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ABSTRACT

This is the final scientific report describing results obtained under Aix Force Office
of Scientific Research grant number AFOSR 84-0372. The main objective was the proba-
bilistic analysis of algorithms for the Satisfiability problem. The main results were that,
in a prababilistic sense, it is easy tn find a satisfying truth assignment to an instance nf
Satisfinhility but it is hard te verify that an unsatisfizble instance has a selution. A side
issue was Lhe analysis of peababilistic models used Lo ablain Lthe main results.
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1. Research Objective and Main Results

The goal of this research is to develop and analyze algorithms which can, in some prac-
tical sense, solve NP-complete problems quickly. NP-complete problems appear in many
disciplines such as Cryptology, Operations Research, Artificial Intelligence and Computer
System Design. NP-complete problems are the “hardest” of a class of problems known as
NP. Associated with each NP problem we consider is an infinite set of instances. Instances
may take the form of graphs, logic expressions, sets or many other structures d~pending
on the problem. Each instance has a size dennted by n. Although the size of an instance
I may be formally defined as the number of bits needed to efficiently encode I, for our
purposes, we may regard the size of / to be the nuinber of distinct objects in I. So, for
example, a graph containing E edges and Q vertices has size n = E 4 Q. Associated with
each instance [ is a set of variables, a set of values that can be assigned to each variable
and a constraint function U; that maps value assignments to variables to {true, false}.
For example, if I is a graph with Q vertices we might associate Q — 1 variables which
take edge labels as values and a constraint function which has value true if and only if
the edge set corresponding to the assignment given to the variables is a spanning tree of
I. An assignment ¢ such that U;(t) = true is a solution to /. An algorithm solves I if it
determines whether or not a solution exists for J.

A problem in NP is said lo be solved efficiently if there is an algorithm which solves
every instance of the problem in time bounded by a polynomial in n. Unfortunately, there
is no known computational schetne for efficiently solving any NP-complete problein and it
is considered highly unlikely that one will be found (see (2] and [18]). Thus, every known
method for solving an NP-complete problem P cannot find the solution to some instances
of P in a reasonable amount of time. Furthermore, there is little hope that even an effective
randomized algorithm (see {19], (27| and [28]) will be found for any NP-complete problem
since, as is well known, this would imply an unlikely collapse of the polynomial hierarchy.
However, if a method A can be found to efficiently find solutions to all but a few instances
of P then A might be a practical method for soiving P. We are interested in such (4, P)
pairs.

We use probability theory to measure success in meeting ~ur goal. 4 distribution D is
assigned to the set of all possible instances of P of size n and we prave one of three kinds
of results for a given algorithm .1

a) A finds a solution to an instance of P chosen randomly according to D in time bounded
by a polynomial in n with probability greater than some positive constant « as n gets
large. Then we say A efficiently solves P in bounded probability under D.




b) A finds a solution to an instance of P chosen randomly according to D in time bounded
by a polynomial in n with probability approaching 1 as n gets large. Then we ony A
efficiently solves P in probebility under D.

c) A solves all of a large sample of instances of P chosen randomly according to D in
average time that is bounded by a polynomial in n as n gets large. Then we say that
A solves P in polynomiel average time.

Results of type (a) are weaker than results of type (b) and results of type (b) ire
weaker than results of type (c). It is often the case that we can prove a weaker rerult but
not a stronger one for a particular (A, P) pair under D. Although a type (c) result is the
strongest Lype of result, even a type (b) result will allow us to conclude that A, in some
practical sense (at least under D), efficiently solves P. A result of type (a) cannot always
allow us to draw the same conclusion since x may be very small (say .01). However, many
algorithms that we consider make repeated attempts at finding a solution and, even il x
is small, there is a good chance that vne will be found after several attempts as explained
below.

Many algorithms we consider proceed by assigning values to variables in some order
which is decided during computation and assignments are never undone either totally
or partially. These algorithms either continue until all variables are assigned values (in
which case a solution has been obtained) or they stop prematurely because they discover
that every set of assignmients of values to unassigned variables cannot possibly lead (o
a solution (in which case it cannot be determined whether or not a solution exists). A
property of these algorithms is that the next variable to be assigned a value is chusen
randomly from a large group of possibilities. Thus, repeated runs of such algorithms will
execute differently and possibly give different results. If the probability that a run finds
a solution is bounded from below by a constant and all runs execute independently then
only a constant number of runs would be necessary for us ¢» solve a random instance of P
with probability arbitrarily close to 1 (this can be strengthened to a type (b) result if the
number of runs is allowed to grow slightly with n). Unfortunately, it is not the case that
all runs execute independently. However, for the algorithms we consider, the dependence
is very weak and, according to the results of our experiments, we are justified in supposing
that a small number of repeated runs of 4 will allow us to solve P with probability tending
to 1. Thus, a result of type (a) seems to translate to a result of type (b) fur the kinds
of algorithms e consider. When referring to results of either type (a), (b} or [c) we will
somnelimes phrase “probabilistically efficient”.

Others.. - taken this approach for specific NP-complete problems. Algorithms which
are probabilistically efficient have been found for the Hamiltonian Circuit problem [} and




(23], the Planar Traveling Salesman problem (22}, the Processor Scheduling problem (9],
the Bin Packing problem |{21] and other NP-complete problems. We have looked for similar
results on algorithms for the Satisfiability problem.

An instance of the Satisfiability problem is, for the purposes of this research, a Boolean
expression in Conjunctive Normal Form (CNF). The disjunctions, also called clauses, con-
tain a subset of the set of positive and negative literals obtained from s set V' of Boolean
variables. An assignment of truth values to the variables of 1" is called a truth assignment
to V. If v € V is assigned the value (rue then the positive literal v | as the value (rue
and the negative literal ¥ has the value false. The two wnit clauses (v) and (¥) are said
to be complementary. A clause is satisfied if one or more of its jiterals has value true. An
instance is satisfiable if there exis\s a truth assignment ¢ to V' which satisfies all clauses
in it. Such an instance is said to be satisfied by t. The Salisfiability problem is, given an
instance I, find a truth assignment which satisfies I, if one exists, or verify that no such
truth assignment exists.

In order to understand performance over a range of instance types we attempt to gel

results for a family of distributions. We call such a family an input model or instance
model.

Our main results, based on two input models, show the existence of probabilistically
efficient algorithms for solving random instances of Satisfiability which are satisfiable with
high probability. These results may be found in (5}, (6], [7], [L1], [12], [13], and {17]). The
best algorithms are variants of the Davis-Putnam procedure which choose elimination vari-
ables successively and dynamically from clauses containing the least number of unassigned
variables. The breakthrough in attaining these results is the application of flow analysis
techniques in which clauses are regarded as objects which flow into and out of levels, where
level i represents the set of clauses containing exactly i unassigned variables. A flow of less
than one clause per iteration into the bottom level (one unassigned variable in a clause)
caa be handled without accumulation in the bottom level by choosing to assign a value
which satisfies a clause at the bottom level. A flow greater than one per iteration results
in an accumulation anslogous to a bathtub overflowing because the drain is too small.
leavy accumulation at the bottom level increases the probability that two complementary
" clauses exist there. In such a case a satisfying truth assignment cannot be found. This
mechanistic way to look at the nperation of the algorithm has provided great insight into
its probabilistic performance.

On the other hand, it is sometimes the case that a family of algorithins almost always
requires exponential time to solve random instances of an NP-complete problem. For
example, in (8] it is shown that a powerful formal system for determining the etability




number of a graph requires éxponential time on almost all randomly generated graphs with
a sufficiently large linear number of edges. We have obtained similar pessimistic results for
Search Rearrangement Backtracking (a general, powerful family of search procedures which
includes the Davis-Putnam Procedure (10]) on the Satisfiability problem when random
instances are nearly always unsatisfiable {14]. Stated another way this result says that,
regardless ol what heuristic one uses, verification that a given instance is unsatisfiable will
take exponential time on the average. Animportant aspect of this result is that the analysis
explains why no heuristic can possibly be probabilistically efficient. The pessimistic result
is due to two properties that most random instances have: each variable appears in at
most a small fraction of the clauses, and the number of times that variables are linked in
Inrge enough subsets of the original set of clauses is not much grester than the number of
clauses in the subset (if a variable v is in five clauses of a particular subset of clauses then
four links are contributed by v to the number of links). In fact, any instunce with these
two properties is “hard” in the sense that nc heuristic (on top of backtracking) can solve
it in polynomial time.

Since probabilistic results of the kind stated above depend on input distribution,
some justification and analysis of the input model is desirable. Part of our work has been
to investigate properties of input models which induce probabilistic efficiency. We have
found that some models gensrate a preponderunce of “trivial” instances: those which can
be solved by an algorithm that would be considered too weak to be used in practice. For
example, some models allow clauses which contain no literals (nuil clauses). But instances
which contain a null clause cannot be satisfied by any truth assignment to the variables
contained in them. Thus, if & null clause exists in a random instance with probability
tending to 1, then random instances are efficiently solved in probability simply by searching
the input for a null clause. Clearly, this algorithm would be useless in practice.

However, some favorable results, on backtracking variants, which appear in the liter-
ature (e.g. [25], and {26]) depend on the high frequency of null clauses generated by the
input model, although this fact is hidden in the analysis. We have shown ({12}, and [13])
that even exhaustive search, after checking the input for a null clause and finding none, is
average-case superior to the algorithms analyzed in the citations above because it usually
glops early due to a null clause. More remarkably, exhaustive search was shuwn by us [13]
to run in polynomial average time under the same conditinns that the relutively sophis-
licated pure-literal-rule algorithm was shown to require superpolynomial average time [3]
(because this algorithm failed to check for null clauses first). Thus, our investigations into
input model properties have provided great insights into the nature of previous. results and
the utility of past and future results in this area.

The remainder of this report details the results we have attained under the grant.




In addition to the work on Salisfiabjlity we Lave collaborated with other rezearchers on
related problems in Quadiree representations (parallel architectures), hashing with lasy
deletions (data Lase theory), and VLSI testing and verification. Sections 2 and3 describe
our results on algorithms for Satisfiability. Sections 4 to 6 describe results in the other

areas. Sections 7,8, and 9 list publications under the grant, recent inivited talks, and recent
professional service.




3. Overview of Results for the Satisflability Problem

The Satisfiability problem (SAT) ic the first nroblem found to be NP-complete. Any
problem in NP can easily be transformed (o SAT and transformations from SAT to other
NP-completle problems are often straightforward. SAT is, therefore, one of the more im-
portart NP-complete problems.

SAT is also sn important problem because it turns up in a nuinber of practical areas.

For example, a collection of propositions P and a hypothesis H can be transformed to an
instauce [) of SAT such that [} is not satisfiable if and only if H follows jogically from P.
Thus, SAT is the basis for a number of theorem provers and is of interest lo the Artificial
Intelligence community, SAT also appears in automatic hardwars testing and design as -
the following examples show:

1.

[ 4

A combinational circuit C' computles one Boolean function of its inputs for each uf its
outpuls. Its funclionality can, therefore, be described by a set of Boolean forn'ae
{81(C), B(C), ..., Bm(C)}. vne for each outputl. A test sequence S for C must el
input values to exercise both logic levels of each output of C. Finding a sel uf inpul
values which forces the i** nutput to level 1 (0) is equivalent to finding a truth assign-
ment lo the variables of B,(C') which satisfies Bi(C) (=B\(C)). Thus, the problem
of generating (designing) a test sequence for a combinational circuit that checks for

stuck-at faults can be stated as an instance of SAT (actually a set of instances «f
SAT).

. The VLSI design process lypically proceeds through many levels of abstraction from

the functional level through the gate level down to the layout level. Functional eyuiv-
zlence must be maintained after each translation from one level to the next level down
or else the end product may not perform as expected. If the circuit is combinational,
functional equivalence may be regarded as Boolean equivalence between two levels of
abstraction. Without going into the details of how one can obtain a Boolean formule:
describing the functionality of a particular level of abstraction, one way fo tast fir
Boolean equivalence at different levels is to determine whether the Boolean farmula
formed from the exclusive-or of the formulas at both-levels is a tautology if it is
then the circuit descriptions at hoth levels are identical, therwise they are nat. But
the problem of determining whether B is a tautology is »quivalent to the problem of
determining whether =8 has n sulutions (this is an instance of SAT). Thus, SAT is
important to functional verification (also known as logic verification) between differ-
ent levels of abstraction in the design of VLSI combinational circuits. The problem of
testing for functional equivalence between different levels of abstraction in the design




of sequential circuits may be reduced to n combinational circuit problem by meaus of
the level sensitive scan design or equivalent approaches. Thus, SAT is important t«
VLSI design over a wide variety of circuit types.

Unfortunaleiy, SAT is an NP-complete problem. Therefore, Lhere is no known efficient
algorithm for SAT (en algerithin that has running time bounded by a polynomial on the
length of the given instance is considered efficient). Thus, the best that can be hoped for is
an algorithm, based on some heuristic, which requires polynomial tine on most instances.
I( the probability that an algorithm A for SAT runs in polynemial time tends {0 ] as
instance size increases then 4 may be regarded as an efficient algorithm for SA in a
practical (or at least probabilistic) ssnse. We have been looking at the guertion of « hether
probabilistically efficient algorithms exist for SAT and other NP-complete nroblems.

In order to answer the question of probabilistically efficient slgorithuns fur SAT we
must impose some distribution on instances. This presents two problems 1ujrirding Lthe
robustness of probabilistic results. First, a result obtained under one disivibution does
ot necessarily hold under another (or, more appropriately, analyzed belisvior assuming
one distribution may be dramatically different from empirical behavier o a naturally
occurring set of instances). Second, in order to produce an analysis at all it is practically
a reguirement that &l “components” of a given instance be independent. In our work
instances are CNF Boolean expressions and “components” are clauses. We use two madels
for constructing random instances. In both models a random instance of SAT consists of n
clsuses, zach containing literals from r variables. In model A} each clause contains exactly
k literals snd is chosen uniformly from the set of all possible k literal clauses. In model
My each clause contains each literal with probability g {30 clauses may huve any number
of literais up to 2r). In order i reduce the effect of the two problems mentioned above we
allow 7 and p to be functions of n; this allows us 1o adjust the propertics of random instances
to cizsely match the propeciizs of many naturs] sets of insiances. For ¢xaniple, consider
how we might set the pacameters of model Ay 4o genersts jnstonces with proserties that
match instances of the test design problem of iz01(%] sbove {we ainit a similagdiscussion of
M;). Suppose p(n) = ala(n}/r{n}, 4 < o<1 {ihis resbriction is nol really necsssary bul
il gives a useful example), Then ravdeis instances sp2 umwnly salisfiable if, for any ¢ >
limp reeoo B ~/15 7 o o0, and instances ace neualiy unsatisfiable 0V 21y o 2 7% /r = 0
(the higher or lowsr thx rate «d growth nf 27% /». the myrae unsoistiable ve eatisfiable,
respectively, randomninstances zre). Since sl interssting crunbustivaalcircuits correspond
to Boolean formuizs thui are salisfiable, inputs to the fzst design problem of item (1)
above have the prozcriy that they are satisfiable Hence, we should make the function
f(n) = n'~%/r(n} ‘end wapidly to zero to generale randng: instances that c¢losely match

-}
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this property. It turns out that it probably does not matier exactly how fast f(n) tends
to sero because one of our main results is that SAT is a “probabilistically easy” problem if
J(n) tends to zero, regardless of how fast f(n) lends to sero (we caution the reader not lo
make tco much of the relationship between Ay and instances of test design at this lime;
the preceeding example merely illustrates a general connection between ihe iwo).

Our main results, in general terms, are as follows:

a. Almost all satisfiable instances of SAT generated under Al; can be solved in O(nin(n))
time.

b. Alnost all “interesting” unsatisfiable instances of SAT generated under Al) require
exponential time to solve (that is, verily unsatisfiability) by Backtracking using any
heuristic for variable elimination.

Th# results are stated precisely in Section 3. We should like to point out that “Backiracking
viing any heuristic” represents a wide class of algorithms so the result of item (b) is
fairly strong. The resulis suggest that SAT is “probabilistically easy” if most inputs are
satisfiable and is “probabilistically hard” il most inputs are unsatisfiable. Translating
this lo the Design Automation problems raised earlier, the results suggest that the test
design probiens is “probabilistically easy” Lil the functional or logic verification problem
is “probabilistically hard”. Actually, this phenomenon has heen observed in the Design
Automation community for some time. However, the meaning of “easy” and “} ird” hns
not been understood. Experiments have shown that some algorithms are faster ti.an othees
for certain classes of inputs of a certain size (for example, see [20], [24] and [29]) but these
experiments do naot seem to say how fast, in an absolute sense, over many classes of inputs
(even unforseen), and many different sizes. Also, these experimentis vsually do not give
insight as to why the ptoposed algorithms are efficient or inefficient, 5 mosi always, aside
from the plausible arguments that led the authors to choose the hev’ stice-that drive the
algorithms. On the other hand, our results do say something abor , efficiency on general
classes of inputs of all sizes and our analytic methods say why. However, the inputs we
can make claims about are CNF Boolean formulas whereas the inputs in, say, the VLSI
world are formulas based on multi-level logic. If our results are to apply to real world
problems we must éither redo nur analysis using other models or show that converting to
CNF Boolean forrulas has little effect «n probabilistic results. Neither task is easy and
investigation of both tasks are amnng our long range goals.

Work relating SAT to Design Autuination problems is being conducted jointly with
Kurt Keutzer of Bell ‘lelephone Laboratories, Murray Hill, New Jersey. Qur resulls to
date are given in [15] and mentioned in Section 4.




3. Results on Algorithms for SAT

Let I Le a CNF Boolean formula and Jet H(I) be a heuristic function that outputs a
variable contained in 1. Letl & clause be regarded as a set of literals. Call a clause that
contains one literal a unit clausc. We have analysed a wide clacs of algorithms each: of
which returns “SAT" if the input instance is satisfisble and “UNSAT” if the input instance

is not satisfable, We call this class SRB (for Search Rearrangement Backiracking) and
express it as follows:

SRB(/):

If / has a null clause then return “UNSAT”

Else if I ijs empty then return “SAT"

Else
v — H(I)
L —{c=(#}:cel,ugc)
L—{c-{v}:icel,i¢c})
If SRB(I;)="UNSAT" and SRB(/2)="UNSAT” then return “UNSAT"
Else return “SAT"

In SRB, I, is the subinstance of SAT obtained from I by assigning the value truc to variable
v and [; is the subinstance obtained by assigning the value false tov.

We have also investigated the following two algorithms (which do not backtrack):
A1) :

Coustruct a random truth assignment ¢ to the variables of I
Check whether ¢ satisfies [

I{ t satisfies I then return “SAT"

Else return “GIVE UP"

Az(I):

While I £ ¢andVee I, c# ¢
If there is a unit clause {u} € [ then v —u
Else choose a literal v randemly {rom L
I —{c—{comp(v)}:c€landv¢c}
L ~ L - {v,comp(v)}

If I = ¢ then return “SAT”

Else return “GIVE UP”




The algorithms above can easily be modified to return solutions instead of “3AT".
The resulting modifications do not significantly aflect the efficiency of these algorithms.
We. chose the above forms because they are easier Lo analyze.

Hece ace the results.

Theorem 1: ([11))

Suppose instances of SAT are generated accordiug to model Al;. Let p and r Le
functions of n.

a, Iflimp—coIn(n)/pr < 1 then the probability that a random instance has a solution
tends to 1 as n tends to infinity.

b If limp—ooIn(n)/pr = ¢, 1 € ¢ £ 2.5, and limp—oon!=¢" /r = oo then the
probability that a random instance has a solution tends to 0 as n tends to infinity.

¢. If limpe.oIn(n)/pr > 2.5 then the probability that a random instance has a
solution tends to 0 as n tends to infinity.

Theorem 2: ([11)) ’

Suppose instances of SAT are generated according io model Afy. Let p and r be
functions of n.

8. If lipeo In(n)/pr < 1 then the probability that algorithm 4, finds a solution
to a random instance tends to 1 as n tends to infinity.

b, If ling—ooIn(n)/pr = ¢, 1 < ¢ £ 2.5, and lim,‘_.mn"'"l/r"" < 00, for any
€ > 0, then the probability that algorithm A; finds a solution (o a random
instance tends lo 1 as n tends to infinity.

It can be shown that, with probability tending to 1, all variables appear in fewer than
O(In(n)) clauses of a random instance of SAT. Thus, algorithm Az almost always runs in
O(nlin(n)) time. From this and Theorems 1 and 2 we can assert that, under Af;, almost
all catisfiable instances of SAT can be solved in O(nlIn(n)) time.

Theorem 3:

Suppose instances of SAT are generated according to model Ay. Let r be a function
of n. :

a. If n/r > —1/Ig(1 —~ 27*) then a random instance of SAT is unsatisfiable with
probability tending to 1.



b. Ifn/r < =1/1g(1~2=*) then the average number of sclutions per random instance
is expon¢atial in n.

Theorem 3 is analogous to Theoremn 1 (for nodel Afz). The point at which instances
change from being mostly unsatisfiable to having a large average number of satisfying
assigniments is given by n/r = ~1/lg(1 ~ 2~*) and is called the flip poinl. We use A/, in
place of Afa when considering the problem of verifying that unsatisfiable instances have
no solution because model Al generates too many instances with null clauses. If a null

clause appears in an instance then that instance is trivially unsatisfiable. Model A/} does
not allow trivial instances of this kind.

Theorem 4: ([14])

Suppose instances of SAT are generated according to model Afy. Let r be a function
of n. Then, for all functions }, SRB requires superpolynumial time with probability
tending to 1 if limnpeco n/r = o(n!/ 10"} gnd n/r > ~1/1g(1 ~ 2-%).

Theorems 3 and 4 say that even the most clever henristic function imaginable cannot
give us a probabilistically efficient Backtrack-based algorithm for verifying unsatisfiability
if n/r = o{n!/1818(") and n/r > ~1/1g(1 ~ 2-*).

We also have some average case results based on moriel Af;. Such results give per-
spective to several avernge-case papers (e.g. (3], [25], and [26]) by showing the dependence
of the favorable results on the presence of null clauses in raniiom instances.

The algorithms below depend on the following definitions. Let a variable which ap-
pears exaclly once in an instance I be called a unit variable. Let a variable which appears
exactly twice in I be called a double variable. Lel a variables which appears at least two
times in I be called a weak-serious variables. Lel a variable which appears at least three
times in I be called a serious variablz. The table below defincs substitutions for clauscs in
I containing unit and double variables. In the table vwe use v o denote a positive Jiteral
taken from a unit or double variable, 7 a negative literal so taken, and z and y either 2
positive or negative literal which is not necessarily taken from a unit or double variabie.

11




var type substitution name  occyrrence replacement
unit unit elimination (v,2,...) true

unit unit elimination (0,=,....) true

double double elimination  (v,v,#,...) true

double double elimination  (0,9,z,..) true

double trivial elimination (v, 9,z,...) true

double pure Jiteral rule (v,z,..), (v, 9, 0) true

double pure literal rule (8,2,..),(8,y,...) true

double resolution (v,2,...),(8,y,...) (2,1 ¥y+0)

When we say apply unit eliminalion we mean, according to the table above, look for a
clause containing a unit variable v and repluce it with the logical value true; if no such
clause exists do nothing. Sirailar statements hold for applying any of the other substitulion
rules listed in the table. It is possible that, after repeated applications of double-variable
substitution rules, some double variables will occur only once in I. By clean up double
variables we mean eliminate all clauses containing double variables that appear once in /.

wWe consider the following two algorithins:

NULL(I) :
If I has a null clause then return “unsatisfiable”
Otherwise,
Repeatedly apply unit elimination Until opportunities vanish

For all truth assignments ¢ to weak-sericus variables in [,
if t satisfies I then return “satisfiable”
Return “unsatisfiable”

INFREQ(I):
If I has a null clause then return “unsatisfiable”
Otherwise,
Repeatedly apply double variable substitution rules in order
Until opportunities vanish
Clean up all remaining double variables
Repeatedly apply unit elimination Until oppartnnities vanish
For all truth assignments { to serious variables in /,
if ¢ satisfies I then relurn “satisfiable”
Return “unsatisfiable”

12




Theorem 5: ((13))

NULL runs in polynomisl average time if

a n=r".5>e>0 and pr < ré=e,

L. n=r, 1>e2 .5 and pr < (1 - €)In(n)/(2¢).

c. n=0r, 6>0,and 2.64(1 - (1 = p)**7(1 + 20pr)) < fe=?r".

d. n =77, 9>1, and pr < (v = 1)In(n)/(27).
The result of Theorem 5b is due strictly to null clauses in random instances yet no other
analysis shows a similar result under the same conditions and the result of (3] actually
shows that a relatively sophisticated algorithm based on the pure literal rule requires

superpolynomial average time under those conditions. The results of Theorem 5a, and 5d
malch previous resulls in (25], and {26).

Theorem 6: ([12])

INFREQ runs in polynomial average time if
a. n=r,.66>¢>0, and pr < rt-¢
b. n=r%1>¢2 .66, and pr < (1 — €)In(n).
Both Theorem 6a, and 6b are improvements over the best known previous results under
the conditions stated. Theorem 6b is due to the presence of null.clauses but Theorem 6a

is due to pre-processing the input by eliminating from it infrequently occurring variables
(those which are unit or double variables).

Other favorable results have been oblained under model Af; when instances are nearly
always satisfiable. From Theorem 3b-this is roughly when n/r < —1/Ig(1 ~2-*). In these
studies k is assumed to be indeperident of n and r. Thus it appears that the case where
limn,r—co n/r = a, where a is any constant greater than zero, is particularly important
when considering model M.

A number of algorithms have been analyzed under Afy. In [6] we showed thay
Theorem T:

Aj efficiently solves SAT ir bounded probability under Al; when

2k=1 /p _1\*%?

n,r=soo k k-2
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Notice that the expression on the right side of the inequality is —=O(1/k)/In(1 = 2-%) il k

is lnrge.

‘Theorem 7 is significant for two reasons. First, we cannot make the claim that 4,
almost always finds a solution to a random instance of SAT when one exists, as we could:
in the case of the random clause model, since there is a large gap between the point where
nfr = =0(1)/In(1 = 2=%) and the point where 4; begins to work well probabilistically
(n/r = =O(1/k)/In(1 = 27%)) due to the 1/k factor which appears in the latter term.
Second, for that range of n/r aver which Aj is probabilistically efficient, il is only able
to find solutions efficiently with bounded probability whereas .43 finds solutions efficiently
in probability under Ay, Thus, we see that, in some sense, model Al; generates larder
instances than Af; (at least as far as A, is concerned) aud the results based on the latler
model do not map precisely to the same kind of results based on the {ormer.

We also studied the following generalization of 43:
As(I)
Repeat
Let ¢ be a smallest clause in [
Choose u randomly from ¢
Remove from I all clauses containing u
Remove from I all occurrences of comp{u)
Until I is emply or there exist two complementary unit clauses in [
If I is empty Then return (“satisfiable”)
Otherwise return (“give up")

In [6) we showed

Theorem 8:

As efficiently solves SAT in bounded probability under Ay when

X 1.54 « 281 (k1
nul'!Tm n/r < k +1 (

k=2
0 < k<«
k-—2> ford <k <40

Theorem 9:

Aj efficiently solves SAT in probability under Afy when

0.92 « 2k-1 (k -1

lim n/r< -

n,r—oo k

k=2
) for 4 < k < 40.
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‘These results are significant for three reasons. First, 4, efliciently solves SAT in probability
(almeost always) over about the same range of n/r that 4, efficiently solves SAT in bounded
probubility, Second, the range of n/r over which Ay is probabilistically eificient is only
slightly greater than the range of n/r over which 4; is prbabilistically efiicient. Thus,
although Ay performs better than 4; probabilistically, there 1s still a wide gap between the
flip point and the point at which 4z begins to perform well. Third, and most imnportant,
Ay end A; are vastly superior in probabilistic performance compared to algorithuns that
rely on certain greedy heuristics to select the next variable to assign a value to. An example
of a greedy heuristic is “select the variable v for which the difference between the aumber
of occurrences of the literal v and the literal v' in I is greatest and assign variable v the
value which satisfies most clauses”. However, as we will see helow, greedy heuristics added
to A2 and A; improve the performance of those slgorithms significantly, especially for the
case k = 3.

In the case k = 3 (CNF expressions with three literals per vlause are instances of
the 3-Satisfiability problem which is also NP-complete) we have found that the maximum
nccurring lileral sclectior heuristic (if there are no single-literal clauses in /, select a variable
randomly and assign it the value which sftifies most clauses) used with A, efficiently solves
SAT in bounded probability under Afy when limp ;oo n/r < 2.9. In the case k = 3, 4,
cfficiently solves SAT in bounded probability when limp y—oo n/r < 2.66 [7). This may be
compared with the flip point (n/r = 4).

From: our analysis in [6] and [7] we have devised ihe following algorithm for SAT:
.‘h([) .
Repeat
If there is a single-literal clause {l} in ] Then u «{
Otherwise u + I° such that {* € L and forall { € L w(l*) 2 w(l)
Remove from I all clauses containing u
Remove from I all occurrences of comp(u)
L — L —= {u,comp(u)}
Until I is emply or there exist two complementary Unit Clauses in [
If I is empty Then return (“satisfiable”)
Otherwise return (“give up")

where w(l), the weight of literal {, is determined as follows:

Let cbeaclause in I andlet i,(c) be a weighting function mapping clauses Lo integers.
Let us say that pj(c) is the weight of clause c at the end of the j* iteration of A4(f).
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Initially po(c) = 1 for every clause ¢ € I. The clause weighting funclion is updated
as follows: if | is the literal chosen on the j** iteration, IV,(l) is the total weight of
clauses containing  at the start of the ;X iteration (these clauses will be removed) and
N, (1) is the number of clauses containing comp{l) at the start of the j** iteration (one
literal will be removed from each of these clauses) then u,(¢) = pu,~1(c) + W, (1)/N, (1)
if ¢ contains comp(l), u,(c) = 0 if ¢ contains [ and p,(c) = py~1(c) vtherwise. The
literal weighting {unction is

w(l) = “3(0/”"}(1)

According to our experiments, A4 solves SAT efficiently in bounded probability under
model Ay when limp rmcont/r < 4.

The significance of this result is that 4, appears to efficiently solve almost all instances
ef 3-SaT. We hope to prove this result analytically and devise an extension to 44 which
will provide similar performance for any fixed value of k.
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4. Recent Results in Design Automation

The problem of designing a test sequence for stuck-at faulls in combinational circuils was
stated in Section 2. This problem can be reduced to determining a truth assignnent which
salisfies a Doolean expression. According to our results, this makes stick-at testing eusy,
in the probabilistic sense, if the Boolean expressions are in Conjunctive Normal Form,
Generally, however, they are not; in fact the Boolean expressions we wish to solve are
nsually multi-level.  In the case of PLAs, the Boolean expressions are two-level and we
have attacked them fiest.

The Buolean expressions associated with PLAs are irredundant and in Disjunclive
Normal Form (DNF). That is, no conjunclion is subsumed by the remainder of the DNF
expression. We examined an input model Ay which is the same as Al> with the connectives
and and or reversed and found that instances generated by Aly are irredundant with

probability tending to 1. Thus, we have used Afy as a niodel {or the Boolean expressions
nf P L As.

‘I'he internal nodes that must be checked for stuck-at faults are all at the second level.
To bring an intermediate node logic level out to a primmary output, the logic level of all
other intermediate nodes must be low. Finding a tes) vector to do this is equivalent Lo
finding a truth assignment which satisfies a Boolean expression that is the complement of
the original expression minus the conjunction associated with the intermediate node under
test. We have shown that finding such a truth assignment is easy in a probabilistic sense
[15]. The next step is to extend the results to deeper-level logics.
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5. Parallel Algorithms and Quadtree Representations

In addition lo our probabilistic resulis on algorithms for NP-complete problems, we have
worked with other researchers to obtain average case results on operations for a class of
parallel algorithms and on hashing with lazy deletions. The t2sults on purallel computa-
tions are presented here and the results on hashing with lazy deletions are presented in the
next section. The resuits on parallel computations are based on a data structure called a
Quadtree,

A Quadtiree is a natural and well known data structure {or the parallel selution of
certain numerical problems by means of recursive decomposition. Quadtrees are described
in (30] and [31}. A feature of Quadtrees that makes them interesting is their ability to
support recursive processes which have no need to communicate with any processes other
than the parent process. Unfortunately, there is some overhead penalty that must he
paid in terms of space and access time in arder to make use of Quadtrees. Specifically,
the two overhead {actors we are concerned with are (1) the spz-e required to represent a
mairix in Quadtree format, and (2) the time required to access an element of a matrix in
Quadtree format. The overhead can be kep! low only when matrices are sparse (that is,
the percentage of zero elements is close to 100 percent). We have chosen to investigate
overhead requirements for algorithins involving permutation matrices such as the Fast
Fourier Transform (FFT) since an n x n permutation matrix has exactly n non-zero entries
and is, therefore, sparse in the traditional sense when n is large.

We have found that the average space and time requirements to maintain a Quadtree
for random permutation matrices ace small. Let n be any power of 2. Numberalln xn
permutation matrices arbitrarily but uniquely. Let Si(n) and T,(n) denote the space and
average access lime, respectively, required for permutation matrix i. Let S(n) and T(n)
denote the average space and time required over all n X n permutation matrices (we assuinc
that permutation matrices are uniformly distributed). Our results are as fullows:

Theorem 10: ([32))

For any n X n permutation matrix i,

nlg(n) o 1

Sin) « ) 3 and
) lgin) 4 1
T\(n) Sg—;-— + 37

We also showed that

18




Theorem 11: ([32])

S(n):f—lgb—’--i-zg—i:{:i, and

2 tTE 3
T(n)="(2")+-;-¢-;~.

Furthermore, we showed that overhead requirements for the FFT permutation match the
upper bounds of Theorem 10. Theorems 10 and 11 say that Quadtree maintenance over-
head results in a modest slowdown factor of Ig(n)/2 in both space and time. These cosis
may be easily recoverable due to the fucility for process decomposition and scheduling that
is unavailable with other representations.

This work was done jointly with David S. Wise using funds supplied in part by the
National Science Foundation under grant number DCR 84-05241.
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6. Average Case Analysis of Hashing with Lazy Deietions

A hash table is a collection of nodes, some of which are occupied by cells containing
useflul data and the rest are unoccupied. For convenience, we sysume n nodes numbered
arhitrarily from 1 to n. Qccasionally cells are “accessed” for the data they contain, or new
cells are “inserted” into the table, or existing cells are "deleted” from the table. Let each
insertion, deletion, and access be called an ida epoch. Suppose a cell ¢ is created st 1da
epach ¢, and deleted at ida epach £y, The interval (¢, ¢7) is said to be the lifespan ale. AL
Lo, ¢ hecomes the end of a chain of cells (nccupied nodes) determined by the hash function
employed and the current state of the hash table. Let chain(e) denote the chain associnted
with cell ¢. During its lifespan, ¢ may be accessed 0, 1, 2 or more times. The number
of times that c is accessed during its lifespan is called the accesspan of ¢. An access of ¢
involves a visit to each of the cells in chain(c) up to c. We distinguish between 2 visit to
¢ and an access of ¢ as follows: ¢ is accessed for data, c is visited for a pointer to the next
cell in chain(c) or for its data (thus all accesses are also visits). The number of times cclls
in chain(c) are visited when searching (or ¢ (for access or deletion) over the lifespan of ¢
is called the searchspan of c. If chain(c) does not change during the lifespan of ¢, as is the
case for traditional hashing, then the searchspan of c is the length of chain(c) at ¢, times
the number of searches for ¢ over its lifespan,

The searchspan of ¢ can be reduced by reducing the length of chain(c) dynamically.
One way Lo do this is Lo move ¢ lo a node occupied by a cell in chain(c) whenever such
a cell is deleled (and the node becomes unoccupied). However, this approach, although
successful at reducing the searchspan of ¢, suffers from the high overhead required to make
dynamic adjustments to chains every time a cell is deleted. Another approach, with iess
overhead, is to move ¢ toward the front of chain(c) only when c is searched. This is called
hashing with lazy deletions. Specifically, hashing with lazy deletions is the result of using
the following algorithm to access any cell c:
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ACCESS(c):
t o0
1e=1
repeat
d « hash'(c)
if ¢ occupies node d and L > 0 then do the following:
“access” cell ¢
move ¢ {0 node ¢
otherwise, if ¢ occupies node d then
“access" cell ¢
otherwise, if 4 is unaccupied and ¢ = 0 then
te—d
1141
until ¢ is accessed

where hash'(c) is the i** hash function applied to cell c and the output of hash'(c), for
aay i 2 1, is a node (number from 1 to n) in the hash table.

Let S(c) (41(c)) denote the searchspan (accesspan) of c and let 3 (1) be the expectation
of S(c) (A(c)) over c (respectively). We wish to find §, A, and S/(d + 1), the average
number of visits per access and deletion of a random cell c.

The model used in the analysis is now described. We consider an arbitrarily long
sequence of insertions, deletions, and accesses in the table. The fullowing algorithm, run
repeatedly, decides the outcome of each ida epoch:

a. Uniformly choose one of n nodes in the table. If we choose an occupied node then do
step b, otherwise do step c.

b. With probability pe, delete the cell occupying the chesen node (the node becomes
unor .upied); otherwise (with probability 1 — py) access the cell occupying the chosen
node.

¢. With probability p,, insert a cell at the chosen node (the node hecomes occupied);
otherwise (with probability 1 - p,} do nathing (no ida epuch en this go-around).

We choose p, and pg such that, swer a long sequence of 1du epachs, the occupaney of
nodes in the table reaches “equilibrinm and the average number of aceupied nodes in the
table is an. In this case we say the table is a-full. A table is in equilibrium only if the
rate at which deletions occur equals the rate at which insertious occur. In our model, if
the table is a-full, the rate at which deletions occur is apq and the rate at which insertions
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occer i 11 ~ a)p; Thus, we havo

l1-a
m= ""——Pn-
14 is cas: Lo ablain
Theorem 12: ([4])
A=(1-pa)lpe

Our main resul! is

Theorem 13: ([4])

3= o= (0711 + 1/0(n*4))7=1 4 1/O(e®V™))pr(sy 2 x[sy > =)
- Z L~ (1 = pa)pr(es 2 zloo 2 2,.X;)

wlhere

x=] ] - Ll“‘ ¢ vu,m) - ‘
P?(-’l b4 tlso > z:) Z ( ) 2-l-i(1 - a\} ( ; -ﬂl&'t'%%-‘_ i’l‘-‘-&)’i)

2 ? -
1+ {pat{l rid_z:f(gcum” + 0(;".)

=0
and Q,u,m is the event that there is an unoccupied node in chain(cm) on the next ida
epoch given that node m is accessed next.

Although this theorem looks formidable, it is actually quite useful because the sums
are not very sensitive to pr(Qoy,m). For example, in one extremne znse, with pg = 1 (A = 0),

we have S -

In the other extreme case, with py lendmg to0 (fI is large), we have, for large n,

Sl In(l - a)
apd
and
) ~In(1 - a)
Tr1° a

If we set pr(Qou,m) = 0 in Theorem 13 we get an easy-to-compute upper bound on S for any
value of py. This upper bound is fairly close to measurementsof $ obtained experimentally.
The number of visits per access and deletion of a random cell using Hashing without lazy
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delctions is 1/(1 — a). Thus, the savings in number of visits per access and deletions by
using lazy deletions when a table is nearly {ull and cells are accessed many times before
they are deleted is considerable: for example, if @ = .9 the saving is about 75%, if a = .95
the saviug is about 85%, and if a = .99 the saving is about 96%.

This work was done jointly with Pedro Celis, recent Ph.D. from the University of
Walerloo and Assistant Professor of Computer Science at Indiana University.
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. “Elimination of infrequent variables improves average case performance of Satisfiabil-

ity algorithms,” Technical Report No. 294, Computer Science Department, Indiana
University, submitted to SI4M Journal on Compulting.

“On the occurrence of null clauses in random instances of satisfiability,” Technical
Report No. 291, Computer Science Depariment, Indiana Universily, submitted to
Discrete Applied Mathematics.

“Average case analysis of hashing with lazy deietions,” with P. Celis, Technical Report
No. 269, Computer Science Department, Indiana University, submitled to Information
Sciences.

. "“Probabilistic analysis of algorithms for stuck-at test generation in PLAs,” with Kurt

Keutzer, Technicai Report No. 278, Computer Science Department, Indiana University
(1989).

“Search rearrangement backtracking often requires exponential time to verify unsatisfi-
ebility," Technical Report No. 210, Computer Science Department, Indiana University,
submitted to SIAM Journal on Computing.

“Costs of quadtree representation of reon-dense matrices,” with D. S. Wise, Techni-
cal Report No. 229, Computer Science Department, Indiana University, to appear in
Journal on Parallel and Distributed Compuling.

“Probabilistic analysis of a generalization of the unit-clause literal selection heuristic
for the k-satisfiability problem,” Technical Report No. 165, Computer Science Depart-
ment, Indiana University, to appear in Information Sciences.

“Probabilistic perfornance of a heuristic for the satisfiability problem,” with Y. C.
Ho, Discrete Applied Mathematics22 (1988/1985) pp. 35-51.

“Correction to probabilistic analysis of the Davis-Putnam Pruocedure for solving the
Satisfiability problem,” with J. Pluotkin and J. Rosenthal, Discrele Applied Muathemal-
ics 17 (1987) pp. 295-299.

“On the probabilistic performance of algorithms for the Satisfiabilily problem,” In-
formation Processing Letters 23 (1986) pp. 103-106.
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“Probabilistic analysis of two heuristics for the 3-Satisfiability problem,"” with M. T.
Chao, SIAM Journal on Computing 15, No. 4 (1986) pp. 1106~1118.

“An approximation algorithm for the maximum independent set problem in cubic
planar graphs,” with E. Choukhmane, Nelworks 16 (1986) pp. 349-356.
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“Probabilistic analysis of the pure literal heuristic,” Annals of Operations Research 1
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8. Recent Invited Tulks

“Probability in Proof Theory", 1.ith Symposium on Operations Research, Ulin, Ger-
many (September 8, 1989).

“Analysis of Algorithms for Satisliability Problems”, Workshop on Boolean Functions,
Propasitional Logic, and Al Systems, at the Research lustitute for Applied
Knowledge Processing, Uln, Germany (September 4, 1989).

“Lectures in Scheme: Object Oriented Progeamming”, Research lustitute for Applied
Knowledge Processing, Ulm, Germany (August 25, 1989).

“Lectures in Scheme: Extend-Syntax", Rescarch Institute for Applied Knowledge Pro-
cessing, Ulm, Germany (August 18, 1989).

"Lectures in Scheme: Continuations and Call/cc”, Research Institute for Applied
Knowledge Processing, Ulm, Germany (August 11, 1989).

“Probability in Proof Theory” at ‘The Department of Stalistics, University of Rome,
Roime, [taly (July 21, 1989).

“Probability in Proof Theory" at The Department of Computer Science, University
of Milan, Milan, Italy (July 17, 1989).

“Probability in Proof Theory” at The Department of Computer Science, Universital
Dortmund, Dortmund, Germany (July 11, 1989).

“An Overview of the Scheme Progromming Language”, Research Institute for Applied
Knowledge Processing, Ulin, Germany (July 7, 1989).

“Probability in Proof Theory" at The Seminar for Nalural Language Processing al
University of Tubingen, Tubingen, Germany (June 30, 1989).

“Probabilistic Analysis of Algurithius for VLSI Testing and Design™, 1989 CORS/TINMS/ORSA
meeling, Vancouver, (‘anada (May, 1989).

“Probabilistic Analysis of Algorithins for the Satisfiability Problem,” at Rutgers Uni-
versily, New Brunswick, New Jersey (January 1989).
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“Probabilistic Analysis of Algorithms for the Satisfiability Problem," al the Work.
shop on Mathematical Methods in Artificial Intelligence, Ulm, West Germany
(December 1988).

"Probabilistic Analysis of Algorithms for CNF Satisfiability,” at ATT Bell Laborato-
ries, Murray 1lill, New Jersey (May 1988).




9. Recent Professional Activities

Invited visit to the FAW (Research Institute for Applied Knowledge Processing), Ulm,
W. Germany, Summer of 1989.

\Workshop organizer, IWorkshop on Boolean Functions, Propositional Logic and A/
Systems, Ulm, W. Germany, September, 1989,

Guest Editor: special issue of Discrete Applied Mathematics devated Lo probabilistic

aspects of connections between logic and combinatorics. Targeted for appear-
ance in 1990.

Session chair: CORS/TIMS/ORSA meeting of 1989, May 8-10, Vancouver, Canada.
Session litle is “Probabilistic aspects of Boolean Functions in Operations lle-
search.”

Reviewer for Journal of the dssvciation fer Compuling Machinery, SIAM Jorunal on
Compuling, Information Sciences,Annals of Mathematlics and Artificial In-
lelligence, Discrele Applied Mathematics, Mathemalical Programming, IEEE
Transactions on Compuler Aided Design, Annals of Discrete Matk, Combi-
natories and Cumplezity, Ariificial Inteliigence, Awr Force Office of Scienlific
Rescarch.
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