally
occurring et of instances). Second, in order to produce an analysis atAll it is practically
a requirement that all "components" of a given instance be indepenient. In our work
instances are ONF Boolean expressions and "components" are clauses. We use two models
for constructing random instances. In both models a random instance of SAT consists of n
clauses, each containing literals from r variables. In model M each clause contains exactly
Sliteralls and is chosen uniformly from the set of all possible k literal clauses. In model

A 2 each clause contains each literal with probability p (so dauses may have any number
of literals up to 2r). In order to reduce the effect f O e two problems mentioned above we
all(w.T aud p to be functions of n; this allows us-to 4jAst Ohe prfperties of random instances
to closoly match the prop rtlif of many natural em f hidnces. F,r txanipql, consider
how we might set the paro ,snx elfmodel A1 -to g,,w t re jlist P ith )roex;ies that
match instances of the test desigs), problem " f Ur '( .. " s
All). Suppose P(n) cdn(n)ir(n), .4, < 0 < I ,tii .tdc n TI nt VeJy n¢ssy but
it giies a useful uxaxnplt). Then ra atne~~~lisfihab if, fo'r Any t.
limn,r-oo nl- 1 , fld inst o( , iv'.y h. "I

(the higher or low;r .|e rate -f &r,,vth ,'4 &'O'.l, .hce m'q'" ,,'.hil ,r .1 tisfillbe,
respectively, ra i-,A;)itancc.s P.rt). Sinre ir..tii& ermbm ,ni',druits correslxnd
to Boolean formunia -.; are spiiiabl, i , t ,S e . pr-, tem ()

above have the pyr-, y that they are -,1isfiable 'ifcn.e, we should make the function
f(n) = n-'/r(n) ,wnd rmpAlys to zwyo to generate e: ndio ia. stances that tlosely match
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tl*- property. it turns out that it probably does not matEeaty o at1 n d
to sero because one of our main resuls in that SAT is a "probabilistically eaisy" problem if
f (n) tends to aem, regardlesu of how fast /(n) tends to aer (we caution the reader not to
make too much of the relationship between A2 and instances of test design at this time;
the preceeding example merely illustrates a general connection between the two).

Our main results, in general terms, are as folows:,

a. Almost all satisfiable instances of SAT generated under A12 can be solved in 0(n ln(n))
time.

b. Almost all 'interesting" unsatisfible instances of SAT generated tin-der All require
exprinential time to solve (that is, verify unsatisfiability) by Backtracking using say
.heuristic for variable elimination.

13v.: results ame stated precisely in Section 3. We should like to point out that "Backtracking
v-- any hturistic" repreents it wide class of algorithms so the result of item (b) is
P~trly strong. 'The results suggest that SAT is "probabilistically easy" if most inputs are
s1tisfiable and is "'probabilistically hardl' if most inpeits are unsatisfiable. Translating
(Isis to the Desi&na Automation problems raised earlier, the results suggest that the test
design prolem is "probabilistically easy" b~d the functional or logic verificatio probulemn
is "probabilistically hard". Actually, this phenomenon has been ob~served in the Designt
Automation community for somne time. However, the meaning nf "easy" and "Phrd" Is
not been understood. Experiments have shown that some algorithms are faster tz~n others
for certain classes of inputs of a certain size (for example, see 1201, f241 and 1291) but these
experiments do nc~t seem to say how fast, in an absolute sense, over many classes of inputs
(f~ven untorseen), and many different sizes. Also, these experiments i'sually do not give
insight as to why the pioposed algorithms are efficient or inefficient, #a moeL. always, aside
from the plausible arguments that led the authors to choose the hey' atict that drive the
algorithms. On the other hand, our results do say something abo- efficiency on general
classes of inputs of all sizes and our analytic methods say why. However, the inputs we
can make claims about are CNF Boolean formulas whereas the inputs in, say, the VLSI
world are formulas based on multi-level logic. If our results are to apply to real world
problems we must either redo our analysis using other models or show that converting to
CNF Boolean formiulas has little effert -n p)robabilistic results. Neither task is easy "lid
investigation of both tasks are amo-ng ,tir li ng range goals.

Work relating SATr to Design Autvination. problems is being conducted jointly with
Kurt Keutzer of Bell 'felt-phone Laboratories, Murray Hill, New Jersey. Our results to
date are given in [15] and mentioned in Section 4.



3. Results on Algorithms for SAT

Let I be a CNF Boolean formula and Aet H(1) be a heuistic function that outputs a
variable contained in 1. Let a clause be' regarded as a set of literals. Call a clause that
coutains one literal a unit clause. We have analyzed a wide clats of algorithms each. uf
which returns "SAT" if the input instance is satisfiable and "UNSAT" if the input instance
is not satisfable. We call this class SRB (for Search Rearrangement Backtracking) and
express it as follows:

SRO(I):
If I has a-null clause then return "UNSAT"
Else if I is empty then return "SAT"
Else

v +- H(I)

12 +-- (c - (v) : c E , c)
If SRB(I)="UNSAT" and SRB(12)=f'UNSAT" then return "UNSAr"
Else return "SAT"

In SRB, Ij is the subinstance of SAT obtained from I by assigning the value iruc to variable
v and 12 is the subinstance obtained by assigning the value fale to',v,

We have also investigated the following two algorithms (which do not backtrack):

Construct a random truth assignment i to the variables of I
Check whether t satisfies I
If I satisfies I then return "SAT"
Else return "GIVE UP"

A2(I):
While I # and Vc E I, c 7

If there is a unit clause {u} E I then t, -- u
Else choose a literal v rand,.mly from L
I -- {c - {comp(v)} : c E I and v c}
L +- L - { , comp(v)}

If I = 0 then return "SAT"
Else return "GIVE UP"

9



The algorithms above can easily be modified to return solutions instead of 'SAT".
The resulting modifications do not significantly affect the efficiency of tho-e algorithms.
We chose the above forms because they are easier to analyze.

Ilere are the results.

Theore,. 1: (1l11)

Suppose instances of SAT are generated according to model M'2. Let p and r be
functions of n.

a. Iflim.- ln(n)/pr < I then the probability that a random instance has a solution
tends to I as n tends to infinity.

b. If lim.-.ln(n)/pr = c, I _< c _ 2.5, and limn-_ nl-c€ I/ r = oo then the
probability that a random instance has a solution tends to 0 as n tends to infinity.

c. If limn.. ln(n)/pr > 2.5 then the probabifity that a random instance has a
solution tends to 0 as n tends to infinity.

Theorem 2: (1111)

Suppose instances of SAT are generated according to model A-2. Let p and r be
functions of n.

a. If lin._. ln(n)/pr < 1 then the probability that algorithm A1 finds a solution
to a random instance tends to 1 as n tends to infinity.

b. If limnn..ln(n)/pr = c, 1 < c 5 2.5, and lim. l-C1/rl- < oo, for any
c > 0, then the probability that algorithm A2 finds a solution to a random
instance tends to I as n tends to infinity.

It can be shown that, with probability tending to 1, all variables appear in fewer than
O(In(n)) clauses of a random instance of SAT. Thus, algorithm A2 almost always runs in
O(nln(n)) time. From this and Theorems 1 and 2 we can assert that, under A12, almost
all ratisfiable instances of SA- can be solved in O(nln(n)) time.

Theorem 3:

Suppose instances of SAT are generated according to model Ml. Let r be a function
of n.

a. If n/r > -1/lg(l - 2
-k) then a random instance of SAT is unsatisfiable with

probability tending to 1.

10
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b. If n/r < -I/lg(l-2 -k) then the average number of slutions per random instance
is exponential in n.

Theorem 3 is analogous to Theorem I (for model A12). The point at which instances
change from being mostly unsatisfiable to having a large average number of satisfying
assignments is given by n/r = -l/lg(l - 2- k) and is called the flip point. We use All in
place of A12 when considering the problem of verifying that unsatisfiale instances have
no solution because model Ml2 generates too many instances with null clauses. If a null
clause appears in an instance then that instance is trivially unsatisfiable. Model All does
not allow trivial instances of this kind.

Theorem 4: ((141)

Suppose instances of SAT are generated according to model All. Let r be a function
of n. Then, for all functions tl, SRB requires superpolynomial time with probability
tending to I if lim,- a/r = o(l/ In t(,)) and n/r > -1/lg(l - 2-k).

Theorems 3 and 4 say that even the most clever heuristic function imaginable cannmot
give us a probabilisticaly efficient Backtrack-based algorithm for verifying unsatisfiability
if n/r = o(n s/ a f( ' A)) and n/r > -I/lg(1 - 2-k).

We also have some average case results based on model A12. Such results give per-
spective to several average-case papers (e.g. 13], [2,51, and [26)) by showing the dependence
of the favorable results on the presence of null clauses in ranuom instances.

The algorithms below depend on the following definitions. Let a variable which np-
pears exactly once in an instance I be called a unit variable. Let a variable which appears
exactly twice in I be called a double variable. Let a variables which appears at least two
times in I be called a weak-jcrious variables. Let a variable which appears at least three
times in I be called a serious variable. The table below defines submtitutiois for clauses in
I containing unit and double variables. In the table we use v to denote a positive'literal
taken from a unit or double variable, 'D a negative literal s,. taken, and z and V either &
positive or negative literal which is not necessarily taken from a unit or double variable.

11



var type substitution name ourenc replacement
unit unit elimination (1,1 , ...) true
unit unit elimination (9, .) true
douhle double elimination (v, , z, ...) true

double double elimination (0, t,: , ...) true
double trivial elimination (V,0,:z, ...) true

double pure literal rule (1, z, ...), (v, y, ...) true
double pure literal rule (o, z, ...), (t, y, ...) true
double resolution (V, X, ...) , , ...) (Z ... ,.

When we say apply unit elimination we mean, according to the table above, look for a
clause containing a unit variable v and replace it with the logical value true; if no such
clause exists do nothing. Similar statements hold for applying any of the other substitutin
rules listed in the table. It is possible that, after repeated applications of double-variable
substitution rules, some double variables will occur only once in I. By cleaft up double

variables we mean eliminate all clauses cnntaining double variables that appear once in 1.

Ne consider the following two algorithms:

NULL(I) :
If I has a null clause then return "unsatisfiable"

Otherwise,
Repeatedly apply unit elimination Until opportunities vanish

-For all truth assignments t to weak-serious variables in r,
if t satisfies I then return "satisfiable"

Return "unsatisfiable"

INFREQ(1):
If I has a null clause then return "unsatisfiable"
Otherwise,

Repeatedly apply double variable substitution rules in order

Until opportunities vanish
Clean tip all remaining do,.uble variables
Repeatedly alpply unit elimination Until opi)nrt tui ties vanish
For all truth assignments t to serious variables in I.

if i satisfies I then return "satisfiable"
Return "unsatisfiable"

12



Theorem 5: ((131)

NULL runs in polynomial average time if

a. n =r,.5>e>O,andr<r-

6. ,n = r', I > c >_ .5, and pr < (1 - e)ln(-)/(2c).

c. n = ,r, .0 > 0, and 2.64(l - (I - p)2Or(I + 2#pr)) <C-e2 pr.

d. ,n = r*1, 7 > 1 , and pr < (7r - 1)t)In)I(2,y).

The result of Theorem 5b is due strictly to null clauses in random instances yet no other
analysis shows a similar result under the same conditions and the result of (31 actually
shows that a relatively sophisticated algorithm based on the pure literal rule requires
superpolynomial average time under those conditions. The results of Theorem 5a, and 5,d
match previous results in 1251, and [26].

Theorem 6: ((121)

INFREQ runs in polynomial average time if

a. n = rf, .66 > e > 0, and pr < r-66- C.

b. n = r', 1 > e >_ .66, and pr < (1 - e)ln(n).

Both Theorem 6a, and 6b are improvements over the best known previous results under
the conditions stated. Theorem 6b is due to the presence of nulclauses but Theorem 6a
is due to pre-processing the input by eliminating fromit infrequently occurring variables
(those which are unit or double variables).

Other favorable results have been obtained under model 14M when instances are nearly
always satisfiable. From Theorem 3b4his is roughly when n/r < -I/g(1 - 2 -k). In these
studies k is assumed to be indepen~dent of n and r. Thus it appears that the case where
litl,,r.-.oo n/r = a, where a is any constanit greater than zero, is particularly important

when considering model A.

A number of algorithms have been analyzed under M In [il we shr-wed tlhm

Theorem 7:

A2 efficiently solves SAT'it bounded probability under A1 when

im n, < k

13



Notice that the expression on the right side of the inequality is -0(1/k)/In(1 - 2-k) if k
it large.

Theorem 7 is significant for two reasons. First, we cannot make the claim that .Az
almost always finds a solution to a random instance of SAT when one exists, as we could
in the case of the random clause model, since there is a large gap between the point where
nt/r -0(1)/ln(l - 2- *) and the point where A2 begins to work well probabilistically
(n/r = -0(l/k)/In( - 2-k)) due to the I/k factor which appears in the latter term.
Second, for that range of n/r cver which :12 is probabilistically efficient, it is only able
to find solutions elliciently with bounded probability whereas .42 finds solutions efficiently

in probability under A2. Thus, we see that, in some sense, model All generates harder

instances than Al2 (at least as far as At is concerned) and the results based on the latter

model do not map precisely to the same kind of results based on the former.

We also studied the following generalization of .4::
• 43(l) :

Repeat
Let c be a smallest clause in I

Choose t randomly from c
Remove from r all clauses containing u

Remove from I all occurrences of comp(u)

Until I is empty or there exist two complementary unit clauses in I
If r is empty Then return ("satisfiable")
Otherwise return ("give up")

In [6) we showed

Theorem 8:

A3 efficiently solves SAT in bounded probability under All when

lim n/r < 1.5 \"2/ f'r 4:< k < 40

Theorem 9:

A3 efficiently solves SAT in probability under All when

lim n/r < 0.92 * 2 k-I ( k - l k-
,,--o <0 * 2k -2 for 4 < k < 40.

14



These results are significant for three reasons. First, .4 efficiently solves SAT in probability
(almost always) over about the same range of n/r that A2 efficiently solves SAT in bounded
probability. Second, the range of n/r over which A3 is probabilistically efficient is only
slightly greater than the range of n/r over which A2 is prbabilistically efficient. Thus,
although A43 performs better than A2 probabilistically, there is still a wide gap between the
flip point and the point at which A42 begins to perform well. Third, and most important,
A3 tiid A2 are vastly superior in probabilistic performance compared to algorithms that
rely on certain greedy heuristics to select the next variable to assign a value to. An examlple
of a greedy heuristic is "select the variable v for which the difference between the number
of occurrences of the literal v and the literal v' in I is greatest and assign variable vi the
vlue which satisfies most clauses". lowever, as we will see below, greedy heuristics added
to 42 and .4 improve the performance of those algorithms significantly, especially for the
case k = 3.

In the case k = 3 (CNF expressions with three literals per clause are instances (if
the 3-Satisfiability problem which is also NP-complete) we have fotnd that the maximum

occurring literal selectioi heuristic (if there are no single-literal clauses in f, select a variable
randomly and assign it the value which stifies most clauses) used with A2 efficiently solves
SAT in bounded probability under All when lim.,,.. n/r < 2.9. In the case k = 3, A2
efficiently solves SAT in bounded probability when lmn/r < 2.66 (71. This may be
compared with the flip point (t/r = 4).

From our analysis in [6) nnd [7) we have devised the following algorithm for SAT:

-14(l) :
Repeat

If there is a single-literal clause {} in I Then u s- I
Otherwise u -- 1V such that 1 e L and for all I e L u(l') > w(l)

Remove from f all clauses containing u
Remove from I all occurrences of comp(u)
L - L - {,, co,,p(u)}

Until I is empty or there exist two complementary Unit Clauses in r
If I is empty Then return ("satisfiable")
Otherwise return ("give up")

where w(l), the weight of literal 1, is determined as follows:

Let c be a clause in I and let ILj(c) be a weighting function mapping clauses to integers.
Let us say that $j(c) is the weight of clause c at the end of the j"t iteration-of A14(1).

15



Initially uo(c) = I for every clause c" 6 1. The clause weighting function is updated
as follows: if I is the literal chosen on the j'A' iteration, W(I() is the total weight of
clauses containing I at the start of the j'11 iteration (these clauses will be removed) and
N(I) is the number of clauses containing cornp(/) at the start of the jh iteration (wOte
literal will be removed from each of thest clauses) then g*,(r) = ju,-.(c)+ I)/NV(1)
if c contains comp(L), A,(c) = 0 if c contains I and IA(c) = I(c) otherwise. Tie

literal weighting function is

According to our e;periments, A4 solves SAT efficiently in bounded probability tnder
model Aji1 when lim,,r.-oo n/r , I.

The significance of this result is that A4 appears !o efficiently solve almost all instances
of 3-SAT. We hope to prove this result analytically and devise an extension to A14 which
will provide similar performance for any fixed value of k.

16



4. Recent Results in Design Automation

The problem of designing a test sequence for stuck.at faults in combinational circuits was
stated in Section 2. This problem can be reduced to determining a truth asuign:nent which
satisfies a Boolean expression. According to our results, this makes stock.at testing easy,
in the probabilistic sense, if the Boolean expressions are in Conjunctive Normal F(IrIn.
Generally, however, they are not; in fact the Boolean expressions we wish to solve are
usually imulti.level. in the case of PLA.,, the Boolean expressions are two.level and we
have attacked thein first.

The Ux)lean expressions associated with PLAs are irredundant aund in Disjunctive
Normal Form (DNF). That is, no conjunction is subsumed by the remainder of the DNF
expression. WVe examined an input model ilI which is the same as A12 with the connectives
and and or reversed and found that instances generated by A3 are irredundant with
probability tending to 1. Thus, we have used A13 as a model for the Boolean expressioins
of PGAs.

The internal nodes that must be checked for stuck-at faults are all at the second level.

To bring an intermediate node logic level out to a l)rinary output, the logic level of til
other intermediate nodes must be low. Finding a test vector to do this is equivlentl tt,
finding a truth assignment which satisfies a Boolean expressiQn that is the col plement -)f
the original expression minus the conjunction associated with the intermediate node under
tct. We have shown that finding such a truth assignment is easy in a probabilistic sense
1151. The next step is to extend the results to deeper-level logics.
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5. Parallel Algorithitns and Qnadtree Representations

In addition to our probabilistic results on algorithms for NP-complete problems, we have
worked with other researchers to obtain average case results on operations for a class of
parallel algorithms and on hashing with lazy deletions. The r.sults on parallel computa-
tions are presented here and the results on hashing with lazy deletions are presented in the
next section. The results on parallel computations are based on a data structure called a
Quadtree.

A Quadtree is a natural and well known data structure fvr the parallel solutilu ,,f
certain numerical problems by means 4f recursive decomposition. Quadtrees are described
in [301 and (31). A feature of Quadtrees that makes them interesting is their ability to
support recurs;ve processes which have no need to communicate with any processes other
than the parent process. Unfortunately, there is some overhead penalty that must be
paid in terms of space and acccss time in order to make use of Quadtrees. Specifically,
the two overhead (actors we are concerned with are (1) the spe-e required to represent x
m(rix in Quadtree format, and (2) the time required to access an element of a matrix in
Quadtree format. The overhead can be kept low only when matrices are sparse (that is,
the percentage of zero elements is close to 100 percent). We have chosen to investigate
overhead requirements for algorithms involving permutation matrices such as the Fast
Fourier Transform (FFT) since an n x it permutation matrix has exactly n non-zero entries
and is, therefore, sparse in the traditional sense when n is large.

We have found that the average space and time requirements to maintain a Quadtrce
for random permutation matrices are small. Let it be any power of 2. Number all n x it
permutation matrices arbitrarily but uniquely. Let $i(n) and 1(n) denote the space and
average access time, respectively, required for permutation matrix i. Let S(n) and '(-t)
denote the average space and time required over all it x it permutation matrices (we asiUllic
that permutation matrices are uniformly distributed). Our results are as fvllows:

Theorem 10: (132))

For any n x n permutation matrix i,

S,(n) 2. '- - and

~TI(n) Slgi + 4 1
2 3 31t

We also showed that
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Theore.z 11: ((32J)

5() = 7n 1 and

l~) g(n) 1.7 *

Furthermore, we showed that ovcrhead requirements for the FFT permutation match the
tpper bounds of Theorem 10. Theorems 10 and 11 say that Quadtree maintenance over-
head results in a modest slowdown factor of 18(n)/2 in both space and time. These costs
may be easily recoverable due to the facility for process decomposition and scheduling that
is unavailable with other representations.

This work was done jointly with David S. Wise using funds supplied in part by tle
National Science Foundation under grant number DCR 84-05241.
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6. Average Case Analysis of Hashing with Lazy Deletions

A hash table is a collection of nodes, some of which are occupied by cells containing
useful data and the rest are unoccupied. For convenience, we assume n nodes numbered
arbitrarily from 1 to n. Occasionally cells are "accessed" for the data they contain, or new
cells are "inserted" into the table, or existing cells are "deleted" from the table. Let each
insertion, deletion, and access be called an ida epoch. Suppose a cell c is created at ida&
epoch tl and deleted at ida epoch (I. The interval ((,, t1) is said to be the lifespan ,f c. At
t., e becomes the end of a chain of cells (occupied nodes) determined by the hash function
employed and the current state of the hash table. Let chain(c) denote the chain ssociotted
with cell c. During its lifespan, c may be accessed 0, 1, 2 or more times. The number
of times that c is accessed during its lifespan is called the accesspan of c. An access of c
in-'olves a visit to each of the cells in chain(c) up to c. We distinguish between visit to
c and an access of c as follows: c is accessed for data, c is visited for a pointer to the next
cell in chain(c) or for its data (thus all accesses are also visits). The number of times cells
in chain(c) are visited when searching for c (for access or deletion) over the lifespan of c
is called the searchspsn of c. If chain(c) does not change during the lifespan of c, as is the
case for traditional hashing, then the searchipan of c is the length of chain(c) at t. times
the number of searches for c over its lifespan.

The searchspan of c can be reduced by reducing the length of chain(c) dynamically.
One way to do this is to move c to a node occupied by a cell in chain(c) whenever such
a cell is deleted (and the node becomes unoccupied). However, this approach, although
successful at reducing the searchispan of c, suffers from the high overhead required to make
dynamic adjustments to chains every time a cell is deleted. Another approach, with less
overhead, is to move c toward the front of chain(c) only when c is searched. This is called
hashing with lazy deletions. Specifically, hashing with lazy deletions is the result of using
the following algorithm to access any cell c:
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ACCESS(c):

repeat
d s- huW(c)
if c occupies node d and I > 0 then do the follk'v"ng:

"access" cell c
move c to node t

otherwise, if c occupies node d then
"1accesi" cell c

otherwise, if d is unoccupied and I = 0 then
t -d

i-i+l
until c is accessed

where hash'(c) is the ijk hash function applied to celi c and the output of hashi(c), for
any i > 1, is a node (number from 1 to n) in the hash table.

Let S(c) (A(c)) denote the searchspan (accesspan) of c and let 3 (J) be the expectation
of S(c) (A(c)) over c (respectively). Ve wish to ind S, A., and ./(A + 1), the average
number of visits per access and deletion kif a random cell c.

The model used in the analysis is now described. We consider an arbitrarily long
sequence of insertions, deletions, and accesses in the table. The following algorithm, run
repeatedly, decides the outcome oif each ida epoch:

a. Uniformly choose one of n nodes in the table. If we choose an occupied node then do
step b, otherwise do step c.

b. With probability p,, delete the cell occupying the chosen node (the node becomes
unor.upied); otherwise (with probability 1 - p) access the cell occupying the chosen
node.

c. With probability p,, insert a cell at the chosen node (the node becomes occupied);
otherwise (with probability I -p,) do nothing (no ida ep-,ch rn this go.nrrund).

We choose p, and pg such that. ,,ver a Iong sequence ,'f IuhL e)'ICh. the ,,CC11, 1cy tf

nodes in the table reaches "eqitilibrium and the average number-f ocrupied noides in the
table is on. In this case we say thr tnble is orull. A table is in equilibrium nnly if the
rate at which deletions occur equals the rate at which insertions occur. In our model, if
the table is a-fuli, the rate at which deletions occur is cpj and the rate at which insertions
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occ-,r it , I - a)pi Thus, we hav

It is Csa to nbItin

Theorem 12: ([4J)
.4 =( -P)V

Our main result is

Theorem 13: ([1))

(a'(+ + i/O(n14))1 -  . /O(e°/t))pr(ji .

wh'ere

P,(.,1 : XISo _> X) , i):rt __-p"__ _ _
V t I + 1,. + 0()

and Q..,. is the event that there is an unoccupied node in chain(cra) on the next ibt
epoch given that node m is accessed next.

Although this theorem looks formidable, it is actually quite useful because the sums
are not very sensitive to pr(Qj,m). For example, in one e'xtreme cnse, with pj = I (A = 0),
we have

In the other extreme case, with pd tending to 0 (A is large), we have, for large n,

and
S -_(1 -_)

If we set p(Qo.,,) = 0 in Theorem 13 we get an easy-to-compute upper bound on S for ny
value of pd. This upper bound is fairly close to measurements of S obtained experimentally.
The number of visits per access and deletion of a random cell using Hashing without lazy
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delctions is 1/(1 - a). Thus, the savings in number of visits per access and deletions by
using lazy deletions when a table is nearly full and cells are accessed many times before
they are deleted is considerable: for example, if a = .9 the saving is about 75%, if a =.95
the saviag is about 85%, and if a = .99 the saving is about 96%.

This work was done jointly with Pedro Celii, recent Ph.D. from the University of
Vaterloo and Assistant Professor of Computer Science at Indiana University.
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